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Discrete Regular Decompositions of Tetrahedral
Discrete 1-Forms

Ralf Hiptmair and Clemens Pechstein

Abstract. For a piecewise polynomial finite element space W;,’FD (T) C Hr,(curl,Q) built
on a mesh 7 of a Lipschitz domain Q C R? and with vanishing tangential trace on I'p C 0Q,
a discrete regular decomposition is a stable splitting of elements of W;,,FD (T) into (i) piece-
wise polynomial continuous vector fields on Q, vanishing on I'p, (ii) gradients of piecewise
polynomial continuous scalar finite element functions, and (iii) a “small” remainder. Such
decompositions have turned out to be a key tool in the numerical analysis of “edge” finite
element methods for variational problems in Hr, (curl, Q) that commonly occur in compu-
tational electromagnetics.

We show the existence of such decompositions for Nédélec’s tetrahedral edge element
spaces of any polynomial degree with stability depending only on Q, I'p, and the shape
regularity of the mesh. Our decompositions also respect homogeneous boundary conditions
on a part of the boundary of Q. Key tools for our construction are continuous regular de-
compositions, boundary-aware local co-chain projections, projection-based interpolation, and

quasi-interpolation with low regularity requirements.

Keywords. Regular decomposition, edge elements, hp-FEM, polynomial extension, projection-
based interpolation, quasi-interpolation.

AMS classification. 65N30.

1 Introduction

We study an important aspect of the theory of finite element subspaces of H (curl, Q),
Q C R? a bounded domain whose properties will be specified below. We restrict our-
selves to spaces introduced as spaces of discrete 1-forms on simplicial meshes in finite
element exterior calculus (FEEC). They are also known as edge elements and their
pivotal role in the Galerkin discretization of electromagnetic boundary value problem
is no longer a moot point.
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The starting point are stable decompositions of H (curl, Q) into vetorfields with
components in H'(Q) and gradients, which have been developed as powerful tools
in the theory of function spaces [8, [11} [17, [18]. We refer to them as regular decom-
positions. In Section 2] we are going to present a particular instance. It later turned
out that discrete counterparts of regular decompositions of H (curl, Q) are similarly
useful in the numerical analysis of edge element schemes. We are going to survey a
few applications and give references in Section [[.3l

Section Bl will be devoted to proving a discrete regular decomposition theorem for
lowest order tetrahedral edge elements, also known as Whitney-1-forms. Compared to
what was known previously, we establish enhanced stability properties also in L?(Q).
We owe these stronger results to the use of so-called local commuting co-chain pro-
jections pioneered by Falk and Winther [27, 28]]. A tailored version of those will be
introduced and examined in Section 311

Subsequently, in Section [ we tackle tetrahedral discrete 1-forms of higher (uni-
form) polynomial degree p. For them we can establish p-uniformly stable discrete reg-
ular decompositions, with weaker stability properties than those achievable for Whit-
ney 1-forms, though. The key tool are commuting local projection based interpolation
operators presented in Section 1] combined with a p-stable quasi-interpolation bor-
rowed from [47]].

The focus of this work is on numerical analysis techniques required to establish ex-
istence and properties of discrete regular decompositions. In detail we gather, review,
assemble, and, sometimes, extend theoretical results from the finite element literature,
with the intention of conveying the guiding ideas and tricks underlying the proofs. The
actual use of regular decompositions will be addressed only briefly in Section T3l

1.1 Geometric Setting

Since subtle geometric arguments will play a major role for parts of the theory, we
have to give a precise characterization of the geometric setting: We let Q@ C R? be an
open, bounded, connected Lipschitz polyhedron. Its boundary I' := 0Q, is partitioned
according to I' = I'p U X U I'yy, with relatively open sets I'p and I'y. We assume
that this provides a piecewise C' dissection of T in the sense of [31, Definition 2.2].
Sloppily speaking, this means that X is the union of closed curves that are piecewise
C'. Actually, we demand that ¥ consists of disjoint closed polygons.

We triangulate Q with a simplicial mesh 7", which will be identified with its set of
tetrahedral elements: 7 = {T'}. We assume that the partitioning of the boundary T is
resolved by the mesh. We endow edges and faces of 7 with intrinsic orientations, see

Section 3. 1.1

Assumption 1.1. Both ' and 'y are unions of closed faces of elements of 7.

We write hp for the local mesh size, that is, the diameter of 7 € 7, and rp for
the radius of the largest ball contained in 7". These numbers enter the global shape
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regularity measure p(T) of the mesh defined as [15]], Sect. 11.4],
o(T) := max{hr/rr, T € T} . (1.1)

The symbol / will also denote a function h € L*°(Q) with h(x) := hp forx € T,
TeT.

1.2 Notations and Function Spaces

We adhere to the de-facto standard notations for function spaces in the numerical anal-
ysis literature [36] Sect. 2.4]. In particular, we write H°(D), s € R, for the Sobolev
(Hilbert) space of order s on the domain D, see [50, Ch. 3]. It is endowed with the
usual norm |[|-[|; p, and the semi-norm |-|; ,. We write H3(D), s > 1, for the sub-
space with zero boundary conditions imposed on £ C 9D. Bold typeface distiguishes
(spaces of) vector valued functions, e.g., H3(D). The notations Hy(curl, D) and
Hy(div, D) stand for spaces of vector fields with rotation and divergence, respec-

tively, in L?(D), and zero tangential/normal trace on £ C dD. The associated norms

read ||| g7 cur, p) a0 [I*[| f1 (giv, ) -

1.3 Tetrahedral Discrete Differential Forms

Discrete differential forms provide finite element spaces of differential forms. They
are studied in the new field of Finite Element Exterior Calculus (FEEC) using tools
from the calculus of differential forms [34] 4. [3]. In this article we stick to the classical
calculus of vector analysis, because all developments are set in 3D Euclidean space.
Yet, the differential forms background has inspired our notations: integer superscripts
label spaces and operators related to differential forms of a particular degree.

We restrict ourselves to the so-called first family of simplicial discrete differential
forms. It comprises the following T -piecewise polynomial finite element spaces.

@ Discrete 0-forms, continuous Lagrangian finite elements:
Wor, (T) = {v € HE (Q), vir € WNT) VT €T},
Wy(T) = Py (RY)

@ Discrete 1-forms, Nedéléc’s first family of curl-conforming elements
(“edge elements”):

W) 1, (T) i={v € Hr,(curl,Q), vip € WY(T) VT €T},
W, (T) = {z — p(z) +q(z) x 2, p.q € P,(R)},
® Discrete 2-forms, div-conforming Raviart-Thomas finite elements (“face elements”):
W2 (T) = {v € Hr,(div,Q), vir € W3(T) VI €T},
WA(T) == {z — p(z) + q(z)z, p € Pp(R?), g € P,(R*)},



4 R. Hiptmair and C. Pechstein

@ Discrete 3-forms, discontinuous piecewise polynomials:

W3(T) i= {v € L}(Q), vir e WAT) VT €T},
Wh(T) == Pp(R%) .

Here p € N stands for the polynomial degree and P,(IR?)/P,(R?) for the spaces of
polynomials/polynomials vector fields of degree < p in three variables. Dropping
the I'p subscript indicates that no boundary conditions are enforced. Notice that our
notations above differ from what is adopted in the seminal work [4]] on FEEC, where
the authors write P, A’(T") instead of WY(T).

First-order differential operators related to the exterior derivative connect these
spaces to a discrete de Rham complex:

Krp(Q) 5 W0r () &S Wl () S w2 () 25 wir) % {o).

».I'p pI'p
(1.2)
Here the space of constants is given by
span{1} ifp =10,
Kr,(Q) :={v e H: (Q): vq = const} = 1.3
ro(@) =1 rp () = ! {{0} otherwise. (13)

In the complex (I.2) the range of an operator is contained in the kernel of the subse-
quent operator.

In the lowest-order case (p = 0) the elements of Wé,rp (T) are called Whitney
forms. In the sections devoted to these spaces, we are going to replace the subscript
p = 0 with h and write Wﬁ,rD (T) := WS’FD (7).

Finally, we need spaces of vectorial continuous Lagrangian finite element functions,

VO (T) = WO (TP, W r () == Wi, (T (1.4)

1.4 Main Results

Our main theorem about the discrete regular decomposition of the spaces of Whitney
1-forms (“edge elements”) involves a local projection operator R}D : Hr,(curl, Q) —
W}L,FD (T) that respects the homogeneous boundary conditions. This operator and a
related one will be constructed in Section below, together with several stability
estimates.

Theorem 1.2 (Stable discrete regular decomposition for Whitney-1-forms in 3D). For

every discrete 1-form of the lowest-order first family v, € Wlll,l"p (T), there exists

a continuous and piecewise linear vector field z, € V) (T) = Wi r, (T, a

continuous and piecewise linear scalar function ¢y, € W2 Iy (T), and a remainder
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vy € W}L,FD (T), all depending linearly on vy, providing the discrete regular decom-
position

A= szh + Gh + grad ©h ,

and satisfying the norm estimates

1
lotloa < Cllviloa « laha <€ (G Miloa + lowrtvaloa) . 019
lenlio < Clivallog (1.6)
- 1~ 1
Wrllog < Clivillog » IR Vallgq <€ (d Valloq + ||curlvh||0,g> . (1.7

with d = diam(Q) and constants C' > 0 depending only on the shape of Q, T'p, and
the shape regularity measure p(T).

Similar but weaker results are stated in Lemma 5.1] and Lemma 5.1].
These estimates did not bound the L*(Q)-norm of zj, by the L?(Q)-norm of vy,. The
proof of Theorem is given in Section [3] and it will demonstrate the substantial
additional effort required to establish stability in L?(Q).

The next result presents a “p-version” counterpart of Theorem because it tar-
gets spaces of discrete 1-forms with arbitrary polynomial degree p with a focus on
p-uniform stability estimates.

Theorem 1.3 (Discrete regular decomposition for discrete 1-forms). For every discrete
1-form of the first family v,, € W;,’FD (T), p € Ny, there exists a continuous vector
field z,, € V%I—D (T) C Hll—D (Q), T-piecewise polynomial of degree < p + 1, a con-

tinuous, T -piecewise polynomial scalar function p, € Wg FD(T), and a remainder

Vo EWL L (T),

p.I'p
(1) all depending linearly on v,

(11) satisfying the norm estimates

1
lolha < Clviloa + Tarda < C (G Ivallog + lourlvallg) 18

h
<C 1+1 1)L 1
el o < (IIVpIIO,QJrlIvg;s{( +log(p + 1)) ) }Icur Vp”QQ) ,
(1.9)

2

p+1_
Vp

I/z
1
- ) < (1 +log(p-+ 1) (§ [valloa + leurtvilyg) |
T T

(1.10)

(sl

with d := diam(Q) and constants C' > 0 depending only on the shape of Q, I'p,
and the shape regularity measure p(T),
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(II1) and providing the discrete regular decomposition
vp =1z, + v, + grad ¢, ,

where T1, : ngrD (T) = Wy r,,(T) is a strictly local linear interpolation oper-

ator.

This result has no precursor in the literature. Its obvious shortcoming is the restric-
tion to a uniform polynomial degree p. More desirable would be a version admitting
variable polynomial degree and, thus, encompassing finite element spaces created by
hp-refinement, see [2]]. However, there is a single technical obstacle that has prevented
us from admitting variable p, refer to Theorem F.17]

Another class of results on discrete regular decompositions beyond the scope of the
above two theorems addresses stability estimates with non-constant positive weight
functions entering the norms. Currently (2017) this is an area of active research and
first results for piecewise constant weight functions are reported in [46) [44] [45]].

1.5 Applications

The discrete regular decompositions of the kind provided by Theorem[[.2]have turned
out to a powerful tool for numerical analysis of various aspects of edge finite element
methods. We emphasize their role as theoretical tool, because there is not a single
algorithm, which relies on the actual computation of the finite element functions com-
prising a discrete regular decomposition. The following, probably incomplete, list
mentions a few pieces of research in numerical analysis, where h-version discrete reg-
ular decompositions played a pivotal role:

* Analysis of geometric multigrid methods for Hr,, (curl, Q)-elliptic variational
problems discretized by means of edge elements [41], 33, [62]: Here discrete reg-
ular decompositions allow to harness results on the stability of multilevel nodal
decompositions of VY(7).

« Convergence theory of domain decomposition methods for discrete Hr,, (curl, Q)-
elliptic variational problems [53} 23] 24] [46] 43| [43]): In the same vein as
multigrid theory, these approaches manage to exploit results for Lagrangian fi-
nite elements and H'(Q)-elliptic variational problems.

« Foundation of nodal auxiliary space preconditioners [40}, 39| 48]|: the stable dis-
crete regular decomposition directly spawn s a subspace correction method for
discrete Hr,, (curl, Q)-elliptic variational problems whose key step amounts to
the solution of scalar elliptic boundary value problems.

« Analysis of geometric auxiliary space methods for edge elements [38]].

« Reliability estimates for residual based local error estimators for Hr,, (curl, Q)-
elliptic variational problems [23} 13} [58]].



Discrete Regular Decompositions 7

2 Continuous Regular Decomposition

It goes without saying that all results about discrete regular decompositions have their
roots in stability properties of continuous regular decompositions of the function space
Hr,, (curl, Q). Now we state and prove the corresponding key estimates. For ease of
presentation we set diam(Q) = 1 throughout the remainder of this manuscript. Simple
scaling arguments will then produce the more general estimates of Theorem and
Theorem

The following result can essentially be found in [41] [32]], except that we also assert
extra L2-stability. Note that there are neither restrictions on the topology of Q nor on
the connectedness of the Dirichlet boundary I'. A more general version of the theory
will be published in a forthcoming manuscript [56].

Theorem 2.1 (Boundary aware regular decomposition). For each v € Hr,(curl, Q)
there exists a vector field z € H ll—D (Q) and a scalar function ¢ € HILD (Q) depending
linearly on v such that

v =2z + grad ¢,

and

zlloo < C v

o 12zl <C IVIHEuro) - 2.1)

lellia<Clvioa » (2.2)

with constants independent of v.

For the proof, we need a few auxiliary results that will be provided in the next three
sections.

2.1 Collars and Bulges

Under the assumptions on  made in Section [[1] Lemma 4.4] guarantees the
existence of an open Lipschitz neighborhood Qr (“Lipschitz collar”) of I' := 9Q and
of a smooth vector field n € C°°(R? R?) with ||n2|| = 1 on Qr that is transversal to
I:

Fk>0: n(x) n(x)>rk foralmostallz €T . (2.3)

Extrusion of I'p by the local flow induced by 72 spawns the “bulge” Yp C Qr \ Q, see
Fig.[Tl We recall the properties of bulge domains from [31] Section 2].

Theorem 2.2 (Bulge-augmented domain). There exists a Lipschitz domain Yp C R3\
9, such that Yp N Q = T'p, Q° := Yp UT'p UQ is Lipschitz, diam(Q°) < 2, and
YD C Qr.
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Tp
Q]" F

Figure 1. Collar domain Qr (pink) and bulge domain Y p (gold)

Remark 2.3. If I'p has several components I'y, K = 1,..., IV, then each of them gives
rise to a separate bulge Y, with Y, N Q = Iy, and the individual bulges have positive
distance from each other. This is a consequence of our assumptions on I" and has to be
kept in mind though we are not going to mention this fact explicitly in the sequel.

2.2 Extension operators
Lemma 2.4 ([60]]). Let D be a bounded Lipschitz domain with diam(D) = 1. Then
there exists a bounded linear extension operator Ep: L*(D) — L*(R?) such that for
k € Ny,

1Epvllep < Clvllep Vv € HY(D), (2:4)
with C depending only on D and k. Moreover, Epv has compact support in R3.

We apply this fundamental result to the bulge domain Y p introduced in Section 211

Corollary 2.5. There exists an extension operator Eﬁ)) : L*(Yp) — L*(R?) such that
fOr ke No,

IES vllpze < Cllolkr, Yo e HE(Xp), 2.5)
where the constant C' depends on Q, Y p, and k.

Lemma 2.6. For a Lipschitz domain D with diam(D) = 1 there exists a bounded linear
extension operator ES™': L*(D) — L*(R?) such that, with constants depending only
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on D,

IEB* vlogs < Cllviiop vv € L*(D),

IS\ fr(eun i) < ClIVIlErurn,p) Vv € H(curl, D).
Moreover, E%“rlv has compact support in R3.

Proof. Since D is (strong) Lipschitz, it is also weak Lipschitz, and so the Lipschitz
collar is locally the image of the unit cube under a bi-Lipschitz mapping such that the
exterior is mapped to the upper halfspace [49] Sect. VII.1]. On the cube, we define the
extension of w(xy, x5, x3) as diag(1, 1, —1)w(x1, 22, —x3). Mapping back to the col-
lar and using a partition of unity, one obtains the desired result, since the bi-Lipschitz
mapping preserves the curl-operator. O

We note that a similar result with higher order curl-derivatives (but not with the
pure L?-stability) has been shown in [37].

2.3 A Fourier-based Projection

The next lemma builds on similar results from [3| Lemma 3.5], [36, Lemma 2.5],
and[37, Lemma 5.1].

Lemma 2.7. There exists a bounded linear operator Leye1: H(curl, R3) — H'(R?)
such that for all v € H (curl, Q)

(L;) curlleynv =curl v,

(Ly) divLleyrv =0,

(Ls) [[Leurtvllors < [[Vllogs and [[(I — Leur)Vijogs < [[V]ore:
(Ly) [VLeunrvllors < || curlv(jpgs,

(Ls) Curlv Leur1V, i.e., Leurl is a projection.

In the statement|(L4)l V applied to a vector field yields the Jacobian.

Proof. The proof is classical; see e.g., Ch. I, Theorem 3.4] and [53 Lemma 2.1].
Let V(§) = (FV)(€) = [gs e 2™ *€v(x) dx denote the (component-wise) Fourier
transform of v € L*(R?). Recall that 0yv, curlv, div v correspond to 27i&; ¥,
2mi€ x v, and 27i€ - v, respectively. We set

LeuntV := F'W, with W (&) 1= —|&|72(€ x &€ x V(£)).

Elementary properties of W € L*(R?) yield most of the assertions: [(L;)] from 27& x
= 27w€ X V. from 27&€ - w = 0. from |w| < [v], because, due to
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Plancherel’s theorem,

[Leur1Vllors = |Wllogs3

I~ Leurt)Viogs = ¥+ (€172 x € x Flogs [ = Vo = [Vlops-
=€l (v-£)¢
is obtained as follows
3 3 5 ,
IV Lewrtv] s = S 276 s < S H||€£ky22m§ x GHORS < [ curl |2 4.
k=1 =1 :

The last estimate shows that indeed Ley,1v € H'(R?). [[Ls)]is checked easily. ]

2.4 Proof of Theorem 2.1]

We follow the proof as in [41, Thm. 5.9] and establish the L2-stability using the ideas
from [55] Lemma 2.2]. Let v € Hr, (curl, Q) be arbitrary but fixed.

Step 1: We extend v by zero to a function in H (curl, Q¢), where Q€ is the extended
domain from Sect.ZTland then to v € H (curl, R?) using 2!, We observe v p =
0 and that Lemma 2.6]implies

Vlors < Clivlloe » lleurlviprs < ClVig(cure) - (2.6)
Step 2: Let B 2 QF be a ball such that 1 < diam(B) < 2 and define
W = (Lcurﬁ)u;.

Due to[(L;)|of Lemma27] curlw = curl v in B. Since B is simply connected, there
exists a scalar potential ¢» € H'(B) with zero average [ p ¥ dx = 0 such that

v =w + grad .

Lemma 2.7 together with (Z.6)) implies

[[w

| grad ¢
IV w

1

where in the last estimate we have used Poincaré’s inequality on the convex ball B [6].
Step 3: Since

lo.5 = [[Leur1Vo.B < [[Vllors < Cllv]oe,
|()’B = ||(I - Lcurl)§|
lo,p < |[eurlvors < C[[V[H(curL0) 5

lo,p < C|lgrad?llos < C|vloe,

0.8 < [[Vllors < Clvioe
0 ’ 2.7)

O0=w+grady inYp,
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we conclude that ¢y, € H>(Yp). We define ¢ := (El(?;w)“g € H?(B). From
Corollary 2.3] we obtain

[Pl < C ]
| grad ¢[lo.p < C |||

7 1/2
IV graddlos < C (I Verad w3y, + 143 r,) " < C |Vl sreurta) -
=—Vw

0xp < Clvlog,

1Yy, < Cllgrad oz < Clvloa .,

(2.8)

where V grad indicates the Hessian.
Step 4: In B, it holds that

v=w-+grady = w—l—grad{/;—!—grad(z/) —{/;)
~—_—— ——

=zcH' =:peH!

Itis easy to see that ¢ = 0in Yp and so p € H}D (Q). Correspondingly, grad ¢ = 0
andv =0inYp,andsoz €¢ H }D (Q). Combining (2.7) and @2.8) yields the desired
esimates for z and p.

3 Discrete Regular Decomposition: Lowest-Order Case

Now we tackle the proof of Theorem[I.2l We employ an extended version of the local
projectors invented by Falk and Winther in [27]], see also [28]]. Our extension is aimed
at enforcing compliance with the boundary conditions on I'p and the sophisticated
technical details will be elaborated in Section 3.1l With this tool at our disposal, the
proof of Theorem[I.2]can be done in a few simple steps as we are going to demonstrate
in Section[3.2]

3.1 Local Bounded Boundary-Aware Co-Chain Projections

In this section, we construct two sets of operators parallel to developments in [27],
from where we have also borrowed a good deal of the notations. The first one are
modified Clément type operators M9 : L*(Q) — W&FD (T) and M}: L*(Q) —
Wi, 1, (T) that commute with the gradient on H. (Q):

(@) = Hr,(curl,Q)

MY } M (3.1)
rad

Wi, (T) 55 Wi (T)

The operators feature also some of the local stability and approximation properties of
the classical Clément quasi-interpolant [[16], see below. The second class of operators
are so-called bounded co-chain projections, originally introduced by Falk and Winther
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[27]]. The operators are defined on the spaces of the de Rham complex, they are projec-
tions onto spaces of discrete differential forms, commute with the exterior derivative,
and are locally defined. Here, we modify two of these operators, in the sequel called
R% and R}D such that they additionally respect homogeneous boundary conditions.
We have the commuting diagram

L@ = Hp,(curl,Q)
} RY, | RL (3.2)
rad
W](')L,FD (7-) g_> W}IL,FD (T)’

where opposed to (3.1)), the operators are projectors.

3.1.1 Notation and assumptions

We need a little more notation for the subsequent construction. Let V, £, and F denote
the set of vertices, edges, and faces (respectively) of the mesh 7. We also introduce the
sets Vyi={veV:ivgIph& ={ecf:e¢Tptand Fy:={f e F: f ¢ I'p}
of “free” vertices, edges, and faces, respectively. Let ¢, denote the nodal vertex basis
function fulfilling ¢, (V') = é,, for v, v/ € V. Edges and faces have to be oriented:
For an edge e = [ey, e;] with endpoints e, e; € V, the orientation is given by the unit
tangent T := (e, — e1)/|e2 — e1|. The orientation of a face f € F is provided by the
unit normal n¢. By ¥, € W},(T) and s € W5, (T) we denote the Nédélec edge and
face basis functions, fulfilling [, 9. Tc ds = dees fore, ¢’ € £ and [;, ¢ np ds = ogpr
for f, f' € F. We find that

Wiy (T) = span{@vvev, ,
Wir, (T) = span{theJeee, .
Wi, (T) = span{C¢ e, -
Finally, for a vertex v € V, its node patch w, is defined by
wy = U T.
TeT: vel

For an edge e = [e, ;] € £ and a triangular face f = [f}, fp, f,] € F, the correspond-
ing patches are given by

We = We; U We, , wf = wf, Uwyp, U wy, .

See Fig. Dl for a sketch of two edge patches. Finally, the element patch corresponding
to an element 7' € T is given by

wrp = U Wy -

vevnT
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Figure 2. Sketch of edge patches.
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For a patch w C Q of elements of T, we will frequently use the space HllD (w) :=
{u € H'(w): u|r, = 0}. If measy(Ow NT'p) = 0 the functions in this space fulfill
no boundary condition.

The following, technical assumption is fulfilled for standard meshes.

Assumption 3.1. For each vertex v € V), edge e € &, and face f € F, the vertex
patch w,, edge patch we, and face patch wy, respectively, is simply connected and has
a simply connected boundary.

The following results will be helpful in the development of our theory later on.

Lemma 3.2. Lete = [ey, ] € Ef withe; € T'p (orey € Tp). Then there exists a face
f C Owe NI'p withe| € f (or ey €1, respectively).

Proof. Suppose that e; € T'p. Then there exists a face f C I'p with e; C f. Since
We D We,, there is an element 7' C we such that f is a face of 7', and moreover,
f C Owe. O

We will use a couple of times that

diam(wy) < Chy,  diam(w,)”' <Ch;'  WeVvnT,
diam(we) < C hr, diam(we) ™' < C'h! Vec ENT,
he := diam(e) < C hr, ho! <Chy! VYee&NT,

with a (generic) constant C' only depending on the shape regularity of 7. Furthermore,
we need the following discrete estimates:

Lemma 3.3. For any element T € T and any vertexv C T,

un (V)| < Chy* unllor Y € W(T),

lgrad g, llor < ChY2.
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Moreover, for every edgee C T,

’/wh . ds‘ < Chy P lwallor  Ywn € WL(T),
e
lbellor < Chil>.

Proof. The proof is carried out using standard techniques from finite elements, trans-
formation to the reference element, and an eigenvalue analysis of the reference element
mass matrix. O

3.1.2 Locally exact sequences and Poincaré-Friedrichs type inequalities

Let w be a patch of elements which is simply connected with simply connected bound-
ary, and let v C Ow be a simply connected surface that is a union of faces of elements;
the cases v = () and v = Qw are admitted. Then the local sequence

i rad cur, iv
(@) 5 WD (w) EE WL (W) B WS () TS Wi (w) s {0} (3.3)

is exact, i.e., the range of an operator is equal to the kernel of the subsequent operator
5. Above, K, (w) is the space of constants if v = () and &y (w) = {0} otherwise,
and

3 () = {veW}(w): [ vde=0,} ify=0w
oy 0 Wi (w) otherwise.

We have the classical Poincaré inequality

lu —T“ow < C hy, || grad ul|o. Yu € Hl(w) (3.4)

and the Friedrichs inequality

[ullow < Chy |l gradullo, — Vu € H(w), if meas;(v) > 0. (3.5)
where h,, := diam(w) and the constants C' depend only on the shape regularity of
the mesh 7T, for a proof see, e.g., [57]. We can write these inequalities in a more ab-
stract way by introducing the L?(w)-orthogonal projector Hgﬁ: H,i (W) = Ky(w) =
ker(grad|H#(w)):

|lu — ngu| 0w < Chyllgradullo, Yue Hvl(w) . (3.6)
For the other spaces in (3.3)), let

H,ll,wﬁ: H(curl,w) — grad Wgﬁ(w), H%L,uw: H (div,w) — curl W}W(w)
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denote the L?(w)-orthogonal projectors onto grad W) L(w) = ker(curllw% )
’ Y

and curl W}, S(w) = ker(divlwi (w))> Tespectively. Then the following discrete
’ Y
Poincaré/Friedrichs type inequalities hold:
|lw — Hflz,quHO,w < Chy, || curl w|log Yw € W,lw(w), 3.7

la—T, dlow < Cholldvalo,  YaeWi (@),  G8)

where the constant C' depends only on the shape regularity of 7. These important
results can be shown by transformation to a few number of reference patches. From
the L?-projection property, we obtain that

||n}1ww||0,w < Iwllow vYw € H(curl,w), (3.9)

T, o rallow < lallow  Ya € H(div,w). (3.10)

3.1.3 Modified Clément operators
We define MY,: L*(Q) — Wy 1 (T) by

M]%u = Z ™ oy, (3.11)
VEVf
where eV = ﬁ fwv udz is the mean value of v over w,. As a simple but useful

property,

> ifv eV

) (3.12)
0 otherwise,

(Mpu)(v) = {

i.e., the operator respects the homogeneous boundary conditions. Next, we define
Mp: L*(Q) = W r, (T) by

Myw = 2/ w -zl dzp,, (3.13)

ecty We

where the weight function z! € H (div,w.) is yet to be constructed. Beforehand, we
define for e = [e}, e;] the piecewise constant function

1 1 .
‘wez|Xwez - |we]|Xw€1 ife; ¢I'p,ea ¢ I'p,

1 =
0. E _ 1 i
ye = O-\EIWXWV = \weZIX“’ez if e € FD, (314)

1 . T
_WXWEI lfe2 S FD
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Above, Y, is the characteristic function, oy = —1 if v is the starting point of e and
oy = +1if v is its endpoint (i.e., oY is an entry of the edge-vertex incidence matrix).
It is seen easily that y2 € W (w.) and that

e Zlpande, ¢Tp = / yddx = 0. (3.15)

We require that
—divzl =90  inwe, (3.16)
zl-n=0 on dwe \ Ve, (3.17)

where 7. is constructed as follows:
(i) Ife; € Tp and ey € T'p, we set e := .
(ii) If one of the endpoints of e, say ey, lies on T'p, then we set e := f, where f is the
triangular face from Lemma[3.2] such that f C dwe NT'p and e; C f. See Fig. [
for an illustration.

\\F
\ D

Figure 3. Sketch of an edge patch w. and the surface 7. for the case that one of the
endpoints of the edge lies on the Dirichlet boundary I'p. The weight function z! has
vanishing normal component on ¢ (dotted line).

From the construction of y and from (3.13) we can conclude that
ye € Wi e(we), (3.18)

where 1< := Ow,\7e. In particular, for the case v = 0, (3.13) serves as a compatibility
condition for (3I6)—~(.17) due to Gauss’ theorem. In order to fix z. uniquely, we
require two additional properties:

ze € Wi e (we), (3.19)

e

/ z! - curl wydz =0 Ywy, € W}wg (we). (3.20)
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Recall that due to Assumption 3.1l we is simply connected with simply connected
boundary. Therefore, since . is either empty or a triangular face, the complementary
surface 7¢ is simply connected. Therefore, the sequence (3.3) with w +— we and
7+ 7€ is exact, and it follows that the weight function z. indeed exists and is unique.

From (B.16)-(3.17), we can conclude that

/ gradq‘zédévz/ qyedr Vg€ 1(%) ne #lpande; ¢ 1p,
e e H"/e(we) ifepel’pore; €l'p.
3.21)

Lemma 3.4. For all u € HllD (Q), we have the commuting property
M}, grad u = grad MYu.

Moreover, for an edge e € £y with e € I'p ore, € T'p and for uy, € W}? o (we),

/(M}j gradup) - Teds = /(grad Mguh) -Teds,

e e

where the two expressions are well-defined.

Proof. For the first part of the proof, we just consider u € H'(Q). By construction,
both M} grad u and grad M%u belong to W,ILI—D (T), even for a non-trivial topol-
ogy of Q, I'p. Therefore, in order to show the first identity, it suffices to check all the
edge integrals on e = [e], ;] € &;:

/(grad M) - T ds

e

we —u ife; ¢Tp,ep €T,
= Zﬂw”/gradgov~reds: e ife; eI'p,
vevs ¢ —%e ifeoelp.

Since

uvei = / U X, AT,
We

we can conclude from (3.14) that

/(gradMgu)-re ds :/ wylde — Yue HY(Q). (3.22)
e W,

e

We now show the first identity and assume that u € HllD (Q). Consequently, u,, €
HY_(we), in particular uj,, € H., (we),and so (3.2 and the definition (3.13) of M y
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imply

/(grad MYu) - Teds = / gradu -z} dz

e We
= // gradu -zl dzp, - Teds = /(MlD gradu) - e ds.
€ J We e
The second identity follows by the same arguments and the locality of MY, M lD. O
Lemma 3.5. Forallu € L*(Q) and T € T,
1MBullor < Cllullowr -
Proof. From the definition of M% we derive

IMpullor < Y [ el
vevynT

07 -

Cauchy’s inequality yields [@*"| < |wy|~"/?||u|ow, and standard FE arguments show
that |w,| > ch3 and [[@y 0w, < C R O

For the approximation property of MY, we need another construction. For elements
T where
Owr NT'p # ¢ but measz(GwT N FD) =0,

we define a slightly enlarged element patch wp D wp such that

meas; (0w NT'p) >0 and diam(wp) < Chp, (3.23)

with a uniform constant C' depending only on the shape regularity of T, see Fig. [ for
an illustration. For all other elements, we simply set W = wr.

Figure 4. Sketch of construction of enlarged element patch w,. Light grey area: original
patch we. Dark grey area: element that is added in order to obtain .



Discrete Regular Decompositions 19

Lemma 3.6. For all u € HILD (Q)andT €T,
lu — Mpullor < Chr || grad ulloz,

Proof. Let T be such that meas, (0w N T'p) = 0, which implies that dwyr NT'p = 0,
and so all vertices on Wy are in V. Due to the partition of unity property of the vertex
basis functions,

(Mpe)

o = € for any constant c.

Hence,
u— MOu = u— 7% + M2 (u— ).

From the triangle inequality and the L?-estimate from Lemma[3.3] we obtain

lu— Mpullor < Cllu = @*|low, < Chr || grad ullow, .
where in the last step, we have used Poincaré’s inequality (3.4). Finally, let T" be such
that meas, (0w NTp) > 0. We apply Lemma 3.3 directly, leading to

lu = Mpullor < Cllullow, < Clullog, -

Since u vanishes on dwr N I'p by assumption, Friedrichs’ inequality (3.3) yields the
desired bound. O

The stability of Mg in the H'-semi norm will be a consequence of Lemma
below. The L?-stability of M b involves the particular choice of the weight function
z! and needs the following auxiliary estimate:

Lemma 3.7. Let the weight function z. be defined by 3.16), G17), B.19), and (3.20).

Then

—1/2
2 low. < Che 2.

Proof. The orthogonality condition (3.20) implies that H%L,We’%z(le = 0, and so the
discrete Poincaré-Friedrichs type inequality (3.8)) implies

”ZaleHO,we < C he || div Zt]e”O,we = C he ||y2‘|07we )

where we have used (3.16). From the definition (3.14) of 32, we see that ||y2]|o.w. <

ChPh3 =ch O

Lemma 3.8. For all w € L*(Q) and T € T,

| M pwllor < C[[Wllows -
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Proof.

Iellowe < D Iwllow l1zel

ee&NT

1
W -z, dx

IMpwllor < >
ec&rNT

0,we H"vbeHOMe :

We

From Lemma B3l |4 llow. < Chg lhg/ ?. The proof is concluded by applying

Lemmal[3.7] O

Corollary 3.9. Forall u € H} (Q) and T € T,
I grad Mpullor < C| grad uljowr -

Proof. Due to Lemma 34l grad Mu = M, gradu for all u € Hf (Q), so the
statement follows from Lemma [3.8] i

3.1.4 Auxiliary projectors on local patches

Let w be a simply connected patch of a few elements with simply connected boundary
and v C Ow a simply connected union of faces such that the exact sequence property
(B3) holds; the cases ¥ = (), ¥ = Ow are admitted. We define Q¢, ,: H'(w) —

Wy () by

/ 0 udr = / wda ify=0, (324
/ grad( ?wu) -grad py, do = / grad u - grad pj, dz Vpp, € W,(;,Y(w).
(3.25)
and Q:w: H(curl,w) — W}l’,y(w) by
/ iww -grad p, dov = / w - grad py, dx Vpp € Wgﬁ(w),
(3.26)

/ curl( lww) -curl qp dx = / curl w - curl q;, dz Va € W,lm(w).

w

(3.27)

Obviously,
QLW grad u = grad Q&,Yu Vu € H'(w), (3.28)
QY un = up Yuy € W (w), (3.29)

Q. Wi, =wy, Ywi, € Wi, (w). (3.30)
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Finally, we define a lifting operator in,— : H(curl,w) — Wf?mr (w) by

/ QL wdz =0 if v =10, 3.31)
/ grad(QLm_W) -grad py, do = / w - grad py, dx Vpy, € W;(Zﬁ(w). (3.32)

Summarizing, we have

—w 1 d .f —
Q?Mu_{u + Qo -gradu ify =0, (3.33)

1 .
Wy gradu otherwise.

Lemma 3.10. For u € H'(w),

| grad Q¢ ullow < || gradullo.
o~ U]0.w o w iam(w) || grad ul|o -
1Q% A ullow < [lullow + C diam(w) || grad uf

Proof. The first estimate follows immediately from (3.23]) by setting p;, = gﬁu and
applying Cauchy’s inequality. For the second estimate we treat two cases:

e If meas, () = 0 then the mean value property (3.24) implies
Qgﬂu = ng(u —uY) +u”

and the first term has vanishing mean over w. From the triangle inequality,
Cauchy-Schwarz, and Poincaré’s inequality (3.4), we obtain

HQ?J,'yu”wa < HQ?J,’}/(U’ - ﬂw)

< C diam(w)| grad @, ,ullow + [|ufo. -

0w + 177 ]l0,0

+ If meas; () > 0, we obtain from Friedrichs’ inequality (3.3) that

1Q% ullo.w < C diam(w)| grad Q7 u

|O,w .
In both cases, employing the first estimate concludes the proof. O

Lemma 3.11. For w € H (curl, w),

|| curl QL,7W||07W < || curl w||o

||QL’,YW||07W < |wllow + C diam(w)| curl w|o,, .
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Proof. The first estimate follows immediately from (3.27) by setting q;, = iww and

applying Cauchy’s inequality. For the second estimate recall the projection operator
H}l’wﬁ: H (curl,w) — grad W) (w), from Sect. 3.1.2l which has the property

/ l'I,IMWW -grad py, dx = / w - grad py, dz Vpp € W,?,V(w). (3.34)

Since H}L,wn’ L,’YH}LMW’ and H}L,wxy Lﬂ have the same range, we can conclude
from (3.26) and (3.34) that
Q] Hl _ Hl Ql _ Hl
wytthwyW = HhwyCwyW = Hhw W
Therefore
1 _ 0! 1 1
Qu W =Q (W —1IL , W) + 11} , W

and

I Qi (W =TT, W) = 0.
Hence, the discrete Poincaré-Friedrichs type inequality (3.7) together with the L>-
stability (39) of 1}, ,, ., yields

”Q(L,"/WHO,W S ”Ql},'y(w - H}L,w,'yw)HOM + ||Hl11,w,fyw||07w

< C diam(w)|| curl Q}m(w — Hflz,w,vw) llow + IWllow -

curl QUIJWW

Employing the first estimate once again concludes the proof. O

1

Finally, we need stability estimates for the lifting operator ¢, , _:

Lemma 3.12. For any w € H (curl, w),

lgrad QL. _wlow < [[Wllow

||Q1 _Wllow < C diam(w) ||[wlow -

Wy, -

Proof. Choosing py, := Q. ., _w in (332) applying Cauchy-Schwarz we find that

7’717
| gradQ. w3, = / w - grad(Q),.,_w)de < [wlow [0}, Wlow
w

which implies the first inequality. For v = (), the second inequality follows from
the first one by Poincaré’s inequality (3.4]) because Ql} ¢._ W has vanishing mean over
w. If measy(y) > 0, then we can use Friedrichs’ inequality (3.3) to obtain the same
result. O
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3.1.5 The auxiliary operators S% and SID

For v € Vy, we set
Q=g Q=Qup Q- =0Quy - (3.35)
We define S7,: H'(Q) — W) (T) by
SOu = MY, (3.36)
and S},: H(curl,Q) = W), (T) by

Shw = Mphw + Z ( \1,7,W) (v) grad ¢y . (3.37)
veVy

Remark 3.13. Following the original paper by Falk and Winther [27], the operator S ]D
should be defined by

Shw:= Mbw + Z (1 - SOD)Q\I,ﬁW] (v) grad ¢, (3.38)
vEVy

and one needs to argue firstly that the expression [( —S%) \1,7_w] (v) is well-defined.
Indeed, forv € Vy,

S
(1= SP)Qu-W(v) = (Q40-W)V) = QL 5 W
~~ ~—_———
MY, =0
which is also the reason for the simplified definition (3.37)) compared to (3.38).

Unlike Mg, M }3, the operators S% and SlD do not commute and they are not
projections either. The key property of SlD is the following one:

Lemma 3.14. For all e = [ey, &] € € and for all wy, € Wy (T),

/(S}j graduy) - Teds = /grad up, - Teds.

e e

The same identity holds for a particular edge e if uy, is only given in W2 e (we)-

Proof. For edges e on the Dirichlet boundary I'p, both integrals evaluate to zero. Let
us therefore consider e € £ and uy, € Wg(we). We will specify boundary conditions
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for wy, later on. Insertion of the definition of S, into the left-hand side yields

/(SID graduy) - Teds

e

/(MDgraduh) TedS—l-/Z Ql grad uy)(v) grad ¢, - Te ds
€ VGVf

= [ (M}, graduy) - Teds + o¢(Ql _gradu,)(v),
D vy,

€ veenVy

where 0¢, = +1 and g, = —1. Apparently, these expressions are well-defined al-
though uy, is only given in W (we). Identity (3.33) and the projection property (3.29)
of QY yield

Qi gradu, = QVup, — U™ = up, — U .
Therefore,
(Q4 _graduy)(v) = up(v) — ™ .

Substitution in the earlier formula yields (still for arbitrary w;, € Wg(we))

/(SID gradup) - Teds

e

= /(MD gradup) - Teds + Z up(v) — up)
vEeﬂVf
= /(MDgraduh) Teds — Z oyuRY + Z up (v
€ veenVy veenVy
@
(ID) =/, grad uj Teds

For the remainder of the proof, we treat two cases:

o Ifuy € Wg Iy (7) then we obtain from the first commuting property of Lemma[3.4]
and Identity (3:22)) in its proof that

O = /(M}j gradup)-Teds = /grad(M%uh)~Te ds = / up, y(e) dx = (ID).
e

e We

o If up, € W) ( e), then the second commuting property of Lemma [3.4] and
Identity m in its proof imply the same formula.

Next, we provide a stability estimate for S}D.
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Lemma 3.15. Forallw € Hr, (curl, Q) and T € T,
ISpwlor < Cllwllow,

Proof. The definition of .S }) and the triangle inequality imply

o < IMpwlloz+ Y [(Qu-w)(v)| || grad ¢,
vevnT

|Spw lo,7 -

The first term can be estimated from above by C'||w/|o,, cf. Lemma 3.8 Using
Lemma[3.3] we can now estimate the second term:

. l@i-w))|lgradgullor <C > bt |Q) _wlor-

VEVfﬁT VEVfﬂT
Y . R . . .
Recall that @, _w = 0, so Poincaré’s inequality (3.4) implies

h' lQy, _wllor < C | grad Q) _wllow, < C [Wlow, ,

where in the last step, we have used Lemma[3.12] Combination of the above yields

Y @i —w)W)]llgrad eullor < C [ Wlowr -
vevynT

Combination of the estimates for the first and second term concludes the proof. O

In addition to the previous lemma, we need another local estimate for S }3:

Lemma 3.16. For all w € H(curl, we),
| [(shw) - reds| < O [l
e
Proof. From the definition of S}), we see that
‘ /(S}jw) “Te ds‘
e

<

/(M}jw)~Teds‘+ Z \( \E’,W)(v)‘ ‘/egradcpv-n_ds :

€ veVyne

==+1

From the definition of M}, we easily conclude from Lemma 3.7 that

‘/(Mbw)w;sds

|0awe .

< ’/ W-zédx‘ §Che_l/2HW

Due to Lemma[3.3]and Lemma[3.12]
~3/2 —1)2
QL _w)(v)| < Ch?1Q _wllogr < Oz [Wllow,

Summation over the above estimates yields the desired result. O
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3.1.6 The bounded co-chain projectors

Recall that we defined, for v € Vy,

0. 1._ Nl
Q w\,,Q) ’ QV T Qwv,@ ’ Qwv,@ _
In addition, for e € £y, we set
0. 1
Q we,’Ye Qe = i’eﬁe ) Qwe7’7e .y (339)

where 7, is constructed as in Sect. 313 when specifying the weight function z.. Re-
call that y = () for the case thate; € I'p and e; & I'p.
Based on these operators, we define R%,: H'(Q) — W) rp,(T) by

DU—SDU+Z (1 = SH)QUu](v) ¢y

VGVf

and Rj,: H(curl,Q) — W), (T) by

Rhw = sDw+Z/ (I-85H)Qiw] - Tedsp,.

eeEf

Before we continue, we have to argue that the two operators are well-defined. For RY,,
observe that

(1~ Sp)Quu] (v) = [(I - Mp)Qu] (v).
Since for any p € H!(Q), the value (M%p)(v) depends only on Plw,» the expression
above is valid. For R}, recall that for w € H (curl, Q),

Shw = Mpw + Z (Qy,_W)(v) grad o, .
veEVy

From the definition of M }3, we see that |, (M }Dv‘v) “Te ds depends only on W, . Since
(Ql _\)(v) depends only on W |.,» We can conclude altogether that fe(Sle'v) ‘Teds

v—
only depends on w|,, . Setting (formally) W = Qéw shows that R}j is well-defined.
As a next step, we show the projection property of ROD and Rb.

Lemma 3.17. For all u, € W) . (T),
RODuh = Up, .

Proof. Since both expressions are in Wg s (T), it suffices to check the values at each
free vertex v € Vy:

(Rpun)(v) = (Spun)(v) + [(I = Sp) Qup [(v) = un(v),
——

=Uh|wy

where we have used (3.29). |
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Lemma 3.18. For all w), € W}IL,FD (7),
wah = Wp .

Proof. Since both expressions are in W}L’l— L, (T), it suffices to check the integrals over
each free edge e € &f:

/(wah)-’re ds = /(Slth)~7'e ds+/ [(Ibe)Qéwh] Teds = /Wh-Te ds,
e e e SN—— e

=Wh|we
where we have used (3.30). O

The following lemma shows the commuting property of R?, RlD.
Lemma 3.19. For all u € HI]“D (Q),
RlD grad u = grad RODu.

Proof. Let u € H[ (Q). Firstly, using the definition of R, S?, = M}, and
Lemma[3.4] we obtain

grad RYu = grad MYu + Z (I — MP)Q%](v) grady, = S} gradu,

vey
=M1D gradu ! :[(IfM%)Q\llﬁgradu](v)

where in the last steps we have used that M % preserves constants on each of the patches
wy, v € Vy as well as representation (3.38) of S},. Secondly, by the commuting
property (3.28) of the operators Q?, Q!

R} gradu — Shgradu = Z [(Ibe)Qégradu] “Tedsp,.
—_——

e
e€éy grad Qu

Recall, for any e € &y, that Qu € W,?ﬁe (we), see B39). Therefore, we can apply
Lemma[3.14] and obtain that

RLgradu — S, gradu = 0.

To summarize,
grad R),u = S}, gradu = R}, grad u. ]

In the following, we show stability estimates for R, R}J.
Lemma 3.20. Forallu € H'(Q) and T € T,

IR ullo.r < C(ullows + b || grad ullow, )
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Proof. Following the definition of R% we obtain from the triangle inequality that

IRDullor < [Mpullor + Y [I(1 = MP)QUuI(v)| [ pullo -
vevynT

The first term is bounded by C'[|uljo,wy cf. Lemma 3.5 We bound the second term
step by step. Let v € Vy N'T". Using the definitions of MY, and QY, we find that

(MRQYu)(v) = Qou™ =u*,
and so, together with Lemma[3.3] we obtain

|[(1 = Mp)Quul(v)| < [(Quu)(v)| + [(MBQIu) (v)]

—3/2
< Chp |1 Qulor + [a].

Due to Lemma[3.10}
1QVullo,r < llullow, + C hr || grad ul|o,,

and with the Cauchy-Schwarz inequality,

1

B ||

o

1 —3/2
[ wie] < e < €1l
Combining all the estimate from above, we can conclude that
-3/2
[ = MBYQSu)(v)| < € hy**([ullow, + b || grad ufo,)-
Since [|py]jor < C h2/?, we obtain the following bound for the second term:

Yo I = Mp)QU(W)] il

vevnT

07 < C (llullowsy + hr || grad uflow,),

which concludes the proof. O
Lemma 3.21. Forallw € H(curl,Q) and T € T,
IRLwlloz < C(IWllowr + hr || curl wllow,).

Proof. Following the definition of R}, we find that

[Rhwhor < [Shwlor + Y | (10— Sh)Qiwl 7eds| léelor
eeSfmT ¢
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The first term can be bounded by C'[|[w||o.., cf. Lemma[3.15l The second term is
bounded step by step. Let e € £ NT. Then due to Lemma[33] Lemma 316 and
Lemmal[3.11]

| [10-shaiwl rds| <[ [(@bw) - reds|+ | [(Sh@iw) mds

< Chp P N|Qiwllor + Chy |1 Qhwllor

—1/2
< Chy'? (Wllow, + hr || curl wlo,)-

Since ||¢p.]| < C h¥ ? (Lemma[33), summation over the free edges of 7' and incorpo-
rating the estimate for .S })w yields

IRLw]

01 <Clwlowr + D> C(IWllow. + hr || curl wjo.,)
ec&NT

<C(|lw

lowr + hr || curl wljow,),

which concludes the proof. O
Corollary 3.22. For all u € H%D (Q)andT €T,
|Rpulir < Cluliwy -

Proof. The statement follows immediately from Lemma[3.19and Lemma[3.21] ]

3.2 Proof of Theorem 1.2

Throughout the proof we assume that diam(Q) = 1, because the general case then fol-
lows by a simple scaling argument. Given vj, € W}L,I—D (T), we apply the continuous
regular decomposition from Theorem 2.1] so

vy =z + grad g

with z € Hll—D (Q),p € HILD (Q) depending linearly on v, and

lelle < Cllvilloqs (3.40)
1Zllo.o < Cllvhlloe, (3.41)
Izll1.0 < ClIvillHicur,o) - (3.42)

Recall the projection operators R% and R{j from Sect.[3.1.6land the modified Clément
operator MJ, from Sect. BI3l Let MY: L*(Q) — V) (T) = (W) rp (T))3
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denote the corresponding vector-valued operator (defined component-wise). Due to
the projection property Lemma3.I8l R},v}, = vy, and so

vy, = Rhz + Rpgradp = R, MYz + R (I — M%)z +grad R),p . (3.43)
N———— b,_/ ~—_—— N

=grad R0D<p =Zp =V =:pp

From Lemma[3.3l Lemma[3.6 and Corollary 3.9 we obtain

M pzllor < Cllzllows , (3.44)
MYzl < Clz|iwr (3.45)
(1 = M%)zllor < Chr 2]z, , (3.46)

where wr is the possibly enlarged element patch, see (3.23)).
Due to the mapping properties of ROD and R}j, we obtain that

v, = RYz), + v, + grad ¢,

with
zn € Vi, (T), Vi € Wi, (T), on €Wir, (T).

Combining (G.41), 3.42), (3.44), and (3.43)) imply the following estimates for zy,:

Iznllo.c = [Mpzloa < Cllzloa < Cllvaloe,

znl1.0 = [Mpz|io < Clzlia < C Vil Hicurlg) -

From Lemma[3.2T] and an inverse inequality, we conclude

IRbzl50 =Y IRbzalr

TeT
<C Y (Ilnluy + b3 eurlzld,, ) < Cllznla-
TeT —

<lznlf ..

Our next term to be considered is v;,. Lemma[3.21] (3.46), and (3.43) yield

1" Valga = Y hp IRL(I — M)z

TeT
-2 0 2 2 0 2
<Y w2 (10 - Myl +53 (0 - MY)af,, )
TeT IS 2
SChT‘zh,mT <Clz 1w

<Clzlig < CllvillH(curre) -
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For the same vector field without the scaling factor, we obtain from Lemma [3.2]]

[Villoo < C Z (I(1 = M)z
TeT

0
<C Y (lzllows + 1Ml
TeT
Since curlz = curl vy, local inverse inequalities imply

|O7WT + hr ” Curl(I - MODZHO,wT)

0wy + hr || curl z||ow, + 7| curl MODZH()’WT).

hr || eurlzljow, < C[vallowr ,

hr || carl Mpz|lowr < C[Mpz|owr -
Together with (3.44) and (3.41)), we find that
lo,r < C (llzllo.e + [val

Finally, we consider the scalar potential. From Corollary and (34Q) we obtain

0,0) < Clvy

vk lo.e -

1o =|RY¢lia < Clelia < Cvillog-

ln

For an estimate in the L?-norm, we use the (global) Friedrichs (for I'p # ) or
Poincaré inequality

lenlloo < Clenha < Cllvilloa,

(recall that diam(Q) = 1). This implies an overall estimate in the full H'-norm and
concludes the proof of Theorem [[.21

4 Discrete Regular Decomposition: p-Version

Now we aim to establish existence and stability of discrete regular decompositions of
the finite element space W}D (T) C Hr,(curl, Q) for arbitrary polynomial degree
p € Ny. The final result has already been stated in Theorem [L3l The key objective is
to ensure that stability holds uniformly in p, in addition to independence of the local
mesh width of T, of course. Thus, in this section, we use the symbols <, 2, and ~
to express one- and two-sided inequalities up to constants that may depend only on
Q, T'p, and the shape regularity measure p(7) of the mesh as defined in (LI)); the
constants must not depend on p!

The proof of Theorem [L3] given in this section runs structurally parallel to that of
Theorem as presented in Section There are substantial differences in the two
main ingredients, the commuting projector and quasi-interpolation operator,

(I) For want of p-stable local commuting co-chain projections generalizing the con-
struction of Section 3.1l we have to resort to an alternative tool: commuting
projection-based interpolation operators, whose details will be explained in Sec-
tion 411

(II) The modified Clement operator M% will be replaced with smoothed interpola-
tion, which will be elaborated in Section .2
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4.1 Projection-Based Interpolation

Projection based interpolation supplies perfectly local projectors onto the local spaces
of discrete differential form that commute with the differential operators grad, curl,
div, respectively. Locality also extends to the values on the facets (vertices, edges,
faces) of tetrahedra, which makes it possible to assemble the local operators into pro-
jectors onto Wt (7).

The design of these operators is an intricate multi-stage procedure and we follow
[36 Sect. 3.5]. Their main algebraic properties are stated in Lemmata 3] 3] and (471
Even more demanding is the proof of p-uniform approximation properties, which was
accomplished in [20]. We recall the result only for O-forms, that is, scalar functions, in
Theorem .10Q] since it will be instrumental for getting the special interpolation error
estimate of Theorem .16 Its proof will also hinge on a special stable lifting operator
from [[19]] that we recall in the next section.

All considerations in this section are purely local. Therefore, in the beginning we
single out an arbitrary tetrahedron 7" € 7. All constants in estimates may only depend
on its shape regularity measure p(7T) := hr/ry.

4.1.1 Tool: Smoothed Poincaré Lifting

Let D C R stand for a bounded domain that is star-shaped with respect to a subdo-
main B C D, that is,

VaeB,xeD: {ta+(l—t)x, 0<t<l1}CD. 4.1)

Definition 4.1. The Poincaré lifting R, : C°(Q) — C°(Q), a € B, is defined as
I
Ro(u)() = / t(z+t@—a)dix(@—a), zeD, (42
0

where x designates the cross product of two vectors in R>.

This is a special case of the generalized path integral formula for differential forms,
which is instrumental in proving the exactness of closed forms on star-shaped domains,
the so-called “Poincaré lemma”, see [12] Sect. 2.13].

The linear mapping R, provides a right inverse of the curl-operator on divergence-
free vector fields, see [30} Prop. 2.1] for the simple proof, and Sect. 2.13] for a
general proof based on differential forms.

Lemma 4.2. [f divu = 0, then, for any a € B, curlRqu = u for allu € C'(D).

Unfortunately, the mapping R, cannot be extended to a continuous mapping L2(D) —
H' (D), ¢f [30, Thm. 2.1]. As discovered in the breakthrough paper [19] based on
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earlier work of Bogovskﬁ [10Q], it takes a smoothed version to accomplish this: we
introduce the smoothed Poincaré lifting

R(u) = /B ®(a)Ry (1) da , 3)
where
®ecC®RY, supp®CB, /Bcp(a)da— 1. (4.4)
The substitution
y=a+t(xr—a) |, TI:%, 4.5)

transforms the integral (£.4)) into

R(u)(z) = / / (1 - Tuy) x (z - y)®(y + r(y — z)) drdy
R3 1

(4.6)
:/ k(:c,y—:c)Xu(y)dy,
R3
that is, R is a convolution-type integral operator with kernel
o
k(z,z) = / T(1+7)®(x + 72)2dT
! 4.7

z [ z z [, z
|z|2/1 CCID(ac—l—Clzl)dC—f— PFE /1 ¢ <I>(m+C‘z‘)dC :
The kernel can be bounded by |k(z, z)| < K(z)|z| 2, where K € C*°(R?) depends
only on @ and is locally uniformly bounded. As a consequence, (4.6)) exists as an
improper integral.

The intricate but elementary analysis of Sect. 3.3] further shows, that k be-
longs to the Hormander symbol class .5 | 5 (R3), see [61], Ch. 7]. Invoking the theory of
pseudo-differential operators [61] Prop. 5.5] we obtain the following following conti-
nuity result, which is a special case of [19, Cor. 3.4].

Theorem 4.3. The mapping R can be extended to a continuous linear operator L* (D)
H'(D), which is still denoted by R. It satisfies

curlRu=u VYu € H(div,D), divu=0. (4.8)

The smoothed Poincaré lifting shares this continuity property with many other map-
pings, see [36] Sect. 2.4]. Yet, it enjoys another essential feature, which is immediate
from its definition (2): R maps polynomials of degree p to other polynomials of
degree < p + 1. The next section will highlight the significance of this observation.

! The dependence of R on @ is dropped from the notation.
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4.1.2 W}D(T): A Local View
According to [34] Sect. 3], forany T € T, a € T, we can obtain the local space of
discrete 1-forms of the first family as

Wl

MT) = Pp(R?) + Ra (Pp(div0,R?)) . (4.9)

Independence of a is discussed in [34, Sect. 3]. The representation (£.9) can be es-
tablished by dimensional arguments: from the formula (£.2) for the Poincaré lifting
we immediately see that P,(R*) + Ra(Pp,(R?)) € W)(T). In addition, from [54,
Lemma 4] and Thm. 6, case [ = 1, n = 3] we learn that the dimensions of both
spaces agree and are equal to

dimW)(T) = 3(14+p)3+p)(4+p). (4.10)

As a consequence, the two finite dimensional spaces must agree.

For the remainder of this section, which focuses on local spaces, we single out a
tetrahedron 7' € 7. On T" we can introduce a smoothed Poincaré lifting R according
to (@.3) with B = T and a suitable ® € C§°(T) complying with @.4). An immediate
consequence of ([9) is that

Rr({v € Pp(R?) : divv = 0}) C W(T) . (4.11)

We introduce the notation F,,,(7") for the set of all m-dimensional facets of T,
m = 0,1,2,3. Hence, Fo(T') contains the vertices of 7', F(T') the edges, F»(T")
the faces, and F3(7") = {T'}. Moreover, for some F' € F,,,(T), m = 1,2,3, Pp(F)
denotes the space of m-variate polynomials of total degree < p in a local coordinate
system of the facet /', and P,,(F’) will designate corresponding tangential polynomial
vector fields. Further, we write

1 1
Wy(e) =W,

W;(f) = W;(T) X ny, ny the unit normal vector of f, f e F(T), (4.13)

(T')-te, te the unit tangent vector of e, e € F(T) , (4.12)

for the tangential traces of local edge element vector fields onto edges and faces. Sim-
ple vector analytic manipulations permit us to deduce from (4.9) that

Wy(e) =Pyle), ec F(T), (4.14)
WH(f) =Pp(f) +RP(Po(f)), acf, feF(T), (4.15)

where the projection R2” of the Poincaré lifting in the plane reads

R2D (u)(x) := /1 tu(a +t(x —a)|(x —a)dt, acR>. (4.16)
0
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It satisfies divrR2P (u) = w for all u € C*°(R?). We point out that, along with
&9, the formulas @14) and @.13)) are special versions of the general representation
formula for discrete 1-forms, see Formula (16)] and [4, Sect. 3.2]. Special facet
tangential trace spaces with “zero boundary conditions” will also be needed:

VOVII,(e) ={ueWe): /udl:O}, e € F(T), (4.17)

W) = {u € WA(f): u-nep=0Vee F(T), eCaf}y, feF(T),
(4.18)

WI(T) = {u e W\(T): uxny=0Vfe F(T)}. (4.19)

Here n s represents an exterior face unit normal of 7', 1, ¢ the in-plane normal of a
face w.r.t. an edge e C Of.

According to [54] Sect. 1.2], Sect. 4], and [4] Sect. 4.3], the local degrees of
freedom for W; (T) are given by the first p — 2 vectorial moments on the cells of T,
the first p — 1 vectorial moments of the tangential components on the faces of 7 and
the first p tangential moments along the edges of T, see (Z.21) for concrete formulas.
Then the set dole)(T) of local degrees of freedom can be partitioned as [49] Ch. 3], [4]
Sect. 4.5],

dofy(T) = [ J dfy(e) U [ J 1df}(f) U Wdfy(T), (4.20)

e€F(T) FeR(T)

where the functionals in ldle)(e), ldf;( f), and ldle)(T) are supported on an edge, face,
and T, respectively, and read

K€ ldle)(e) = k(u) = [ ¢&-t.dl fore € Fi(T'), suitable g € Pp(e) ,
IiEldf})(f) = k(u) ff (& xn)dS for f € F»(T), suitableq € Pp_1(f) ,
kEf(T) = k(u):= [,q &dx for certain q € Pp_2(T) .

4.21)

These functionals are unisolvent on Wzl) (T") and locally fix the tangential trace of u €
W) (T). There is a splitting of W, (T') dual to (£20): Defining

Vy(F) :={veW!\T): k(v)=0Vx € dofy(T) \ ldf},(F)} (4.22)

for F' € F,,(T), m = 1,2, 3, we find the direct sum decomposition

Z Z y (4.23)

m=1 FEF, (T
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In addition, note that the tangential trace of u &€ y;(F) vanishes on all facets #
F', whose dimension is smaller or equal the dimension of F'. By the unisolvence of
dofll)(T), there are bijective linear extension operators

El, s Wie) = Vi), eeF(T), (4.24)
Ef, W (H) = 0 (f) . feRT). (4.25)

Similar relationships hold for discrete 2-forms, for which we have the following
alternative representation of the local space Formula (16) for [ =2, n = 3]:

W2(T) = Py(T) + Da(Pp(T)) (4.26)

where the appropriate version of the Poincaré lifting reads
1
(Datt)(z) = / Pula+tx—a)(w—a)dt, acT. (427
0

Like (£.9) this is a special incarnation of the general formula (16) in [34]. Again,
dimensional arguments based on [54, Sect. 1.3] and [34, Thm. 6] confirm the repre-
sentation (A.27). We remark that div Dqu = u, see [30} Prop. 1.2].

The normal trace space of Wg(T) onto a face is

Wi () = Wi(T) g = Pp(f),  feFAT), (4.28)

and as relevant space “with zero trace” we are going to need
W2(f) = {u € WA(f) : /fudS —0), feRT, 4.29)
fvf,(T) ={ueW}T): u-ngr=0}. (4.30)

The connection between the local spaces W; (T), Wz% (T') and full polynomial spaces
is established through a local exact sequence Sect. 5]. To elucidate the relationship
between differential operators and various traces onto faces and edges, we also include
those in the statement of the following theorem. There n ¢ stands for an exterior face
unit normal of 7', n s for the in-plane normal of a face w.r.t. an edge e C Jf, and d%
is the differentiation w.r.t. arclength on an edge.

Theorem 4.4 (Local exact sequences). For [ € F»(T), e € Fi(T), e C Jf, all the
sequences in

const —9— Pps1(T) _grad, W;(T) _curl, W,%(T) v, Pp(T) 2 {0}

R £

const —9_ Ppi1(f) _curle, W) A, Pp(f) . {0}
‘\el ""e,f\el

p
Id = 0
const —— Ppii(e) —=— Pyle) —— {0}
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are exact and the diagram commutes.

4.1.3 Projections, liftings, and extensions

Following the developments of [36] Sect. 3.5], projection based interpolation requires
building blocks in the form of local orthogonal projections P! and liftings LZ*H. Some
operators will depend on a regularity parameter 0 < € < %, which is considered
fixed below and will be specified in Sect. To begin with, we define for every

e € F (T)
e d ° o
P;p - H (e) — £77p+1(e) = Wzl)(e) (4.31)
as the H~'*¢(e)-orthogonal projection. Here, P,(F') denotes the space of degree p

polynomials on a facet F' that vanish on OF.
Similarly, for every face f € F(T') introduce

PLtH () o curlePyay (f) = {v € WA(f) : diviv =0},  (432)
P7, H™2(f) divr)/o\/zl)( f) = Vovf,( ), (4.33)
as the corresponding H *%JFE( f)-orthogonal projections. Eventually, let
PL, :LA(T) > grad Py (T) = {v € WY(T) : curlv =0},  (434)
P2, :LA(T) > curl W(T) = {v € WA(T) : divv =0}, (4.35)
P3. LA(T) — div WA(T) = {v € P,(T) : /T v(z)da = 0}, (4.36)

stand for the respective L?(T')-orthogonal projections. Local exact sequences have
tacitly been used in these statements, see (£.46) below.
The lifting operators

Lep, Whle) = Ppii(e), e€ Fi(T), (4.37)
Ly, v € Wh(f) : divev =0} = Py (), f € Fa(T) (4.38)
Ly, v e W(T) : curlv =0} — Py (T) (4.39)
are uniquely defined by requiring
d o
Tlepu=u YueWe), (4.40)
curlrL; u=u Vue {W,(f): divrv =0}, (4.41)
grad LlTvpu =u Yue{ve VOV}D(T) :curlv =0} . (4.42)

% The parameter [ in the notations for the extension operators EL, the projections P., and the liftings
L. refers to the degree of the discrete differential form they operate on. This is explained in more
detail in [36} Sect. 3.5].
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Another class of liftings provides right inverses for curl and divr: Pick a face f €
F>(T), and, without loss of generality, assume the vertex opposite to the edge € to
coincide with 0. Then define

e { diviV(f) = W)
P

u — RZPu— curlrEgpL;p(R%Du M) -

(4.43)

This is a valid definition, since, by virtue of definition (4.16)), the normal components

of R(Z)D u will vanish on df \ €. Moreover, dinR(z)D u = wu ensures that the normal

component of R%D u has zero average on €. We infer

(curlrEgpLép((R%Du . ’I’Laf)‘g) . ng’f)

a
ds

e
Lé,p((R%Du) : ng,f)l_é =R{Pu-nz; one,

and see that the zero trace condition on df is satisfied. The same idea underlies the
definition of

curl Wy (T) — W,(T)
L7 8 (4.44)
Tp u — Rou — grad E0 L1 (((Rou) X nf)\f) :
where fis the face opposite to vertex 0, and the definition of
N2 A2
o divw(T) — W,(T) (445)
T u —  Dou — curl E} L? ((Dou - nf)lf) : '

The relationships between the various facet function spaces with vanishing traces can
be summarized in the following exact sequences:

(0} 5 Ppa(m) B W) - Wiy 2 Py(r) —2 (o),
curlr divp

0} — () = Wiy M B —2s (o),

0} —9 Pyiile) —= Pyle) —2 {0},
(4.46)

where fp(F ) designates degree p polynomial spaces on F' with vanishing mean.
These relationships and the lifting mappings Li,p are studied in [36] Sect. 3.4].
Finally we need polynomial extension operators

Eg,p : Ppri(€e) = Ppia(T) (4.47)
E?’p : Pp-t,-](f) — Pp+1(T) (4.48)
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that satisfy
EYu u, =0 Ve'e F(T)\{e}, (4.49)
E}u =0 Ve BR(T)\{f}. (4.50)

Such extension operators can be constructed relying on a representation of a polyno-
mial on F, F € F,,(T), m = 1,2, as a homogeneous polynomial in the barycentric
coordinates of I, see [36, Lemma 3.4] of Sect. IV.3]. As an alternative, one may
use the polynomial preserving extension operators proposed in [53} and [[I]]. We
stress that continuity properties of these extensions do not matter for our purpose.

4.1.4 Interpolation operators

Now we are in a position to define the projection based interpolation operators locally
on a generic tetrahedron 7" with vertices a;, ¢ = 1,2, 3, 4.

First, we devise a suitable projection (depending on the regularity parameter 0 <
€< %, which is usually suppressed to keep notations manageable)

I, (=119 ,(e)) : C®(T) — Ppsr(T) (4.51)

for degree p Lagrangian H'(Q)-conforming finite elements. For v € C°°(T') define
(A 1s the barycentric coordinate function belonging to vertex a; of T')

4
ul® =0 =Y u(a)ii, (4.52)
i=1 —
uV =l — Z E°7pL;pP;pdiu(0)| (4.53)
66.7:]
wD)
ul? =ul = M Eﬁpoprpcurlr( uM ), (4.54)
feF(T)
=w®)
H(:)npu = LlTpr%np grad u'? + w® 4wV 4+ O (4.55)

Observe that w(i)‘p =0forall F € F,,,(T),0 < m < i < 3. We point out that w©®
is the standard linear interpolant of .

Lemma 4.5. The linear mapping H(% » PE No, is a projection onto Py 1(T)
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Proof. Assume v € P, 1(T), which will carry over to all intermediate functions.
Since u(” (a;) = 0,7 = 1,...,4, we conclude from the projection property of P;p
that L} P}id%u(o)‘e = u®, for any edge e € F(T). As a consequence

- Y E, = u) =0 Yee A(T). (4.56)
ecF(T)

We infer L}yPP}curlr(u(l)‘f) = u“)‘f on each face f € F,(7T'), which implies

u? =u — N B Wy = u® =0 VieR[T). @57
FeFR(T)

This means that L}, pPlT ,grad u® = 4 and a telescopic sum argument finishes the
proof. O

A similar stage by stage construction applies to edge elements and gives a projection

I}, (=TI}, (e) : C(T) — WY(T) : (4.58)
for a directed edge e := [a;, a;| we introduce the Whitney-1-form basis function
b, = A\;grad \; — \jgrad ); . (4.59)

These functions span W} (T'). Next, for u € C*(T) define

u® = Z / u- ds be , (4.60)

ecF (T
=w(0)
ul) ;= u® — Z grad EgpL},pPép(( © ‘o)) 4.61)
86]:1 (T)
=wll)
u? = ull = N Ep LS PR dive(() xny) ) (4.62)
feF(T)
—w®
u® :=u Z gradE prpr(( u® x nf)lf) (4.63)
feF(T)
=w(3)
u® = u® — L%Z,P%p’p curlu® | (4.64)
=w*)
H%pypu := grad L%p7pP%p7pu<4) +w® +w® L w® w4 WO (4.65)
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The contribution w(®) is the standard interpolant HIT,O of u onto the local space of
Whitney-1-forms (lowest order edge elements). The extension operators were chosen
in a way that guarantees that w(® - t. = 0 and w(®) - t, = O for all e € F;(T).

Lemma 4.6. The linear mapping H} »PE No, is a projection onto Wll (T') and satis-
fies the commuting diagram property

I}, o grad = grad oI}, on C™(T) . (4.66)

Proof. The proof of the projection property runs parallel to that of Lemma As-
suming u € W;(T), it is obvious that the same will hold for all u” and w(® from
#60)-(@.63). In order to confirm that all projections can be discarded, we have to
check that their arguments satisfy conditions of zero trace on the facet boundaries and,
in some cases, belong to the kernel of differential operators.

First, recalling the properties of the interpolation operator H(l) for Whitney-1-forms,
we find (u® “te)). € W) (e). This implies

ep-ep ép

gradE) L P! (0 -t.),) = (1), VeeF(T), (4.67)
and
(u(l) ~te)‘e =0 VYee F(T). (4.68)

We see that (ul!) x ny); € Vo\/}?(f) for any f € F»(T), so that

P7pdivie((a) x mp) o) = dive((u) x ng) ) (4.69)
= divrL}, P} dive(() x nyg) ) = dive((@) x ny) ;) (4.70)
= dive((®? xng) ) =0 VfeR(T), (@-t), =0 VeeF(T)
4.71)
= Py xnp) ) =@ xnp) . VfeFRT) (4.72)
= grad E(])c’pL;cdDP}c’p((u(2> X nf)‘f) xnp = (u® x ny); VfeR(T)
(4.73)
= (¥ xnp) =0 VfeRT) (4.74)
= P%p,p curlu® = curlu® 4.75)
= curl L%pva%p’p curlu® = curlu® (4.76)
= curlu¥ =0 = PlTu(4) =u®¥ “4.77)
= grad L%P%u(“) =u® (4.78)
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which confirms the projector property.

Now assume u = grad u for some u € C°°(T). The commuting diagram property
will follow, if we manage to show grad u(¥) = u®, grad u(V) = uV), grad u? =
u®®), etc., for the intermediate functions in @32)-@33) and @60)-E63), respec-
tively.

By the commuting diagram property for the standard local interpolation operators
onto the spaces of Whitney-O-forms (linear polynomials) and Whitney-1-forms, we
conclude

d
gradu® =u® = £u(0)|e = (u® ),

ul) = gradu” = dive((u!V xng) ) =0 VfeF(T) (4.80)

Ve € Fi(T) (4.79)

e

CIR) (4.81)

ol

(u® x nf)‘f = curlru(l)f Vie FH(T) = u® =gradu® (4.82)
= u® =u® . (4.83)

Of course, analogous relationships for the functions w(* and w(?) hold, which yields
HlT’pu = grad HOT HU- O

Following [36] Sect. 3.5], a projection based interpolation onto WZ%(T), the operator
I (= 117, ,(€)) : C>(T) — W;(T), involves the stages

u®:=u Z /u ny dS bf : (4.84)

feRn(T
—w0)

ulhi=u® = 3" curlEj L7 P (0 np) ) (4.85)

feR(T)
=w(l)

u® :=ul - L%,pP%yp divuV) (4.86)

| S ——
=w(2)
H2T7pu = curl LzTprTypu(z) + w0+ w4 w® (4.87)

Here, b refers to the local basis functions for Whitney-2-forms [36, Sect. 3.2]:
by = Ajgrad \; x grad A\ + A\jgrad A\ X \; + A grad \; x A . (4.88)
Analogous to Lemma [4.6] one proves the following result.
Lemma 4.7. The linear operator H2T7p, p € Ny, is a projection onto WS (T') and satis-

fies the commuting diagram property

HzT,p o curl = curl OH%«’p on C™ (T) . (4.89)
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The next lemma makes it possible to patch together the local projection based inter-
polation operator to obtain global interpolation operators

I, : C®(Q) —» WL(T), 1=1.2. (4.90)

Lemma 4.8. For any F € F,,(T), m = 0,1,2, and u € C>®(T) the restriction

H%pulF depends only on u|p.

Forany F € Fp(T), m = 1,2, and u € C*(T) the tangential trace of HIT,pu
onto F depends only on the tangential trace of u on F.

For any face f € F»(T) andu € C*(T) the normal trace of HZT,pu onto f depends
only on the normal component of u on f.

Proof. The assertion is immediate from the construction, in particular, the properties
of the extension operators used therein. O

It goes without saying that density arguments permit us to extend Hi,, 1 =0,1,2,
to Sobolev spaces, as long as they are continuous in the respective norms. (Repeated)
application of trace theorems [33, Sect. 1.5] reveals that it is possible to obtain contin-
uous projectors

- H'™(Q) = WO(T) , (4.91)
I, : H275(Q) = W)(T), (4.92)
IT - H*(Q) — Wi(T) (4.93)

for any s > % In addition, by virtue of Lemma[£.8|and the resolution of I'p, by T, zero
pointwise/tangential/normal trace on I'p of the argument function will be preserved by
Hé, [ =0,1,2, for instance,

) (H%+S(Q) N Hr, (curl, Q)) —W! . (T)NHr,(curl,Q).  (4.94)

pI'p

4.1.5 Local Interpolation error estimates

Closely following [20, Section 6] we first examine the interpolation error for HOT,p'
Please notice that H%p still depends on the fixed regularity parameter 0 < € < % The
argument function of HOT,p is assumed to lie in H*(7T). The continuous embedding
H?(T) — C°T) plus trace theorems for Sobolev spaces render all operators well
defined in this case.

We start with an observation related to the local best approximation properties of
the projection based interpolant.
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Lemma 4.9. For any v € H*(T) holds

(grad(u — 1%, u), grad v) 2y =0 Yo € Ppii(T), (4.95)
O (o]

(curlr(u - HTJ,u)‘f, curlrv) ) = 0 YvePpulf), feF(T), (496)
d . d o

(ds(u — HTypu)|e’ dsv> e =0 YvePyule), ec F(T). (4.97)

Proof. We use the notations of @32)-@33). Setting w := w® +w) +w®, we find
I u = L}, P, grad(u — w) + w (4.98)

which implies, because LIT’p is a right inverse of grad,
grad HOT,pu = PlTyp gradu + (Id — P%pyp) gradw . (4.99)

This means that grad u— grad HOT HU belongs to the range of Id — P}yp and (4.93)) fol-
lows from (#.34) and the properties of orthogonal projections. Similar manipulations

establish (@.96):
0 _
curerT’pulf = curlrw‘f
= curlrL}yp P}cypcurlru(l> + curlr(w(o) + w(l))‘f
=Id
= P}ypcurlrubc +(ld — P}’p)curlr(w(o) + w(l)) Ve R (T).
The same arguments as above verify (@.97). i

From this we can conclude the result of [20, Section 6, Corollary 1]. To state it we
now assume a dependence

1 1
0<e— . z N 4.100
<e=¢€(p) 10Tog(p +2) <z, PeEN, ( )

of the parameter ¢ in the definition of the local projection based interpolation operators.
Below, all parameters € are linked to p via (4.100). Please note that we retain the

notation (HZT p) N 1l =0,1,2, for these new families of operators.
P) e

Theorem 4.10 (Spectral interpolation error estimate for HOTJ)). With a constant merely
depending on the shape-regularity of T

h
|(1d =115, )o| . < (1 +log**(p + 1))ZTTN’U|2’T Yoe HYT).  (4.101)
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Stable polynomial extensions are instrumental for the proof, which will be post-
poned until Page[7] First, we recall the results of [33, Thm. 1] and [[I, Thm. 1]:

Theorem 4.11 (Stable polynomial extension for tetrahedra). For a tetrahedron T there
is linear operator St : H%(QT) — HY(T) such that

Srugr =u Yue H2(IT), (4.102)
1

Srul; r < |u|%78T Yu e H2(9T) , (4.103)

Srw € 'Pp+] (T) Yw € Pp+] (T)WT . (4.104)

Theorem 4.12 (Stable polynomial extension for triangles). Given a triangle F', there
is a linear mapping S : L*(OF) + H? (F) such that

Sruly p < llullgop  Vu € L*(0F) , (4.105)

Spuly p S luls pp Vu€ H2(OF) (4.106)
b 2’

Spw € Ppat(F) VY € Ppi1 (F) p (4.107)

where the constants depend only on the shape regularity measure of T

By interpolation in Sobolev scale from the last theorem we can conclude

Spul, p S lul,_1 op Yu€ HI(OF), - <s<1. (4.108)
) - 27

N —

We also need to deal with the awkward property of the H 2 (OT')-norm that it cannot
be split into face contributions. To that end we resort to a result from [50, Proof of
Lemma 3.31], see also [20, Lemma 13].

Lemma 4.13 (Splitting of H %(GT)—norm). With a constants depending only on the
shape regularity of the tetrahedron T holds

1 1
ulyor S — > lul,, Vue HT(OT), F<s<l. (4.109)

2 feR(T)

Another natural ingredient for the proof are polynomial best approximation esti-
mates, see or [33] Sect. 3].

Lemmad4.14. Let 0 < r < 1,0 < s < 2, and F be either a tetrahedron or a triangle.
Then,

hF s+1—r
inf  |u—v < () u Yu e HYY(F) . (4.110)
UIJGPPH(F)' P|r,F p | |s+17F &)
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Define a semi-norm projection Q7. : H'(T) +— P, 1(T) on the tetrahedron 7' by

/ grad(u — Qrpu) - gradv,de =0 Yo, € Ppp(T) ,

T “.111)
/ u—Qrpude =0,

T

and, for < s < 1, semi-norm projections Qy, : HS_%(f) = Ppr1(f), f e F(T),
by

(curlp(u — Qfpu), curlrvp)Hsi%(f) =0 Yo, € Pp(T),

(4.112)
/u— Qppudx =0.
f

These definitions involve best approximation properties of Q7 ,u and Q ,u. Thus, we
learn from Lemma[£.14] that with constants independent of 0 < € < % <s<1

h S
u = Qrpuly 1 S (erT1> o r Vue H(T), (4.113)
S—e€
= Qs < (TNl vae BYS(F). @.114)
Ip stef ~ p+1 >+sT

The latter estimate follows from the fact that |1 » and |lcurl-||_,, _ are equiva-
e,

stef
lent semi-norms, uniformly in €.

We also need error estimates for the L?(e)-orthogonal projections,
Q:,: L*(e) v Pprile), e Fi(T). (4.115)

Lemma 4.15 (see [20, Lemma 18]). With a constant independent of p, 0 < ¢ < %, and
2e <r<1+e

i} he r—2e .
|u—Q7p ’”N(p—l—l> |u|r7e VuEH(e)ﬂH&(e).

(e}
Proof. By scaling arguments we may assume h, = 1. Write |, : H}(e) — P, for
the interpolation operator

1@ =0+ [ (Qupi)()or, 0k,
where ¢ is the arclength parameter for the edge e and Q. : L*(Q) — P,(e) is the
L?(e)-orthogonal projection. From [59] Sect. 3.3.1, Thm. 3.17] we learn that
lu—lepul,, S (p+ 1) 'uly, VueH(e), (4.116)
lu—lepully, < (p+1)""ul,,, VueH™(), m=12. (4.117)
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As lepu € %pﬂ(e) for u € H}(e), this permits us to conclude
Ju=Qzyuly, < u—teptlo, < G+ D full, . @118)
which yields, by interpolation between H'(e) and L?(e),
Ju—Qtyally, S o+ Dl . 0<g<1, @119)

where the constant is independent of q. On the other hand, using the inverse inequality
[7, Lemma 1]

lully e S (P +1)? ullg, V€ Ppile) (4.120)
and @1T16), @.117) we find the estimate
|u - szu’],e <|u-— Ieypu|176 + ‘szpu - I57pu‘l7e
< Ju—lepuly , + (0 + D [|QE pu — lepul, (4.121)
S lu—lepuly o+ @+ 1) lu—lepully, S llull,, -
Interpolation between (@ with ¢ = 5==¢ and @.1Z1) finishes the proof. O
Proof of Thm. B 10 cf. [20) Sect. 6]. Orthogonality (.93) of Lemma [£.9] combined
with the deﬁnmon of QTJ; involves
/grad((HOTyp — Qrp)u) - gradv,de =0 Vo, € 709p+1(T) . (4.122)
T

Hence, (I1%, » QTp)u turns out to be the |-[; p-minimal degree p + 1 polynomial

extension of ( - Qrp)u which, thanks to Thm. E11] implies

o1’

(0, = Qrpul, < [Sr((TTu = Q) )|
o 7 (4.123)
< | @ = Qrp) |,

L

Thus, by the continuity of the trace operator H'(T) + H 2 (oT),

|u— H%,pu|1,T N

lu = Qrpul, 7 + ‘(“ - H%pu)\aT‘% or T ‘(u B QT’pu)WT’% or

§<|u—QT,pull,T+(( — 11, )IaT( 6T>. (4.124)
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To estimate ‘(u - H% we appeal to Lemma 13| and get

p“)\aT)%ﬁT

(1} )|8T‘ TS‘( ~T10) 0, Lyeor

1
<2 -1 ( .
S - ; (=T 0) o

Next, we use (4.96) from Lemma together with (4.112)), which confirms that
(HO ) fo pu is the minimum |-| ye _s-seminorm polynomial extension of (HO

(4.125)

u)

of
Q f,p( )‘ af- Hence based on arguments parallel to the derivation of (4 ), this time
using Thm. 4.12] we can bound

0 0
(u— 07 ,u) S gy — Qf,pu\%# + ‘(HT,pu —Qppt) o (4.126)

where the (e-independent !) continuity constant of the trace mapping Sy enters the

constant. Also recall the continuity of the trace mapping H %“( f) — H(Of) [50,
Proof of Lemma 3.35]: with a constant independent of e,

1
luiorllcor S Zllullysey Ve H24(f) | 4.127)

Use this to continue the estimate (4.126))

—9 u (4.128)

P |8f‘

(u—TT7,u) Lief ™ \[’u\f Qppuls Lief ‘(

Ase < % we can localize the norm ‘( HO to the edges of f, similarly

to Lemma .13t
1 0
‘( HT,p \df‘ 8f I Z ‘(“_HT,p“)\e e

27 € cer(T)ecof

Tyt |af)

(4.129)

Recall the e-uniform equivalence of the norms ||, and || 4
@97), we have from Lemma .13 with r» = 1:

||71+6’e. Hence, owing to

(w=T,0,| < it |-, —u)
' pEPp11 '
< =M gu), - Q2 (=T ) )| @130)

hT 1-2¢
S < > (u - H(T)“,Ou)‘e

s,e
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Moreover, H?(T) is continuously embedded into C°(T'). Consequently, applying
trace theorems twice and appealing to the equivalence of all norms on the finite di-
mensional space Py (T),

0 0
‘(u - HT,OU)|eLe < }U|e|s7e + ’(HT,Ou)k;Le S |u|l+S,T ) (4.131)

where the constant may depend on s. Combining the estimates (4.124)), (4123,
#128), and @129), 130D with (131, we find

1
=Tyl o S o= Qrpuly g+ 55 Y Juy = Quplup)ly, o+ (4132)
feFR(T)
hT s—2e 1
u .
() g X bk

66]:1 (T)

Finally, we plug in the projection error estimates (.113)), (.114), and arrive at

hT I—+e 1
—— 5 D lulpgt (4133

hr
u— H(:)F,p(e)uhj S mMz,T + (
FeF(T)

hT 1—2¢ 1 Z | |
pr1) (- e -

ecF| (T)

with constants also indepedent of e. The choice (4.100) of e together with an applica-
tion of trace theorems then finishes the proof. O

The next lemma plays the role of [9) Lemma 9] and makes it possible to adapt the
approach of [9] Sect. 4.4] to 3D edge elements.

Lemma 4.16. If u € H'(T) N H(curl, T') possesses a polynomial curl in the sense
that curlu € P, (T'), then

h
¢ = T )ully g S (1+Tog™2(p 4+ 1) fuly - (4.134)
Proof. Pick any u complying with the assumptions of the lemma and split

u = (u— Rpcurlu) + Ry curlu. (4.135)

Note that the properties of the smoothed Poincaré lifting Ry stated in Thm. .3l imply
(i) curl(u — Ry curlu) = 0on T, as a consequence of [.8)), and
(ii) Ry curlu € H'(T) and the bound

|Rr curlu|, 7 < [[eurlullyq . (4.136)

where here and below no constant may depend on u or p.
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Hence, as u € H'(T), there exists v € H?(T) such that
u =gradv + Rpcurlu. (4.137)
The continuity of Rz reveals that
|U|2,T < ||u||1,T + [Rr Cur1u|1,T S ||u||1,T + ||cur1u|\07T : (4.138)
By the assumptions of the lemma and @.I1]) we know that
Rrcurlu € WX(T) . (4.139)

By the commuting diagram property from Lemma and the projector property of
HlT , the task is reduced to an interpolation estimate for H‘% :

(1d — 115 )u 82 grad(id — 109, )v + (Id — T}, )Rpcurlu . (4.140)

=0

As a consequence, invoking Theorem 4.10}

140 h
[0 =TTl 557 (0 = T ol 1 S (110 (0 1)~ ol

h
< (1+10g?(p+ 1))% (Iully 7+ l[curlully ;) , (4.141)

which gives the assertion of the lemma. O

Remark 4.17. In principle, the very construction of projection based interpolation
operators well fits spaces of discrete differential forms with variable polynomial de-
gree (“hp-spaces) as long as the so-called minimum rule for the degrees, see [49]
Rem. IV.3.2] or [22]], is fulfilled. Unfortunately, it is not clear how to adapt the splitting
to the hp setting and our proof of the key Theorem .16 cannot be extended.

4.2 Boundary-Aware p-Stable Quasi-Interpolation for Lagrangian
Finite Elements

In this section we sketch the construction of a local quasi-interpolation operator into
WPD (T) following the policy of smoothing projections by local regularization that
as developed in [14]], [26], Ch. VII] and [47]. The latter fundamental work is
our main source and [47, Cor. 3.7] already asserts the existence of suitable quasi-
interpolation operator in the case I'p = 9Q. We extend this to zero boundary con-
ditions on parts of 9Q, borrowing a distortion technique from [49] Sect. VII.2]. We
point out that [51, Thm. 3.3] provides excatly the kind of quasi-interpolation we need,
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unfortunately only in two dimensions. The extension to 3D looks formidably techni-
cal.

According to [14] Sect. 4.1] the flow induced by the vector field 72 introduced in
Section 2.1l can be used to define a “reflection at the boundary I, a map Rr : Qr —
Qr satisfying
(Ry) Rr(QNQr) = (R*\ Q) NnQr,

(Ry) Rp(x) =« Vx €T,
(R3) Rris bi-Lipschitz with Lipschitz constants depending only on I'.
We introduce the p-scaled mesh width function e, € L*(Q), ej(x) = hr/p+1 on

T € T: e := h/p+1. We can extend it to a function £, € L>°(Q) on the expanded
domain Q := Q U Qr by reflection:

en(x) :=ep(Rp'(x)) foralmostallz € Qr\ Q.

From Lemma 3.1] or Lemma VII.8.2] we learn that convolution of €;, with a
simple mollifier yields a smoothed extended mesh width function with bounded deriva-
tives.

Lemma 4.18 (Smooth extended mesh width funnction). The exists a smooth function
e € C*(Q) such that

(E|) € = ey, almost everywhere in 52,
(E2) |D¥e| < |e|'~Il for all v € N pointwise in Q

Thus, € qualifies as an admissible lenth scale function in the parlance of [47] Def. 2.1].
In particular, € is uniformly positive and Lipschitz continuous; we write L. > 0 for its
Lipschitz constant that depends on Q and p(7") alone.

To handle zero boundary conditions on I'p, we take the cue from Sect. VII.2]

and consider a blow-up map for the bulge domain Y p, introduced in Section 2] The-
orem

Lemma 4.19 (Shrinkage mapping for bulge domain Thm .VIL.2.1]). We can find
constants 0p > 0and Lp > 0depending only on Q and X p such that for any function
£:Q — RY with
 |&(x) —&E(y) < dpllz—y
s |&(x)| <ép forallx e Q,
there exists a bi-Lipschitz mapping T : Q-0 withﬁ
(T) [Te(@) = Te@)ll < Lp(1+6p) & —y|  forallz,y € Q,

(1) |75 @) = Te' W) < Lo +dp) e —yll  forallz,y e,

, forallx,y € £~2

* The symbol B..(z) designates the open ball around z € R* with radius » > 0.
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(T3) |Te(x) — | < Lpé(z), xeQ
(Ts) Te(x) = x for all & € Q with dist(z, 0¥ p) > Lpé(x),
(Ts) forallx € Yp holds Te¢(Bewy,, (£) NQ) C Yp,
(Ts) det DTe(x) ~ 1 forall & € Q.
Casually speaking, by T¢ is a mapping that pulls a neighborhood of Yp into
Yp. The property ensures that the amount of local distortion effected by T, can

be controlled by £. The next result is borrowed from Lemma 5.1 and 5.7] and
paves the way for localization arguments.

Lemma 4.20 (Finite cover). We can find “small constants”

dist(Q°,0Q) 1

a, >0, a<f, B<m1n{1, ,2—L€},

(4.142)
.

and a finite set of points Z C Q such that

(C1) QC U{Bac(z)(2), 2 € Z}  (covering property)
(Cy) card{z € Z: ® € By, (,)(2)} S 1 forallx € Q  (uniform finite overlap).

From now we fix «, 8 according to Theorem 4201 From the covering and finite
overlap property we conclude for any m € Ny

2 _ 2 _ 2 m(a
S olPp o™ S Mol = g Vo€ HM@). @143)
zEZ z€Z

In addition, by the triangle inequality the bound on 3 ensures that for any z € Q°
Bge(z)(2) C Q and 3e(2) <e(m) < %s(z) Vz € Bpo(x)(2) (4.144)

Next, set 7 := %(a + ) and choose a small number § > 0 satisfying the following
inequalities
(61) 2L36 < B — 7, with L from Theorem .19
(02) 0L < 1 for the Lipschitz constant L. of ¢,

(03) LpL. < d0p,and 6Lp ||é:‘Hoof2 <p,
(04) 20+ a < Tand 20 + 7 < S.

Now, recall Theorem [£.19]and define a concrete distortion map T, by setting T, :=
T¢ with the particular control function £(xz) := Lpde(x), € Q. Owing to [(33)]
this choice of £ : Q — R™T satisfies the assumptions of Theorem Thanks to
Theorem [£.19] we infer

Ts(Bée(z)(Z)) CYp Vzelp. (4.145)
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As a consequence of (£.144),[(5,)] and Theorem 191 [(T3)] we note

— Ta(Bun(2)NQ) C B,oin(2),
VzeO- s( e(z)( ) ~) s(z)( ) (4.146)
T€(BTE(Z)(z) N 'Q) - Bﬂs(z) (z) :

We now study the pullback of functions under the distortion T : Q- Q,
(Tro)(x) == o(T(x)) zeQ for v:Q—>R. (4.147)

Lemma 4.21 (Estimates for pullback). With constants depending only on Q and the
Lipschitz constant L. of € the following estimates hold true:

(PB;) ”T:U”QBTE(,Z)(z)ﬂﬁ ~ HDHO,BgE(z)(z)ﬂﬁ forall z € Q v € L*(Q),

(PBy) |Tvl, 5 5 forallzeQve H(Q)

<y
Pre(z) (z)ﬁQ ~ | |17B55(z)(z)

(2) S <e(z) |v|1,Bﬁs(;>(Z) forall z € Q¢ andv € H'(Q).

Proof. The assertions[(PB)and[(PBy)]follow from @I48), | DT.||__ -1 H
1, Theorem [4.19] [(T¢)] the chain rule and the transformation formula for 1ntegra1s

To show [(PB3)] we resort to convolution with a mollifier p € C*°(IR3) that satisfies
p >0, supp(p) C Bi(0), and [; p(x) de = 1. Writing p, (z) := v>p(=/v), v > 0,
we define for some function £ : Q5 R*T

(PB3) |[(Id = T2)vlly p

Te(z

(Mev) () := /R? V(T —Y)pez)dy, vE LY(R3) . (4.143)
Since || p,,||(2)7R3 =v73 p||(2)7R3, the Cauchy-Schwarz inequality yields

[(M¢v) ()

From now we set {(x) := Lpde(x) and, by @I44), @I49) and [5;)] conclude for
every z € Q°

@) SE@) 77 1ollo, ¢ o ) - (4.149)

2 3 —3< 2
IMe@) 5,0 < (2 _ax  Lpbe(a) ™ S 0l ) - 4150)

The properties of p ensure that M¢ preserves constants, so that we obtain by a scaling
argument and the Bramble-Hilbert lemma [47, Lemma 4.3]:

lo=Mevlly o) = InE 10— ) = Me(w =)l )

(4.151)
< 1nf lv—clly Bpeis)(z < < Be(z) |U‘1,BB€(Z)(z) )
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for any v € H'(Q). Fixing v € H'(Q) and z € Q° we continue with the triangle
inequality
||U o T:U”O:Bas(z)(z) S ||'U o MgvHovBaa(z)(z) +

[(0d = THMevllg oy + ITEMe = 1d)ollg oy - (4152)

By means of (£.I51)) and Theorem .21 [(PB})| the first and last term can be estimated
by < e(2) |vl;, Bieia(2)° Concerning the middle term we appeal to the mean value

theorem applied to w := Mgv and, by Theorem @E146), get for x €
Baa(z)(z)

(@) = w(T(@))] < lgradwly s @ - T(@)] < lgrad Mol 5 -

Since grad commutes with convolution, the maximum norm of grad M¢v can be
estimated as in (4.149)) above:

lerad Mol 5 ) S =(2) lgraduly s, o) -
Ultimately this yields
* 2 2 2
[[(Id — Ta)MﬁvHQBaE(z)(z) S 5(z)3 |grad ME’UHOQBTE(Z)(Z) N ngadU”o,Bﬁa(z)(z) s

and the assertion [[PB3)] when plugged into .132). o

Following [47, Sect. 5.2], we now outline the key idea of regularization by mollifi-
cation. We employ a mollifier of oder k. € No := 6, that is, a function p € C°°(R3)
with supp(p) C Bj(0), and [47, Equ. (4.1)],

1 ifr=0,
/R 3 yp(y)dy = { (4.153)

0 else,

for every multi-index r € NS with |r| < kmax. This property leads to the preservation
of polynomials of degree up to kpax under convolution with p,,. Analogously to (I148)
we define the mollification

(Ev)(x) := /R3 V(Y)pse(z)(® —y)dy, £€Q, we Ll(fl) . (4.154)

From [47, Lemma 5.3] we learn that for every z € Q¢ and integers 0 < m < £, with
é’ m S kmax + 17
Ev|, Se(z)™ vl Vo e HY(Q) , (4.155)

ue(z)(z) ~
|(Id — E)vl,,, 5 ﬂ@§5@y”ﬂﬂu%@@ Vo e HY(Q) . (4.156)

m:Brs(z) (Z)

as(z
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The composition of mollificaton and distortion pullback yields the regularizing op-
erator

J:=EoT!: L'(Q) —» C®(Q°) . (4.157)
In light of (4.145)) it is immediate that

‘U‘YD:O = Jv|FD:O‘. (4.158)

Using @.I33) for m = ¢ = 0, (136) for m = 0,¢ = 1, and Theorem 4. 21] [[PB3)]
for any z € Q° we find the bound

10d = 3yl 5. e < 100 = Eyollg s o) + IEGD = Tolly s
5 E(Z) |U‘l,B,.8(z)(z) + ||(Id - T:)U”O,BTE(Z)(Z) S €(Z) |v|11BBE(z)(Z) : (4159)

By means of {.153) form = 0,1 we getforany 1 < /¢ < kppqp + 1

olgp, e S @) N Tollop, ) » Vo€ H'(Q), (4.160)
[0lg 5, ) S €)' T g, )+ VO E H'(Q). 4.161)

Further, @.I33) for m = ¢ = 1 and Theorem [4.2] [[PB3)]lead to
ol g, o) S WliB ) Y0 € H'(Q). (4.162)

The final step is inspired by Sect. 3.1]. To build the desired quasi-interpolation
operator we apply the perfectly local projection-based interpolation operators I, :
H(Q) — WS(T) from [52] Cor. 7.4] to the regularized function:

Qpi=lp0J: LN(Q) = Wi (T)]. (4.163)

We recall properties of |, from [52] Sect. 7]. Firstly, it enjoys locality in the sense that
¢ (I,v)(a) = v(a) for every vertex a of the mesh 7,
e (lpv) le is uniquely determined by v | for every edge e,
o (lpv) - depends only on v for every face F,
e and (Ipv) i exclusively relies on v for all tetrahedra T" € T.

Obviously, if v|p = 0, then (I,v) i =0.As T was supposed to resolve I'p, applying
I, to a smooth function vanishing on I'p will result in an interpolant with the same
property. This accounts for the range of Q,, stated in @.I63).

The locality of |, comes at the price of poor stability. In [[52, Cor. 7.4] the authors
showed p-uniform local continuity of

by - HY(T) = Py(RY) (4.164)
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and an estimate of the form
hr/fp|(1d =)ol 7+ 1(d = L)l S (07/n)° [0ller Vv € HY(T),  (4.165)

where the constants depends merely on the shape regularity measure of the tetrahe-
dron T" € T. Since, Jv € C°°(Q°), the tight smoothness requirements of |, can be
accommodated. This is the main rationale behind using the regularizer J.

H'-Stability of Q,, is straightforward from @I63), @I6I), and the finite overlap
property from Theorem .20l To begin with, we get

6
HQPUHO,T = Hlp(Ju)HqT < ”JUHQT + (hv/p) HJU| |07UT )

5
Qpuly 7 = h(Ju)ly 7 < Vuly o+ (/e)” [ Jullg S luli iy

6,T S lu
(4.166)

where Uz := |J{Bge(z)(x), € T} is alocal neighborhood of 7'. Local approxima-
tion estimates can be deduced from 139), (@.161), and @.163):

1(1d = Qp)ullgp < (1d = Dullg + [[(1d = Tp)Jully 7

6 4.167)
S hrfpluly gy + (0rfe)” Jullg p < /e luly gy,

Squaring and adding both @.166) and (@.167) establishes global stability and approx-
imation properties of our quasi-interpolation Q,,.

Theorem 4.22 (Quasi-Interpolation operator). The operators Q, : L' (Q) — WI(T)
HllD (Q) satisfy

(Q1) |1Qpullgg < llullyg forallue L¥(Q),
(Q,) |QPU|1,Q < |“|1,§ forallu € Hl(fl)
(03) |le™(1d = Qplulloq S [ul, 5 forallue H'(Q),

with constants depending only on Q, T'p, and the shape regularity measure p(T).

4.3 Proof of Theorem 1.3

With local commuting projectors H}j from Section [4:1] and stable quasi-interpolation
operator Q, from Section at our disposal, the construction and analysis of p-
uniformly stable discrete regular decompositions of WILD (T) runs rather parallel to
the lowest-order case presented in Section

We fix v, € W (T) € Hr,(curl,Q) and consider its regular decomposition

pI'p
supplied by Theorem 2.1t

vp=z+grady z€H'(R’), zy,=0, ¢€H (Q), (4.168)
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with norm bounds

1zllors < Vpllog » 12l e S IVpllgreure) > @lha S IVpllgg - (4.169)
None of the constants depends on v,,. Since curlz = curlv,, that is, z has a piece-
wise polynomial curl, Theorem ensures that [T}z is well-defined. In addition,
for every T € T we have gradpp = Vpir — Z|T € H'(T), which implies
o€ H 2(T). Hence, ¢ possesses enough local regularity to render also Hgap well-

defined. This permits us to rely on the commuting diagram property of Theorem .6
when letting H;? act on vy:

vp = H}l,vp = H}Dz + grad 1%

In order to obtain a contribution in H }D (), we insert a boundary-aware quasi-
interpolant to generate the regular part z, of the decomposition ((IIT)):

Zp € Vp FD(T> 5

v, =11} sz +IT)(1d — Qp)z + grad )y (4.170)
\ \pf’ Pp € WFD (T) .
:'ZP =pp

Writing v, := IT}(Id — Q,)z € Wy, (T), we have split v, € Wy (T) as
v, = HTl,zp + v, +grady, . (CLLI))
Next, we investigate the stability of this splitting, bounding norms of its terms by

norms of v,
@ Estimating norms of z,, = Q,z based on Theorem .22]is straightforward

TheoremB22[Q)] = IZpllyq < IZlloo < [Vallog - (4.171)
TheoremB2A[Q))] = |zl o S 12l 0 S Vol gricurio) - (4.172)

@ Interpolation error estimates from Theorem [4.16] for HII, give bounds for v, local
ones first: for any tetrahedron 7' € T

Wpllor < [[(1d = T1)(1d = Qp)zl|y - + 1| (1d = Qp)zlly 7

< (1 +log(p + 1))3/2ph+T1 (1d — Qp)z|,  + phfl Zhr  4173)
< (1 +log(p+ )71~ Qplal, 1
p+1 '
which implies after squaring and summing that
1/2
( |2, ) <102+ D) ol preuntay - @174
TeT or
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©® Norm estimates for ¢, rely on those for z, and the local interpolation error estimate
of Theorem .16

ool < IVallor + HHIlJZHO,T
ey (4.175)
S vpllor + l12llo,r + (1 +log(p + 1))3/2? 2l 7 -

As a consequence of (4.169) we emd up with

3 hr
e S I la -+ {1+ oo + 102 eurl vl - @176

Thus we are done, because Theorem[I. 3 merely collects the estimates ({171)), @.172),
#T174), and @176).

Acknowledgments. The authors would like to thank Markus Melenk for his crucial
advice.

Bibliography
[1] M. Ainsworth and L. Demkozwicz, Explicit polynomial preserving trace liftings on a
triangle, University of Texas, ICES Report no. 03-47, Austin, 2003.

[2] M. Ainsworth and K. Pinchedez, HP-Approximation theory for BDM/RT finite elements
and applications, SIAM J. Numer. Anal. 40 (2002), 2047-2068.

[3] C. Amrouche, C. Bernardi, M. Dauge and V. Girault, Vector potentials in three-
dimensional non-smooth domains, Math. Meth. Appl. Sci. 21 (1998), 823-864.

[4] D. N. Arnold, R. S. Falk and R. Winther, Finite element exterior calculus, homological
techniques, and applications, Acta Numerica 15 (2006), 1-155.

, Finite element exterior calculus: from Hodge theory to numerical stability, Bull.
Amer. Math. Soc. 47 (2010), 281-354.

[6] M. Bebendorf, A note on the Poincaré inequality for convex domains, Z. Anal. Anwen-
dungen 22 (2003), 751-756.

[7]1 C. Bernardi and Y. Maday, Spectral methods, Handbook of Numerical Analysis Vol. V
(P. G. Ciarlet and J.-L. Lions, eds.), North-Holland, Amsterdam, 1997, pp. 209-485.

[8] M. S. Birman and M. Z. Solomyak, L,-theory of the Maxwell operator in arbitrary do-
mains, Russian Math. Surveys 42 (1987), 75-96.

[9] D. Boffi, M. Costabel, M. Dauge and L. Demkowicz, Discrete Compactness For The hp
Version Of Rectangular Edge Finite Elements, SIAM J. Numer. Anal. 44 (2006), 979—
1004.

[10] M. E. Bogovskii, Solution of the first boundary value problem for an equation of conti-
nuity of an incompressible medium, Dokl. Akad. Nauk SSSR 248 (1979), 1037-1040.



Discrete Regular Decompositions 59

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

A. Buffa, M. Costabel and D. Sheen, On traces for H(curl, Q) in Lipschitz domains, J.
Math. Anal. Appl. 276 (2002), 845-867.

H. Cartan, Formes Différentielles, Hermann, Paris, 1967.

J. Chen, Y. Xu and J. Zou, An adaptive edge element method and its convergence for a
saddle-point problem from magnetostatics, Numerical Methods for Partial Differential
Equations 28 (2011), 1643-1666.

S. H. Christiansen and R. Winther, Smoothed projections in finite element exterior cal-
culus, Math. Comp. 77 (2008), 813-829.

P. G. Ciarlet, The Finite Element Method for Elliptic Problems, Studies in Mathematics
and its Applications 4, North-Holland, Amsterdam, 1978.

P. Clément, Approximation by finite element functions using local regularization, RAIRO
Analyse Numérique 9 (1975), 77-84.

M. Costabel, A remark on the regularity of solutions of Maxwell’s equations on Lipschitz
domains, Math. Meth. Appl. Sci. 12 (1990), 365-368.

M. Costabel, M. Dauge and S. Nicaise, Singularities of Maxwell interface problems,
M?AN 33 (1999), 627-649.

M. Costabel and A. McIntosh, On Bogovskii and regularized Poincaré integral operators
for de Rham complexes on Lipschitz domains, Math. Z. 265 (2010), 297-320.

L. Demkowicz and A. Buffa, H'!, H(curl), and H(div)-conforming projection-based in-
terpolation int three dimensions. Quasi-optimal p-interpolation estimates, Comput. Meth.
Appl. Mech. Engr. 194 (2005), 267-296.

L. Demkowicz, J. Gopalakrishnan and J. Schoberl, Polynomial extension operators. Part
I, SIAM J. Numer. Anal. 46 (2008), 3006-3031.

L. Demkowicz, P. Monk, L. Vardapetyan and W. Rachowicz, De Rham diagram for hp
finite element spaces, TICAM, University of Texas, Report no. 99-06, Austin, TX, 1999.

A. Demlow and A. N. Hirani, A posteriori error estimates for finite element exterior
calculus: the de Rham complex, Found. Comput. Math. 14 (2014), 1337-1371.

C. R. Dohrmann and O. B. Widlund, An iterative substructuring algorithm for two-
dimensional problems in H(curl), STAM J. Numer. Anal. 50 (2011), 1004-1028.

, Some recent tools and a BDDC algorithm for 3D problems in H(curl), Domain
Decomposition Methods in Science and Engineering XX (R. Bank, M. Holst, O. Widlund
and Xu J, eds.), Lecture Notes in Computational Science and Engineering 91, Springer,
Berlin Heidelberg, 2013, pp. 15-25.

A. Ern and J.-L. Guermond, Finite element quasi-interpolation and best approximation,
arXiv, Preprint no. arXiv:1505.06931 [math.NA], 2015.

R. S. Falk and R. Winther, Local bounded cochain projections, Math. Comp. 83 (2014),
2631-2656.

Richard S. Falk and Ragnar Winther, Double complexes and local cochain projections,
Numerical Methods for Partial Differential Equations 31 (2015), 541-551.



60

R. Hiptmair and C. Pechstein

[29]

(30]

(31]

(32]

(33]

[36]

(37]

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

V. Girault and P. A. Raviart, Finite Element Methods for Navier-Stokes Equations,
Springer, New York, 1986.

J. Gopalakrishnan and L. Demkowicz, Quasioptimality of Some Spectral Mixed Method,
K. Comput. Appl. Math. 167 (2004), 163-182.

J. Gopalakrishnan and W. Qiu, Partial expansion of a Lipschitz domain and some appli-
cations, Frontiers of Mathematics in China 7 (2012), 249-272.

J. Gopalakrishnan and W. Qiu, An analysis of the practical DPG method, Math. Comp.
83 (2014), 537-552.

P. Grisvard, Singularities in boundary value problems, Recherches en Mathématiques
Appliquées [Research in Applied Mathematics] 22, Masson, Paris; Springer-Verlag,
Berlin, 1992.

R. Hiptmair, Canonical construction of finite elements, Math. Comp. 68 (1999), 1325-
1346.

, Multigrid for eddy current computation, Sonderforschungsbereich 382, Univer-
sitdt Tiibingen, Report no. 154, Tiibingen, Germany, April 2000.

, Finite elements in computational electromagnetism, Acta Numerica 11 (2002),
237-339.

R. Hiptmair, J. Li and J. Zou, Universal extension for Sobolev spaces of differential forms
and applications, Journal of Functional Analysis 263 (2012), 364-382.

R. Hiptmair, G. Widmer and J. Zou, Auxiliary space preconditioning in Hy(curl, Q),
Numer. Math. 103 (2006), 435-459.

R. Hiptmair and J. Xu, Nodal auxiliary space preconditioning in H(curl) and H(div)
spaces, SIAM J. Numer. Anal. 45 (2007), 2483-2509.

, Auxiliary space preconditioning for edge elements, IEEE Trans. Magnetics 44
(2008), 938-941.

R. Hiptmair and W.-Y. Zheng, Local multigrid in H(curl), J. Comp. Math. 27 (2009),
573-603, Extended version published in arXiv:0901.0764 [math.NA].

Q. Hu andJ. Zou, A non-overlapping domain decomposition method for Maxwell’s equa-
tion in three dimensions, SIAM J. Numer. Anal. 41 (2003), 1682—-1708.

, Substructuring preconditioners for saddle-point problems arising from
Maxwell’s equations in three dimensions, Math. Comp. 73 (2003), 35-61.

Q.-Y. Hu, Convergence of HX Preconditioner for Maxwell’s Equations with Jump Coeffi-
cients (i): Various Extensions of The Regular Helmholtz Decomposition, arXiv, Preprint
no. arXiv:1708.05850, 2017.

, Convergence of HX Preconditioner for Maxwell’s Equations with Jump Coeffi-
cients (ii): The Main Results, arXiv, Preprint no. arXiv:1708.05853, 2017.

Q.-Y. Hu, S. Shu and J. Zou, A discrete weighted Helmholtz decomposition and its ap-
plication, Numer. Math. 125 (2013), 153-189.



Discrete Regular Decompositions 61

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

M. Karkulik and J. M. Melenk, Local high-order regularization and applications to hp-
methods, Comput. Math. Appl. 70 (2015), 1606—-1639.

T. V. Kolev and P. S. Vassilevski, Parallel auxiliary space AMG for H(curl) problems,
J. Comp. Math. 27 (2009), 604—623.

W. M. Licht, On the A Priori and A Posteriori Error Analysis in Finite Element Exterior
Calculus, Dissertation, Department of Mathematics, University of Oslo, Norway, 2017.

W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge Uni-
versity Press, Cambridge, UK, 2000.

J. M. Melenk, hp-interpolation of nonsmooth functions and an application to hp-a poste-
riori error estimation, SIAM J. Numer. Anal. 43 (2005), 127155 (electronic).

J. M. Melenk, A. Parsania and S. Sauter, General DG-methods for highly indefinite
Helmholtz problems, J. Sci. Comput. 57 (2013), 536-581.

R. Mufioz-Sola, Polynomial Liftings on a Tetrahedron and Applications to the hp-version
of the finite element method in three dimensions, SIAM J. Numer. Anal. 34 (1997), 282—
314.

J. C. Nédélec, Mixed finite elements in R>, Numer. Math. 35 (1980), 315-341.

J. E. Pasciak and J. Zhao, Overlapping Schwarz methods in H(curl) on polyheral do-
mains, Numer. Math. 10 (2002), 211-234.

D. Pauly and C. Pechstein, Regular decomposition of vector fields with mixed boundary
conditions, In preparation.

C. Pechstein and R. Scheichl, Weighted Poincaré inequalities, IMA J. Numer. Anal. 33
(2013), 652-686.

J. Schéberl, A posteriori error estimates For Maxwell equations, Math. Comp. 77 (2008),
633,649.

C. Schwab, p- and hp-Finite Element Methods. Theory and Applications in Solid and
Fluid Mechanics, Numerical Mathematics and Scientific Computation, Clarendon Press,
Oxford, 1998.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton
Math Series 30, Princeton University Press, Princeton, New Jersey, 1970.

M. E. Taylor, Partial Differential Equations II. Qualitative Studies of Linear Equations,
Applied Mathematical Sciences 116, Springer, New York, 1996.

J.-C. Xu, L. Chen and R. H. Nochetto, Optimal multilevel methods for H(grad), H(curl),
and H(div) systems on graded and unstructured grids, Multiscale, non-linear and adap-
tive approximation (R. A. DeVore and A. Kunoth, eds.), Springer, Berlin, 2009, pp. 599-
659.

Author information

Ralf Hiptmair, SAM, ETH Ziirich, Ramistrasse 101, CH-8092 Ziirich, Switzerland.
E-mail: ralfh@ethz.ch



62 R. Hiptmair and C. Pechstein

Clemens Pechstein, CST - Computer Simulation Technology GmbH, a Dassault Systémes
company, Bad Nauheimer Str. 19, D-64289 Darmstadt, Germany.
E-mail: clemens.pechstein@3ds. com



	Introduction
	Continuous Regular Decomposition
	Discrete Regular Decomposition: Lowest-Order Case
	Discrete Regular Decomposition: p-Version
	Bibliography

