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Eddy Current Approximation

material laws

Variational 1H D E
Formulations cur = J — €

Coupling Fields C“.rlE = —0;B B pH

and Circuits divB = 0 J =ocE +J,
Generator divD = p

Currents

Excitation . e
electric _flel_d strength €. permltt|V|.t)./

magnetic field strength (. permeability
dielectric displacement o. conductivity
Excitations

magnetic induction
current density
charge density

==E0oos
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Eddy Current Setting

union of all conductors Q¢ ;

- Insulator
Val’latIOnf‘Eﬂ — Qc U Qg
Formulations

ulations = suppJg
Coupling Fields = 00 UON
and Circuits B ’ "
00, NOSYy, = 0

a typical eddy current setting

Generator
Currents ..
boundary conditions:
Excitation
by Contacts nxE=f on 00, C 0f2 and nx H=g on o€y, C 05D
Nonlocal
- |mportant Spaces.
Excitations

H(curl; Q) := {u € L*(Q),curlu € L*(Q)}

Hy(curl; Q) := {u € L?*(Q),curlu € L*(Q),n x u|pq = 0}
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H-based Formulation (magnetic)

Eddy Current

Vode! V(Jg.g) = {H' € H(curl;2), curl H' = J, in Q;,nxH' = g on 0%}

vO L= V(O, O)
Coupling Fields
and Circuits
Generator Find H € C'(]0, T, V(J,4, g)), such that for all H' € V,
Currents
Excitation 1
by Contacts / - curl H - curl H dx + /at(uH) -H' dx
Nonlocal Qc Q
Excitations 1
— / —Jg-curlH’dX—I-/ (nx E)-H'dS.

Summary o ~——

Qc 02, =f

(initial value skipped here)
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A-based Formulation (electric)

® divB=0inR?>= B =curlA
®» — E=-0,A—gradv (v: scalar potential)

Eddy Current
Model

® “temporal gauge” = E = —0;A

W(f):={A" € H(curl;Q),n x A’ = —/fdt on 092}
Coupling Fields

and Circuits »
SEMEEIT] Find A € C*(]0, T[, W(f)), such that for all A’ € W(0)
Currents
Excitation 1
by Contacts / —curl A - curl A’ dx + / oo A - A dx

v
Nonlocal Q Qc
Excitations

:/JG-A’dx—/ (nx H)-A’dS.
Summary N——
Q o2y, =g

(again initial value skipped)
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A-based Formulation (electric)

Eddy Current
Model remark on the unigueness

$» “ungauged’ formulation —
In 2; A and E = —0; A are only unigue modulo an

Coupling Fields “electrostatic part”

sliel ClreulE ® curl E and thus the magnetic field H is unique

Generator
Currents

Excitation ® in most situations the “electrostatic part” is of no interest
by Contacts

Nonlocal . o
Excitations don’t care about non-uniqueness

Summary

® for uniqueness: fix conductor charges and div A in €);

) O. Sterz,
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Coupling Quantities

Eddy Current Desirable: coupling by U and I
Model

Variational

Formulations eddy current
model

circuit

equations

Generator _
e In eddy current model:

Excitation ® | = fJ -ndS
by Contacts b3

Nonlocal ® however U, = [ E - ds depends on path !
Excitations v

Summary

Using U, for coupling fields and define  voltage
circuits cannot be accomplished. through power

)

) O. Sterz,
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Coupling by I and P
—Circulit View

Eddy Current .
Model Do coupling by conservation of current I and power P:

Variational
Formulations P, 1

eddy current

circuit

model equations
<7
Generator P I
Currents _ o
— circuit view:
Excitation _ _
by Contacts ® eddy current problem is seen as a one (or multi) port from
circuit model

Nonlocal _
Excitations ® define voltage drop at (every) port by
Summar

4 P

U=—

) O. Sterz,
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Coupling by I and P

—Eddy Current View
Eddy Current eddy current view:
Model ® power balance implied by the eddy current model
Variational (magneto-quasistatic Poynting theorem):

Formulations

Pmag+POhm:P:PQ+P8Q

with
Generator
Currents Pag = /8tB - Hdx | Ponm = /0 \E|2 dx
Excitation QO G
by Contacts
Nonlocal PQ::_/E'JGan PaQZ—/(ExH)'ndS.
Excitations Q o0

Summary

} sources are generator current distributions or inhomo-
geneous boundary conditions

) O. Sterz,
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Eddy Current
Model

Variational
Formulations

Now look at several different variational
formulations for coupling...

Generator
Currents

Excitation
by Contacts

Nonlocal
Excitations

Summary

. Sterz,
WR Simulation in Technology, University of Heidelberg
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Generator Current Settings

Eddy Current (b)

Model @

Variational
Formulations

Coupling Fields m
and Circuits =

Excitation

by Contacts

N lacsl (a) closed current loops in €1y, that is supp J, C 7, which model
Excitations coils with known currents

Summary (b) current sources adjacent to conductors, i.e., suppJ, N Q¢ # 0

® we only consider suppJ, C 27, n x E = 0 on 91 for simplicity

) O. Sterz,
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H-based Current Excitation

Eddy Current ® choosealJgsuchthatl = [Jg-ndS
by

Model

Variational
Formulation

Coupling Fields P

Excitation

® choose Hg € C1(]0,T[, H(curl; Q)) such that curlHg = Jg

> for all times (e.g. by the Biot-Savart law)
o et variational formulation
IEESIECIS Seek H € He + C'(]0, T[, Vo) such that for all H' € V,
1 / /
/ —curlH - curl H dx + /(%(uH) -H' dx=0.
o
Qc Q

by Contacts

Nonlocal
Excitations

Summary

® power:
P= [ flcurlH]?dx+ [0;(pH) -Hdx = [ 9;(¢H) - Hg dx
Oc Q Q

® voltageisgivenby U -1 = [0;(uH) Hg dx
Q

O. Sterz,

IWR Simulation in Technology, University of Heidelberg
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Eddy Current
Model

Variational
Formulations

Coupling Fields
and Circuits

Excitation
by Contacts

Nonlocal
Excitations

Summary

O. Sterz,
IWR Simulation in Technology, University of Heidelberg

H-based Voltage Excitation

use scaled gquantities to represent a unit current source
JG:IJ(), fJo-ndSzl, CUI‘lH():JO
>

v
voltage can be written as
U= [0(uH) Hpdx
Q

variational formulation for voltage excitation: Seek
H e C'(]0,T[, Vo) and I € C*'(]0,T[) such that for all H' € V,

o
Q¢ Q

/at(,LLH)°H0dX —U.
Q

1
/—curlHocurlH’dx+/8t(u(H+IHo))-H’dX:O

MACSI-net Workshop 2003 — p.13/28



Contact Settings

Eddy Current
Model ‘ (b)

Variational
Formulations

Coupds
and Circuits
Generator
Currents
- (a) contacts are located where €2~ meets 0f)
(“exterior” boundary conditions)

local . .
(b) contacts X1, >~ and © bound electromotive region Q*
Excitations i .

(“hole in the universe”)
# Note: adding 2* to Q¢ creates a new loop.

Summary

® In both situations there will be an energy flux through © or
\ O. Sterz, @ U E+ U E_

/ IWR Simulation in Technology, University of Heidelberg
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H-based Voltage Excitation

=iy CurmE ® \/oltage excitation realized by means of BC for the electric field

Model nxE=0o0noQ\O, nxE=-U(t)gradrv on ©,
Variational where v|sr =1, v|po\(eus+) =0, vE€ Hz=(09).

Formulations

® plugging into the boundary term of the variational formulation

Coupling Fields

and Circuits .

P— [(nxE)-HdS=U [ gradpv-(nxH)dS=U [ H -ds,
o2

_|_
Currents ot v

+ — Hy+
where v = 90X, ~

® variational formulation with voltage excitation:

Nonlocal

Excitations Seek H € C'(]0,T[, Vo) such that for all H' € V,

Summary

o)

1
/—curlH-curlH’der/@t(,uH)-H’dX:U/H’-ds.
Q

QC "y"‘
O. Sterz,
IWR Simulation in Technology, University of Heidelberg
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H-based Voltage Excitation Il

Eddy Current Some Observations

Model ® by Ampere’s law we have I = — [ H - ds
Variational ~t

= lati . _
SR ® using the power balance againwe get P =U I

Coupling Fields _ o

and Circuits } iIntroduced U matches the definition based on power

Generator » The RHS in the variational formulation is of the form
Currents

U- f(H),

where f is a continuous functional on YV, measuring the total

Nonlocal current through a contact.

Excitations

® in situation (a) the geometry of © does not enter the variational
formulation at all

Summary

v
© has no impact on H! (But on E!)

) O. Sterz,
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H-based Current Excitation

Eddy Current ® one possibility to impose total current I € C'*(]0, T'[) through

Model contacts: prescribe J - n~ 1 =— [ J-ndS
Variational %

Formulations ® chose H; € C'(]0,T[, H(curl;)) such that
Coupling Fields » divp(H; xn) =curlH, -n=(J-n)/I on 09,

and Circuits )
o curlH; =01In
Generator

Currents ® define VBL = {H' € H(curl;Q2); curlH' =01in Qy,
divp(H" x n) = 0 on 02}
v

» variational formulation:
Nonlocal

o SeekH € TH,_ + C'(]0,T[,V{) such that for all H' € V{

Summary

1
/ —curlH - curl H' dx + /(%(uH) -H'dx=0.
o

A O. Sterz, QC Q

IWR Simulation in Technology, University of Heidelberg
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H-based Current Excitation II

Eddy Current Some Remarks

Model ® the variational formulation implies the boundary condition
Variational
Formulations 0B -n=0
Coupling Fields
and Circuits at the contacts
Generator ® for the voltage (defined by power) we have:
Currents
P 1
U = = - curlH - curlH; dx+ [ 0,(pH) -H; dx
o)
Qc Q
Excitations ® Another option for enforcing a particular total current through
the contacts is by means of a constraint, together with

n X E = 0 at the contacts.

) O. Sterz,
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Eddy Current
Model 9o

Variational
Formulations

Coupling Fields P
and Circuits

Generator
Currents

Nonlocal
Excitations

Summary

O. Sterz,

A-based Current Excitation by a
Constraint

contact touching an exterior PEC boundary

No “temporal gauge” here: E = —0;A — U grad v,
Uis H'(Q)-extension of v € Hz (89),
v=1onXt,v=00n%X", A € Hy(curl;Q)

variational formulation with constraint enforcing the current:

Seek A € C1(]0,T[, Hy(curl;Q)) and U € C*(]0, T[) such that
forall A" € Hy(curl; )

1
/—curlA-curlA’dx—l—/a@tA-A’dx—l—U/agrad'ﬁ-A’dx:O
7
Q

Qc Qc
/a@tA-grad'ﬁdx —|—U/a|grad'5|2dx =1.
Qo Qo

One can show: B = curl A and thus E|,_ independent of the
choice of v.

IWR Simulation in Technology, University of Heidelberg
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Separated Contacts

Eddy Current
Model ® The eddy current model cannot accommodate a current
Variational flowing out of Q2+ into ;!

Formulations

Coupling Fields
and Circuits

Generator
Currents

A nonzero current through a separated contact violates Ampere’s law
Nonlocal

Excitations

Summary
O#I:/IndS: /Hds: /Hds:/.]-ndS:O

E_|_ o+ o) i

» A contradiction:

) O. Sterz,
/ IWR Simulation in Technology, University of Heidelberg
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Nonlocal Excitations

# In many situations detailed information about contacts and/or

E/Idzy IC“”e”t exciting current distributions is not available.
ode

® Are there nevertheless possibilities to impose currents and

Variational
voltages?

Formulations
Coupling Fields ® |dea: Remove O and use topological concepts!
and Circuits N

(a) )

Generator
Currents

Excitation
by Contacts

Summary (a) Conductor touching 0f2. Cutting surface = in £2; is depicted.

(b) Conducting loop away from 0f2, closed by Seifert surface = in
(2 and cut by surface X inside ).

) O. Sterz,

/ IWR Simulation in Technology, University of Heidelberg
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H-based Voltage Excitation

Eddy Current ® variational formulation copied from the excitation by contacts

Model case:

Variational 1 ,

Formulations Seek H € C*(]0,T[, Vy) such that for all H" € V

Coupling Fields 1

and Circuits / —curlH - curl H' dx + /5’t(,LLH) -H'dx=U / H' - ds.
Generator Qc ’ QO ~+

Currents

Excitation ® |In situation (a) nothing has changed!

by Contacts

#® |n situation (b) we incorporated Q* into Q.

Summary

) O. Sterz,
/ IWR Simulation in Technology, University of Heidelberg
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H-based Current Excitation

Eddy Current remember definition
\Y[eYe[=)

Vo :={H € H(curl; Q),curlH = 0in Q}
Variational _
Formulations ® curlH'=0inQ; = )
/
Coupling Fields Vo > Hlo, = grad¢ +q, ¢ € H ()
S LB q : representative of first co-homology group H'(Q;,R)

Generator
Currents

Excitation q = gradé’, 0 H' (QI \ E) 9 [‘9]
by Contacts

® construction of q with help of cut (Seifert surface) =:

=1

(1]

® q: H(curl; ) extension of q

® |dea to impose current I: fix contribution from q to V, (and
remove it from the test space)

Summary

> 90:={H/€V0,/H,-d820}
o0

i O. Sterz,
Y IWR Simulation in Technology, University of Heidelberg
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H-based Current Excitation II

Eddy Current

Model
Variational ® variational formulation to prescribe current:
Formulations
Coupling Fields Seek H € Iq + C*(]0, T, 90) such that for all H’ € V,
and Circuits
1
Generator / —curlH - curl H dx + /@(MH) -H'dx=0.
Currents g
. Qc Q
Excitation
by Contacts ® Recovery of voltage:
U= b _ ! 1H lqd O:(nH) - qd
E— =77 | gewrtH curlqdxt [0,(uH) - qdx.
Qo Q

) O. Sterz,
/ IWR Simulation in Technology, University of Heidelberg
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Inconsistencies

®» “There are no sources in the model—and yet there is a
non-zero current?!”

» One can show: The nonlocal variational formulations violate
(a weak variant of) the Faraday law along the cut

Eddy Current
Model

Variational

Formulations

Coupling Fields f Ec - ds = — f@t(,u H) ndS,
o= =

and Circuits

Generator which plays the role of a compatibility condition for the RHSs of
Currents the exterior electric problem
Excitation
by Contacts nxE=nxEc onl'c,
curlE = —0,(n H) in Q; ,
diV(EE) =0 In ,

Summary

/EE'ndS:O.

I';

) O. Sterz,
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Physical Interpretation of Nonlocal
Excitations

Eddy Current . o
Model There is no electric field E € H(curl; 2) that matches H!

variational ® Allow jumps [E x n|r. # 0= E ¢ H(curl; Q)!

Formulations

Coupling Fields .
and Circuits ®» nonlocal excitations can be interpreted as idealized thin coils

T with zero exterior magnetic field:
Currents

Excitation
by Contacts

) O. Sterz,
/ IWR Simulation in Technology, University of Heidelberg
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A-based Nonlocal Excitations

variational formulations for voltage and current excitation:
Eddy Current

Model ® p: representative of co-homology group H*(Q¢, R) (situation
Variational b), or a gradient field (a), extended by zero in €2,
Formulations E=-0A-Up

SR @ Seek A € C(]0,T[, Hy(curl; Q)) such that for all
and Circuits A € Ho(curl‘ Q)

Generator

e % curlA -curlA’dx+ [ 0 O,A-A’dx=-U [ op-A’dx.
Excitation Q Qc Qc
by Contacts

® Seek A € C1(]0,T[, Hy(curl;Q)) and U € C*(]0,T[,R) such
that for all A’ € H(curl; ?)

Summary

[Lcurl A -curlA’dx+ [0 A-A'dx+U [ op-A'dx=0
Q'UJ Qc Qc
[ 0c0:A -pdx +U [ olp|*dx =1.

U
O. Sterz, Q C Q C
IWR Simulation in Technology, University of Heidelberg
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Summary

Eddy Current coupling eddy currents and circuit equations by conservation
Model of power and current

Variational ® define voltage by power

Formulations

—— #® dual variational formulations in case of
Coupling Fields _ o _
and Circuits # given generator current distributions

Generator # contacts at the boundary with known normal component of
Currents the current densities or PEC type contacts

Excitation # nonlocal excitations
by Contacts ® in case of nonlocal excitations Faraday’s law will be violated...

Nonlocal ® .. .Dbutif we abandon tangent continuity of E we find an

Excitations interpretation of nonlocal sources as inductive excitation by
thin colls

) O. Sterz,
/ IWR Simulation in Technology, University of Heidelberg
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