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In this paper, we develop a new technique to obtain nearly optimal estimates of
the computational resolution limits introduced in [42-44] for two-dimensional
super-resolution problems. Our main contributions are fivefold: (i) Our work
improves the resolution estimates for number detection and location recovery
in two-dimensional super-resolution problems to nearly optimal; (ii) As a con-
sequence, we derive a stability result for a sparsity-promoting algorithm in two-
dimensional super-resolution problems (or Direction of Arrival problems (DOA)).
The stability result exhibits the optimal performance of sparsity promoting in
solving such problems; (iii) Our techniques pave the way for improving the es-
timates for resolution limits in higher-dimensional super-resolutions to nearly
optimal; (iv) Inspired by these new techniques, we propose a new coordinate-
combination-based model order detection algorithm for two-dimensional DOA
estimation and theoretically demonstrate its optimal performance, and (v) we
also propose a new coordinate-combination-based MUSIC algorithm for super-
resolving sources in two-dimensional DOA estimation. It has excellent perfor-
mance and enjoys many advantages compared to the conventional DOA algo-
rithms. The coordinate-combination idea seems to be a promising way for multi-
dimensional DOA estimation.
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1. INTRODUCTION

It is well-known that the physical nature of wave propagation and diffraction imposes a fun-
damental barrier in the resolution of imaging systems, which is termed diffraction limit or
resolution limit. Since the famous works of Abbe [1] and Rayleigh [55] for quantifying the
resolution limit, it is widely used in practice to date that the resolution limit is near half of the
wavelength (see, for instance, [5, 6]). Although this kind of resolution limit was widely used,
it is lack of mathematical foundations and not that applicable to modern imaging modali-
ties [15,54]. From the mathematical perspective, the resolution limit could only be set when
taking into account the noise [12,21,23] and surpassing these classical resolution limits is very
promising for imaging modalities with high signal-to-noise ratio (SNR). This understanding
motivates new works on deriving more rigorous resolution limits [30, 31,47, 48]. At the be-
ginning of this century, the dependence of two-point resolution on the noise level has been
thoroughly investigated from the perspective of statistical inference [61-63], but the resolu-
tion estimates for resolving multiple sources only achieve breakthroughs in recent years due
to its nonlinearity.

To understand the resolution in resolving multiple sources, in the earlier works [42-44] we
have defined “computational resolution limits” for number detection and location recovery
in the one- and multi-dimensional super-resolution problems and characterized them by the
signal-to-noise ratio, cutoff frequency, and number of sources. In [43], we derived sharp esti-
mates for the computational resolution limits in one dimensional super-resolution problems.
We extended the estimations to multi-dimensional cases in [42], but the new estimation is
not that sharp due to the techniques of projection used there. Specifically, the upper bound
for the resolution increases rapidly as the source number n and space dimensionality k in-
creases. To address this issue, this paper aims to derive better and nearly optimal estimates
for the computational resolution limits in two-dimensional super-resolution problems and
provide a better way to tackle general multi-dimensional cases. The main contribution of
our work are fivefold: (i) Our work improves the resolution estimates in [42] for number de-
tection and location recovery in two-dimensional super-resolution problems to nearly op-
timal; (ii) As a consequence, we derive a stability result for a sparsity-promoting algorithm
in two-dimensional super-resolution problems (or Direction of Arrival problems (DOA)). Al-
though it is well-known that the total variation optimization [11] and many other convex
optimization based algorithms [68] have a resolution limit near the Rayleigh limit [16,22,67],
our stability result exhibits the optimal super-resolution ability of /p-minimization in solv-
ing such problems; (iii) Our techniques reduce the resolution limit problem to a geometric
problem, which paves the way for improving the estimates for resolution limits in higher di-
mensions to nearly optimal; (iv) Inspired by the techniques used in the proofs, we propose
a new coordinate-combination-based model order detection algorithm for two-dimensional



DOA problems and demonstrate its optimal performance both theoretically and numerically,
and (v) we also propose a new coordinate-combination-based MUSIC (states for MUlItiple
Slgnal Classification) algorithm for super-resolving sources in two-dimensional DOA estima-
tion. Our original algorithm enjoys certain advantages compared to the conventional DOA
algorithms. We also exhibit numerically the phase transition phenomenon of the algorithm,
which demonstrates its excellent resolving capacity. The coordinate-combination idea seems
to be a promising direction for multi-dimensional DOA estimations.

1.1. EXISTING WORKS ON THE RESOLUTION LIMIT PROBLEM

The first theory for quantifying the resolution limit was derived by Ernst Abbe [1,71]. Since
then, there have been various proposals for the resolution limit [33, 55,59, 64], among which
the famous and widely used ones are the Rayleigh limit [55] and the full width at half maxi-
mum (FWHM) [20]. However, these classical resolution limits neglect the effect of noise and
hence are not mathematically rigorous [12,21,23]. From a mathematical perspective, there is
no resolution limit when one has perfect access of the exact intensity profile of the diffraction
images. Therefore, the resolution limit can only be rigorously set when taking into account
the measurement noise or aberration to preclude perfect access to the diffraction images.
Based on this understanding, many works were devoted to characterize the dependence of
the two-point resolution on the signal-to-noise ratio from the perspective of statistical infer-
ence [30,31,47,48,61-63]. These classical and semi-classical limits of two-point resolution
have been well-studied and we refer the reader to [12,17,21,41] for more detailed introduc-
tions.

For the resolution limit of superresolving multiple point sources, the problem becomes
much more difficult due to the high degree of nonlinearity. To our knowledge, the first break-
through was achieved by Donoho in 1992 [24]. He considered a grid setting where a discrete
measure is supported on a lattice (spacing by A) and regularized by a so-called "Rayleigh
index" b. The problem is to reconstruct the amplitudes of the grid points from their noisy
Fourier data in [-Q,Q] with Q being the band limit. He demonstrated that the minimax er-
ror for the amplitude reconstruction is bounded from below and above by SRF?’~!¢ and
SRF?'*1g respectively with o being the noise level and the super-resolution factor SRF =
1/(QA). His results emphasize the importance of sparsity and signal-to-noise in super-resolution.
But the estimate has not been improved until recent years. In recent years, due to the enor-
mous development of super-resolution modalities in biological imaging [10,29,32,57,70] and
the popularity of researches of super-resolution algorithms in applied mathematics [7,11,22,
25, 38,40, 50, 51, 53, 68, 69], the inherent superresolving capacity of the imaging problem is
drawing increasing interest and has been well-studied for the one-dimensional case. In [19],
the authors considered resolving n-sparse point sources supported on a grid and improved
the results of Donoho. They showed that the minimax error in the amplitude recovery scales
as SRF?""1g in the presence of noise with intensity o. The case of multi-clustered point
sources was considered in [8,37] and similar minimax error estimations were derived. In [4,9],
the authors considered the minimax error for recovering off-the-grid point sources. Based on
an analysis of the "prony-type system", they derived bounds for both amplitude and location
reconstructions of the point sources. More precisely, they showed that for o é (SRF)~2p+1



where p is the number of point sources in a cluster, the minimax error for the amplitude
and the location recoveries scale respectively as (SRF)2P~lg and (SRF)?P~20/Q, while for
the isolated non-clustered source, the corresponding minimax error for the amplitude and
the location recoveries scale respectively as o and o/Q. We also refer the reader to [12,49] for
understanding the resolution limit from the perceptive of sample complexity and to [16, 67]
for the resolving limit of some algorithms.

On the other hand, in order to characterize the exact resolution rather than the minimax
error in recovering multiple point sources, in the earlier works [42-44] we have defined "com-
putational resolution limits" which characterize the minimum required distance between
point sources so that their number and locations can be stably resolved under certain noise
level. By developing a nonlinear approximation theory in a so-called Vandermonde space,
we have derived sharp bounds for computational resolution limits in the one-dimensional
super-resolution problem. In particular, we have showed in [43] that the computational res-
olution limits for the number and location recoveries should be respectively C“—d‘m(%)ﬁ

min

and %(#M)ﬁ, where Chym and Csypp are constants and myn is the minimum strength
of the point sources. We have extended these estimates to multi-dimensional cases in [42]
but the results are not that optimal due to the projection techniques used there. In this paper,
we improve the estimates for the two-dimensional super-resolution problem by a new tech-
nique. The improvements shall be discussed in detail in Section 2. Also, our new technique
paves the way for improving the results in higher-dimensional super-resolution problems.

1.2. DIRECTION OF ARRIVAL ESTIMATION

Our work also inspires new ideas for the two-dimensional direction of arrival estimation. Di-
rection of arrival (DOA) estimation refers to the process of retrieving the direction informa-
tion of several electromagnetic waves/sources from the received data of a number of antenna
elements in a specific array. It is an important problem in array signal processing and finds
wide applications in radar, sonar, wireless communications, etc; see, for instance, [6].

In one-dimensional DOA estimation, if the antenna elements are uniformly spaced in a
line, the well-known MUSIC, ESPRIT algorithms, and other subspace methods can resolve
the direction of each incident signal/source with high resolution. But for the two-dimensional
DOA estimation with regular rectangular array (URA) where both azimuth and elevation an-
gles should be determined, these subspace methods cannot be simply extended to the two-
dimensional case to directly determine the azimuth and elevation angle of each source. A ma-
jor idea to solve the two-dimensional DOA problem is to decompose it into two independent
one-dimensional DOA estimations in which the subspaces methods can be leveraged to effi-
ciently restore the direction components of sources corresponding to x-axis and y-axis. We
call the methods with this decoupling idea as one-dimensional-based algorithms throughout
the paper for convenience of discussion. It is worth emphasizing that other ways for directly
obtaining the azimuth and elevation angles of each source were also considered [39, 76, 78],
but the signal processing in a higher dimensional space damped their computational effi-
ciency.

Although the one-dimensional-based algorithms are usually much more computationally
efficient, they still suffer from some issues: (i) the loss of distance separation for x-axis or



y-axis components; (ii) pair matching of the estimated elevation and azimuth angles. For
the first issue, the x-axis (or y-axis) components of two sources may be closely spaced even
though the two sources are far away in the two-dimensional space. This causes very unstable
reconstruction of the one-dimensional components and the sources. Most of the researches
usually ignored these issues and some papers proposed different ways to enhance the re-
construction but the proposed methods are complicated [72, 73]. For example, in [73], the
authors utilized Taylor expansion, subspace projection, and a tree structure to enhance the
reconstruction when the recovered one-dimensional components are unstable. The second
issue is that the pair matching of the estimated elevation and azimuth angles is very time
consuming when dealing with multiple components of sources. It usually requires a com-
plex process or two-dimensional search [18, 35, 46,66, 78].

In this paper, we propose a new efficient one-dimensional-based algorithm for the two-
dimensional DOA estimation which solves the above two issues in a simple way. First, our al-
gorithm employs a new idea named coordinate-combination to avoid severe loss of distance
separation between sources in certain region; see Section 5.4 for the detailed discussion. On
the other hand, unlike conventional one-dimensional-based algorithms, the pair matching
problem of our algorithm is a simple balanced assignment problem [52] which can be solved
efficiently by many algorithms such as the Hungarian algorithm.

1.3. ORGANIZATION OF THE PAPER

The rest of the paper is organized in the following way. In Section 2, we present the main
results on computational resolution limits for the number detection and the location recov-
ery in the two-dimensional super-resolution problem. We also provide a stability result for a
sparsity promoting algorithm. In Section 3, we prove the main results in Section 2. Inspired
by the techniques in the proofs, in Section 4 and Section 5 we introduce respectively the
coordinate-combination-based number detection and source recovery algorithms in two-
dimensional DOA estimations. We also conduct numerical experiments to demonstrate their
super-resolution capability. Section 6 presents a nonlinear approximation theory in Vander-
monde space which is also a main part in proving our main results. Section 7 is devoted to
some conclusions and future works. In the appendix, we prove a technical lemma.

2. MAIN RESULTS

2.1. MODEL SETTING

We consider the following model of a linear combination of point sources in a two-dimensional
space:

n
M= Z aj6Yj’
j=1

where & denotes Dirac’s §-distribution in R?, y; € R%,1 < j < n, which are the supports of the
measure, represent the locations of the point sources and a; € C,1 < j < n, their amplitudes.
We remark that, throughout the paper, we will use bold symbols for vectors and matrices, and



ordinary ones for scalar values. We call that the measure p is n-sparse if all a;’s are nonzero.
We denote by

mmin:jinlglynlajly Dmin:I;l;I}lHYp_Yij 2.1)
We assume that the available measurement is the noisy Fourier data of u in a bounded do-
main, that is,

V() = Fu) +Ww) = Y aje”l” + W), o € 0,02, 2.2)
j=1

where & 1 denotes the Fourier transform of y, Q is the cut-off frequency, and W is the noise.
We assume that
[IW(w)lleo <0,

where o is the noise level. We are interested in the resolution limit for a cluster of tightly
spaced point sources. To be more specific, we denote by

Bp.oo(X) = {y | VER?, [y —Xllo < 5},

and assume thaty; € Bu-vx (0),j=1,---,n, or equivalently ||y;llo < %.
6Q

The inverse problem we are interested in is to recover the discrete measure u from the
above noisy measurement Y.

2.2. COMPUTATIONAL RESOLUTION LIMIT FOR NUMBER DETECTION IN THE
TWO-DIMENSIONAL SUPER-RESOLUTION PROBLEM

In this section, we estimate the super-resolving capacity of the source number detection in
two-dimensional super-resolution problems. To be specific, we will define and characterize a
computational resolution limit for the corresponding number detection problems. Our main
results are built upon delicate analysis of the o-admissible measure defined below.

Definition 2.1. Given a measurementY, we say that I = Z}"z 166y, ¥ € R? is a o -admissible
discrete measure of Y if

I1Z fi(w) - Y()lle < 0, forallw € [0,Q]%.

Note that the set of o-admissible measures of Y characterizes all possible solutions to the
inverse problem with the given measurement Y. If all o-admissible measures have at least
n supports, then detecting the correct source number is possible, for example by targeting
at the sparsest admissible measures. However, if there exists one o-admissible measure with
less than n supports, detecting the source number 7 is impossible without additional prior
information. This leads to the following new definition of resolution limit, named computa-
tional resolution limit.

Definition 2.2. The computational resolution limit to the number detection problem in two
dimensions is defined as the smallest nonnegative number 9 p,m such that for all n-sparse
measures Z;’: 140y, ¥; € B(n;{lz)n 0o(0) and the associated measurementY in (2.2), if

minlly; —yplh = 22,num,
Y= yp



then there does not exist any o -admissible measure with less than n supports forY.

The above resolution limit is termed “computational resolution limit” to distinguish it from
the classic Rayleigh limit. Compared to the Rayleigh limit, the definition of the computa-
tional resolution limit is more rigorous from the mathematical perspective. It is related to the
noise, by which it is more applicable for modern imaging techniques. In [42-44], the authors
defined similar computational resolution limits and present rigorous estimations for them.
Here by the following theorem, we derive a nearly optimal estimate to the 95 ;,;,,, which sub-
stantially improves the estimate in [42] for the two-dimensional case.

Theorem 2.1. Let the measurementY in (2.2) be generated by a n-sparse measure (L =y 7:1 ajdy;,y; €
B (0). Let n =2 and assume that the following separation condition is satisfied
6Q

min
p#jlsp,jsn

16.67(n 1) (-2 )ﬁ 2.3)

Q

yp—yjHIE

Mmin
Then there does not exist any o -admissible measures of Y with less than n supports.

1
Vo _yj‘ |1 > 166n(n-1) (mL) " recovering
exactly the source number n is possible. Compared with the Rayleigh limit %47, where c, is
a constant, Theorem 2.1 also indicates that resolving the source number in the sub-Rayleigh
regime is theoretically possible if the SNR is sufficiently large.

Moreover, the estimate in Theorem 2.1 substantially improves the result in [42], where the

upper bound estimation for the two-dimensional computational resolution limit is

Theorem 2.1 reveals that when minj 1<p, j<n

Cn(g—l)( o )ZT_Z

with C being an explicit constant. By the techniques of this paper, we also pave the way for
estimating the resolution limit for higher dimensions. It is indicated that we can demonstrate
that the corresponding resolution limit in the k-dimensional super-resolution problem can
be bounded above by

Mmin

Chum(k)(n—1) ( o )ﬁ

Q )

where Cy,,, (k) is a constant determined by the space dimensionality. This substantially im-
proves the result in [42] that the computational resolution limit is estimated to be bounded
above by

Mmin

4.4me (/2)* Y (n(n-1)/m)s*k-D ( o )ﬁ
Q )

where ¢(k) = Z?:l %, k = 1. By these new estimates, we get rid of the exponential dependence
of the index n on the dimensionality k.

On the other hand, it is already known from [42] that the computational resolution limit for
the number detection in the k-dimensional super-resolution problem is bounded below by

Mmin

1
% (mme) ** for some constant Cy. Thus the @5 ,,,, is bounded by
_1 _1
g( o )2n—2 < @Z,num < CZ”( o )2n—2 . 2.4)
Q \Mpmin Q \Mmin



This estimate is nearly optimal.

The above estimates further indicate a phase transition phenomenon in the two-dimensional
number detection problem. Specifically, by (2.4) we expect the presence of a line of slope
2n—2 in the parameter space log(SRF) —log(SNR) above which the source number can be
correctly detected in each realization. This phenomenon is confirmed exactly by the number
detection algorithm (Algorithm 2) later in Section 4.5 and illustrated in Figure 4.2.

2.3. COMPUTATIONAL RESOLUTION LIMIT FOR LOCATION RECOVERY IN THE
TWO-DIMENSIONAL SUPER-RESOLUTION PROBLEM

We next present our results on the resolution limit for the location recovery problem in two-
dimensions. We first introduce the following concept of §-neighborhood of discrete mea-
sures.

Define

Bs1(x) = {y | yeR?, [ly—x|; < 6}.

Definition 2.3. Ler = Z;‘: ,a jéyj be a n-sparse discrete measure in R? and let 5 > 0 be such
that the n balls Bs1(y;),1 < j < n are pairwise disjoint. We say that i = Z;’zl ajby,; is within
6-neighborhood of |1 ifeachy j is contained in one and only one of the n balls Bs,1 (y;),1 < j < n.

According to the above definition, a measure fi in a §-neighborhood of i preserves the in-
ner structure of the collection of point sources. For a stable location (or support of measure)
recovery algorithm, the output should be a measure in some §-neighborhood of the under-
lying sources. Moreover, § should tend to zero as the noise level o tends to zero. We now
introduce the computational resolution limit for the support recovery problem. For ease of
exposition, we only consider measures supported in B ntn o (0), where n is the source num-
ber.

Definition 2.4. The computational resolution limit in the two-dimensional location recovery
problem is defined as the smallest non-negative number 9, s, pp S0 that for any n-sparse mea-

surepu = 27:1 ajdy;,y; € B{;,Eémm(O) and the associated measurementY in (2.2), if

min
p#jlsp,jsn

Yr—Y; | |1 = @2,supp»

then there exists 6 > 0 such that any o -admissible measure of Y with n supports in Ben-vz (0) is
12Q
within 6 -neighbourhood of .

We have the following estimate for the upper bound of 25 sy,pp.

Theorem 2.2. Let n = 2. Let the measurementY in (2.2) be generated by a n-sparse measure
w= 27:1 ajby,y; € B<2¥;(12>n 00(0) in the two-dimensional space. Assume that

(2.5)

15.37(n— %) ( o )2'71

Dpi ::min|| — || >
min o Yr—y; 1 Q

Mmin



Ifp= Z;‘l—1 @by, supported on Ben-vx (0) is a o -admissible measure of Y, then fL is in a b i -
- 120

neighborhood of .. Moreover, after reordering they;'s, we have

N C(n) on—2 O .
i—Vi|l| < ——SRF —, 1=j=n, 2.6
Yi Yle o) — J (2.6)
where SRF := Dn;[nQ is the super-resolution factor and

(1 + \/§)2n—125n—1 (zn _ 1)271—1].[

Clm) = 32n-05

Vp —yj||1 > —15'373"‘1) (L)ﬁ, itis
possible to recover stably the source locations. For sufficiently large SNR, the limit in The-
orem 2.1 is less than the Rayleigh limit. This indicates that super-resolution is possible for
two-dimensional imaging problems. Also, the estimate here is better than the one obtained

in [42], which is

Theorem 2.1 demonstrates that when min; 1<p, j<n

Mmin

Cnn-1); 0 \35

Q ( ) ’

with an explicit constant C. By the techniques of this paper, we also pave the way for estimat-
ing the resolution limit of location recovery in higher dimensional super-resolution prob-
lems. In fact, the corresponding resolution limit in the k-dimensional super-resolution prob-
lem can be bounded above by

Mmin

Csupp(k)(n—1) T
sprn (U) ’

Mmin

where Cyypp (k) is a constant depending on the space dimensionality. This substantially im-
proves the estimate,

5.88med 1 (n+2)(n—-1)/2)s%V ¢ ;4 ko1
(( Q)( )/2) (m - )2 =Y L k=1,
min j=1

derived in [42]. Again, one can get rid of the exponential dependence of the index of n on the
dimensionality k by using these new estimates.
It has been already shown in [42] that the computational resolution limit for the location

recovery in the k-dimensional super-resolution problem is bounded below by %(m‘;m)m
for some constant C3. Thus the 9 s is bounded by

Cs
Q

C4"( g )ﬁ @7

1
o -1
( )2n T @2,supp <

Mmin Q \Mpin

This estimate is nearly optimal.

On the other hand, (2.7) indicates a phase transition in the location recovery problem.
From (2.7) we expect that there exists a line of slope 2n—1 in the parameter space of log SRF -
log SNR such that the location recovery is stable in every point above the line. This is con-
firmed by Algorithm 4 in Section 5.4.2 and illustrated in Figure 5.2.



2.4. STABILITY OF A SPARSITY-PROMOTING ALGORITHM

Sparsity-promoting algorithms are popular methods in imaging processing and many other
fields. By the results for resolution limit, we can derive a stability result for a /y-minimization
in the two-dimensional super-resolution problems. We consider the following /p-minimization
problem:

I;leiéalHo subjectto |Fpw)-YWw)l<o, we [O,Q]Z, (2.8)

where ||p||o is the number of Dirac masses representing the discrete measure p. As a corollary
of Theorems 2.1 and 2.2, we have the following stability result.

Theorem 2.3. Let n =2 and 0 < M. Let the measurementY in (2.2) be generated by a n-
—en . . . .
sparse measure [L = ijl aj 5yj,y i€ B(zEM 00(0) in the two-dimensional space. Assume that

15.31(n— 3) ( o )ﬁ

Q (2.9)

Dmin::minHy —y-|| >
p#j P Th Mmin

Let @ in the minimization problem (2.8) be B«  (0), then the solution to (2.8) contains
6Q

exactly n point sources. For any solution fiI = Z;’zl ajby,, itisina Dg“‘ -neighborhood of p.
Moreover, after reordering they ;’s, we have
C(n)

¥ -vi| <= Weppn2 9 1<j<p, (2.10)
1 Q Mmin

where SRF := ijan and

1+ \/§)2n—125n—1 @2n- 1)271—171.
32n-0.5 :

C(n) =

Theorem 2.3 reveals that sparsity promoting over admissible solutions could resolve the
source locations to the resolution limit level. It provides an insight that theoretically sparsity-
promoting algorithms would have excellent performance on the two-dimensional super-
resolution problems. Especially, under the separation condition (2.9), any tractable sparsity-
promoting algorithms (such as total variation minimization algorithms [11]) rendering the
sparsest solution could stably reconstruct all the source locations.

3. PROOFS OF THE MAIN RESULTS

The idea for proving the main results of the paper is to use some new techniques to reduce the
two-dimensional problem to a one-dimensional case. The reduction techniques are mainly
based on the three crucial observations in the following subsection. The estimation methods
for the one-dimensional super-resolution problem are based on a nonlinear approximation
theory in Vandermonde space, which we present in Section 6.

10



3.1. THREE CRUCIAL OBSERVATIONS

We here introduce three crucial observations that reduce the two-dimensional super-resolution
problem to its one-dimensional analog, by which we are able to derive the resolution limit
theory of this paper. Our observations also pave the way for extending the resolution esti-
mates to higher dimensions. Moreover, they inspire a new direction for the DOA algorithms;
see Sections 4 and 5.

Translation invariant:
By the translation invariant we mean that if a measure [i = Z;’:l a jéf,j is a o-admissible mea-

sure for the measurement Y, then i = 27: 14 jég,jw is a o-admissible measure for measure-

ment e’V “Y(w) for any vector v € R?. More precisely, we have
o i§+) 0w _ jiviw L il w 2
|Zaje Y —e Y(w)|=|z aje'i —Y(w)|<0, w € [0,Q]°. 3.1)
j=1 j=1
In addition, if for certain 6 = 0,
9 ST L T
Y ajeie-Y ajei?| <6, welo, 0P, (3.2)
j=1 j=1

then for any vector v e R?,

q o T 1 ] T
‘Z ajel(yj'+v) w _ Z ajel(yj+v) w‘ < 6, w E [OIQ]Z'
j=1 j=1

Combination of coordinates:
The second observation is that if we suppose that (3.2) is satisfied, we have a similar estimate
for the summation of combinations of e!™¥i1, /™2 and e!™i1, !™i2 for certain 7. Specifically,
we have the following lemma.

Lemma 3.1. Foranyintegert=0andt < % the measurement constraint (3.2) implies

q RN N n L L
‘Z ajle'me' i e'e'™ie)t = Y q;(eMe' il + e e'Vi2)!| <278, 1, eR.
j=1 j=1

11



Proof. Letdj=e'"e'Vit +e'2e'™Viz and dj = e’ e'™Vit + e'"2¢'™Vi2, We have

q n q n
A gt t ~ ir iTy; iry JITY; o\t ir iTy; j iTY o\t
’Z ajd;— ). “J’d'| - |Z ajee it +ee i) =y aj(e!ne i +eMe!MVi2) |

4 J 4 J .
J=1 J=1 J=1 Jj=1
t\ 4 . . N N n . . . .
— ( Z Ezje”l h elrztz elTYj,ltlelTYj,th _ Z aje”‘ 5] elrztz elTYj,ltlelTYj,ztz)
h+bh=10<h,L<t h 1 j=1

e =

t o W n . .
< | dje”yllltle”yf-ztz _ Z aje”yf'ltle”yﬂ[z
h+h=10<t,L<t h j=1 j=1
4 I i(HT,bLT)§ Z i({T,bLT)y
_ A, 17,12 P . 17,02 i
= " |Z aje -2 aje !
h+b=t,0<th,h<t 1 j=1 j=1
t Q
< & (byr==and3.2))
h+t=t0<t,L<t I r

O

This is the key observation of the paper. It reduces the two-dimensional super-resolution
problem to nearly a one-dimensional super-resolution one. Since it is about the difference
between summation of combinations of e/™Vi1,e/™i2 and e'™Vi1,e™iz, we refer to this ob-
servation as combination of coordinates and call the elements e'™i1 + ¢!™Vi2 coordinate-
combined elements. This coordinate-combination technique will be used in deriving new
algorithms for the DOA problem in Sections 4 and 5.

Compared to the projection techniques in [12, 42] which utilize the measurement con-
straint only in several one-dimensional spaces to derive stability results, our formulation uti-
lizes more measurement constraints and consequently yields better estimates.

Preservation of the separation distance for the coordinate-combined elements:

The last observation is that, for 8 ;’s in [0, %”]2, the coordinate-combined elements ¢'9i1 + 1?2
still preserve the separation distance between the 8 ;’s. This is revealed by Lemma 3.2. Note
that the projection trick in [12,42] and many conventional two-dimensional DOA algorithms
do not preserve the separation distance between the original source. This causes many is-
sues in the reconstruction and resolution estimation. Lemma 3.2 is the main result of this
paper by which we could overcome the above issues and hence find a new way to solve two-
dimensional DOA problems.

Lemma 3.2. For two different vectors @ ; € |0, %”]2,1‘ =1,2withT<0,-0; < %n,j -1,2, if
1101 = 02111 = A, then

. . . . 3
!0 4 itz _ (pi021 1 pi022)| > Z—A.
T

Proof. Notethat0<6;,<80, < %”, j =1,2. We prove the lemma by considering the follow-
ing two cases.

12



Case 1: 0<011<021<022<912<2§I

In this case,

ei01_1+ei01,2_(ei02,1 +ei02,2) > ei02,1+ei02_2 _ eiﬂl,l +ei01'2

cos(—) —cos(—)

_2( b2 ¢ )

where¢; =0;,-0;1,j=1,2. By the assumption made in the lemma, we have A < ¢1—¢, < 3.
Note also that § ¢>1+¢>2 < Z. Thus

$2 ¢1)

Z(COS(?) cos(

4sin((l)1 al ('[)Z)Sin(gb1 — (PZ) > 4sin(z) sin(é) > %,
4 4 6 4 21

: . . Ayo 3A A_=x
where the last inequality uses sm(z)zz = for0 < <13
Case2:0< 01_1 = 02,1 = 01,2 = 02,2 = ?ﬂ
The idea is to calculate the angle between 011 + ¢/912 and 921 + ¢/922, By simple analysis of
the angle relations between e'011, ¢i012 ¢i021 ¢i022 ve obtain that the angle between e/%11 +

; ; 0, s 051-0,,+60,,-0 o
e912 and e/021 4 1922 js w, which is larger than %. Thus

eiog,l + eiegyz

ei91,1 + eiel,Z _ (ei92,1 + eioz,z) ei91,1 + eiol,z ,

)sin(%).

zmax(

Since % <02,-0;,< %n,j =1,2, we have

eiol,l + ei01,2 , eiez,l + eiez,z

J>1.

A 3A
>sm( )= 2—

x|

Therefore,
ei91,1+ei01,2 (61621+el922)

where the last inequality uses sin(%) = 3% for0 < %

ml:l
0

3.2. PROOF OF THEOREM 2.1

Proof. The proof of this theorem is by contradiction. Suppose that there exists a measure
= Z;’zl a jég,j with g < n which is a o-admissible measure of Y. Then, by the measurement
constraint (2.2) and |W(w)| < o, we have

‘Za] Zae 1| <20, wel0,0 (3.3)

Sincey; € [-A,A1* with A = DT by letting v=(0,61) T, we obtain
yjtVve [=A, Al x [BA, 7A]. (3.4)

On the other hand, by (3.3) we also get

|Z aj el@vTw Z aj VOl o5 e 0,02,
j=1

13



Thus with a slight abuse of notation, we still denote those §; +vandy;+vby¥;,y; respectively
and consider them in the rest of the proof. Note that we have

y; € -4, Al x [BA,7A], j=1,---,n

LetT = 3T 7] This yields

— (n=Dm
, together with A = ,wehave 7y; € [- 15130 % 35 &

2(n 1)’ 60

b T 57r n 27

b/
—ESTYJ-,ISE, 12 = YJZ_E’ gSTYj,z_TYj,l—?' (3.5)

On the other hand, let d; = e™ir 4 e™iz and d i =e'™i1+ ™2, By Lemma 3.1 and (3.3) we
have that

q n
Y. a;ds -Ya jdi|<2™lo, t=0,1,-2n-2. (3.6)
j:l :
Let
O IR I SR SR S| L on2 v ona|T
b:(Zaj j—Zajdj, Zajdj—Zajdj, e .Zajdf _.Zajdf )
j=1 j=1 j=1 j=1 j=1 j=1

Since (3.5) holds, Lemma 3.2 yields

)2n2>2m(\/_ o )Zn%zy

Mmin

3
Amin := mln’d dq’ > —mlnTHyp —quI > 12.4(

27 p#q Mmin

where the second last inequality is due to the separation condition (2.3). On the other hand,
we have Icipl <2,p=1,---,qand|d;| < \/§,j =1,---,n since (3.5) holds. Thus we can apply
Theorem 6.2 and get

7nmin(dmin)2n_2 4o

> .
(2(1 +2)1++3)n-D /3

which is a contradiction. This proves the theorem. O

I[bll2 =

However, (3.6) implies that ||b||» < \[,

3.3. PROOF OF THEOREM 2.2
Proof. Note thaty;,y;’s are in [-4, A1% with A = @l and I = Z 146 9; is a o-admissible

120

measure of Y. Let 7 = . Similarly to the proof in the above sectlon we can construct

2

x]—y]+vx]—y]+vsothatrxj,rx]€[ 12,12] [?g,i;’]and
Y aje™?-3 aje™i® <20, wel0,Q]". (3.7)
j= j=1
Thus we have
7t< <n 51 . <7n n< <2n 3.8)
———<TX;]S—, —<TXj2<—, —<TXj92—TXj]<—, .
12- PP T 12T RT3 T AT T
T T 57‘[<A 7 T R <2n 3.9
——<T1X;1]<—, —<1Rjp<—, —<TRir—TXi1<—. .
12- PP 12T RS 3T R T

14



Moreover, it follows that

—lsrx-lsl _—msrx g—ns_—Sﬂ Esrx~1—(rx~2—n)52—” (3.10)
12 P72 12 I 12’ 3 I I 3’
T 1% < T —-7n A, r< —-5n T A, (12 n)<2n 3.11)
——=STXj1S—, —/ STWXjp—nA<=——, —=TXj1—(TXj2—7)<—. .
12- T 12 52 12’ 3 Ot )2 3

Let dj — eirxjyl +€irxf'2,dj — eirxj,l +ei1xj,2 and gj — ei'rxj,l + ei(rxj,z—n)’gj — eirxj,l + ei(rsz—n). By
(3.7) and Lemma 3.1, we arrive at

Y ajdi- Y ajdf|<2"lo, 1=0,1,-,2n-1, (3.12)
j=1 =1
n n 1
Y a;gl- ) ajgi|<2™lo, r=01,,2n-1. (3.13)
j=1 =
Let
¢ 70 ¢ 0 - 71 ¢ 1 ¢ 72n-1 ¢ 2n-1
— N A ~ n— n-
d= (Y ajd) -y a;dd, Y ayd}-Y ajd}, -, Y a;dn =Y apdin
j=1 j=1 j=1 j=1 j=1 j=1
and

Equations (3.12) and (3.13) imply respectively
2n+1 2n+1
7B lgll2 < 7
Note also that by (3.8), (3.9), (3.10), and (3.11), we get

[1dll2 <

djl,\djl,18;1,1gj|<V3, j=1,---,n.

Define dmin := minp4 )dp - dq) and gmin := Minyzg |gp - &g | Applying Theorem 6.2, we thus

have that
1+ \/§)2n—1 22n+1 o

, (d »"')d rd\)"')d\) y (314)
| Nn,nld1 n, 41 n oo d;ll:nl \/g Memin
and \/_ 2n-1 92n+1
. . (1+v3)n1 2+l ¢
| Nnn(81 28 81, » &n) oo< gn_l \/§ mmin. (3.15)

min
7.5 7 Amin 5 8min - _
We now demonstrate that we can reorder dj, §; to have |d; —d;| < =3 and |§; — g;j| < =5*, ] =

1,---, n. First, since (3.8) and (3.10) hold, by Lemma 3.2 we have

5/2 1

dini z—minrH - || 211.475( )Z“>23’2(1+\/§)(— )"”, (3.16)
i 2T p#q Yp=Yq 1 Mmin \/§ Mmin
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and

5/2 1

3 . = 3/2 O \zu1
- z—mlnTH - H 211.475( ) >2 (1+\/§(— ) ,
$min 27 p#q Yp~Va 1 Mmin ) \/g Mmin

where we also use separation condition (2.5) in the above derivation. Let

(1 + \/§)2n—1 22n+1 o (1 + \/§)2n—1 22n+1 o
€4 = — , €Eg= — .
ar1 \/§ Mmin & gI’I’linl \/g Mmin

min

By (3.16), we have

o1 (1+\/§)2n—123n+1 o )
I 7 — or equivalently,d; =2"¢,.

A similar result holds for gmin and €g. Thus the conditions of Lemma 6.8 are satisfied. By
Lemma 6.8, we have that after reordering d;, §;,

5 dmin ~ 8min
dj—dj|< 5 gj—gj|< 5
and
g d‘<( 2 )n—l ( 1 \2n-2(1++/3)2"7123" ¢
—d:l < €q= ’
! / Amin Amin \/§ Mmin
L e B P e
8- 8j|= 8min 8 Emin \/§ mmin.
Observing

el — et = g(dj —dj+gi-g)  e™r—e™e= g(dj -d;- (& -g))

we conclude that

2n-193
ein’\(j,l _ eiij'l + ’ei‘[ij,Z _ eiij‘z < (( 1 )2”—2 + ( 1 )2}’[—2) (1 + \/g) n 2 n g ‘
dmin 8min V3 Mmin
On the other hand, by (3.8) and (3.9),
- 4 s n
Rj1—Xj1l<— and [&j2—Xj2l<—.
6 6
We further have
A a U Z}A(I iX‘] l}A(Z iX‘z
T|Xj1—Xj1| T T|Xj2—Xj2| = §( et —e T+ |eT—e )

=

_ _ V/3)2n-193n
(( 1 )Zn 2+( 1 )Zn 2)(1+ ?;)\/5 2 nm(jnin'

dmin 8min
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we have

Recalling that 7 = 2,?_ T

Zn—l(( 1 )2n—2+( 1 )2”—2)(1+\/§)2n*123nn o

Xi1—Xj1|+Xj2—Xj2|< .
‘ ])1 ])1| ‘ ],2 ])2|
Q Amin 8min 3\/§ Mmin

Note that by (3.16), we obtain that

2n(2n—-1) 2n(2n—1)
Dmin = Tdmin and Dmpip < Tgmin-
Thus
N (1+v3)2" 123" lpr2n-1) (22n—-1)\2n-2, 7n \2n-2 o
%[, = =) lap)
1 3\/§Q 3 QDmin Mmin
~ (1 + \/§)2n—125n—1(2n _ 1)2}1—17.[( T )271—2 o
B 32n-050) QDmin Mmin ‘
Since ||§rj -yjlh= [IX; —x;ll1, we further get
. H _a+ V/3)2 1251 oy — 1)2”—17:( T )Zn—z o
YiTYill, = 32n-0.50) QDrin Mumin
1
Since Dyin = W (mme) ! together with the above estimate, we can also show that
& H < Dmin
YiT¥ilh =
This completes the proof. O

4. AN ALGORITHM FOR THE MODEL ORDER DETECTION IN
TWO-DIMENSIONAL DOA ESTIMATION

In this section, based on the observations made in Section 3.1, we propose a new algorithm,
named coordinate-combination-based sweeping singular-value-thresholding number detec-
tion algorithm, for the model order detection in two-dimensional DOA estimations.

4.1. PROBLEM FORMULATION

The existing two-dimensional DOA algorithms usually try to estimate the azimuth and eleva-
tion angles (6,¢;)’s that are shown in Figure 4.1. More precisely, we consider n narrowband
signals/sources impinging on an (Q+1) x (+1) uniform rectangular array (URA) with (Q+ 1)2
well calibrated and identically polarized antenna elements. The signal received by these an-
tenna elements in a single snapshot can be expressed by

n . .
Y(@) =) sjpjel i el hevi i Ww), wel0,1,+,08, (4.1)
j=1

17



Figure 4.1: The geometry of a uniform rectangular array.

where s; is the j-th incident signal, p; is a complex constant denoting the signal/antenna
polarization mismatch, k represents the wavenumber of the carrier frequency, and d, and dy,
denote the distance between adjacent antenna element along the x-axis and y-axis, respec-
tively. y; ; =sin¢; cos6; is the direction component of signal s; propagating along the x-axis
andy;, =sin¢;sind; is the one propagating along the y-axis. The ¢j and 6; denote respec-
tively the elevation and azimuth angles of s;. W(w) is the additive noise, which is usually
assumed to be white Gaussian noise.
For convenience, we consider the following simplified form of (4.1):

n )
Y =Y ajeV®+Ww), wel,l,--,QP (4.2)
I=!

where W is the noise with [|[W(w)||o < 0 and o being the noise level. We aim to recover stably
the number of the signals and the y;’s, by which the elevation and azimuth angles are stably
resolved. For a better exposition, we still consider a discrete measure y = 2721 a jéyj and
denote the a jéyj 's as sources. The measurement (4.2) can be viewed as the noisy Fourier
data of the measure p at some discrete points.

In this section and the next one, we shall propose new algorithms for detecting the model
order and recovering the supports of u from the measurement (4.2). Our number detection
method is based on thresholding on a Hankel matrix assembled by data from modifications of
(4.2) . The following subsection shall introduce the details of the Hankel matrix formulation.
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We refer to [2,3,13,27,28,36,42,43, 56,60, 74, 75] for other model detecting algorithms.

4.2. HANKEL MATRIX CONSTRUCTION

The Hankel matrix is constructed by the following three steps.

Measurement modification by source translation

Due to the translation invariance, suppose the sources are supported in [-1, A]*, we consider
them displacing with a vector v and get thatx; = y; +v. Using a simple measurement modifi-
cation technique, we obtain the measurement for the new source i =} ;l:l a;0x,. Specifically,
we consider

]2

. n . .
X(w) :eszwY(w) — Z aj ez(yj+v)Tw 4 e’VT"'W(w)
=1
! (4.3)

n T -
:Za]elX]w+w(w)7 wE[O,l,"',Q]Z,
j=1

with [W(w)| <o.

Measurement modification by coordinate-combination
The second procedure consists in modifying the measurement based on coordinate-combination.
Fors>0,letr = % From the measurement X, we construct a list of new data given by

t
X(wrtl,rtz)! IZO,"‘,ZS,
1

D(1) = >

h+bh=t0<H,L<t

where w,, r1, = (rt;, 1) . Note that
n . . t)~
D) =) aj(e*i +e™i2") + > Wwrs,re,)
j=1 h+h=10<t;,<st\*1

n
=Y aj™ " +e™ ") +W(1),
j=1

" e
where W(1) = X4, 4 ,=1,0<1,, 11 (tl)w(wrtl,rtz)-

Hankel matrix construction and singular value decomposition
Finally, from these D(¢)’s, we assemble the following Hankel matrix

DO) D@®m -  D(s)
D(1) D@ - D(s+1)

H(s) = . . (4.4)
D(s) D(s+1) --- D(2s)

We observe that H(s) has the decomposition

H(s) = BABT + A, (4.5)
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where A = diag(a;,---,a,) and B = ((/)S(eixf'lr +eXi2l) .o ps(e™inT + eixj,zr)) with ¢ (w) being
defined as

(Ps(w):(l’w)"')ws)-r’ (4.6)
and ) A R
wWo) W@ - W)
w1 W@ - W(s+1D)
A=| . ) . ) 4.7)
W) Ws+1) -+ W(Q2s)

We denote the singular value decomposition of H(s) as
H(s) = ULU",

where ¥ = diag(61,-+,0,0n+1, "+ ,05+1) with the singular values 6, 1 < j < s+1, ordered in
a decreasing manner. The source number 7 is then detected by a thresholding on these sin-
gular values. In the next subsection we will provide the theoretical guarantee of the threshold.

4.3. THEORETICAL GUARANTEE

Note that when there is no noise, H(s) = BAB". We have the following estimate for the singu-
lar values of BAB'.

Lemma4.l. Letn=2,52n,y;€[-5, 515 1< j<n, andvin (4.3) be(0,F) . Let

alr"'»anyoy"')o

be the singular values of BABT in (4.5) ordered in a decreasing manner. Then the following
estimate holds

- Mmin (38min Q, 5))2n_2

4.8
n2(1 +v/3)m)2n-2 (4.8)

. Q Q
where Omin (2, ) = miny; Hypz_s ~Y;%s X

Proof. Recall that g, is the minimum nonzero singular value of BAB'. Let ker(B") be the
kernel space of BT and ker' (BT) be its orthogonal complement. Then we have

On= min IBAB' xll5 = 0 1nin(BA)o »(B")
l1x|l2=1,xeker* (BT)

=0 min (B)0 min (A) O min (B).

On the other hand, since by the condition of the lemmax; =y; + Ve [- 5, 5G] % [3Z, £2], we
b/ 7[] x [571 i

—15, 131 X [33, 131+ Thus, by Lemma 3.2, for r = o

QXj
have = € [ 5o

2s

o . , . 3
min |e"™?1" + eXr2l — (01" 4 eXa2Ty| = — 0 (Q, 5).
p#q 27
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Note also that |e™ 1" + ¢/*»2"| < /3. Thus applying Lemma 6.3 and Corollary 6.2, we have

Omi (B)>L(%9min(9,s))"—l
min >

vn oo (1+y/3)n1

Then, it follows that

)2n72

(iemin (Q, 5)) o 2 Mnin (39min (€, 5)
27 ) -
(1+/3)n-1 n@21 +v/3)m)2n-2

0= Omin (A)]

O

We now present the main result on the threshold for the singular values of the matrix H(s).

Theorem 4.1. Letn=2,s>n and u= Z;l:l aj6yj withyj € [—g—g,g—g]z, 1<j<n.Letvin (4.3)

be equal to (0, SmyT, Then for the singular values of H(s) in (4.4), We have

4S+10.
3

A

0'j<

, j=n+1,---,s+1. 4.9

Moreover, if the following separation condition is satisfied

A1+V3)ms 2ndst o s
min|ly, -y, | = 2V )7, (.10
p#] 1 3Q 3 Mmin
then
R 4S+10.
onz— 4.11)

Proof. We first estimate ||A]|» for A in (4.7). By the definition of W(1), we have IW(t) < 2lg.
s+1

Thus ||All2 < [|A]|F < 4 5~ By Weyl’s theorem, we have |6 j — o | < [|All2, j = 1,---, n. Together

witho;j=0,n+1<j<s+1,weget|d;|<[|All2< %,n+1 < j < s+ 1. This proves (4.9).

Let Omin(Q, s) = % mingzg | |yp - yq| |1. The separation condition (4.10) implies that

Hmin (Q; S) =

2(1+\/§)n(2n43+1 o )2;_2
3 Mmin '

By Lemma 4.1, we have

mmin(gemin Q, S))Zn_z 45
= >2

n21 +v/3)m)2n-2 3

(4.12)

Similarly, by Weyl’s theorem, |6, — 0| < [|All2. Thus, 6, = 2(s+1)o — ||All2 = 45;1”. The
conclusion (4.11) then follows. O
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4.4. COORDINATE-COMBINATION-BASED SWEEPING
SINGULAR-VALUE-THRESHOLDING NUMBER DETECTION ALGORITHM

Based on Theorem 4.1, we can propose a simple thresholding algorithm, Algorithm 1, for the
number detection.

Algorithm 1: Coordinate-combination-based singular-value-thresholding number
detection algorithm

Input: Number s; Noise level o;

Input: Measurement: Y(w),w € [0,1,--- ,Q]Z;

Input: Translation vector v in R?;

1: Modify the measurement and get X(w) = eV Y (w);

2:Letr =Q mod 2s, formulate D(£) = Y4+ 1,=1.0<1,, 1,1 (ttl)X(wrtl,rtz), t=0,---,2s;

3: Assemble the (s + 1) x (s + 1) Hankel matrix H(s) like (4.4) from D(¢)’s, and compute
the singular value of H(s) as 61, -, 5+ distributed in a decreasing manner;

4: Determine nby 6, = % and 0 < %,jz n+l,---,s+1;

Return: n

Note that for Algorithm 1 to work, in addition to the smallness of the noise level o, we
also need the integer s to be larger than the source number. However, a suitable s is not
easy to estimate and large s may incur a deterioration of the resolution as indicated by (4.10).
To remedy this issue, we propose a sweeping singular-value-thresholding number detection
algorithm (Algorithm 2) below. In short, we detect the number 7,¢cgper by Algorithm 1 for
all s from 2 to L%J , and choose the greatest one npax as the number of point sources. When
the detected 7n;¢0cover becomes smaller than npa for alarge number of iterations, we will stop
the loop. The details are summarized in Algorithm2 below.

We remark that when s = n and the point sources satisfy

_1
g )2"’2, (4.13)

minHYp—Yqu = %(

p#q Mmin

for some constant C, then (4.10) is satisfied. Thus by Theorem 4.1, for a suitable choice of
v, Algorithm 1 can exactly detect the number n when s = n. As s increases to values greater
than n, (4.9) implies that the number detected by Algorithm 1 will not exceed n. There-
fore, the sweeping singular-value-thresholding algorithm (Algorithm 2) can detect the exact
number n when Q is greater than 27 + 1 and the point sources are separated by the minimal
separation distance we derived in Theorem 2.1. This demonstrates the optimal performance
of Algorithm 2. We also remark that the theoretical threshold derived in Theorem 4.1 seems
to be larger than the one that is needed. One can improve the algorithm by choosing smaller
threshold. Deriving new estimates for the thresholds in different cases is another interesting
problem.
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Algorithm 2: Coordinate-combination-based sweeping singular-value-thresholding
number detection algorithm

Input: Noise level o; Measurement: Y; Translation vector v;
Input: 1,4, =0, sSmax;pgex =2
fors=2: [%J do
Input s,0,Y,v to Algorithm 1, save the output of Algorithm 1 as n,¢cover;
if nrecover > Nmax then
Nmax = Nrecover;

SMmaXipndex = S

if s= smax;,gex + 2 then
t break;

Return 71,4y

4.5. PHASE TRANSITION AND PERFORMANCE OF ALGORITHM 2

In this subsection, we conduct numerical experiments to demonstrate the phase transition
phenomenon regarding the super-resolution factor (SRF) and the SNR using Algorithm 2.
We consider recovering the number of three and four sources. We fix Q = 10 and detect the
source number from their noisy Fourier data at [0, 1, - ,QJ2. We consider sources in [0, %]2
and the translation vector in Algorithm 1is v = (0, Z) ". The noise level is o and the minimum
separation distance between sources is Dpj,. We perform 10000 random experiments (the
randomness is in the choice of (dyin,0,y pa 1)) and detect the source number by Algorithm 2.
We record the number of each successful detection (source number is detected exactly) and
failed detection. Figures 4.2 shows the result for the successful and unsuccessfully recovery
in the parameter space log(SINR) versus log(SRF) . Itis observed that there is a line with slope
(2n —2) in the parameter space of log(SRF)-log(SNR) above which the number detection is
always successful. This phase transition phenomenon is exactly the one predicted by our
theoretical results in Theorems 2.1 and 4.1. It also illustrates the efficiency of Algorithm 2 as
it can resolve the source number correctly in the regime where the source separation distance
is of the order of the computational resolution limit.

5. AN ALGORITHM FOR THE SOURCE RECONSTRUCTION IN
TWO-DIMENSIONAL DOA PROBLEMS

In this section, based on the idea of coordinate-combination, we propose a new MUSIC al-
gorithm for resolving the sources in the two-dimensional DOA estimation. Our algorithm is
named as coordinate-combination-based MUSIC algorithm; see Algorithm 4.

5.1. HANKEL MATRIX CONSTRUCTION

Similarly to the number detection algorithm in the above section, the MUSIC algorithm also
relies on a singular value decomposition of certain Hankel matrix. Compared to conventional
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n=4

oo

o
g&aseiﬁgﬁq’zﬁim Line Phase Transition Line
i pe = Slope = 2n-2

o 5o

log (1/0)

10g(SRF) 10g(SRF)

(a) detection success (b) detection success

Figure 4.2: Plots of the successful and the unsuccessful number detection by Algorithm 2 de-
pending on the relation between log(SRF) and log(%). (a) illustrates that three
sources can be exactly detected if log(%) is above a line of slope 4 in the parameter
space. (b) illustrates that four sources can be exactly detected if log(%) is above a
line of slope 6 in the parameter space.

MUSIC-based DOA algorithms, the main novelty of our algorithm lies in a different way of
assembling Hankel matrices. Similarly to Section 4.2, the Hankel matrix construction here is
also based on observations in Section 3.1 and the details are presented below.

Measurement modification by source translation
We consider the same model setting as (4.2) for the available measurement. We also perform
the source translation and modify the measurement to get

. n . .
X(@) =e™ “Y() = Y a;e'ViV " oV OW(w)
=1
! (5.1)

n T _
:Zajelxjw+W(w), wE[O,l,"',Q]Z,
j=1

where x; =y; +v for a suitable v € R? and [W(w)| < 0.

Measurement modification by the coordinate-combination technique
Let s = L%J. From the modified measurement X(w), we construct the following two lists of
data:

t
X(wtl,l‘g)’ tzoy"'rzs)

D(1) = X

h+6=t0<hH,HL<t 1

t
G(1) = > (-1" " X(wq,1), =0,---,25,

h+6=t0<hH,hL<t
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where wy, 1, = (1, 2) '. Note that

D(1)=) aj(e™ +e™2)" + > ( t)W(w,htz)

h+bh=10<t,L<t h

~,
—

clj(ei"f'1 + eixf'z)t +Wd(l‘),

™=

Il
—

J

G =Y aje™i—e™ly Y (—1)"2(;)\7\7(%,@)
j=1 !

h+6L=t0<t,L<t

n . . A
=) aje™ —e™) + W (1),
j=1

where Wy (1) = Yn+b=10=t, 6=t (é)w(wtl,tz) and Wg(f) = Zt1+t2:t,0$t1,tzst(_1)tz(:I)W(wt],tg)-

Hankel matrix construction
Finally, from these D(?), G(#)’s, we assemble the following Hankel matrices:

DO) D@ -+ D(s) GO) GO - G(s)
D(1) D@ - D(s+1) G) G2 - G(s+1)

Hg(s) = . , Hg(s)= . . (5.2
D(s) D(s+1) -~ D(2s) G(s) G(s+1) - G(2s)

5.2. STANDARD MUSIC ALGORITHM

In this subsection, we perform the standard MUSIC algorithm [40, 45, 58, 65] for the Hankel
matrix Hy(s),Hg(s) in (5.2). For ease of presentation, we only introduce the MUSIC algo-
rithm for Hy(s). The one for Hg(s) can be developed in the same manner. Our algorithm first
performs the singular value decomposition of Hy (s),

Hy(s) = USU* = (U, U,)diag(61,62, -+ ,6n,0ns1,+,0s:) 07 U],

where Uy, = (UQ),---,Un),U, = (U(n+1),---,U(s+ 1)) with n being the estimated source
number (model order). The source number 7 can be detected by Algorithm 2 and many other
algorithms such as those in [2, 13,27, 28,42, 43,60, 74, 75]. Denote the orthogonal projection
onto the space U, by Pox = (?2(02* x). For a test vector ®(d) = (1,d,---,d*) T, one defines the
MUSIC imaging functional

_ @l _ 1@l
1P, ()l 1T D)l

The local maximizer of J(d) indicates the supports of the sources. In practice, one can test
evenly spaced points in a specified region and plot the discrete imaging functional and then
determine the sources by detecting the peaks. In our case, we only need to test some discrete
points d € C with |d| < 2 and select the peak by certain algorithms (such as the one in [45]
or its two-dimensional analog). Finally, we summarize the standard MUSIC algorithm in
Algorithm 3 below.
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Algorithm 3: Standard MUSIC algorithm

Input: Source number #;

Input: Modified measurements: D(¢) (or G(t)), t=0,---,s with s = n;

Input: Test points d’s;

1: Formulate the (s + 1) x (s + 1) Hankel matrix H,;(s) from D(¢)’s as (5.2);

2: Compute the singular vectors of H;(s) as U1),U2),---,U(s+1) and form the noise
space U = (U(n+1),---,U(s+1));

3: For test points d’s, construct the test vector ®(d) = (1,d,--- ,dST;

4: Plot the MUSIC imaging functional j(d) = M;
105 ()]l

5: Select the peak locations cfj s in the plot of Jd).

5.3. COORDINATE-COMBINATION-BASED MUSIC ALGORITHM

After applying the MUSIC algorithm to both Hy(s), Hg(s), we expect to reconstruct n d i's
which is close to d; = e'™/! + €2, and n §;’s which is close to g; = e'™! —e'i2. The next
question is how to link the pair dj, §; that correspond to the same source. This is an in-
evitable pair matching issues in most of the two-dimensional DOA algorithms [42], where ad
hoc schemes [14,34,77,79] were derived to associate the estimated azimuth and elevation an-
gles. Here, in contrast with conventional DOA algorithms, we do not need to link the azimuth
and elevation angles but to link d jand §;.

Observe that Ifij +gjl= 21| =2 and ldj —gjl = |2e'%i2| = 2. We can use this criterion to
match the pair d}, §; that they should satisfy

ldj+gjl=2, |d;j-g;l=2. (5.3)

For example, we could consider the following minimization problem:

n
min Z

el (n) j=1

|ij+§njl—2|+|lcfj—§njl—2, (5.4)

where {(n) is the set of all permutations of {1, -, n}. This can be viewed as a balanced assign-
ment problem [52], which can be solved efficiently by many algorithms such as the Hungar-
ian algorithm.

We remark that our pair matching algorithm is not the one usually required in other one-
dimensional based DOA algorithms. Unlike our case, the other pair matching problem is not
an assignment problem, wherefore the pair matching is usually time consuming or complex
processing is conducted to reduce the computational cost.
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Algorithm 4: Coordinate-combination-based MUSIC algorithm for two-
dimensional DOA

Input: Source number #; noise level o;

Input: Measurement: Y(w),w € [0, 1,--- , Q)%

Input: Translation vector vin R2;

Input: Evenly spaced test points d € C with |d| < 2;

1: Modify the measurement and get X(w) = ei"T“’Y(w) ;

2:Lets= L%J, formulate D(¢) = Zt1+t2=t,05t1,l‘25t([tl)x(wthtz)’ G(1) =

Ztl+t2:t,0$t1,t25t(_1)t2(tt])x(wtl,tz)r t=0,---,2s;
3: Input D, n and test points d’s into Algorithm 3 and get the output dy,--- , dy;
4: Input G, n and test points d’s into Algorithm 3 and get the output g1,---, &y;

5: Matching the d i»&j’s by applying an assignment algorithm (match pairs in matlab)
to solve (5.4) and get the pair list {(d;, g,-)}le”;
di+g
2

di+g; di-g; . I .
6: Get % and ’Zg’,] =1,---,n. Get e”!" by considering the closest point to
. T N . d;-§; o
on the unit circle. Get e'*/2 by considering the closest point to ,Tg] on the unit circle;

7: The recovered X = (ﬁj,l,ﬁjyz)T. Reconstructﬁj =Xj-v,j=1,--,m

Return: §,,---,¥,,.

5.4. SUPERIORITY OF THE ALGORITHM

5.4.1. OVERCOME THE ISSUE OF SEPARATION DISTANCE LOSS IN CONVENTIONAL
TWO-DIMENSIONAL DOA ALGORITHMS

Despite the fact that different recovering methods are proposed for DOA estimation in two
dimensions, the conventional way for tackling the problem has hardly exceeded the scope of
recovering the two direction (x- and y-direction) components of sources individually. Thus,
as illustrated in Figure 5.1, severe loss of the source separation distance in one dimension is
always an inevitable issue that causes unstable recovery of the direction components. Most
of the researches ignored this issue and some papers [72, 73] proposed ad hoc schemes to
enhance the reconstruction but in a complex manner.

Our method is a new one-dimensional-based algorithm where the issue of severe source
separation distance loss is avoided in a simple way. In our algorithm, the separation distance
between direction components of sources are still preserved. This has been demonstrated by
Lemma 3.2 for@; € [0,7)?,j = L,2with<0;,-0;, < %n,j =1,2. Furthermore, Theorem 5.1
shows that, fory i€ [0, %]2 andv=(0,2)7, the separation distance between x; = Y; +V’s can
be preserved after the coordinate-combination. By Theorem 5.1, if the distance between the
X;’s is a certain constant C, then the distance between eXil 4 eiXj2 jg larger than i—g times the
original distance. For better results of preservation of the distance, as indicated by Theorems
2.1 and 2.2, we could consider sources in a smaller region with a specified translation. In the
numerical experiments presented in this paper, for ease of discussion and presentation, we
will consider sources in [0, %]2 and the translation vector v = (0, Z)". We leave the recovering
strategies of the whole region [0,27]? and other enhancement for future works.
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Theorem 5.1. For two different vectorsx; € [0, 51x[%, 7], j = 1,2, if|[x1 —X2||; = C for a constant

C, then
2C

XLl ¢ pl¥12 _ (pl¥21 | plX22)| > —C.
s

Proof. We prove the lemma by considering the following two cases.
Casel:0=<x;]1<Xp]<Xp2<Xj2=<T.
In this case,

eiX1,1 +eix1,2 _(el.XZ'l +eiX2,2) Z el‘Xzy] +el‘X2y2 _ eiXI'l +el‘X1,2
2 1
22(cos(¢—) —cos((’b— ),
2 2

where ¢; =x;>—X; 1, j = 1,2. By the assumption of the theorem, we have C < ¢, —¢» < 7w and
C=<¢1+ ¢ <2n. Thus

%) —cos(

¢
2

1 Z(pz)sin(

_ 2
1 ¢>2) > 4sin(£)sin(£) o
4 4 E—

2(cos( 2

)) =4sin(

where the last inequality uses sin(%) > %ﬁ% for0 < % < %.

Case2:0< X1,1=X21=X12=Xp2 =TT.

Again, the idea is to calculate the angle between e*11 + ¢*12 and e'*2! + ¢"*22, By a simple

analysis of the angle relations between e'*1,e' 12, ¢'*21 ¢'¥22 we obtain that the angle be-
I I i i « X21—X111+X22—X . .

tween eX11 + ¢X12 and eXe1 + gi¥ez jg XITTLIR2TN2 which is larger than $. Thus

eixl'l + el‘XLz _ (el-ngl + el‘szz) eixl'l + eing el‘szl + el‘Xz'z

)

)sin(g). (5.5)
2

2 max|

We next claim that

[5¢ [5:¢
eiXel 4 plXe2

=)

ix ix
e XLl 4 piX12

max( )22cos

)

Otherwise, X; 2 —X),1 > T — % andXp o —Xp 1 > 7T — %, which is impossible when ||x; —xz||; = C.
Thus the claim is proved. Together with (5.5), we arrive at

2

>231n(C)sin( )=
> 2 5= .

eixM + el‘XLz _ (eiXZ,l + el’szz) >
T

This completes the proof. O

5.4.2. PHASE TRANSITION AND PERFORMANCE OF ALGORITHM 4

Most of the conventional two-dimensional DOA algorithms consider multiple snapshots of
measurements from coherent or incoherent signals. Also, the noise is usually assumed to be
white Gaussian noise such that the expectation of the covariance matrix of the measurement
vector is a sum of two terms, where the first term is from the correlation of the signals and
the second one is the noise correlation matrix. Based on this crucial observation, many al-
gorithms were derived to tackle the problem. Differently to the above model, we consider
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Figure 5.1: Although the sources are well-separated, the direction components of sources are
closely spaced.

recovering the source from a single measurement with deterministic noise. Thus we do not
compare the performance of our algorithm with those algorithms with statistical model. We
demonstrate the super-resolution capacity of our algorithm for the single snapshot case by
showing the phase transition of the algorithm. We will derive a coordinate-combination-
based MUSIC algorithm for multiple snapshots case in a forthcoming work.

We now describe the numerical experiments for demonstrating the phase transition phe-
nomenon of our algorithm in terms of the SNR versus the super-resolution factor. We fix Q =
10 and consider three and four sources separated by the minimum separation distance Dpjp,
i.e., minpxg4 ||yp - qull = Dpin. We perform 10000 random experiments (the randomness is
in the choice of (Dpjn, 0,y p»a ) to recover the sources using Algorithm 4. The reconstruc-

tion is viewed and recorded as successful if the recovered source is in a 2 212 -neighborhood
of the underlying source, otherwise it is unsuccessful; See Algorithm 5 for the details of a
single experiment. The results of the experiments are summarized in Figure 4.2 which shows
each successful and unsuccessfully recovery with respective to the log(SRF) and log(SNR).
It is observed that there is a line with slope (2n — 1) in the parameter space log(SRF) versus
log(SNR) above which the source is stably reconstructed for every realization. This phase
transition phenomenon is exactly the one predicted by our theoretical result in Theorems
2.2. It also manifests the efficiency of Algorithm 4 as it can resolve the source in the regime
where the source separation distance is of the order of the computational resolution limit.
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Algorithm 5: A single experiment

Input: Sources y = Z;’zl a jé‘yj ; Noise level o;

Input: Measurements: Y(w),w =[0,1,--- ,Q]2 ;

1: Successnumber = 0;

2: Input source number 7z and measurement Y to Algorithm 4 and save the output as

Yoo Vn
foreachl<j<ndo

Compute the error for the source location y;ieji=ming j-1..n 7} —y;llz;
The source location y; is recovered successfully if

min |y, —y;ll2
ej< >
3

and

Successnumber = Successnumber + 1;

if Successnumber == n then
| Return Success

else
L Return Fail

n=3 - n=4

log (1/0)

log(SRF) Iig(SRF)
(a) Recovery success. (b) Recovery success.

Figure 5.2: Plots of the successful and the unsuccessful location recoveries by Algorithm 4 in
terms of log(%) versus log(SRF). (a) illustrates that locations of three point sources
can be stably recovered if log(%) is above a line of slope 5 in the parameter space.
Conversely, for the same case, (b) shows that locations of four point sources can
be stably recovered if log(%) is above a line of slope 7 in the parameter space.

30



6. A NONLINEAR APPROXIMATION THEORY IN VANDERMONDE SPACE

In this section, we introduce the main technique, a nonlinear approximation theory in Van-
dermonde space [43, 44], that is used to deal with one-dimensional super-resolution prob-
lems. In [44], we have derived the theory for real numbers and in [43] for complex numbers
on the unit circle. Here, we derive a different theory for arbitrary bounded complex numbers,
which are related to the proofs of the main results of the paper.

For a given positive integer s and w € C, we denote by

Gs) = (Lo, -, 05" 6.1)

and call ¢p; a Vandermonde vector. At the heart of the theory is the following nonlinear ap-
proximation problem in the Vandermonde space

k
 min |2 aj0stdp-vl|, 6.2)
aj,djeR\d;l=d,j=1,,k'" j=1 2

where v = Zf;'ll aj¢s(d;) is a given vector. We shall derive a sharp lower-bound for this prob-
lem. In addition, we shall also investigate the stability of the approximation problem (6.2) for

u=z§:1aj¢s(dj).

6.1. NOTATION AND PRELIMINARIES

We introduce some notation and preliminaries. We denote the Vandermonde matrix by

1 -~ 1
dy - dy

o= = (0@ old) - pstdr)- (6.3)
di - dl

For a real matrix or a vector A, we denote by A" its transpose and by A* its conjugate trans-
pose.

We first present some basic properties of Vandermonde matrices.
Lemma 6.1. For k distinct complex numbers d;’s, we have

1+|dp

Vi1 (k) Mloo < max IT ——
k-1 0o lerek lspsk,p;ézldi_dp|

where Vi._, (k) is the Vandermonde matrix Vi._, (k) defined as in (6.3).

Proof. See Theorem 1 in [26]. O

As a consequence, we directly have the following corollary.
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Corollary 6.2. Let dmin = min;x;|d; — d;| and assume thatmax;— ... i |d;| < d. Then

~ (1+d)k!
Vi)™t S —m.
Vit (07 = 2

Lemma 6.3. For distinct d,,---,dy € C, define the Vandermonde matrices Vi_; (k), Vs(k) as in
(6.3) with s = k— 1. Then the following estimate on their singular values holds:

1 1 1
— <
VEViec1() Hloo — Vi1 (k)72

Proof. The result holds by using properties of matrix norms. O

< Omin(Vik-1(k)) < 0 min (Vs(k)).

Denote by
S{k:: {{Tl,---,rj}:rpE{l,---,k},p:1,---,jandrp;érq,forp;éq}.

Note that there is no order in {71,---, 7}, i.e,, {1,2} and {2, 1} are the same sets. We then have
the following decomposition of the Vandermonde matrix.

Proposition 6.4. The Vandermonde matrix Vi (k) defined as in (6.3) can be reduced to the
following form by using elementary column-addition operations, i.e.,

1 0 0
Vi (0)G(1)-+-G(k-1)DQM)---Q(k—1) = : : : ) (6.4)
Vik+n1  Vk+12 0 Vk+Dk

where G(1),---,G(k—-1),Q(1),---,Q(k—1) are elementary column-addition matrices,

1
D = diag(1, )
(da—d))’ TR (di—dp)
and .
V1)) = (DK Y ey ey, 6.5)
{1 T leSy e
Proof. See Appendix B in [44]. O

Lemma 6.5. For an s x k complex matrix A of rank k with s > k, let V be the space spanned
by columns of A and V+ be the orthogonal complement of V. Denote by Py, the orthogonal
projection to VL, and set D = (A, v). We have

inllAa—vlla = [Py ()]s = , | 21" D)
min a—v = 1% = _—.
aeck 2= V2 =\ Get(a* 4)
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Proof. See Lemma 1 in [43]. O

Lemma 6.6. We have

¢ det(Vi(k)* Vi (k) (6.6)

det(Vi_1 (0 Ve 1 (k)

where V(k) is defined as in (6.3) and vj =}
1,---,k, then

dy, -+~ dy,. Especially, if|dj| <d,j =

J
{r,,7}€S,

<1 +adk. (6.7)

det(Vi.(k)* Vi (k))
det(Vi_1 (k)* Vi_1 (k)

Proof. Note that in Proposition 6.4, all the elementary column-addition matrices have unit
determinant. As a result, det(V.(k)* Vi.(k)) = %, where F is the matrix in the right-hand
side of (6.4), and D is the diagonal matrix in Proposition 6.4. A direct calculation shows that

det(F*F) = Z?:o v j|2, where we use (6.5). On the other hand, Vj_; (k) is a standard Vander-

monde matrix and we have det(Vi_;(k)* Vi_1(k)) = m. Combining these results, (6.6)
follows. The last statement can be derived from (6.6) and the estimate that

k k

IUJISZ(@)dfz(Hd)’C.
0 j=o\J

k

ZIUjIZS

j=0 j
O

For reader’s convenience, we finally present two auxiliary lemmas. For positive integers
p,q and complex numbers zy,--+, zp, 21, "+, 24, we define

|21 — 211+ |21 — 24l

. . 122 — 211+ 122 — Z4]
np,q(zlr“'rzpyzlv'“rzq) = . M (6-8)

|Zp_21|“‘|zp_2q|

The following two properties of 7, ; hold.

Lemma 6.7. For complex numbers d;, d s, we have the following estimate

an+l,k(d1»"' ydic1,dh, ’dk)Hoo > (%)k,

where dmin = minjzp |d;j — dp| and 1y, k(dy, - ,dk+1,cf1,--- ,ofk) is defined as in (6.8).

Proof. Because we have k+1 d;’s and only k d i's, there must exist one dj, so that

A Ami

Then the estimate in the lemma follows. O
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Lemma 6.8. Letdj,dj eC,j=1,,k satisﬁfldjl,ldjl < d. Assume that
||T’k,k(dl)”' rdk)dl:"' )d\k)“oo <§,

whereny i (--+) is defined as in (6.8), and that
drmin = min|d, — d;j| = 2¢.
p#q

Then after reordering d;’s, we have

and moreover

Proof. See Appendix A.

6.2. LOWER-BOUND FOR THE APPROXIMATION PROBLEM (6.2)

(6.9

(6.10)

(6.11)

(6.12)

In this section, we derive a lower-bound for the nonlinear approximation problem (6.2). We

first consider the special case when v is a Vandermonde vector.

Theorem 6.1. Let k =1 and cfl,u- ,cik be k distinct complex numbers with Icfjl < cf,l <j=s
k. Define A := (¢pi(dr),---,¢r(dy)), where ¢pi(d;)’s are defined as in (6.1). Let V be the k-
dimensional space spanned by the column vectors of A, and let V* be the one-dimensional

orthogonal complement of V in C**1. Let Py be the orthogonal projection onto V+ in

Then we have

minHAa—q)k(x)Hz = ||PVL (<Pk(x))||2 =

aeCk

U*<Pk(X)| >

where v is a unit vector in V* and v* is its conjugate transpose.

Proof. By Lemma 6.5, it follows that

minHAa—(pk(x)H = \/deLfD),
aeCk 2 det(A* A)

1 P .
wear - D

Ck+1

where D = (¢r(dy), -, pr(dy), pr(x)). Denote A = (¢pr_y(dy),-+, Pr_1(dy)). By (6.7), we have

\/(k’t(—’?*f‘)s(1+d)’c.
det(A* A)
min||Aa—(/) (X)H 1 det(D*D)
prss U T vk det@@ A

Therefore,
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Note that D and A are square Vandermonde matrices. We can use the determinant formula
to derive that

1 Micicpsild—dpIE_ (x=dpl 4 .
min || Aa -] = ——— — S ek - dp.
aect 2 (1+ad) M <i<p<k(d: — dp)l (1+4d)

This completes the proof of the theorem. O

We now consider the approximation problem (6.2) for the general case when v is a linear
combination of Vandermonde vectors.

Theorem 6.2. Ler k = 1. Assume (k + 1) different complex numbers d; € C,j = 1,---,k+1
with |dj| < d and (k+1) aj € C with |aj| = Mmin. Let dmin := Minjxp|d; —dpl. For q <k, let
a(q) = (a1, ap,-++,4q) ", a=(a1,az,+, ar1) ", and

Aq) = (par(dD), -+, bar(dy)), A= (p2r(d), -+, Par(dis1),

where ¢yx(z) is defined as in (6.1). Then

. Mumin (Amin) 2
~ min 1A(q)atq) - Adlly = —2min'@min) 7
ap,dypeCldyl=d,p=1-q 2K+ d)k 1+ a)*
Proof. Step 1. Note that for g < k, we have
~ min lA(g)a(g) - Aall= ~  min IA(k) a(k) - Aall,.
ap,dypeC,|dyl=d,p=1,+,q ap,dpeC,ldyl=d,p=1,k

Hence we need only to consider the case when g = k. It then suffices to show that for any
givend;jeC,ldj|<d,j=1,--,k, the following holds

. ~ N mmin(dmin)Zk
min [|A(k)a(k) — Aall, = —. (6.13)
apeC,p=1,-k 2k(1+d)k(1 + d)*
So we fix cfl, e ,cfk in our subsequent argument.
Step 2. For [ =0,---, k, we define the following partial matrices
di - dy @)’ e (de)!
. dll+1 o d]i#—l (dl)l+l . (dk+l)l+1
A= ) ) . , A= ) ) .
dA{+k dllc+k (dl)l+k (dk+1)l+k
Itis clear that for all [,
min ||A(k)a(k) — Aall, = min||A;a— A;all,. (6.14)
a(k)eck aeCk

Step 3. For each [, observe that Al = Agdiag(cfll, el cf,lc), A= Aodiag(dll, .- ,d,lc+1), and thus

min||A;a— Ajallz = min [|Ag@; — Apall2, (6.15)
aeCk aeCk
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where a; = (al(dl)l, N (dkH)I)T. Let V be the space spanned by the column vectors of
Ap. Then the dimension of V is k, and the dimension of V*, the orthogonal complement of
V in C**1 is one. Let Py1 be the orthogonal projection onto V<. Note that [|1Pyiulls =v* ul
for u € R¥*!, where v is a unit vector in V* and v* is its conjugate transpose. We have

k+1
min [| Ao — Agall2 = 1Py (Ao@pllz = v Apcts| = Y ajdplvierdp| =161,  (6.16)
aje j=1

where
k+1

Bi=Y ajdp'vord, fori=0,1,-- k.
j=1

Step 4. Denote 8= (Bo, -+, Br) ' . We have Bf) = 8, where

M az Ak+1 v* i (dr)
ard, axdy -+ Q1A . v dr(dy)
B= . . . . y N= .
a(d)*  ax(d)* - ap(die)® v* pr(dps1)
Corollary 6.2 yields

A . 0 (1+d)*

1flloo = 1B~ Blloo < [1B™ llooll Blloc = ————71Blloo-
Mmin (dmin)

On the other hand, applying Theorem 6.1 to each term | v*gbk(dj) l, j=1,2,---k+1, wehave

lloo =
Mloo 1

+d~)k ||nk+1,k(d1)"' vdk+1)dl:"' )d\k)“OO;

where ny41,x(---) is defined as in (6.8). Combining this inequality with Lemma 6.7, we get

||f]|| - (dmin)k
T okl + )k

Then it follows that

Mmin (dmin)Zk
2k + d)k 1+ d)k
Therefore, recalling (6.14)-(6.16), we arrive at

1Blloo =

A A Mumin (Amin)*F
min_[1AG)a(K) - Aall, = max min|| 44— Aally = max || = |[lla = —omin(Gmin) "
a(k)eck O<I<k geCk 0<I<k 2k(1+d)k(1+d)k

This proves (6.13) and hence the theorem. O
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6.3. STABILITY OF THE APPROXIMATION PROBLEM (6.2)

In the section we present a stability result for the approximation problem (6.2).

Theorem 6.3. Let k = 1. Assume k different complex numbersdj€C,j=1,---,k with|dj| < d
and k aj € C with|aj| = Mmin. Let dmin := Mingzq|dy — dgl. Assume that cfj eCj=1,-,k
with |d;| < d satisfy

l|Aa— Aall; <o,

where d=(ay,---,ax) ", a=(ay, - ,ax) ", and

A= (Pok—1(dD), -+, por_1(di)), A= (Pak—1(dr), -+, Pox—1(di)).

Then
(1+d)*1 o

d!;:& Mmin

[mistds, - diodi, - dp||_<

Proof. Since l|Ad— Aall, < o, we have

mlnllAa Aalls < o,

aeCk
and hence
max mlnllAla Ala||2<m1n||Aa Aalls <o, (6.17)
0<l<k-1aeCk
where . . l l
) h N
A d e d d e d
A= 1. ) ¢ , Ap= ' ¢
dl‘+k d‘l.+k dl'+k dl'+k
For each [, from the decomposition Al Aodlag(dl, ) A= Aodlag((dl)l ,(dk)l),we
get
min||A;& - Ajallz = min || Agd; - Apall2, (6.18)
aeCk a;eCk

where a; = (a; (dl)l, .- ,ak(dk)l)T. Let V be the space spanned by the column vectors of AO.
Then the dimension of V is k, and V1, the orthogonal complement of V in C¥*! is of dimen-
sion one. We let v be a unit vector in V* and let Py, be the orthogonal projection onto V.
Similarly to (6.16), we have

k
min |[Agd; — Aoayllz = I[Py (Agap)llz = [v* Agay| = | Y aj@dp'vierdp| =161, (6.19)
j=i

(XZEC

where §; = Z?:l aj(dj)lv*(pk(dj). Let 8= (Bo, -+, Br_1) . Moreover, similarly to Step 4 in the
proof of Theorem 6.2, we have

(1+d)*k!

11Blloo-
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On the other hand, (6.17)-(6.19) indicate that || ]|, < 0. Hence, we obtain that

1+ d)?k1 o

(dmin) k=1 Mmin ’

an,k(dl,---,dk,cil,--~,dk)HOOS

This completes the proof. O

7. CONCLUSIONS AND FUTURE WORKS

In this paper, we have improved the estimates of resolution limits in two-dimensional super-
resolution problems. We also theoretically demonstrate the optimal performance of a sparsity-
promoting algorithm. Leveraging the new techniques in the proof, we have proposed a coordinate-
combination-based model order detection algorithm and a coordinate-combination-based
MUSIC algorithm for DOA estimation in two dimensions. The superiority of the introduced
algorithms were demonstrated both theoretically or numerically.

Our work is also a start of many new topics. Firstly, one could extend the techniques to
three- and k-dimensional spaces to improve the resolution estimates in higher dimensional
super-resolution problems. Secondly, the idea of coordinate-combination could inspire new
algorithms for two-dimensional DOA estimations in the case of multiple snapshots. These
works will be presented in a near future.

A. PROOF OF LEMMA 6.8

Proof. Step 1. We claim that for each cip,l < p <k, there exists one d; such that Icfp —djl <

@. By contradiction, suppose that there exists pg such that |d; — cipol > % foralll<j<k.

Observe that

nk,k(dly'” )dkrd])"' ydk)
:dlag(|d1 _dp0|r"' ,|dk_dAp0|)T]k,k—1(d1,‘“ Idk)d,\lr'.‘ :dApo—lyd\p0+l:"' »dk)-

We write
Ni,k = nk,k(dl’ e rdk) df\l) Tt ’dk) and Ni,k—1 = nk,k—l(dl) toe »dk’ df\l»' o ydpo—l; jp0+1) Tt dk)

Using Lemma 6.7, we have

dmin dmin k
Mk klloo = 2 1Nk 1o = (2] 26,
2
where we have used (6.10) in the last inequality above. This contradicts (6.9) and hence

proves our claim.
Step 2. We claim that for each dj,1 < j < k, there exists one and only one d,, such that

N A
|dj—dpl < ‘;‘m.
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It suffices to show that for each dj,1 < j < k, there is only one d}, such that |d; - dpl < %. By

contradiction, suppose that there exist p;, p2, and jo such that |d;, — cfpll < %, ldj, — cfpzl <

@. Then for all j # jj, we have

2
(dj—dp)(dj—dp,)| 2 (d“Z“) : (A1)

Similarly to the argument in Step 1, we separate the factors involving cfpl , cfm, dj, from ny i
and consider

77k—1,k—2 = nk—l,k—Z(dl)”' )djo—ly dj0+l)"' )dk)dly"' )dpl—lydp1+1)"' )dpz—])dp2+1)"' )dk)-

Note that the components of 71— differ from those of ny , only by the factors |(d; —
dp)dj—dp,)|for j=1,---,jo—1, jo+1,---, k. We can show that

(dmin)2
4

N7k koo = M k-1,k-2lcc Z €,

where we have used Lemma 6.7 and (6.10) for establishing the last inequality above. This
contradicts (6.9) and hence proves our claim.
Step 3. By the result in Step 2, we can reorder d;’s to get

R dini
|dj—djl < r;“n, j=1, k.

We now prove (6.12). It is clear that Icip —-dj|> dré““ ,p# j. Thus

. R dmin _— .
(dj—dy) -+ (d;—dp)| > |d; - dj( “2““)k Loj=12 0k (A.2)
Further, we get
=il < (=) etz () e =120k
dmin ' dmin
This completes the proof of the lemma. O
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