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ABSTRACT. We propose a mathematical theory of acoustic wave scattering in one-dimensional finite high-
contrast media. The system considered is constituted of a finite alternance of high-contrast segments of ar-
bitrary lengths and interdistances, called the “resonators”, and a background medium. We prove the existence
of subwavelength resonances, which are the counterparts of the well-known Minnaert resonances in 3D systems.
Our main contribution is to show that the resonant frequencies, as well as the transmission and reflection prop-
erties of the system can be accurately predicted by a “capacitance” eigenvalue problem, analogously to the 3D
setting. Numerical results considering different situations with N = 1 to N = 6 resonators are provided to
support our mathematical analysis, and to illustrate the various possibilities offered by high-contrast resonators
to manipulate waves at subwavelength scales.
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1. INTRODUCTION

High-contrast media have raised a lot of attention in the field of photonics and phononics thanks to their
ability to manipulate waves at subwavelength scales [21, 20, 23, 24]. These media are constituted of a back-
ground medium and a set of highly contrasted bounded inclusions. The high-contrast property gives rise to
“subwavelength” resonances, which are frequencies at which the resonators strongly interact with incident waves
whose wavelengths can be larger by several orders of magnitude. A typical example of such high-contrast sys-
tems are air bubbles in water, where the associated subwavelength resonances are called Minnaert resonances
[29]. Subavelength resonances also arise in high-contrast elastic media [25], in plasmonic particles [10], or in
Helmholtz resonators [22]; they enable to achieve a variety of wave applications such as superfocusing [19],
cloaking [1] or guiding [5].

Mathematically, subwavelength resonances correspond to complex poles of the solution operator of the system:
they are a particular type of “scattering resonances” [37] encountered in quantum physics. The scattered field
is significantly amplified as the real incident frequency w € R becomes close to the complex resonant frequencys;
the imaginary part of the resonance is usually small and its physically stems from the radiation of energy at
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infinity. Furthermore, these poles are called “subwavelength” frequencies because they lie in a small complex
neighborhood of the origin; this property allows to study them by mean of some asymptotic analysis in the
regime w — 0.

So far, high-contrast resonant scattering has been thoroughly investigated mostly in the three-dimensional
setting [8, 13, 28, 2, 4, 15], which is somewhat the “easiest case” due to the decay properties of the fundamental
solution to the Helmholtz equation. We can only mention [8] which consider a single high-contrast inclusion
in a 2D setting, and [6, 3] who considered an infinitely periodic 1D chain of three-dimensional subwavelength
resonators. There has been recently, though, a rise of interest in the analysis of the topological properties of one-
dimensional, infinitely periodic wave systems: [26] considered resonances in finite photonic crystals with a defect,
[27] considered 1D infinitely periodic media with continuous physical parameters, while [12] studies a simplified
SSH model with piecewise continuous physical parameters. Beside these references, we can mention the work of
[18] who considered the optimization of scattering resonances in a finite chain of 1D resonators. Subwavelength
resonant 1D systems have also been studied through physical experiments [11, 33, 36, 35], which were observed to
possess exceptional acoustic or optical transmission properties near resonant frequencies. However, to the best
of our knowledge, a rigorous mathematical analysis of the resonances in acoustic scattering of one-dimensional
waves seems still to be missing from the literature.

The purpose of this paper is therefore to propose a complete mathematical analysis of subwavelength reso-
nances to one-dimensional, high-contrast, finite media. Of particular interest, an analogy between systems of
subwavelength resonators and systems of particles in quantum physics, where the tight-bending model is often
used, is shown. We consider a system D = va:l(x;,x:r) constituted of a chain of N disjoint subwavelength
resonators (x; ,z;), where (z)1<;<n are the 2N extremities satisfying z;” < 2,y forany 0 <7 < N —1.
We denote by ¢; = a:f —x; the length of the i-th resonator, and by ¢;;11) =z — xj' the length of the gap
between the i-th and (i + 1)-th resonator. The system is illustrated on Figure 1.
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FIGURE 1. A system of N subwavelength resonators, with lengths (¢;)1<;<n and interdistances
(Ci(i+1))1<i<N-1-

An acoustic wave field u(t,z) propagates in the heterogeneous medium, which is solution to the 1D wave
equation:

2
ﬁ({v);ﬁu(t,m) _ d% (p(lx)(ivu(t,xo ~0, (ta)eRxR (1.1)
The parameters x(x) and p(z) are respectively the acoustic bulk modulus and the density of the medium, given
by
kp if x € D, pyif x € D,
wz) = { kif € R\D, plz) = { p if x € R\D. (12)

The total wave field u(t,x) is assumed to be time-harmonic, and is decomposed as the sum of a prescribed
incident wave and an “unknown” outgoing scattered wave:

u(t, ) = e “ly(z) with u(z) = ui () + us(z). (1.3)

The incident wave u;y, is time-harmonic with frequency w; it satisfies:
d2 9

where, following the notation of [8, 15], the wave speeds inside the resonators D and inside the background
medium R3\D, are denoted respectively by v, and v, the wave numbers respectively by k; and k, and the
contrast between the resonators and the background medium by §:

Vp ::,/@7 V= \/E7 ky == i, k= f’ 6= P
Pb P Up v P

On the other hand, the scattered wave (¢, x) — e~ “uy(z) is determined by the fact that it should be “outgoing”,

i.e. that it should be a function of ¢t —|z|/v. Since us must satisfy ( d(i"‘ +k?)us = 0 far away from D, “outgoing”

means in the 1D setting that us(x) must be proportional to e*I*! for |z| sufficiently large (more precisely, for
2



x <z and for z > x}) This can equivalently be rewritten in the form of the following Sommerfeld radiation
condition for wug:

d

<d|| - ik) us = 0 for z € (—o0,x7 ) U (2}, +00). (1.5)
x

In these circumstances, the wave problem determined by (1.1) and (1.5) can be rewritten as the following

coupled system of 1D Helmholtz equations:

d2 w2 . N - 4+
@U_FWUZO 1nR\|_|(:ci,xi ),
i=1
d? w? N
- —u=20 i — ot
d$2u+ Ugu m Z:L!(xz 7xz )7
ul_(zF) = uly (zF) forall 1 <i <N, (16)
d d '
d—z+(z;):5d—z_(x;) forall 1 <4 < N,
du du )
e (z) = aJr(w:r) forall 1 <i <N,
d . I
m—lk‘ (u—uin) =0 for € (—o0, 27 ) U (2, +00),
x
where for a 1D function w, we have denoted
w|—(z) = lim w(z — s), wly(x) = lim w(z + s).
s—0 s—0
s>0 s>0

We study subwavelength resonances for the scattering problem (1.6) by performing an asymptotic analysis in
the low-frequency and high-contrast regimes

w — 0, 0 —0. (1.7)

The mathematical analysis for the three-dimensional counterpart of (1.6) states that a system of N high-contrast
connected inclusions D = Uf\;l D; admits exactly 2N subwavelength resonant frequencies (wi(6))1<i<n [2, 15].
Moreover, the leading-order asymptotic of these resonant frequencies is given by

WEO) ~ upAZ6E,  1<i< N, (1.8)

3
where (A;)1<i<n are the N eigenvalues of a symmetric eigenvalue problem [2, 15] with eigenvectors (a;)i1<i<n,
which read
Cai = )\iVai, 1 S ) S N. (19)
The matrix V is the diagonal matrix gathering the volumes of the resonators, V = diag(|D;|)1<i<n, while C' is
the so-called “capacitance matrix”, whose entries can be defined by the formula

N
—Au; =0 in R?’\ U Dy,
3uj

Ci; = —/ —do  with =1 1<i4,5<N. 1.10
“ oD; on U; = 51‘3' on (9Dj, =)= ( )

ui(z) = O(|z| ™) as |z| — +oc.
One of the main contributions of the present paper is to show that a capacitance formalism analogous to

(1.9) exists in 1D, up to some differences which are now described. First, the “capacitance” matrix in 1D should
be defined as

d2 - N .

. TR b — e YN
i =\ N 1 it i _ .’ . S | |

J ( dz ('1:] )+ dz (x] )) w1 ul(xj:) _ 61,],’ <1, ( )

ui(x) = 0(1) as |z| = +oo,

which is the direct analogue of (1.10) up to the adaptation of the decay condition at infinity (in fact u;(z) is
even constant for z < zy or x > x). Solving explicitly (1.11) (the solution wu; is plotted on Figure 2) yields
the following expression for Cj;:

0 +( ! + ! >5 L 0 1<i,j<N (1.12)
i(5—1 7 ) 9% — 5 0i(j+1)» >%7 >4, .

U\ lys T G ) T Gy 0T
with the convention 1/¢;; = 0 for indices 4, j negative or greater than N. In other words, C = (Cj)1<i j<n is
3

Oij = -
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FIGURE 2. The solution u; to the capacitance problem (1.11).

the tridiagonal matrix

1 1
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The matrix C measures the mutual interactions of the segments (x; ,z;) on one another. In contrast to the
3D case where this matrix can be dense, the matrix C is tridiagonal, which reflects the fact that each resonator
interacts directly only with its closest neighbors. Then, the “volume” matrix V is defined analogously to the
3D case by replacing volumes with lengths:

V.= diag((&)lgig\/). (114)

A major difference with respect to the 3D setting lies in the fact that the capacitance matrix C of (1.13) is a
singular matrix: its kernel is spanned by the vector of ones 1 = (1)1<;<n. Therefore, one of the eigenvalues of
the problem (1.9) is zero, and it can be shown that the N — 1 other eigenvalues are distinct and strictly positive
(see Proposition 3.2 and Lemma 3.3):

0= <X < - < Apn. (1.15)

From these definitions, we obtain (in Proposition 3.3) that the 1D medium admits 2N subwavelength reso-
nances. The first two frequencies have a behavior that is different from the 3D case due to the zero eigenvalue
A1 = 0: the first resonant frequency is the zero frequency wg(d) = 0, while the second is a purely imaginary

frequency wy (8) € iR which scales as O(8) instead of O(2 ); more precisely wy () ~ —216#};. Then, the remain-
ing 2N — 2 subwavelength resonances (wljE (0))2<i<n satisfy the leading asymptotic (1.8) with the eigenvalues
(Mi)2<i<n being those of the 1D capacitance matrix:

1
wF(8) ~ £upAZ62,  2<i<N.

3

The capacitance eigenvalue problem (1.9) allows, in addition, to obtain the reflection and transmission
coefficients of the system (see Definition 4.1) near the resonances. In Corollary 4.1, we find that the reflection and
transmission coefficients (R;)1<i<n and (T})1<i<n at the resonant frequency wi(d) are conveniently determined
from the first and last coefficients of the eigenvector a; by the following formulas:

o 2 9
T, .= 200ONi - p 00N (1.16)
YT a2 4 a2 Y ad +ad ’
1 T 0N 1 T 0N

These formulas show that it is possible to devise a subwavelength systems with prescribed reflection and trans-
mission coefficients around resonant frequencies by tuning suitably the lengths (£;)1<i<ny and (£;(;11))1<i<N-1,
including exceptional positive reflections (see the Remark 4.3). It is remarkable that these coefficients are purely
geometric quantities which do not depend on the physical parameters of the medium.

The paper outlines as follows. Since we apply the Dirichlet-to-Neumann approach of [16] for computing
resonances in the 1D medium, we start in Section 2 by characterizing the Dirichlet-to-Neumann map of the
4



Helmholtz operator on the exterior domain R\ D. In Section 3, we show the existence of 2N subwavelength reso-
nances for the scattering problem (1.6), and we relate their asymptotic expansion to the capacitance eigenvalue
problem (1.9); see Proposition 3.3. In Section 4, we establish a modal decomposition for the wave field u(z) in
the subwavelength regime (1.7), and we find asymptotics for the transmission and reflection coefficients of the
system. Finally, Section 5 presents a variety of numerical illustrations supporting our mathematical analysis of
subwavelength resonances in 1D high-contrast media.

Before proceeding, we would like to highlight that this work leaves interesting connexions to explore with
the “tight-binding” method of condensed matter physics [7]. There is indeed an analogy between subwave-
length resonators and particles in quantum physics, whose wave functions are solution to an eigenvalue problem
analogous to (1.6). The tight-binding approach consists in approximating wave functions associated to several
particles by a superposition of the modes associated to isolated particles, and to possibly add terms to take into
account neighboring interactions [17, 32, 14].

From the point of view of acoustic waves, the capacitance matrix plays a role analogous to the Hamiltonian of
quantum physics. In 3D, it is known that long-range interactions between a large number of particles cannot be
neglected, because the coefficients of the capacitance matrix decay slowly away from the diagonal [6]. However,
such approximation would be exact in our one-dimensional context, due to the tridiagonal structure of the
capacitance matrix.

2. THE DIRICHLET-TO-NEUMANN MAP IN ONE DIMENSION

In this section, we characterize the Dirichlet-to-Neumann map of the Helmholtz operator in one dimension,
in view of applying the Dirichlet-to-Neumann approach of [16] for analyzing subwavelength resonances. We give
a fully explicit expression of this operator in Proposition 2.1, before computing its leading-order asymptotic
expansion in Corollary 2.1.

In all what follows, we denote by H!(D) the usual Sobolev space of complex-valued functions on D and by
H~Y(D) its dual space. Throughout the paper, we consider boundary data f = (fiihgigN € C?V with 2N
components associated to the 2N points (x?:)lgigN» where for any 1 <i < N, we denote by f;" (resp. f; ) the
component associated to J:j' (resp. to x; ). The following lemma provides an explicit expression for the solution
to exterior problems on R\D.

Lemma 2.1. Assume that k is not of the form k = nw/l;;41) for some non-zero integer n € Z\{0} and index
1 <i< N —1. Then for any vector (fii)lgiSN € C?N, there exists a unique solution wy € H _(R) to the
exterior problem:

dz?

d2 N
<+k2) wy=0 mR\Ll(xZ_,xj'),
i=1

we(zE) = f+ forall1 <i <N, (2.1)

7

((”dx—ik:) we(z) =0 forx <z 07“372:1:}.
When further, k # 0, the solution wy reads explicitly
ffe—ik(w—w;) lf{E < xf,
wi(z) = { a; ™ +be % if x € (zf,2), (2.2)
fIJ\r/veik(w—m}) if x> af;,

where a; and b; are given by the matriz-vector product

a; 1 ek, o—ikaf £
= o . (2.3)
b; 2i sm(kzﬂi(iﬂ)) —etFTin eik‘”:— fi:—l
Proof. When k # 0, the solution wy to (2.1) can be written as a linear combination of ¢'*® and e~** in each of
the intervals (2, 2;,,)1<i<n—1 and may be represented as
wi(r) = a;e™ + e+ v € (), ). (2.4)

The constants a; and b; are characterized from the boundary conditions of (2.1) at = and x; ;, which read:

ek + bie— ke _ £+

K3 (3 - L

. . ' (2.5)
aie"”iﬂ + bie_lk‘Li+1 — fi:—l'

Inverting this system, we find the expression (2.3) for a; and b;. On the other hand, w(x) must be proportional
to ** for x > x}, and to e ** for x < a7, which yields (2.2).
5



If £ = 0, it is obvious that Lemma 2.1 admits a unique solution which is piecewise affine on each interval
(zf,2,) for 1 <i < N —1, and which is constant on the intervals (—oo, z7 ) and (z, +00). O

Definition 2.1. For any k € C which is not of the form nm/l;; 1) for some n € Z\{0} and 1 <i < N —1, the
Dirichlet-to-Neumann map with wave number k is the linear operator 7% : C?¥ — C?V defined by

dw
T = (£5260) (26)

where w; is the unique solution to (2.1).

Remark 2.1. The condition that k£ € C is not of the form nm/f;; 41y for some n € Z\{0} and 1 <i < N —1is
equivalent to state that k2 is not a Dirichlet eigenvalue of —d?/dz? on R\D.

Remark 2.2. We consider a minus sign in (2.6) on the abscissa x; because Tk[(fji)lngN}ii is the “normal

derivative” of wy at xi with the normal pointing outward the segment (z; x;7). This convention allows to

[ad)

maintain some analogy with the analysis in the 3D setting considered in [16, Section 3].
In the next proposition, we compute 7% explicitly.

Proposition 2.1. The Dirichlet-to-Neumann map T* admits the following explicit matriz representation: for
any k € C\{n7/liip1y n € Z\{0}, 1 <i < N =1}, f = (S h<ien, TFIf) = (TH[f) h<i<n is given by

rn) (" I
1 1
k[ 1+ A (02) +
THY; ) i
A (L23) ,
: = . : ) (2.7)
T*(fl ' I
et A*(ln-1yn) N
T N . Iy
ik
where for any real £ € R, A*({) denotes the 2 x 2 symmetric matriz
_ kcos(kf) k
k ,_ sin(k0) sin (k)
A% (L) = ) heos(h) | ° (2.8)
sin (k) " Tsin(kl)
Proof. Since from (2.4), %(z) = ik(a;e*® — bje %) for x € (z], 2, ), we can write
d(;ﬂzf( Z+) " eika _e—ikaf a;
= 1 . _ . —_
Replacing the constants a; and b; with the expression (2.3) yields
T e\ ok Al A
T*(f)is _%(Ii—ﬂ) 2sin(kliip1)) \ _glbeiia ke, _otkeiy ik fin

Computing the matrix product, we finally arrive at

kr e+ +
T A (Gien) f; 7
T i fi

where A*(¢;(;11)) is the matrix defined by (2.8). Finally, since wy(x) is proportional to €** when z > z} and
to e when x < a7, we find T*[f]] = ikf; and T*[f]} = ikf. O

It can be verified that the solution wy to (2.1) with k& # 0 converges as k — 0 to the solution to the same
equation with & = 0. As it can be expected from the matrix representation (2.7), the operator 7% is analytic
in a neighborhood of k = 0. In all what follows, we denote by r the convergence radius

s

ri= .
maxj<;<N-—1 fi(i+1)
6



Corollary 2.1. The Dirichlet-to-Neumann map T* can be prolongated to a holomorphic 2N x 2N matriz with
respect to the wave number k € C on the disk |k| < r. Therefore, there exists a family of 2N x 2N matrices
(Tn)nen such that T* admits the following convergent series representation:
“+oo
TF=> k"T.,  VkeC with|k| <r. (2.9)
n=0

The matrices Ty and T1 of this series explicitly read

0
A°(lr2) i
12 0 0
A°(la3)
_— | T = - : (2.10)
. 0 .
A (1)) ,
i
0
) ‘ —1/¢ 1/¢
where for any £ € R, A°({) is the 2 x 2 matriz A°() := . Furthermore, Tony1 = 0 for any
1/¢  —=1/¢

n > 1, and the matrices To, are real for any n € N.

Proof. The result is immediate by noticing that for a given £ > 0, the matrix A*(¢) of (2.8) is analytic with
respect to the parameter k on the disk |k|¢ < 7, and its components are even functions of k. The expressions
for 7o and T follow from the following expansion of A*(¢):

Ak(f) _ —k (ﬁ +O(k)) WG@S) _ _% % —l—O(k‘Q).
wrow k(g +Ok) i T
O
Remark 2.3. The expression (2.10) for 7y can be more conveniently in terms of its action on a vector f =
(fi)1<icy € CH as
Tolfly =0,
%mi:—&i(n—ﬁnx 2<i<N,
Y (2.11)
%[f]j:ﬁ(fill_f:)a 1<i<N -1,
i(i+1)
TolfIx = 0.

3. SUBWAVELENGTH RESONANCES IN 1D ACOUSTIC MEDIA

Based on the properties derived in Section 2 for the Dirichlet-to-Neumann map, we can now analyze the arising
of subwavelength resonances in the 1D high-contrast medium illustrated on Figure 1. Classically and following
[16, Section 3], the scattering problem (1.6) can be reformulated in terms of the Dirichlet-to-Neumann map 7 v,

which becomes a set of coupled ordinary differential equations posed on the N segments D = L]ivzl(x; , xj)
dz  wW? ) N
— t 3 |u=0 in |_|(:c_ z)
2 2 IR AVA)
(dx Uy is1 (3.1)
du + w + dusy + .
— (T = v U — win |7 - <1 <
+ i (xF) =0T " [u—ww];y £0 1 (xF) foralll1<i<N,

where for a function u € H*(D), we use the notation 7% [u] = 7% [(u(zF))1<i<n]. Let us recall the definition
of subwavelength resonance.

Definition 3.1. We call “subwavelength resonance” a complex frequency w(d) € C, satisfying w(§) — 0 as
§ — 0, and such that (3.1) admits a non-zero solution v(w,d) € H'(D) for w = w(§) with u;, = 0:

2 w2 .
(dm2 + vf) v(w,0)=0  in D,
iﬂ%¥ia@$):57qmwﬁﬂf forall 1 <i < N,

i

Such a non-zero solution v(w, d) is called a “resonant mode”.
7

with v(w, ) # 0. (3.2)



The remaining part of this section is organized as follows. We remark in Section 3.1 that the scattering
problem (3.1) can be reformulated as a 2N x 2N linear system, which gives a first characterization of the
resonances and a computational methodology to solve numerically (3.1). However, this characterization is
peculiar to the one-dimensional setting and does not lend itself to a convenient asymptotic analysis. In the next
Section 3.2, we use the formulation (3.1) to reduce the 2N x 2N problem to a smaller N x N system involving a
matrix C(w, d) whose characteristic values w are exactly the subwavelength resonances. In Section 3.3, we relate
the asymptotic expansions of the matrix C'(w,d) to the capacitance eigenvalue problem (1.9) with capacitance
matrix (1.13). We deduce, in Proposition 3.3, the existence of 2N subwavelength resonances and we compute
explicitly their leading asymptotic expansion.

3.1. A first characterization of resonances based on an explicit representation of the solution

Let us first state a characterization of the resonances which relies on a finite dimensional parameterization
of the solution wu.

Lemma 3.1. Any solution u to the wave problem (3.1) can be written as
u(z) = a;e*® 4 be kT Vr € (z7,27),

for 2N coefficients (a;)1<i<n and (b;)1<i<n solutions to the 2N x 2N linear system

Alw, ) [ _ (POl = 0% ) (3.3)
e 0T Ffunl + 040l )
1<i<N z 1<i<N

where A(w, 6) is the 2N x 2N matriz

_eikb(L’; e_ikbx; eikbx; e_ik”;
= 1k di — 0T xdi 4
A(w, §) := ik, diag kot gmikat T v x diag . . (34)
1<i<N 1<i<N
and where T+ is the 2N x 2N matriz defined by (2.7).
Proof. The boundary condition of (3.1) reads
. s w w d in
Fiky (a0 — b FTT) — ST [u)E = —0T % [uin]E £ 6 (1; (z),
x
which can be rewritten as (3.3). O

Corollary 3.1. Subwavelength resonances are complex frequencies w(0) such that det(A(w(9),d)) = 0.

Remark 3.1. The characterization (3.3) shows that the scattering problem (1.6) is a finite-dimensional problem
that can be solved exactly by solving the 2N x 2N linear system (3.3). We will exploit this formula in Section 5
for solving (1.6) numerically.

3.2. Characterization of the resonances based on the Dirichlet-to-Neumann approach

Although (3.3) gives a complete characterization of the solution to (3.1), it does not allow to predict directly
the arising of scattering resonances, since it seems rather tedious to compute asymptotic expansions of the
determinant det(A(w,d)). In what follows, we use the Dirichlet-to-Neumann approach of [16, Section 3] to
characterize the resonances very conveniently. This methodology exploits the physical structure of the system
and applies to more complicated situations.

Multiplying by a test function v € H'(D) and integrating on all the intervals (z; ,x;")
be rewritten in the following weak form: find u € H*(D) such that for any v € H(D),

, equation (3.1) can

a(u,v) = (f,0) w1 (p),H-1 (D) (3.5)
where a is the bilinear form on H'(D) x H'(D) defined by
N o exl g do w? N? w o w gl 1
a(u,v) := ;/z (dxdx - Uguv) dzr — ;6 Oz T o [u) +0(x; )T+ [y ], Yu,v € H* (D),
and f € H-'(D) is the linear form
al du; du;
oo =03 (1) (Tl + ) 760 (Tl Geen)| - 60)

8




In what follows, we introduce a new bilinear form a,, s on H!(D):

A5 (U, ) ::Zl/ TZTde+/— uwdz ) de]

N w2 wj’
-3 lUQ / woda + 8[(z ) T [ul} +v(xi_)7'k[u]i_]1 . (37)

i=1 L b Yz

+ +
The bilinear form a,, s(u,v) is obtained by adding the rank-one bilinear forms (u, v) — f;, udx f;, vdz to the
bilinear form a. Clearly, a,, s is an analytic perturbation in w and § of the bilinear form lao’o defined by

N zt — x 2zt

i du dv i i
ao,0(u,v) = / ——dm+/ udx vdz|,

; [ oy dode x x
which is continuous coercive on H'(D) owing to the Poincaré-Wirtinger inequality. From standard perturbation
theory, a, s remains coercive for sufficiently small complex values of w,d. Therefore, for any right-hand-side
[ € H'(D), there exists a unique Lax-Milgram solution us(w,§) to the problem

w,s(uf(w,0),v) = (f,v) m-1(D),H1 (D) (3.8)
which is analytic in w and §. In order to characterize resonant modes, we denote by u;(w, §) the solution to the

variational problem
N
T .

g5 (uj(w,0),v) :/ ’ vdx, Yve HY(D), V1 <j<N. (3.9)
z5

The functions u;(w,d) allow to reduce the 2N x 2N problem (3.3) to a N x N matrix linear system, which is

simpler to analyze.

Lemma 3.2. Let w € C and § € R belong to a neighborhood of zero such that a5 is coercive. For any right-
hand side f € H=Y(D), the variational problem (3.5) admits a unique solution u = u(w,d) if and only if the
N x N linear system

(I -C(w,é)x=F (3.10)
has a unique solution x := (z;(w,d))1<i<n, where C(w,d) and F are the matriz and column vector given by
ot
C(w,5) = (C(w,5)ij)1§i7j§N = (/ uj(w,é) da:) y (3.11)
; 1<ij<N
and
ot
i 1<i<N
When it is the case, the solution to (3.5) (equivalently, to (1.6) and (3.1)) reads
u(w,d) = up(w,d) + ij(w, du;(w,9), (3.13)
j=1

with uy(w,d) and uj(w,d) being defined by (3.8) and (3.9).
When I — C(w, d) is not invertible for a frequency w = w(d), then a linear combination of the functions u;(w, d)
is a nonzero solution to (3.5), and w is a subwavelength resonance.

Proof. The variational problem (3.5) reads equivalently

N oF
a(u,v) = {f,v)g- (D),H (D) & O s(u,v) — Z (/ udx) A5 (Ui, v) = ay s(up(w,d),v)
i=1 Z;
N (3.14)
@u—Z(/ udx) u; = up(w,0).
i=1 \’%;
+
By integrating both sides of (3.14) on (z;,z]), we find that the vector  := (fml u(w, 9) d:v) solves the
@; 1<i<N

linear system

/ wédx—Z/ wéd:r/ (wﬁ)dxz/ uf(w, ) de, 1<i<N,

which is exactly (3.10). Reciprocally, if (3.10) has a solution, then the second line of (3.14) shows that the
solution to (3.5) is given by (3.13). O
9



Subwavelength resonances are therefore the characteristic values w = w(d) for which I — C(w,d) is not
invertible. Furthermore, (3.13) yields a modal decomposition of the solution when w is not a resonant frequency.

3.3. Asymptotic expansions of the subwavelength resonances

We now show the existence of 2IV subwavelength resonances and we compute their leading-order asymptotic
expansions. We start by computing explicit asymptotic expansions of the functions u;(w, d) solutions to (3.9).
) is written Lo oy

Here and thereafter, the characteristic function of the interval (z; , z;

Lift € (z;,27),
L= (1) = (.Z )
Ti T 0 otherwise.

Proposition 3.1. Let w € C and § € R belong to a neighborhood of zero. The unique solution u;(w,d) with
1 < j < N to the variational problem (3.9) has the following asymptotic behavior as w,d — 0:

1 w?
J

+§111 1(1+1>1 +111 +u
Gl by Tt BNy gy ) ) G0 Gy o) T
iwd -
+ B (051 +0;jn) (1(38;,%;) + Uj71,1) + O((w? +0)?),
J

(3.15)
where Ujo1 and W11 are some (quadratic) functions satisfying

zF zf
/ ﬂj,()’l dx = 0, / ’lﬂlj’l’l dx = 0, V1 S ) S N.
T, T,

Proof. From the definition of a,, s, the function u; = u;(w, 6) satisfies the following differential equation written
in strong form:

d? w? N af N .
_7dx2’uzj - Fuj + Z ‘/‘7 Uj dz 1(931_’1;;_) — 1(%_@2—) in |_|(xz T )7
B i=1 (3.16)
(2F) =0T % [uj]f  forall1<i<N.

%

de

dz
Since u;(w,d) is analytic in w and ¢, there exist functions (u;p x)p>0,k>0 such that u;(w,d) can be written as
the following convergent series in H'(D):

+oo
uj(w,d) = Z WPFu g (3.17)
p,k=0
By using Corollary 2.1 and identifying powers of w and &, we obtain the following equations characterizing the
functions (w;p,k)p>0,k>0:

daz N[ 1 N
_ - -
— g2 ek T z; (/z Wjipk dx) e w2 w2k 1 ohy0p=0dk=0  in || @7, =),
i= ]

1

du; P11 |
iﬁpk(lﬂ?) - Z Tz7;[“%1)*71,1%1]?E forall 1 <i < N,
n=0
with the convention that w;, , = 0 for negative indices p and k. It can then be easily obtained by induction
that
Yy o)

Ty and uj2py1,0 = 0, for any p > 0.
v,

Uj,2p,0 =

Then for p = 0 and k = 1, we find that u; 1 satisfies

2 N ot N
— gz tor T > (/ Uj,0,1 dﬂ?) Lor oty =0 in | |(27,27),
i=1 \’% i=1 (3.18)
duw
%(mf) =Toluj00]f foralll<i<N.
x

10



From (2.11) with f := u; g 0(zE) = 8;;/¢;, we obtain

Toluj0,0l7 =0,
_ 1 1 .
76[“]‘,070]7; = = ((5” — (5(2',1)]-) fOI" 2 S (2 S N,
i Ly

1 1 .
Tolujo0lf = + (Ot —0iy)  for 1<i< N -1,

Ci liigr)
Toluj00l% = 0.

Multiplying (3.18) by Lo ay and integrating by parts, we find that

+
/_ uj o1 de = - [Toluj.0.0l; + Toluso07 ]
1 1 1 1
= d(i—1)j — 0i5)1 Stii1yi — 0i) li<icn—
030 g(j—l)i( (i—1)j i) le<j<n + 5 e &(Hl)( (i+1); Dli<jan—1
1 1
ifi=j—1,

b1l Lj_n);

1 ( . ) il
={—7 if i = j,
G \LG-1; LG+
1
i1 LG+

ifi=j+1.

Using Fredholm’s alternative, this allows to infer that u; o1 can be written as
1 1 1 1 ( 1 n 1 ) y_ 1 1 1 n
U501 = s B\ T Es 7 z Uj0,15
’ Gl gy ) T B\ Gy Gy ) 0D T GO Gy Cietia) T

where ;01 is a function (in fact, a second order polynomial) satisfying fm ujo1der =0 forany 1 <4 < N.

Furthermore, @; 1 is identically zero on (z; , z; z]) where i ¢ {j —1,7,7 + 1}.
Finally, let us compute u; 1,1, which satisfies

d2 N :vj N
T2 Z (/_ Uj1,1 dx) Lgraty =0 in |_|(ffz J@l),
i=1 \’/% i=1 (3.19)
du,; 1
%(mf) = 57—1[’&]')0,0]? for all 1 < 1 < N.
Similarly, we find that T;[u;0.0]3 is given by
i ifi<N-—-1
_ L5j1if7;:1, n 912_ ’
Tilujo0l; =4 4 Tilwjooli =q 15 oo
0ifi>2, g N T
Consequently, multiplying (3.19) by 1 (@5 ah) and integrating by parts yields
zF .
i i
/ﬁ uj 1,1 de = I (0i1651 + dindjn) -
+
This implies that Uj1,1 = 7(5]1 + 5JN) z{r) + ﬂj71,1, where ﬂj7171 is a function Satisfying fx_L ’(7j7171 dz =0
J T,

for any 1 <i < N. The result follows.
O

In what follows, we recall the definitions (1.12) and (1.13) of the N x N tridiagonal capacitance matrix C, and
the definition (1.14) of the volume matrix V. We also introduce the N x N matrix

B = diag(1,0,---,0,1). (3.20)
These matrices C, V and B arise in the asymptotic expansion of C(w,d) of (3.11).

Corollary 3.2. We have the following asymptotic expansion for the matriz C(w,d) defined in (3.11):

2 iwd
(Xwﬁ):I+%%V’L—MFJOV*L+%}V”BV;L+O“w1+®%, (3.21)
b
where C' is the “capacitance matriz” of (1.13), and B and V are the matrices of (3.20).

11



Proof. Integrating the asymptotic expansion (3.15) of u;j(w,§) on the interval (z; ,z; ), we obtain

w? 1 1 1 1
C7(w,5)<1+ >5z+5|: 51 1) — < >(57 0,
’ E ! il g (G-1)j U=y f ¢ K(J 1)] J(J+1) oz E KJ(JJFl) oy
6

i5(0j1 +0;n) + O((w? +6)?).

£2
This yields the result. U
The next proposition shows that C' is a nonnegative symmetric matrix.

Proposition 3.2. The capacitance matriz of (1.13) is a symmetric positive semi-definite matriz. Furthermore,
the null space of C is the one-dimensional vector space spanned by the vector of ones:

Ker C = span(1) where 1 := (1)1<i<n.

Proof. For a real vector f = (fi)i<i<n, and using the conventions f_; = fyy1 = 0 and 1/4;;44) = 0 for
i = —1, N, we easily compute

N
1 1 1
Fref = [— f“fi+( " )f? Sy 1]
; f(i—m g(i—l)i 5i(i+1) Ez(z-&-l *
N-1
1 1 1
=3 | fifn 2L fifi-s-l}
i_1|: Cigi1) A é('+1) T L Ligiv1)
N-1
= 7 (fir — fi)*
i—1 i(i+1)

Since £;(;41) > 0 for any 1 <4 < N — 1, this equality shows that frfCf > 0 for any F € RN, which implies
that C is nonnegative. Furthermore, f7Cf = 0 implies f;41 = f; for any 1 < i < N — 1, which means that f
is proportional to the vector of ones. (I

Remark 3.2. In three-dimensions, special properties arise when the vector of ones is an eigenvector of the
capacitance matrix , which is the case under special symmetry circumstances [15, Section 2]. The result of
Proposition 3.2 shows that 1 is always an eigenvector of the capacitance matrix in the 1D situation, which is
associated to the zero eigenvalue. We shall see in Proposition 3.3 that this physically corresponds to the fact
that in 1D, constant functions are resonant modes. Non-trivial eigenvalues arise therefore for a system of at
least N = 2 resonators.

Next, we consider the N eigenvalues (\;)i1<;<ny and eigenvectors (a;)1<;<n of the generalized eigenvalue
problem (1.9):
where the eigenvectors form an orthonormal basis with respect to the inner product of V:
alVa;=26;  V1<i,j<N,

and the vector a; is given by

1
a = ——1.

N
Zi:l ti
The tridiagonal structure of C' implies the simplicity of the eigenvalues:
Lemma 3.3. The N eigenvalues of the capacitance matriz C' are simple:
0= <A <= < ApN.

Proof. This results from the fact that C is a tridiagonal matrix with non-zero off-diagonal elements, see [31,
Lemma 7.7.1]. O

The next corollary shows the arising of exactly 2/N resonant frequencies whose leading order asymptotics are
related to the eigenvalues (\;)i<i<n.

Proposition 3.3. The scattering problem (1.6) admits exactly 2N resonant frequencies:
o the zero frequency wy(0) =0 for any 6 > 0,
e a purely imaginary frequency wi(8), which is an analytic function of 6 whose leading asymptotic expan-
ston reads: 2
wi(8) = —215+ 0(6%); (3.23)
vy 44
12
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e the remaining 2N —2 resonant frequencies are analytic functions oféé and their leading-order asymptotic
expansion read
4 1 1 2 3

w; (0) = £vpA[ 62 — '627} al Ba; + O(62) for2 <i < N, (3.24)

?

where B is the matriz defined in (3.20).

Proof. We proceed as in the proof of [15, Propositions 3.7 and 3.9]. We pose A := %2 and introduce the function

F((\z),w) = (32 <I -C (w, f)) Ve, ' Ve — 1> .

First, we observe that F' is a smooth function of w € C and A € C because

:2<I C( "f))w( Areve - leBJrO( )>

Then for w = 0, it holds F((\v?,a;),0) = 0. Applylng the implicit function theorem as in [15, Proposition
3.7] (this is possible thanks to the simplicity result of Lemma 3.3), we obtain the existence of analytic functions
Ai(w) and a;(w) satisfying

F((Ai(w), ai(w)),w) =0 (3.25)
with A;(0) = \;v? and a;(0) = a;, for w € C belonging to a neighborhood of zero. Furthermore, differentiating

(3.25) with respect to w at w = 0, we find that A\;(0) and a}(0) satisfy
A0 i A
— l(z )ai ~ly-1Ba, + <21+ vlc> a’(0) = 0.

b v Yy

Left multiplying by al'V and using a/(0)?Va,; = 0, we obtain

. 2 B
, R . i a; ba;
Ai(o)**jai Ba;, v; Aj— i)
which allows to infer that o
A(w) = Mg — 26T Ba, + O(w?), (3.26)
v
and .
_ iw a; Ba; 9
ai(w) =a; + o ; m a; + O(OJ ). (3.27)

Subwavelength resonant frequencies w are the solutions to the equation w? = d\;(w). For i = 1, we obtain the
equation

02
Wwi=94 (—lw;}b alBa, + O(w2)> .

This yields the zero frequency w = 0, or

v2
w=24 < —b Ba; + O(w ))
v
which admits a solution wj(§) analytic in ¢ satisfying

2 o),

V7 2 <V
wi(0) = —1(5?a1 Ba, +0(6°) = —15?
i=1"
ie. (3.2).
For 2 <i < N, \; # 0 and the equation w? = §)\;(w) is then equivalent to

w= (5%\/)\i(w) orw= —(5%\/)\i(w),

where /¢ denotes any analytic continuation of the square root on C\{it|¢ < 0}. Solving these equations with
the implicit function theorem yields two resonant frequencies wii (6) which are analytic in 52, Using (3.26), we

1
obtain wii(d) ~ 5%%)\1?, and the next order term can be retrieved by writing

Lol —%
0z, 2

wE(s) = i5%A§vb\/1 = N T B, + 0(0) = +64 Ak, (1 F—5—"al Ba, + 0(6)>

¢ ’U)\i

3
2

= :I:é%)\i%vb 1(5—CLTBCLz +0(02),

which yields (3.24).
It remains to show that wy(d) is a purely imaginary complex number. From Corollary 2.1, the Dirichlet-to-

Neumann map 7% satisfies Tk =T-% From (3.2), we deduce that if w is a resonant frequency with resonant
13



mode v(w, §), then — must also be a resonant frequency with resonant mode v(w, d). Therefore, —w: (8) must
also be a resonant frequency. From the Rouché general argument principle, the nonlinear eigenvalue w = 0
at 0 = 0 has algebraic multiplicity 2N. Hence, it must split in exactly 2/N branches as § deviates from zero.
Consequently, —w1 (d) and w;(d) must coincide, which is possible only if wy (§) is purely imaginary. O

Remark 3.3. The resonant mode associated to the zero frequency wp(d) = 0 is the constant mode u = 1 in R.
The occurence of this mode, absent in the 3D setting, is due to the fact that there is no function satisfying
—d?u/d2? = 0, u(z]) = u(r}) = 1 and decaying at infinity. The mode associated to the purely imaginary
frequency ws (9) is approximately constant in each segment (z;, x;r)lgig ~ and grows exponentially as |z| — 400,
but decays exponentially in time. These phenomena are 111ustrated on Figure 6 in the numerical section below.

Remark 3.4. Tt is possible to compute w; (d) explicitly in the single resonator case N = 1. Computing the roots
of the determinant of the matrix A(w, d) of (3.4), we find the exact formula

. 200
wi () = —ivy log (1 + ” —Zb5> . (3.28)

4. MODAL DECOMPOSITIONS AND TRANSMISSION PROPERTIES IN THE HIGH-CONTRAST MEDIUM

In this section, we compute a modal decomposition for the wave solution based on the representation (3.13),
and study transmission properties of incident waves through the high-contrast medium.

The modal decomposition of the total wave field is established in Section 4.1. We obtain that in the subwave-
length regime, the solution to the non-hermitian scattering problem (1.6) can be approximated as a superposition
of modes which are excited near the resonant frequencies. Then, Section 4.2 introduces the transmission and
reflection coefficients, which capture the effective scattering properties of the high-contrast system of resonators.
We obtain approximate formulas in the subwavelength regime (Proposition 4.5), and we establish the identities
(1.16) for the values of the transmission and reflection coefficients taken to the resonant frequencies.

4.1. Modal decomposition of the wave total field

A modal decomposition of the total wave field can be obtained from the characterization (3.13) of the solution.
In this part, we assume that the incident field w;, solution to (1.4) can be written as

ikx 4 Oé_e—ikz7 (41)

uin () = ate

where oy and a_ are two constants chosen independently of w and §. The wave u;, is therefore the superposition
of the wave o e'** travelling from left to right, and of the wave a_e~'** propagating in the opposite direction.

We first need an asymptotic expansion of the solution u¢(w,d) to the variational problem (3.8).

Proposition 4.1. Let f be the right-hand side (3.6). The function us(w,d) solution to (3.8) has the following
first order asymptotic expansion:

21w5 a, _
uf(w,0)(x) = U < 2 Lor oty + 2 1(95;,,1;5) + Ul,l(x)) +0(w?3), (4.2)
where U1 1 is a (quadratic) function vanishing on (x; ,x;) for 2 <i < N — 1 and satisfying f v11de =0 for

i=1o0orit=N.

Proof. The variational problem (3.8) reads in strong form

d2 i . N —
— 32l uf —i—Z </ uy dx) L= aty =0 in |_|(xl L),
i=1 (4.3)
duy dwin , 4 .
= — - << N.
ida:( ) = 0T v [ug)E ST ¥ [uim]f + 06— g () foralll<i< N

From (4.1), ui, can be approximated by the following asymptotic development inside the resonators:
iw
uin(x):a++a,+?(a+—a,)x+0(w2), x € |_|(ﬂlcZ L)

This yields the following asymptotic expansion for the right-hand side of (4.3):

dx

i

5T [t £ 0 L0 (%) 5 <— (70+ %Tl) [oz+ ta+ %"(M - oz_)x} i i%m —al)+ O(w2)>

=5 (~las — @) 2Rl - s+ a7+ 550 £ 2l o)+ 0?).
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Since uf(w, d) is analytic in w and ¢ and the right-hand side is of order O(wd), we can write the ansatz
ug(w,§) = wévy 1 + O(w?d).

Inserting this expression into (4.3), we obtain the following equation for vy 1:

d2 N mj’ N
,@le +Z (/_ V11 dz) l(m;’ﬁ) =0 in U(z;,x;"),
i=1 \’% i=1
=L = (04— 0 YRl
+ (ay +a-)(07 +6y) Flay —a_)) foralll1<i<N.
(4.4)
Integrating by parts on (z; ,z;) and using (2.11), we infer

+

[ o = = (@ — a0 Tlsl; + T+ (s + )6+ 6uv)

A Liiz1yi Ci(ig1)
21
= —m [Oé+(5i1 + CY_(SiN] .

From the Fredholm alternative, we deduce that the function v, ; is given by

1 €xr., — 1’+ €T, — x+
S ((a+ —a.) (WngigN + ’“251931\/_1> + (o +a_)(01 + 5“\,))

V1,1 =

)

2i a4 a_ ~
- v |:€%1(a:1,x;r) + gl(x;,,x;) + 1}171(]}):| y

"
where v7 ; is a function vanishing on (x; ac+) for 2 < i < N — 1 and satisfying fz,’ vipde =0fori=1or

¢ = N. This yields the result.
O

Remark 4.1. The expansion of (4.2) shows that an incident wave e'** (resp. e~'**) propagating from left to
right (resp. from right to left) excites only the first resonator (z7,z7) (resp. the last resonator (zy,z%)) at

first order.

Proposition 4.2. Assume that w is real and belongs to the subwavelength regime w = 0(5%). For any right-
hand side F € CN, the solution x(w,d) to (3.10) can be decomposed as the following modal decomposition:

N 2
v 1
T(w,0)=—Y_ b 1+ 0(%)) (aTVF) Va,. (45)
=1 W = v+ iwcs%"afBaj ( J ) J

Proof. In order to solve (3.10), we use the same notation as the ones of the proof of Proposition 3.3, and
proceed as in the proofs of [15, Propositions 3.9, 3.10 and 4.1]. Introducing A := ‘*’TQ, y:=Viz, Gw )\ =
% (I -C (w, ‘*’—;)) V and F = %F, (3.10) can be rewritten as

G(w, Ny = F.

By continuity of the determinant, (a;(w))1<i<n is a basis of CV for w sufficiently small. This allows us to
consider the decomposition of y = y(w, d) onto this basis with coefficients (y;(w,d))1<;j<n:

N
Y(w,0) = Zyj(w75)aj(W)- (4.6)
Since G(w, Aj(w))a;(w) = 0, we can write G(w, \)y as

N
G(w, Ny = Zyj(% 0)(G(w, A) = G(w, Aj(w)))a;(w). (4.7)

Then, A — (G(w, ) — G(w, Aj(w)))a;(w) is analytic in A and w and vanishes at A = A;(w). Therefore, this
expression can be factorized as

(G(w,A) = G(w, Aj(w)))aj(w) = (A = Aj(w))g; (A, w),
for a vector g;(\,w) analytic in A and w. Using the expansion (3.21), we find

(91 3) = 0w ) ) = 2 (a0 + 01?)
15



where O(w?) is a function that depends smoothly on A. Left multiplying (4.7) by alV and summing on the
indices 1 < j < N, we obtain a linear system for the components (A — A;j(w))y;(w,0):
A—Xj(w)

yi(w,0) =alVF, 1<i<N.
vy

N
=Y alVa;(w)(1+0(w?)
=1
From (3.27), we have a] Va;(w) = d;; + O(w). This allows to use a Neumann series to invert this linear system,
which yields R
(A = Aj(w))y;(w,8) = =(1+ O(w))vpa] VF.
Therefore, we find the following expansion for y(w, d):

N 2 .
-3 ﬁl’j(w)(a]rVF)(l +O(w))a;(w).

Using ¢ = Vy, and substituting A = w?/§ and F= F/é, we obtain

N 1)2
T(w, ) =— m(l +O0(w)(alVF)Va,.
j=1 J

This modal decomposition holds for any complex frequency w € C. If further, w is real and satisfies w = O(¢ %)7
then the expansion (3.26) allows to write

2
W? — O\ (w) = w? — SR + iwa%afBaj + O(w?0)
. v} 1
= <w2 — SupAj + 1w61i’a§-rBaj> (1 + O((SZ))
where the order O(67) can be deduced from [15, Lemma 4.2]. The expansion (4.5) follows. O

In what follows, we write (a;;)1<; j<n = (a1 as ... CbN) the coefficients of the column vectors (a;)1<;j<n-
Inserting the asymptotic (4.5) into (3.13), we obtain the following result.
Proposition 4.3. Assume that w is real and belongs to the subwavelength frequency regime w = 0(5%). The

total field u(w,d) solution to the scattering problem (1.6) admits the following asymptotic modal decomposition
in the resonators as 6 — 0:

1 . N
w(w, 5) = a++a_+0(62)+21w 1 ajoq +anjoa +0(6 Za . |_|(93_ +), (4.8)
) 1—1TM% v j*Q)\ w‘*}Tz—l—i-)\vaaj P ij = i % )
= M, -

where we have denoted by Ty the damping constant

o XN
™ =55 E Ly
b p=1

and by wyy ; the first order approzimation of the resonant frequency w;-r(é) :
1
W= vb)\;(s%.

Proof. From (3.12) and (4.2), we deduce the following asymptotic for the vector F = (F})1<;<n:

2iwd [ ay o 9
F=— )
7 v ( 61 6@1 + KN 6%N) + O(w 6)7

from where we obtain 9%
VF == (1504 +anja-) + O(w?d).

), we obtain the asymptotic expansions of the coordinates of the vector

a

ot

Inserting this expression into (4.
x(w,d) = (24(w,0))1<i<N:

N
6@2 1
zi(w,d) = — E b (14+0(02))(a104 +anja_)Va;
1 w? = 6vEN; + iwé%ba?Baj ! ! !

2i (g + a— +O(5%)) 1 v 2w e 1 alja++a1\/’j0[ +0(672)

N 3 . UJ2 et Y]
v 25 T2 Eﬁpe Zp:l Ep v j=2 )‘J Wi -1+ >\ v 3 Baﬂ
_ (ag Fa_+0(57)) 4 2w = 1 ayay +ay;as +O(57)£ a
- iw N ? N w2 iw i
1- 21}21}5 Zp:lgp v i= Aj Wi -1+ Ajv JBaJ

16



Using the expansion (3.15) for the modal functions u;(w,d), equation (3.13) allows to infer the following ap-
proximation for u(w,d) on |_|fV:1(33 z):

1 K2

N l . N 1
(@,6) = O(wd) + 3 O‘++“ +O<5 ) %Wzi“uaﬁama +00%) ),
=1

iwv s iw 2 (z; ]
~ 2025 Zp 14 j=2 "1 wM,j Ba]

B a++a_+0(5%)+21w Al ajoy +anjo_ +0(6 Za
fad ”
=1

N 1—iry¥ w?
T™'s szz)‘ -y 1+/\UJBaJ

O

The result of Proposition 4.3 shows that the constant mode is excited in the regime w = O(§), while piecewise
constant modes are excited around the frequency w ~ wys ;. For 2 < j < N, the j-th mode is constant in

each resonator (z; ,xj), with a constant given by the i-th coefficient of the eigenvector a; of the capacitance

eigenvalue problem (3.22).
4.2. Transmission and reflection coefficients of the high-contrast medium
The next proposition motivates the definition of the transmission and reflection coefficients.

Proposition 4.4. Let us assume that w is real and that uy, is a wave propagating from left to right, namely

a_ =0 1in (4.1). Then we have the following energy conservation identity:
_ 2 2
u(ey) — un(ey >‘ u(a) ’ . (4.9)
Uin (27) uin(2)

Proof. The total field u solution to (1.6) satisfies
d 1 d w?
SN —0inR
dw[()d } A@)
(z

where we recall the definition (1.2) of x(x) and p(x). Multiplying by the conjugate @ and integrating by parts
on (zy,z3) yields
w

/:E [pé)\i“@ @)

where we used the jump relations of (1.6) to cancel the terms occuring at intermediate points. Since wiy,
propagates from left to right, we have du;,/dz = ikui,. We now remark that

2 2 1 du 1 du

R + @) =0, (4.10)

IU(x)IZ] dz —

Sty = Q) e 4 D) — ikt — o) + b (o) = dhu(e),
and
Sy = S oy 4 B0 00y = k() — i) + b o).

Inserting these values into (4.10) and taking the imaginary part yields
0= —Ju(@)]* + [~ (u(zy) — win(27)) + win(eD)]((@(a1) = Gin(21)) +Tin(21)7)
—u(@ )1 = Juler) = win(z7)? + Jui (7)1,
which concludes the proof. O
Motivated by the energy identity (4.9), we introduce the transmission and reflection coefficients as follows.

Definition 4.1. Consider an incident wave u;, propagating from left to right. The transmission and the
reflection coefficients of the system of N resonators are the complex quantities T'(w, d) and R(w, d) defined by

u(zt u(xry ) — win(xy
in\+& N m\-~1

The coefficients T'(w,d) and R(w,d) capture the amplitude and the phase (or time delay with respect to
the incident wave) of the transmitted reflected waves, which are respectively the parts of the solution « which
propagate from left to right and from right to left. The identity (4.9) reads

T (w, )" + |R(w, 8)] = 1,
which implies in particular that T'(w,d) and R(w, d) are of modulus lower than one.

In the next proposition, we compute the leading asymptotic expansions of T'(w, d) and R(w, J).
17



Proposition 4.5. Assume that w is real and w = O(§2)

= 2). The reflection and transmission coefficients T (w, d)
and R(w,d) of (4.11) have the following asymptotic expansions:

1 . N 1
1 2 2 1 2
T(w.0) = o)+ 22 o)
8

v = )\j UJM’j—l—&-;wv JBaJ
1 5%) Noq a?. 4+ 0(82
R0 = Topg 5 k are
T M’ =2 Jwijvji]'dI»)\jvaj a;

Proof. From (4.8) with ui, () = oy €@, we infer that

21w
uzy) = ——73

CL1jOé+ —‘rO((sl)
1—iry% 5 v

© o7 Ba, an; +0(57).

Hence, the transmission coefficient reads

T(w, ) = u(zl) 1 +217w§:i aljaN]+O(5l)
5 uin (2 1—img% v A4 o —1—&-)\1) JBaJ

and the expression for T(w,d) follows, observing that e~ihel =1 4 o %) Similarly,

. N 1
_ oy 2iw 1 a1]a+ +0(02) 1
uzr])=———+— — ai; +0(02
@)= E ;Aj 714 =T Ba,™ (82),
J= Wi, j v %
which yields the reflection coeflicient

R(w,d) = u(zy) —uin(zy) 1400

Uin (27) 11—ty

%\E M\H

ZN: 1 a; + 0(5%)
—9 .7

—1.
w;T — 1+ 3%a] Ba;

O
Remark 4.2. In the single resonator case N = 1, the transmission and the reflection coefficients can be explicitly
written as
8202 — v?)sin (24
R(w,9) = (0202 + v(Q) si; (‘*’&)) + 2§6vbvz cos (<4’
b s v (4.12)
T(w,0) = idvvy

(6202 4+ v?) sin (“’v—il) + 2idvwvy cos (“’v—il) '

5 1
Considering incident frequencies w ~ vy A7 92 close to the resonant values, we obtain the following result for
the transmission and reflection coefficients near the resonant frequencies

Corollary 4.1. The transmission and reflection coefficients converge to the following values near the resonant
frequencies:

o the following convergences hold as w = o(8) with § — 0

T(0,6) =1 R(0,8) =0

e the following convergences hold as 6 — 0 with w ~ vb)\%&

T(w,d) = T; and R(w,d) = R;,

where the limit transmission and reflection coefficients T; and R; are given by

2 2
. 2aijan; o 0q, Ay
= 3 3 K
aj; +ay;

. 4.13
ai; + axy; (4.13)
Here, we recall the notation (a;;)1<i<n for the coefficients of the eigenvector a; of (3.22)

o Ifw= 0(5%) stays away from the resonant frequencies, namely if

1
w >0 and |w—vb)\;6%|>>5for any2<j <N
then

T(w,0) = 0 and R(w,d) — —
18



Remark 4.3. The corollary shows that the transmission is optimal near the resonant frequency w;(6) when the
first and last entries of the eigenvector a; coincide, up to a sign. Furthermore, the last point of the corollary
states that away from a band around the resonances of size O(¢), the reflection coefficient remains close to —1.
The formula (4.13) suggests that exceptional positive reflection coefficients can be obtained near the resonances
wyr,; upon the condition anx; = 0. We present in the next section several numerical evidences of these results.

5. NUMERICAL ILLUSTRATIONS OF SUBWAVELENGTH RESONANCES

In this final section, we provide several numerical illustrations of the subwavelength resonant phenomena
occuring in the 1D high-contrast system of Figure 1. We consider four different situations with a system of
N =1, 2, 6 non-identical resonators, and a system of 6 identical resonators, which are respectively treated
in Sections 5.2 to 5.5. The values of the physical parameters considered, as well as the adopted numerical
methodology are first detailed in Section 5.1.

5.1. Setting and methodology
In all three situations, the physical parameters are set to
v=1 wv=1  §=0.001,

while the frequency w is a parameter that is allowed to vary in a “subwavelength” frequency range (0,€). In
the present 1D setting, a natural choice for the bound €2 is
T
Q:=01—. 5.1
maxi<;j<n s (5.1)
Indeed, frequencies larger than 2 correspond to wavelengths smaller or comparable to the size of the largest
resonator, hence they cannot be qualified “subwavelength”. More mathematically said, the first nonzero Neu-
mann eigenvalue of the (negative) Laplacian operator on |_|iv=1 (z7,z]) is 7/ max; <;<n ¢;, around which further
resonances (called Fabry-Pérot resonances, see [13]) occur.
11 all three situations, we consider an incident wave propagating from left to right:

Uin () = €% (5.2)

where we recall that k = w/v. We solve numerically the scattering problem (1.6) with u;, given by (5.2), and
we compute the transmission and reflection coeflicients for incident frequencies in the subwavelength regime
(0,£2). We observe peaks of the transmission coefficient at the subwavelength resonant frequencies predicted by
the asymptotic analysis of Proposition 3.3. Furthermore, we also verify the result of Corollary 4.1 which states

that for w ~ war; = Ub)\fé %, the transmission and reflection coefficients converge to the quantities T; and R;
of (4.13).

Our discussions include plots of the numerical solution u to the scattering problem (1.6), which are obtained
by plotting the function z — R(u(x)e™'?), where ¢ is a phase shift selected to observe the maximum amplitude
of the wave on the negative real line:

el = L(O) .
|u(0)]
This phase shift allows the reader to better appreciate the damping or the enhancement of the transmitted wave
near the resonances.

(5.3)

In order to assess the accuracy of the asymptotic formula of Proposition 3.3, we compute numerically the
exact values of the subwavelength resonant frequencies with the Muller’s method [30], following the methodology
of [9, Section 1.6], and report their values in Tables 1 to 4 below. We rely on the implementation provided by
the open-source code [34]. We recall that the Muller’s method allows to find (complex) roots of holomorphic
functions by using quadratic interpolants. In our case, we apply the Muller’s method to obtain the zeros of the
function w — pq(w), where pg(w) is the eigenvalue of the matrix A(w,d) (Eq. (3.3)) with the smallest complex
modulus. Since pq(w) = 0 implies that A(w,d) is not invertible, computing such roots w yields the desired
resonant frequencies. In order to obtain all the roots, we initialize the Muller’s method with the frequencies
(3.23) and (3.24) predicted by the asymptotic analysis.

The numerical results allow to observe the arising of subwavelength resonances, which are frequencies for
which the transmission coefficient becomes suddenly close to a nonzero value. In contrast, there is almost
no transmission to the positive real line when the incident frequency is away from the resonances, leading
to almost perfect reflection. It is also possible to observe special resonances (see e.g. wi (§) in Section 5.4)
with low transmission but a positive reflection coefficient (R(w,d) ~ +1 instead of R(w,d) ~ —1 away from
the resonances). These findings show that such systems of subwavelength resonators can serve as a low pass
filter for frequencies very close to zero, and as either a band filter near the nonzero resonant frequencies, or an
amplifier of the reflected wave.
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Frequency Theoretical Numerical T; | R;
wo(0) 0 0 110
w1(9) —0.0020000006666670215i | —0.0020000006666698773i | 1 | 0

TABLE 1. Theoretical frequencies predicted by the leading-order approximation of Proposi-
tion 3.3 for the single resonator setting of Section 5.2. The last column features the predicted
transmission and reflection coefficients (T;)i1<j<n and (R;)1<;j<n around resonant frequencies
according to (4.13).

5.2. Single resonator case

Our first example is the simplest situation in which there is only a single resonator of unit length ¢; = 1, as
illustrated on Figure 3. The system admits only the null frequency wp(d) = 0 and a purely imaginary resonant

=1
—
R

FIGURE 3. A situation with a single N = 1 subwavelength resonator.

frequency wq(9) € iR. We compare in Table 1 the numerical value obtained with the Muller’s method for the
purely imaginary frequency w; to the predicted exact value given in (3.28), which are in excellent agreement.

We then plot on Figure 4 the real part of the transmission and the reflection coefficients defined in (4.11). In
the present situation with N = 1, the formula (5.1) yields Q ~ 0.31. We observe the absence of distinguished
subwavelength resonances apart from the peak at w = 0. In order to illustrate this behaviour, we compute the
total wave solution at the frequencies w € {0.003,0.05} and plot on Figure 5 the respective solution function
x> R(u(z)e?), where ¢ is the phase shift (5.3). We clearly observe that the transmitted wave is considerably
damped at w = 0.05, while a significant part of the wave is transmitted on the positive real line in the first case
w = 0.003.

1.0 00

0.8 -0.2

0.6 -0.4

0.4 -0.6

0.2 L -0.8 L

0.0 -1.0

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 025 0.30

w w

(A) Transmission coefficient $(7'(w, 9)). (B) Reflection coefficient R(R(w, d)).

FIGURE 4. Transmission and reflection coefficients (Eq. (4.11)) for the single resonator case of
Section 5.2. The red dots indicate the frequencies w = 0.003 and w = 0.05, whose associated
solution waves are plotted on Figure 5.

Finally, we plot on Figure 6 the resonant modes associated with wg(d) = 0 and w;(d), obtained with the
Muller’s method. The mode associated to wg(d) is uniformly constant on R, while the mode associated to
w1(0) € iR has an exponential spatial growth.

To summarize, these numerical computations illustrate the fact that a single subwavelength resonator behaves
as a low pass filter in the subwavelength frequency regime.

5.3. Two resonator case

Our second example is a situation featuring two resonators with different sizes: the precise setting is given
on Figure 7. The transmission and reflection coefficients associated to the incident wave (5.2) are plotted on
Figure 8 on the frequency range w € (0,€2), for which the formula (5.1) yields  ~ 0.079. The plots reveal
the occurrence of a non-trivial, nonzero resonant frequency wy (§) in this subwavelength range. We then check
that the peak observed in the transmission coefficient occurs near the resonances predicted by the asymptotic
analysis of Propositions 3.3 and 4.5: we report in Table 2 the numerical values of the subwavelength resonant
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FIGURE 5. Wave R(u(x)e™'?) solution to (1.7) for two incident frequencies w = 0.003 and
w = 0.05 (reported as the red dots on Figure 4), in the single resonator case of Section 5.2.
For both frequencies, we plot a zoom of the solution on the interval (—10,10). The part of
the solution on the resonator (z7,x]) is represented in orange color. The phase ¢ is chosen

according to (5.3).
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FIGURE 6. Subwavelength resonant modes for the single resonator case of Section 5.2.
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FIGURE 7. A situation with N = 2 subwavelength resonators.
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(A) Transmission coefficient #(T'(w,d)).  (B) Reflection coefficient R(R(w, 9)).

FIGURE 8. Transmission and reflection coefficients (Eq. (4.11)) for the two resonator case of
Section 5.3. The red dots indicate the frequencies w = 0.02 and w = 0.15, while the orange
cross marks the predicted resonant frequency w; (6) ~ 0.0382. The wave solutions associated
to these frequencies are plotted on Figure 9.

Frequency Theoretical Numerical T} R;
wo(9) 0 0 1 0
w1(0) —0.000285711i —0.000285551 1 0
wy () 0.012076 — 0.00014881i | 0.012070 — 0.00014886i | -0.96 | 0.28

TABLE 2. Theoretical frequencies predicted by the leading-order approximation of Proposi-
tion 3.3 for the two resonator case of Section 5.3. The last column feature the predicted
transmission and reflection coefficients (T})1<j<n and (R;)1<;j<n around resonant frequencies
according to (4.13).

frequencies computed with the Muller’'s method, and compare them to the formulas (3.23) and (3.24). The
real part of the predicted value for the resonant frequency wy (d) is also indicated by an orange cross on the
transmission and reflection plots of Figure 8. Despite the fact that we use only the leading-order asymptotic
in &, we still observe a very good agreement between the numerical and theoretical values. To illustrate the
behavior of the system around the resonant frequency wy (), we plot on Figure 9 the total wave field for the
three different frequencies w € {0.003,0.0121,0.015}, which are marked on Figure 8 with the red points and
orange crosses. We still use the phase shift (5.3) to display the maximum values attained by the incident wave.
We clearly observe the significant enhancement of transmission near the resonant frequency wf (6) ~ 0.0121,
and the damping of the transmitted wave (on the positive real line) at the frequencies w € {0.003,0.015}. The
imperfect transmission value 75 ~ —0.96 comes from the lack of symmetry of the system. We can appraise
the fact that the resonators (27,2} ) and (x5, 23 ) operate in the subwavelength frequency regime: for instance
they are approximately a hundred times smaller than the operating wavelength on Figure 9c!

Finally, we plot on Figure 10 the resonant modes associated to the three resonant frequencies wp(d) = 0,
w1(0) € iR and wy(d)*. The mode associated to wi(d) exhibits no oscillation but a slow exponential growth.
The mode associated to w;r (6) has an oscillating component and a slow exponential growth. We remark that,
consistently with the approximation formula (4.8), the total solution at w = 0.0121 ~ w; (§) visible on Figure 9¢
resembles to the resonant mode visible on Figure 10e.

To conclude, these numerical results illustrate the fact that in this situation, the system behaves as a low pass
filter very close to the null frequency wo(6) = 0, and as a band pass filter close to the resonant frequency wy (6).

5.4. Six resonator case

In order to illustrate the fact that the 1D system of Figure 3 admits exactly as many subwavelength resonances

as the number N of subwavelength resonators (one of them being located at the null frequency wg(d) = 0),

we consider now a situation with six resonators, illustrated on Figure 11. The transmission and reflection

coefficients associated to the incident wave (5.2) are plotted on Figure 12. As expected from the result of
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FIGURE 9. Wave solution R(u(z)e™'?) to (1.7) for three incident frequencies w €
{0.003,0.0121,0.15} in the two resonator setting of Section 5.3. These frequencies, reported
with the red mark and the orange crosses on Figure 8, are either far from or close to the res-
onances. The part of the solution crossing the resonators is drawn in orange color. The phase
¢ is chosen according to (5.3).

Proposition 3.3, six resonant frequencies are visible, including the zero frequency wg(d) = 0. The magnitude
of the resonant peaks decay as the order of the resonance increases, which is consistent with the transmission
coefficients values T} reported in Table 3. A striking feature of this system is the fifth resonance w7 (6) which is
associated to a reflection coefficient R5 ~ 0.93 close to the value +1, instead of the value —1 encountered away
from the resonances.

We report on Table 3 the numerical values of the subwavelength resonant frequencies computed with the
Muller’s method, and compare them to the values obtained with formulas (3.23) and (3.24). We also report the
predicted frequencies with an orange cross on the transmission and reflections plots of Figure 8. Once again,
we observe that the numerical and theoretical values are in very good agreement, up to a slight loss of accuracy
for the imaginary part of the highest order resonant frequencies wy () and wg (§). We then plot on Figure 13
the total wave field generated by the incident wave (5.2) at the frequencies w € {0.0119,0.0165,0.0197,0.0272}
which are respectively close to wy (), in between wy (§) and w; (), close to wy (§) and close to wi (§). Their
values are indicated by the red mark and the orange crosses on Figure 12. Again, we observe that the incident
wave is transmitted to the right part of the domain for frequencies close to the first four resonant frequencies:
the magnitude of the transmitted wave field on the positive real line is large for w ~ w3 (§) and w ~ wy (§), and
slightly damped for w = 0.0272 ~ w;' (6). The attenuation observed for w = 0.0272 is consistent with the value
Ts ~ 0.37 of the transmission coefficient. However, we observe the striking amplified and inverted reflected wave
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FI1GURE 10. Subwavelength resonant modes for the two resonator case of Section 5.3.
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FIGURE 11. A situation with N = 6 subwavelength resonators.

on Figure 13g. Finally, we report on Figure 14 the six resonant modes computed with the Muller’s method
associated to the six subwavelength resonant frequencies. The first mode is constant, the second has a slow
exponential growth and no oscillatory behavior, while the subsequent ones feature both a slow exponential
growth and an oscillatory behavior. Consistently with the analysis of Proposition 3.3, the total wave fields are
approximately constants in the resonators, with constants being approximately proportional to the coordinates
of the eigenvectors (a;)1<i<n of the capacitance eigenvalue problem (3.22). We still remark the resemblance
of the wave solution u at w ~ wy (§) and w ~ wj (§) (Figs. 17a and 17e) to the modes associated to these
frequencies (Figs. 14g and 14i), up to a phase shift.

To conclude, this numerical experiment further illustrates the arising of as many resonances as the number
of considered resonators, the ability of the resonators to manipulate waves at subwavelength scales, and the fact
that the transmission and reflection properties are well predicted by the capacitance analysis of Proposition 3.3.
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FIGURE 12. Transmission and reflection coefficients (Eq. (4.11)) for the six resonator case of
Section 5.4. The red dot indicates the frequency w = 0.0165, while the orange cross indicates
the location of the predicted resonant frequencies (from Table 3). The wave solutions associated
to the frequencies marked by the red dots and wy (§) and w] (§) are plotted on Figure 13.

Frequency Theoretical Numerical T} R;
wo(0) 0 0 1 0
w1 (0) —0.00016667i —0.00016647i 1 0
wy (8) 0.005669 — 0.00012768i | 0.0056643 — 0.000127591 | -0.985 | 0.172
wy (6) | 0.011926 — 5.8224 x 107°1 | 0.011915 — 5.8286 x 107°1 | 0.915 | 0.403
wi(6) | 0.019678 — 1.5263 x 1071 | 0.019658 — 1.5326 x 10~°i | —0.848 | —0.530
wi(0) ] 0.027254 — 5.9817 x 1075 | 0.027229 — 6.0172 x 1075 | 0.371 | 0.929
wd(0) ] 0.036341 — 1.1878 x 1075 | 0.036311 — 1.2017 x 1075 | —0.113 | —0.994

TABLE 3. Theoretical frequencies predicted by the leading-order approximation of Proposi-
tion 3.3 for the six resonator case of Section 5.4. The last column features the predicted
transmission and reflection coefficients (7;)1<j<n and (R;)i1<j<n around resonant frequencies
according to (4.13).

5.5. Six resonator case with perfect transmission

We now consider a final example to illustrate the possibility to achieve perfect transmission and zero reflection
near the resonant frequencies. As highlighted from the formula (4.13), the loss of transmission near resonances
is due to the difference between the first and the last entries of the eigenvectors a; of the capacitance eigenvalue
problem (3.22). If the system of resonators is invariant when reversing the direction of the real line (i.e. under
the inversion of the order of the sequences (£;)1<i<n and (f;(i+1))1<i<n—1), then it can be shown by using a
symmetry argument that the same symmetry property holds for the eigenvectors a;, up to a change of sign.

Proposition 5.1. Assume that the sequences (¢;)1<i<n and ({;i41))1<i<n—1 are invariant when reversing their
orders:
V1 S ) S N, 61 = éN—i+1 and V1 S ) S N — 1, Ei(i—i—l) = g(N—i)(N—i—i—l)-
Then, under the simplicity assumption Lemma 3.3, the eigenvectors (a;)1<;<n of the eigenvalue problem (3.22)
satisfy
V1<i< N,a;; = (—l)kja(N—i+1)jv
with kj =0 or k; = 1.

Proof. This is an immediate consequence of the fact that under the symmetry assumption, Ci;x; = Cijon—14;
and Vi;z; = Vijan_14; for any x € CN. O

Therefore, a system of resonators which is invariant by reversing the order of its elements attains in the
limit 6 — 0 perfect transmission at all its subwavelength resonances. We illustrate this property numerically by
considering a system of six identical resonators, illustrated on Figure 15.
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FIGURE 13. Wave solution R(u(x)e™'?) to (1.7) for four incident frequencies w €
{0.0119,0.0165,0.0197,0.0272} in the six resonator setting of Section 5.4. These frequencies,
reported with the red mark and the orange crosses on Figure 12), are either far from or close
to the resonances. The part of the solution in the resonators is drawn in orange color. The
phase ¢ is chosen according to (5.3).

The numerically computed transmission and reflection coefficients associated to the incident wave (5.2) are
plotted on Figure 16. As in the previous Section 5.4, five resonant frequencies are visible in addition to the zero
frequency wp(d) = 0. However, the transmission coefficients are close to the values —1 and +1. They do not
reach perfectly these values due to the fact that § # 0.
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FI1GURE 14. Subwavelength resonant modes for the six resonator case of Section 5.4.

The numerical values of the predicted subwavelength resonant frequencies and the scattering coefficients
are reported in Table 4. We also report the predicted frequencies with orange crosses on the transmission
and reflections plots of Figure 8. We observe that the location of the resonance is accurately predicted, but
not the exact position of the maximum amplitude, which would require using higher order terms (of order
o %)) We then plot on Figure 17 the total wave field generated by the incident wave (5.2) at the frequencies
w € {0.0446,0.05,0.0774, 0.0863} which are alternatively close to w3 (&), in between w3 () and wj (), and close
to wy (§) and wg (§). Their values are indicated by the red mark and the orange crosses on Figure 16. In
contrast with the previous Section 5.4, we observe that the transmitted fields are almost not attenuated at the
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FIGURE 14. Subwavelength resonant modes for the two resonator case of Section 5.4.
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FIGURE 15. A symmetric system of six resonators considered in Section 5.5.

Frequency Theoretical Numerical T |R
wo(9) 0 0 110
w1(0) —0.00033333i —0.00033323i 110
wy (6) 0.023149 — 0.000311i 0.023122 — 0.000310971 | -1 | 0
wy (6) 0.044721 — 0.000251 0.044676 — 0.00025012i 110
wy (6) 0.063246 — 0.00016667i 0.063194 — 0.000166891 | =1 | 0
wi (9) 0.07746 — 8.3333 x 1075 | 0.077412 —8.3512x 107% | 1 | 0
wd (6) 0.086395 — 2.2329 x 1075 | 0.086354 — 2.2391 x 1075 | —1 | 0

TABLE 4. Theoretical frequencies predicted by the leading-order approximation of Proposi-
tion 3.3 for the six resonator case of Section 5.4.
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(A) Transmission coefficient R(T'(w, 9)). (B) Reflection coefficient R(R(w, 9)).

FIGURE 16. Transmission and reflection coefficients (Eq. (4.11)) for the symmetric six res-
onator case of Section 5.5. The red dot indicates the frequency w = 0.05, while the orange
crosses indicates the predicted resonant frequencies (from Table 4). The wave solutions associ-
ated to the frequencies marked by the red dots and wy (§) and wj () are plotted on Figure 17.

highest order resonant frequencies, thereby achieving almost perfect transmission. Here, this system does not
reach a positive reflection coefficient.
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FIGURE 17. Wave solution R(u(z)e™'?) to (1.7) for four incident frequencies w €
{0.0446,0.05,0.0774,0.0863} in the six resonator setting of Section 5.5. These frequencies,
reported with the red mark and the orange crosses on Figure 16), are either far from or close
to the resonances. The part of the solution in the resonators is drawn in orange color. The
phase ¢ is chosen according to (5.3).
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