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WEIGHTED ANALYTICITY OF HARTREE-FOCK EIGENFUNCTIONS

YVON MADAY* AND CARLO MARCATI®

AsstrAcT. We prove analytic-type estimates in weighted Sobolev spaces on the eigenfunctions of
a class of elliptic and nonlinear eigenvalue problems with singular potentials, which includes the
Hartree-Fock equations. Going beyond classical results on the analyticity of the wavefunctions away
from the nuclei, we prove weighted estimates locally at each singular point, with precise control of
the derivatives of all orders.

Our estimates have far-reaching consequences for the approximation of the eigenfunctions of the
problems considered, and they can be used to prove a priori estimates on the numerical solution of
such eigenvalue problems.

1. INTRODUCTION

The Hartree-Fock equations are one of the most studied and used models in ab initio quantum
chemistry in order to approximate the behavior of many-body quantum system [SO12]. Due
to their (relative) simplicity, they constitute a starting point both for the analysis and for the
computation of the state of many complex systems. The precise characterization of their solutions
is therefore a subject of great theoretical and practical interest.

In this paper, we prove analytic-type estimates in weighted Sobolev spaces on the wave func-
tions of a class of elliptic, nonlinear systems, which includes the Hartree-Fock model. Specifically,
we consider operators that contain potentials that are singular (divergent) at a set of isolated
points (physically, the locations of the nuclei) in R?, d € {2, 3}, but that are regular otherwise.
Due to the presence of these singularities, the eigenfunctions will not, in general, be regular in
classical Sobolev spaces and are well known [Kat57] to exhibit cusps at the point singularities.
The regularity of functions with point singularities is better described in the context of weighted
Sobolev spaces, in which higher order derivatives are multiplied by a weight representing the
distance from the singularity. In these spaces, under some assumptions on the potential, we
can therefore derive analytic-type bounds on the growth of the norms of the eigenfunctions of
the nonlinear elliptic systems under consideration. Essentially, we refine the known result on
analyticity of the wavefunctions away from the nuclei (see, e.g., [FHH@02, Lew04]) and show
how the radius of convergence of Taylor series associated to the wavefunction decreases to zero
in the vicinity of the singular points.

The theory of weighted Sobolev spaces of the kind we consider here has its roots in the
analysis of elliptic problems in non smooth domains and was initiated in the second half of the
twentieth century [Kon67]. Analytic regularity of solutions to linear elliptic systems in polygons
and polyhedra has been analyzed, e.g, in [GS06, CDN12]. Concerning nonlinear problems,
we mention our work on nonlinear Schrédinger equations [MM19a] and on the Navier-Stokes
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equation in plane polygons [MS20]. For a general theory of elliptic regularity in weighted spaces,
we refer the reader to, e.g., [Gri85, KMR97, KMR01, MR10], and the recent work [DHSS19]. Here,
we try to make our exposition as independent as possible from the usual notation of weighted,
Kondratev-type Sobolev spaces and introduce them only in the appendix. The theory of regularity
in those spaces is, nonetheless, ultimately central to the derivation of our estimates.

The techniques used in the present paper are heavily inspired by those used in [DFJS12] to
prove analyticity away from the nuclei of the solution to the relativistic Hartree-Fock equations.
Here, we transport those techniques in a weighted framework, and use them to estimate higher
order norms of the nonlinear terms. The analysis of linear, many-body Schrédinger-type operators
has been carried out, among others, in [ACN12, F&J18] in a functional setting very similar to
the one considered here. An asymptotic analysis at the nuclei for the Hartree-Fock equation
with Coulomb potential is carried out, with different tools, in [FSS08]; the electron-electron
singularities emerging in many-body models are analyzed in [FH11, FHS15]. Here, we only
consider two and three dimensional nonlinear models with isolated point singularities; we
furthermore take into account a wider class of potentials than Coulomb ones, as we allow for
more general weighted analytic potentials. The technique used in this paper can also be rather
directly extended to deal with the nonlinear part of other types of operators, once the behavior of
the linear part of the operator is well understood: see, for example, the application to Navier-
Stokes equations in [MS20].

We will discuss, in the next subsection, some of the consequences of the weighted analytic
regularity of the eigenfunctions, in particular from the point of view of their numerical approxi-
mation, through linear and nonlinear techniques. Then, after having clarified our notation, we
shortly introduce the Hartree-Fock equations and the more general nonlinear elliptic system, in
Section 2. In the following Section 3, specifically in Theorem 1, we introduce the main result
of this paper, and most of the section will be devoted to its proof. We conclude by introducing,
for the sake of completeness, the definition of weighted, homogeneous and non homogeneous,
Sobolev spaces and some technical results, in Appendix A.

1.1. Consequences of weighted analytic regularity. The weighted analytic regularity of the
solutions to Hartree-Fock and more general elliptic problems has important and far-reaching
consequences for the numerical solution of those problems. We can, indeed, obtain exponential
rates of convergence of solutions obtained via numerical methods based on finite elements,
see [SSW13b, SSW13a] for a general approximation theory and [MM19b, MM19a, HSW19] for
applications to linear and nonlinear eigenvalue problems, and on virtual elements [CGM*20]. In
addition, nonlinear approximation techniques based on tensor compression and on the solution
of partial differential equation in tensor-formatted form also provide exponentially convergent
solutions to problems with weighted analytic solutions [MRS19]. Similarly, for such functions,
neural networks with ReLU activation function can be constructed so that their size is bounded
polylogarithmically with respect to the error (or, equivalently, the error converges exponentially
with respect to the size) [MPOS20]. The present analytic-type regularity results, therefore, allow
for an a priori analysis of multiple numerical methods which have proven and will probably prove
useful for applications.

1.2. Notation. Let the space dimension be d € {2,3}. We denote by N the set of positive integers,
with Ng = {0} UN. For k € Nand 1 < p < oo, Sobolev spaces are denoted by W*?, with
their Hilbertian version written H* = W*2. For two multi indices a = (a,...,aq) € N% and
B=(B1,...,B4) € N, wewrite |a| =3, i, al = aq! - agl, a+ B = (a1 + B1, ..., aq+ B4), and

2 (3) = -
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z (5)- ()

We recall from [Kat96] that

Let z = (21,...,zq): we indicate by 0; the partial derivative with respect to z;, and for a =
(..., aq) €NE, 0% =90 - 99,

2. Tue HArTREE-FOCK EQUATIONS

Let N, N,, € N be the number of electrons and nuclei of a system, let ¢;, ¢« = 1,..., N, be
isolated points in R? representing the positions of the nuclei, and let Z; > 0 be the charges of the
nuclei, foralli = 1, ..., N,. the Hartree-Fock problem consists in finding the smallest eigenvalues
A, and associated orthonormal eigenfunctions ¢,, : = 1,..., N of the equations

1 1 o .
<”‘aA%+W%+<”*O%-/}?(f%@@=mm 1=1,..,N iR’
_ T

where V( is the potential

|CC—CZ‘|’

Nn .
Vo(r)=—3 2
1=1
and
N
To(r,y) = Y o@)ey),  pe(r) = Ta(w, ).
=1

The analyticity of the wave functions away from the positions of the nuclei (i.e., the singularities
of V') is classical, see, e.g., [FHH@02, Lew04]. In this setting we consider instead the parts of the
domain containing the nuclei, in order to deduce the weighted estimates.
Let now V : R? — R be a potential to be specified later; we consider the nonlinear elliptic
system given by
N

3) (—A+V)p, + Z G UabPs = Ao, t=1,...,N
o,a,b=1

—Augp = 4dmpap a,b=1,...,N.
with ¢! € Rfor all t,0,a,0 = 1,...,Nand A\, € Rforall v = 1,...,N. The Hartree-Fock

equations can be rewritten under the form (3), with V' = V. The nonlinear elliptic eigenvalue
problem (3) is the one we will analyze in the following.

3. WEIGHTED ANALYTICITY OF EIGENFUNCTIONS

In this section, we present and prove our regularity result. We will widen our scope from
the Hartree-Fock equations and analyze the behavior of the eigenfunctions near the singular
points of the potential for solutions to (3) in a d-dimensional domain for d = 2, 3. Our results,
furthermore, will hold for a class of weighted analytic potential, including Coulomb potentials.

Given a set of isolated points ¢ in R? such that there exists D > 0 such that

(4) |C¢*Cj|Z4D>O Vti,tjEQt,

we introduce the weight function r : R? — R such that

c
(5) r(z) = | —¢/in Bp(c), forallc € €, r(z) =1lin (U BQD(C)) ,

ced
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and r is smooth in R? \ €. The dependence of r in z will be mostly omitted.

Theorem 1. Let ¢ € (0,1), d € {2,3}, r be defined as in (5) for a collection of isolated points ¢ C R¢
such that (4) holds and let V' be such that

6 r2—8+|a\aav Loo Ry < CvAla‘ o !, orall o € Nd,
(B) v 0

and that there exists a unique solution ® = {p,}N 1 € (HY(R%))N to (3). Then, for any n < e there exist
A > 0 such that

(7) 0%, ()| < r(z)minm=lal0) glal+t|q1 t=1,...,N,
forall z € J,ce Bp(c) and oo € N§.

From Theorem 1 and classical results on the analyticity of the Hartree-Fock wavefunctions away
from the singular points [ Lew04], we directly obtain the following estimate on the wavefunctions
of (2). Note that (6) holds for V¢ for any ¢ < 1.

Corollary 1. Let Z; be such that there exist a unique solution ® = {p,}N | € (H*(R?))N to the
Hartree-Fock problem (2), with negative eigenvalues. Then, for any n < 1 there exists A > 0 such that

0%, (z)| < r(m)min(n*|a\;0)A|a|+l|a|!7 t=1,...,N,
forall z € R® and o € N3.

Remark 1. The result of Corollary 1 can also be obtained via the arguments in [FSS08] or in [FHH@09].
Nonetheless, the result in Theorem 1 allows for a more general class of singular potentials, and the techniques
used in the proof are of independent interest, as they can be extended rather straightforwardly to other
nonlinear, elliptic systems.

The rest of this manuscript will be devoted to the proof of Theorem 1.

3.1. Proof of Theorem 1. Hereafter, we suppose that the potential V' has only one singularity, i.e,

¢ = {c}, set R < 1 and place ourselves in a ball By = Br(c) centered in ¢, with r(z) = |z — ¢| in

Bpr. The generalization to the case where V' has a set of isolated singularities is straightforward.
Let us formulate the induction assumption that will be used in the sequel.

Induction Assumption. Let & = {<pL}f\L1, 2<p<oo,veR keN and Cy, Ap > 0. We say that
H@(p,’y, k, O(p, Acb) hOldS iffOT all L= 1, ey N, @, S Hl(BR) n LOO(BR), C@ 2 ||(pL||Loc(BR), and

(8) DT ey ) < Ca Al (kp) 57

loe|=3
forall j € Nsuchthat1 < j < kand p € (0, R/(2k)].

We introduce some lemmas where—under the induction assumption—we estimate the norms
of ¢; (Lemma 2), of products ¢, (Lemma 3), of u,, (Lemma 4), of the product uq,p, (Lemma
5), and of V¢, (Lemma 6).

Lemma 2 (Bounds on L3P norms of eigenfunctions). Letp > 2d/3,0 < v—d/p < min(e, 2). There
exists Cinterp > 0 such that, for all Cy, Ag > 1, forall k € N, k > 2,if Hs(p, v, k, Cs, Ag) holds,
)
2 . . .
Z ||TT7+|Q\8QSDLHL3P(BR7M) S (d + I)CintcrpeﬁcéAszﬁ(kp)ijiﬂjj (] + 1)19’ L= ]-7 R aNa

lee|=4

forall1 < j <k —1,forall p € (0, R/(2k)], and with 9 = %%.
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Proof. For any ¢ € {1,...,N}, denote ¢ = ¢,. First, we use equation (45) of Lemma 9 in the
Appendix in order to go back to integrals in L?: for any j € {1,...,k — 1} and for any |a| = j,

27 4 ol na al— o — o|— [
271107 ey < Contenpllr =79 sonzp?BR_k»{“‘)"“)’9”7" =10l

i=1

d
+ Z ||T|a\+1—vaaalw”ip(3mkp) } .

By the Cauchy-Schwarz inequality,

S 0l (ol + Dl

lov|=3
1—9 9
< Z ”Tla‘_’yaa(pHL”(BR—w) Z (Jof + 1)”74‘&'_78&90“”’(31%—1«;7)
lal=j la|=3
and,
d
5 (||r'waw||;;gng nra'ﬂmaaﬁonzmw)
=3 i=1
J 1-9 9
< Z Hr‘al_vaawlle(BR_k,,) Z ||r\a|+1—vaa8i<pHLp(BR_kp)
i=1 \|a|=j lor|=3
Then, hypothesis (8) implies
1-9
129 4300 a9 (3}
S Il | < Oy (1)
lov|=3
and
v 9
G+ 1) Z HTj_W(?aSDHLP(BR,kp) _|_Z Z ||rj+1—vaa8¢go||Lp(BRfkp)
lal=j i=1 \Jal=j

, g jo e j+1 (G+1)v
<G+ A (1) dcgag i ore (1)
Therefore, multiplying the right hand sides of the two last inequalities,

Z ”TLTW+‘O&I8&UHL3”(BR—kp) < (d+ 1)CinterpC<I>AzI>+l9(kp)ijiﬁjj(liﬁ)(j + 1)(j+1)19'

lor|=j

We finally need to bound the last two terms in the multiplication above:

9j
_ , ) 1 ;
jj(l*’l?)(j + 1)(]+1)19 =G+ 1)19 (1 + j) <7+ 1)19679.
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Lemma 3 (Bounds on norms of products of eigenfunctions). Let p > 2d/3,0 < v—d/p < min(e, 2)
and Ce,Ag > 1. Letalso ) = £¢ and

d+1
(10) Cl = ( 2 ) Cl2nterp

Forallk € N, k > 2,if Hy(p,v, k, Co, Ag) holds, then

204102 1 2(d + 1) (47) Y2 Cingerpe” C3.

N\ J
2(9_ al ao j —j— J .
(11) § : HTS(z M+ |a (SDLSDH)”L?’P/Z(BRfkp) < ClAé+2l9p Y <k) ‘71/27 Lk = 17"'7N7

lal=j
foralll <j<k—1landp e (0,R/(2k)].
Proof. Denote ¢ = ¢, and 1) = ¢,.. By Leibniz’s rule and the Cauchy-Schwarz inequality,

(12)  [Ir5C=F9 ()| pnr2 (g4,

« 2—y 2-9 4 o] — o—
< X (5T sz I T 0 s
0<B<
2 - (03 (03
_|_||r3(2 Mtlely <)0||L3p/2(BR—k,p)||w||L°O(BR—kp)
20—
+ 3N o2, 1l (B
Consider the sum over 0 < < «. By manipulation on the sums and using (1),

2—v 2= _ —
Z Z ( )|7" 3 +‘B|6BSD||L3P(BR,;W)HT 5 Hlal=18lga 6¢||LSP(BR,kp)

|a|=3j 0<B<a

2—y 2= 4o — —
Z Z Z ( )||7~ 3 +|5|85¢||L3P(Bn_k,,)“r 3L +lal=18 g ﬁwHLE'P(BR_kp)

i=1[B|=i|al=j

a>f
< Z( ) D I 7 0 ST |t i Lt S
i=1 \ﬂI—ZIQI J
— 2— 2
—Z()Z S G o TN )
i=1 |Bl=i|&|=5—1

Hence, using Lemma 2 and Stirling’s inequality on the last line above gives

2= 4 || — a—
Z Z < )r 37+|ﬁ|3580||L3P(BR,k,))HTTH =181 /3¢||L3P(BR7M)

]O<ﬁ<a
< (4 1 Clpe? CB AL ()3~ ”Z() G-+ )G - i+ 1)
=1
< (1’2, ”c%1A%;”<kp>-j-”eﬂ‘jz(j) G — M+ 1) — i 1)
A =\ G0

Now, forany i = 1,...,7 — 1 and since j < k — 1, there holds (i + 1)?(j —i + 1)? < k?’. In
addition as already used in [DFJS12], by comparing the Riemann sum with the integral,
J—1

Zm/m

di =,
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hence
— (7 _ 1
(A 1O O 5 A2 (k) 9~ Z() G0+ )G i 1)
im1 \! i(j —1)
d . . o
< s e S a2

Using again Stirling’s inequality,

“—° Pl
> > ( )Hr T8 0| v (B I T TV L,

la|l=j 0<f<a

S 9 mterp

IO AL =i i ],

The two remaining terms at the right hand side of (12) are controlled using Lemma 2 and the
boundedness of the functions in ®. Indeed

2-y 2—y
||1"3 (2— ’y+|a|aa(p||L3P/2(BR—kp) <|rs ||L3P(BR,;CP)||7" 3 +‘a|8a<pHL3p(BRikp)

2—(y—d/p)
< (m)VPRT T 0l Lon (B
< (4m) Y37 (d 4 1) Cingerpe” Co A% (kp) 77749 (j 4 1)”

r*5 el

where we have used Lemma 2, the fact that v — d/p < 2,and R < 1. Then, since ||¢)| L~ (5;_,,) <
Cy by hypothesis and p > 2d/3

3= a0l 0 By < (4T)/2H(d4+1) Cnterpe” C3 AL (kp) =7 57 (j+1)°.
The same holds for the last term of (12), thus concluding the proof. d
Lemma 4 (Bounds on norms of the potentials u,). Let ® = {¢1,...,on} and let ug, a,b =

., N be the solution in R, d = 2,3, to
(13) — Augp = 4TPq0p.
Letalsop > 2d/3,0 < v — d/p < min(e, 2), and Cg, Ay > 1 such that

1++5

(14) Cq;. > max HuabHLoo(Rd), Aq> Z 47TCng 3p 9

b_

There exists Ca, > 0 independent of Ag such that, forall k € N, k > 2, if He(p,~, k, Co, Ag) holds,
then

N\ J
| —~ Qo 429 —j— J
) |Z‘ =0 uabl| vz (g y,) < Cap A o7 (k)
al=j
for all integers 1 < j < kand all p € (0, R/(2k)], and where 3 = 5 (v — 2) and 9 = 4.
Proof. Suppose j > 3. We start by considering j + 1 concentric balls

Bi=Bp_ i, i=0,....4,

see Figure 1. Clearly, Br_, = EO C El c---C Ej = Bpr. Now, foralli =0,...,j — 2, using
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Br_kp Bpr

Ficure 1. Concentric balls B;.

Proposition 7 in the Appendix (with k replaced by j — ¢ — 1, j replaced by j — i — 1, p replaced
by ?p and v replaced by ¥) and equation (13) we find

(16)

Z ||7f“7+|a\aauab”Lap/z(éi) < Creg,‘%” Ar Z H’ri&+2+‘alaa(9@a§0b)“Lsp/2(§i+l)
la|=j—i la|=j—i—2

B\ L i 1o\ 2 i
+ <pj> Z ||7’7’Y‘Ha|8auab||L3p/2(§i+l) + <p]> Z ||7’7'Y+|Dt‘aauab||L3p/2(§i+1)
la|=j—i-1 la|=j—i—2
We also write
, E\° _
s; = Cﬁeg}%p (jp) Z ||r_'y+|°“8auab||L3p/2(§i) i=0,...,7
le|=j—i
and
, E\C .
t; = (47T'Creg’37p)z+1 (jp) Z HT_HQH‘”@&(%%)HL:SW(EM) i=0,...,5—2

o] = —i—2
Then, since C’reg;?p >1and EH C §i+2, equation (16) implies
8; <t + 8i41 + Siqo.

Let now F; denote the ith Fibonacci number (with Fy = F; = 1). Iterating on the above, one
obtains

j—2
S0 S Zthl + Fj_lsj_l + Fj_25j.
i=0

Denoting | = % and remarking that F; < f,

(17)

i i2 O\ ~
Z HT*WHtxlaauabHLBP/Q(EO) < Z 4ﬂ_creg Lpf z+1 <Jp) Z HriA/jLQHaIaa((Pa(Pb)“Lap/2(§i+l)
lal=j i=0 la|=j—i—2

k —j+lal i
+ Z reg,spf J ‘Oé| (p) ||’/‘ ’Y+‘a|aauab||L3p/2(§j7‘a‘)'

|a]=0,1 J
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We consider the first term at the right hand side of the above equation: ¢, and ¢, satisty the
hypotheses of Lemma 3 (with p = J_le p), thus, when0 <i <j—3

Z ||7"7ﬁ+2+|a‘8a(‘Pu‘Pb)”LSp/z(EiH)
laf=j—i—2

S [ PR DI (i ] )
|81=3~i~2

+1)

j—i—1

(G—i—2y %G —i -2
J

o —jti+2—20
< 471_01A31:272+219k—j+i+2 < )

When ¢ = j — 2 in the sum above, instead, we have the term

(18) HT_:/+2<Pa90bHLsp/2(§i+l) < ||S0a80b||L°°(BR)||r_ﬁ+2||L3p/2(§i+1) < R_:/+2+1947TC§> < R247TC<%
< 4rC3,

where we have used that ¥ < 1 and R < 1. Hence, since Ay > 47C,, g 2o f and indicating by ((-)
' 2
the Riemann zeta function,

j—3

7 k - — al o
(19) Z(4W0r0g737pf) " (Jp) Z I Tretlely (90“9017)||L3”/2(§i+1)
i=0 la|=j—i—2
i—3 i 9\i—i2
< 47T_ClAé—1+219p—j+2—219k—j+2jj j279—2 (J—Z—l) (—i— 1)_279(3' i 2)1/2
. J—1—
=0

B

F=1420 —j42-207—j+2 ;5 = j—i—2\ i1\ —3/2
=0

< wC1C(3/2) AL p=I T2 I 40

where we have also used the facts that kp < %, and 9 < 1.
We still need to bound the second term at the right hand side of (17). There holds

(20) 17 el Lowsa 5,y < N7 |noer2 (B [wabll Lo () < 47Ca,

by hypothesis (14). Furthermore, note that by the hypotheses on v and p, we have 1 — 4 > 0. By
classical elliptic regularity in Sobolev spaces [ DF@S12, Corollary D.4], there exists a constant
Cs,p dependent only on p such that

Z Haauab”LSp/?(Ej—l) < 05137;’ (HSD‘ISOZ’HLSP/Z(BRH) + ||uabHL3p/2(BR+1))
a2
(21) < |BR+1|2/(3P)CS,37P <||80a<Pb||Loo(Rd) + ||Uab||L°°(Rd)>
< (4m)*CP (R +1)Cg 3 (I panll oo ey + l[tabll oe met)
< 16mCy 2 C3

where we have also used 2/(3p) < 1, R < 1, and (14). Hence,

(22) Z Hrli:yaauab”LSpﬂ(Ej_l) < ”rli:YHLOC(BR) Z ||8auabHL3p/2(§j_l) < 1671'05’37?0%-
lal=1 la)=1
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Now, combining (17), (18), (19), (20), and (22), we obtain

Z ||r7i+|a|8auab||L3P/2(BR7kp)

la|=j
g(%cg+wcg@my+mm%%mg+4m%pg“%rfwkﬁﬂ
when j > 3. The cases j = 0, 1, 2 are easily treated using (20) and (21). O
Lemma 5 (Bounds on products of eigenfunctions and electronic potentials). Let ® = {¢1,...,on}

and let uqp, a,b = 1,..., N be solution to (13). Let furthermore p > 2d/3,0 < v — d/p < min(e, 2),
and Ce, Ag > 1 such that

1 )
(23) Cp > Lpnax ltabl| Loo (ra), Ag > 4rC, Lf

There exists Cs ,, independent of Ag such that, for all k € N, if Ho(p, v, k, Cs, Ag) holds , then

) ) N\ 7
(20) 3 1P e ooy < Cp AR (;) i abi=1,..,N,
la|=j

for all integer 1 < j < k,all p € (0, R/(2k)], and where 9 =

Sl

2
3

Proof. Denote u = uqp, ¢ = ¢;. We have

25) Y PN ()| o (B

le|=g

.
<Yy < )|V3”+U%35¢HL&“BRkH|T§(2'w+hx/33aﬁu”LMM%BRkH_

lol=j f<a

Using (11) we follow the same procedure as in the proof of Lemma 3. When 0 < § < « in the
sum above, using Lemmas 2 and 4,

Z Z (>||’f’ 7+|ﬁ|aﬂ¢HL3p(3R7kp)||T§(27’Y)+|a‘7‘B‘aaiﬂu”LW/?(BR,kP)

|a|=7 0<B<a

Z( ) Z Z |r 3 +|5‘36<P‘|L3P(Bmkp)||r%(2_7)+‘€‘3§U||L3P(BR,RP)

|B]=1|&|=5—1i

< (d+ 1) Cingerpe” CaCo p A5 p =137 ”Z@ (G — iy i+ 1)

1
i=1

1
gm+1x%me%chAM”ﬂ—kaﬂﬁé§:(> 3—0W+1W—7f—*

i=1 Wy — Z)
d+1 . _ o
< = Cinterp€” Ca Co p ALY p=3 =30 =i ¢l 1.
d+1 _ o
< Tcinterpeﬁ+10¢027p14£b+3ﬂp J=80 =3 ji+1/2,
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where the last inequalities stem from the same arguments as in the proof of Lemma 3. The terms
in the sum in (25) where 8 = 0 and § = «a give a similar bound: firstly, by Hs and Lemma 4

2—n 29
T el Ba_ipllrs N0 a2 5,

| =4

2= 2(9_
< e sallele=Bar,) > Irs 0% o g, )
la|=j

< 4nCpCly , A2 p=3 =20 jig=7,

In addition, by Lemma 2 and since Cg > [|u| o (re)

2— 29
Z ||7" 3 +|a‘aa¢”L3p(BR7kp)HTB(Q ’Y)U’HL3P/2(BR,;W)

lee|=4

IN

i il i 2(9_
(d+ 1)Cintcrpel9C<I>Agl>+ (kp)™ 193] (4 + 1)19H7’3(2 ’Y)||L3p/2(BR,kP)HUHLOO(BR—kp)
< (d+ 1)47Chnterp Cae” Co AL p=3 =7k =3 5

and choosing

d+1
CS,p = %Cinterpeﬁ-i_lcéclp + 47TC<I>C2,p + (d + 1)47rcinterpc¢'eﬂc‘l>
concludes the proof. O
Lemma 6 (Bounds on products of singular potential and eigenfunction). Let ® = {¢1,...,¢on}

and let V : R — R such that (6) holds. Let then p > 2d/3,0 < v — d/p < min(e, 2), and Cp, Ap > 1
such that

(26) Agp > Ay
Forallk € N, if Hy(p,v. k, Co, Ag) holds, then

@7) > PO Vedlesa_y,) < Cadg™ o T R - DE =1, N,
|la|=k—1

forall p € (0, R/(2K)], with Cy = (ﬁe + dme + 1) Cy Ca.

Proof. There holds

@8) > PN (Ve )l sy,
|a|=k—1

@ - - o|— o —
< 3% (Ve T

|a]=k—10<B<a

+Hr2_EV||L°°(BR—kP) Z Hrg_’y-‘rla‘aa(lobHL’)(BR—’W)
la|=k—1

+ Z ||r2_5+|a‘aav||Loo(BRfkp) ||ra_’y(pi||Lp(BRfkp)
|a|=k—1
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By the usual manipulations,

> > ( )7"2 PV Lo (o 1710 P 0 || Lo )

la|=k—10<B<a
k—2

< CVC‘PZ (k j 1)AJ Ak i gk —1 —j)k 1- J(kp)—k+1+j
j=1
LCVC@A]C l(k !ek_l ki:z(k; —1— j)—1/2(kp)—k+1+j
Ver s
1 -
< mcch)A’“ Lk — 1)lek=1 (kp)—F+2
1
< WerGpA’;;l(k: — 1)E12 (| p) Rt
Y

The bound on the second to last term in (28) is straightforward, while for the last term we note
thate — v > —d/p thus |[r* V¢, Lr(B,) < 47Cp and

>IN0V e (B 17T il Lo (B < ATCL,CV AV (B — 1))

|la|=k—1
< AnC, Oy e ANk — 1)k—1/2e k41
Therefore,
1
2749 (Vo) || 1 < ( 6+4ﬂ'6+1) CyCo ALYk — 1)F (kp)~F+!
|a—zk—1 I Vel (Br—kp) = 2/2r vCoAg ( )" (kp)

and this concludes the proof. O

Proof of Theorem 1. First, we remark that ,, ¢, € H'(RY) implies u,, € W23(Bg) via the second
equation of (3). Due to (6), there exists ¢ > d/2 such that V' € LY(Bpg), and, by classical
elliptic regularity arguments [Sta65], @ € (L‘X’(BR))N. Hence, for all a,b € {1,..., N}, paip €
H'(Bgr) N L>=(Bg). Therefore, by (3) again, u,, € H*(Br) C Wh>°(Bpg) forall 1 < p < oco. This

N
implies that ¢ € (jg(BR)) ,forall £ — d/2 < e. We can conclude that, for all a,b € {1,..., N}

N
and all . € {1,..., 00}, there holds u.¢, € J2(Br), which in turn implies & € (jg‘) , for all
& — d/2 < e. This implies furthermore, by [MM19b, Lemma 3.1],

D 0%l sy < 0

|a|=2

forallp >1,y<d/p+eande=1,...,N. Hence, forall 1 < p < coand v — d/p < ¢, there exist
C, A > 0 (dependent on p and ) such that Hg(p, v, 2, C, A) holds.

Induction step. We proceed by induction and impose a restriction on p; specifically, we fix a
finite p, such that

(29) Py > 2d.
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We denote the corresponding ¥, = %pi*. Let us now also fix 7, € Rsuch that0 < v, —d/p. <

min(e, 2). Let then Cg, A > 1 such that Hg (ps, 7+, 2, Co, As) holds, and that

> oo
Co > a’bifllax N l[wanll (R4)

=1,...,

1+5
2

Ap > max (AVa47TCreg,3g* y Creg.p, <C’4 + N3 max ety |Cs p, + (N max |\, + 2)0@)) .

Note that such constants fulfill the hypotheses of Lemmas 2 to 6. Suppose now that the induction
hypothesis Hg (ps, Yx, k, Cp, Ap) holds for a k € N, k > 2: we will show that Hg (ps, 7x, k +
1, C.:p, A@) holds.

We start by remarking that, for all p € (0, R/(2(k + 1))], there exists p = 1 p, so that, by
induction hypothesis, forall j =1,...,kandall. =1,..., N.

Z Hrlalfvaa%||LP(BR7(H1)9) = Z ||r|a\*vaa%”Lp(BRikﬁ) < C@Aé(kﬁ)fjjj
lee|=3 lo|=3
= Ca Ay ((k+1)p) 7.
We still have to show that
(31) Z ||7“‘a|_750‘<m||Lp(BR,<k+1>p) < C¢A’$+1p—(k+1)7 t=1,...,N.
|a|=k+1
From (3) and (40), forall. =1,..., N,

(32) Z ”rk—&-l—'yaa(pL”Lp* (BR—(k+1)p)
|a|=k+1

N
< Creg,p* Z Hrk—i_l_’yaa (VSOL + Z Z C;%Ua“po - /\LQOL) HLP*(BR_;“,)

la|=k—1 o=1a<b

4 Z pla‘_k_lHrlal_vaa‘PLHLP*(BR,WP)
|la|=k—1,k

Due to Lemma 6,

(33) > I (Vo) liee (Bay,) < Cadly o TR (k= 1P < Cu A pF,
la|=k—1

where we have used k < 1/p Furthermore, from Lemma 5,

N

34) YD lesl Do IO (wareo) o (Ba-i,)

o=1a<b la|=k—1

< N ma |eg[C , AlyHHO R0 (R )

a,b,t,0

< N max [eg]Cap, Al H9 p RS0 (1)

a,o,L,0

k—1 Y —k—
< NP max |cg3|Cs,p, Ag 30 kB0
a,b,t,0

< N9 max [649]C ., Ao,
where we have used, in the last two inequalities, the facts that k—1 < 1/pand that 39, = 2d/p, < 1
due to (29).
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Finally, from the induction hypothesis,

N
(35) > 2 Pl 0% e (s, < N max A, [Ca Ao
la|=k—10=1
and
(36) Z pla\—k—1Hr\al—vaoz%”m*(BR_kp) < C@Ag—lp—k—l + CpAk pk-1,
la|=k—1,k

From (32), using the triangular inequality, and inequalities (33), (34), (35), and (36), we obtain
Z ||Tk+1778ag0L||Lp*(BR_(k+1)p)
la|=k+1

< Chugy (Ca+ N o [5Cap, + (N max A +2)C ) A5

Therefore, (31) holds thanks to (30), i.e.,
H‘I’(p*a Vs k + 1a C‘I)7 A‘I’)

holds. Therefore, by induction, Hg (ps, v+, k, Co, As) holds for all k € N.
Analytic estimates in the L°° norm. By Lemma 10 and since we have shown that (8) holds
forallk € N,

Ir= "9 0, || Lo By < Calal? Al (kp) 1ol

forall |a| € Nand p € (0, R/(2k)]. Therefore, due to Stirling’s inequality and since R — kp > R/2,
for all 0 < 7 < ¢ there exist constants C', A > 0 such that

BRr—kp

(37) Ir = 110% 0| Lo (5 e < CAI o,

APPENDIX A. TECHNICAL TOOLS IN WEIGHTED SPACES

The results presented in this paper rely heavily on the theory of Kondrat’ev-type weighted Sobo-
lev spaces, that we introduce here. We also recall—mostly from [MM19a], for self-containedness—
a series of technical results that are ultimately necessary for the proof of Theorem 1.

We denote by Q C RY, d = 2,3, a bounded domain with smooth boundary and consider the
case of a single singular point ¢ € 2 lying in the interior of the domain. The generalization to
the case of multiple singular points is straightforward. We denote by r(z) = |z — ¢| the distance
of a point 2 € R? from the singular point. In the whole appendix, we denote by Br = Bg(¢)
d-dimensional balls centered in ¢ of radius R > 0. Finally, for k£ € Ny and 1 < p < oo, we denote
by WkP(Q) the classical LP(£2)-based Sobolev spaces of order k.

A.1l. Weighted Sobolev spaces. For integer k € Ny, a real weight exponent v € R, and summa-
bility exponent 1 < p < oo, we introduce the homogeneous weighted Sobolev spaces K5 (). Given
the seminorm

1/p

(38) |w|}C§’P(Q) = Z ||T‘alivaaw”ip(g) )
|a|=k



WEIGHTED ANALYTICITY OF HARTREE-FOCK EIGENFUNCTIONS 15

so that the spaces K%7(€2) are normed by

1/p

||w||}C:p Z|w|]CJ P(Q

We denote the weighted Kondrat’ev type spaces of infinite regularity by
K2P(Q) = () Kb
keN
Furthermore, for constants C, A > 0 we introduce the homogeneous weighted analytic-type class

K27 (Q; A) = {v € KP(Q) : [v]rn (g < AR, forall k € NO} .

Consider a continuous function u: we remark that, if v > d/p, then u € K97 (Q) only if u(c) = 0.
This condition is clearly not fulfilled by solutions to (2), which are, in general, nonzero at the
singular point of the potential. For this reason, our focus will be mostly on non-homogeneous
weighted Sobolev spaces The non-homogeneous analytic classes are given by

39)  JFP(Q;A) = v e Wh=PLhe(Q) ¢ o] ko, < AFTUEL forallk e Ng 1 k>~ —d/pt.
v kP ()

For a detailed analysis of the relationship between homogeneous and non homogeneous spaces,
we refer the reader to [KMR97] and [CDN10].

Remark 2. Using definition (39), the thesis of Theorem 1 can be restated as: for all n < ¢, there exists
A > 0 such that
P Ejf’oo(UCECBD(C);A)v VL:L"WN'

A2. Local elliptic estimate. We report here, for the sake of self-containedness, a result on local
weighted elliptic regularity. This has already been introduced in [MM19a], and has been proven,
as an intermediate result, in [CDN12]. We denote the commutator by square brackets, i.e., we
write

[A,B] = AB — BA.
Proposition 7. Let 1 < p < 0o, R > 0, and v € R. Then, there exists Cyeg,p > 1 such that forall k € N

and p € (0, 2(1@7}11)] and j € Nsuch that1 < j <k,

(40) > 0% sy ) < Cresp | YL IPFTTTTOP (AW | Loy,
la|=k+1 |Bl=k—1

+ Z P71||r|a‘7vaau||Lp(BR,jp)+ Z p72”Tla‘iwaaUHLp(BR,jpy
|a|=k |a|=k—1

For the proof of Proposition 7, we introduce a smooth cutoff function n € C§°(Bg—;,) such
that for o € N4, |a| < 2

(41) 0<n<l,  np=lonBg (i,  [0%] < Cppll,
and we introduce an auxiliary estimate (see [MM19a] for the proof)

Lemma 8. [MM19a, Lemma 9] Let 1 < p < oo, R > 0, and v € R . There exists C' > 0 such that, for

all BeNd, p e (O,W],andjel\lsuchthatlgjg 1Bl + 1,

(42) Z I [3& |18]+2— 'y} n0°ul| o (p_,,) < C Z pr2Hlal||plBl el =gt By Lo
|a|=2 o<1
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and C depends only on ~y, R.

Proof of Proposition 7. Let us consider a multiindex (. First,

43) S e By < S {||aa (r\ﬁumaﬁu) Lo (Ba_gin,)

|a|=2 || =2

+H |:aoz7 T|ﬁ|+2—’7:| aﬁuHLp(BR—(j+l)p)} .
We consider the first term at the right hand side: using (41)
Z [0 (TWHZ_’Y@ﬁU) 20 (Ba— ) = Z 1o <TIB\+2—’Y¢7{95U) lrBrs)
lal=2 |a]=2

and by elliptic regularity and using the triangular inequality, there exists Ca depending only on
p and R such that

Z ||aa (T|ﬁ|+27’ynaﬁu) ||LP(BR7JP)
jaf=2

< OallA (r‘ﬁ‘ﬂ—vnaﬁu) e (Ba_s.)

S CA (H’["B|+2—7nAaﬂuHLp(BR_jp) + || |:A7’["B|+2—'Y:| naﬂuHLp(BR—jp) =+ ||7"|f8|+2—')’ [A7/’7] aﬁu”LT’(BR_jp)) .

Combining the last inequality with (43) we obtain

(44) Z HT\5|+2*W804+5U||LP(BR_(H_DP)
|a]=2

d
< Ch <||r|f3+27778ﬁ (Au) ||Lp(BR7jp) + Z |‘r‘ﬁ|+277 (8“77) 85u||Lp(BR7jp)
i=1

d
+2 37 [P1P12-7 (9,) 858iu||Lp(Bij)> +(1+Ca) Y| {aa,r\ﬁwbv} Pl o (Br_,,)-
i=1 la|=2

The bounds on the derivatives of n given in (41) and the estimate of Lemma 8 applied to (44)
then imply the existence of a constant C' dependent on p, v, and R such that

Z ||T|ﬂ|+2—73a+ﬁu||LP(BR,WW) < CallPPH2 708 (Au) | o5y )

|a]=2
+C Z p_2+‘a|||7“m+|a‘_"’3a+ﬂu|\Lp(BR_jp)~
o<1
We can now sum over all multi indices 3 such that || = k — 1 to obtain the thesis (40). O

A.3. Weighted interpolation estimate.

Lemma 9. Let R > 0 such that B C By, v —d/p > —2/3,and p > %d. There exists a constant
Cinterp > 0 such that for all 8 € N¢ and u € ICL,ﬂ I+1.p (Br) the following “interpolation” estimate holds

2—y — — —
45) 7= 10%u| Lon (B < Cinterp I 105 ull 5 5 {(I5I+1)0llr’3 107 ul| o (B

d
3l .

i=1
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with 9 = 24,
p
Proof. Consider a dyadic decomposition of B; given by the sets
={zeB 277 <|z| <277} =12

and decompose the ball By into its intersections with the sets belonging to the decomposition,
ie., into B = Br N V7. Let us introduce the linear maps x; : V! — V7 and write with a hat the

pullback of functions by x; ', e.g, # = rox; ' and Bi = X; ' (B7). Then,

HTZ’T"’HL”I(?BUHLSP(B],) < 9% (v=2-d/p)||p 352 +1B1 58

uHL3P(BJ)
We can now use the interpolation inequality
oll ey < Cllvllzm (e 10130 (5).

for B C R4, v € W1P(B) and with 9 defined as above, see [DF@SlZ]. Therefore,

(46) ||r2_T”|B‘0Bu||L3p(Bj) < C2%0=2=d/p) || p 2518158 41—

hop 252+ 5B ||
Lp (B ) Ha ros 8 u”LP(
|a]=1
Let us now consider the first norm in the product above. Since 7+ € (1/2, 1), we can inject in the
norm a term 737 < max(1,231) = C(y), ie.,

Pl AB A 1—0 9
773 Hﬂ'aBU”le(A,- < C||f1fl= vgﬂunlm )

We now compute more explicitly the second norm in the product in (46):

9 d
2= '7 2= _ 148 ~ ’Y
Z Haa +|ﬂ|85u||LP(B7) < (|5+ ) prat 1Bl 155U||12p(§j) +|5\aﬁau”

|a]=1 i=1

Lr(Bd)

and we may adjust the exponents of #* and the term in
on v, d and p, obtaining

37 introducing a constant that depends

Z ||3a P ”+|6|35u”

le]=1

< C(IBl+ ) IF8%Y, 5 +ZH7"6' TPy

LP(BJ L:D(BJ

Scaling everything back to B? and adjusting the exponents,

55 8108 oy 1) < CHO= M2 BBy 10 {uﬁﬂ)” I =Y0P a2,

d
+ Z ||T|m77+1863iu||"£p(3j) } )

=1

If v —d/p > —2/3 then we can sum over all j = 1,2,... thus obtaining the estimate (40) on the
whole ball Bg. O

A4. An imbedding result.

Lemma 10. Let p > 2, R > 0, and vy € R such that v — d/p > 0. Then, there exists C such that for all
¢ € Ngand all v € K3*P(BR).

[ollce, (i) < CE+ D 0llctizn s,
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Proof. We prove the lemma for R = 1; the general case with R > 0 follows by homothety (with
constants depending on R). Consider the annuli

Ty={re B 297 <fe <27}, jeN,

and let T = Iy. Forall j € N, let X; be the homothety from T to I'; and denote with a hat the
quantities rescaled on I, e.g., © = v o x. Then, by a scaling argument and since 1/2 < 7. < 1, we

have

max Hr“"|_7+d/p8“v||po(pj) < 210=4/p) max ||#lol5e o

jaf <t jal <t i@y

By the embedding of W?2?(T') in L>°(T"), then, there exists C' > 0 independent of £ and j such that

lel=v+d/pgey || o < (9i(v=d/p) plal Hog o
&1@; I vl () = E‘ag}% 1k U”Wz,p(p)

Hence, by a simple differentiation, injecting the necessary weight, using again that 1/2 < #_ <1,
and bounding the maximum over |a| < ¢ with the respective sum, we arrive at

1/p

ma [ 74700 ) < CPOTHD 1T [ 3 1G0T, g,
< |a| <€+2

Scaling back to the original domain, we obtain the existence of C' > 0 independent of ¢ and j
such that

ﬁ?\% Hr‘al_%d/paavﬂpo(rj) <O+ 1)2||/U||’C’l;+2,p(l—wj),

hence there exists C' > 0 such that for all ¢ € N holds

— 2
vl o) = 59 Iolleges oy < O+ DR ullcerona,.
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