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Abstract

We prove exponential expressivity with stable ReLU Neural Networks (ReLU NNs) in H'(Q) for
weighted analytic function classes in certain polytopal domains 2, in space dimension d = 2, 3. Func-
tions in these classes are locally analytic on open subdomains D C 2, but may exhibit isolated point
singularities in the interior of 2 or corner and edge singularities at the boundary 9. The exponential
expression rate bounds proved here imply uniform exponential expressivity by ReLU NNs of solution
families for several elliptic boundary and eigenvalue problems with analytic data. The exponential ap-
proximation rates are shown to hold in space dimension d = 2 on Lipschitz polygons with straight sides,
and in space dimension d = 3 on Fichera-type polyhedral domains with plane faces. The constructive
proofs indicate in particular that NN depth and size increase poly-logarithmically with respect to the
target NN approximation accuracy € > 0in H'(92). The results cover in particular solution sets of linear,
second order elliptic PDEs with analytic data and certain nonlinear elliptic eigenvalue problems with
analytic nonlinearities and singular, weighted analytic potentials as arise in electron structure models.
In the latter case, the functions correspond to electron densities that exhibit isolated point singularities
at the positions of the nuclei. Our findings provide in particular mathematical foundation of recently
reported, successful uses of deep neural networks in variational electron structure algorithms.

Keywords: Neural networks, finite element methods, exponential convergence, analytic regularity,
singularities
Subject Classification: 35Q40, 41A25, 41A46, 65N30
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1 Introduction

The application of neural networks (NNs) as approximation architecture in numerical solution methods
of partial differential equations (PDEs), possibly on high-dimensional parameter- and state-spaces, has
attracted significant and increasing attention in recent years. We mention only [47, 6, 38, 39, 45] and the
references therein. In these works, the solution of elliptic and parabolic boundary value problems is
approximated by NNs which are found by minimization of a residual of the NN in the PDE.

A necessary condition for the performance of the mentioned NN-based numerical approximation
methods is a high rate of approximation which is to hold uniformly over the solution set associated
with the PDE under consideration. For elliptic boundary and eigenvalue problems, the function classes
that weak solutions of the problems belong to are well known. Moreover, in many cases, representation
systems such as splines or polynomials that achieve optimal linear or nonlinear approximation rates for
functions belonging to these function classes have been identified. For functions belonging to a Sobolev
or Besov type smoothness space of finite differentiation order such as continuously differentiable or
Sobolev-regular functions on a bounded domain, upper bounds for the approximation rate by NN
were established for example in [50, 11, 51, 25, 48]. Here, we only mentioned results that use the ReLU
activation function. Besides, for PDEs, the solutions of which have a particular structure, approximation
rates of the solution that go beyond classical smoothness-based results can be achieved, such as in
[7,44,22,2,19]. Again, we confine the list to publications with approximation rates for NNs with the
ReLU activation function (referred to as ReLU NNs below).

In the present paper, we analyze approximation rates provided by ReLU NNs for solution classes of
linear and nonlinear elliptic source and eigenvalue problems on polygonal and polyhedral domains.
Mathematical results on weighted analytic regularity [13, 14, 12, 1, 3, 15, 32, 5, 28, 31] imply that these
classes consist of functions that are analytic with possible corner, edge, and corner-edge singularities.

Our analysis provides, for the aforementioned functions, approximation errors in Sobolev norms
that decay exponentially in terms of the number of parameters M of the ReLU NNs.

1.1 Contribution

The principal contribution of this work is threefold:

1. We prove, in Theorem 4.3, a general result on the approximation by ReLU NNs of weighted analytic
function classes on Q = (0, 1), where d = 2, 3. The analytic regularity of solutions is quantified
via countably normed, analytic classes, based on weighted Sobolev spaces of Kondrat’ev type
in (), which admit corner and, in space dimension d = 3, also edge singularities. Such classes
were introduced, e.g., in [3, 1, 12, 13, 14, 5] and in the references there. We prove exponential



expression rates by ReLU NN in the sense that for a number M of free parameters of the NNs, the
approximation error is bounded, in the H'-norm, by C exp(—bM*/??+1)) for constants b, C' > 0.

2. Based on the ReLU NN approximation rate bound of Theorem 4.3, we establish, in Section 5,

approximation results for solutions of different types of PDEs by NNs with ReLU activation.
Concretely, in Section 5.1.1, we study the reapproximation of solutions of nonlinear Schrédinger
equations with singular potentials in space dimension d = 2, 3. We prove that for solutions which
are contained in weighted, analytic classes in €2, ReLU NNs (whose realizations are continuous,
piecewise affine) with at most M free parameters yield an approximation with accuracy of the
order exp(—bM 4+ for some b > 0. Importantly, this convergence is in the H'(2)-norm.
In Section 5.1.2, we establish the same exponential approximation rates for the eigenstates of
the Hartree-Fock model with singular potential in R®. This result constitutes the first, to our
knowledge, mathematical underpinning of the recently reported, high efficiency of various NN-
based approaches in variational electron structure computations, e.g., [37, 18, 16].
In Section 5.2, we demonstrate the same approximation rates also for elliptic boundary value
problems with analytic coefficients and analytic right-hand sides, in plane, polygonal domains
Q. The approximation error of the NNs is, again, bound in the H'(2)-norm. We also infer an
exponential NN expression rate bound for corresponding traces, in H'/?(9$2) and for viscous,
incompressible flow.

Finally, in Section 5.3, we obtain the same asymptotic exponential rates for the approximation
of solutions to elliptic boundary value problems, with analytic data, on so-called Fichera-type
domains Qr C R? (being, roughly speaking, finite unions of tensorized hexahedra). These
solutions exhibit corner, edge and corner-edge singularities.

3. The exponential approximation rates of the ReLU NNis established here are based on emulating cor-

responding variable grid and degree (“hp”) piecewise polynomial approximations. In particular,
our construction comprises tensor product hp-approximations on Cartesian products of geometric
partitions of intervals. In Theorem A.25, we establish novel tensor product hp-approximation results
for weighted analytic functions on @ of the form ||u — unp || g1 (@) < Cexp(—b %/N)ford=1,2,3,
where N is the number of degrees of freedom in the representation of un, and C, b > 0 are inde-
pendent of N (but depend on u). The geometric partitions employed in ) and the architectures of
the constructed ReLU NN are of tensor product structure, and generalize to space dimension
d>3.
We note that hp-approximations based on non-tensor-product, geometric partitions of @) into
hexahedra have been studied before e.g. in [40, 41] in space dimension d = 3. There, the rate of
llu — unpll 1) S exp(—b V/N) was found. Being based on tensorization, the present construction
of exponentially convergent, tensorized hp-approximations in Appendix A does not invoke the
rather involved polynomial trace liftings in [40, 41], and is interesting in its own right: the geometric
and mathematical simplification comes at the expense of a slightly smaller (still exponential) rate
of approximation. Moreover, we expect that this construction of uy, will allow a rather direct
derivation of rank bounds for tensor structured function approximation of v in @, generalizing
results in [20, 21] and extending [30] from point to edge and corner-edge singularities.

1.2 Neural network approximation of weighted analytic function classes

The proof strategy that yields the main result, Theorem 4.3, is as follows. We first establish exponential
approximation rates in the Sobolev space H' for tensor-product, so-called hp-finite elements for weighted
analytic functions. Then, we re-approximate the corresponding quasi-interpolants by ReLU NNs.

The emulation of hp-finite element approximation by ReLU NN is fundamentally based on the
approximate multiplication network formalized in [50]. Based on the approximate multiplication
operation and an extension thereof to errors measured with respect to Wh4-norms, for g € [1, 0],
we established already in [34] a reapproximation theorem of univariate splines of order p € N on
arbitrary meshes with N € N cells. There, we observed that there exists a NN that reapproximates
a variable-order, free-knot spline u in the H L norm up to an error of ¢ > 0 with a number of free
parameters that scales logarithmically in € and |u| g1, linearly in IV and quadratically in p. We recall this
result in Proposition 3.7 below.

From this, it is apparent by the triangle inequality that, in univariate approximation problems
where hp-finite elements yield exponential approximation rates, also ReLU NNs achieve exponential
approximation rates, (albeit with a possibly smaller exponent, because of the quadratic dependence on
p, see [34, Theorem 5.12]).

The extension of this result to higher dimensions for high-order finite elements that are built from
univariate finite elements by tensorization is based on the underlying compositionality of NNs. Because



of that, it is possible to compose a NN implementing a multiplication of d inputs with d approximations
of univariate finite elements. We introduce a formal framework describing these operations in Section 3.

We remark that for high-dimensional functions with a radial structure, of which the univariate radial
profile allows an exponentially convergent hp-approximation, exponential convergence was obtained
in [34, Section 6] by composing ReLU approximations of univariate splines with an exponentially
convergent approximation of the Euclidean norm, obtaining exponential convergence without the curse
of dimensionality.

1.3 OQOutline

The manuscript is structured as follows: in Section 2, in particular Section 2.2, we review the weighted
function spaces which will be used to describe the weighted analytic function classes in polytopes €2 that
underlie our approximation results. In Section 2.3, we present an approximation result by tensor-product
hp-finite elements for functions from the weighted analytic class. A proof of this result is provided
in Appendix A. In Section 3 we review definitions of NNs and a “ReLU calculus” from [7, 36] whose
operations will be required in the ensuing NN approximation results.

In Section 4, we state and prove the key results of the present paper. In Section 5, we illustrate our
results by deducing novel NN expression rate bounds for solution classes of several concrete examples
of elliptic boundary-value and eigenvalue problems where solutions belong to the weighted analytic
function classes introduced in Section 2. Some of the more technical proofs of Section 5 are deferred to
Appendix B. In Section 6, we briefly recapitulate the principal mathematical results of this paper and
indicate possible consequences and further directions.

2 Setting and functional spaces

We start by recalling some general notation that will be used throughout the paper. We also introduce
some tools that are required to describe two and three dimensional domains as well as the associated
weighted Sobolev spaces.

2.1 Notation

For o € N¢, define || :== a1 + - - + g and |a|eo = max{a, ..., aq}. When we indicate a relation on
|| or |a|oo in the subscript of a sum, we mean the sum over all multi-indices that fulfill that relation:

eg., forak e Ny
=2

lal<k  aeNd:|a|<k

For a domain Q € R?, k € Np and for 1 < p < 0o, we indicate by W’”’(Q) the classical L?(2)-based

Sobolev space of order k. We write H*(2) = W*?(22). We introduce the norms || - [|;1.» o, as
gy = 20 100 a:
laloo <1

with associated spaces
Wli’ﬁ(Q) = {v e LP(Q): HUHWI,_}?(Q) < oo}

We denote Hy; (Q) = Wi]i(Q) For Q = I x --- x I3, with bounded intervals I; C R, j =1,...,d,
Hy(Q) = HY(I) ®- - ® H'(1;) with Hilbertian tensor products. Throughout, C will denote a generic
positive constant whose value may change at each appearance, even within an equation.

The £” norm, 1 < p < oo, on R" is denoted by ||z|,,. The number of nonzero entries of a vector or

matrix z is denoted by ||z ||o.

Three dimensional domain. Let Q@ C R® be a bounded, polygonal/polyhedral domain. Let C
denote a set of isolated points, situated either at the corners of 2 or in the interior of 2 (that we refer to
as the singular corners in either case, for simplicity), and let £ be a subset of the edges of 2 (the singular
edges). Furthermore, denote by £. C & the set of singular edges abutting at a corner ¢. For each ¢ € C
and each e € &, we introduce the following weights:

re(x) == |z — | = dist(z, ¢), re(x) == dist(z, e), Pee(x) = forx € Q.



For ¢ > 0, we define edge-, corner-, and corner-edge neighborhoods:

Qf = {a: €Q:re(r) <eandre(z) > S,VCEC},QE = {x € Q:re(z) < eand pee(z) > g,Ve € 5},

Qf, = {x € Q:re(x) <eand pee(z) < E}.

We fix a value € > 0 small enough so that QENQE =@foralle# ¢ € Cand Q5. N Qfe, =N Qf/ =

[

for all singular edges e # €’. In the sequel, we omit the dependence of the subdomains on €. Let also
Qe = UQC’ Qe = U Qe7 Qce = U U chv
ceC eef ceCeel,

and

Qo = Q\ (Qc UQe U ch).
In each subdomain Q.. and €., for any multi-index o € N3, we denote by « the multi-index whose
component in the coordinate direction parallel to e is equal to the component of « in the same direction,
and which is zero in every other component. Moreover, we set v = o — o).

Two dimensional domain. LetQ C R? be a polygon. We adopt the convention that £ := @. For
¢ € C, we define

Qi::{er:rc(m)<a}.

As in the three dirAnensional case, we fix a sufficiently small £ > 0 so that N Qf, =gforc#c e€C
and write Q. = QZ. Furthermore, Q¢ is defined as for d = 3, and Qp := Q \ Qc.

2.2 Weighted spaces with nonhomogeneous norms

We introduce classes of weighted, analytic functions in space dimension d = 3, as arise in analytic
regularity theory for linear, elliptic boundary value problems in polyhedra, in the particular form
introduced in [5]. There, the structure of the weights is in terms of Cartesian coordinates which is
particularly suited for the presently adopted, tensorized approximation architectures.

The definition of the corresponding classes when d = 2 is analogous. For a weight exponent vector
v = {Ve, Ve, ¢ € C, e € E}, we introduce the nonhomogeneous, weighted Sobolev norms

ol ey = > 0%Vl L2(00) + 7% 5% 2
ol

la|<k celC |a|<k

(lar |=ve)+ na
+3 0 > ™ T 0%,

ecf |a|<k
(lal=ve)+ (larl=ve)+ ga
T2 D e T e vl
ceCe€l |a|<k

where (z)4 = max{0, z}. Moreover, we define the associated function space by
Jlk(Q;C,E) = {v S L2(Q) : ||’UHJlk(Q) < oo}

Furthermore,
TZ (0,8 = (] Ty (2:C,8).
keNy
For A, C' > 0, we define the space of weighted analytic functions with nonhomogeneous norm as

Iy (%€, E,C A) = {v € Iy (€, €) Z 10%0]l12(0y) < CAFE!,
|a|=k
ST T 8% o) < CAMRL Veec,
|al=k
(oL I=7e)+ o -
Z [Ire 0% 2(q,) < CAK! Ve €&, (2.1)
|al=k
Z Hrgal—”/c)er((:LaL\—’Ye)+8av”L2(ch) < CAFE!

la|=k

Ve € Cand Ve € &.,Vk € NO}.
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Finally, we denote
IF (0,8 = | IJFC.EC A).

C,A>0 n

2.3 Approximation of weighted analytic functions on tensor product geo-
metric meshes

The approximation result of weighted analytic functions via NNs that we present below is based on
emulating an approximation strategy of tensor product hp-finite elements. In this section, we present
this hp-finite element approximation. Let I C R be an interval. A partition of I into N € N intervals is a
set G such that |G| = N, all elements of G are disjoint, connected, and open subsets of I, and

Jou-=T1
Uveg

We denote, for all p € Ng, by Q,(G) the piecewise polynomials of degree p on G.
One specific partition of I = [0, 1] is given by the one dimensional geometrically graded grid, which for
o € (0,1/2] and ¢ € N, is given by

Gt= {J,f, k= O,...,E}, where J§ = (0,6") and Jp = (""" ), k=1,...,0. (22)

Theorem 2.1. Let d € {2,3} and Q = (0,1)%. Let C = {c} where c is one of the corners of Q and let £ = &,
contain the edges adjacent to c when d = 3, £ = @ when d = 2. Further assume given constants Cy, Ay > 0,
and

v ={7:cel}, withy. > 1, forallc € C ifd=2,
Y={Ve,ve:c€C,ec &}, withy.>3/2and~. > 1, forallceCandec & ifd=3.

Then, there exist C, > 0, C > 0 such that, for every 0 < € < 1, there exist p, L € N with
p < Cy(1+ [log(e))), L < Cr(1 + [log(e)]),
s0 that there exist piecewise polynomials
vi € Qu(GH)NH'(I), i=1,..., N,

with Nyg = (L+1)p+1,and, forall f € Jf(Q; C,&;Cy, Ay) there exists a d-dimensional array of coefficients

c= {Cil-uid : (i1,. . .,id) S {1,. . ,,Nld}d}

such that

1. Foreveryi=1,...Niq, supp(v;) intersects either a single interval or two neighboring subintervals of Gf.
Furthermore, there exist constants C, b, depending only on Cy, Ay, o such that

oillo <1, fuilliagy < Coe™,  Vi=1,..., Nia. (23)
2. There holds
Nigq d
Hf_ Z Cil...id¢i1.“id”H1(Q) SE With ()231‘1“_7;[1 :®vij,Vi1,...,id:1,...,N1d.
11,0y tg=1 j=1
(2.4)

3. |lefloe < Co(1 + [log(e))? and ||c|j1 < Ce(1 + [log(e)])??, for Ca, Ce. > 0 independent of p, L, .

We present the proof in Subsection A.9.3 after developing an appropriate framework of hp-approximation
in Section A.



3 Basic ReLU neural network calculus

In the sequel, we distinguish between a neural network, as a collection of weights, and the associated
realization of the NN. This is a function that is determined through the weights and an activation function.
In this paper, we only consider the so-called ReLU activation:

0:R—R:z+— max{0,z}.

Definition 3.1 ([36, Definition 2.1]). Let d, L € N. A neural network ® with input dimension d and L
layers is a sequence of matrix-vector tuples

b= ((ALbl), (Ag,bg), ey (AL,bL))7

where Ny .= dand Ny,..., Ny € N, and where A, € RV¢*Ne—1 gnd b, € RN fore=1,.., L
For a NN ®, we define the associated realization of the NN & as

R(®): R = RV : 2 2 = R(®)(z),
where the output x1, € RNE results from

To - — T,
xe = 0(Aegxe—1 + be) fO?’Z:l,...,L—l,

xr = Apxr-1+br.

Here g is understood to act component-wise on vector-valued inputs, i.e., for y = (y',...,y™) € R™, o(y) :=
(o(yh), ..., 0(y™)). Wecall N(®) :=d + Zle Nj; the number of neurons of the NN &, L(®) := L the
number of layers or depth, M;(®) := ||A4;]|o + [|bj||lo the number of nonzero weights in the j-th layer,
and M(®) = Zle M; (®) the number of nonzero weights of @, also referred to as its size. We refer to N1,
as the dimension of the output layer of ®.

3.1 Concatenation, parallelization, emulation of identity

An essential component in the ensuing proofs is to construct NNs out of simpler building blocks. For
instance, given two NNs, we would like to identify another NN so that the realization of it equals the
sum or the composition of the first two NNs. To describe these operations precisely, we introduce a
formalism of operations on NNs below. The first of these operations is the concatenation.

Proposition 3.2 (NN concatenation, [36, Remark 2.6]). Let L1, L2 € N, and let ', ®* be two NNs of
respective depths Ly and Ly such that Ng = N7, =: d, i.e., the input layer of ®' has the same dimension as the
output layer of ®>.

Then, there exists a NN ®' © &2, called the sparse concatenation of &' and ®?, such that ®* © ®2 has
Ly + Ly layers, R(®" ® ®°) = R(®') o R(®?) and M (@' ® ®*) < 2M (®') + 2M (9?).

The second fundamental operation on NNss is parallelization, achieved with the following construc-
tion.

Proposition 3.3 (NN parallelization, [36, Definition 2.7]). Let L,d € N and let ®*, & be two NNs with L
layers and with d-dimensional input each. Then there exists a NN P(®', ®2) with d-dimensional input and L
layers, which we call the parallelization of &' and ®2, such that

R (P (2", @%) (z) = (R(®") (2),R (®?) (z)), forallz € R?

and M(P(®!, %)) = M(®') + M(®?).

Proposition 3.3 requires two NNs to have the same depth. If two NNs have different depth, then
we can artificially enlarge one of them by concatenating with a NN that implements the identity. One
possible construction of such a NN is presented next.

Proposition 3.4 (NN emulation of Id, [36, Remark 2.4]). For every d, L € N there exists a NN @Y}, with
L(®Y,) = Land M(®}',) < 2dL, such that R(®};',) = Idga.

Finally, we sometimes require a parallelization of NNs that do not share inputs.



Proposition 3.5 (Full parallelization of NNs with distinct inputs, [7, Setting 5.2]). Let L € N and let
O = ((A1,01),. -, (AL b)), % = ((A7,07) ..., (AL, bL))

be two NNs with L layers each and with input dimensions N§ = d1 and N§ = da, respectively.
Then there exists a NN, denoted by FP(®', ®2), with d-dimensional input where d = (d1 + d2) and L layers,
which we call the full parallelization of ® and ®2, such that for all x = (z1,z2) € R* withz; € R% i =1,2

R (FP (®',8%)) (z1,22) = (R (®") (21),R (®?) (22))
and M(FP(®!, ®2)) = M(®?) + M(P?).

Proof. SetFP (&', ®%) := ((A%,b),..., (A%,b%)) where, for j = 1,..., L, we define

s_ (4 0 s (b
Aj = ( 0 A? and b; = b? .

All properties of FP (&', ®*) claimed in the statement of the proposition follow immediately from the
construction. O

3.2 Emulation of multiplication and piecewise polynomials

In addition to the basic operations above, we use two types of functions that we can approximate
especially efficiently with NNs. These are high dimensional multiplication functions and univariate
piecewise polynomials. We first give the result of an emulation of a multiplication in arbitrary dimension.

Proposition 3.6 ([11, Lemma C.5], [35, Proposition 2.6]). There exists a constant C' > 0 such that, for every
0<e<l1l,deNand M > 1 thereisa NN H;{ v with d-dimensional input- and one-dimensional output, so
that

d
[Jze— RO ) ()| <e, foralla = (21,...,24) € [-M, M]*,

=1

< e, for almost every x = (x1,...,xq) € [-M, M) andall j =1,...,d,

0 0
e H Ty — e R(HS,M)(x)
J

=1 j

and R(IT¢ /) (z) = 0 z'f]_[;i:1 xe =0, forall x = (z1,...,2q4) € R Additionally, TI¢ 5, satisfies

max {L (HS,M) M (ng,M)} <C (1 n dlog(de/e)) :

In addition to the high-dimensional multiplication, we can efficiently approximate univariate contin-
uous, piecewise polynomial functions by realizations of NNs with the ReLU activation function.

Proposition 3.7 ([34, Proposition 5.1]). Thereexists a constant C' > 0such that, forall p = (pi)ic{1,..., Ny} C
N, for all partitions T of I = (0, 1) into Nint open, disjoint, connected subintervals 1;, =1, ..., Nint, for all
v € Sp(I,T)={ve  H(I) :v|5, € Pp,(L;),5=1,..., Nins}, and for every 0 < e < 1, there exist NNs
{@g’T’p}Ee(oﬂl) such that for all 1 < ¢’ < oo it holds that

_ v, T,p ,
H’U R((I)S )HWLQ/(]) §€|U|Wl’q Iy

L (8277) <C(1 +10g(pma)) (Pruae + [log ),
Nint

M (27%) < CNina(1+ 10g(Pmax)) (prua + log el) + C S pi (pi + | logel)

i=1

where pmax = max{p;: i = 1,..., Nint}. In addition, R (®7P) (z;) = v(z;) forall j € {0,..., Nins},

where {x; };\’:“g; are the nodes of T.

Remark 3.8. It is not hard to see that the result holds also for I = (a,b), where a,b € R, with C' > 0 depending
on (b — a). Indeed, for any v € H"'((a,b)) the concatenation of v with the invertible, affine map T: x +
(x —a)/(b—a)isin H'((0,1)). Applying Proposition 3.7 yields NNs {®¥"7"P}_c ¢ 1) approximating v o T to
an appropriate accuracy. Concatenating these networks with the 1-layer NN (Ay, b1 ), where A1z + by = T 'z
yields the result. The explicit dependence of C' > 0 on (b — a) can be deduced from the error bounds in (0,1) by
affine transformation.



4 Exponential approximation rates by realizations of NNs

We now establish several technical results on the exponentially consistent approximation by realizations
of NNs with ReLU activation of univariate and multivariate tensorized polynomials. These results will
be used to establish Theorem 4.3, which yields exponential approximation rates of NNs for functions in
the weighted, analytic classes introduced in Section 2.2. They are of independent interest, as they imply
that spectral and pseudospectral methods can, in principle, be emulated by realizations of NNs with
RelU activation.

4.1 NN-based approximation of univariate, piecewise polynomial func-
tions

We start with the following corollary to Proposition 3.7. It quantifies stability and consistency of
realizations of NNs with ReLU activation for the emulation of the univariate, piecewise polynomial
basis functions in Theorem 2.1.

Corollary 4.1. Let I = (a,b) C R be a bounded interval. Fix Cp, > 0, Cy, > 0, and b, > 0. Let 0 < enp < 1

and p, N14, Nint € N be such that p < Cp(1 + |log enp|) and let G14 be a partition of I into Nint open, disjoint,

connected subintervals and, fori € {1,..., Nia}, let v; € Qp(Gra) N H*(I) be such that supp(v;) intersects

either a single interval or two adjacent intervals in G14 and ||v; ||H1(1> < C’q,eh_’)b”,for alli € {1,..., Nia}.
Then, for every 0 < €1 < enp, and for every i € {1, ..., N1a}, there exists a NN ®_i such that

lo: = R (D) 1z < Ealvil s (41)
L(®2) < Ca(1 + [log(e1)])(1 4 log(1 + [log(e1)])), (4.2)
M (@) < Cs5(1 + |log(e1)]?), (4.3)

for constants Cy, Cs > 0 depending on C, > 0, C, > 0, by, > 0 and (b — a) only. In addition, R (®21) (z;) =
vi(z;) foralli € {1,...,Nia}and j € {0, ..., Nin }, where {z; };V:“;{ are the nodes of G14.

Proof. Leti =1,..., N1q. For v; as in the assumption of the corollary, we have that either supp(v;) = J
for a unique J € G4 or supp(v;) = J U J’ for two neighboring intervals J, J' € G14. Hence, there exists
a partition 7; of I of at most four subintervals so that v; € Sp(I, 7;), where p = (p)icqa,...,4}-

Because of this, an application of Proposition 3.7 with ¢’ = 2 and Remark 3.8 yields that for every
0 < e1 < enp < 1 there exists a NN &2 := @Z{’Ti’p such that (4.1) holds. In addition, by invoking
p S 1+ |log(enp)| < 1+ |log(e1)|, we observe that

L(®:}) < C(1 +1log(p)) (p+ [log (e1)]) S 1+ [log(e1)] (1 + log(1 + [log(e1)]))-

Therefore, there exists Cs > 0 such that (4.2) holds. Furthermore,

M (@) <4C(1 +log(p)) (p + log (1)]) +C Y p(p + [log (1))

<p’ + [log (e1)| p + (1 +log(p)) (p + [log (e1)]) -

We use p < 1+ |log(e1)| and obtain that there exists Cs > 0 such that (4.3) holds. O

4.2 Emulation of functions with singularities in cubic domains by NNs

Below we state a result describing the efficiency of re-approximating continuous, piecewise tensor
product polynomial functions in a cubic domain, as introduced in Theorem 2.1, by realizations of NNs
with the ReLU activation function.

Theorem 4.2. Let d € {2,3},let I = (a,b) C R bea bounded interval, and let Q = I°. Suppose that there exist
constants C, > 0, Cn,y > 0,Cy > 0,Cc > 0,b, > 0,and, for 0 < ¢ < 1, assume there exist p, N1q, Nint € N,
and ¢ € RN1aX-Nia sych that

Nia < vy (14 llogel®), el < Ce(1 + [loge*®),  p < (1 + [loge]).

Further, let G1q be a partition of I into Nint open, disjoint, connected subintervals and let, forall i € {1,..., N1a},
v; € Qp(Gra) N H'(I) be such that supp(v;) intersects either a single interval or two neighboring subintervals
of G1q and

lvill gy < Coe™,  fwillpeo(ny <1, Vi€ {l,..., N}



Then, there exists a NN ®. . such that

Nig d
Z Ciy...ig ®’Uz‘j —R(®..) <e. (44)
i1y ig=1 j=1

HY(Q)

Furthermore, there holds

IR (®.0)llpoe () < 27+ 1)Ce(1+[logel*), M(®e.c) < C(1+[loge*™), L(®e.c) < C(1+]loge| log(|logel),
where C' > 0 depends on Cp, Cn,,, Cv, Ce, by, d, and (b — a) only.

Proof. Assume I # @ as otherwise there is nothing to show. Let C; > 1besuch that C; ' < (b—a) < Cf.
Let cy,max = max{|Jvi][g1n: 4 € {1,...,Nua}} < Cpe™, lete; = min{e/(2 - d - (Co,max + 1) -
lell), 1/2,C; 20y tebv}, and let 2 == min{e/(2 - (VA + 1) - (comax + 1) - ||cl|1), 1/2}.

Construction of the neural network. Invoking Corollary 4.1 we choose, fori =1,..., N1q, NNs
@i so that
v; by
IR(®2}) — vill ja () < Coere™™ < 1.

It follows that for all ¢ € {1,..., N1a}
IRy < IR (@) = vill gy + il g1y < 1+ o (45)
and that, by Sobolev imbedding,

IR (@), < IR (@2) = will, + villo < CF2 [R(®L) = vill gy + 1

12 L (4.6)
<O/ Chere™™ +1< 2.
Then, let ®p.sis be the NN defined as
Bpe = FP (P((I)Z}7...,<I>:iv1d), . .7P(<I>§},...7<I>Ziv1d)> , (4.7)

where the full parallelization is of d copies of P(®Z1,. .., ®.214). Note that Ppaes is a NN with
d-dimensional input and dN14-dimensional output. Subsequently, we introduce the N, matrices
Elinia) ¢ 10, 1}2%9N1a gych that, for all (i1, ..., i4) € {1,..., N1a}?,

E(il’m’id)a = {a(j—l)Nld"v‘ij 1] = 1,.. ,d} foralla = (al, .. .,aled) S Rled.

Note that, for all (i1, .. .,434) € {1,..., N1a}?,

Then, we set
o, =P (Hj%2 © (B 0): (i, ... iq) € {1,.. .,Nld}d) © Ppasis, (4.8)

where I1¢, , is according to Proposition 3.6. Note that, by (4.6), the inputs of II¢, , are bounded in
absolute value by 2. Finally, we define

®... = ((vec(c)",0)) ® .,

where vec(c) € RMi4 is the reshaping such that, for all (i1, ..., iq) € {1,..., N1a}*
d .
(vec(c))i = Ciy.igy  Withi =1+ (i; — )N . (4.9)
j=1

See Figure 1 for a schematic representation of the NN &, ..
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Nia

Z Ciy 1ia @iy i (1, 2)

iy,ia=1

& J

Figure 1: Schematic representation of the neural network ®. ., for the case d = 2 constructed in the proof

of Theorem 4.2. The circles represent subnetworks (i.e., the neural networks 2, I1¢, ,, and ((vec(c) ", 0))).

Along some branches, we indicate ®; (21, 22) = R (II2, , © ((E"),0)) © ®pagis) (21, 22).

(3

Approximation accuracy. Let us now analyze if ®. . has the asserted approximation accuracy.
Define, for all (i1, .. .,34) € {1,..., N1a}*

d
({bil...id = ® Vij,
Jj=1

Furthermore, for each (i1, . .. ,iq) € {1,..., N1a}% let ®;, _;, denote the NNs

q>i1mid - Hgg,Z © ((E(ilw.’id%())) © q>basis~

We estimate by the triangle inequality that

Nig Nig Nig
Z Ci14,.id¢i14.4id - R(Cbs,c) = Z Cil...idqﬁil“.id - Z Ciy...ig R(‘I’il...id)
i1,eig=1 H(Q) i1,eig=1 i1,eig=1 H1(Q)
Nigq
< Z |Civ.ig) | Pir..ig — R(i)ilmid)HHl(Q) .
i1yeyig=1
(4.10)
We have that
d . .
[ ir.cia = R(®ircii)llirs gy = | v, — R (11,2) o [R(@L1) . R (0]
Jj=1 H1(Q)
and, by another application of the triangle inequality, we have that
d d .
[6i1.cia = R (®@ircia) o) < || Qv ~ QR (227)
i=1 g=1 HY(Q)
d v . .
+|Qr (cba?') R (Hﬁz,g) o [R (@Z;l) ....R (@E;d)]
Jj=1 H(Q)
d d ..
< IR, -Rr (@8?) + (VA + Dea(Comax + 1), (4.11)
Jj=1 Jj=1 HY(Q)
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where the last estimate follows from Proposition 3.6 and the chain rule:

o () () o fn (o). (o) e
Jj=1 L2(Q)
and
2
@ (67) - (1) 1 (3)... (5]
Jj=1 H1(Q)
d 5 A v 9 o v ’
S o o) - () () (o)
k=1 =1 L2(Q)
a a v, 9 v, v d v 2
-3 ®R(q>slf) - (%R(HSQ,QD o[R(2),.. R (al)] (%R(@i’“))
(A= 12(Q)
<d2 O R (oun ’ < de} 1)°
_252 oz ( 1 ) e < dez(co,max +1)7,

where we used (4.5). We now use (4.6) to bound the first term in (4.11): for d = 3, we have that, for all
(i1, ia) € {1,..., N1q}?,

d d d
Qv - (¢:7) (v~ R(@E) © D,
j=1 j=1

Jj=2

<
HY(Q)

H1(Q)
+ HR (227) @ (vie —R(222)) @ s,

HY(Q)
d—1 o )
+||QR(P) ® (v, — R(@2,")) = (I).
=t H(Q)

For d = 2, we end up with a similar estimate with only two terms. By the tensor product structure, it is
clear that (I) < de1(cy,max + 1)¢. We have from (4.10) and the considerations above that

Nia
S Cirigbinia — R(®e) < el (&1 (Comax + 1) + (VA+ 1) -2+ (comax +1)) <&
HY(Q)
This yields (4.12).

Bound on the L*° norm of the neural network. As we have already shown, ||R ()| _ < 2.
Therefore, by Proposition 3.6, |R (®.)||, < 2% + e2. It follows that

IR (@c.0)llc < llells (29 +22) < 2+ 1)Ce(1 + oge*).

Size of the neural network. Bounds on the size and depth of ®. . follow from Proposition 3.6 and
Corollary 4.1. Specifically, we start by remarking that there exists a constant C; > 0 depending on C,
by, Cr and d only, such that |log(e1)| < C1(1 + |loge|). Then, by Corollary 4.1, there exist constants Cy,
Cs > 0 depending on Cy, Cy, by, (b — @), and d only such that forall i = 1,. .., Niq,

L (®%1) < Ca(1+ [loge])(1 + log(1 + [log ])) and M (®%1) < C5(1 + [log <),

Hence, by Propositions 3.5 and 3.3, there exist Cs, C7 > 0 depending on Cy,, Ct, by, (b — a), and d only
such that

L(®pasis) < Co(1 + [loge|)(1 + log(1 + [loge])) and M(Ppasis) < CrdNia(1 + [loge?).

Then, remarking that for all (i1, . ..,iq) € {1,..., N1} there holds | E¢1-+*¢) ||, = d and, by Proposi-
tions 3.2, 3.6, and 3.3, we have

L(®.) < Cs(1 + [loge|)(1 + log(1 + |logel)), M(®.) < C (Nfdu + [loge]) + M(<I>basis)) .

12



For Cg, C9 > 0 depending on Cy, Cy, by, (b — a), d and C. only. Finally, we conclude that there exists a
constant C1o > 0 depending on Cy,, Cs, by, (b — a), d and C. only such that

L(®..c) < Cio(1+ |loge|)(1 + log(1 + |logel)).
Using also the fact that Niq < C(1 + [loge|?) for C > 0 independent of ¢ and since d > 2,
M(®e.c) < Cua(1 + [loge])**,
for a constant C11 > 0 depending on Cp, Cy, by, (b — a), d and C. only. O

Next, we state our main approximation result, which describes the approximation of singular
functions in (0, 1)? by realizations of NNs.

Theorem 4.3. Let d € {2,3} and Q = (0,1)%. Let C = {c} where c is one of the corners of Q and let £ = &,
contain the edges adjacent to c when d = 3, £ = @ when d = 2. Assume furthermore that Cy, Ay > 0, and

v ={v:cel}, withye > 1, forallc € C ifd=2,
Y={Ye,Ve:c€Ce €&}, withye >3/2and~e > 1, forallce Cande € £ ifd=3.
Then, for every f € J77(Q;C,E;Cy, Ay) and every 0 < e < 1, there exists a NN ®. s so that
If - R(q)i,f)”Hl(Q) <e. (4.12)

In addition, | R (®e. 1) || (@) = O(|loge|*®) for e — 0. Also, M(®. ;) = O([loge|**™) and L(®. ;) =
O(|loge|log(|logel)), for e — 0.

Proof. Denote I := (0,1)andlet f € J77(Q;C,E;Cy, Ay)and 0 < ¢ < 1. Then, by Theorem 2.1 (applied

with /2 instead of ¢) there exists N1g € N so that Niq = O((1 + [loge|)?), ¢ € RN1aX*Nid with
lellh < Ce(1 + |logel*?), and, for all (i1, ..., i4) € {1,..., Nia}?,

d
Pir..ig = ® Vij»
=1

such that the hypotheses of Theorem 4.2 are met, and

Nygq
f- Z Ciy..igPiq. iy <

i1,.ig=1 H1(Q)

We have, by Theorem 2.1 and the triangle inequality, that for ®. ; := ®. /5

N ™

Nia
€
Hf - R(¢£»f)||H1(Q) < 5 + Z Cil---id¢i1~-id - R‘((I)E/Q,C)
HY(Q)
Then, the application of Theorem 4.2 (with ¢/2 instead of ¢) concludes the proof of (4.12). Finally, the

bounds on L(® 5) = L(®./2,c), M(®c,f) = M(®P,/2.c), and on || R(Pc f)||Loo (@) = || R(Peyz,c)llLo0(q)
follow from the corresponding estimates of Theorem 4.2. O

Theorem 4.3 admits a straightforward generalization to functions with multivariate output, so
that each coordinate is a weighted analytic function with the same regularity. Here, we denote for
a NN @ with N-dimensional output, N € N, by R(®), the n-th component of the output (where
ne{l,...,N}).

Corollary 4.4. Let d € {2,3} and Q == (0,1)%. Let C = {c} where c is one of the corners of Q and let £ = &,
contain the edges adjacent to c when d = 3; £ = @ when d = 2. Let Ny € N. Further assume that C¢, Ay > 0,
and

c:c€CY}, withy. > 1, forallc € C ifd =2,

y=A{
={ve;Vve:c€Ce €&}, withye >3/2and~e > 1, forallceCande € £ ifd = 3.

2

N
Then, for all f = (f1,..., fn;) € [Jf(Q;C,E;Cf,Af)] " and every 0 < € < 1, there exists a NN ®. ¢
with d-dimensional input and N g-dimensional output such that, foralln = 1,..., Ny,

[ = R(Pe.p) 1) <& (4.13)

In addition, | R(®c,f)n|ln@) = O(|logel*?) for every n = {1,...,N;}, M(®.5) = O([loge|** " +
Ny [loge|*®) and L(®. ;) = O(|loge|log([loge|)), for e — 0.
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Proof. Let ®. be as in (4.8) and let ¢™ € RMaX*Nd n — 1 ... N be the matrices of coefficients
such that, in the notation of the proof of Theorems 4.2 and 4.3, foralln € {1,..., Ns},

Niq (n)
fn = Z CirrigPin.ia <

i1,...0g=1 H1(Q)

N ™

We define, for vec as defined in (4.9), the NN @, 7 as
O.; =P (((vec(c<1>)T,0)), . ((vec(c<N-f>)T,0))) ® ®..

The estimate (4.13) and the L°°-bound then follow from Theorem 4.2. The bound on L(®. ¢) follows
directly from Theorem 4.2 and Proposition 3.2. Finally, the bound on M(®.,¢) follows by Theorem 4.2
and Proposition 3.2, as well as, from the observation that

M (P (((Vec(c“))i())), o ((vec(c<Nf>)T,0)))) < NyN{y < ONp(1+ |loge]®),

for a constant C' > 0 independent of Ny and e. O

5 Exponential expression rates for solution classes of PDEs

In this section, we develop Theorem 4.3 into several exponentially decreasing upper bounds for the rates
of approximation, by realizations of NNs with ReLU activation, for solution classes to elliptic PDEs with
singular data (such as singular coefficients or domains with nonsmooth boundary). In particular, we
consider elliptic PDEs in two-dimensional general polygonal domains, in three-dimensional domains that
are a union of cubes, and elliptic eigenvalue problems with isolated point singularities in the potential
which arise in models of electron structure in quantum mechanics.

In each class of examples, the solution sets belong to the class of weighted analytic functions
introduced in Subsection 2.2. However, the approximation rates established in Section 4 only hold
on tensor product domains with singularities on the boundary. Therefore, we will first extend the
exponential NN approximation rates to functions which exhibit singularities on a set of isolated points
internal to the domain, arising from singular potentials of nonlinear Schrédinger operators. In Section
5.2, we demonstrate, using an argument based on a partition of unity, that the approximation problem on
general polygonal domains can be reduced to that on tensor product domains and Fichera-type domains,
and establish exponential NN expression rates for linear elliptic source and eigenvalue problems. In
Section 5.3, we show exponential NN expression rates for classes of weighted analytic functions on two-
and three-dimensional Fichera-type domains.

5.1 Nonlinear eigenvalue problems with isolated point singularities

Point singularities emerge in the solutions of elliptic eigenvalue problems, as arise, for example, for
electrostatic interactions between charged particles that are modelled mathematically as point sources
in R%. Other problems that exhibit point singularities appear in general relativity, and for electron
structure models in quantum mechanics. We concentrate here on the expression rate of “ab initio”
NN approximation of the electron density near isolated singularities of the nuclear potential. Via a
ReLU-based partition of unity argument, an exponential approximation rate bound for a single, isolated
point singularity in Theorem 5.1 is extended in Corollary 5.4 to electron densities corresponding to
potentials with multiple point singularities at a priori known locations, modeling (static) molecules.

The numerical approximation in ab initio electron structure computations with NNs has been recently
reported to be competitive with other established, methodologies (e.g. [37, 18] and the references
there). The exponential ReLU expression rate bounds obtained here can, in part, underpin competitive
performances of NNs in (static) electron structure computations.

5.1.1 Nonlinear Schrodinger equations

Let Q = R%/(27)%, where d € {2,3}, be a flat torus and let V : @ — R be a potential such that
V(z) > Vo > 0forall x €  and there exists § > 0 and Ay > 0 such that

[rH1 9%V || poo () < A al Vo e NG, (5.1)
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where r(z) = dist(z, (0,...,0)). For k € {0, 1,2}, we introduce the Schrédinger eigenproblem that
consists in finding the smallest eigenvalue A € R and an associated eigenfunction v € H' () such that

(A+V+uu=xu inQ |ul2q =1 (5.2)

There holds the following approximation result.

Theorem 5.1. Let k € {0,1,2} and (\,u) € R x H'(Q)\{0} be a solution of the eigenvalue problem (5.2)
with minimal A, where V satisfies (5.1).
Then, for every 0 < € < 1 there exists a NN ®. ., such that

[u =R (Pe.u)llg1(q) <& (5.3)
In addition, as e — 0,
M(®..) = O(|log(e)***), L(®.,u) = O(|log(e)| log(| log(e)])) -

Proof. LetC = {(0,...,0)} and £ = @. The regularity of u is a consequence of [27, Theorem 2] (see
also [28, Corollary 3.2] for the linear case k = 0): there exists 7. > d/2 and Cy, A, > 0 such that
u € I (9;C,E; Cyu, Ay). Here, 7. and the constants C, and A, depend only on, Vj, Ay and ¢ in (5.1),
and on k in (5.2).

Then, for all 0 < € < 1, by Theorem 4.2 and Proposition A.25, there exists a NN ®. ., such that (5.3)
holds. Furthermore, there exist constants C1, C> > 0 dependent only on Vg, Ay, §, and k, such that

M(®:,u) < Ci(1+ |log(e)] ") and L(®e.u) < Ca(1 + |log(e)]) (1 +log(1 + |log(e)])).

5.1.2 Hartree-Fock model

The Hartree-Fock model is an approximation of the full many-body representation of a quantum system
under the Born-Oppenheimer approximation, where the many-body wave function is replaced by a
sum of Slater determinants. Under this hypothesis, for M, N € N, the Hartree-Fock energy of a system
with N electrons and M nuclei with positive charges Z; at isolated locations R; € R?, reads

Fur = inf ZN:/ (|Vs0i|2+V\s0i\2) +1/ / dedy— 1/ / 7—(a:’y)Qdmdy:
i—1 /R3 2 Jps Jrs |z —y 2 Jps Jrs |z —yl

(@1,...,on) € H'(R*)N such that /3 pip; = 6”}7 (5.4)
R

where §;; is the Kronecker delta, V(z) = — Z?; Zi/|x — Ri|, 7(z,y) = Efvzl vi(x)pi(y), and p(z) =
T(x,x), see, e.g., [23, 24]. The Euler-Lagrange equations of (5.4) read

(—A+V($))€0i(1)+/ o) dy%(x)—/ 7(,1) @i(y)dy = Nipi(z), i=1,...,N,andz € R’
ks |z =yl rs |z —yl (55)
with f]R3 pip; = 5”

Remark 5.2. It has been shown in [23] that, szkM:l Zy > N — 1, there exists a ground state @1, ..., 0N of
(5.4), solution to (5.5).

The following statement gives exponential expression rate bounds of the NN-based approximation
of electronic wave functions in the vicinity of one singularity (corresponding to the location of a nucleus)
of the potential.

Theorem 5.3. Assume that (5.5) has N real eigenvalues A1, . . ., A\n with associated eigenfunctions @1, ..., ¢N,
such that [, ip; = 0. Fix k € {1,..., M}, let Ry, be one of the singularities of V and let a > 0 such that
|R; — Ri| > 2aforall j € {1,..., M} \ {k}. Let Q be the cube Qx = {z € R® : ||z — R oo < a}.

Then there exists a NN ®. , such that R(®.,) : R®* — RY, satisfies

s = R(®eis)illyngayy S o Vi€ {1, N). (56)
In addition, as € — 0, || R(®z,,)i|| L (a,) = O(|loge|®) for every i = {1,..., N},

M(®e,p) = O(|log(e)|” + N [log()|%), L(®:,,) = O(Jlog(e)| log(|log(e)]))-
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Proof. LetC = {(0,0,0)} and & = @ and fix k € {1,..., M}. From the regularity result in [29, Corollary
1], see also [8, 9], there exist C,, Ay, and 7. > 3/2 such that (¢1,...,¢n) € [T (Q%;C,E;Cyp, Ay)] N
Then, (5.6), the L>° bound and the depth and size bounds on the NN &, ,, follow from the hp approxi-
mation result in Proposition A.25 (centered in Ry by translation), from Theorem 4.2, as in Corollary
44. O

The arguments in the preceding subsections applied to wave functions for a single, isolated nucleus
modelled by the singular potential V" as in (5.1) can then be extended to give upper bounds on the
approximation rates achieved by realizations of NNs of the wave functions in a bounded, sufficiently
large domain containing all singularities of the nuclear potential in (5.4).

Corollary 5.4. Assume that (5.5) has N real eigenvalues A1, . . ., An with associated eigenfunctions @1, ..., pn,
such that [, pip; = 6ij. Let ai, by € R, i =1,2,3,and Q = ><:l=1(ai7 bi) such that { R;}}L, C Q. Then, for
every 0 < e < 1, there exists a NN ®. , such that R(®. ) : R* — RY and

||<pi _R(éng)i|‘H1(Q) S g, V’L = 1,...,N. (57)
Furthermore, as € — 0 M(®. ) = O(|log(e)|” + N [log(¢)|°) and L(®. ) = O(|log(e)| log([log(e)])).

Proof. The proof is based on a partition of unity argument. We only sketch it at this point, but will
develop it in detail in the proof of Theorem 5.6. Let 7 be a tetrahedral, regular triangulation of €2, and
let {1 }n*, be the hat-basis functions associated to it. We suppose that the triangulation is sufficiently
refined to ensure that, forall k € {1,..., N, }, exists a cube ), C Q2 such that supp(xx) C € and that

there exists at most one j € {1,..., M} such that QO N R; # @.
Forall k € {1,..., N:}, by [17, Theorem 5.2], which is based on [49], there exists a NN ®"* such
that
R(®"*)(z) = ki(z), Vo € Q.

Forall0 < e < 1,let
€

€1 -

Forallk € {1,...,Nx}and i € {1,..., N}, there holds pi|5 € jf(ﬁk; {R1,...,Rum} mﬁk,z). Then

there exists a NN <I>’§1 ., as defined in Theorem 5.3, such that
i = R(®E, Wil gra,, <e1n Vie{l,...,N} (5.8)
Let X
R(®Z 0o (&
S . P [N
kE{l,...,NK}éE(O,l) 1+ |10g5|

where the finiteness is due to Theorem 5.3. Then, we denote

€
2NL(|QI241 + maxi=1,... N [i| g1 (o) + maxe=1,....N, [|Kk[lwi.oo o) [Q/2)

Ex =

and My (e1) == Cao (1 + [loge1|®). As detailed in the proof of Theorem 5.6 below, after concatenating
with identity NNs and possibly after increasing the constants, we assume that L(®¥, ) is independent of
k and that the bound on M(®%, ) is independent of k, and that the same holds for ®**, k = 1,..., N,.

Letnow, fori € {1,...,N}, E; : R¥ ™! — R? be the matrices such that, for all z = (z1,...,2N+1),

Eiz = (xi,zn411). Letalso A € RYV*N= be a matrix of ones. Then, we introduce the NN

_ 2 , N k 1d . Mo
o, =(4,000P P H6><7M><(51) ©® (E;,0) - ® P(‘I’el,w‘l’u © O*F) , (5.9)

k=1
where L € N is such that L(®}%, ® ®"*) = L(®f, ), from which it follows that M(®}%,) < C L(®%, ).
There holds, foralli € {1,..., N},

Ni
R(®e0)(@)i = RO, s o)) (R(PE, L) (@), ki(@), Vo e Q.
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By the triangle inequality, [33, Theorem 2.1], (5.8), and Proposition 3.6, for all ¢ € {1,..., N},

i — R(¢s,¢)i||H1(sz)

Ny Ny
k k k
< ”901 - Z Kk R(q)alﬁp)’iHHl(Q) + Z ” R’(ng,]wx (51)) (R((I)E1,Lp)i7 Hk) — Kk R(q>51,z,o)i”H1(ﬂk)
=1 k=1

< Ne (ke{gﬁ% Hmanwm) eu N2+ 1+ max [@ila o)+, _max [Iskllwroo)|Qf")ex

The asymptotic bounds on the size and depth of ®. , can then be derived from (5.9), using Theorem
5.3, as developed in more detail in the proof of Theorem 5.6 below. O

5.2 Elliptic PDEs in polygonal domains

We establish exponential expressivity for realizations of NNs with ReLU activation of solution classes to
elliptic PDEs in polygonal domains €2, the boundaries 952 of which are Lipschitz and consist of a finite
number of straight line segments. Notably, 2 C R? need not be a finite union of axiparallel rectangles.
In the following lemma, we construct a partition of unity in € subordinate to an open covering, of which
each element is the affine image of one out of three canonical patches. Remark that we admit corners with
associate angle of aperture 7; this will be instrumental, in Corollaries 5.11 and 5.12, for the imposition of
different boundary conditions on 0€2. The three canonical patches that we consider are listed in Lemma
5.5, item [P2]. Affine images of (0, 1)? are used away from corners of 9Q and when the internal angle of
a corner is smaller than 7. Affine images of (—1, 1) x (0, 1) are used near corners with internal angle 7.
PDE solutions may exhibit point singularities near such corners e.g. if the two neighboring edges have
different types of boundary conditions. Affine images of (—1,1)? \ (-1, 0]? are used near corners with
internal angle larger than 7. In the proof of Theorem 5.6, we use on each patch Theorem 4.3 or a result
from Subsection 5.3 below.

A triangulation T of 2 is defined as a finite partition of 2 into open triangles K such that | J .. K =
Q. A regular triangulation of § is, additionally, a triangulation 7~ of Q2 such that, for any two neighboring
elements K1, K» € T, K1 N K3 is either a corner of both K and K> or an entire edge of both K and
K. For a regular triangulation 7 of €2, we denote by S1(£2, 7") the space of functions v € C(€2) such
that for every K € T, v|x € P1.

We postpone the proof of Lemma 5.5 to Appendix B.1.

Lemma 5.5. Let Q C R? be a polygon with Lipschitz boundary, consisting of straight sides, and with a finite set
C of corners. Then, there exists N,, € N, a regular triangulation T of R?, such that for all K € T either K C Q

or K C Q°. Moreover, there exists a partition of unity {¢: } 7, C [S1(, T))™? such that
[P1] supp(¢s) NQ C Qi foralli=1,...,Np,
[P2] foreachi € {1,..., Ny}, there exists an affine map p;: R*> — R? such that ;7' () = ﬁifor

Qi € {(0,1)%, Qpn, U}, with Qpn = (=1,1) x (0,1), Qp = (=1,1)2\ (=1,0%

[P3] CNQ; C¥:i({(0,0)}) foralli € {1,..., Ny}

The following statement, then, provides expression rates for the NN approximation of functions in
weighted analytic classes in polygonal domains.

Theorem 5.6. Let Q C R? be a polygon with Lipschitz boundary consisting of straight sides and with a finite
set C of corners. Let v = {v. : ¢ € C} such that miny > 1. Then, for all u € J;°(;C, &) and for every
0 < & < 1, there exists a NN ®. ,, such that N

v — R(Pe,u)llmr(n) < e (5.10)
In addition, as € — 0,
M(®.,.) = O([log(e)[°), L(®-u) = O([log(e)| log([log(e)]))-

Proof. We introduce, using Lemma 5.5, a regular triangulation 7~ of R?, an open cover {Qz}iv:”l of ,
and a partition of unity {¢i}f-vzpl € [S1(€2, T)]™* such that the properties [P1] - [P3] of Lemma 5.5 hold.
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We define @; = uj, o i : Q; — R. Since u € Iy (€;C, ) with miny > 1 and since the
maps 1; are affine, we observe that for every i € {1,..., N}, there exists vy such that miny > 1 and
U € jlw(ﬁi7 {(0,0)}, @), because of [P2] and [P3]. Let

3

1/2°
2Ny maxic 1,83 i lw oy (11det Tu, oo o2y (14 M1y 22 oy ) )

E1 =

By Theorem 4.3 and by Lemma 5.21 and Theorem 5.16 in the forthcoming Subsection 5.3, there exist N,
NNs ®¢i,i € {1,..., Ny}, such that

s = R(®E) g1 a,) e, Vie{l,...,Np}, (5.11)
and there exists Cx > 0 independent of &1 such that, forall¢ € {1,..., N} and all € € (0,1)
IR(P) | oo ;) < CoolL + log l").

The NNs given by Theorem 4.3, Lemma 5.21 and Theorem 5.16, which we here denote by 52{ for
it = 1,..., Np, may not have equal depth. Therefore, for all i = 1,..., N, and suitable L; € N we
define Cbsﬁf = ¢>11?L1 ® 5?;‘, so that the depth is the same for all i = 1,..., N,. To estimate the size
of the enlarged Nle, we use the fact that the size of a NN is not smaller than the depth unless the
associated realization is constant. In the latter case, we could replace the NN by a NN with one non-
zero weight without changing the realization. By this argument, we obtain for alli = 1, ..., N, that
M(®2) < 2M(@},) + 2M(BL) < Cmaxj=i,.. v, L) + CM(SE) < Cmaxjoi,...,v, M(®L).
Furthermore, as shown in [17], there exist NNs ®?¢,4 ¢ {1, ..., N,}, such that

R(®%)(z) = ¢i(x), VxeQ, Vie{l,...,Ny}

ey

Here we use that 7T is a partition R?, so that ¢; is defined on all of R? and [17, Theorem 5.2] applies,

which itself is based on [49]. Similarly to the previously handled case of ®Zi, we can assume that ®*:
fori=1,..., N, all have equal depth and that the size of ®*¢ is bounded independent of i.
Since by [P2] the mappings 1; are affine and invertible, it follows that ), ! is affine for every

i €{1,..., Np}. Thus, there exist NNs Vi i {1,..., Np}, of depth 1, such that
R(®Y )(z) = v; '(z), VeeQ, Yie{l,...,N,}. (5.12)

Next, we define
€

Ex -

,,,,,

and My (1) == Coo(1 + |loge:1[*). Finally, we set

. -1 N
.. =((1,...,1),00 0P ({rﬁ Mo OP@E 0% 0l o qﬂa)} » ) 7 (5.13)
N—— i=1
N, times

where L € Nis such that L(®% @ @¥1 ) = L(®}, ® 1), which yields that M(®}?,) < CL(®% ©
—1
).

Approximation accuracy. By (5.13), we have forall z € Q,

R(®e)(@) = 3R, i, o) (ROE ©9"7) (@), R(@7) (@)

Therefore,

Np
~ —1
lu = R(Pe,u) | 1) < [lu— Z ¢ R(DL @ ®¥ M@
=1

Np

- -1 @ -1
+ Z I R(ng,Mx (1)) (R((I’gf ®@d% ), ¢z‘) —¢:R(®g] © oY Mo

— (1) + (D).
(5.14)
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We start by considering term (I). For each i € {1, ..., Np}, thanks to (5.11), there holds, with -1 I3

denoting the square of the matrix 2-norm of the Jacobian of ¢; ',

o —1 N — a; —
flu — R(Cbef ® dYi )HHl(Qi) = [[@; 0 1; ' R(‘I’ei) oY, 1HH1(Qi)

2 NP 1/2
- (/ﬁ (Ifai| +HJMlv(ai—R(<I>;‘;))H2) dethidx>

1/
2
<e (” det Jy, HLOO(ﬁi) + || det qu‘,HLW(ﬁi)H”Jd,;l HZHL"O(Qi))

1/
< ez = €1 max (H det Jy, |l oo @,y F 1 det Ju; [l oo o) 1Ty -1 ||§|\L°°(sm) -
(5.15)
By [33, Theorem 2.1],

€
() < Np52i€{g}§f<Np} 1@illwe @) < 5 (5.16)

We now consider term (/1) in (5.14). There holds, by Theorem 4.3 and (5.12),
. -1 iy

IR(®Z} © @¥ )|z () = IR(PI)] o ey < Coo(L + logen]*)

foralli € {1,..., Np}. Furthermore, by [P1], ¢;(z) = 0 for all z € Q \ ©; and, by Proposition 3.6,
2 N -

RO, ar, o) (R(PE © 0¥ )(2), 6i(2)) =0, Vo€ Q\ Qi

From (5.15), we also have
o -1 . -1
IR(®L © @Y )i, < ulmia, + lu—R(@L © 0% )gia,) < 1+ ulg -

Hence,

NP
- -1 @y -1
(D) = Y IRAL, v, ) (RO @ 0%, 60) = i R(@E © 0% )llyyaca,
=1

Np

- -1
< Z (” R(ng,MX(sl))(% b) - ab||W1=°°([—1wX (e1),Mx (£1)]2) (|Q|l/2 + |R(<I>€1’ © q;% )|H1(Qi) + |¢i‘H1(Q¢)) )

i=1

< Noes (1902 4+ 1+ adin oy + 19172 61w (o
i=1,...,Np

IN
B | ™

(5.17)
The asserted approximation accuracy follows by combining (5.14), (5.16), and (5.17).

Size of the neural network. To bound the size of the NN, we remark that N,, and the sizes of ¥+ !
and of % only depend on the domain 2. Furthermore, there exist constants Cq;, ¢ = 1,2, 3, that
depend only on © and u such that

[loge1]| < Ca(1 + [logel), [logex| < Caz2(1 + [logel),

(5.18)
[log My (£1)| < Cq,3(1 4 log(1 + |logel)).

From Theorem 4.3 and Proposition 3.6, in addition, there exist constants C,%, Cﬁ‘/ , Cx > 0 such that, for
all0 < e1,ex <1,

L(®Z) < Cf (1 4 [loge])(1 + log(1 + [loge1])), M(®Z) < C3' (1 + [loges ), (519)
max(M(I1Z . e)s L2, ary (e))) < Ox (14 log(Mi (£1)% /x)). ’
Then, by (5.13), we have
2 a; Pt
L(@cu) = 1+ LT, o)+ _max (@) + L@ ),
i=1,...,Np
Np ) . (5.20)
M(Per) < C (| Np+ M2, ar, o) + D (M) + M%) + M(@}Y) + M(@%) )
i=1

The desired depth and size bounds follow from (5.18), (5.19), and (5.20). This concludes the proof. [

19



The exponential expression rate for the class of weighted, analytic functions in Q2 by realizations
of NNs with ReLU activation in the H'(Q)-norm established in Theorem 5.6 implies an exponential
expression rate bound on 012, via the trace map and the fact that 02 can be exactly parametrized by the
realization of a shallow NN with ReLU activation. This is relevant for NN-based solution of boundary
integral equations.

Corollary 5.7. (NN expression of Dirichlet traces) Let Q C R? be a polygon with Lipschitz boundary and a finite
set C of corners. Let v = {~y. : ¢ € C} such that min~ > 1. For any connected component I of 0, let £r > 0 be
the length of T, such that there exists a continuous, piecewise affine parametrization 0 : [0, fr] — R? : t = 0(t)
of I with finitely many affine linear pieces and || %0”2 =1 for almost all t € [0, {r).
Then, for all w € J;7(§;C, @) and for all 0 < e < 1, there exists a NN ®. ., ¢ approximating the trace
Tu := ). such that
[ Tw = R(Pe,u0) 00 | 12y < €. (5.21)

In addition, as € — 0,
M (@ u,0) = O([log(e)[”), L(®-u0) = O(|log(e)| log([log(e)])).

Proof. We note that both components of § are continuous, piecewise affine functions on [0, ¢r], thus
they can be represented exactly as realization of a NN of depth two, with the ReLU activation function.
Moreover, the number of weights of these NN is of the order of the number of affine linear pieces of 6.
We denote the parallelization of the NNs emulating exactly the two components of 6 by ®°.

By continuity of the trace operator 7' : H'(Q) — H'/?(9Q) (e.g. [10, 4]), there exists a constant
Cr > 0 such that for all v € H' () it holds 170l gr1/2(ry < Cr [|v] g1 (qr) » and without loss of generality
we may assume Cr > 1.

Next, for any ¢ € (0,1), let . ¢, ., be as given by Theorem 5.6. Define ®. v 9 := ®./cp,u © o0 It
follows that

HTU — R(®c,u0) 0 971”111/2(1“) = HT (u - R(q)f/crvu)) HHl/Q(r) <Cr Hu - R((I)S/Crvu)HHI(Q) se

The bounds on its depth and size follow directly from Proposition 3.2, Theorem 5.6, and the fact that
the depth and size of ®’ are independent of . This finishes the proof. O

Remark 5.8. The exponent 5 in the bound on the NN size M(®. ., 9) in Corollary 5.7 is likely not optimal, due
to it being transferred from the NN rate in ).

The proof of Theorem 5.6 established exponential expressivity of realizations of NNs with ReLU
activation for the analytic class 77 (2; C, @) in Q. This implies that realizations of NNs can approximate,
with exponential expressivity, solution classes of elliptic PDEs in polygonal domains Q2. We illustrate
this by formulating concrete results for three problem classes: second order, linear, elliptic source and
eigenvalue problems in 2, and viscous, incompressible flow. To formulate the results, we specify the
assumptions on 2.

Definition 5.9 (Linear, second order, elliptic divergence-form differential operator with analytic coeffi-
cients). Letd € {2,3} and let Q C R be a bounded domain. Let the coefficient functions a;;,b;,c : € — R be
real analytic in Q, and such that the matrix function A = (a;;)1<i,j<a : Q@ — R is symmetric and uniformly
positive definite in 2. With these functions, we define the linear, second order, elliptic divergence-form differential
operator L acting on w € Cg° () via (summation over repeated indices i,j € {1,...,d})

(Lw)(x) := =05 (aij(x)djw(x)) + bj(x)djw(x) + c(x)w(x), =€ N.

Setting 5.10. We assume that Q C R? is an open, bounded polygon with boundary OS2 that is Lipschitz and
connected. In addition, 02 is the closure of a finite number J > 3 of straight, open sides I'j, ie.,, I'; NI = @

fori # jand 0 = U, ., I'j. We assume the sides are enumerated cyclically, according to arc length, i.e.

T y+1 = T1. By ny, we denote the exterior unit normal vector to Q on T'j and by c; := T';_1 NT; the corner j of
Q.

With L as in Definition 5.9, we associate on boundary segment T'; a boundary operator B; € {~}, 1{ } ie.
either the Dirichlet trace ~yo or the distributional (co-)normal derivative operator y1, acting on w € C*(Q) via

Yow = wir, , yiw = (AVw) ‘nglr,, j=1,.,J. (5.22)

We collect the boundary operators B; in B := {B;}/_,.

The first corollary addresses exponential ReLU expressibility of solutions of the source problem
corresponding to (£, B).
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Corollary 5.11. Let Q, £, and B be as in Setting 5.10 with d = 2. For f analytic in Q, let u denote a solution to
the boundary value problem
Lu=fin Q, Bu =0 on 002. (5.23)

Then, for every 0 < € < 1, there exists a NN ®. ,, such that
lu = R(®e,u)ll 1) < e (5.24)
In addition, M(®.,,,) = O(|log(¢)|?) and L(®e,.) = O(|log(e)]| log(|log(e)])), as € — 0.

Proof. The proof is obtained by verifying weighted, analytic regularity of solutions. By [5, Theorem
7.2], there exists v such that miny > 1 and u € J;°(;C, @). Then, the application of Theorem 5.6
concludes the proof. B O

Next, we address NN expression rates for eigenfunctions of (£, B).

Corollary 5.12. Let Q, £, B be as in Setting 5.10 with d = 2 and let 0 # w € H*(Q) be an eigenfunction of
the elliptic eigenvalue problem
Lw = dw in £, Bw = 0 on 09. (5.25)

Then, for every 0 < € < 1, there exists a NN ®. ., such that
lw —R(Pe,w)ll 1) <& (5.26)
In addition, M(®..,) = O([log(e)|®) and L(®,.,) = O(|log(¢)| log(|log(e)])), as e — 0.
Proof. The statement follows from [5] and Theorem 5.6 as in Corollary 5.11. O
The analytic regularity of solutions u in the proof of Theorem 5.6 also holds for certain nonlinear,

elliptic PDEs. We illustrate it for the velocity field of viscous, incompressible flow in €.

Corollary 5.13. Let Q C R? be as in Setting 5.10. Let v > 0 and let u € H{ () be the velocity field of the
Leray solutions of the viscous, incompressible Navier-Stokes equations in Q, with homogeneous Dirichlet (“no
slip”) boundary conditions

—vAu+ (u-V)u+Vp=finQ, V-u=0inQ, u = 0on 99, (5.27)

where the components of f are analytic in € and such that || f|| -1 ) /v is small enough so that w is unique.
Then, for every 0 < & < 1, there exists a NN ®. ., with two-dimensional output such that

lu — R(Pe,) ||l < e (5.28)
In addition, M(®. .,) = O(|log(e)|’) and L(®. »,) = O([log(e)|log(|log(e)])), as € — 0.

Proof. The velocity fields of Leray solutions of the Navier-Stokes equations in 2 satisfy the weighted,
analytic regularity w € [77(€;C, @)] ?, with min v > 1, see [31]. Then, the application of Theorem 5.6
concludes the proof. B O

5.3 Elliptic PDEs in Fichera-type polyhedral domains

Fichera-type polyhedral domains Q C R? are, loosely speaking, closures of finite, disjoint unions of
(possibly affinely mapped) axiparallel hexahedra with 02 Lipschitz. In Fichera-type domains, analytic
regularity of solutions of linear, elliptic boundary value problems from acoustics and linear elasticity in
displacement formulation has been established in [5]. As an example of a boundary value problem
covered by [5] and our theory, consider Qr = (—1,1)%\ (~1,0]¢ for d = 2,3, displayed for d = 3
in Figure 2. We introduce the setting for elliptic problems with analytic coefficients in Qr. Note that the
boundary of Qr is composed of 6 edges when d = 2 and of 9 faces when d = 3.

Setting 5.14. We assume that L is an elliptic operator as in Definition 5.9. On each edge (if d = 2) or face (if
d=3)T;, j€{1,...,3d} of 9Qr, we introduce the boundary operator B; € {~o,71}, where vo and 1 are
defined as in (5.22). We collect the boundary operators B; in B := {B;}32,.

For a right hand side f, the elliptic boundary value problem we consider in this section is then
Lu=finQp, Bu=0o0ndQr. (5.29)
The following extension lemma will be useful for the approximation of the solution to (5.29) by

NNs. We postpone its proof to Appendix B.2.

21



Figure 2: Example of Fichera-type corner domain.

Lemma 5.15. Letd € {2,3} and u € W,k (Qr). Then, there exists a function v € W1k ((—1,1)%) such that

mix mix

v|a, = u. The extension is stable with respect to the W,-.\ norm.

We denote the set containing all corners (including the re-entrant one) of Qr as
Cr={-1,0,1}*\ (=1,...,-1).

When d = 3, for all ¢ € Cr, then we denote by . the set of edges abutting at ¢ and we denote
Er = UceCF Ee.
Theorem 5.16. Let u € J;°(Qp;Cr, Ep) with

={vy.:c€Cr}, with v > 1, forall c € Cp ifd =2,
={ve,Ve : c €Cr,e € Er}, withvye. > 3/2and ve > 1, forallc € Cpande € Ep  ifd = 3.

R =

Then, for any 0 < € < 1 there exists a NN ®. ., so that
HuiR(QEV"J‘)HHl((zF) <e. (5.30)

In addition, || R (®c,u) ||p0p) = O(1 + [loge|*?) , for e — 0. Also, M(®.,.) = O(|log(e)|****) and
L(®:,u) = O(]log(e)|log(|log(e)l)), for € — 0.

Proof. By Lemma 5.15, we extend the function u to a function @ such that

aewWhl((-1,1)% and ilo, =u.

Note that, by the stability of the extension, there exists a constant Cext > 0 independent of v such that
Hﬂ||w$ii((,1,1)d) < Clext ”uHW;}L(QF)- (5.31)

Since u € J77(Q2r;Cr, €r), there holds u € J77(5;Cs, £s) for all

d
Se {X(aj,aj +1/2):(a1,...,aq) € {—1,—1/2,0,1/2}d} such that SN Qp # @ (5.32)

j=1
with Cs = SNCrand Es = {e € Er : e C S}. Since S C Qr and i, = u|o,, we also have
@€ Jy (5;Cs, Es) for all S satisfying (5.32).

By Theorem A.25 exist C, > 0, C Ny > 0, C N 0,Cs > 0,Cz > 0, and bz > 0 such that, for all
0 < e < 1, there exists p € N, a partition G1q4 of (—1, 1) into Nint open, disjoint, connected subintervals,
a d-dimensional array ¢ € RN1a* " XNid and piecewise polynomials % € Q,(Gia) N H*((—1,1)),
i=1,..., Niq, such that

Nia < Cg, (14 logel*), N < Cg_ (14 [loge]), |le|r < Ca(1+ [logel*), p < Cp(1 + [loge)

and _
[Tillzrry < Coe™, Tilleery <1, Vi€ {l,..., Nua}.

22



Furthermore,

Nig d
- € ~ -
HU—UthHl(QF) = Hu_vhp”Hl(Qp) < bR Uhp = E Ciy...iq ®Uz‘j~
) et

Due to the stability (5.31) and to Lemmas A.21 and A.22, there holds
el < CNii‘iHuH]ld(QF),

i.e., the bound on the coefficients ¢ is independent of the extension % of u. By Theorem 4.2, there exists
a NN . , with the stated approximation properties and asymptotic size bounds. The bound on the
L*>°(Qr) norm of the realization of ®. , follows as in the proof of Theorem 4.3. O

Remark 5.17. Arguing as in Corollary 5.7, a NN with ReLU activation and two-dimensional input can be
constructed so that its realization approximates the Dirichlet trace of solutions to (5.29) in H'/?(9Qr) at an
exponential rate in terms of the NN size M.

The following statement now gives expression rate bounds for the approximation of solutions to the
Fichera problem (5.29) by realizations of NNs with the ReLU activation function.

Corollary 5.18. Let f be an analytic function on Qr and let u be a solution to (5.29) with operators £ and B as
in Setting 5.14 and with source term f. Then, for any 0 < € < 1 there exists a NN ®. ,, so that

[u =R ()l g1,y <€ (5.33)

In addition, M(®. ) = O(|log(e)|**™) and L(®. ..) = O(|log()|log(|log(e)|)), for € — 0.

Proof. By [5, Corollary 7.1 and Theorem 7.4], there exists y such that y. — d/2 > 0 for all ¢ € Cr and
Ye > 1forall e € £ such thatu € Iv (QF;Cr,EF). An application of Theorem 5.16 concludes the
proof. O

Remark 5.19. By [5, Corollary 7.1 and Theorem 7.4], Corollary 5.18 holds verbatim also under the hypothesis
that the right-hand side f is weighted analytic, with singularities at the corners/edges of the domain; specifically,
(5.33) and the size bounds on the NN ®. ,, hold under the assumption that there exists ~ such that v. — d/2 > 0
forall c € Cr and ve > 1 forall e € Er such that B

fe jlw_Q(QF;CF,EF).

Remark 5.20. The numerical approximation of solutions for (5.29) with a NN in two dimensions has been
investigated e.g. in [26] using the so-called 'PINNs’ methodology. There, the loss function was based on
minimization of the residual of the NN approximation in the strong form of the PDE. Evidently, a different
(smoother) activation than the ReLU activations considered here had to be used. Starting from the approximation
of products by NNs with smoother activation functions introduced in [44, Sec.3.3] and following the same line of
reasoning as in the present paper, the results we obtain for ReLU-based realizations of NNs can be extended to
large classes of NNs with smoother activations and similar architecture.

Furthermore, in [6, Section 3.1), a slightly different elliptic boundary value problem is numerically approxi-
mated by realizations of NNs. Its solutions exhibit the same weighted, analytic reqularity as considered in this
paper. The presently obtained approximation rates by NN realizations extend also to the approximation of solutions
for the problem considered in [6].

In the proof of Theorem 5.6, we require in particular the approximation of weighted analytic functions
on(—1,1)x(0, 1) with a corner singularity at the origin. For convenient reference, we detail the argument
in this case.

Lemma 5.21. Let d = 2 and Qpn := (—1,1) x (0,1). Denote Cpny = {—1,0,1} x {0,1}. Let u €
j.;w(QDN; CDN7 @) with v = {’Yc 1cE CDN}, with Ye > 1f07" allc € Cpn.
" Then, for any 0 < & < 1 there exists a NN ®. , so that

l[u— R(q)&U)HHl(QDN) <e. (5.34)

In addition, | R (®c.u) ||r=@py) = O + [loge[*) , for e — 0. Also, M(®.,) = O(|log(e)|®) and
L(®c,u) = O(|log(e)| log(|1og(e)])), for e = 0.
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Proof. Let@ € Wk ((—1,1)?) be defined by

mix

i(z1, z2) = u(z1,z2) forall (z1,22) € (—1,1) x [0,1),
U(z1,x2) = u(z1,0)  forall (z1,z2) € (—1,1) x (—1,0),

such that ila,, = u. Here we used that there exist continuous imbeddings J;° (Q2pn~;Cpn, D) <
Whl(Qpn) — C°(Qpn) (see Lemma A.22 for the first imbedding), i.e. u can be extended to a

mix
continuous function on Qpy.
As in the proof of Lemma 5.15, this extension is stable, i.e. there exists a constant Cexy > 0 indepen-

dent of u such that

Hﬁ”W&)’&((—l,l)d) < CEXt”uHWé,&(QDN)' (5.35)

Because u € J77 (2pn; Cpn, @), it holds with Cs = SNCpy thatu € Jy(S;Cs, @) for all

Se { X (aj,a; +1/2): (a1,a2) € {-1,-1/2,0,1/2} x {0, 1/2}} .

j=1,2

The remaining steps are the same as those in the proof of Theorem 5.16. O

6 Conclusions and extensions

We review the main findings of the present paper and outline extensions of the present results, and
perspectives for further research.

6.1 Principal mathematical results

We established exponential expressivity of realizations of NNs with the ReLU activation function in the
Sobolev norm H' for functions which belong to certain countably normed, weighted analytic function
spaces in cubes Q = (0, 1)? of dimension d = 2, 3. The admissible function classes comprise functions
which are real analytic at points 2 € @, and which admit analytic extensions to the open sides F' C 0Q),
but may have singularities at corners and (in space dimension d = 3) edges of (). We have also extended
this result to cover exponential expressivity of realizations of NNs with ReLU activation for solution
classes of linear, second order elliptic PDEs in divergence form in plane, polygonal domains and of
elliptic, nonlinear eigenvalue problems with singular potentials in three space dimensions. Being
essentially an approximation result, the DNN expression rate bound in Theorem 5.6 will apply to any
elliptic boundary value problem in polygonal domains where weighted, analytic regularity is available.
Apart from the source and eigenvalue problems, such regularity is in space dimension d = 2 also
available for linearized elastostatics, Stokes flow and general elliptic systems [12, 15, 5].

The established approximation rates of realizations of NNs with ReLU activation are fundamen-
tally based on a novel exponential upper bound on approximation of weighted analytic functions
via tensorized hp approximations on multi-patch configurations in finite unions of axiparallel rectan-
gles/hexahedra. The hp approximation result is presented in Theorem A.25 and of independent interest
in the numerical analysis of spectral elements.

The proofs of exponential expressivity of NN realizations are, in principle, constructive. They are
based on explicit bounds on the coefficients of hp projections and on corresponding emulation rate
bounds for the (re)approximation of modal hp bases.

6.2 Extensions and future work

The tensor structure of the hp approximation considered here limited geometries of domains that
are admissible for our results. Curvilinear, mapped domains with analytic domain maps will allow
corresponding approximation rates, with the NN approximations obtained by composing the present
constructions with NN emulations of the domain maps and the fact that compositions of NNs are again
NNs.

The only activation function considered in this work is the ReLU. Following the same strategy, similar
expression rate bounds can be obtained for functions with smoother, nonlinear activation functions. We
refer to Remark 5.20 and to the discussion in [44, Sec. 3.3].

The principal results in Section 5.1 yield exponential expressivity of realizations of NNs with ReLU
activation for singular eigenvalue problems with multiple, isolated point singularities as arise in electron-
structure computations for static molecules with known loci of the nuclei. Inspection of our proofs reveals that
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the expression rate bounds are robust with respect to perturbations of the nuclei sites; only interatomic
distances enter the constants in the expression rate bounds of Section 5.1.2. Given the closedness of
NNs under composition, obtaining similar expression rates also for solutions of the vibrational Schrédinger
equation appears in principle possible.

The presently proved deep ReLU NN expression rate bounds can, in connection with recently
proposed residual-based DNN training methodologies (e.g., [46]), imply exponential convergence rates
of numerical PDE solutions based on machine learning approaches.

A Tensor product hp approximation

In this section, we construct the hp tensor product approximation which will then be emulated to obtain
the NN expression rate estimates. We denote @ = (0,1)%, d € {2,3} and introduce the set of corners C,

_ {(O,O)} ifd:Q,
C{{(O»O,O)} ifd=3, (A1)

and the set of edges &,
e=1% %fd:l (A2)
{£0} x {0} x (0,1), {0} x (0, 1) x {0}, (0,1) x {0} x {0} ifd = 3.

The results in this section extend, by rotation or reflection, to the case where C contains any of the corners
of @ and & is the set of the adjacent edges when d = 3. Most of the section addresses the construction of
exponentially consistent hp-quasiinterpolants in the reference cube (0, 1)%; in Section A.10 the analysis
will be extended to domains which are specific finite unions of such patches.

A.1 Product geometric mesh and tensor product hp space
We fix a geometric mesh grading factor o € (0, 1/2]. Furthermore, let

JE = (0, O'Z) and Ji = (Ueflﬁl,aefk), k=1,...,4
In (0, 1), the geometric mesh with ¢ layers is Gt = {J Cik=0,...,¢ } Moreover, we denote the nodes
of G¢ by z§=0and zf = o* * 1 fork =1,...,£+ 1. In (0,1)¢, the d-dimensional tensor product
geometric mesh is'

d
Gi= {)(Ki, forall Ki,...,Kq € gf}.
=1

For an element K = Xj: ) Ji,, ki € {0, ..., £}, we denote by d the distance from the singular corner,
and d¥ the distance from the closest singular edge. We observe that

d 1/2
af = <Z meu) (A3)
1=1

1/2

d¥ = min Z o2kt D) . (A4)

i1,i2)€{1,2,3}2 \ = —
(i1,i2)€{ } ic{in s}

and

The hp tensor product space is defined as

Xf;fd ={ve H'(Q) : v, € Qy(K), forall K € G5},

where Q, (K) := span {H‘f:l(wi)ki cki <pi=1,..., d}. Note that, by construction, Xf;fd =L, le;fr
For positive integers p and s such that 1 < s < p, we will write

U, = Eg;g: (A5)

Additionally, we will denote, for all o € (0,1/2],

l1-0o
Te = —— € [1,00). (A6)
o
1We assume isotropic tensorization, i.e. the same o and the same number of geometric mesh layers in each coordinate direction;
all approximation results remain valid (with possibly better numerical values for the constants in the error bounds) for anisotropic,
co-ordinate dependent choices of £ and of o.
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A.2 Local projector

We denote the reference interval by I = (—1, 1) and the reference cube by K= (—1,1)%. We also write
HYW(K) = @4, H'(I) D HY(K). Let p > 1: we introduce the univariate projectors 7, : H*(I) —
Py(I) as

(7o) (@) = 8(-1) + z_j (#2522 [ Latepae

-1

b(~1) (1;m) + (1) (1;“”) +pi (f/, 2”; 1Ln) /j Lo (€)de,

n=1

(A7)

where L, is the nth Legendre polynomial, > normalized, and (-, -) is the scalar product of L*((—1, 1)).
Note that
(7p0) (£1) = d(£1), Yo e H'(I). (A.8)

For p € N, we introduce the projection on the reference element K as ﬁp = ®‘j:1 7. Forall K € G5,
we introduce an affine transformation from K to the reference element

g : K - K suchthat ®x(K)=K. (A9)

Remark that since the elements are axiparallel, the affine transformation can be written as a d-fold
d
product of one dimensional affine transformations ¢, : Ji — I, i.e., supposing that K = X, J ,fi,

there holds 4
ok =) bx, -
i=1

Let K € G5 and let k;, i = 1,. .., d be the indices such that K = ijl J,fi. Define, for w € Hl(J,fi),
mpiw = (Fp(wo ¢y.1)) 0 .

For v defined on K such that v o ®' € Hélix(f() and for (p1,...,pa) € N%, we introduce the local
projection operator

d
0y = Qi (A.10)
i=1
We also write R
My =115 v = (Hp(vofbl}l)) o Dy (A11)

For later reference, we note the following property of Hff v:

Lemma A.1. Let K1, K> be two axiparallel cubes that share one regular face F' (i.e., F' is an entire face of both
K1 and K>). Then, for v € Hyy, (int (K1 U K2)), the piecewise polynomial

K .
HKlUK2’U— le'U 171K17
P K20 in Ko

is continuous across F'.

Proof. This follows directly from (A.8). O

A.3 Global projectors

We introduce, for ¢, p € N, the univariate projector wfl’f s HY((0,1)) — X,fp’,p | as

op B (ﬂ?u) () ifxe J§,
(Whp u) () = {(Trj;u) (x) ifzxe i, ke{l,... 0} (A12)

Note that forall ¢ € N, for z € J§
(r%u) (z) = u(0) + o~ (u(ae) - u(())) z.

The d-variate hp quasi-interpolant is then obtained by tensorization, i.e.

d
M7, = Q) m? (A13)
=1
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Remark A.2. By the nodal exactness of the projectors, the operator Hﬁ;fd is continuous across interelement

interfaces (see Lemma A.1), hence its image is contained in H*((0,1)%). The continuity can also be observed
from the expansion in terms of continuous, globally defined basis functions given in Proposition A.24.

Remark A.3. The projector Hﬁ;f , is defined on a larger space than Hy,;, (Q) as specified below (e.g. Remark
A.20).

A.4 Preliminary estimates

The projector on K given by
d
leu.pd = ® ;r\pi (A14)
i=1

has the following property.

Lemma A.4 ([43, Propositions 5.2 and 5.3]). Let d = 3, (p1,p2,p3) € N?, and (s1, s2,53) € N with
1 < s; < p;. Then the projector Ty, pyps : Homix (K) — Qpy pa,ps (K) satisfies that

= 2 s1+1,01, 2
||U_HP1P2P3UHH1<[?)SC&PPXI<\IIPLSI Z Ha(sﬁ_ 1 QQ)UHLZ(IA{)

ay,az<1

_’_\11112’52 Z Ha(a1,sz+1,a2)’l)”§12(f{) (A15)

ag,a<1

+\I/p3,53 Z Ha(a1,a2,53+1)’UHiQ(fQ),

a1,a<1

forallv € H*PH(I) @ H*2TH(I) @ H**V(I). Here, Cappx1 is independent of (p1, p2,p3), (s1, s2, 83) and v.
Remark A.5. In space dimension d = 2, a result analogous to Lemma A.4 holds, see [43].

Lemma A.6. Let d = 3, (p1,p2,p3) € N°, and (s1,s2,53) € N*> with 1 < s; < p;. Further, let {3,5,k} bea

permutation of {1,2,3}. Then, the projector T, pyps * Hemix () — Qupy pg.ps () satisfies

~ 2 s;+1 na fe% 2
(102, (” - Hmpzps”) ||L2(1?) < Cappx2 (‘I/m,Si Z Haacb aleaa:f,U”L?(;?)

aq,02<1

sit+1laa 2
+ W05 ) 1102053 Oz, vl L2y (A.16)

a1<1

FWpsn D \|axia§;a;z+w||i2(k)>,

a1<1

forallv € HS*V(I) @ H®2T(I) @ H*3T(I). Here, Cappxa > 0 is independent of (p1, p2, p3), (s1, 82, 53),
and v.

Proof. Let (p1,p2,p3) € N3, and (s1,s2,53) € N, be as in the statement of the lemma. Also, let
i €{1,2,3}and {j, k} = {1,2,3} \ {i}. By Lemma A 4, there holds

H@Zl (U — HP”)H%Z(}?) S Cappxl (\IIP1,S1 Z ||6(S1+1,a1,a2),v||312(f()

ag,0<1

RE Z ||8(a1,52+1,a2>v||ig(f() (A17)

aq,02<1

+\11103783 Z ”8(04170[27334—1)””12(1?))'

oq,02<1

With a Cappx1 > 0 independent of (p1, p2,p3), (s1, s2, 83), and v. Let now, @; : I? — R such that

ﬁi(l‘j,l‘k) :/v($1,$2,m3)d1'¢.
I
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We denote ¢ := v — v; and, remarking that 0,,7; = 9., 11,7; = 0, we apply (A.17) to 7, so that

H817 (U — HP”)||i2(1?) S C<\IIP1781 Z ||a(51+1 a1,&2>vHL2(K>

oq,02<1

+ T, . Z H8(011,92+1C¥2)'U||L2(K) (A.18)

ay,a2<1
(aq,02,83+1) ~12
+ Wpg,s3 § [0t 'UHLZ([?) :
a,0<1

By the Poincaré inequality, it holds for all a; € {0, 1} that

10237 0510l 2 ) < Cll0w 02 0510 and (|05 035 032 7y < Cll0w, 051055 0}

vliza ) L2(R)"

Using the fact that 0,9 = O, v in the remaining terms of (A.18) concludes the proof. O

A.4.1 One dimensional estimate

The following result is a consequence of, e.g., [41, Lemma 8.1] and scaling.
Lemma A.7. There exists C' > 0 such that for all £ € N, all integer 0 < k < ¢, all integers 1 < s < p, all
v >0,andall v € H(J})

h2 |y — W];UHiz(Jli) + V(v — W];U)||2LQ(J£> < CTg(S'H)\I/p,shQ(min”_l’S})|||;t\(s+1_7)+v(s+1)||2LQ(J£

(A.19)
where h = |Ji| ~ o*~*.
Proof. From [41, Lemma 8.1], there exists C' > 0 independent of p, k, s, and v such that
h 2o — Wﬁ””i?uﬁ) +[IV(v— ﬂ—s”)HiQ(Jﬁ) = C‘I’p,shQSHU(SH)HQL%Jﬁ)'
In addition, for all k = 1,..., ¥, there holds x| gt > 12-h. Hence, forall y < s + 1,
B o gy < 72 TR T
This concludes the proof. O

A.4.2 Estimate at a corner in dimension d = 2
We consider now a setting with a two dimensional corner singularity. Let 8 € R, & = J§ x J§,
r(z) = |z — xo| with 2o = (0, 0), and define the corner-weighted norm HUHJE(R) by
2 al— (e 2
||U||j§(ﬁ) = Z HT(‘ =P+o v[|Z2 ()
la]<2

Lemma A.8. Let d =2, 8 € (1,2). There exists C1,Cy > 0 such that for all v € J3 ()

Z Haa(ﬂ? ® W?)UHLZ(R) <G| ol s + Z U(ﬁ_l)[||7“2_ﬁ8a71”L2(ﬁ) - (A20)
aGN%:|a\§1 C!GN%:‘(!':Q
and
> M- (W @ m )l < Coo"TTV 30 PO e (A2D)
aENg:\OASI OLEN81|0¢\:2

Proof. Denoteby ¢;, i =1,...,4 the corners of £ and by ¢;, ¢ = 1, .. ., 4 the bilinear functions such that

1/)1' (Cj) = (513 Then,
4
7T1 & 7r1 Z v ;.
=1
Therefore, writing h = o, we have

I ® m)oll 2wy < Z el 2y < 4lIvlloo () |81Y? < 4Blv] Lo (- (A22)

i=1,...,4
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With the imbedding 73 ((0,1)*) < L>((0,1)?) which is valid for 8 > 1 (which follows e.g. from
Lemma A.22 and W'k ((0,1)%) <= L*°((0,1)?)), a scaling argument gives

mix

la|=2

W |[v]|Zee gy < CR? <h2|v|l2m(m +oline + Y h252|T266av|liQ(ﬁ)> ;
so that we obtain
[(m) @ m)olZ2 ) < C (llvlizw + ol + Y hml?"z_ﬂaavliym) : (A23)
lal=2
For any |a| = 1, denoting vo = v(0, 0) and using the fact that (7§ ® 77 )vo = vo hence 9% (7§ @ 7{)vo = 0,

10% (ri @Y )vl L2 () = 10% (V@Y (0—v0)ll 2y < D [(w=v0) ()0 ill2(a) < Cllo—vollLoe(s)-
i=1,...,4
(A.24)
With the imbedding 75 ((0,1)?) < L*°((0, 1)), Poincaré’s inequality, and rescaling we obtain

[|0% (n? ®7T?)UH2L2(R) <C (lvﬁll(ﬁ) + Z h252||7"2/38a’0||2m(ﬁ)> ;
|a|=2

which finishes the proof of (A.20). To prove (A.21), note that by the Sobolev imbedding of W2 (f)
into H'(8) and by scaling, we have

Yo A0 (W = (m} @ w )z < C Y AUNT20% (v — () @ 7))l (-

lo| <1 la| <2

By classical interpolation estimates [4, Theorem 4.4.4], we additionally conclude that

>R 0% (w — (7] @ 7)0) |1 () < Clolwza ey

la|<1

Using the Cauchy-Schwarz inequality,

Yo RO = () @ 7)) l2 ) < C Y 100l

lol<1 o =2
<C Z 772 P N p2 sy Ir> 2 0% 0] L2 (s
|a|=2
<C Y RTHPPTP0% 2y
|a|=2

where we also have used, in the last step, the facts that r(z) < V2h forall z € & and that 8 > 1. O

A.5 Interior estimates

The following lemmas give the estimate of the approximation error on the elements not belonging to
edge or corner layers. Ford = 3, all £ € N, all k1, k2, ks € {0,...,¢} and all K = J;, x Jf, x Ji,, we
denote, by k| the length of K in the direction parallel to the closest singular edge, and by hy 1 and h 2
the lengths of K in the other two directions. If an element has multiple closest singular edges, we choose
one of those and consider it as “closest edge” for all points in that element. When considering functions
from J4(Q), e will refer to the weight of this closest edge. Similarly, we denote by 9, (resp. 0. and
8. 2) the derivatives in the direction parallel (resp. perpendicular) to the closest singular edge.

Lemma A9. Letd = 3, ¢ € Nand K = J{, x Jf, x Jf, for 0 < ki, ko, ks < £ Letalsov €
TIZ(Q;C,E;Cy, Ay) with v € (3/2,5/2), ve € (1,2). Then, there exists C > 0 dependent only on o,
Clappxz, Cy and A > 0 dependent only on o, A, such that forall 1 < s<p

10 (0 = T W) [F2) < Oy AP0 ((dE)? + (@770 (5 4+ 3))7, (A25)

where 0y is the derivative in the direction parallel to the closest singular edge.
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Proof. We write d, = d, a € {c,e}. There holds

2 2
de = (ﬁ) (R +h31 + Rl ), : = (1 (_TU) (h1+ k1),

Denoting © = vo®3' and I1,6 = Ifvody ! = I, (vodrk), using the result of Lemma A.6 and rescaling,
we have

~ ~ h

~ AN [12 I 2572 2 1 2
10y (0 — Hpv)||L2(f() < Cappr\I!p,sm Z Ri*hi% hf%”@ﬁ* 91073012 (k)
’ ’ aq,a2<1

25427 21 s+1 oy 2
+ § Ry hJ_,QHa\laL,laJ_,QU”Lz(K)
a1<1

(A26)

2a1 7.2542 aq s+1 2
+ E h’L,th,Q HaHaL,laL,Zv”Lz(K)
a1<1

ﬁ ((1) +(ID) + (111)) 4

Denote K. = KN Q¢, Ke = KNQe, Kee = KN Qce, and Ko = K N Qo. Furthermore, we indicate

257 2 2a s+1 qa e 2
I)e = Z hj hL,}h’L,SH8H+ aﬁ16ﬁ2'v”L2(1{c)7

ay,az<1

— Uappx2 \ij,s

and do similarly for the other terms of the sum (1) and (I11) and the other subscripts e, ce, 0. Remark
also that r;,. > d;, i € {c, e}, and that for a,b € R holds rerl = pathpb
We will also write ¥ = . — 7. We start by considering the term (I)c.. Let a1 = a2 = 1; then,
Bt b |01 01 101 vl (i, < oA E|O] T 0L 100 202 k.o

2s+4 129—2 42~ s+3—vc 2—ve qs+1 2
<75 dc de e||7‘c “pee eau 8J_,18J_,2U||L2(K66) )

where 7, is as in (A.6). Furthermore, if &1 + a2 < land s+ 14+ a1 + a2 — 7. >0,

257201 1 2an s+1aa; qas 2 2s+2(a1+ag) 325 2(a1+ag) s+1 a1 nas 2
hjj hJ_,th,znan 81_,18J_,2U”L2(KCC) <75 d.d. Hau aJ_,laj_,QUHLQ(KCC)

2s+2(a1 ) 12v.—2),.s+1+a1+az—vc qs+1 qa1 qog 2
<75 de’"re O 01015l (k)
where we have also used d. < d.. Therefore,

. — . + —Ye
(I)Cesnfs“lali“ 2 Z ||Tz+l+a1+a2 'pr((:gl ag ’Yf>+6s+l

a1 Qoo 2
aL,lalﬂan?(Kce)'

aq,a2<1
Ifs+1+4+ a1 +a2—7 <0,thens=1and a1 = az =0, thus

2s+4 52 (stl+artas—vc) (ar1d+az—ve)t qs+1qa; qas 2
(Hee < 757 de|re Pee 9010152 (k.0

Then,if s+ 1+ a1 +azs—7>0

257 2 2 s+1 o fet 2
(e = Z hj hL,ihL,§|la|\+ 6L}18L?20||L2(KC)

ay,az<1
2s+4 2s 12(a1ta2) | qst+laga; qas 2
<7 E dede 10,7 0707022 (k.
aj,az<1
2544 12v.—2 (s+1tartaz—ve)t as+1lga; gas 2
<7 dt E [lre au aJ_,laJ_,2U||L2(KC)

o,02<1

where the last inequality follows also from d. < dc. If s + 1 4+ a1 + a2 — 7. < 0, then the same bound
holds with d27<~? replaced by dZ. Similarly,
2 2 2 1 2
(e = Z h||shJ_O,‘th_of§H8ﬁ+ 8?_?10?_?211'&2(1(8)
a1,a2<1
< 7_35+4 Z disd§&1+202*2(01+02*"/e)+ ||T£041+0<2*’Ye)+ aﬁjrlai?laizv”%?(lﬁ'e)
ay,a2<1
2544 42s (a1+az—"e) s+1aa a 2

<75 de Z ||7’ea1 e +8” 8ﬁ18ﬁ21’”L2(KE):

aq,02<1
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where we used that de < 1. The bound on (I)o follows directly from the definition:
(Do= 37 BRI 00020 e ey < 7210 ST 1077000l i
ap,a2<1 ay,a2<1

Using (2.1), there exists C' > 0 dependent only on C, and o and A > 0 dependent only on A, and o
such that
(I) < CAP*O((s + 3)1)? (d2 + d27 7). (A.27)
We then apply the same argument to the terms (/1) and (III). Indeed,
U)ce = Z h23+2 2a1 ‘8Has+1aa 2U||L2(Kce)
a1<1

2s+4 25+242a7 s+1 qaq
<7, E de 1007 05250l 7 2 k..
a1<1

23+4 27 —2 42 s+24+a1 —ve  s+1l4+a;—y s+1
<T E de’ de e “Pee <0101, 07} 2v||L2(KCC)
a1<1

and the estimate for (/11).. follows by exchanging h 1 and 91,1 with h1 2 and 0, » in the inequality
above. The estimates for (I1)c.c,0 and (I1]).,.,0 can be obtained as for (I)c,e,o:

(ID)e < 73778 Y7 d2e 2 700,07 0Tl T2

a1<1
(IDe < 72578 " d2e re o007 000l 2 (k)
a1<1
(IT)o < Tt Z d29+2||8 89-~_18jt_1271||L2(1r<0)
a1<1
Therefore, we have '
(1), (ITT) < CA**TO(d2 4 d2*?)((s + 3))*. (A.28)

We obtain, from (A.26), (A.27), and (A.28) that there exists C > 0 (dependent only on o, Cappx2, Cv
and A > 0 (dependent only on ¢, A, ) such that

18) (5 — T,0) |22 ) < cm% AP 4 272 (s 4 3)))°.
Considering that
100 = )2 iy < 422106 Tyl
completes the proof. O

Lemma A10. Letd = 3, ¢ € Nand K = Jg, x Ji, x Ji, for 0 < ki, ka,ks < L. Letalsov €
TIF(Q;C,E;Cy, Ay) with v, € (3/2,5/2), ve € (1,2). Then, there exists C' > 0 dependent only on o,
Clappx2, Cv and A > 0 dependent only on o, A, such that forallp € Nandall 1 < s <p

10..1(v = T 0) 72 a6y + 19120 = T 0) |72 )
< Oy AP ()70 7D 4 (@00 ) (s +3))° (A29)
where 01 1, 01 2 are the derivatives in the directions perpendicular to the closest singular edge.

Proof. The proof follows closely that of Lemma A.9 and we use the same notation. From Lemma A.6
and rescaling, we have

hia 25+2; 2aq || gs+1 o
102,16 = Tp0) 132 ) <cappx2\11,,shuhu D R0 00 10T ]| T2
’ a1<1
+ > R R0 0T 0%l T
ar,a<1

(A.30)
+ >0 R0 01,107 vl 2 )
a1<1

hia
= Cappx2¥p, “Thos ((I) + (IT) + (HI)).
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As before, we will write ¥ = . — .. We start by considering the term (I)c.. When a; =1,

W23 1057100101 20|72 (k) < T AT AR)0FT 0101 00|72 (ke

2s+4 125 12v.—2 3— 2—
< Tos+ dcvdeve s+3—=7¢ Ye

s+1 2
||Tc Pce aH 8L718i72v”L2(KC6)7
where d?7d27e =2 < 272, Furthermore, if a; = 0,

2S+2”85+18L 1U||L2(KLG> < 725+2d25+2||35+18l lv‘|iQ<KCE)

2542 12v.—2
S 7_cr8+ dc')’c

+1 2
81—71UHL2(KCE)'

||7,s+2 Ye 8ﬁ

Therefore,

1—0o 2s+4 _ _ 1 .
e = (150) et 3 g0 g ol

g
a1<1

The estimates for (I)c,e,0 follow from the same technique:

(e < D7 72Tz 2 e T T 00107 v e,

a1<1
25+4 12v.—2 s+2+4+a1—vc 9s+1 e 2
(I)CSE Tode T |re 0T 00,107 v 12 (k0
a1<1
2s+4 12s5+2 s+1 (51 2
I < E Ty de H8H 8l718L,2v”L2(K0)'
a1<1

Hence, from (2.1), there exists C' > 0 dependent only on C, and ¢ and A > 0 dependent only on A,
and o such that
(I) < CA*TO((s + 3))2d27 2. (A.31)

We then apply the same argument to the terms (/1) and (I11). Indeed, if s+ 1+ a1 + a2 — . >0

(-[I)ce: Z h2a1h h2o¢2||a S+1aa22v”L2(K)

ap,az<1
2s+4 201 j2s+2ag (51 s+1 a2
<75 E d."td, Han 107 QUHLQ(KCC)
ap,a<1
2s+4 25 129e—2),.s+1+a1+as—ve s+l4+as—7. s+1 a9
STO' E dc de ¢ Hrc cpce ea 8 8J_ 2U||L2(Kce)
a1<1
2s+4 2ve—2 s+l14+aitas—vc s+1l4+anx—7 a1 as+1
<75 E dc.'® Hrc “Pee 68” (9 aL 2”||L2(Kce)’
a1<1

where at the last step we have used thaty. > land de < dc. If s+ 1+ a1 + a2 — 7. < 0, then

(INee =Y hi™ T 10207107 07012 k..

aq,02<1
2s+4 21 32542 al 9+1
<75 E d."'d, ||8” 2”||L2(KN)
ay,a2<1
2s5+4 2 2542 —25—2-2 2 1 1
< Tgs+ 2 : dca1des+ a2(de/d s— az+ ’Ye” S+ +az— veaa1as+ 8?_ 2U||L2(Kce)
a1<1
2s+4 25+4+2—-2 2ve —2 1 1
< Taer } : dCer 'Yede"/e ” c: Faz— 7e3a1as+ aazszLQ(Kce)'
a;<1

Thus, using d. < d.,

(II)ce < 23+4 Z dQS d2’y(‘—2)H (s+1+ar+az— ’Yc)+ps+l+a2—'ypaalas+1 2UHL2(KCC)

a1 <1

The estimates for (I1)c,e,0 and (I11)ce,c,e,0 can be obtained as above:

(I < 724 37 a2 st o 0 1 05 e,

a1 <1
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ifs+1+4+ a1+ a2 —v:>0,then

2s+4 279c—2 ..+ 1+a1+as—ve Qa1 9s+1 qao 2
(IDe <75 E de’e ™" |re FBH aL,l al,Qv‘|L2(Kc)a
a1<1

ifs+1+4+ a1+ a2 —v. <0, then

2s+4 2s (e s+1 o 2
(IDe <75 * Z d Haulalfl 8L?2U||L2(KC)7

a1<1

so that

(IN)e < 77770 Y7 (d2 + d27)|10] 01 0720l T2 e,

a1 <1
(I < 72"t d2® |0 011 07,0l 72 iy )
a1<1
(IT)ce <757 12: e R e g e 0 01 10T vl 2 (1,
a1<1
(I11). < 72+ Z A (A T TN 0
a1 <1
(1D < 7240 5 e a0, 07 ol
a1 <1
(ITD) < 72+ Z a2 2|00 0, 107012 -
a1<1
Therefore, we have
(IT) 4+ (IIT) < CA**TO(d2 2 4 d2=7?)((s 4 3))°. (A.32)

We obtain, from (A.30), (A.31), and (A.32) that there exists C' > 0 dependent only on o, Cappx2, Cv
and A > 0 dependent only on o, A, such that

N A~ = . hJ_,l s c— e—
10..1.(6 — T1,9) 22, < i U, AT (di” D4 2o ”) ((s+3)))2

Considering that
hyha

2 a ~ N 2
101 (v — )22 ) < 181 (6 — TL,)|22 )

s

and considering that the estimate for the other term at the left-hand side of (A.29) is obtained by
exchanging {h,d} . 1 with {h, 8} 1 » completes the proof. O

Lemma A1l. Letd = 3, ¢ € Nand K = J{, x Ji, x Ji, for 0 < ki, ko, ks < €. Letalsov €
TI7Z(Q;C,E;Cy, Ay) with v € (3/2,5/2), ve € (1,2). Then, there exists C > 0 dependent only on o,
Clappx1, Cyy and A > 0 dependent only on o, A, such that forallp € Nandall 1 < s <p

o = T 0320, < CWp e AP0 (@20970 4 @200 (s + 3)1)2. (A33)

Proof. The proof follows closely that of Lemmas A.9 and A.10; we use the same notation. From Lemma
A4 and rescaling, we have

~ 1 . ;
o — 115 2 < C . ] s h25+2h2a1h2a2 a.s+laa1 aag 2
[l pU”La(K) = Cappx1 ¥p, 7h”hl,1hL,2 a1§<1 I 1.1 L,QH I 1.1 L,QUHLQ(K)
2 25427 2 s+1 2
+ Z h”ath,Jf hJ_a,SHa\Tlajl 7%l T2k (A.34)

ag,a<1
201 120 7. 2542 a] oz qs+1 2
+ E h|| hiihis HBH 9701 5 vllL2 (k)
ag,a<1

Most terms at the right-hand side above have already been considered in the proofs of Lemmas A.9 and
A.10, and the terms with a; = a2 = 0 can be estimated similarly; the observation that

||U - Hp”“?ﬂ(x) < hl\hJ-yth-QH@ - HpﬁHQLZ(f()

concludes the proof. O

33



We summarize Lemmas A.9 to A.11 in the following result.

Lemma A.12. Letd = 3, ¢ € Nand K = J,ﬁ1 X J,f2 X J,f3 such that 0 < ki,ka,ks < £. Let also
v € I7(Q;C,E;Cy, Ay) with ve € (3/2,5/2), ve € (1,2). Then, there exists C > 0 dependent only on o,
Coappx1, Cappx2, Cv and A > 0 dependent only on o, A, such that forallp € Nandall 1 < s <p

[0 = T vll3r g0y < O APH0 (d20570 4 @207 (s 4 3)1)°. (A35)

We then consider elements on the faces (but not abutting edges) of Q.
Lemma A.13. Letd = 3,¢ € Nand K = J,ﬁ1 X J,fQ X in3 such that k; = 0 for one j € {1,2,3} and
0< ki< {lfori##j. Forallp € Nandall1l < s < p,letp; = land p;i = p € Nfori # j. Let also
v € J7F(Q;C,E;Cy, Ay) with ve € (3/2,5/2), ve € (1,2). Then, there exists C > 0 dependent only on o,
Coappx1, Cappxa, Cy and A > 0 dependent only on o, A, such that
||U _ ijo{lp2p3’UHiIl(K>C (\IIPVSA25+6(df)Q(min(’YCv’Ye)*l)((S + 3)')2 + (dé()Q(min(’Yc#‘/e)fﬁU2£A8) )
(A.36)

Proof. We write d, = df, a € {c,e}. Suppose, for ease of notation, that j = 3, i.e. ks = 0. The projector
is then given by 115, = 7}* ® 7k2 @ 7{. Also, we denote h » = o and 91 » = 9.,. By (A.16),

K
||6II (v— prlv)”i?(K) < Cappx2 | Yp,s ( Z hﬁshiofi hiag |\8ﬁ+18i}18j‘_?2u|@2(1()

aq,a2<1

25+2; 2 s+1 o 2
+ Z th— hj_é”al\al-t_l 81.?21)”[,2(}())

a1<1

2cc1 14 o 2 2
+ ) R 51930501 2ol )

o<1
— Cugpes (D) + (11) + (11D))
The bounds on the terms (I) and (//) can be derived as in Lemma A.9, and give
(1) + (I1) < Oy, A7 (@) + (@070 (s + 3))”.
We consider then term (I11): with the usual notation, writing 7 = vc — e,

4
(III)ce = Z hicfi’u,zHallaihai,ﬂfHQL?(ch)
a1<1
S Z T§+2a1 d§§f2dg’Yef4a,4é ‘|Ti’)+a1*7cpija1*"{e auaihai’zv”iQ(Kce) (A37)
a1<1

6 272 2y.—4 4L 48
< COrpd ™ 7d e 0™ A°.

Note that d. > d. and

. 3 e 3 ~'> .
qidy < LA BT 20 ¢ gpintene, (A38)
dld}e ify>0
where we have also used that d. < 1. Hence,
(IIT)ee < Crla2mintrene) =654 48 < 76 g2 min(ve.7e) =452 48 (A.39)

The bounds on the terms (I11). . 0 follow by the same argument:

(I11), < Crid?e=*6* A3,
(I11). < C78d2 00" A® < Cr8d2 "o A,
(IIT) < Crlo™ A%,
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Then,

K 2 P 25+2p2 1
||8J_,1(’U — prlv)||L2(K) < Ca,ppr p+ S ( Z h s+ al S+ 81_ 1804 2U||L2(K)
a1<1

+ > it W3 R (|0 07 972|172 K>)

ag,a2<1

+ Y AR o[101 01,101 svl72 k)

a1<1
< Cappx2 ((1) (I + (m)).
The bounds on the first two terms at the right-hand side above can be obtained as in Lemma A.10:
(1) + (1) < CWy, A0 ((@E)2070 4 (@207 (s + ),
while the last term can be bounded as in (A.39),
(IT1)ee < 79d27 A2 00 A% < CrlaZmintrena) =452 48
(II). < 78d27° %% A® < Or8d2e 0™ A,
(III). < 78d2° %" A® < Or8d 0™ A%,
(I11)o < 180 A%,

Z hQ‘”h

a1<1

so that

al,laigszLz(K) < C’di min(ye,ve) =4 ;26 48

The same holds true for the last term of the gradient of the approximation error, given by

K 2 254271 2« s+1aa 2
||3L,2(U*prlv)\|L2<K) < Cappxz ‘I’p,s( Z h * hY IHa * 8L}18i72v”L2(K)

a1<1

n Z h2a1 h25+2|‘8°‘185+13l 2UHL2(K))

a1<1

+ Z h2alh2a2’u2\|3a18a2 3?.,271”%2(1()

a1,as<1
< Cappa (1) + (1) + (I11)).
From Lemma A.10, we obtain
(1) + (IT) < O, A0 ()20 4 (@07 (s +3)1)%,
whereas for the third term, it holds thatif &y + a2 + 2 —~v. >0
(I1T)ce < 78d27d2 0% A® < OS2 ) =462 A8 (111). < 78d27° 0" A,
and if a1 + a2 + 2 — 7. < 0, then

(I11)ee < 78d27e 462 A8, (1), < 7857 A8,

and forall a1 + a2 +2 — . € R, (I11)e and (111)o satisfy the bounds that (I11). and (III). satisfy in

case a1 + a2 + 2 — 7. < 0, so that

102200 = T1f50) 32 ) < € (Wpad>F0(s + 3220007 4 ARGl Oe00 =220 )

Finally, the bound on the L?(K) norm of the approximation error can be obtained by a combination of

the estimates above.

The exponential convergence of the approximation in internal elements (i.e., elements not abutting a

singular edge or corner) follows, from Lemmas A.9 to A.13.
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Lemma A.14. Letd =3andv € J;7(Q;C,E) with . > 3/2, e > 1. There exists a constant Co > 0 such
that if p > Col, there exist constants C, b > 0 such that for every £ € N holds

2, 2 —be
E Hv_thljdv”Hl(K) <Ce ™.
K:dEK >0

Proof. We suppose, without loss of generality, that 7. € (3/2,5/2), and v. € (1,2). The general case
follows from the inclusion jfl' (@;C,€&) C jl’”;' (Q;C, &), valid for 1 > 72. Fix any Cy > 0 and choose
p > Col. For all A > 0 there exist C1, b; > 0 such that (see, e.g., [43, Lemma 5.9])

VpeN: min U, A%(s!)* < Cre” "7,
1<s<p

From (A.35) and (A.36), there holds

S Tl S Ca | Y €@ S (gl e =2 g2

K:dEK >0 K:dEK>0 K:dk>0,d% =0
= Cy((1) + (1)),

where dff indicates the distance of an element K to one of the faces of Q. There holds directly (I) <
C¢?e~"1*, Furthermore, because (min(ye,ve) — 2) < 0,

£ k1
(I1) < 605* Z Z o2 (= k2) (min(ve,7e)—2)

k1=1ko=1

¢
< Co?t Z o 2¢(min(ye,ve)—=2)
ky=1

< Céo.Q(min('\/cv'Ye)_l)E.

Adjusting the constants at the exponent to absorb the terms in £ and £, we obtain the desired estimate. [

A similar statement holds when d = 2, and the proof follows along the same lines.
Lemma A.15. Let d = 2and v € J7(Q;C,E) with v, > 1. There exists a constant Co > 0 such that if
p > Col, there exist constants C,b > 0 such that

2, 2 —bl
Sl -IPwlEg < Ce™,  VLEN.

K:dEK>0

A.6 Estimates on elements along an edge in three dimensions

In the following lemma, we consider the elements K along one edge, but separated from the singular
corner.

Lemma A.16. Letd = 3, e € Eand let K € G be such that d¥ > Oforallc € Cand dX = 0. Let Cy, Ay > 0.
Then, ifv € J77(Q;C, E; Cu, Av) with ve € (3/2,5/2), ve € (1,2), there exist C, A > 0 such that for all
p€Nandall1 < s < p, with (p1,p2,p3) € N® such thatpy =p,pL1=1=pLz2,

0 = T gy 31 sy < € (700 ER g, (4% (54 3)1)7 4 2170 | (A40)

where k € {1,...,0} is such that d¥ = o*=*+1,

Proof. We suppose that K = Ji x J§ x J§ for some k € {1,..., ¢}, the elements along other edges
follow by symmetry. This implies that the singular edge is parallel to the first coordinate direction.
Furthermore, we denote
an :7TI;®(7T?®7T?) =T ®mL.

For a = (a1, a2, a3) € N3, we write a) = (01,0,0) and ay = (0, a2, as). Also,

hy =|Jf|=c"%1-0) hy =o'
We have

U—HZ{(HUZ’U—WJ_U-FWL (U—?'I'HU). (A41)
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We start by considering the first terms at the right-hand side of the above equation. We also compute
the norms over K.. = K N Q..; the estimate on the norms over K. = K N Q. and K. = K N Q. follow
by similar or simpler arguments. By (A.21) from Lemma A.8, we have that if 7. < 2

o R 0% (v — ) |G, SEITTYDY D IO vl e i,

Jeeg [<1 lag |=2

Shﬁ(wc—ve)hiﬁe—l) Z ||T£2*“/c)+p§e—'ve80uUHQLQ(KCE)

lay|=2
S O_Zk('yefl)o_Q(ka)('ycfl)A4 S O_2[(mi1r1{'yc,'y(.;}71)1447

(A42a)
whereas for v, > 2
—2(1—| e 2(ve—1 e
ST oD 0% (0 — i) |G, SBITTYST (2T 0 vl
las|<1 o l=2
< o2t(re=1) g4 (A42b)

On K., the same bound holds as on K. for 7. > 2, and on K. the same bounds hold as on K. for
Ye < 2. By the same argument, for |o| = 1,

fe% 2 Yo' el 2
0% (v — mL0)[|L2(k,.y = [1(0%10) = 7L (0%10)|| L2k,
2ve 2—ve Qo fel 2
Shj Z [|7e 9L o HUHLZ(KCE)
ooy [=2
2%2(&2% 3= 2—7e ga, 112 (A43a)
5 h“ h’L Z ”Tc Pce 0 U||L2(Kce)
lag |=2
< g2U=k)(ve=1) ;2k(ve—1) 46 < ;2¢(min{7ye,7ve}—1) g6
and
(8% v) — o (81 v)HQLz(KC) < o2 A8 (A.43b)
1(8%10) — 71 (8°10) |22 s,y S 2ED0eD) g2k 0e=D) 46 < 2t(min{aese}=1) o (A.43¢)

We now turn to the second part of the right-hand side of (A.41). We use (A.20) from Lemma A.8 so that

>t = mp)l e

loeg [<1

< D0 0w =m0 + Y RATTIrETe0% (v = myo) T iy

ey [€1 [og |=2

(A.44)

By Lemma A.7 we have, recalling that oy = s+ 1land 1 < s < p,forall a1 | < 1,

0%+ (v — 7TIIU)H%‘Z(K) = [[(0%+v) — | (8QLU)H12(K)

A e N [ A TR )

~

2
||L2(K)7

and, for all |a1 | = 2, using that 7 and multiplication by 7. commute, because r. does not depend on
T,

||7"37%6al (v— 7TIIU)H2L2(K) = |‘(T§7%8aiv) - (Tgiﬂ/eaaLU)Hi%K)

S T A P R LA R

~

Then, remarking that |z1| < rc S |21, combining (A.44) with the two inequalities above we obtain

> 0%t mi (= m)| e

Jor [<1

2542 2min{vy.—1,s};2 (s+1=7e) 4+ qa 112
STs ‘l’p,shu hH E HTC 0 UHL2(K)
loeg [<1

- s+1—7c —Ye
D DR el o Tt ] [P
loy [=2
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Adjusting the exponent of the weights, replacing h and h with their definition, we find that there
exists A > 0 depending only on o and A, such that

> ot m (v — )l Ze k..

Jeg |<1

25+2 2min{vy.—1,s} ;2 —2| (s+1+|ay|—7e) a 12
SR AT T D DR TR AT FRYP
lay[<1

+37 RO TR B g2 0% 2

[oy [=2
5 0_2(@7]@) Inin{'chl,S}\IIPYSA25+4((S + 3)')2,
(A.45a)
and similarly
Do om0 = mp)fag,) S o0 g, AT (s 4 3))?, (A45b)

Jor [<1

and the estimate on K. is the same as that on K... Similarly to (A.44), using first (A.23) from the proof
of Lemma A.8, and then Lemma A.7

D> 0% (v — )72

[ <1

2| fe% el e —Ye Q@ o4
< ST DD Aot —mp)lliaae + Y RTElIrET 0% 0 (v — myw) 72 (i)

log <1 \lap|<1 Jooy |=2

< T38+2‘Pp,shﬁ min{vy.—1,s} Z Z hi\aJ_\ ||T£s+1—%)+ PRl aalvHiz(K)

~

|o)|=s+1]a [<1

+ 3 ST R e T 09w e

la|=s+1 |y [=2

As before, there exists A > 0 depending only on ¢ and A, such that

> 0% s (v — w72 k..

[ <1

2min{ye—1, Z Z 2 —2 s+1 -
5 7—38+2‘I/p,shu min{-, s} hjou_\hu ey | ||r£9+ +log [=ve)+ aav‘|i2<KCE)
Jo)|=s+1]a [<1

+ Z Z hivc hﬁhc ”T2+3fvcpz;% aav”iz(KC6>

[ |=s+1 Jay |=2

< 02@4@) min{chl,S}\pp’sAQSﬁ»él((s + 3)!)2’

~

(A.46a)
and

> 0% s (v = )72,

[ <1

< T§S+2\I/p,shﬁ min{vy.—1,s} z Z hi\a“ ”T£s+1—~y¢)+ aaUH%%KC)

lo)|=s+1 ] [<1

S DR DI et A A

log|=s+1 oy |=2

< UQ(E—k) min{%—l,s}\pp 5A25+4((s + 3)!)2’
(A.46Db)
and the estimate on K. is the same as that on K... The assertion now follows from (A.42), (A.43),

(A.45), and (A.46), upon possibly adjusting the value of the constant A. O
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Lemma A.17. Letd = 3and v € J;7(Q;C,E) with y. > 3/2, ve > 1. There exists a constant Co > 0 such
that if p > Co¥, there exist constants C, b > 0 such that

2, —bel
> o = Pl gy < Ce™™,  WEEN.
K:dK>0,dK=0

Proof. As in the proof of Lemma A.14, we may assume that . € (3/2,5/2) and 7. € (1,2). The proof
of this statements follows by summing over the right-hand side of (A.40), i.e.,

£
Z Hv _ Hﬁ;f?dvlﬁ{l([() < C <Z 0_2 min{"/cfl,s}(lfk)\IIP,SA2S((S + 3)|)2 + U?(min(’yu,'ye)l)l>

K:dK>0,dK=0 k=1

— C((1) + (11)).
We have (I1) < £o*min(ve7e)=DE, the observation that for all A > 0 there exist C1,b; > 0 such that

. 12 A2s < —bip
llgnslgp\llp,g((s—kii).) A” < Che ,

(see, e.g., [43, Lemma 5.9]). Combining with p > Co/ concludes the proof. O

A.7 Estimates at the corner

The lemma below follows from classic low-order finite element approximation results and from the
embedding JWQ(Q; C, &) C HH‘Q(Q), valid fora @ > 0ify. — d/2 > 0, forall ¢ € C, and, when d = 3,
ve > 1foralle € € (see, e.g., [41, Remark 2.3]).

Lemma A.18. Letd € {2,3}, K = Xj:1 J§. Then, ifv € I7(Q;C, E) with

Ye > 1, forall c € C, ifd =2,
Ye >3/2and e > 1, forallce Cande € £, ifd =3,

there exists a constant Co > 0 independent of £ such that if p > Col, there exist constants C,b > 0 such that

e, —bt
lv =107 vl ey < Ce ™

A.8 Exponential convergence

The exponential convergence of the approximation in the full domain @) follows then from Lemmas
A.14, A15,A17,and A.18.

Proposition A.19. Let d € {2,3}, v € J77(Q;C, E) with

Ye > 1, forallc € C, ifd=2,
Ye > 3/2and ye > 1, forallce Cande € £, ifd = 3.

Then, there exist constants ¢, > 0 and C,b > 0 such that, for all £ € N,

Cept —be
||v — th,ft vHH1(Q> < Ce ™.
With respect to the dimension of the discrete space Ngof = dim (X f:g Z), the above bound reads

lv— Hﬁ:ﬁzv\|H1(Q) < Cexp(—bNic{f(Qd)).

A.9 Explicit representation of the approximant in terms of continuous ba-
sis functions

Letp € N. Let (i(z) = (1 +2)/2and (& = (1 — x)/2. Letalso (,(z) = 3 /7 Ln2(&)d¢, forn =
3,...,p+ 1, where L,_> denotes the L>°((—1, 1))-normalized Legendre polynomial of degree n — 2
introduced in Section A.2. Then, fix ¢ € N and write (¥ =, odp,n =1,...,p+1land k =0,...,¢,
with the affine map ¢ : Ji — (—1, 1) introduced in Section A.2. We construct those functions explicitly:
denoting Ji = (xy,x+1) and hy = |241 — 2|, there holds, for = € Jf,

1

L (2 — ), C5(@) = (a1 — ), (A47)

(r(x) = e e
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and | e
@) = [ Loalonmdn =341 (A48)
k Ja,

Then, for any element K € Gs with K = J, 151 X J 152 X J ,fS, there exist coefficients cfi ...iy such that

p+1

Py, (o, m0,3) = > cly i, G (@) ¢ (22) ¢ (3),  V(@, a2, 73) € K (A.49)

i1 2 i3
i1,i2,i3=1

by construction. We remark that, whenever i; > 2 for all j = 1, 2, 3, the basis functions vanish on the
boundary of the element:

(chrckzels) =0 ifi;>3,j=1,23
lox

Furthermore, write
Uiy iy (1,02, m8) = (I (1) (22) (1 (w3)
and consider ¢;,...;, = #{i; <2, j =1,2,3}. We have
o ift;,. .4, =1, then wﬁ,_.id is not zero only on one face of the boundary of K,

o ift; ., =2, then wff ...iy 18 not zero only on one edge and neighboring faces of the boundary of

K/
o ift; ., =3, then wff ...iy 1 not zero only on one corner and neighboring edges and faces of the
boundary of K.

Similar arguments hold when d = 2.

A.9.1 Explicit bounds on the coefficients

We derive here a bound on the coefficients of the local projectors with respect to the norms of the
projected function. We will use that

hi 1/2 R 1/2
||Li0¢kHL2(J£) = <7> ||L1'||L2(<7171)) = <m> Vi € No, Vk € {O,,E} (A50)
Remark A.20. As mentioned in Remark A.3, the hp-projector Hﬁ;ff , can be defined for more general functions
than v € HL(Q). As follows from Equations (A.53), (A.57), (A.61) and (A.64) below, the projector is also
defined for u € W (Q).
Lemma A.21. There exist constants Cy, C such that, for all u € Wk (Q), all £ € N, all p € N
d
‘cﬁmid| <C <H ij) Hu”wl,ll @ VK € gfl, Y(it,...,14) € {17...,p+1}d (A.51)

j=1

and for all (i1, ...,iq) € {1,...,p+1}*

(H?zl ij) iftiy..iqg =0,

¢ 1( d oy~ ) it o =1,
Z |Cﬁ1d| S CHUHWL} @ ( + )2 Z]ldfl Z]27]1+1 2j1 %52 f 1---%d (A52)
Keg) e (Z + 1) (Zj:l 7']') lftilmid =2,

(£+ 1)d ifti1-~-’id =3.

Proof. Letd =3and K = J{, x J;, x Ji, € G5.

Internal modes. We start by considering the case of the coefficients of internal modes, i.e., cf ;, ;, as
defined in (A.49) for i, > 3, n = 1,2,3. Let then i1, 42,43 € {3,...,p+ 1} and write L* = L, o ¢:
there holds

el gy = (201—3)(2i2—3)(2i3—3) / (Oy Oy Oy u(w1, 2, 3)) Ly (1) L2y (w2) LE?_, (w3 )day dawadas.

" (A.53)
If u € Wit (K), since ||Ln || po(~1,1) = 1 for all n, we have

mix

el iy < (201 — 3)(262 — 3)(2i3 — 3)||05, Oep Ousull L1 (k) G0 >3, n=1,2,3, (A.54)
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hence,
D leli iyl < (2010 = 3)(2is — 3) (245 — 3)]|00y 00y Ougull 1) in =3, n=1,2,3.  (A55)
Keg)

Face modes. We continue with face modes and fix, for ease of notation, 71, = 1. We also denote
F=Ji, xJ ,ﬁs. The estimates will then also hold for i1 = 2 and for any permutation of the indices
by symmetry. We introduce the trace inequality constant C™"!, independent of K, such that, for all
veWhHQ)and & € (0,1),

(@, - Mpie) < Mo, ez < 6 (Iollie) + 100 vlL1)) - (A.56)

This follows from the trace estimate in [42, Lemma 4.2] and from the fact that
X . 1
[v(&, - )21 (0,1y2) < C'min m”v||L1((i,l)x(O,l)2) + 1102y vl L1 ((2,1) % (0,1)2)
1
m”vHLl((O,:@)x(O,IP) 10210l L1 (0,8) % (0,1)2) ¢
There holds, for iz, i3 € {3,...,p+ 1},

Figis = (2i2 — 3)(2i3 — 3)/

(812 Oy u(xil , T2, :cg)) Lf;_Q (:cg)Lf;_Q (z3)dxadrs. (A.57)
F

Since the Legendre polynomials are L° normalized and using the trace inequality (A.56),
|Lin.iy| < (2i2 = 3)(2is = 3)| (O Orgu) @iy, |1y < O (202 = 3)(245 — B)[ull 11 ) (A58)

Summing over all internal faces, furthermore,

‘

S Jeti] < (202 = 3)2is = 3) 3 @raBeat)(hy e 0.2

Kegh k1=0 (A.59)
< OTN 0+ 1) (22 — 3)(2i3 — Bl -

Edge modes. We now consider edge modes. Fix for ease of notation i1 = i2 = 1; as before, the estimates

will hold for (i1,42) € {1,2}? and for any permutation of the indices. By the same arguments as for

(A.56), there exists a trace constant G2 such that, denoting e = J£3, for allv € W''((0,1)?) and for

allz € (0,1),

0@, MLy < 0@ o,y < CT% (lullLro,y2) + 10zsullLro,1)2)) - (A.60)
By definition,
K = (2i5 - 3) / (amu(x‘,;l,xf;z,xg)) LE_, (ws)das. (A61)
Using (A.56) and (A.60)
1] < (s = 3w @k, b, Vs < OO = B ullyir g (A62)
Summing over edges, in addition,
¢ e
D et < (2is = 3) > > ([(0ay ) (Thy s Thy s )l 2 (0,1))
K€Q§ k1=0ko=0 (A63)

<TI0 +1)% (205 = 3)|ullyra o

Node modes. Finally, we consider the coefficients of nodal modes, i.e., C{iimia for i1,42,13 € {1,2},

which by construction equal function values of u, e.g.
ciin = u(xh, , Thy, mig) (A.64)

The Sobolev imbedding W' (Q) < L°°(Q) and scaling implies the existence of a uniform constant

mix

Cimb such that, for any v € WL (Q)

mix

[vllzee () < vl (@) < Crmbl|vlly11 (-
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Then, by construction,
K S
(Cir izl < Nlulleoo (i) < Cimnllullya gy Visyiz, iz € {1,2}. (A.65)
Summing over nodes, it follows directly that

Do el inisl € 30 Mulzei < Cuan(@+ D2 ullyr ) Viryizis € {12}, (A66)

Keg Kegs

We obtain (A.51) from (A.54), (A.58), (A.62), and (A.65). Furthermore, (A.52) follows from (A.55),
(A.59), (A.63), and (A.66). The estimates for the case d = 2 follow from the same argument. O

The following lemma shows the continuous imbedding of J7(Q; C, ) into Wi (Q), given suffi-
ciently large weights ~. B

Lemma A.22. Let d € {2,3}. Let y be such that v. > d/2, forall c € Cand (ifd = 3) v > 1 foralle € £.
There exists a constant C' > 0 such that, for all u € J{(Q; C,¢&),

lellw1 ) < Cllull sy
Proof. We recall the decomposition of Q) as

Q=QoUQcUQeUQce,
where Q¢ = Qce = @ if d = 2. There holds

1/2 1/2
lully 11 o) < ClQOIllullraqq) < ClQo?[1ull 74(q)- (A67)

We now consider the subdomain Q., for any ¢ € C. There holds, with constant C' that depends only on
ve and on |Q.|,

HUHW;}&(QC) = lullwi1q.) + Z 10%ullr1(q.)
2<]a|<d

|O“<x>§1
—(lal=~¢) al—vye
< ClQlullmrign +C > e 1T e lr T 0%l 2., (A68)
2<|a|<d
|0“00S1

< C”uHJff(Q)»

where the last inequality follows from the fact that v. > d/2, hence the norm ||r. (ol =7e)+ 20, is
bounded for all |a| < d. Consider then d = 3 and any e € £. Suppose also, without loss of generality,
that v — v > 1/2 and 7. < 2 (otherwise, it is sufficient to replace . by a smaller 7. such that
1 <7e < 7 —1/2and 7. < 2 and remark that 7(Q;C,&) C J:‘f(Q;C,S) if Yo < 7ve). Since ve > 1,

then ||ro 1*+ 77| 12(q,) is bounded by a constant depending only on 7. and |Q.| as long as « is such
that |a1 | < 2. Hence, denoting by 9 the derivative in the direction parallel to e,

||U\|Wr1nvi}((Qe> = [ullwii(q.) + Z 100" ullL1(q.) + Z 1010101 2ull L1 (q.)

|y |=1 a1=0,1

1/2 feY
< ClQN? | ulla qu) + Z 040"+ vllL2(q.)

lag|=1

=+ C Z HT’E_2+’Y€ ||L2(Qe) ||7"3_’Y€aﬁlaj_,laj_,2u”L2(Qc>

a1=0,1

(A.69)

< Cllullz3(@)-
Sincez| < r.(z) < Eforallz € Q.c, and due to the fact that Qe C {z|| € (0,8), (zL,1,212) € (0,6°)°},
there holds

—(Ye+1—7e —24v¢

—(Ye+1—7e) -2 e )
[[re T TR A 2 g, < [E 20,2 ll7e l2¢0,22)2) < C,
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for a constant C' that depends only on &, -y, and ~y.. Hence,

el g,y = llullwiige) + > 1010 ullpr ey + D, 1071010,104 2ull L1,

ey |=1 a1=0,1

1/2 —(2—7¢) (2—7¢) o
< ClQee*llull i@y +C D lre ™ " 2 (gun lIre ™ 810" ull 12 g

oy |=1
+C Z Hrg<a1+vefvc)+re—2+'ve HLZ(QCC)|‘7“£a1+27%)+Pge_%8ﬁlalylaJ-,2UHL2(ch)
a1=0,1
< C||“HJ13(Q)7

(A.70)
with C independent of u. Combining inequalities (A.67) to (A.70) concludes the proof. O

The following statement is a direct consequence of the two lemmas above and the fact that waf .
1forall K € G§and all 41, ...,iq € {1,...,p+1}.

Corollary A.23. Let «y be such that v. — d/2 > 0, forall c € C and, if d = 3, v. > 1forall e € £. There exists
a constant C' > 0 such that for all £,p € N and for all u € jld(Q; C,¢&),

--idHLoou() <

2, 2d
IMpaulli=@) < Cp™lullzaq)-

A.9.2 Basis of continuous functions with compact support

It is possible to construct a basis for Hﬁ;f , in @ such that all basis functions are continuous and have
compact support. For all £ € Nand all p € N, extend to zero outside of their domain of definition the
functions ¢ defined in (A.47) and (A.48), fork = 0,...,fand n = 1,...,p + 1. We introduce the

univariate functions with compact support v; : (0,1) - R, forj = 1,..., (£ + 1)p + 1 so that v; = ¢J,
Ve+2 = Cf,
vp=CF2 4 b forallk=2,... 041 (A.71)
and
Ve42+4k(p—1)+n = C‘r’j-ﬁ»Q’ forall k = 07 e ,E and n = 1, ey P — 1.

Proposition A.24. Let ¢ € Nand p € N. Furthermore, let u € jf(Q; C, &) with -y such that . — d/2 > 0
and, ifd = 3, ve > 1. Let N1iq = (£ + 1)p + 1. There exists an array of coefficients

c= {Ci1~~id : (i1,. . .,id) (S {1,. . .,Nld}d}

such that
Nig d
(Hﬁ;fdu) (x1,...,2q) = Z Ciy iy H vi; (z5) V(x1,...,24) € Q. (A.72)
i1, ig=1 j=1

Furthermore, there exist constants C, Co > 0 independent of ¢, p, and w, such that

|Ci1mid‘ < Cl(p+ 1)d|‘u||],$(Q) Vilv < '77:d € {17 < '7N1d}d

and
Nia d
d—
E lciy...iq] < C2 (E (L+1) (p+ 1) t)> [ull 7a(q)-
i1,0yig=1 t=0 -

Proof. The statement follows directly from the construction of the projector, see (A.49), and from the
bounds in Lemmas A.21 and A.22. In particular, (A.72) holds because the element-wise coefficients
related to ¢¥~! and to ¢F~2 are equal: it follows from Equations (A.57), (A.61) and (A.64) that cﬁ2mi =
cﬁzmid for all ia,...,iq € {1,...,p+ 1}, all K = J,f1 X J£2 X J,f3 € Gf satisfying k1 < £and K’ =
J,fﬁl X J,fz X J,fS € G4. The same holds for permutations of i1,...,is. Because (vk);’f;”"“ are

continuous, this again shows continuity of Hﬁ’p’f’ ,u (Remark A.2). The last estimate is obtained with
(A.52):

Nia d p+1 d
2(d—
S el <00 > el | <Co (Z(€+1)t(p+l) ( t>) el 7o)
015 yig=1 t=0 itl,...,?df% Kegf; t=0 -

i..ig
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A.9.3 Proof of Theorem 2.1

Proof of Theorem 2.1. Fix Ay, C, and v as in the hypotheses. Then, by Proposition A.19, there exists ¢,
Chp, by > 0 such that for every £ € Nand for all v € le(Q; C,&;Cy, Ay), there exists fufp € X:F’,fgl such

that (see Section A.1 for the definition of the space X f"fge)

||v — Uﬁp|\H1<Q) < C’hpe_b’“’e.

For £ > 0, we choose
1
L= [ Howte/ o (A73)
hp

so that
L
H’U — Uhp”Hl(Q) S E.

Furthermore, thp — ZNld g Ciy...igPir...iy and, for all (i1,...,iq) € {1,..., Ni14}?, there exists Vi,

1] 5.00,1
j=1,...,dsuchthat ¢;,..;, = ®?:1 v;;, see Section A.9.2 and Proposition A.24. By construction of
v; in (A.71), and by using (A.47) and (A.48), we observe that ||vi|| oy < 1foralli=1,..., Niq. In

addition, (A.50), demonstrates that

2 —L/2 .
supp(o0)]/? deg(o) 12 YE L Rl

llvill g1 () <

Then, by (A.73),

oL < o ﬁ 1Og(Chp)5*ﬁ log(1/0) .
This concludes the proof of Items 1 and 2. Finally, Item 3 follows from Proposition A.24 and the fact
that p < Cp (1 + |log(e)]) for a constant C, > 0 independent of e. O

A.10 Combination of multiple patches

The approximation results in the domain Q = (0, 1) can be generalized to include the combination of

multiple patches. We give here an example, relevant for the PDEs considered in Section 5. For the sake

of conciseness, we show a single construction that takes into account all singularities of the problems in

Section 5. We will then use this construction to prove expression rate bounds for realizations of NNs.
Leta > 0 and Q = (—a, a)?. Denote the set of corners

d
CQ = x{_a707a}7 (A74)
j=1
and the set of edges
e _f2 ifd=2,
? T UL X1 - a,0,a} x {(—a,—0/2), (—a/2,0), (0,a/2), (a/2, @)} x X;__, {~0,0,a} ifd=3.
(A.75)

We introduce the affine transformations 91 4 : (0,1) — (0,a/2), %2+ : (0,1) = (a/2,a),¢¥1,— : (0,1) —
(—a/2,0), 92, : (0,1) = (—a, —a/2) such that

(@) =450, voa(@) ==+ (a-5a).

For all £ € N, define then B
gi = U Pi(GY).
i€{1,2},xe{+.—}
Consequently, for d = 2,3, denote G = {Xj:1 Ki: Ki1,...,Kq € Gi}, see Figure 3. The hp space in
Q = (—a,a)? is then given by

Xpby={ve H'(Q) : v, € Qy(K), forall K € G}

P

i, from (A.12) and construct

Finally, recall the definition of 7,

~0, 1,1 e,
7rhpp W ((—aya)) — thzjl
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Figure 3: Multipatch geometric tensor product meshes G/, for d = 2 (left) and d = 3 (right).

such that, for all v € W'((—a, a)),
~e, ¢, - ~e, ¢, —
(Whppv) l0,2) = (ﬂhpp(vlm,%) °¢1,+)) °oYi i, (Whppv) l(2,0) = (Whpp(’v\(%,a) 01/12,+)) oy,

~t, ¢ - ~¢, ¢ -
(Trhppv) l(~2,0 = (Whpp(kag,o) 011)1,7) ol (Whppv) l(~a,—2) = (Whpp(vlpa,fg) owz,f)) oty L.
N _ (A.76)
Then, the global hp projection operator Hﬁ;f LW (Q) — Xf,’f ', is defined as

mix

d
mér ~{,p
e = ®”hp .
=1

Theorem A.25. Fora > 0, let Q = (—a,a)?, d = 2,3. Denote by QF, k = 1,..., 4% the patches composing

Q, ie., the sets QF = ijl(af, a¥ + a/2) with a* € {—a,—a/2,0,a/2}. Denote also C* = Co N Q" and

Eh={e€éa:eC a" }, which contain one singular corner, and three singular edges abutting that corner, as in
(A1) and (A2).

Let T C{1,...,4"} and let v € W () be such that, for all k € T, there holds viqr € J3.(2;C*, €F)
with N

vE > 1, forall c € CF, ifd =2,

V¥ >3/2and~E > 1, forallc e CPande € £F, ifd = 3.

Then, there exist constants c, > 0 and C,b > 0 such that, for all ¢ € N, with p = cp¥,
v — TP 0l g1 ary < Ce™® < Cexp(—b %/ Naor). (A.77)

Here, Nqot = O(£*%) denotes the overall number of degrees of freedom in the piecewise polynomial approximation.
Furthermore, writing N1q = 4(€ + 1)p + 1, there exists an array of coefficients

- {zld (i1, .., id) € {1,...,N1d}d}

such that
5 Nig d
(nﬁ;fjdv) (@1,.a) = > G [ O (2) V@, za) €9,
i1,..ig=1 j=1
where forall j =1,... dandi; =1,..., N, 0, € Xfl’fl with support in at most two, neighboring elements

of Gt Finally, there exist constants C1, Co > 0 independent of £ such that

[villzr1((—avayy < Cro™* Vi=1,..., Nig, (A.78)
and
Nld 4 . .
S G SC2 Y (C+1) (0 + 1)2“*])”@”%,&(9). (A.79)
01,eeyig=1 3=0
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Proof. The statement is a direct consequence of Propositions A.19 and A.24. We start the proof by

showing that for any function v € W} (), the approximation ﬁﬁ;f ,v is continuous; the rest of the

theorem will then follow from the results in each sub-patch. Let now w € W"'((—a,a)). Then, it
holds that (%ﬁ;,pw) |1 € C(I),forall I € {(0,a/2),(a/2,a),(—a/2,0),(—a,—a/2)}, by definition (A.76).
Furthermore, by the nodal exactness of the local projectors, for Z € {—a/2,0, a/2}, there holds

lim (7 Pw)(z) = w(@) = lim (7, w) (@),
=T Tzt

. . ~0,p . . Tép d ~{,p P . 4,p . .
implying then that 7, ;"w is continuous. Since I1,}", = @j_, ., this implies that IT,.” ;v is continuous

forallv € Wl (Q). Fixk € {1,...,4%} such that v € A (QF;C*, ). There exist then, by Proposition

mix

A.19, constants C, b, ¢, > 0 such that for all £ € N
~l,cpl —
llo = T |l 2 vy < Ce™™.

Equation (A.77) follows. The bounds (A.78) and (A.79) follow from the construction of the basis
functions (A.47)-(A.48) and from the application of Lemma A.21 in each patch, respectively. O

B Proofs of Section 5

B.1 Proof of Lemma 5.5

Proof of Lemma 5.5. For any two sets X,Y C Q, we denote by disto(X,Y") the infimum of Euclidean
lengths of paths in 2 connecting an element of X with one of Y. We introduce several domain-dependent
quantities to be used in the construction of the triangulation 7 with the properties stated in the lemma.

Let £ denote the set of edges of the polygon Q. For each corner ¢ € C at which the interior angle of
2 is smaller than 7 (below called convex corner), we fix a parallelogram G. C Q and a bijective, affine
transformation F. : (0,1)? — G. such that

o F:((0,0)) = ¢,
e two edges of G. coincide partially with the edges of Q2 abutting at the corner c.

If at c the interior angle of (2 is greater than or equal to 7 (both are referred to by slight abuse of
terminology as nonconvex corner), the same properties hold, with F. : (—1,1) x (0,1) — G. if the
interior angle equals 7, and F. : (—1,1)*\ (=1,0]*> — G. else, and with G. having the corresponding
shape. Let now

de;y ==sup{r > 0: B,(c)NQ C G.}, dey = rcnei?dc,l.

Then, for each c € C, let e; and ez be the edges abutting ¢, and define

de,2 = distq (el N (B 2 g (c)) ,e2 N (B ﬂldc’l(c)> ) , de2 = Icneiéldcﬂ.

V21 96t V2t

Furthermore, for each e € £, denote d. := oo if Q2 is a triangle, otherwise

de == min{disto(e,e1) :e1 € Eandener = o}, de = mi?de.
ec

Finally, for all z € Q, let
ne(z) == #{e1,ez,... € £ : dista(x,dN) = dista(z,e1) = dista(z,e2) = ... }.

Then, in case 2 is a triangle, let do be half of the radius of the inscribed circle, else let do := %dg < %dg.
It holds that
disto({z € Q : ne(x) > 3},00Q) > do > 0.

For any shape regular triangulation 7 of R?, such that for all K € 7, K N 9Q = @, denote Tq, =
{K €T :K CQ}and h(Ta) = maxker, h(K), where h(K) denotes the diameter of K. Denote by
N the set of nodes of T that are in Q. For any n € Nq, define

patch(n) = int ( U K) .

KeT:meK
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Qn

/
A=
& &

Bp(n

G B z,(n)
(a) (b) (c)

Figure 4: Patches Q,, for nodes near a convex (a), nonconvex corner (b), for nodes in the interior of {2 (c),
and near an edge (d).

Let 7 be a triangulation of R? such that

(B.1)

h(Ta) < min ( do dey dea2 de ) 7

V2 V2+12v2 2v2

and such that for all K € 7 itholds K N9Q = @.

The hat-function basis {$» }nenr, is a basis for P1 (7q) such that supp(¢») C patch(n) forall n € Ng,
and it is a partition of unity.

We will show that, for each n € Ng, there exists a subdomain 2, with the desired properties, such
that patch(n) NQ C Q,. We point to Figure 4 for an illustration of the patches 2,, that will be introduced
in the proof, for different sets of nodes.

For each ¢ € C, let N. = {n € Na : patch(n) N Q C G.}. There holds

N = {n € Nq : dista(n,c) < dc,1 — h(Ta)} C N..

Therefore, all the nodes n € N are such that patch(n) N Q C G. =: Q,. Denote then

NC = U Nc~
ceC

Note that, due to (B.1), there holds v2h(7g) < ﬁdcg <dc,1 — h(Ta).

We consider the nodes in '\ A¢. First, consider the nodes in
No == {n € N\ Ne : dista(n, dQ) > V2h(Ta)}.
For all n € Ny, there exists a square Q- such that

patch(n) C By (7g)(n) C @n C B z,(7,,)(n) C &,

see Figure 4c. Hence, for all n € N, we take Q,, := Q5. Define
Ne =N\ (Mo UNg) = {n €N :dista(n, c) > dey — h(Ta), Ve € C, and dista(n, 9Q) < \/§h(7b)} .

For all n € N¢, from (B.1) it follows that distq(n, 092) < ﬂh(Tg) < dp, hence n.(n) < 2. Furthermore,
suppose there exists n € N such that n.(n) = 2. Let the two closest edges to n be denoted by e
and ey, so that disto(n,e1) = disto(n,e2) = dista(n, Q) < V2h(Ta). If et N & = @, there must
hold distq(n, e1) + distq(n, e2) > de, which is a contradiction with disto(n, 9Q) < v2h(Ta) < de/2.
If instead there exists ¢ € C such that e1 N ez = {c}, then n is on the bisector of the angle between
e1 and ez. Using that 2\/§h(7h) < de,2, we now show that all such nodes belong either to N¢ or

to N, which is a contradiction to n € Ne¢. Let zop € Q be the intersection of B fﬁ e (¢) and the
bisector. To show that n € Nc U A, it suffices to show that dist(xo,e;) > V2h(Tq) for i = 1,2.
Because ﬁdc,l < de¢,1 — h(7q), it a fortiori holds for all points y in §2 on the bisector intersected with
(Bag —n(70)(€)), that dist(y, e;) > v2h(Ta), which shows that if disto(n,c¢) > de,1 — h(7q), then
n € No. If ¢ is a nonconvex corner, then dist(zo, €;) > v/2h(Tg) for i = 1,2 follows immediately from
dist(zo, e;) = dist(zo, ¢) = —L~dc,; and (B.1). To show that dist(zo, e;) > v2h(Tg),i = 1,2 in case ¢

V241
is a convex corner, we make the following definitions (see Figure 5):
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Figure 5: Situation near a convex corner c.

e Fori = 1,2, let x; be the intersection of e; and B 5
Var1 e

e let z3 be the intersection of Z1zs with the bisector,

(c),

e and for i = 1,2, let 2;13 be the orthogonal projection of z¢ onto e;, which is an element of e;
because c is a convex corner.

Then dc2 = |T172| = |T123| + |T3Z2| = 2|7ix3|. Because the triangle czox;ys is congruent to czixs,
it follows that dist(zo, e;) = |[ToZigs| = |[TiZs| = ide2 > V2h(Ta). We can conclude with (B.1) that
ne(n) = 1 for all n € N¢ and denote the edge closest to n by e,. Let then S, be the square with two
edges parallel to e, such that

patch(n) C Bi(1g)(n) C Sn C B g7, (1),

see Figure 4d, i.e. Sy, has center n and sides of length 2h(75). For each n € N, the connected component
of S, N Q containing n is a rectangle:

(i) Note that for all edges e such that e Ne;; = &, it holds that Sn. Ne C B 5;,(1,,,(n) Ne = @. The
latter holds because v/2h(7q) < ide and disto(n, e,) < V2h(Ta) imply distq(n, €) > v2h(Ta).

(i) From the previously given geometric argument considering a convex corner ¢ and the two neigh-
boring edges e1 and e», showing that dist(zo,e;) > v2h(Tq) for i = 1,2, we can additionally
conclude that thereisnoz € Q\ B 5 de (¢) for which dist(z, e,) < v/2h(Tg) and such that

Variden

there exists another edge e so that &, N& # @ and dist(z,e) < v/2h(Tn). This implies that
SpnNOQ Ce,orS,NON =a.

Thus, the connected component of S, N €2 containing n is a rectangle, which we define to be €2,,.
Setting N, := #No and {Qi}i=1,...,.n, = {Qn }neny, concludes the proof. O

.....

B.2 Proof of Lemma 5.15

Proof of Lemma 5.15. Letd = 3 and denote R = (—1,0)3. Denote by O the origin, and let E = {e1, €2, e3}
denote the set of edges of R abutting the origin. Let also F' = { f1, f2, fs} denote the set of faces of R
abutting the origin, i.e., the faces of R such that f; C RNQr,i=1,2,3. Let, finally, for each f € F,
E; = {e € E: e C f denote the subset of E containing the edges neighboring f.

For each e € E, define u. to be the lifting of u|. into R, i.e., the function such that uc|e = ue and e
is constant in the two coordinate directions perpendicular to e. Similarly, let, for each f € F, uy be such
that uy|s = uly and uy is constant in the direction perpendicular to f.

We definew : R — R as

wzuo+Z(ue—uo)+Z(uf—uo— Z(ue—uo)):uo—Zue—i—Zuf, (B.2)

ecE feEF e€Ey ecE fEF

where uy = u(0). Since ul. € Whi(e), uly € WLl (f) foralle € E and f € F, there holds u. €
Wéﬁ((R) and uy € Wé“ii(R) foralle € E and f € F (cf. Equations (A.56) and (A.60)), hence
w € W! (R). Furthermore, note that

mix

(te —uo)|e¢ =0, forallE>e+#e
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and that _
(up —uo — Z (ue—uo))|f~:0, forall > f # f.

eEEy

From the first equality in (B.2), then, it follows that, for all f € F,

wlp =uo+ Y (vely —uo) +usls —uo— D (els —uo) = uly.
e€by ecky

Let the function v be defined as

v|r = w, vlop = u. (B.3)
Then, v is continuous in (—1,1)® and v € W2 ((—=1,1)*). Now, for all a € Nj such that |a|e < 1,
10%uell1(ry = 10" Tuell gy = 10" 1wl L1 (e, Ve € E,

where ozﬁ denotes the index in the coordinate direction parallel to e, and

10%usllLrry = 1071107 1:2ug|[ L1 gy = 071207 1:2ul| L1y, Vf€eF,

where a"‘c 7 j = 1,2 denote the indices in the coordinate directions parallel to f. Then, by a trace
inequality (see [42, Lemma 4.2]), there exists a constant C' > 0 independent of u such that

”uenwé’ii(}{) < CHU|‘W§1§¢(QF‘)7 Huf”W‘i’ii(R) < CHu”thii(QF)’

foralle € E, f € F. Then, by (B.2) and (B.3),

H”HWi;ii((,lJ)d) < C”uHern’ii(QF)’

for an updated constant C' independent of u. This concludes the proof when d = 3. The case d = 2 can
be treated by the same argument. O
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