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Abstract

We adapt the variational approach to the analysis of first-kind boundary integral equa-
tions associated with strongly elliptic partial differential operators from [M. COSTABEL,
Boundary integral operators on Lipschitz domains: FElementary results, STAM J. Math.
Anal., 19 (1988), pp. 613-626.] to the (scaled) Hodge-Helmholtz equation curlcurlu -
nvdivu - k?u =0, n > 0,Imk? > 0, on Lipschitz domains in 3D Euclidean space, supple-
mented with natural complementary boundary conditions, which, however, fail to bring
about strong ellipticity.

Nevertheless, a boundary integral representation formula can be found, from which
we can derive boundary integral operators. They induce bounded and coercive sesqui-
linear forms in the natural energy trace spaces for the Hodge-Helmholtz equation. We can
establish precise conditions on 7, x that guarantee unique solvability of the two first-kind
boundary integral equations associated with the natural boundary value problems for the
Hodge-Helmholtz equations. Particular attention will be given to the case x = 0.

Keywords. Maxwell’s Equations; static limit, Hodge-Laplacian; potential representa-
tions, jump relations, first-kind boundary integral equations; coercive integral equations.

MSC 2010. 31A10, 45A05, 45E05.

1 Introduction

Relying on a vector potential A and a scalar potential ® and employing Lorentz gauge, the
linear Maxwell’s equations in frequency domain driven by a source current j with angular
frequency w > 0 can be recast as

curl pu(x) ! curl A +iwe(z)VP - w?e(x)A =], (1)
div(e(z)A) +iwd =0,

Straightforward elimination of ® yields the vector second-order partial differential equation
(PDE) curl u(x) ! curl A - e(x)V div(e(z)A) -w?€A = j. Thus, in the case of homogeneous
and isotropic materials, where both p and € are constant multiples of the identity matrix, A
will satisfy the second-order Hodge-Helmholtz equation

curlcurl A - v divA - k*A =0, (2)

*Sorbonne Universités, UPMC Univ Paris 06, CNRS, INRIA, UMR 7598, Laboratoire Jacques-Louis Lions,
Equipe Alpines, 4, place Jussieu 75005, Paris, France.
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for some x,n > 0. Its principal part is the Hodge-Laplacian A, := curlcurl-nV div.

This work is dedicated to the derivation and analysis of first-kind boundary integral equa-
tions (BIEs) related to boundary value problems for (2). We aim to adapt the modern varia-
tional treatment of BIEs for strongly elliptic boundary value problems, as pioneered in [11,24],
and pursued, for instance, in [20], to the Hodge-Helmholtz equation. More precisely, we inves-
tigate boundary value problems and BIEs in a Hilbert space framework supplied by suitable
Sobolev (energy) spaces and associated trace spaces. This permits us to work on domains
with merely Lipschitz boundaries. Special attention will also be paid to the static limit x = 0.

Novelty. Vast literature is devoted to the Hodge-Laplacian A := dd+dJ acting on
differential forms on smooth manifolds. This approach is reviewed comprehensively in the
books [21,22] and [31]. In the former two volumes boundary integral equations play a cen-
tral role, but the focus is on second-kind boundary integral equations set in LP-type spaces
on domain boundaries. This perspective requires analysis and techniques fundamentally dif-
ferent from what we present in this manuscript, which studies first-kind boundary integral
equations. Apparently, those have received little attention so far.

To keep the presentation simple and accessible we confine ourselves to classical vector
analysis on Euclidean space R and forgo developments in an exterior calculus setting on
manifolds. This is certainly feasible based on results for Maxwell’s equations [18, 33].

Outline. Our main results, stated in Corollaries 6.9 and 6.12, will be a comprehensive
understanding of the mapping properties in Sobolev-Hilbert trace spaces of first-kind bound-
ary integral operators connected with “natural” elliptic boundary value problems (BVPs) for
the Hodge-Helmholtz equation. These BVPs along with the relevant trace operators are eluci-
dated in Section 3. The associated boundary representation formula is given in Equation (38),
based on potentials whose properties are examined in Section 5. Then we are equipped to
tackle the coercivity of variational first-kind boundary integral operators in Section 6. In the
last section we identify kernels of boundary integrals and link them to topological properties
of boundaries for the pure Hodge-Laplacian (x = 0).

2 Preliminaries

2.1 Lipschitz domains

In the sequel, Q c R? will refer to a Lipschitz domain such that either Q or R\ is bounded.
Recall from [20, Ch. 3] that, by definition, a Lipschitz domain €2 is an open set such that for
any x € O there exists a neighbourhood = € U c¢ R? and a Lipschitz function ¢ : R? - R
such that, in a certain cartesian coordinate system z = (z1, 29, 23) with origin at @, we have
UnoQ = {Z = (2’1,22,23) eU | z23 = w(zl,ZQ)}, and UnQ = {Z = (2’1,22,23) eU ‘ z3 <
¥(z1,22)}. The boundary will be denoted I' := 9. According to Rademacher’s theorem
(see [13, Thm. 3.1.6]) it admits an essentially bounded normal vector field n € L*(T"). The
normal field will systematically be assumed directed toward the exterior of 2.

2.2 Domain based function spaces

The subsequent analysis will make repeated use of various function spaces, so we dedicate
the present section to recalling, in detail, some of those spaces that are now classical in the
literature dealing with electromagnetics, e.g., [1], [23, Ch. 3], [16, Sect. 2.4]. We first introduce



volume based function spaces. As usual, L?(Q) refers to square integrable (either scalar of
vector valued) fields over ). For any integer k > 0, we also consider Sobolev spaces

H*(Q) = {v e L2(Q) | 0%v € L2(Q) Ya € N2 with |o] < k},
Hqu{k(Q) = Z|a\§k ”agUHiQ(Q)

The space H}(Q) will refer to the closure of 5°() = {p|o € € (R?), supp(p) c Q} with
respect to the norm || |1 (). We will consider the following functional spaces that are rather
classical in the analysis of Maxwell’s equations (see [16,23] for example)

H(div,Q) := {ue L2(Q)3| div(u) e L2(Q)}
H(curl, Q) = {ue L}(Q)? | curl(u) e L2(Q)?}

These spaces will be equipped with the norm given by ||u||§Q = [ul3 + [o(u) |3 where d = div
or curl. The space Hy(curl,Q) (resp. Ho(div,Q)) will refer to the closure of 5°(Q)? with
respect to the norm | [curto (resp. | [aiv,o). We will also consider the following spaces

X () :=H(curl, Q) n H(div, ),

with  [vIZ gy = V12 + V130 o
We will also use the space H(curl?, Q) := {u € H(curl,Q) | curl(u) ¢ H(curl,Q)} equipped
with ||quur12,Q = Hquurl,QJ“” curl(u) ”(2:url,Q as well as the space H(V div, Q) := {u e H(div, Q) |
div(u) € HY(Q)} equipped with Hu”2vdiv,ﬂ = HuH?hV’Q + div(u)||12{1(ﬂ). We will also need
the space H'(A,Q) = {u ¢ HY(Q)|vu e H(div,Q)} endowed with the norm ||uH2AQ =
|l @ * |AulZ, (q)- Finally, if H refers to any of the previously mentionned spaces, Hio

will consist in all functions/fields v such that v € H for any ¢ € € (R3) such that supp(y)
is bounded.

When studying Maxwell’s equations in domains with boundaries only admitting Lips-
chitz regularity, it is essential to keep in mind that H!(Q)3 # X(Q), although H}(Q)? =
Hy(curl, Q) n Hy(div, ), see [1]. This does not prevent from applying Fredholm theory to
variational formulations of Maxwell’s equations, as Xy(€Q2) :=={ue X(Q)|nx (upxn) =0}
and X1(Q) := {ue X(Q)|n-ulr =0} are both compactly embedded in L2(Q)3, see [26].

As we wish to deal with boundary integral equations, we will need to rely heavily on trace
type operators. This is the reason why we now discuss in detail these operators, as well as
the associated functional spaces, and appropriate lifting maps. We consider traces for both
to scalar and vector valued fields.

2.3 Scalar trace spaces

In the sequel, we denote the boundary of the domain 2 by I' := 0£2. We first introduce the
so-called (scalar) Dirichlet trace operator 7, defined by

(@) =plr Yoe?™(Q).

This operator gives rise to a continuous linear operator mapping H'(Q) into L?(T'), see [30,
Thm. 2.6.8]. The kernel of 7, is exactly H{(€2). The range of this map, denoted H'2(T), is
a Hilbert space when equipped with the norm

Dl () = inf{ ol o) |0 € B (), vl = p}. 3)

3



Occasionally, we will also consider 7, as mapping H' ()3 to HY/2(T')? i.e. 7 (u) := (15 (u1), 7 (u2), 7 (u3))
where u = (uy,ug,u3) € H'(Q)3. There also exists a characterization of H'/2(T) in terms

of so-called Sobolev-Slobodeckii norms, see [20, Ch. 3], ie., v € HY?(I') if and only if

Ir [rlo(@) = v(y) |z - y|3do(x)do(y) < +0o. We will also use the unique continuous trace

operator vp : H(V div, Q) — HY2(I") defined, for all p € €= (Q)?, by the formula

Yo (p) = div(p)|r. (4)

The dual space to Hl/Q(F) will be denoted H™/ 2(I"), and is naturally equipped with the
canonical dual norm p — SUDyeH1/2(1)« {0} |<U,p)|/”’l}”H1/2(F). In connection to this trace space,
let us recall that the normal component trace operator

(V) :=n-v|p (5)

induces a continuous linear surjective map from H(div, Q) onto H™Y/2(I"). Its kernel is exactly
Hy(div,Q). As a consequence, the norm over H"/2(T") may alternatively be given by the
following expression

lallg-172¢ry = inf{[pllaiv.0 | P € H(div,Q), n-plr = ¢} (6)

In the sequel, we will repeatedly refer to the scalar Neumann trace 7y : Hi, (A, Q) — H-Y2(I)
as the unique operator satisfying

() =n-Veolr Yped™(Q).

2.4 Vector tangential trace spaces

Now we wish to briefly recall the precise definition of the trace space associated to H(curl, §2).
Following [4,5, 7], we first consider the intermediate space H;/ (1) = {yo(u) := n x (1 (1) x
n), ue H'(Q)3} that is a Banach space when equipped with the following associated quotient

norm .
IVl = inf{[ullmn @) [yr(w) = v} -

where ~r(v) :=nx (vlp xn).

As was thoroughly described in Section 2 of [7], the spaces Hi/ 2(F) is not left invariant under
the action of the operator v » m x v. This leads us to introduce the space of “rotated traces”

H§/2(F) ={v|nxve H;/Z(F)}, with norm ”vHHi/Q(F) = |n x V”Hv]l‘/Q(F) . (8)

Then we define the associated topological dual spaces and associated canonical norms adopt-
ing the following notational convention (in accordance with [7,8]),

H,'2(T) =HY2 1) , HVA(T)=H/A(T). (9)
-1/2

The operator v — n x v isometrically maps H;l/ 2(F) onto H, '“(T"). In the case where the
functional * v = (p,m x Vv),v € € ({2) is continuous with respect to | |g1(q), we denote by

*Throughout brackets (-,-) designate bilinear duality pairings with respect to an L2-type pivot space.



curlp(p) the only element of H~'/2(T) satisfying (curlp(p), 7 (v)) = —(p, nxVv), Vv € €% (Q).
We will then consider the following trace space

H'2(cur, T) = {p e H;"/*(I) | curlr(p) e H™V/2(D)},

. (10)
with norm  [V{g-1/2 curt,ry = [Vl oy + | ewtle (V) -z ry.

It was also established in [7, Thm. 4.1] that the trace operator y(v) := n x (v|r x n) de-
fined in (7) induces a continuous linear and surjective operator mapping H(curl, 2) onto
H '?(curl,I"). Moreover the kernel of this trace operator is exactly Ho(curl, ). As a
consequence the norm in (10) may be replaced by

IPle-172(curt ry = 0 { [ V] cur [ v € H(curl, 2), 52(v) = p}. (11)

Define the surface gradient by V7 (v) = y¢(Vv) for any v € HY(I'). This operator continu-

ously maps HY?(T") into H™'/2(curl, T'), see [7, Prop. 3.6]. Similarly curlp continuously maps
H'2(curl,T') into H"/2(I"). We can also set divp(u) := curlp(n x u), and introduce the
rotated version of (10)

HY2(div,T) = {v e H;/*(I") | divp(v) e H"V/2(I)}
(12)
with [Vl g-v2aivry = IV gz + 1 dve () ey

We have v e H/2(div,T) if and only if n x v € HY/?(curl,T"). Besides H"'/2(div,T) can
be identified with the topological dual to H™*/?(curl,T') with duality pairing u,v ~ (u,v) :=
Jru-vdo. With the previous definitions we have the surface Green formula: for any u e
H~'/2(div,T), and any v e H/2(T"),

(u,vrv) = —=(divp(u),v) .

Note that the trace u —» n xu|p induces a continuous surjective operator mapping H(curl, 2)
onto H1/2(div,T'). We will also need the continuous trace operator vz : H(curl?,Q) —
H~'/2(div,T) given by the formula

Yr(Vv) :==n x curl(v)|p. (13)

2.5 Lifting maps

In this paragraph we wish to introduce lifting maps, aka, continuous right inverses, for each
one of the four trace operators introduced with (4), (5), (7) and (13).

Dirichlet lifting. For any v € H'/2(T"), define op(v) as the unique element of H(div, )
satisfying [, div(gp(v) ) div(p) + op(v)pdz = (yx(p),v) for all p € H(div,Q). Lax-Milgram’s
lemma shows that o, (v) is well-defined for any v € H/2(T") and continuously depends on v.
Moreover routine verifications based on Green’s formula show that it satisfies the equations
Vdivop(v) — op(v) =0 inQ
curl(gp(v)) =0 in Q (14)

Yo (on(v)) =v onT'.



Neumann lifting. For any given ¢ € H/2(T') let ox(q) refer to the unique element of
H(div,Q2) achieving the minimum in Definition (6) i.e. [ox(q)|aiv.0 = |¢lg-1/2¢r)- Then Eu-
ler’s equation associated to this minimization problem reads [, div(ox(q) ) div(p)+on(q) pde =
0 for all p € Hy(div, ). From this we conclude that oy : H-/2(T") - H(div, Q) is a continuous
map satisfying

Vdivon(g) —on(g) =0 inQ

curl(ox(g)) =0 in Q (15)
(on(g)) =4 onl'.

Tangential lifting. For any given p € H"/?(curl,T") let or(p) refer to the unique element

of H(curl, ?) achieving the minimum in Definition (11) i.e. |or(P)[curt0 = [Pla-1/2(curr)-

Then Euler’s equation associated to this minimization problem rewrites |, curl or(p)-curl(v)+
or(p)vdx = 0 for all v € Hy(curl,Q). From this we conclude that o : H™/?(curl,T") -

H(curl, Q) is a continuous map satisfying

curl® or(p) +or(P)=0 inQ
div(er(p)) =0 on £ (16)

vr(or(P)) =p onT.

Rotated tangential lifting. For any p € H /2(div,T"), define oz(p) as the unique ele-
ment of H(curl, Q) satisfying [, curl gz (p) - curl(v) + op(p) vdz = —(p,v:(v)) for all v €
H(curl, Q). Lax-Milgram lemma shows that gr(p) is well defined for any p € H™'/2(div,T)
and continuously depends on p. In addition, Green’s formula shows that it satisfies

curl? or(P) +or(P)=0 inQ
div(er(p)) =0 on (17)

r(or(P)) =P onT.

2.6 Mean value and jump trace operators

The operators 7., * = D,N and ~,,* = D,N,R, T, correspond to trace of functions taken on
I' = 09 from the interior of the domain 2. We will also consider operators 7, ., * = D,N and
Vx,¢; * = D,N, R, T defined in the same manner, except that the trace is taken from the interior
of R3\ Q. In the definition of these exterior trace operators, the normal field m remains the
same, pointing toward the exterior of 2. We will also consider jump and mean value operators
defined by

[+ (V)] =74 (¥) = yx.e(v)

{f)/*(v)} = %(’Y*(V) +’Y*,C(V))7 * :DvNaRaT'
We define [7«(v)] and {7.(v)}, * = D,N accordingly.



3 Boundary value problems for the Hodge-Helmholtz opera-
tor

The principal part of the Hodge-Helmholtz partial differential operator is the Hodge Laplacian

—-Aju = curl(curl u) - nv(div u)

9 : (18)
ueX(A, Q) =Dom(A,) :=H(curl®*, Q) n H(V div, Q).

It will determine appropriate boundary conditions for the PDE A,u + k’u =0 on 9. From
now, for the remainder of this manuscript

we fix the parameter 7 to any strictly positive value.

The Hodge-Helmholtz operator is a symmetric, closed, densely defined operator on L2(Q)3.

Its domain X(A,Q) will be equipped with the norm ||uH§((A Q) = HquurIQ ot Hu”%div’g,

which turns it into a Hilbert space.

3.1 Green’s formula and boundary conditions

We embark on a variational treatment of the operator (18), which is based on Green’s formula
associated with it: using the compact notations for the trace operators from (4), (5), (7), and

(13) we find

fQ u-(-A,v)de = [Q u- (curl(curl v) —-nv(div v)) dx
= ap(u,v) - n{ywu,pv) + (\RV,yTU) (19)
= fQ(—Anu) -vdz -n{yNnu, V) +n{pu, Nv)
+{(YrV,yTU) - (YRU,YTV) ,

for u,v e X(A,Q) and with the positive semi-definite symmetric bilinear form
ay(u,v):= /5-2 curlu-curlv + ndivu divvde . (20)

A theory of boundary integral equations associated with the second-order operator —An—nzld
will entail a pair of ”dual” (in the sense of L?(I")-duality of their image spaces) trace operators,
roles played for the scalar Laplacian by the well-known Dirichlet and Neumann (conormal)
traces. However, as is evident from (19), all four trace operators ~yr, vx, V&, and 7p matter
for —A,,. The criterion for a meaningful selection of two pairs of complementary boundary
conditions is

1. that they are linked to variational problems for (u,v) - a,(u,v)+ [, u-v dx that spawn
a compact solution operator in L2(Q)3, and

2. that they allow imposing arbitrary functions from the trace spaces as inhomogeneous
boundary conditions.

The first option is the partitioning {~vr, Yx, Y&, 70} = {71 In FU{Vr, 0 }. From Section 2.3 we
learn that the corresponding trace spaces H™V/2(curl, I')xH~/2(T") and H™/?(div, T')xH'/2(T")



are L?(T")-duals of each other. These sets of traces induce the boundary value problems
(f e L2(Q)%)

-Ayu+u=f inQ, and -Ayju+u=f inQ,

Ye(u) = n(w) =0 onT, (1) = 7(w) =0 onT, (2D

respectively. The associated variational problems are posed on the spaces Hy(22)3 = Ho(curl, Q)n
Ho(div, Q) and X(). As X(9) fails to be compactly embedded in L2(Q)3, the right BVP
in (21) will not give rise to a compact mapping L%(02)? - L2(Q)3, f = u.
Remark 3.1. We point out that for the left BVP from (21) general inhomogeneous boundary
values in H™Y2(curl,T') x H™'/2(T") cannot be imposed. If I" is smooth, then setting yru = 0
will imply u € Xy(Q) ¢ H'(Q)? [1, Cor. 2.15], which, in turns, means vy (u) € HY/3(T'): yyu
cannot be made to match general boundary values € H™1/2(().

The second option is the partitioning {yr, ¥~ V&, 7o} = {¥1:70} U {8, I~ }, Which also
accommodates L?(T")-duality of trace spaces on both sides. This grouping of traces spawns
the two boundary value problems (f € L2(Q)?)

-Aju+u=f inQ, and -Aju+u=f inQ,

Ye(w) = 7o(w) =0 onT, Ju(w) = () =0 on T, (22)

respectively. The underlying variational problems are posed on the space Xy(£2) and X (),
which are both compactly embedded in L2(Q)3, see §2.2. Hence, both solution operators
f > u will be compact in L2(Q)3. We conclude that this grouping of trace operators provides
the right pair of “Dirichlet” and “Neumann” traces for the Hodge-Laplacian. For the sake of
brevity, we write for the associated “Dirichlet” and “Neumann” trace spaces

Ho(T) = H 2 (cwr,T) x H*23(T) , Hy(D):= H 2 (div,T) x H2(T) . (23)

Remember that H'/?(I") is by definition the L?(T')-dual to H*'/2(T") and (see [7] for exam-
ple) H-/2(div,T) is L?(I')-dual to H™'2(curl,T"). As a consequence Hy(T) is topologically
dual to Hp(T') with respect to the canonical pairing induced by the combined L?(T") inner
products

((p). () = [wvepgdo, Vwp)eHp(D), V(v eHu(T)  (24)

As concise notation we introduce two continuous vector trace operators Ty, : X(A, Q) - Hp(T")
and Ty @ X(A,Q) - Hy(I'). As explained above, they should be regarded as generalized
counterparts of Dirichlet/Neumann traces, and are given by the formulas

To(u) := (yr(u),nyw(w))  Tx(u) = (yr(w), ().

They permit us to rewrite (19) in the compact form
LAy~ Ay () da = (), To)) ~ (R, Tow) Vv e X(A,9). (25)

The current selection of boundary conditions also makes it possible to prescribe arbitrary
”Dirichlet” or ”Neumann” data as confirmed by the following finding.



Lemma 3.2.
There exists a continuous lifting map Ry : Hp(I') = X(A,Q) (resp. Ry : Hn(I') - X(A,Q))
such that T, - Rp =1d (resp. Tx Ry =1d). In particular T, and Ty are surjective.
Proof:

Observe that the range of the liftings 0., * = D,N, T, R is contained in X (A, Q) according
to (15), (14), (16) and (17). As can be checked straightforwardly, for any (e, q) € Hp(I'),
the operator Rp(a,q) := or(a) + 7 1(Id - or - v1) - 0p(q) fullfils the assertions of the lemma.

Similarly, for any (3,p) € Hx(T), the operator Ry(8,p) := ox(p) + (Id = ox - Vv ) - 0r(B) meets
the requirements of the lemma. O

Like in the case of more standard trace operators, we will need to consider operators
To.e = (Yr,e,0Yp,e) and Ty = (Yo, In,c) defined in the same manner as Ty, Ty except that the

traces are taken from R? \ Q. We will also need mean value and jump operators defined by
[T.]=T-Toe and {T}=4(T.+To).  +=DN.
These operators will naturally come into play when considering transmission problems and

boundary integral operators associated with the Hodge-Helmholtz equation.

Remark 3.3. The significance of the boundary conditions in (22) has long been recognized.
They are prominently covered in [21, Sect. 1.1] and [22, Ch. 5]. From [31, Sect. 1.6] we learn
that they render (22) elliptic in the sense of Lopatinskii-Sapiro. That 7T;, and 7y are "natural”
for the Hodge-Laplacian is also highlighted in [15, §2.2.2] and [12, §1.c]. In the context of
exterior calculus 7, and Ty are converted into each other by applying the Hodge operator.

Remark 3.4. As key difference to the variational theory of boundary value problems for
strongly elliptic partial differential operators [20, Ch. 4] is the failure of a crucial identity:

(Tx(a), To(u)) # ay(u,u) for someueX(A,Q), Ayu=0. (26)
Changing a sign in Definition (24) of the duality pairing could fix this, but would thwart (25).

3.2 Spectrum of A, in bounded domains

For the Hodge-Helmholtz operator —An—IQQId equipped with either set of boundary conditions
from (22), uniqueness of solutions will break down for x? contained in the spectrum of A,
(plus boundary conditions), which is a pure point spectrum for bounded 2. Therefore we
study the spectrum of the Hodge-Laplace operator in the bounded domain Q with either
Dirichlet or Neumann boundary conditions,
&(A;,Q2)={AeC[IveX() {0},
A, v=AvinQ, T.(v) =00n 02 } , where * =D,N.

Due to the compact embedding of X+(€2) and Xy () into L2(Q)3, cf. [26], the operator Aj

has a self-adjoint compact resolvent and, consequently, G(A;,Q) is a discrete subset of R,
accumulating at oo.

Proposition 3.5.
Assume that Q is bounded. Then &(A;, ) = Ay unAy where

Ap:={AeC|IveH (Q)\ {0}, ~-Av= v inQ, 7 (v) =0 0n IN },
Ar:={XeC|3veH(curl,Q)\ {0}, curl®>(v) = A\v in Q,
vr(v) =0 0on 0, div(v) =0inQ } .



Proof: Pick some A € §(A},Q) and consider v € X(Q) \ {0} such that ~A}v = Av in  and
To(v) =0. If div(v) = 0 in €, since in particular yp(v) = 0 on 952, we conclude that X € Ar.
Otherwise, we have Adiv(v) = —-div(A,v) = —-nAdiv(v) in 2, and then X € nAp. This shows
that (A, Q) c Ayx unhy,.

Conversely, take A € Ay, and consider v € H(curl, Q) \ {0} satisfying curl®*(v) = Av and
div(v) = 0 in , as well as yp(v) = 0 on 9. We have in particular v € X(€Q) \ {0}, and
Av = curl?(v) = curl®(v) - v div(v) = ~A,v on Q. This proves Ay c 6(A),9Q).

Finally take A € Ap, and consider v € H'(Q)~{0} such that —~Av = Av in Q, and 7,(v) = 0 on
0. Set w := Vu. Clearly curl(w) = 0 and div(w) = —\v € L?(Q) so that w € X(2). Moreover,
if w =0, then we must have v = ¢ for some ¢ € C, and ¢ = 0 due to 7,(v) = 0 which is in
contradiction with v # 0. So w € X(©2) ~\ {0}. Clearly yp(w) =0 on 92 as v admits a constant
value (zero actually) on 99, and div(w) = Av = -\ € H}(Q) shows that 7,(divw) = 0, so
that 7p(w) = 0. Finally, since curlw = 0, we have -A,w = —nV div(w) = -nV(Av) = nAw in
Q, so that n\ € §(A,),Q). This shows that nAp, ¢ G(A,, Q) and concludes the proof. O

An analogous result holds for Neumann type boundary conditions. We do not provide the
proof as it is very similar to the previous one.

Proposition 3.6.
For bounded Q we have G(A}, ) = Ag unAy, where

Ay:={AeC|IveH (Q) {0}, ~Av = v inQ, 7n(v) =0 on 99,
/Cvda: =0 Vconnected components C' of Q. } ,
Ar == {XeC|3veH(curl,Q)\ {0}, curl®*(v) = A\v in Q,
Yr(v) =0 on 99, div(v) =0inQ } .

Note that the sets Ap, Ay do not contain 0. On the other hand, if the second Betti number
of €2 does not vanish, that is, if € has cavities, then 0 € A;. Conversely, 0 € Ay, if the first
Betti number of 2, which counts the number of handles, is non-zero.

Now that we have a precise description of the spectrum of the operator A, we can state
well-posedness results for boundary value problems associated to this operator, as a direct

application of a Fredholm alternative argument combined with the compact embedding of
X1 (Q) and Xy (02) into L2(Q)3.

Proposition 3.7.
Let Q be a bounded Lipschitz domain. If k? € C~ (Ap UnAp), then for any g € Hp(T) the
following boundary value problem admits a unique solution,

u e X(92) = H(curl, Q) n H(div, Q) with
-Au-r?u=0 inQ, (27)
To(u)=g onT.

and the solution map is continuous: there exists a constant C' > 0 independent of g such that
lalx () < Clgly, . Similarly if k2 € C N (AR UnAy), then for any g € Hy(T) the following
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problem admits a unique solution,
u e X(92) = H(curl, Q) n H(div, Q) with
~Ayu-r*u=0 inQ, (28)
Tu(u)=g onT.

Moreover the solution map is continuous: there exists a constant C > 0 independent of g such
that |[ufx () < Clglu(r)-

3.3 Conditions at infinity

Boundary value problems for -A, and -A, - x%1d posed on unbounded domains 0 with
compact Lipschitz boundary I, require suitable “boundary conditions at co” to be well-posed.

3.3.1 Hodge-Laplacian (static) case k=0

To deal with static problems we consider the weighted space W(€2) consisting of the closure
of € (Q) = {y|a, v € € (Q) and supp(y) is bounded} for the norm

comp

lv(z)?
1+|xf?

IV vy = | eurl(v) [Eaqay + I div(¥) Eaqey + [,

The dual space to W(2) is denoted by W(€Q2)" and equipped with the canonical dual norm.
According to [25, Lemma 6], a weighted Poincare-Friedrichs inequality holds in this fonc-
tional framework: there exists a ball B ¢ R and a constant C' > 0 such that C HVH%\,(Q) <
I curl(v)Hiz(Q) + | div(v)||iQ(Q) + HvHiQ(QnB) for all v € Xjoc(€2). Thus W(Q2) with zero tan-
gential or normal components imposed on I' will supply a framework in which -A, is of
Fredholm type, see also [31, Sect. 2.5].

Proposition 3.8.

Assume that Q c R? is a Lipschitz domain such that either Q or R3\ Q is bounded. Denote
Wp(2) == {u e W(Q), nx (uxn) =0} and Wx(Q2) := {ue W(Q), u-n =0}. Then for
* =D or * =N, the continuous operator =Dy : W, (Q2) - W.(Q)" defined by the bilinear form
(=Dyu,v) = [ curl(u) - curl(v) +n div(u) div(v)dx Yu,v e W.(Q2) is of Fredholm type.

Of course the operators D, : Wp(2) = Wp(Q)" and Dy : Wi (Q) - Wy (Q)" are not one-to-one
in general. They admit a priori non-trivial kernels whose dimension is related to the topology
of the domain €.

3.3.2 Hodge-Helmholtz case

In the case of a wave equation the treatment of infinity is different, and we have to introduce
a radiation condition. Following [15] we consider

lim |curl(u) xn, —wn, x (uxn,)|*do, =0 if Im{x*} =0
p—>o0 JOB, (29)
lim [613 |curl(u) x n,|* + |n, x (uxn,)?do, =0 if Im{x*} >0

p—)OO p
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and
lim - lVndiv(u) - kn,-udo, =0 if Im{x?}=0
P

p—>00

lim |div(u)]* +|n, - ul*do, = 0. if Im{x%}>0.

p—>00 p

(30)

that can be regarded as a variant of Silver-Miiller’s radiation condition, a key concept in the
analysis of Maxwell’s equations in exterior domains. Here B, denotes the ball of center 0 and
radius p, and n, refers to the unit normal to 9B, directed toward the exterior of B,. The
next result was established in [15].

Corollary 3.9.
Assume that R3 \ Q is bounded and k? € Cy == {2z € C: Im{z} > 0}. Then for any g € Hp(T')
there exists a unique solution to the problem

u € Xjoe(Q)  such that
-Aju- u=0 inQ
To(u)=g onT

u satisfies (29)-(50)

(31)

and the solution map is continuous: for any ball B c R? there exists a constant C > 0 inde-
pendent of g such that |[u]xonp) < Clglwu, )y Similarly for any g € Hy(T') there exists a
unique solution to the problem

u € Xjoe(Q)  such that
-Aju- u=0 inQ
Tv(u)=g onT

u satisfies (29)-(50)

(32)

Moreover the solution map is continuous: for any ball B c R? there exists a constant C' > 0
independent of g such that |u]xnB) < Clg]w(r)-

4 Representation formula

4.1 Fundamental solution

Fundamental solutions enter boundary integral formulations as a crucial building block. For
the Hodge-Helmholtz equation explicit expression can be found in [15]. In a much more

general context of exterior calculus on a manifold, fundamental solutions are also studied
in [21, Sect. 3.1] and [22, Ch. 2].

Lemma 4.1.

For k2 € C; the unique smooth function G, : R3*\ {0} - C¥3 satisfying —A,Gy —£*G,, = 6o-1d
in the sense of distributions and the radiation conditions (29) and (30) for k # 0, or the decay
conditions implicit in W(Q) for k=0, is (continuously extended to k =0)

Gr(x) =G ()Id + k2V3 (G () - %r(x)) . (33)

where 9, (x) = exp(1k|x])/(4n|x|) is the fundamental solution for the scalar Helmholtz equa-
tion and R = K[\/1.
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In the statement of the lemma, dy denotes the Dirac distribution centred at @ = 0, Id is
the 3 x 3 identity matrix, and v? is the Hessian matrix. The equation —A, Gy - k%G, = §p-1d
means that, for any constant vector a € C*, we have ~A, (G, (z)a) - £°Gy(x)a = §(z) a.
In (33) observe that, for n = 1, we recover G, (x) = % (x) Id, necessarily, since the operator
A, for n = 1 coincides with the classical vector Laplace operator. Appealing to the series
expansion of the exponential confirms existence of an entire function §; : C*> - C such that

ik -1k (k)% = (1R)?
() ~x(w) = " L g el ). (59

4 T

From this we conclude by direct calculation that there exist two other entire functions ga, gs :
C? - C that are analytic in the whole complex plane, and such that

1 1-n x-xl . . x-xl
Gp(z) = Id d- =" JzDId - g3k, |z)) S=— ). 35
(@) = ot g (1 T ) e el - go( 2 = ). (39)

=Go(x)

This reveals that lim,_0Gx(x) = Go(x) for all  # 0. Finally, let us examine what is the
effect of changing the value of k on the kernel in (33). Based on (35), we see that there are
two entire functions gy, §5; C* - C such that

.’IJ'.’L‘T

Gr(z) - Gu() = ga(k, v, |l2)Id + g5 (r, v, |2]) (36)

>

Thus, (k,v) = Y.(x) -9, (x) is an entire function C* — L= (R3)3*3.

4.2 Representation by boundary potentials

To derive a representation formula associated to Equation (22), we will mimic the approach
of Costabel in [11]. Let 7] : Hx(T') = Hp(T) - X(A,Q)" refer to the operator adjoint
to Tp ie. (T1(p),v) = (p,To(v)) for all p € Hy(T) and all v € X(A,Q). We define T :
Hp(T) - X(A,Q) in a similar manner. Note that, since ‘chmp(R?’) c X(A,Q), we have
X(A,Q) ¢ Cnp(R); in other words, 77(p) and T{(q) are distributions with compact
support, for any p € Hy(T'), and any q € Hp(T').

Consider any u e L2 (R?®)3 such that ulg € Xjoc(A,2) and ulgs.q € Xioc(A,R3\ Q). Let
f e L2 (R?) be defined by flo = (-A,u - k*u)|q and flgs.q = (-A,u - k?u)|ps.q (restriction
here should be understood in the sense of distributions). Let us compute the value of -A,u-
x*u as a distribution in this case. Pick an arbitrary ¢ € %C‘fmp(R?’ ). Apply Green’s formula

(25) to obtain
(~Ayu - £, @) =—Lu(An<p+/~c2<p)dm—ng\ﬁu(Ancp+/£2cp)dm
- [ fpda+ (To(w) () - (Tolp), Ta(w)
v [, fede = (To(w), T5(@)) + (To(9), Trc(w)

= fR3 fode + ([To(w)], Ts(#)) = (To(e), [Tx(W)]) -
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Above we used the fact that, since ¢ is smooth across the boundary I', we have Tp () =
To(e) and Ty c(¥) = Tn(p). Since the calculus above holds for any ¢ € 6.5, (R?) we finally
conclude that, in the sense of distributions, we have

~Agu- =470 [To(w)] - 75 [Ta(w)] (37)

This leads to an expression of u by multiplying on the left by the convolution operator
associated to the (outgoing) Green tensor G, given by (33),

u=G,*f+SL; [Tx(u)]+ DL, - [To(un)]
where SL.(p) = -G+ Ti(p) for peHy(T), (38)
DL, (v) = +Gy, * Ty (v) for veHp(T).

The convolutions above should be understood in the sense of (C3-valued) distributions. We
will call SL,; (resp.DL,;) the Hodge-Helmholtz single (resp. double) layer potential by analogy
with the classical potential operators for the scalar Helmholtz equation. To derive their
integral representations, note that for « ¢ I" the j-th component of the potentials at @ is

ej-SLy(p)(®) = = (p, To (G - -)e)))

(39)
ej-DLx(v) () = (Tx (Gr(z - -)e;) ,0) ,

where e; stands for the j-th Cartesian unit vector, j = 1,2, 3.

First, we establish an integral representation formula for the Hodge-Helmholtz single layer
potential. We write p = (p, o) € Hy(I') = H_%(div,F) x H_%(F) and split the duality pairings
into their components, which yields

ej - SLx(p) (@) = =(p, 11 (Gu(x - -)e;)) = (@, 1 (Gr( - )e;)) - (40)

For the sake of brevity we set 9, (x) = m‘Q(%N(w) - @ (x)) with notations from Lemma 4.1.
Then, denoting 0; := e; - V, the two terms on the right-hand side of (40) evaluate to

(P11 (Gu(@=e) = [ PW)- (%@ -y)e; + (V07 (@ -y)) do(y).
(@ 30(Gn(@ =)e) =1 [ aly) divy (%@ - y)e; + (V0,9,) (@~ y)) do(y)
=1 [ a(®) (99w - y) + (9;09) (2 - y)) do(y)

- fr(aj%;)(w ~y)a(y)do(y),

where we used the identity AY,(x) = ~%.(x) + "% (x) for = # 0. Collecting vector compo-
nents and integrating by parts on I' we arrive at

SLx(p)(z) = — [F % (x -y)p(y) do(y)
- [(vF) (@ - y) dive p(y) do(y) (41)

+Ve [ (@ -yay)do(y).
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Remark 4.2. Generically the integrals [i....do(y) in (41) have to be read as duality pairings.
However, all kernels are integrable on I'. Therefore, the integrals can be understood as
classical improper integrals provided that p, a, and divp p belong to L*(T").

A similar integral formula can be derived for the Hodge-Helmholtz double layer potential
DL, starting from

(Tx (Gr( = -)e;) ,0) = (1 (Gu(x - )e;) ) + (1 (Gu(z - -)e;) , B) (42)
where v = (q, ) € Hp(T) = H_%(curl,F)xHJ’%(F). Next, we use curl(G.(x)e;) = curl(¥4.(x)e;-

V29, (x)e;) = (V¥9,)(x) x e, which is applied to manipulate the first term in (42). By means
of the identity a- (b xc) =c-(axb), a,b,c € R3, we thus obtain

O (Gl e).a) = [ a(y)-n(y) x curl, (Co(a - v)ey) do(y)
_ fr((v%)(m -y) xe;)-(a(y) xn(y)) do(y)
- —¢;+ [ (a(y) xn(y)) x (V4 (@ - y) do(y)

=e;- /F curly( %:.(z - y)a(y) xn(y) ) do(y)

which finally yields the vector identity

(7 (Gu(z =) @)}, = curl, fr%(w -y)(a(y) xn(y))do(y) .

The second term in (42) can be transformed to
(s (Cul@=)e)) ) = [ By) (n(y) -Gz -y)e;) do(y)
- [ F@-y)B@In) e+ B0 7T (@~ y) - n(y) do(y) -
Again, assembling vector components we get
(s (Cul@ =)e;) By = [ Gl - y)n()B(y) do(y)-
Ve [ n(y)- (V) (@ -y)B(y) doy)

We end up with

DL(a)(@) = curl, [ F(@-y)aly) xn(y) do(y)+
| G- p)n@)s(y) do(y)- (13)
Ve [ n()-(VF) (@ -y) B(y) do(y)

Remark 4.3. Also in the case of (43) the integrability of the kernels permits us to regard the
integrals as classical improper integrals provided that q, 8 € L=°(T").
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5 Properties of potentials

Now we examine the continuity properties and jump relations for the potentials given by the
expressions (41) and (43) above. We first scrutinize their building blocks. We will repeatedly
rely on continuity properties that were established for more classical potential operators,
see [11] (for scalar-valued potentials) and [8] (for vector-valued potentials).

5.1 Scalar single-layer potential

Before studying in detail the properties of the operators (41)-(43), we review properties of
the classical single-layer operator 1, that maps any o € H™Y/ 2(T") to the function (v € C,)

(@)@ = [ a9 (@-y)do(y), @<R\T. (44)

Recall that ¢ maps continuously H™/2(T') into HL. (A, Q)xHL (A, R3\Q), see [30, Sect. 3.1.2].
Besides, we have A, (a) = 129, (a) and curl(Vi,()) = 0 both in Q and in R? \ Q. We
conclude that V), maps continuously H™Y2(I") both into Xjoc(A, Q) and Xioc (A, R3 N Q).

In addition, we know that 1, () € HL (R?) for any « € H~'/2(T"). Classical jump relations

for this potential operator read [7p] -1, (a) = 0 and [7v] - ¢y (@) = a [30, Sect. 3.3.1]. Since
div(ve, (a)) = -v*,(a), we conclude that

(] Viu(a) =0,  [yr] Vi (a) =0,

(] Vi (a) =0,  [w] Viu(a) =a.

(45)

5.2 Vector single-layer potential

Similarly, we may consider a vector version of the single-layer potential denoted ¥, that maps
any tangential p € H"Y/2(divp,T') to the function

Uy (p)(z) = frp(y)%(w—y)da(y)-

We know from [6] that ¥, continuously maps H;l/ 2(F) into HL _(R*)3, which immediately
implies [yr] - ¥(p) = 0 and [yy] - ¥(p) = 0 for all p € HY/?(div,T'). Moreover we know
from [19, Lemma 2.3] that div(¥,(p)) = ¢, (divpp) so that [vp] - ¥, (p) = 0. Finally the

jump formulas from [8, Thm. 7] imply that [yg] - ¥, (p) = -p. To sum up we have

[’YD] : \IIU(p) =0, ['YT] ) \Iju(p) =0,
[VR] : \Ilu(p) =P, ['YN] . ‘I’V(p) =0.

Since div(¥, (p)) = ¢, (divr p) and 1, continuously maps H™/2(T) into HL (A, Q)xH{ (A, R3\
Q), we conclude that ¥, continuously maps H™'/2(div, T) into H(V div, Q) x H(V div, R*\ Q).
In addition AV, (p) = -2V, (p) in Q (resp. R*\ Q), and since —~A = curl(curl -) - v(div -)
we conclude that ¥, also continuously maps H™'/2(div,T) into H(curl?,Q) x H(curl® R? \
Q). In conclusion, we see that ¥, continuously maps H™'/2(div,T") into Xp,c(A,Q) (resp.

Xioe (A, R\ Q)).

(46)
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5.3 Maxwell double layer potential

Finally let us consider the operator p — curl¥,(p) the so-called Maxwell double layer po-
tential [8, (28)]. It is well established that curl®¥, continuously maps H™/?(div,T') into
Xioc(A, Q) (resp. Xioe(A,R3\ Q)), see [8, Thm. 5].

As regards the behavior of curl ¥, across I, first note that, obviously, [yp] - curl ¥, =
0. In addition observe that vz(p) x n = 7 - curl(p) so that, according to (46), we have
[vr]-curl¥,(p) = n x p. Next, we have [yy] - curl ¥, (p) = curlp([yr] - ¥, (p)) = 0. Finally
we have [yg]-curl ¥, (p) = 0, which is a well established result of potential theory related to
Maxwell’s equation [9]. To summarize we have

[vp]-curl¥,(p)=0, [yr] -curl¥,(p)=nxp,

[(Yr]-curl¥,(p) =0,  [w]-curl¥,(p)=0.

(47)

5.4 Normal vector single-layer potential

In this paragraph we examine the properties of the operator T, = G, * 74 also explicitely
described by the following expression

To(@)(@) = [[a@)Cule-y)-n(y)do(y),

which amounts to a vector single layer potential supplied with a purely normal vector field.
From the explicit definition (33), we see that the kernel G, (x) admits a pseudo-homogeneous
expansion of degree -1 (see [17, Def. 7.1.1]) so that the associated potential u = [ps G, (x -
y) -u(y)do(y) is a (vector) pseudo-differential operator of order -2. Since vy maps contin-
uously Hiye(div, R?) into H™Y2(T), the transpose operator 4% : H*/2(I') - Hy,.(div,R?) c
Hg(}mp(R?’) is continuous, so that Y, maps continuously H*'/2(T) into Hi (R?)3.

By construction we have A, T, (a) = 22T, (a) in Q (resp. in R3\ Q) for any o e H/2(T).
Besides curl Y, (o) = curl ¥, (an) so that T, maps continuously H'/2(T") into H(curl?, Q)
according to §5.2 above. To sum up then, T, continuously maps Hl/z(l“) into Xjoc(A, Q)
(resp. in Xioe(A,R*\Q)). From the discussion above, we also conclude that [yy]- Y, = 0
and [yr]- Y, =0.

Now observe that for any constant vector a € C3 we have div(G,(x)-a) = n7'a- V¥ (x)
where 7 = v/,/n. Based on this observation, for any a € H'/2(T), the following identity is
easily derived

div (T, ()(x)) = %./Fa(y)n(y) (V9) (@ —y) do(y) VaeRP\T.

In the expression above we recognize the well-known scalar double-layer potential arising
e.g. in the analysis of acoustic scattering problems (with wave number ), see [30, §3.1]. Let
DL; :=ndiv (Y, (-)): H'/2(T) - H (A, Q)xHL (A, R3\Q) refer to this continuous operator.

From the standard jump properties of the double layer potential, we deduce [yp]- Y, () =
n~' []-DLs(e) = af/n.

General jump relations for the curl of vector single layer potentials are given in [10,
Thm. 6.13] and [27, Sect. 4] for smooth domains, and in [22, (6.8)] for Lipschitz domains and
surface vector fields in LP(99Q)3, 1 < p < oo. They tell us that the tangential components of
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curl T, () will not jump across 9€2. To summarize, we have established the following jump
relations
[l Yule)=afn,  [y]-Tu(a) =0,

[ye]- T (a) =0, [w]-To(a) =0.

(48)

5.5 Regular potential
For n # 1 the potential

b@)@) = [ F(@-y)a)do(y) @R {0}, (49)

with &, := v=2(%,-%;), occur in both the vector Helmholtz single and double layer potential.
By (34), the kernel .. is the sum of a constant and a pseudo-homogeneous kernel of degree 1 in
the sense of [17, Def .7.1.1], see, e.g., Remark 3.1.3 and Lemma 3.9.8 in [30] for further details
on this classical point. Consequently, ¥, provides a continuous mapping H™/ X)) - H?O . (R3),
which ensures continuity of all relevant traces across I' and also continuity of the mapping
Vb, : HY2(T) > Xioo (A, R?). Tt seems that 4, suffers a blow-up for v — 0. However, note

that, also owing to (34), there is an entire function gg : C* — C such that

~ 1-nax
v, () = 8777—

n ||

Hence, szy turns out to be an entire function of v € C!

+ 6 (v, yg;y)% e L(R3)3. (50)

5.6 Potentials for vector Helmholtz operator

Using the above notations, the vector Helmholtz single layer potential (41) can be recast as

SL.(p) = -Vu(p) - Vi (dive p) + VYz(@) , p=(p,a)eHn(T). (51)

From the continuity properties previously established for Vi), ¢, and U, we deduce directly
that SL, continuously maps Hy(T') into Xijoe(A, Q) (resp. Xioe(A,R3 N Q)). Moreover the
jump identities (45)-(46) show that

[T5]-SLu(p) =0,  [Tx]-SLu(p)=p  VpeHy(D). (52)
As regards the vector Helmholtz double-layer potential (43), we find for q = (q,3) € Hp(T")
DL(q) = curl U, (q x n) + T,(5). (53)
Thus, we can appeal to the jump formulas (47)-(48) to deduce
[To] - DL.(p)=p , [TN]-DLu(p) =0, Vp=(p,a)ecHp(T). (54)
The next theorem summarizes our findings.

Theorem 5.1.
We have the jump relations:

[To] - DLk(p) =p, [Tn]-DL:(p)=0  VpeHp(D),

[713]8['/{(]3) =0, [7;1]8[%(’3) =p Vpe,HN(F)'

Note that, since both 7T, and Ty are pairs of trace operators, the theorem above actually
contains eight identities, not just four.
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5.7 Calderén projector

So far, we have derived the representation formula (38) involving the layer potentials (41) and
(43), and we established corresponding continuity properties. It is natural to define associated
Calderon projectors, as this is a key concept in reformulating boundary value problems as
integral equations [8, Thm. 8]. In the present context, the Calderén projector will be the
continuous map

Ho(I') x Ha(I') = Hp(I') x Hn(I)
[ p o %‘Dﬁn(p) +7B'S£,<(CI) . (55)
q 7-ND£n(p)+7?\IS£H(q)

Recall that the spaces Hp(I'), Hn([') are products of two atomic trace spaces each, and
that each operator 75,7y involves a pair of trace operators. As a consequence €, could be
interpreted as a 4 x 4 matrix of boundary integral operators. It is a projector whose range
caracterizes the traces of solutions to the equation —A,u - k%u = 0 in Q; we have a result
analogous to [30, Prop. 3.6.2] or [8, Thm. 8§].

Proposition 5.2.
The operator € defined in (55) is a continuous projector. Its range (resp. kernel) are the
traces of solutions of homogeneous inner (resp. outer) boundary value problem

range(€,) := {(To(n), Tx(n)) | u e Xioe (A, Q), Aju+k*u=0inQ,
satisfying (29)-(30), if Q is unbounded }

ker(€y) = {(Toc(u), Tnc(u)) | e Xioe (A, R3NQ), Aju+r’u=0inR3\Q,
satisfying (29)-(30), if R3\ Q is unbounded }

We do not provide the proof of this result because it follows a very classical argument (see
e.g. [32, §6.6]). Essentially, the theorem is a direct consequence of the representation formula
(38) and the jump relations of Theorem 5.1.

6 Boundary integral operators

This core section will be dedicated to the study of the invertibility of the first-kind boundary
integral operators T, - SL,; and Ty - DL, associated with the Hodge-Helmholtz single and
double layer potentials (41) and (43). Our notion of a first kind boundary integral operator
is that of a mapping between (trace) spaces that are in duality with respect to an L2(T")-type
pairing. Then it is natural to adopt a variational perspective and study the induced bilinear
forms on trace spaces.

Remark 6.1. We would like to point out two obstructions to applying the simple standard
argument showing coercivity of first-kind boundary integral operators in the case of strongly
elliptic PDEs [20, Thms. 7.6 & 7.8]:

1. The observation (26) and the resulting failure of {(p, 7y -SLo(p))) to define an “energy
trace norm” on Hy(T').

2. The missing compact embedding of X () into L(Q)? even for bounded Q.
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6.1 Injectivity

Insights into the uniqueness of solutions of boundary value problems as gleaned in Propo-
sition 3.7 and Corollary 3.9 permit us to determine, when the kernels of boundary integral
operators will be trivial.

Proposition 6.2.
Assume that € is a bounded Lipschitz domain.

(i) If k* € Cy ~ (Ar unAp) then the operators Ty - DL + Hp(I') - Hp(T) and Tp - SLy
Hx(T) = Hp(T') are one-to-one.

(i) If K% € Cy N (Ag U Ay) then the operators Ty - SL, : Hx(T) — Hx(T') and Ty - DL, :
Hp(T') = Hy(T') are one-to-one.

Proof: We show the result only for the first operator T, - DL,. The proof in all other cases
is similar. Assume that 2 ¢ A UnAp, and that T - DL.(p) = 0 for some p € Hp(T).

Define v, (x) = DL.(p)(x) for x € Q. By construction v, € X(Q) and it satisfies —-A, v, -
k2v, =0 in Q and To(vy) =0 on 0. As a consequence v, = 0 according to Proposition 3.7,
which implies in particular 7y(v,) = 0.

Now set v_(x) = DL.(p)(x) for € R\ Q. By construction v_ € Xjo.(R? \ Q) and
it satisfies —~A,v_ - x?v_ = 0 in R* \ Q as well as the radiation conditions (29) and (30).
It also satisfies Ty c(v-) = Tae - DLu(p) = Tn(vy) — [Tn] - DL (p) = 0 according to Theorem
5.1. Applying Corollary 3.9, we conclude that v_ = 0 in R? \ Q. Finally, this implies p =
[To]-DL(p) = To(v+) = Toe(v-) = 0. o

Similar arguments yield the analogous result in the case where R \ Q is bounded (and
not ).

Proposition 6.3.
Assume that R® N\ Q is a bounded Lipschitz domain.

(i) If k% € Cy ~ (Ar UnAp), then the operators Ty - SLy : Ha(I') — Hy(T) and Ty - SL,
Hx(T) > Hp(T') are one-to-one.

(ii) If k? € Cy N (Ag UnAy), then the operators Ty - DL, : Hp(T) = Hp(T) and Ty - DL, :
Hp(T') > Hy(T') are one-to-one.

6.2 Tools

To simplify notations we introduce the inner products

(@B = [ G(@-y)a@)By)do(e.y), apH (D),

(P = [ G(@-yp@a@) do@y). poacH (0)/H(D).

Both sesqilinear forms are strongly coercive in H_l/Q(I‘)/HI;lﬂ(F)/H;lﬂ(F), and, thus, they

induce equivalent norms |-|_; o on these spaces. This is a classical result of potential theory,
see e.g. [30, Thm. 3.5.4]. Thus, in all estimates, we can replace H‘”H_I/Q(F)7 ||-HH,1/2(F), and
H'||H;1/2(F) with ||'||_1/2, and we will do so.
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In the study of first-kind boundary integral operators mapping properties of the surface
divergence divr will be crucial and are summarized in the next lemma. For the sake of brevity
we write

Hil/Q(F) ] PE Hil/z(r)| (p,1c) =0
* for all connected components C of I |~

Here 1< denotes the characteristic function of a subset C' c I'. This spawns straightforward
“orthogonal” direct decompositions

H*/2(I) = HE2(T) @ C. (D), (56)

where C,(T") is the finite-dimensional space spanned by the characteristic functions of the
connected components of I'. For later use we introduce the projectors Q, : H*l/Q(F) -

Hfl/z(F) and Q. : H*Y/>(T") > C, induced by (56). Which version to take will be clear from
the context.

Lemma 6.4.
The surface divergence divr s a bounded surjective operator

divy : H2(div,T) - H;'*(T") .

The surface rotation curly := Vr x n is a bounded injective operator
curlp : HY*(T') - H2(div,T) ,

with closed range and satisfies divp o curlp = 0.

As another tool we will rely on Hodge-type decompositions of divp-conforming tangential
surface vector fields, established, for example, in [8, Lemma 2].

Lemma 6.5.
There exists a continuous projector R : H™Y2(div,T') » H Y?(div,T") that

(i) is compact as a mapping HY/?(div,T) - H;l/z(F),
(ii) leaves the surface divergence of its argument invariant: divp oRp = divp,
(iii) and satisfies ker(Rr) = H™/2(div0,T") := {p e H /?(div,T), divpp = 0}.

To begin with, the projector Rr induces a stable direct decomposition of HY/ 2(div,T)
into closed subspaces:

H 2(div,T) = H Y2(div0,T) @ Y,, Y, =ker(Id - Rr) = Rp(H ?(div,T)) . (57)
Stability of the decomposition together with (iii) translates into an equivalence of norms
IPlea-1/2ae,ry ~ 1dive By jp + [(Id=Rr)p| )y ¥p e H Y (divy,T) . (58)

Combining Lemmas 6.4, 6.5, and appealing to the open mapping theorem yields the existence
of bounded one-sided inverses of the surface differential operators

divi H;A(T) > Y, | divpodivl. = 1d, (59)
curl} H2(div0,T) - H},/Q(I‘) , curl} ocurlp =1d. (60)
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Moreover, curliﬁ can be chosen such that
curlp ocurllt =Py on HY2(div0,I), (61)

where Py : H/2(div0,T) - curlp HY*(I') ¢ H"Y/2(div0,T) is the H-'/2(div, T")-orthogonal
projection.

6.3 Boundary integral operator 7p-SL,.: Coercivity

We shall now take a closer look at the operator Ty - SL,. We first start by deriving conve-
nient expressions for the bilinear form associated to it, reusing the potential operators 1, ¥,
introduced in Section 5. Recall (51)

SL(u) = ~U,.(p) - Vi (divr p) + Vibz(a)  Vu = (p, @) € Hy(T) = H 2 (div,T') x H 2 (T) .

Next, we use the surface Green’s formula [ q-~v:(VU)do = - [ divr(q) - 7(U)do for any
UeH, (Q) and any q € H/2(div,T'). Applying this formula to the above potential yields

O
the following expression (V¥ is given in (50) and vanishes for x = 0)

(@70 SLx(u)) == fm Go(x-y)p(y) - a(x) do(z,y)
- [ (F)(@-y) divep(y) - a(@) do(=.y) (62)

- [ (@-y)a@)-divra(@)do(e.y)

where, for the sake of conciseness, we have written do(x,y) for the product surface measure
on I' x T'. Since %,(x) solves the Helmholtz equation, we find Av.(8) = —x*¥.(B) and
At(B) = =1 (B) + n a(B) for any B € HY3(I), since 72 = n~'k2. Besides we have
div(V.(p)) = Yw(divr p) according to [19, Lemma 2.3]. As a consequence

n div(SLe(w)) =ne(divr p) - Y (dive p) - n¥,(dive p) - £*¥s(a)
=~z (divr p) - K2z (a)

Now recall that vyp(u) := div(u)|p. Thus, (62) and (63) show that, for any u = (p,a) € Hx(T)
and any v = (q, 8) € Hx(T'), we have

(63)

(To- SLa(w),v) =
- [ F(@-9)[p(v) a(@) + a(y) -divr a() | do(a.y)

- [ %@y [divr p(y) (=) + *aly) B(x) ] do(a. )

- [ Fu@-y)[divr a(@) dive p(y)-+* p(2) - a()] do(=.y) .

We point out that all the integrals depend analytically on & € C.

Remark 6.6. We hasten to add that, strictly speaking, all integrals have to be read as duality
pairings. For p,q,a, 3 € L°(I") an interpretation as classical improper integrals is possible.
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Some terms of the above bilinear form are just compact contributions that do not require
a detailed analysis.

Proposition 6.7.
Define Agr, : Hx(T') = Hp(T') through

(Asp(u),0) ==frxr o(z -y) [p(y) - a(x) + a(y) divp q(z) | do(z, y)+

(65)
[, G -y [dive p@)B (@) + o (y)B(@)] do(w,y)

foru=(p,a),0=(q,B3) € Hx(T'). Then the operator T, -SLy + AgL, is an analytic function of
k € C into the space of compact operators Hy(I') » Hp(T').

Proof:

First of all note that the third term in (64) is compact, because (50) shows that the kernel
VY, is a pseudo-homogeneous kernel of degree 0. The arguments of Section 5.5 plus the
Rellich embedding theorem yield compactness.

Secondly, reasoning as in the proof of [30, Lemma 3.9.8] we see that replacing ¥ by %
in the first and second term of (64) induces only a compact perturbation. This concludes the
proof. O

Now we are going to study the coercivity of the bilinear form (64). Thanks to Proposi-
tion 6.7, we can focus on Agr, only. For the selection of “candidate functions” in coercivity
estimates we introduce continuous operators =, : Hy(I') - Hx(T') defined by the formula
(projectors Q. and Q. induced by (56))

Zc(p,a):=((Id-Rr)p + VdivP Q.a,divpp+ Qear), vi=1+ %|/€]4. (66)
Lemma, 6.5 furnishes the relationships
divpo(Id-Rr) =0, (Id-Ry)odiv). =0,

which, together with the projector properties of Q., can be used to show that the bounded
operators mapping H™'/2(div,T') - H'/2(div,T), and defined as

(a,8) = ((1d - Rp)q + div}. Q. 8, v divr q + Q.8),) (67)

are inverses of =, for every x € C. Therefore, Z, is an automorphism of H™/2(div,T") for
every k € C,, continuously depending on x.

Theorem 6.8.
For any k € C there exists a compact operator K, : Hy(I') - Hp(I'), and a constant C' =
C(k) >0, such that

Re{((Tp - SL, +Kp)u, E(u) )} > C(/-i)||u||$_[x(r) Yu e Hy(T). (68)
Both, C(k) and K,, depend continuously on k.

Proof: Since T; - SL, only differs from Agy, by a compact perturbation according to Propo-
sition 6.7, it suffices to prove (68) with 75, -SL, replaced by Agr,. Using the notation (-, -)_1/2
from Section 6.2 we can write, for u= (p,a),v =(q, ) € Hx(T),

(AsL(u),v) = (p, Q)71/2 + (o, divp q),1/2 + (divp p75)71/2 + (o, 5)71/2 : (69)

23



Plugging (66) into the expression (69) yields
(Asp(u),E(1)) = ((Id ~Rr)p + Rrp, (Id - Rp)p + v div] Q*ﬁ)-uz "
(Q*oz + Qca, divp(Id = Rp)p +v divp div} Q,,oz)

—_— ~—
=0 =Id

(divp p,dive p + Qeat)_y g + K2 (a,divpp + Qea)_y/
= By (u,u) + Cy(u,u),

—12t

with expressions

B (u,u) = [ (Id - Rr)p”%I/Z tv ||CVH%1/2 + [[divp PH%1/2 + 5% (a,divp P)_1/2>
Cu(u,u) == (Rrp, (Id = Rp)p) 4, + ((Id - Rp)p, v div] Q*a)ilm + (Rrp, vdivi Q.a)

(dive p, Qeat)_y o + (5 -v) (o, Qear)_y/

-1/2

that can obviously be derived from sesqui-linear forms.

From Lemma 6.5 (i) and the fact that Q. has finite rank, we learn that the second sesqui-
linear form Cg(+,-) induces a compact operator, which depends polynomially on k € C. So
we are left with proving that the first bilinear form B(-,-) is strongly coercive on Hy(I"). To
begin with, Young’s inequality permits us to estimate

Bo(u,w)[ 2 [(Id=Re)p|2y 0+ v |al? 2 + [dive p[2,
=3Ik (elal2yy + L dive ol )
> [(1d = Re)p |20 + (v = 5l6lP€) a2y o + (1= 5 |6*) [dive p|2, o
for any € > 0. Plugging (58) into this estimate along with setting € := x? and v := 1+ |x[* yields

B(u,u) > [(Id - RF)pHgl/Q + ||Q*04H%1/2 + 5 [divr P||g1/2 :
Appealing to (58) finishes the proof. O
Corollary 6.9.
(i) The operator Ty -SLy : Hx(I') > Hp(T') is Fredholm with index 0.
(ii) Moreover, if k% € Cy N (Apr UnAy) then Ty, - SLy is an isomorphism.

Proof: Since =, is bijective, Theorem 6.8 implies that T;,-SL, + Ky is an isomorphism, where
K, : Hy(T') = Hp(T) is the compact operator coming into play in (68). Hence Ty, - SLj is a
compact perturbation of an isomoprhism, so it is of Fredholm type with index 0 according to
classical Riesz-Fredholm theory, see e.g. [20, Thm. 2.26]. Moreover, in the case k2 ¢ Ay UnAp,
the operator 7;, - SL,; is one-to-one according to Proposition 6.2 and 6.3, which implies that
it is an isomorphism in this case. O
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6.4 Boundary integral operator 7y-DL,.: Coercivity

We now focus on the operator Ty - DL, that in our theory plays a role similar to that
of the hypersingular operator in classical potential theory for the Helmholtz equation, see
e.g. [30, §3.3.4]. Using the notations introduced in Section 5 above, we have from (43) for all

u=(p,a)eHy(T) =H 3 (curl,I') x H*2(T)
DLi(u) =curl¥(pxn)+Ti(a).

As a first step, we derive the bilinear form induced by the operator Ty - DL;. First of all
observe that curly(G(z - y) -a(y)) = curly(9%.(z - y)a(y)) = (V¥%.)(x - y) x a(y) for any
a e C%(T)3, where curly, refers to the standard curl operator acting on G(x -y) as a function
of . From this we conclude that curl T, (a)(x) = [p(V¥:)(z - y) x n(y)a(y)do(y). To
further transform this expression, we use the vector calculus formula

[Lu@)a- (n(@) x Vro(@))do(@) = - [ v(@)a- (n(@) x Vru(@))do(z)  (70)

for all a € R?, u, v e H/2(T"). We can apply this formula taking u(y) = a(y), v(y) = % (x-vy),
and a = n(x) x q(x), where q € H™/2(curl, I") is some tangential vector field depending only
on  and hence constant with respect to y. This yields

(a7 - T(a))=- [r n(z) = q(x)- ( fr(v%)(m —y) xn(y)a(y) do‘(y)) do(x)
—_ fr fr a(y)(n(x) x q(x)) - (n(y) x Vy@.(x - y)) do(y)do(z)
- fr(n(az) xq(x)) - ( fr%(a: —y)n(y) x vra(y)dg(y)) do () .

Note that we used (V¥%.)(x - y) = -Vy(%(x - y)) in order to apply (70) to the above
calculus. Now we point that (A + k2)¥, = 0 as ¥, involves ¢,. From this we conclude that
curl? ¥, (p x n) = (Vdiv+x2) ¥, (p x n). Taking the trace 7z of this potential and testing
with tangential traces yields

(@, - curl Wy (pxn)) = - fm Y.(x - y)[ divr(n(z) x q(z)) divr(n(y) x p(y))
-r*(n(x) xq(z)) - (n(y) x p(y)) ldo(z,y) .

Since curl ¥, (p x n)(x) = [(V¥:)(x - y) x (p(y) x n(y))do(y), relying once again on
Formula (70) with a=n(y) xp(y), v =u(x) = f(x) and v = v(x) = ¥%.(x - y), we obtain

(B -curl ¥u(pxm) = [ G(@-y)(n(y) xp(¥))- (n(2) x V(@) do(z.y)

Finally, for arbitrary trace v(x) = (q(x), 5(x)) € Hp(I'), we obtain the following variational
form of Ty -DL,:

(T DLa(w),0) == [ G (@-y)ldive(n() < a(@)) divr(n(y) * p(y))
-r*(n(z) x q(@)) - (n(y) x p(y))] do(x,y)
+ [ @ -p)(n@) x a@)) - (n(y) x Vra(y)) (71)
+(n(y) xp(y)) - (n() x V()] do (. y)
¢ [ (@) Gu@-y) ny)a@)i@) do(e.y).
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The next result describes which parts of the above expression are compact and hence can be
”ignored” when investigating coercivity.

Lemma 6.10.
Define Apy, : Hp(T') = Hy(T') as the continuous operator inducing the following sesqui-linear
form:

(Apr(u),v) =B((nxp,a),(nxq,B)) ,
B(p*,a),(q",B)) == (dive p*,dive q*) ) + £* (P, @) _y o + (72)
(curlr Q.«, qx)_1/2 +(p”, curlp Q*B)_Uz )

for u = (p,a),v = (q,8) € Hp(T') and p*,q* € H’%(div,F), o, B € HY2(T'). Then for any
k € C, the operator Ty - DL, — Apr, : Hp(T') = Hy(T) is compact and depends continuously
on K.

Proof:
Note that am,Bn € L2(I')® whenever a, 8 € H/?(I'). In addition L*(T")? is compactly

embedded into H;l/ 2(F), and the bilinear form
p.a~ [ py) -Cu@-y)-a@)do(@.y)

is a continuous bilinear form over H;l/ 2(F ) x H;l/ 2(1“). As a consesquence the third term
in Expression (71) is compact. Next recall that replacing ¢ by % in the first two terms of
(71) only induces a compact perturbation, see e.g. Lemma 3.9.8 in [30]. After applying this
substitution, Apy, is obtained by simply re-arranging the first two terms of (71) and taking
into account curlr = Vr x n. O

To establish coercivity of the bilinear form (71), it suffices to prove a generalized Garding
inequality for the sesqui-linear form B(-,-) defined in (72). Let us introduce a bounded linear
transformation

1 1
H~z(div,[) xH2(I) — H 2(div,T') x H2(T),
-Rrp + pu(Id = Rp)p + curlp « (73)
Ccurl}(ld -Rr)p '

(1]

(p, )

with p € C, |u| = 1, such that R{zx?} = |k|* and ¢ = 2+ |k[* > 0. The operator Rr was
introduced in Lemma 6.5. The operator is bijective with inverse (Py defined in (61))

= (aq,B) =

~-Rrq+ ¢ eurlp B+ 17t (Id - Po)(Id - Rp)q] qeH 2 (div,T), (74)

curll. ((Id - Rr)q) - u¢18 BeHY2(T) .

1 1
We call ZE, a derived isomorphism Hz (cur, T')xHZ(T) — Hz (curl, ') xHZ2 (T") that involves
rotating the tangential vector arguments before and after the application of =.

Theorem 6.11.
For any k € C, there exists a compact operator K, : Hp(I') - Hx(T'), and a constant C =
C(k) > 0 such that

Re{((Tx - DLx + K)u, E@))} > CllulF, ry  VueHn(T). (75)
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Proof:Since, according to Lemma 6.10, the weak form of Ty - DL, agrees with B(:,-) up to
compact perturbations (and isometric rotations), all we have to show is the existence of a

compact sesqui-linear form k, on H 2 (div,T') x HY2(T") and of a constant C = C(x) > 0 such
that

B((p. ) Z(p.)) - kn((pr), E(p.0)) 2 C (Ip12, o ) *laliiin)  (76)

for all (p,a) € H 2 (div,I') x H/2(T'). We find

B((p,@),Z(p,)) = |[divr Rrp|?y 5 = 5° (P, Rrp)_y /5 + £° (Rrp, u(Id = Rp)p + curlp @)y, +
K270 (1d - RF)pH%l/2 + 1% ((I1d - Rr)p, curlp @) 19—
(curlpa,Rrp)_yj + i (curlp o, (Id = Rr)p)_y 5 +
leurlra|?, ), + ¢ (p, (Id - Rr)p)_y 5
= [divr RFP”%/Q +(C+£7m) | (1d - RF)PH%1/2 + |curlp 04”21/2 +
K2 ((Id - Rr)p, curlp 04)71/2 + 1 (curlp o, (Id - Rp)p),l/g +ks ((p,@),E(p,)) ,

with a sesqui-linear form

kli ((p7 a)? E(q7 /B)) == "12 (pa qu)—1/2 + "12 (R’Fp7 /’L(Id - RF)q + CurlF ﬁ)—l/Q -
(curlp o, Rrq)_y 5 + ¢ (Rep, (Id - Rr)a)_y 5

which will inherit compactness from Rr, recall Lemma 6.5 (i). By means of Young’s inequality
we estimate for arbitrary €, >0

B((p,a),E(p,@)) — ks (P, ), E(P, @)
= |[dive Rrp|?yj + (C+ #77) [(1d = Re)p[2, 5 + [eurlr |, +
% ((Id - Rp)p, curlp a)_yp + fi(curlp o, (Id = Rr)p)_y o
> [dive Repl, o + (C+[#2) | (1d = Ro)p|2, 1 + [eurlr af,, +
Yf* (e1(1d=Rp)p|2, 5 + L Jeurlr a2, ) -
L(51(1d-Re)p|2, )5 + § Jeurlral?, )
> |divr RFPH%1/2 +[(Id - Rr)P”i/z + i |curlp 04|E1/2 ;
thanks to the choice ¢ = 2 + |k|* - |1[?, when we set € = 2|x|?, § = 2.
Now that we have established a generalized Garding inequality for 7y - DLy, we ca?l
conclude its invertibility in the same way as for 7, - SL, with Corollary 6.9, using Theorem

6.11 instead of Theorem 6.8. We do not reproduce the proof since it runs parallel to that of
Corollary 6.9.

Corollary 6.12.
For any k € C, the operator Ty - DL, : Hp(T') — Hn(T) is of Fredholm type of index 0.
Moreover, if k? € Cy N (Ag UnAy), then Ty - DL, is an isomorphism.
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6.5 Supplement: Invertibility of second-kind boundary integral operators

The boundary integral operators Ty, - DL, : Hp(I') > Hp(T') and Ty - DL, : Hp(T') - Hp(T')
qualify as second-kind, because they supply a bounded endomorphism of a single trace space
each. Their invertibility can be established appealing to the well-posedness of both exterior
and interior boundary vaalue problems from Section 3.

Proposition 6.13.
Let Q c R? be a Lipschitz domain.

(i) If Q2 is bounded, then Tr-DL, : Hp(T') = Hp (') is an ismorphism if k? € Cy \ (ArunAp),
and Ty - SLy : Hu(T) = Hy(T) is an ismorphism if % € Cy N (Ag UnAy).

(ii) IfR3\Q is bounded, then Ty DL, : Hp(T') = Hp(T) is an ismorphism if k* € Cy ~ (Agu
nAy), and Ty -SLy : Hy(T) = Hy(T) is an ismorphism if k% € (Ar UnAp).

Proof:

We only prove invertibility Tr, - DL, in the case where  c R? is bounded, since all other
cases can be treated in a completely similar manner. Assuming that x% € C, N\ (ArUnAy), we
already know that ker(7; - DL ) = {0} according to Proposition 6.2.

Take any p = (g,h) € Hp(T') and let us prove that there exists u € Hp(I') such that
To - DL, (1) = p. According to Proposition 3.7, there exists a unique vi, € X(€2) solution
to Problem (27) with g,h as boundary conditions. Let us denote p = Ty(Vin). Invoking
Corollary 3.9 in R3 \ Q, we know that there exists vous € X0 (R? \ Q) satisfying

curl2(vout) —nV(div Vout) = £2Vout = 0 in ©,
lim,_, o0 faBp |curl(vout) x ), —16m), X (Vout X np)IQdap =0
im0 /aBp |div(Vout) — 2R T, - vout|2dap =0,

ﬁ,c(vout) =p onl,

Finally, define v by v|q = viy and v|gs g = Vour. By construction we have [Ty(v)] = 0. Let
us set u = [75(v)]. According to the integral representation formula 38, we have vi,(x) =
DL([To(V))(x) + SLL([Tx(v)])(x) for all € Q. Applying the trace operator 7p to this
equality, and taking into account that [Ty(v)] = 0 and p = Tx(vin), we finally obtain Ty, -
DLi(u) =p. As a consequence Tp, - DL, is onto. O

7 Static case k = 0: boundary integral operators for the Hodge-
Laplacian

The first-kind boundary integral equations arising in the static limit case, that is, for x = 0,
deserve particular attention. They are connected with boundary value problems for the Hodge
Laplacian A,,. To begin with, note that both potentials, S, from (41) and DL, from (43)
remain well defined for kK = 0. The same holds true for the boundary integral operators
To-SLy, see (64), and Ty - DLy, see (71).

Although the boundary integral operators 7,-SL, and Ty-DL,; are invertible for Jm K2>0
according to Corollary 6.9 and 6.12, these operators feature non-trivial kernels for x = 0. In
this section we provide a detailed intrinsic analysis of these kernels based on the bilinear forms
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(64) and (71). We also propose constraints that restore uniqueness of solutions of the related
first-kind boundary integral equations for x = 0.

Notice that in the static case k = 0 it is natural to confine ourselves to real-valued fields.
Thus, in this section, we work in real Hilbert spaces throughout.

7.1 Static single layer operator

We first focus on the Dirichlet trace of the Hodge Laplace single layer boundary integral
operator Ty, - SL,, and seek to characterize ker(7y - SLp). According to (64) for any u =
(p,a) € Hy(T') and any v = (q,3) € Hx(T'), we have

~(To-SLo(w.o) = [ @ -y)[pw)-a@) + a(y) divr a(@)]do(=.y)

(77)
+frxrg0(x—y)6(m) divr p(y)do(z,y),

which defines a symmetric bilinear form.

Assume that 7,-SLo(u) = 0 for some u € Hy(I'). Choosing q(x) = 0 and (x) = divp p(x)
in (77), we see that [ % (z - y)B(x)B(y)do(x,y) = ||BH%1/2 = 0, which implies 5 = 0.
Now taking u = v, we see that (7, -SLo(u),0) = [ %(x - y)p(z)p(y)do(z,y) = 0 which
again implies p = 0. Finally, applying a surface Green identity we obtain (75 -SLo(u),0) =
[ravrio(a)do =0 for all q e H™Y2(div,T).

We conclude that Vpig(a) = 0, which is equivalent to ¥y(a) being constant on each
connected component of T'. Since 7, - ¢y : H-/2(I') > H/2(T') is an isomorphism, we obtain
the following result.

Lemma 7.1.
For any u = (p,a) € Hx(T), we have Ty - SLo(u) = 0 if and only if Vr(m - Yo(a)) =0 and
p=0.

A natural question is how to filter out the elements of this finite dimensional kernel so as to
stabilise Ty - SLy. We have the following elementary result.

Lemma 7.2.

The dimension of ker(Ty, - SLoy) is finite and agrees with the zeroth Betti number fo(T") of
T, that is, the number of its connected components. Moreover, every element u = (0,«) €
ker(Tp - SLo) satisfying [p Bado = 0 for all B € (L) = {p € HYA(T), Vrp = 0} vanishes

identically, i.e., a=0.

Proof: Consider a u = (0,a) € Hy(T') such that T, - SLy(u) = 0, and [, fado = 0 for all
B e #y(T"). According to the discussion above, Vi, - () = 0, so that 7 - ¥o(a) € HH(T).
As a consequence, taking 3 = 7y - tg(cr), we conclude that [pam, - ¢p(a)do =0= a =0 due
to the coercivity of the scalar single layer potential. O

Based on the previous result, the boundary integral equation (77) can be regularised
imposing vanishing mean value constraint on each connected component of I', by means of
Lagrange multipliers. Consider § = (g,h) € Hp(I'), and assume we are interested in solving
the problem

Find u € Hy(I") such that
(78)

(To - SLo(u),0) = (f,0) Vo eHy().
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Due to the non-trivial kernel 75, -SLg, solutions to this formulation are not unique. Moreover,
in accordance with the Fredholm alternative, the right hand side § must satisfy compatibility
conditions to garantee existence of a solution. Instead of (78), one may consider the saddle-
point problem

Find u = (p,a) € Hx(T') and p € 74 (T) such that
(To-SLo(w),0) + [ udo = (f.0) Vo= (q,8) € Hu(T) (79)
fFAada -0 VAe(D).

According to the standard theory on saddle-point problems, see e.g. [3, Ch. 1&2] or [2,
Ch. III§4], since s (I") is finite dimensional, Problem (79) admits a unique solution, for
any right hand side f € H,(T'). If, in addition, the compatibility conditions (f,v)) = 0Vv €
ker(7p-SLo), then the solution to (79) is also solution to (78). In a sense (79) is a regularised
version of (78).

7.2 Static hypersingular boundary integral operator

Next, we elaborate on the kernel of the Hodge Laplace hypersingular boundary integral op-
erator 7Ty - DLy. According to (71), for any u = (p,«a),v = (q,5) € Hp(I') it induces the
symmetric bilinear form

(T DLo(w).0) == [ do(@-y)divr(ax(@)) dive(p«(y)) do(.y)
- [ %@ -v)lax(@) - curlr a(y)+p«(y) - curlr f(@)] do(.y)  (30)
v [ (- y)a@)B@n(@) nly) do(z,y).

where, for the sake of brevity, we have denoted p«(y) := n(y)xp(y) and qx(x) = n(x)xq(y).
Let us examine the elements of the kernel of this operator. Assume that 7y -DLy(u) = 0.

(i) Taking =0 and q = Vra, so that q« = —curlp «, we obtain
0= [ %@-ya (@) a@)do(@y) = a=nxIra=0,
thanks to the coercivity of the vector single layer potential, see [8, Lemma 8].

(ii) Now taking q =0 and 8 = a, we obtain [, %(z-y)a(y)a(x)n(xz) n(y) do(x,y) =0
and so a = 0.

(iii) Taking q = p and § =0, then leads to [, % (x-y) curlp(p(x))-curlp(p(y))do(x, y) =
0, which implies curlp(p) = 0.

(iv) Finally, applying a surface Green formula yields

0= [ curlr (2) - ( [ %o(@-y)n(y) x p(y) do(y) )do(@) = [ Bdive(¥o(p))do
for all 3 € H/2(T"), where

V0. (p)(@) = —n(2) x [ Fo(@-y)n(y) xp(y) do(y). (81)

From this we conclude that we must have divy Ug «(p) = 0.
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(v) On the one hand, observe that curlp ¥g «(p) = 0, if and only if curlp(p) = 0. Indeed,
if curlp(p) = 0 then curlp Yo« (p) = [r % (x - y) curlr(p(y))do(y) = 0. On the other
hand, if curlp g «(p) = 0 we have

0= /1“ curlp(p(x)) curlp( Yo < (p)(x) )do(x)

= /;xr % (x —y) curlp(p(x)) curlp(p(y)) do(x,y) = curlp(p) =0.

In conclusion we have proved the following result.

Lemma 7.3.
For any u = (p,a) € Hp(I'), we have Ty -DLy(u) =0 if and only if a =0, divp W x(p) =0 and
curlp ¥o «(p) = 0.

This shows in particular Wg . (p) must be a surface harmonic vector field. Recall that the
dimension of the space of tangent vector fields q € H™Y/?(curl,T') n H™Y/2(div,T) satisfying
divp q = curlp q = 0 is equal to the first Betti number 81 (I") of I'. This is a consequence of (i)
the estimate

||UHL3(F) < C(”diVF g1y + Jewrlp ul gy + Hu||H,1(F)) VueLi(T),

for tangential square-integrable surface vector fields, which implies the compact embedding
of H™'2(curl,I") n H'/2(div,T") ¢ L#(T), and (ii) the Hodge decomposition of 1-forms on
I' [31, Sect. 2.4].

In addition, the operator ¥ , is one-to-one. Indeed for any p € H/ 2(curl,T") such that
Ty (p) = 0, denoting px(x) := n(x) x p(x) e H/2(div,T), we have

0=(¥o«(p),P) = fm % (@ - y) Py (x)px(y)do(m,y) > Clp«|?, ),
which readily implies px = 0.

Lemma 7.4.

The dimension of ker(Ty-DLy) is finite and agrees with the first Betti number 51(I") of T', that
s, the number of equivalence classes of non-bounding cycles in I'. Moreover every element
u=(p,0) eker(Ty-DLy) satisfying

[F p-qdo=0 Vqe4(T):={weH ?(curl,T) n H"?(div,T), divp w = curlp w = 0}

vanishes, i.e., p =0.

Proof: Finite dimensionality of ker(7y - DLy) has already been established. Now let us
consider u = (p,0) € ker(7x - DLy) satisfying [ p-qdo =0 for all q € ker(divr) nker(curlp).
We can apply Lemma 7.3 and take q = ¥ «(p) which readily yields 0 = [pp- Vo «(p)do >
Cpr]El/Q and finally p = 0. m

Now let us consider a right hand side f = (g, h) € Hx(I'), and assume we are interested in
solving the problem

Find u e Hp(T) such that
(82)

(Tx-DLo(u),0) = (f,0) VYoeH(T).
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Here again the above problem is of Fredholm type with index 0, but the corresponding
operator admits a non trivial kernel. This kernel can be suppressed by imposing appropriate
constraints by means of Lagrange multipliers. We are led to the saddle-point problem

Find u = (p,a) € Hp(T') and p € 54 (T") such that

(Ta-DLo(w)0)+ [ p-ado=(j,v) Vo= (q,5)cHp(I) (83)
/I:)\-pdo:O VA e A4 (D).

Once again standard theory of saddle-point problems, see [3, Ch. 1&2] or [2, Chap. 111§4],
shows that the problem above admits a unique solution that is also solution to (82) in the
case where (f,v) =0 for all v € ker(7x - DLy).

Appendix: Density results

By definition, %;°(Q2) is dense in Hy(curl, ), Hy(div,Q) and Hy(curl, Q) n Hy(div, Q)
equipped with their respective norms. The density of %5, (Q) = {¢lo such that ¢ €
€ (R3), supp(p) bounded} in H(curl,2) and in H(div,) is also well known (see for
example [14, Thm.2.4 & Thm.2.10]). In the upcoming discussion we shall also need a similar
density result for H(curl, Q) n H(div, Q).

Lemma 7.5.
The space %C?mp(ﬁ)?’ is dense in X(€2) for the norm | [x(q)-

Proof:

Although the proof could be adapted rather straightforwardly from [14, Chap.I §2], it
appears instructive to recall it in detail here. Let X (£2) refer to the topological dual to X ().
According to a well known consequence of Hahn-Banach’s theorem (see e.g. [29, Them.3.5]),
if (\,v)=0,Vve?>, (2)%= \=0, for any arbitrarily chosen \ € X()’, then €, (Q)? is

comp comp
dense in X(€2) for the norm | |x(q)-

Take an arbitrary A € X(Q)’ such that (\,v) = 0, Vv € €2, (2)3. We have to show that

comp
A = 0. Since X(£) is obviously a Hilbert space, according to Riesz representation theorem,

there exists u € X(2) such that

(A, v) = /{; u-v+gdiv(v) +f-curl(v)de VveX(Q)

where g:=div(u) e L2(Q), f:=curl(u)eL?(Q)3. 89

Let us denote o, f € L2(R?)? and § € L2(R?) such that = f = 0 and § = 0 in R*\ , and
alg = u, flg = f and gl = ¢. Lax-Milgram lemma shows that there exists a unique p € H'(R?)
satisfying

peHY(R?) and,

— = ~ 13
fRSVp-Vq+pqda:._ngu qua:+ngqua: Vg e H (R”).

Coming back to (84), let us take v = V¢ for some ¢ € %C?mp(R3) i= {1 € €= (R?), supp(2))
bounded} and observe that ¢ € HY(R?) as supp(y) is bounded. According to (85), since

(85)
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0= (A, V¢la), we obtain that
0= /R3 Vp~Vgo+pg0d:c+/R3§Acp—§godm
- [L0-D)(Bp-9)d Vo E,RY.

Since the elements —Ap+¢ where ¢ € %C"(fmp(Rg’) form a dense subset of L2 (R?), we conclude
that g =p e HIIOC(R?’). By construction we have § = 0 in R3\ Q, so that glo = g € H}(Q).
Coming back to (84) once again, applying a Green’s formula on the divergence term yields

~ ~ e _ 00 3\3
Ag(u—Vg)-vda:+v[[@f-curl(v)dm—o Vv € Cromp(R?)”. (86)

From this we obtain that f € H,.(curl, R?) and, since f=0in R3~ Q, we even have
f € Ho(curl,Q). Moreover (86) also implies that u = Vg — curl(f) in Q. Plugging this
decomposition into (84) yields

(A, v) = va Vg +gdiv(v)de + /Q f-curl(v) - v-curl(f)de Vv e X(9).

Since g € Hé(Q) and f € Hy(curl,Q2), these two functions satisfy appropriate homogeneous
conditions at the boundary 0f2, so that each of the integrals in the right hand side above
vanish according to Green’s formula. This leads to (A, v) =0 for any v € X(Q). O

Theorem 7.6.
The space ‘Kc‘fmp(ﬂ)3 is dense in X(A,Q) for the norm || |x(a0)-

Proof:

The proof will be a variation of the proof of Lemma 7.5 although, here, the norm | [x(a )
under consideration is more complicated. Once more, we rely on Hahn-Banach theorem. Take
an arbitrary A € X(A, Q)" such that (\,v) =0,Vv e €. (Q)3. We have to show that A = 0.

comp
Here also X (A, Q) is an Hilbert space so, according to Riesz representation theorem, we can

find u e X(A,Q) such that
(A, v) = fQ u-vde + ngo div(v) + g1 - V div(v) de
+ [) fo - curl(v) + f; - curl®(v) dx Vv e X(A,Q) (87)
where go = div(u), g1 = Vdiv(u), fy = curl(u), f; = curl*(u).

Once more, define @ € L2 _(2) by g := u, and 1fgs.q = 0. Define fo, 1, o, &1 accordingly.
First of all, apply Lax-Milgram’s lemma, so as to obtain p € H!(R?) satisfying

fR3 Vp~Vq+pqd:1::A3(ﬁ+g1)-Vq+§oqu Vg e H'(R?). (88)

Apply (87) with v = V¢ for some ¢ € %C"(fmp(RS), and use the definition of p given by (88).
Since ¢ is chosen arbitrarily, we find that the following holds

fRs(éo—p)(Aw—sO)dw fRS g1-V(Ap-p)dz =0 VYoebo,(RY)
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Since the functions Ap — p, @ € %Cfmp(ﬂ%?’) form a dense subset of H!(R?), we conclude that
g1 € H(div,R3) and that p+div(g;) - go = 0. Plugging this identity inside (87), and applying
Green’s formula, we conlude that

[R{S(ﬁ - Vp) - vdx + .[R3 fo - curl(v) + f; - curl?(v)dx = 0 Vv e ‘chmp(R?’). (89)

Resorting once again on Lax-Milgram’s lemma, let 4 refer to the unique element of H(curl, R?)
solution to the variational problem

[RS curl(vy) -curl(v) + ¢ -vdx = [3(ﬁ_ vp-1fi)-vde
* Jo fo-curl(v)dx Vv e H(curl,R%).

Plugging the definition of 1 inside (89), considering a test function v € %Cfmp(R?’), and
applying Green’s formula yields ng(ﬂ +ap)(curl’v + v)dz = 0 for all ve €2, (R?). Since

comp

the functions curl®v + v, v € Ceomp R3) form a dense subset of L?(R3), we conclude that

f1 = -4 € H(curl,R%). Coming back to (89), and applying Green’s formula, we find that
_[RS(curl(f'l) +§) - curl(v)da = /RB(Vp —1)-vde Vv e B, (RY).

From this identity, we conclude that w := curl(f;) + fy € H(curl,R?), and that curl(w) =
Vp-u. Now let us point that g; was proved to belong to H(div,R?) and vanishes on R?\ €,
so we deduce that g1 = g1]o € Ho(div,2). Similarly we obtain that f; = fl\Q € Hy(curl, Q),
and plg € H{ () and w|g € Ho(curl, Q).

Now let us consider a test field v chosen in X(A, Q). Recall that we have u = Vp — curl(w),

plugging this decomposition into the definition of A given by (87), and re-arranging the terms
yields

(A, v) = [Q(Vp—curl(w))~vdm
+fQ(§0—div(g1))div(v)d:c+f9div(g1)div(v)+§1~vdiv(v)daz

+ fQ(curl(ﬂ) +15)) - curl(v)dax + fQ f, - curl®>(v) - curl(fy) - curl(v) de

Now recall that we also have p = jo — div(g;) and w := curl(f;) + fy. Taking account of this
in the previous identity yields that, for any v € X(A, ), we have

(A, v) = '/Qv -Vp+pdiv(v)de + /;2 div(gy) div(v) + g1 - Vdiv(v) dz
+ Lw ~curl(v) - v-curl(w)dx + /{; f, - curl®(v) - curl(f;) - curl(v) de.
Finally recalling that p,w, g1, satisfy appropriate boundary conditions on 9€) since p €

Hcl)(Q)7 w,f € Hy(curl, Q) and g; € Hy(div,{2), we realize that each of the four integral in
the right hand side above is actually zero. Hence (\,v) =0,Vv e X(A,Q) i.e. A=0. O
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Lemma 7.7. _
The mapping Ty, x Ty : ‘Kc"(fmp(Q)S = Hp(T) x Hy(T) defined by (T x Tx)(v) = (To(v), T (V))
has dense range.

Proof:

We shall adapt the proof of [11, Lemma 3.5]. First observe that Hp(I') x Hy(I') is put in
self-duality through the pairing [(a, B), (', 8)] := (o, ') — (B, ') defined for any a,a’ €
Hp(T) and any 3,3 € Hx(T'). As a consequence, according to Hahn-Banach theorem (see [28,
Thm.5.19] for example), it suffices to show that for any (e, 3) € Hp(T') x Hy(T),

(o, Tx(v))=(B,Tr(v)) =0 Vve%c‘fmp(ﬁ)g = «a=0,8=0. (90)

Define .Z(u) := —Aj,u+u as an operator with domain X(A, Q). Observe that, by construction,
we have Z-Rp(p) =0in Q and 75-Rp(p) = p on I for any p € Hp(T'). Recall that we denote
Xy (Q) = Ho(curl, Q) n H(div,Q). For any f € L2(Q)3, let S(f) refer to the unique vector
field satisfying

S(f) e Xx(2) such that

a(S(£),v) = /Qf.vdm Vv e Xu(Q),

where a(u,v) := /Q curl(u) - curl(v) + 7 div(u) div(v) + uv de.
As a direct application of [12, Thm.1.2], for any f € L%(Q)3, we have div(S(f)) € HL(Q).
Routine distributional calculus then imply in addition curl®*(S(f)) € L2(Q), so that S(f) e

X (A, Q) for any f € L2(Q)3. Green’s formula shows that .Z(S(f)) = f in Q and 75, -S(f) =0
on I

Now consider a pair («, 3) satisfying the condition in the left hand side of (90). According
to the density of %Cfmp(ﬁ)?’ in X(A,Q) provided by Theorem 7.6, (a,3) actually satisfies
this condition for any v € X(A, Q). Choose in particular v = S(f) where f := R () so that
Z(S(f)) =Rp(a) in Q and Tp(f) = @ on I'. We obtain

0=, T~ S(6)) - (B, T - S(£))
= (To - Ro(@), T S()) ~ (T Ro (@), To - S(£))
= JaRo(@)Z(S(6)) - Z(Ro(@))S(E)da = [ Ro(a) 22 0,

From this we conclude that Rp(a) = 0 hence a = T, - Rp(ex) = 0. Now coming back to the
condition in the left hand side of (90), we have (3, Tx(v)) = 0 for all v e X(A, Q). Surjectivity
of the trace operator 7y then shows that 8 =0 which concludes the proof. O
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