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EXPONENTIAL CONVERGENCE OF DEEP OPERATOR NETWORKS
FOR ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

CARLO MARCATI* AND CHRISTOPH SCHWAB*

Abstract. We construct deep operator networks (ONets) between infinite-dimensional spaces that emulate with an
exponential rate of convergence the coefficient-to-solution map of elliptic second-order PDEs. In particular, we consider
problems set in d-dimensional periodic domains, d = 1,2, ..., and with analytic right-hand sides and coefficients. Our
analysis covers diffusion-reaction problems, parametric diffusion equations, and elliptic systems such as linear isotropic
elastostatics in heterogeneous materials.

We leverage the exponential convergence of spectral collocation methods for boundary value problems whose solutions
are analytic. In the present periodic and analytic setting, this follows from classical elliptic regularity. Within the ONet
branch and trunk construction of Chen and Chen [4] and of Lu et al. [13], we show the existence of deep ONets which
emulate the coefficient-to-solution map to accuracy € > 0 in the H! norm, uniformly over the coefficient set. We prove
that the neural networks in the ONet have size O([log(e)|") for some x > 0 depending on the physical space dimension.
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1. Introduction. We construct deep operator network (ONet) emulations of coefficient-to-
solution maps for boundary value problems with linear elliptic divergence-form operators. In
particular, we consider operator networks with rectified linear unit (ReLU) activation and prob-
lems formulated in domains without boundary and with analytic right-hand sides and coefficients.
In this setting, we construct operator networks that approximate the (nonlinear) coefficient-to-
solution map with exponential accuracy in the corresponding function spaces. We bound—poly-
logarithmically with respect to the energy norm of the error—both the size of the approximating
network and the number of sampling points where the coefficient is queried.

1.1. Existing Results. The use of deep neural networks (DNN) in the numerical solution of
differential equations in science and engineering has received considerable attention in recent
years. We refer to the survey [2] for uses and successes of DNN based numerical simulations
in computational fluid mechanics, and to [22] for their use in computational finance and com-
putational option pricing. First uses of DNNs in numerical PDE solution in engineering and the
sciences focused on leveraging DNNs for “mesh-free” solution approximation and representation
(see, e.g., [21,7]), with good success explained, to some extent, by approximation properties of DNNs
in function spaces (see, e.g., [19, 17, 18, 15, 23, 8]) in particular overcoming the so-called Curse-of-
Dimensionality (CoD) in high-dimensional approximation of PDE solution manifolds [23, 9], of
parametric PDEs and of PDEs on high-dimensional state spaces, as arising e.g. in computational
finance (see [22, 1] and the references there).

Reference [11] addressed the expression rate of ReLU NN for the solution maps of paramet-
ric PDEs. The analysis in that paper proceeds through the DNN emulation of reduced bases for the
approximation of solutions of the PDEs. The expression rate bounds obtained in [11] are subject to
strong hypotheses on the DNN approximability of reduced bases for the PDEs of interest. The pa-
rameter sets (i.e., the domains of the solution operator) considered in [11] are finite-dimensional;
this paper mostly concerns instead the approximation of solution maps between infinite dimen-
sional spaces. We nonetheless show how expression rates for parametric PDEs also follow from
our main results, see Theorem 5.10 and Remark 5.12.

DNN s have been leveraged in [6, 13, 12] for the DNN emulation of data-to-solution operators for
partial differential equations. See also the review [14]. Here, previous investigations have focused
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on universality of NNs for operator approximation. The pioneering work [4] established this for a
certain type of NNs with a “branch and trunk” architecture, which will also be used in the pres-
ent work. While [4] imposed strong compactness assumptions, more recently [12] extended these
results to certain settings without the compactness assumptions of [4]. In these papers, focus has
been on emulating nonlinear maps, such as domain-to-solution, or coefficient-to-solution maps.
For well-posed PDE problems, continuous dependence on the problem data implies that these
maps are continuous, in the appropriate topologies on the data and the solution space. We refer to
[10, 13] and the references there. In these references, some theory explaining some of the numer-
ically observed performances of NN emulation of nonlinear operators has been developed (see,
e.g., [12,6]).

The convergence rate estimates proved in these references indicate that a) DNNs are capable of
parsimonious numerical representations of the nonlinear, smooth data-to-solution maps for PDEs,
and b) they are not prone to the CoD in connection with the countable number of parameters due,
e.g., to series representations of inputs in separable Banach spaces of possibly infinite dimension.

1.2. Contributions. We construct DNN approximations of data-to-solution maps, so-called
“Operator Networks” for linear second order divergence-form PDEs with non-homogeneous co-
efficients and source terms. We establish exponential expression rates for these coefficient-to-solution
operators for elliptic PDEs.

Our argument relies on analytic regularity for elliptic PDEs with analytic coefficients, on the a
priori analysis of the spectral approximation of PDEs, and on numerical quadrature. We consider
linear second order divergence-form elliptic boundary value problems with analytic coefficients,
and (uniformly) analytic solutions, whose inputs and solutions can be approximated with expo-
nential accuracy from space of high-degree polynomials. Furthermore, our results show also that
neural networks can emulate accurately the (discrete) solution map of Galerkin methods for the el-
liptic PDEs mentioned above with numerical integration. The operator networks we construct are
composed of encoding, approximation, and reconstruction operators. In the encoding step, the input
datum is queried on collocation points in the physical domain. The reconstruction and approxima-
tion parts of the operator networks are composed of two neural networks, one that approximates a
polynomial basis, while the other maps point evaluations of the diffusion coefficient to coefficients
over the basis.

For the sake of clarity of exposition, we develop this strategy for model, linear second or-
der elliptic PDEs in divergence form, with inhomogeneous coefficients. We then show, using the
compositionality of NNs, how to include problems with parametric diffusion, typically arising in
computational uncertainty quantification. Finally, we mention the minor modifications required
for PDEs with reaction coefficients and discuss in some detail ONet emulation of the coefficient-
to-solution map for linear elasticity.

1.3. Structure of this paper. To fix a setting for developing our results, we introduce in Sec-
tion 2 a scalar, elliptic, isotropic diffusion equation. The coefficient-to-solution operator that will be
the main target of approximation by neural networks is also introduced in this section. Then, in
Section 3, we define feed forward neural networks (with ReLU activation) and operator networks
with the branch and trunk architecture of [4, 13], that approximate maps between infinite dimen-
sional spaces. We conclude the section by defining some operations on networks that will then
be used for the approximation analysis. In Section 4, we gather (classical) results on the polyno-
mial approximation of solutions to the elliptic problem. The main results of this paper are then
proved in Section 5. In Theorem 5.7 we show the exponential convergence of the operator net
approximation of the coefficient-to-solution map for the elliptic isotropic diffusion problem. We
extend the analysis to parametric diffusion coefficients in Theorem 5.10. Finally, in Section 6 we
extend our ONet approximation to further second order problems comprising reaction-diffusion
with nonzero reaction coefficients and linear elastostatics.
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1.4. Notation. We use standard notation and symbols: N denotes the set of positive natural
numbers N = {1,2,3,...} and Ny = {0} UN. We write vectors in lowercase boldface characters
and matrices in uppercase boldface characters. We denote ||a/|2 the £2-norm of a vector a, while
for any matrix A, we denote [|A |2 = supj,,—1 [|Az||2 its operator norm. The spectrum of a matrix
A is written o(A). For n € N, Id,, is the n x n identity matrix, while 0,, is a vector of zeros of size
n. We denote by ® the Kronecker product: given two matrices A € R™*™ and B € RP*9, then
C = A ® B € R™P*" guch that

A;B -+ A;B
C=| :
A.,B -+ A,,B
We denote by [a4] . .. |a,] the matrix resulting from the horizontal concatenation of n equal length
vectors ay, ..., a,. We indicate by vec : R"*" — R™" and matr : R™" — R™*" the vectoriza-

tion and matricization operators, such that matr(vec(A)) = A for any matrix A. All results are
independent of the ordering of the vectorization operation; the dimensions of the matricization
operation will be clear from the context. We denote by Ri["* the space of symmetric matrices of
size n x n. Given two matrices A, B € R"*", we write A : B =", | A;;B;;.

Letd € N. For k € Ny, p € [1, 0], and a domain D C R?, we indicate by W*?(D) the classical
Sobolev spaces. In the Hilbertian case p = 2, we write H*(D); in addition, LP(D) = W%?(D) and

L?*(D) = H°(D). Given Q = (0,1)¢ and Q2 = (R/Z)¢, we denote

H*Q) = HY, (Q) = {v € HE (RY) : v|gix = v]|g, Vk € 2},

per

where Hf (R?) indicates functions that are in H*(D) for any bounded subset D of R¢. Further-

more, we slightly abuse notation and denote integrals as [, = |, o and norms as || - [[yrs(o) =

|- lwr.»(q)- We denote by (-, ) the L? scalar product in Q. All function spaces in {2 are understood
in their periodic version.
For C' > 0, define Hol(€); C') as the set of functions v that are real analytic in Q with

(1.1) [vllwree@) < CFEL k€ Ny.

Define furthermore the set of all real analytic functions in 2 as Hol(2) = -, Hol(2; C). Accord-
ing to our convention, the functions in Hol(2) are analytic in R? and periodic with period 1 in each
coordinate direction. Furthermore, by the Arzela-Ascoli theorem, Hol(£2; C') is compact in L>°(€2).

2. Problem formulation.

2.1. Statement of the elliptic model problem. We recall thatd € N, Q = (0,1)¢, and Q =
(R/Z)4. We introduce the set of admissible data D as follows: for each coefficient a € D we assume
ellipticity in the form that there exist constants amin, @max > 0 such that

(2.1) Ve € A, Va €D amin < a(@) < amax -

We also assume that all @ € D are real analytic, with uniform bounds on the radius of convergence
of the Taylor series: there exists a constant Ap > 0 such that

(2.2) D C Hol(; Ap).

The ellipticity hypotheses (2.1) and the Poincaré inequality (2.5) below imply that for every f €
L?(Q) such that [, f = 0, and for each a € D, the elliptic boundary value problem

(2.3) — V- (aVu®) = fin Q
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admits a unique solution

u* e X = {v c H(Q): / v = o} ~ HY(Q)/R.
Q
It satisfies the variational formulation: given a € D, find u € X such that
(2.4) b (u,v) = (f,v) YveX.
Here, for given a € Hol(f2), the bilinear form b%(-,-) : H}(Q) x H'(Q2) — R is given by

b (w,v) := /Q (aVw - V).

In what follows, we assume the fixed source term f € Hol(2) N X to be given and denote, for this
choice of f, the unique solution of (2.4) for a € Hol(f2) by u*.

We denote (still keeping the source term f in (2.4) fixed) with S the data-to-solution operator
a— u”in (2.4). WeletU = S(D) the set of solutions of (2.4) corresponding to inputs from D. As
shown in Lemma B.1 in Appendix B, the data-to-solution map S : L>(Q2) — H'(Q) is Lipschitz
continuous. Furthermore, standard elliptic regularity (see [16, 5] and Lemma 4.1 below) implies
S(D) C Hol().

As it will be useful in the sequel, we define the Poincaré constant Co; > 0 such that

1
(25) H’U — ﬁ/ ’UHLZ(Q) < CpOiHV’UHLz(Q), Yv € HI(Q)
Q

3. Neural and operator networks. The goal of this paper is to derive bounds for the approxi-
mation of the solution operator S : D — X C H'(Q2) defined in Section 2 by an operator network.
In order to properly define operator networks, we start by the definition of classical feed forward
neural networks with ReLU activation

ReLU: R — R : 2 — max{0, z}.

3.1. Feed forward neural network.

DerintrioN 3.1 ([19, Definition 2.1]). Let d, L € N. A neural network ® with input dimension
d and L layers is a sequence of matrix-vector tuples

¢ = ((Alv b1)7 (A27 b2)7 sy (AL7 bL))7
where Ny = d and Ny, ..., Ny, € N, and where Ay € RN*Ne-1 gnd b, € RN for 0 =1, ..., L.
For a NN @, we define the associated realization of the NN & as
R(®) : RY = RN : v xf, = R(®)(x),

where the output x;, € RNt results from

Ty =,
(3.1) x; = ReLU(A,x,—1 + by), fore=1,...,L -1,

xr, = Apxr,_1+bg.

Here ReLU is understood to act component-wise on vector-valued inputs, i.e., fory = (y*,...,y™) € R™,
ReLU(y) := (ReLU(y'),...,ReLU(y™)). We call N(®) = d + Zle N; the number of neurons
of the NN @, L(®) := L the number of layers or depth, M;(®) = ||A,|lo + ||b;|lo the number of
nonzero weights in the j-th layer, and M(®) = Zle M, (®) the number of nonzero weights of ,
also referred to as its size. We refer to Ny, as the dimension of the output layer of .
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D - . > H1()
Encoding Reconstruction
a—a=a(x),...a(x,) c—ufN = 2 ; Civi
3
n m
Approximation
a+—> C==C1,...,Cnmp

Fig. 1: Diagram of operator network between infinite dimensional spaces

3.2. Operator networks. The operator network approximating the solution operator S can be

seen as the composition R o A o £ of three mappings:

e Encoding £ : D — R", forn €N,

e Approximation A : R® — R™, form € N,

e Reconstruction R : R™ — H(Q),
see the diagram in Figure 1. We refer the reader to [12, 10] for a broader view on and thorough
discussion of operator networks between infinite dimensional spaces. In our analysis, the encoding
step will map functions a € D to the vector a € R" of their point evaluations, i.e.

a = g{ml,...,wn}(a) = [a<w1)7 R a(wn)]—r 5

for suitable collection of points x1, ..., x, € Q. The approximate solution operator A is realized as a
feed-forward NN @branch;

Agbrancn (@) = R(@bramh)(a).
For ’@e reconstruction step R, we introduce a neural network otrunk go that, for all ¢ € R™ and
zreq,
Rapunk(c)(z) = (R(E™™) () - c.

This constructs the operator network mapping from D to H'(2), defined by

Rptrunk © Agbranch 0 5{11,,‘.@”} ca e uly = R(@branch)([a(xl), o a(:rn)]T) ) R(q)trunk),

see Figure 2.
We aim for operator networks that approximate, for all a € D, solutions u* of (2.3) in the
H'(Q)-norm, uniformly over the input space D, i.e., such that

sup [[u® — ukn | m1(2) < €.
a€D

The main result of this paper consists in proofs for upper bounds on n, m, and on the sizes of
Ptrunk and gbranch a5 functions of the error e.

3.3. Operations on neural networks. We introduce and recall some operations on neural net-
works that will be necessary for the construction of the branch and trunk networks.

3.3.1. Concatenation and sparse concatenation.
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Fig. 2: Structure of the branch and trunk network; u$y () :== R(®"r22h) (@) - R(®1K)(z).

DeriNttion 3.2 (NN concatenation, [19, Definition 2.2]). Let Ly, Lo € N and let
o' = ((A},b1),...,(AL,,br,)), @ =((A},b}),...,(A],,b7,))

be two neural networks such that the input layer of ® has the same dimension as the output layer of ®2.
Then, ®'e &2 denotes the following Ly + Lo — 1 layer network:

(I)l.‘b2 = ((Ai b%)? ceey (A2L2—17 b%g—l)? (A%A%yA%b%g + b%)v (Aév b%)v RN (Ail’bi1>)

We call e &2 the concatenation of ®! and ®2.

Prorosition 3.3 (NN sparse concatenation, [19, Remark 2.6]). Let L1, Ly € N, and let !, &2
be two NN of respective depths Ly and Ly such that Ny = N7 =: d, i.e., the input layer of ®* has the
same dimension as the output layer of ®>.

Then, there exists a NN ®' @ ®2, called the sparse concatenation of ®! and ®2, such that ' © @2
has Ly + Ly layers, R(®* © &%) = R(®') o R(®?) and M (@' © %) < 2M (@1) + 2 M (9?).

3.3.2. Emulation of matrix inversion. Dense matrix inversion can be approximated by suit-
able ReLU NNs. We recall the following result from [11] where, for Z € Ry and N € N,

K% = {vec(A): A c RV*N ||A|], < Z}.

Tueorem 3.4. [11, Theorem 3.8] Fore,d € (0,1) define

m(e,d) = Fl.é)gg((?bgc(;))-‘ .

There exists a universal constant Ciyy > 0 such that for every N € N, e € (0,1/4) and every 6 € (0,1)
there exists a NN &>~ with N2-dimensional input, N-dimensional output and the following properties:

1. L (@iln—vf;N) < Con log (m(e,8)) - (log (1/2) + log (m(e. 6)) + log(N),
2. M (@1*”) < Chuwmi(e, 8) log?(m(e, 6))N? - (log (1/¢) + log (m(e, 8)) + log(N)),

mv;e (IdN - A)*l — matr (R ((I)‘lié’N) (VeC(A))> ”2 =e

inv;e

3. Supvec(A)eK}(‘;
4. for any vec(A) € K5~ ° we have
1 1

Hmatr (R (q)il&i;N) (Vec(A))> H2 <e+ H(IdN - A)le2 <e+ T-TAL <e+ 5
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4. Regularity and polynomial approximation. We shall exploit the classical fact that the an-
alyticity of the coefficient a and of the source term f in 2 combined with periodicity implies an-
alyticity of the solution u of (2.3). This, in turn, will imply exponential convergence of tensor
product polynomial (spectral) approximations, which will be the basis of the NN approximation
developed in Section 5 ahead.

4.1. Regularity. The following result follows from [5, Remark 1.6.5 and Theorem 1.7.1].
Lemma 4.1. There exists Ay > 0 such that S(D) C Hol($2; Ay).

Proof. From [5, Theorem 1.7.1], it follows that S(D) C Hol(f?) and, for each u € S(D), there
exists A, > 0 such that

k—2
1 1
Ul @) < DY ﬁ\f|Hf<Q> +lulla) | Yk e No.

=0

Furthermore, from [5, Remark 1.6.5], inspecting the proof of [5, Theorem 1.7.1], and from (2.2),
the proof is completed since it follows that
O

Ay = sup A, < .
u€S (D)

4.2. Polynomial basis and quadrature. For all p € N, writing ny, = (p + 1)? — 1, we introduce
the L?(Q2)-orthonormal basis functions {p; }1'*; C Q,(Q) with

(41) / p; =0, Vi € {L...,nb} and / PYiP; :5ij7 V(’L,]) S {1,...,nb}2.
Q Q

Those functions are L?({2) normalized Legendre polynomials, excluding the constant function. In
particular,

an = Span({@h ey @nb}) - X

For a quadrature order parameter ¢ > 2, denoting n, = ¢¢, we consider the Gauss-Lobatto quadrature

(2)
k

rule with weights {w,;’},*, and points {ac,(cq)}zqzl such that

/Q F=S w@f@®), Ve Quy a(9),
k=1

There exist constants cquad,1, Cquad,2 > 0 such that

(p+1)¢
—+1 +1
42)  cquaillvliam < Y. wl T w@ET)? < cquaazllvliaq)y Yo € @), YpEN,
k=1

see [3, Equation (6.4.52)]. We assume, for ease of notation, that cquaq,1 < 1 and cquaa2 > 1. We
introduce furthermore the bilinear form with quadrature b

a
bo,

(w,0) =Y wla(z?)Vu(z) - Vo),  Vu,ve Q).
k=1

Eventually, here u, v shall be tensor product polynomials in §2.
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For each a € D, we introduce the matrices

(A%

J

= (e Al =), G E (Lo m)

Let Al be the matrix obtained with a = 1in Q. Let ¢ > p 4 1: for all nonzero x € R"», there

Np,Nq

exists v € X, \{0} such that, foralla € D, x"TA?  x = b7, (v,v) > 0, due to the equivalence

Np,Nq
of norms (4.2) and to the Poincaré inequality (2.5). Hence, the matrices A7, | and A}LMLQ are
invertible. Denote then

Ka _ (Al )—1Aa

Nb,Ng Nh,Ng Np,Ng "

We also introduce the right-hand side vector cy,,, € R™ such that

[cfmb]i:/f@h 1e{l,....,n},
Q

and the vector

Ef;"b = (A:Lb,nq)ilcf;"b'

Finally, let

(4.3) Cu = (An, n)” Chimn

UMb, Ng Nb,yNq

Here and in the sequel, for all ¢ € N, with ny = q%, we will denote a,, € R" the vector with
entries

[a”q]i :a(méq)% Vke{l,...,nq}.
The following two statements concern the norms of the matrices introduced, and will be nec-

essary for later estimates.

Lemma 4.2. There exist Ceoer, Ceont > 0 such that forall a € D, all p € N, and all integer ¢ > p+1,

(44) U(Aa ) C [Ccoera Ccont]; O—((;&a )71) C [I/Ccon‘m 1/Cvcoer] )

Np,Nq Np,Nq

withny, = (p+ 1) — Land nq = q*.
Proof. For all x € R™,

TAl
T < amax® Ay, T

<z A®

T Al
Amin® A np,Ng

Np,Ng

Since the matrices Al and A¢ are symmetric, this implies

’rLb,’qu nb,nq
U((A’}Lb,nq)_lA‘ng’nq) C [amin>amax]-

The assertion follows with Ceoer = @min and Ceont = Gmax- O

Lemma 4.3. There exists a constant C'a > 0 such that, for all p € N, and for all integer ¢ > p + 1,

(AL )" 2 < Ca,

nb,nq

withny, = (p+ 1)? — Land nq = ¢*.
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Proof. From (4.2) and (2.5) and the symmetry of the bilinear form, it follows that

b}Lq( v) (42) HVUHL2(Q) (25) ¢

A Al = min A > inf C inf quad,1
min ( nbmq) /\EU(AiLb,nq) VEXp, ||UHL2(Q = ™quad,l VEX,, ||U||L2(Q) = Cgm
This concludes the proof, since ||(A;,, ng) Yo = 1/Amin (A nb,nq) 0

5. NN approximation. We detail the structure of the branch and trunk networks and state
and prove their convergence rate bounds.

5.1. Branch network.

5.1.1. Input layer. Forall k € {1,...,nq}, denote ﬁnb( (q)) the matrix with entries

Do (@] = w?Veilal”) Ve, (i) € {L....m)

The following statement follows from this definition.
Lemma 5.1. For all o € R the one layer NN

ke, = (o [veeDu, @) | vec(Dy, (@2))] 0., ) )
is such that
(5.1) matr (R(52, ) (@n,)) = —aAs, ..
and M(®,:%, ) < ning.

Proof. We have

[R ((I)ﬁb(fng Ang ] i = —OZZ [Vec (Q) ) (m](cq))7

hence the equality after matricization. The size bound follows from the fact that
Do, (257 lo < b, k€ {1, ,mq} .
Lemma 5.2. Forall o € R the two layer NN
(5.2) ot = (T, @ (AL, )" vee(ld,)) ) © B4,
is such that

matr (R(@A 1d, 0‘)(anq)> = —aA® L H1dy,,

np,n np,n

and M(@gfj’f) <2ning +2nd + 2ny, .

Proof. For all m,n,l € Nand all A € R™*" and X € R"*!, vec(AX) = (Id; ® A) vec(X).
Hence,

(Idnb ® ( Nb,Nq )_1) R(q)nb Ng ) + vec(Idnb)
= —a(Id,, ® (AL  )"')vec(A? . )+ vec(Id,,)

Np,Nq Np,Ng

= —avec((A}L )AL )+ vec(Id,,).

Np,MNq Np,Nq
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Finally, by Proposition 3.3,

M(@140) < 2M(@5, ) +2 (ITdn, @ (AL, ) lo + [Tday ll)) < 2M(@55, ) + 2008 + my). 0

np,Ng np,Ng Nh,Ng np,Ng
The following statement is a consequence of Lemmas 4.2 and 5.2.

Lemma 5.3. Let Ceont, Ceoer be the constants introduced in Lemma 4.2. For all a € D, forall p € N,
for all integer ¢ > p + 1, and for all & € (0,1/Cont),

| matr (R(@g’ld’a)(anq)) o <1 — aCeoer = 1 -4,

Np,Nq
withny, = (p+ 1)? — Land nq = ¢%.

Ny ,Ng

Proof. By Lemma 5.2, matr (R((I’,gvld’“) (@n, )) =1d,, — a_/iflbmq. Due to Lemma 4.2 and since
@ < 1/Cont, this matrix is symmetric positive definite and

IId,, — aA% o= sup x'(Id,, — aA? Yz =1-a inf x A° g < 1= aleoer,

Np,Nq me]R'”’b Npb,Nq :I!E]R"b np,MN,
ll=l2=1 ll=l2=1
where the last inequality follows from Lemma 4.2. 0

Thanks to Theorem 3.4 we can construct the network that approximates the inversion of the “pre-

conditioned Galerkin-Numerical Integration matrix” Kgb n (more precisely, the network that em-

ulates the map a,,, — (A%, )71).

TLb,TLq
ProprosITION 5.4. Let Ceoer, Ceont be defined as in Lemma 4.2. There exists a constant Ciny a4 > 0
such that for all ny, € Nand for all e,y € (0,1), writing o = 1/(Ceoer + Ceont ), § = aCleoer, g = np+1,
and denoting

_ s _
(53) e (22 CU U)K X SOk F
we have
sup H(A?zb,nq)_l - matr(R(q)ijiv;sinv,nb))(anq)H2 < €inv;
a€D
and

L(®{vicmn) < Cinv,a[log(1 4 log giny|) + log(n)] - [ [10g €inv| + log(ny) + log(1 + [log €inv])]

A 2
M(@ﬁw;amﬁnb) < Cim,’An%[l + |log Eim” [1og(1 + |log einy|) + log(nb)]
x [ [10g €inv| + log(np) + log(1 + [log €iny|)]

Proof. We start by estimating the approximation error. By Lemma 5.3,

| matr(R(D219(a,, )|z < 1~ 6.

nb,nq
Then, we have, for all a € D,
I(Ag, )" = matr(R(®h,... ) (@n,) 2

(5.3) ~a _ 1-8,n Ald,a
2 (@A, ,,) " matr(RE@L 2 © B3 a,,)
-1 _ matr(R((I)_L%ﬁf’v )(—a vec(;‘zb’nq) + vec(Id,,))||2

inv; =

= al(eA

T34 g
inv
< = €inv-
(0%

nbyng)
nb,nq
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We now have to bound the depth and size of oA First, we remark that

inv;€iny,Mb

_ [log (Ceoer€inv/2)
m(sinv/avé) - ’710g(16)—‘ ’

where m(-,-) is defined in Theorem 3.4. Now, we use the fact that there exists C; > 0 such that,
for all g5,y € (0,1),
| 1Og(c'coerginv/2)| < Cl(l + | log Einv|)~
Furthermore, there exists Cy > 0 such that for all nj, € N, § > C; . Remark then that |log(1 — y)| >
y for all y € (0,1), hence |log(1 — )|~ < Cy. We infer that for all &;,, € (0,1) and for all n}, € N,
m(einy/,0) < C1C5(1 + |1og €iny|)

Therefore, from Theorem 3.4 we obtain that there exist constants C4, C5 > 0 dependent only on
Ceoers Ceont, and d such that

mv

L (@} %02 ) < Ci (log(1 + [ log £iny]) + log(ms)) - (|10g siny] + log(ms) + log(1 + | log £inu )
and

M (<I>11n;5&) < C5(1 + |log einy|)n [ log(1 + | log einy|) + log(nb)]2

X [| log einy| + log(ny,) + log(1 + | log EinvD]

Since, in addition,

L@ye) =2, M@3') < Cond,

Np,Nq np,N,

for Cs > 0 independent of ny,, we obtain the bounds on the depth and size of A 0

INV;€inv,Nb

5.1.2. Computation of the coefficients.

ProrosiTioN 5.5. There exists a constant C, > 0 such that for all ny, € N and for all €, € (0,1),
writing ng = ny, + 1 and

(I)?;,nb = ((Cf ny ®Idnba nb)) O] (I)A

iIlV;Eu/(HfHLZ(Q)CA),TLb ’

where C is the constant from Lemma 4.3, we have

sup ||c;
a€D

UinG,Ng R((I)gz,nb)(anq)”Q < ey

and
L(®Z ) < Ce, [log(1+ [logeu|) +log(ny)] - [ [log eu| + log(ny) +log(1 + [log eu)]
M(®E ) < Ce,ni[1 4 [logey| ] [log(1 + [logey|) + log(nb)]2
x [ [logey| + log(ny) + log(1 + [logew|)] -
Proof. We will use the following identity: for all m,n,l € N, let B € R™*" and C € R"*..
Then,

vec(BC) = (CT ®1d,,) vec(B).
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Then

~T A
(5.4) (cf;nb & Idnb) R((binv;su/(HfHL2(Q)CA),nb)(a"q>
= matr (R(¥0c, (111,20 Cn)m0) (@) Erin-
Therefore, for all a € D,
||ci;nb,nq - R‘((I)gz,nb)(anq) HQ
(4.3) ~a _ 5 ~
2 (Ag, )7 = matr (RO, sy ) (@) ) Epin 2

Aa — A ~
< 1&g, )" = mate (RO, a0 ) (@n) ) 121G 2

P54 ¢
< —— (AL ) H2llesnll2
s | Ang) ™ ollesin |
N
Ol F o wallllicz @) = Su
CA||fHL2(Q) @)

where in the last two steps we have used the orthonormality of the basis, Proposition 5.4, and
A

it is sufficient to
inview /(1 fll L2 () Ca)imn’

Lemma 4.3. To derive the bounds on the size and depth of ®
remark that

”E}r;nb ® IdanO < nl2)7

that replacing i,y with £, /(|| f||2(2)Ca) can be absorbed by a change of constants in Proposition
5.4, and conclude with Proposition 5.4. O

5.2. Trunk network. The following emulation rates for the approximation of the polynomial
basis are a direct consequence of [18, Proposition 2.13].

ProrosritioN 5.6. There exists Cy, > 0 such that, for all ey, € (0,1) and all ny, € N, there exists a NN
®> - such that R(® , ) :R? — R™, that

£b,Nb £b,Nb

i R (I>b . < ,
el = [R(2Z, )] o) < e

and that
L(‘I)l;bmb) < Yy <|10g ep| + ni/d) log ny,
M(@L, ,,,) < Cy (0 + m/* fog eu] + (1 + log i, + [log =) )

5.3. Operator network expression rates. Combining the results from Sections 5.1 and 5.2, we
obtain the main result on the operator network approximation of (2.3). The general structure of
the operator network is represented in Figures 1 and 2.

Tueorem 5.7. There exists C' > 0 such that, for all ¢ € (0, 1), for all a € D with u® = S(a) as defined
in Section 2, there exist

(a) np,nq €N,

(b) aset of points ene == {x1,...Tn,} C Q,

(c) two NNs ®L* and @' with R(®L) : R — R™ and R(®Y) : Q — R™,
such that
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(i) mpynq < C(1+ Jlogel”),

(i) the following error boun

(iii) ase ] 0,

L(92") = O ([loge| (log [log e])) .

and

L(®") = O (|loge] (log [logl)) ,

d holds:

sup [[u® — (Raw 0 Agr 0 &g, ) (@)1 (0) < e,
a€D

M(@E) = O (Jlog ef**** (1og log =])?)

M(®F) =0 (|log5\d+1) .

13

Proof. Due to Lemma A.2, there exist constants Cg, bg, Cq > 0 such that for all n}, € N, there

exists nq < Cqny, such that

d
lu —ul, Ny < Caexp(—beny'?),

} i € Xy, is the Galerkin-Numerical Integration projection of u*,
2

b5, (uy v) = (f,v), Yo € X,

sup
a€D
a _ L) a
where uy, = >7", {cu;nb,nq
such that
Fix now

(5.5)

and nq(e) = np(e) + 1,

MNp,Nq?

d
np(e) = Plog(€/3)b|G+ log C’G"

We observe that (5.5) implies that there exists a constant C}, > 0 such that, for all e € (0,1),

we have ny, (), nq(e) < Cp(1 + |log e|?), i.e., item (i) of the statement of the theorem.

We also define Cpo1 > 0 as

(5.6) IVl

a constant such that, for all p € N,

lL2(o) < Opolp2||Q||L2(Q)a Vg € Qp(9).

This inverse inequality follows straightforwardly from the classical Markov inequality in (0, 1),

with a tensorization argument (which yields that Cpo ~ v/d). With ny,(¢) as in (5.5) define

9 9

(5.7) &=

Due to (5.5),

(5.8)

Define then

br Cy tr _ g{b
CI)E = (I)su,nb(e) and q)é‘ - (I)Ebynb(a)’
where the NNs 7+ () and ‘b?b ny(c) are defined in Propositions 5.5 and 5.6, respectively.

- 3np(e)1/2(2 + Sup,ep [[u?| L2 () ’

a a
sup [w® = up, n llm1(0) < €G-

T B Oy () A
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Error estimate. Forall a € D,

[u® — (R(®)(an,)) - R(®) || 1o
<l =gy @) + lug, = (R(®2) (@ny)) - R(PE) 110y = (1) + (I1).

We have already established that (I) < eq = ¢/3. Let us consider (II) then. We have

i (2)
H’—uij([mm%]i—[R@:mﬁprﬂJR@;M@ﬂ)nmm>
n(e)
snif([m%%] [R@, )(@n)] ) eilln)

np (6

+H§j[ 02 )], (0= [RE@E, )] ) o)
= (IIa) + (IIb).
Denote, foralli € {1,...,n,(e)},
;= {ci;nb,nq}i - {R(@gz,nb(e))(a"q)}i'

Using the L?()-orthonormality of the basis, the Cauchy-Schwarz inequality, the polynomial in-
verse inequality (5.6) and Proposition 5.5, we obtain

n(€) ny, (&) 2 n(€) 2
(110)* < || 3 mieillips oy :/Q Z nii +/Q Z 7V
=1
W) 'S S np (<) 2
Zm/% / me
cs [ (<)
S ) (1o X [fvar
(56 .
< ey~ B ) @3 (14 Com(e) /)
P.5.5
<

&l (14 Clomn () +4/7)

) (6)2.

(5.

ING
Wl

Next, we estimate

IR(®Z ) (@ng)ll2 S TTR(PZ ) (@ng) = Chiny g ll2 + €00, 0, 12

P.5.5,(4.1) .
(5.9) < 1 + ||unb,nq||22(9) .
< 1A fupy g = 2@ + w20
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Then,

ny, (&)

C-S
(I < IR )@ 3 o = [R@E, )] o)

< ()| R@ . ) (@n,)I3

P.5.6,(5.9)
<

; (I)b :| 2
o o= [R@E )] o)

(2+ HUGHLZ(Q))QE%
en 2
< (= .
<(5)
We can conclude that
lu® = (R(@2)(@n,)) - R(®E) |20 < (1) + (ITa) + (110) < &

Depth and size bounds. Using (5.5) and the definitions (5.7), we obtain that there exists a
constant C; > 0 such that, foralle € (0,1),

1+ max (|logey|,|logeg|, |logey|) < C1(1 + |logel).

We infer then, from Proposition 5.5, that there exists C> > 0 such that, for all e € (0, 1),

L@, )< Co (1 +log(1 + IlogEId)) (1 + [logel)

RONG

and

3 2
M@, ) < Ca (1 +[logel") (14 floge])® (1 +log(1 + floge]”))

Eu,nb (€)

Furthermore, from Proposition 5.6, we have that there exists C3 > 0 such that for all ¢ € (0,1)

L(®L, (o)) < Ca(1 + [loge]) log(1 + [log e|*)

and
M(‘I)le)b,nb(e)) < C3(1 + [loge|*™).
Using the definition of ®!" and ®"* gives Item (iii) and concludes the proof. 0

5.4. Parametric diffusion coefficient. In many applications, for example in uncertainty quan-
tification, one is interested in the case where the diffusion coefficient in (2.3) is parametric. This
is naturally accommodated for by composition with solution operator networks and we briefly
detail this here. Specifically, suppose that there exists d;, € N and a compact set P C R% such
that a : P — Hol(Q?) and that there exist constants amin, Cp, bp, @p, Ap, Ay > 0, and functions
Y;: Q2 —>Rand a; : P — R, i € N, such that

. > i
(5.10) nf, Inf a(y)(x) > amin,
that
(5.11) Vn, € N, sup |la(y Zal il Lo () < Cpexp(=bpng?),

yeEP
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with

(5.12) VieN, 1 € Hol(2Ay),  a; € Hol(P; Ap),
and that

(5.13) sup Y _Jai(y)| < Ap.

yeP i=1

Here, we use the same constant A, in the second hypothesis in (5.12) and in (5.13) only to simplify
notation. For all y € P, we denote u,, € X the solution to

(5.14) =V (a(y)Vuy) = f,  in.

Remark 5.8. Functions that can be written in Fourier series as

a(y)(z) = Y ak(y)e™ ™,

keZd

where ay, € Hol(P, A;,), with exponential decrease of sup,,cp |ax(y)| with respect to [k|, and such
that a is bounded from below, fulfill conditions (5.11), (5.12) and (5.13).

Lemma 5.9. There exists C' > 0 such that for all n, € Nand for all e € (0,1), there exists a NN
@g;czef with input dimension dy, and output dimension n,, such that

n

(5.15) _ma

- Np

la: — [R(@252)] Nlomm) < ¢

and that L(02°f) < C(1 + [loge|)(1 + log [log e]) and M(D22f) < C(1 + [loge| ™+ )ny,.

Proof. The statement follows from a parallelization of the network of [18, Theorem 3.6] ]

Tueorem 5.10. Let di, € N and let a and u,, be defined as above. There exists C' > 0 such that, for all
€ € (0,1), there exist

(ﬂ) np €N,

(b) two NNs @ and ' with R(®L") : R% — R™ and R(®Y) : Q — R™,
such that

(i) my < C(1+ log [,

(i) the following error estimate holds:

sup [[uy — (R(2) () - R(®¥)|| (o) <€,
yeP

(iii) ase ] 0,
L(@Er) = O (|loge| (log|logel)),

M(®) = O (Jlogef***? (log log <))* + flog e +1/°r)
and

L(@) = O (loge| (log [log ), M(@) = O (Jloge|**) .
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Proof. The proof proceeds in several steps. We first prove a basis consistency bound, then

detail the construction of the ONet, and conclude with bounds on the depth and size of the ONet.
Let C';, > 0 be the constant such that, given a;, a; € L*°(£2) such that

(5.16) 0< a%:n < a; < max(amax, (1 + Ap)Ay), a.e.inQandfori=1,2,
and u; = S(a;), 7 = 1,2, then
lur — uz|[ 1) < CLllar — azl|L=(q),

see Lemma B.1. We suppose, without loss of generality and for ease of notation, that A, > 1 and
Cr, > 1. Let now n, be the smallest integer such that

CrCpexp(—byny?) < min (E amm) .

32

This implies that there exists a constant C; > 0 (depending only on Cy,, Cy,, by, amin) such that
np < C1(1+ [loge|"/*")

and that, due to (5.10), (5.11), (5.12), and (5.13),

Qs
. . . > min o < A A
(5.17) Jof inf Z ai(y z5 0w | Z ai(Y)ill L= (o) -

Let then
1 £ Omi v
1 = : 7 min 7 |: (I)a Coef :| s
(5.18) €p A, min (3CL 1 > ; epip P

where the network <I>“ cocf js defined in Lemma 5.9. We now show that @ fulfills conditions like
(2.1) and (2.2) (with updated values of the constants amin, Gmax, Ap), uniformly with respect to
ny, and €,. From (5.15) and (5.17), it follows that, for all £ € Ny,

Np

sup [[&llwe oy < sup 3 (Jai(y) — [R@ED] |+ las(y)]) [[0illwe~
yeP yeP ;4 ¢

< (npep + Ap) ASTHR < (14 Ap) AFURL

(5.19)

Furthermore, forally € Pand all z € ©,

W)@ > Y (RO, — 0) 6 + D aupi )
(5.20) i -
W2

4

Y

— npepAy,

>

Here we have used (5.13), (5.15), (5.17), and the definition of ¢, in (5.18).
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Construction of the operator network and error estimate. For ¢ € N, ny = g%, we introduce
the matrix V,,_ , € R"a*"» with entries

(5.21) [Vianeyy = (@ o), =1, ng j=1,... 0,
where :vgq), ce :1:5{1({) are the quadrature nodes introduced in Section 4.2. Then the NN
(522) (bgp,np,nq = ((an,np7 an)) © (bgpc,?lit

has realization such that

R(®L, 1) ) (Y) =

Let u, € X denote, for each y € P, the solution to

V- (a(y)Vuy) = f, in Q.

Thanks to (5.19), (5.20), and to Theorem 5.7, there exist a constant C5 independent of ¢, nq € N
such that nq < Cs(1 + |loge|), and networks <I>b’3 and CD” )3 such that, forall y € P,

iy — (R@Y) o R(®E, ., ) () R <

Furthermore, for all y € P, a(y) and a(y) satisfy the conditions in (5.16), hence

OJ\(")

|1ty — Uyl 1) < Crlla(y) —aly )HLOO(Q)

<y <|a Zaz Jill = + 1Y (asty) — [R5 ()] ) winmm>
=1
< % + CLTLPEPA,/,
<2
~ 36.
We deduce that

sup [luy — (R(B3) o R(DE, 1)) (1) - R(Bs) o) <,
yeP

which is Item (ii), with

(pbr . (1)6/3 ® (I)a

Ep;Mp;Nq’

(I)tr — @5/3

Depth and size bounds. The bounds on the depth and size of @ can be inferred directly from
Theorem 5.7. To compute bounds on the size and depth of @b, note that, by Lemma 5.9, there
exist C'3, Cy4, C5, Cg independent of € such that

(523)  L(®2o) < Co(1+ [logep|)(1 + log log p]) < Ca(1 + [log e])(1 + log log <)
and
(524) M(@25) < Cs(1+ flog ey ™)y < Co(1 + [loge| ™ F11/),
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Furthermore, there exists Cr independent of ¢ such that

(5.25) [V llo < npng < C7(1 + [loge| /).
From (5.24) and (5.25) it follows that
(526) L(®F , )< Cs(1+]|logel)(1+logllogel),  M(®E )< Co(l+ [loge|™ /ey,

for constants Cs, Cy independent of e. Combining the bounds in (5.26) with the bounds on the
depth and size of @E;?) coming from Theorem 5.7 concludes the proof. 0

Remark 5.11. If each function a; does not depend on all the parameters but only on a subset of
them, the size bound of Theorem 5.10 results in an overestimation. Specifically, for all i € N, let P;
be the domain of a; and denote d}, ; := dim(P;). Then, with a slight modification of Lemma 5.9 we
obtain in Theorem 5.10 that there exists a constant ¢ > 0 independent of ¢ such that for e | 0,

cllog |/ P
M(®P) = O | |loge**™ (log [log ) + Z llog e[
i=1
Clearly, setting d,, ; = dj, for all ¢ in the equation above gives the estimate in Theorem 5.10.

Remark 5.12. Similar results to Theorem 5.10 can be obtained through the technique in [11], by
using the exponential convergence of polynomial approximations to the functions in the solution
manifold M = {u(y) : y € P} to derive an upper bound on the n-width of M.

6. Generalizations. All steps of the analysis of ONet emulation rates for the coefficient-to-
solution map of (2.3) directly generalize to other, structurally similar, linear divergence-form ellip-
tic PDEs. We illustrate the extension of the preceding result by two of these: anisotropic diffusion-
reaction equations and linear elastostatics.

6.1. Linear anisotropic diffusion-reaction equations.
6.1.1. Definition of the problem. We consider again the torus Q = (R/Z)%. For a constant
Apra > 0, introduce the set of admissible data
D' € Hol(€; Apra)?*4 x Hol(Q; Apra)
of pairs (A, ¢) and suppose there exist Qy C @, Gmin, cmin > 0 such that for all (A, ¢) € D,
e A is symmetric and is uniformly positive definite, i.e., A;; = A;; and
Ve e Q, VEe R, ¢TA(@)€ > ammlE]?
e ¢(x) > Cpin forall ¢ € Q.
For all (A, c) € D', the bilinear form b(4°)(- ) : H'(Q) x H'(Q2) — R given by

6(A) (w,v) = / ((AVw) - Vv + cuw)
Q

is coercive, i.e., there exists a constant oy > 0 independent of (A, ¢) such that

Vo e H'(Q), b6 (v,0) > aollvlF g, -

The continuity of the form b(4°)(.,.) on H'(Q) x H'(Q) — R being evident, the Lax-Milgram
Lemma implies that for every f € Hol(2) there exists a unique solution

we HY(Q): 6B (u0) = (f,v) Yoe HY(Q).
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For given, fixed f € Hol(2), the coefficient-to-solution map
S (A e) = u

is analytic. Furthermore, there exists A4;:a > 0 such that

ST(Dr) € Hol(Q; Ayyra),
which can be proven as in Lemma 4.1.

6.1.2. Operator network approximation. We introduce, for all n, € Nsuch thatq := né/ ‘eN,

the encoding operator £51 : C(Q)#*4 x C(Q) — R¥ "at7a such that

vec(A(z{"))
£l (a0 = | VeSAED) |
cfal”)
c(az%’f)
where .. = wg(”, e ac%qq) are the points from Section 4.2. Theorem 5.7 can then be extended to

this class of reaction-diffusion equations.

Tueorem 6.1. Theorem 5.7 holds with a € D replaced by (A, c) € D', S(a) replaced by S (A, ¢c),
and &, (a) replaced by £ (A, c).

For all p € N, writing 71, = (p + 1)%, we consider L?(2)-orthonormal basis functions {;}",
of Q,(Q2), ie.,

Aalaj :(Sij; V(l,]) S {17...7ﬁb}2.

Let then

an = span({@l, RN Qzﬁb}) C X = Hl(Q)

In order to prove Theorem 6.1, we have to replace the input layer network introduced in
Lemma 5.1 with an input layer adapted for anisotropic diffusion-reaction problems, as introduced

in Lemma 6.2. For k € {1,...,nq}, we introduce f)(:ciq)) such that

Difn (@) = 0l (02, ) (@) 0o, B @), (129) € (Lo}, () € {1, d).
Furthermore, let v : N> — N be the reordering such that for any matrix A,
(6.1) vec(A)y i) = Ayj.

. . — 2 2
We introduce the operation vec : R™bXnoxdxd _, R, xd

vee(D(@))o(i.jyo(mm) = D (@),

mn

Finally, define

—

M (@) = w” Gi(@) 35 ().
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LemmMma 6.2. For all o € R the one layer NN
A0 ((—a [VAeE(]S(:BYI))H .. |vee(D(@))] vec(M(z(")] ... |vec(ﬁ(m@>))] ,onh))

Np,Ng Ng

is such that

matr (R(@(2) (€5 (A,€))) = —ab®™)(3;,5:)
ij
and M(®0) < (d2 4 1)n2ng .
Proof. We have
(A,c),a rd
B2 @l )
d
= —aZwk ( > (A (00,85) (0, @) (217) + (355 (=] >>>
m,n=1

Ng

= —ay_wi? (I(AV5) - (V&) @) + 7:5] (1))
k=1
hence the equality after matricization. The size bound follows from the fact that

D@ )0 < d®n3, Mo < n?,

forallk € {1,...,n4}. O
We can now prove Theorem 6.1.

Proof of Theorem 6.1. The proof follows along the same hnes as the proof of Theorem 5.7. In
particular, in the construction of ®, the input network 2% and Lemma 5.1 are replaced by the

’nb n
network @21:,2"‘ and Lemma 6.2. Then, the spaces X and X,,, are replaced by X and )’Zﬁb. The
basis {¢1, ..., Px, } is equal to {®1, ..., ¢y, } with the addition of a constant function, which can
be emulated exactly by deep ReLU neural networks. Hence, Proposition 5.6 can be extended to
this case. Finally, the matrices A2  and A! used in the proof of Theorem 5.7 are replaced,

Np,Ng Nb,Mq

respectively, by the matrices with entries

b2)(3;, &) and bJN(3;,5),  (4,4) € {1,..., T}

where

(A() qu)( Vu( )) +qu) (Q)) (z é))v

for all u,v € C*(Q). Since the bilinear form b(#:¢) is coercive and continuous on H'(f), results
equivalent to Lemmas 4.2 and 4.3 with the new matrices can be proven directly. The rest of the
proof is the same as the proof of Theorem 5.7. 0

6.2. Linear Elastostatics.

6.2.1. Definition of the problem. We assume d = 2,3. Small, linear elastic deformation of
a body occupying Q@ = (0,1)* with periodic boundary conditions and subject to a prescribed,
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periodic body force f : 2 = R?/Z? — R? can be described by the displacement field u : 2 — R?
which satisfies the equilibrium of stress

(6.2) divelu]+ f=0 inQ.
Here ofu] : Q — R4 is symmetric matrix function, the so-called stress tensor. It depends on the
displacement field u via the (linearized) strain tensor e[u] : Q@ — Rgﬁg which is given by

1 1
(6.3) elu] :== B (gradu + (gradw) '), (e[u]);; := 5(3jui +0u;), 4,5=1,...d.

In the linearized theory, the tensors o and € in (6.2), (6.3) are related by the linear constitutive
stress-strain relation (“Hooke’s law”)

(6.4) o = Ae.

In (6.4), Ais a fourth order tensor field, i.e. A = {A;;x : 4,7, k,1 =1, ..., d}, with certain symmetries:
the d* component functions A, 5, () are assumed analytic in [0, 1]¢ and 1-periodic with respect to
each coordinate, and satisfy for every = € Q,

(6.5) Vr e R4 A(z)T e RS and V7,0 € R (A(x)T): 0 = (A(x)o) : T .

Sym? sym sym ?

Key assumption on A is coercivity: there exists a constant a,i, > 0 such that

(6.6) Vo e, V7 € Rgﬁi (A(2)T) : T > amin|| T3 -

see, e.g., [24] for details. Inserting (6.4) into (6.2), integrating by parts and noting the periodic
boundary conditions, the so-called “primal variational formulation” of (6.2) reads: find u* €
[H(Q)/R]? such that

(6.7) bt (ut,v) = /Qe['v] : (Ae[ut]) = /Q fv Yo € [H(Q)/R]? .

Unique solvability of (6.7) is implied by the Lax-Milgram Lemma with (6.6) and Korn's inequality
upon noticing that the space X¢ = [H'(Q2)/R]¢ does not contain rigid body motions: rigid body
rotations are eliminated due to the periodicity of the present setting, and rigid body translations
with the factoring of constants in each component. The Korn inequality and the Poincaré inequality
(2.5) imply existence of a positive constant ¢ such that

Yoe X4 bh(v,v) > camin||vH§{1(Q) .

For given, fixed f € [Hol(£2)/R]¢, which is 1-periodic in each argument, there exists a unique
solution of (6.7). Furthermore, the coefficient-to-solution map S¢ : A — u? is analytic from the
set D! = {A € Hol(€, Apa)®" : (6.6) and (6.5) hold} to U = S°(D) ¢ X< M Hol(€, Ayer)?, for
positive constants Apei, Ayer.

6.2.2. Operator network approximation. For the operator network approximation of the map
S°l, we introduce modified encoding and reconstruction operators. To construct the encoding
operator, we extend the definition of the vectorization operation to fourth order tensors so that,
forall B € R™**™, vec(B) € R" ™. We consequently extend the definition of the reordering
function introduced in Section 6.1 to v : N x N x N x N such that

(6.8) vec(B)o(m,n,p,q) = Bmnpg-
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The modified encoding operator £5' : [C([0, 1])]4xdxdxd R4'7a is then given by

vec(A(@{"))
(6.9) Enne (B) = : :
vec(A(@())
where o, = wgq), ... ,a;squ) are the usual quadrature points. For all m € N, the modified recon-

struction operator R°' : R — H'(Q)? is instead defined, given a neural network ®Pr#"h such
that R(®branch) . O — R™, as

(6.10) R pemnen (€)(2) = (Idg @ R(®*™)(2)) ¢, V€ Q, VeeR™,

We can now state the operator network approximation result for problem (6.2).

Turorem 6.3. Theorem 5.7 holds with a € D replaced by A € D, S(a) replaced by S'(A), Ex.,..(a)
replaced by £ (A), and R replaced by R,

Proof. We construct a basis of the dny-dimensional discrete space X¢, approximating X< as

¥1 Pry, 0 0
1101: 7"'7¢"b: 7"'7¢(d—1)nb+1: a¢dnb: )
0 0 ®1 Prp
where o1, ..., ¢,, are the Legendre polynomials defined in Section 4.2. The trunk network ®! is

then constructed as in the proof of Theorem 5.7: it follows that the jth column of

(Ids @ R(@™)) "

contains an approximation of ¢, for each j € {1,...,dny}.

To construct the branch network ®°7, we replace the input layer used in the proof of Theorem
5.7, in a similar way as we did in Lemma 6.2. Define, for all 7,5 € {1,...,dny} and m,n,p,q €
{1,...,d},

Dl np(@y”) = wff’ (el @) (elb,)(=("))

pq
and let vec(D(2\?)) € R¥"0x4" such that

‘766(D (ml(gQ) ))h(i,j)b(m,n,p,q) = D;fmpq (wl(f) ) )

with v defined in (6.1) and (6.8) for two and four arguments, respectively. Then,
o2, = ((~a [veed@?))]...|veeD@?))] ,0.,))
is such that

matr(R(@fLﬁnq)(é'el (A)))“:—abA('gij/JiL (i, 5) € {1,...,dnp}%

Zenc ij

We can then construct @' as in the proof of Theorem 5.7, with @ﬁlﬁnq replacing ‘I’ffnq- The rest

of the proof follows the same argument as the proof of Theorem 5.7. O
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7. Conclusions. We proved, in the periodic setting on Q = R¢/Z4, the exponential conver-
gence of deep operator network emulation of the coefficient-to-solution map of some linear elliptic
equations, under the assumption of analytic coefficients a and right-hand sides f. The proof used
the analytic regularity of solutions u® of (2.3) implied by classical elliptic regularity results and
the consequential exponential convergence of polynomial approximations of @ and «* and of fully
discrete spectral-Galerkin numerical schemes. We have developed the analysis for isotropic diffu-
sion equations and extended it to problems with parametric diffusion, with anisotropic diffusion
and reaction, and to linear elastostatics.

Appendix A. Convergence of fully discrete Spectral-Galerkin Solution. We present here the
exponential convergence of fully discrete Spectral-Galerkin solutions of the problems considered
in this paper. The following classical approximation result will be useful.

Lemma A.l. Let A > 0. Then, there exist C,b > 0 such that for all p € Ny and for all v € Hol(£2; A),
inf |jv —wl|[pe(q) < Cexp(—bp).
weln(Q) | [0 (0) < p(—bp)

Proof. The statement is a consequence of, e.g., [18, Remark 3.1 and Theorem 3.5]. 0

The following lemma, then, concerns the convergence of fully discrete Spectral-Galerkin solutions
for problems in (2, with analytic right-hand sides and coefficients.

Lemma A2, Let © € {D, D', D'} and o = d for linear elasticity, 0 = 1 otherwise. Let f € Hol(£2)?
and, for coefficients 0 € ©, let b9 (-, -) be one of the bilinear forms defined in Sections 2.1, 6.1.1, or 6.2.1.
There exists Cy,Cy > 0 such that, for all p € N and for all integer ¢ > p+ 1,

sup Hue - qu,nq||H1<Q> < Oy exp(—Cap),
0c6
where uj, ., € Qp(Q)° is such that b0, (uf, . v) = (f,v) forall v € Q,(Q)°.

Proof. Strang’s lemma [20, Lemma 10.1] implies that there exists C' > 0 independent of § € ©,
p, and ¢, such that

. |be(v,w) - bfL (U,UJ)‘
b — uzb,anHl(Q) <C inf [u? = v i) + sup 2 .
vEQL(Q)° weQ,(2)°\{0} ||U||H1(Q)Hw||H1(Q)

By [3, Section 6.4.3], then, denoting p = |p/2], there exists C>0 independent of § € ©, p, and ¢
such that

0 _ 8 <C inf 0 _ inf || — v]| e
||u u”b""anl(Q) ¢ ve(ng(Q)D ||u UHHI(Q) +vlenY55 ” UHL @ )

where the space Y; depends on the problem under consideration:

Qs(2) if© =D,
Y5 = {A € Q)™ Ay = Aji} x Qz(Q) if © =D,
{a € Q()dxdxdxd . (6.5) holds} if © = Del.

Since functions in © and in S(D), S*(D"), or S° (D) are analytic with uniform bounds on the
norms at all orders, using Lemma A.1 concludes the proof. 0

Appendix B. Lipschitz continuity of the data-to-solution map. For the readers’ convenience,
we provide a proof of the (known) Lipschitz dependence of the solution of the PDEs considered
in this paper on the coefficients.
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Lemma B.1. Let X be a Hilbert space, let Y be a Banach space, and let © C Y. Let furthermore
6% : X x X — R bea bilinear form that is also linear with respect to the coefficient 6. Suppose that

(B.1) 0% (u,v) < 110]ly ||ullx ||vlx, Yu,v € X, V8 € Y.
Furthermore, suppose there exists 0,,i, > 0 such that
(B.2) 0% (u,u) > Oinlull%, Vue X, VOcO.
For fixed f € X' and for each 6 € ©, define u’ € X as the function such that
(B.3) 0% (u?,v) = (f,v), Yv € X.
Then, there exists Cr, > 0 (depending only on Oy and f) such that

[u® —u®?||x < CL||1 — O]y, V01,02 € O.

Proof. Denote u; = uw, i =1,2. Using (B.2), (B.3), the continuity of the bilinear form with
respect to the coefficient, and (B.1)

1
lur —ugl% < =—b% (ug — ug, ur — us)

Hmin
1
< 7 (672 (u, us — ua) — b7 (ug, us — us))
1
< g 162 = Oully fluzllxflur — uallx.
The Lax-Milgram bound [|us||x < 72 ||f||x+ concludes the proof. 0
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