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MULTI-LEVEL MONTE CARLO FINITE ELEMENT METHOD
FOR
ELLIPTIC PDES WITH STOCHASTIC COEFFICIENTS

ANDREA BARTH, CHRISTOPH SCHWAB, AND NATHANIEL ZOLLINGER

ABSTRACT. It is a well-known property of Monte Carlo methods that quadrupling the sample
size halves the error. In the case of simulations of a stochastic partial differential equations,
this implies that the total work is the sample size times the discretization costs of the
equation. This leads to a convergence rate which is impractical for many simulations, namely
in finance, physics and geosciences. With the Multi-level Monte Carlo method introduced
herein, the overall work can be reduced to that of the discretization of the equation, which
results in the same convergence rate as for the standard Monte Carlo method. The model
problem is an elliptic equation with stochastic coefficients. Multi-level Monte Carlo errors
and work estimates are given both for the mean of the solutions and for higher moments.
Numerical examples complete the theoretical analysis.

1. INTRODUCTION

Monte Carlo methods are widely used in statistical simulation. In the case of partial
differential equations with random inputs, “sampling” entails the numerical solution of a
deterministic partial differential equation (PDE). For time dependent, parabolic problems
driven by noise (see, e.g. [3, 4, 5, 22, 15]), numerous paths must be simulated. Here, we are
concerned with Monte Carlo methods (MC methods) for elliptic problems where the source
of randomness lies in the coefficients. Such problems arise prominently in the numerical
simulation of subsurface flow problems (see, e.g., 25, 26] and the references therein). Some key
characteristics of elliptic problems with stochastic coefficients, which arise in computational
geosciences, are the low spatial regularity of the permeability samples, the small spatial
correlation lengths (this implies slow convergence of Karhtinen-Loeve expansions), and, more
challenging, the possible nonstationarity of realistic stochastic models. All these factors hinder
the efficient numerical simulation of such problems. In order to deal with these difficulties,
we propose a Multi-level Monte Carlo method (MLMC method). This family of methods
was introduced, to the authors’ knowledge, by M. Giles in [18, 17| for It6 stochastic ordinary
differential equations after earlier work by A. Heinrich on numerical quadrature (see [21]).

As a model problem of the class of partial differential equations described above, we consider
the following elliptic model problem

—div(aVu) = f in D,
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where D € R?, d = 1,2,.... We impose mixed Dirichlet and Neumann boundary conditions
and assume f to be in L?(D). The coefficient a is a correlated random field over the spatial
domain D. The random field solution u of Problem (1) not exclusively depends on x € R?,
but also on a stochastic parameter w € €2, where €2 is the stochastic state space, which we
specify later. For a fixed w, we face an elliptic PDE with a space dependent coefficient. This
can be solved by various numerical methods, for instance by a Galerkin approximation, which
leads to a Finite Element method (FE method). We shall be interest in the computation of
moments of the stochastic solution, which can be numerically calculated by a Monte Carlo
method (MC method). When the sample size increases, convergence is ensured by the law
of large numbers: A quadrupling of the sample size halves the error of the approximation.
To estimate the moments of the solution of Equation (1), we must solve the deterministic
equation for each sample. The cost of this algorithm is the number of samples times the cost
for the approximation in the space domain (in the case of a FE method this corresponds to
the degrees of freedom).

One of the aims of the Multi-level Monte Carlo Finite Element method (MLMC-FE
method), proposed here, is to decrease the cost of this computation. In order to do so,
we introduce a hierarchical system of Finite Element spaces (FE spaces), in each of which we
calculate a certain number of samples of the approximation of the solution. Dealing with a
large number of samples on a very coarse grid is computationally cheap, but convergence in
space is rather poor. On the other hand, on a fine grid the convergence in the space variable x
is fast, but solving the system of equations for each sample is expensive. The MLMC method
exploits this fact. The number of samples solved is inversely proportional to the fineness of
the grid. This strategy allows us to have the same overall convergence as the MC method
on the finest grid, but the computational costs are only a fraction of the latter. With the
use of a full Multigrid solver, the computational costs of the MLMC method are log—linear
in RY, for d > 1. Since the error of the MLMC method balances the error of the space
approximation and the error of the MC approximation, the sample size should be increased
if the space approximation is “too good” or the solution “too smooth”. Depending on the
dimension of the physical domain, the approximation with linear Finite Elements becomes,
in terms of degrees of freedom, less efficient.

We further our calculations to approximate higher moments of the solution, with a similar
approach as above. We introduce a Wavelet transformation, since the tensor product of the
solution may then be estimated with linear complexity. This leads to a sparse tensor MLMC-—
FE method, which exhibits once more log-linear complexity. We show that the solution
exhibits a certain “mix” regularity, which takes the form of r—summability of the stochastic
solution as a Bochner function in a scale {X;}s>0 of Sobolev spaces on the domain D.

This paper is structured as follows. In the second chapter we present all the preliminar-
ies. This is followed by the formulation of our model problem, where we also study the well
posedness and certain regularity conditions of the solution. In the fourth chapter we analyze
the rate of convergence of the Multi-level Monte Carlo method. We give convergence rates of
the Monte Carlo approximations for the continuous solution and its Galerkin Finite Element
approximation. Chapter 5 contains the extension of our previous results to the approxima-
tion of higher order moments of the solution. Here we derive rates of convergence for the
sparse tensor Multi-level Monte Carlo method for the k—th moment, 1 < k € IN, of the solu-
tion. Subsequently we present the numerical analysis of some examples in one and two space
dimensions.



MLMC-FE METHOD FOR ELLIPTIC SPDES 3

2. PRELIMINARIES

For the variational formulation as well as for our error analysis of the MLMC-FE method for
the problem at hand, given by Equations (1), we shall require Bochner spaces of r-summable
functions in D C R?, for d = 1,2,.... To this end, for any Banach space B of real-valued
functions on the domain D with norm || || p, we denote the set of strongly measurable,
r—summable mappings v : 2 — B by

L"(Q,AP;B):={v:Q— B | wvstrongly measurable, |[[v -5 < oo},

where, for 0 < r < o0,

1/r
(/Q (e, -)Hgdmw)> it 0<r< oo
)=

””HU(Q;B
esssup,,cqllv(w,)|ls if r=o0.

Here we introduced a probability space (€2, A, P), where, as usual, Q2 denotes a set elementary
events, A C 22 the o-algebra of all possible events and where P : 4 — [0, 1] is a probability
measure. Let B € £(X,Y) denote a continuous linear mapping from X to another separable
Hilbert space Y. For a random field z € L"(Q2; X) this mapping defines a random variable
y(w) = Bx(w), and we have that y € L"(Q;Y) and

1Bz - (:vy < Cllzll 2r 0 x)-
Furthermore, there holds

B/Qa:dP(w) :/QB:L‘dP(w).

We refer to Chapter 1 of [13] for a synopsis of these and further results of Banach space valued
random variables.

3. MODEL ELLIPTIC PROBLEM WITH STOCHASTIC COEFFICIENTS

In the bounded Lipschitz polyhedron D c R? d = 1,2,3,..., we consider the elliptic
diffusion problem with stochastic diffusion coefficient a

(3.1) —div(aVu) = f in D.

Here, f € L%(D) is a given source term. We assume that the Lipschitz boundary I' = 9D is
partitioned into a finite union of d — 1-dimensional planes, which in turn are grouped into a
Dirichlet part I'p and a Neumann part I'y. We assume in addition that

(3.2) x| >0 and |T'p| > 0.

Furthermore, the exterior unit normal vector 77 to I" exists almost everywhere on I'. Equation
(3.1) is completed by the boundary conditions

(3.3) You := ulr, =0, Yiau = (a7l - Vu)lry =g,

where ¢ is a given normal flux on I'y (specific assumptions on g will be given below). In the
case of the Laplacean, i.e. when a = 1, we write v; in place of v 4.

To ensure well-posedness of our problem, we require that the following assumption on the
stochastic diffusion coefficient a is fulfilled:
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Assumption 3.1. The stochastic diffusion coefficients a(w, z) in Equation (3.1), and Equa-
tion (3.3) is assumed to be a strongly measurable mapping from Q into L*°(D).

There exist constants 0 < a— < ay < oo such that the random coefficient a(w,x) in
Equation (3.1) is uniformly elliptic, i.e. for every w € € holds'

(3.4) 0 < a- <essinfepa(w,r) < [la(w,)||Lep) < ag < 00
We remark that for Lipschitz domains D the trace operator vy in Equation (3.3) is well-

defined and continuous from H'(D) onto HY/2(I'p).
For the normal derivative operator 7 4, we have

Lemma 3.2. Under Assumption 8.1, for f € L?(D) and every 0 < r < oo, the co-normal
derivative operator 1 q in Equation (3.3) is a well-defined and surjective linear operator from

L (Q; H%D (D, A)) onto L"(Q; H-Y/2(I'y)) where

H%D(D,A) ={ve H (D) :yv =0, AveL*D)}
and H-V2(I'y) = (Héf(f‘p))* (with duality being understood with respect to the “pivot”
space L*(T); see [24] for the definition of HS(P(FD)).
3.1. Variational Formulation and Well-Posedness. To present the variational formula-
tion of Equation (3.1) we introduce the Hilbert space
(3.5) V =H} (D) ={ve H (D) : v =0}.

Due to the assumption |I'p| > 0, by the continuity of the trace operator 7y the space V is a
closed, linear subspace of H'(D) and by the Poincaré inequality the expression

1/2
Vv || = </ |Vv|2d:v>
D

is a norm on V. We identify L?(D) with its dual and denote by V* the dual of V with respect
to the “pivot” space L?(D), i.e. we work in the triplet V C L?(D) ~ L*(D)* C V*.

To derive the variational formulation of the stochastic elliptic boundary value problem,
given by Equation (3.1) — (3.3) we fix w € Q for the moment. We then multiply Equation (3.1)
by a test function v € L?(2; V) and integrate by parts in D to obtain (for fixed w € Q) the

(formal) integral identity
/ aVv - Vudx = / fodx + / gyovds.
D D Ty

Taking expectations on both sides of this expression, we arrive at the weak formulation of the
stochastic elliptic boundary value problem (Equations (3.1) — (3.3)):

given a satisfies Assumption 3.1, f € L2(Q;V*) and g € L*(Q; H-/2(I'y)), which are
mutually independent, find u € L?(£2; V) such that

(3.6) B(u,v) = F(v) Yve L*(Q;V),
where the bilinear form B(-,-) : L2(Q; V) x L*(Q; V) — R is given by

B(u,u):EUDa(.,x)vu(.,x).vv(.,x)dx ,

1We assume that the random coefficient a is, possibly after modification of a given a on a null-set, well-
defined and computationally accessible for every w € 2
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and Flo)=E [/D f(.,x)v(-,x)dz] +E [/FN gvov(-,ﬂf)dsr} )

where the ‘integrals’ [, f(-,2)v(-,2)dx and fzeFN ...ds; understood as L2(; V) x L?(Q; V*)
respectively as L?(£); HééQ(FN)) x L2(Q; H-'/2(T'y)) duality pairings obtained by extending
the corresponding L? inner products by continuity. By Riesz Representation Theorem there
exists a linear operator A(w) € £(V,V*) such that for all v,w € V

(37) B(v,w) = V<w7A(w)v>V*'

Theorem 3.3. Under Assumption 3.1, for every f € L*(Q;V*) and g € L>(; H-Y/?(Ty)),
the weak formulation, Equation (3.6), of the stochastic elliptic boundary value problem, given
by equation (3.1) - (3.3), admits a unique solution u € L*(; V).

Proof. By Assumption 3.1, we have for every v,w € V
(3.8) |B(v,w)| < esssup,,eqllal, )| Lo myllvl 2y lwll 220y < atllvll L2y llwll 2 i)
and

(3.9) B(v,v) = a—”UH%Q(Q;V)'

Moreover, for given g € L?(Q; H-'/2(I'y)) and f € L?*(Q;V*), we have by the Cauchy-
Schwarz and Poincaré inequalities and the continuity of the trace operator ~yy that for every
wevV

[Fw)l <[l fllzz@vollwllzz@v) + HgHL?(Q;H*l/?(FN))‘|70w|’L2(Q;H1/2(FD))

(3.10) )
/2

< D) (IfBarm +l9Ba@120ny) - I0lzz@y)

The assertion now follows from the Lax-Milgram Lemma. O

Remark 3.4. The variational formulation, Equation (3.6), requires in Assumption 3.1 only
the definition and boundedness of the random coefficient a P-a.s.. The (stronger) Assump-
tion 3.1 implies in particular the unique solvability of the stochastic diffusion problem, defined
in Equation (3.1) for every sample w; this is required for the MLMC-FE simulation. Assump-
tion 3.1 in addition also implies

(1) Vwe: Julw v < — (15

1/2
Be g, M)

3.2. Regularity of Solutions. To ensure local H?(D) regularity and the existence of higher
moments of the stochastic solution u € L?(2; V) we impose additional assumptions on the
data f and g:

Assumption 3.5. We assume that f € L"(Q; L?(D)), g € L"(; H'/?(Ty)), for some 2 <
r < oo, and that the mapping 2 > w — a(w,-) takes values in W1°(D) for every w € .
Moreover, we assume that the sources of randomness, i.e. a, f and (if [I'y| > 0) g are
independent and strongly measurable as mappings taking values in the respective Banach

spaces W1°°(D), L?(D) and in HY/?(I'y).

By the usual elliptic regularity theory (see, e.g. [16]), Assumption 3.5 ensures in particular
that u € H2 (D), P-a.s.. We have the following

loc
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Proposition 3.6. Under Assumption 3.5 and by Equation (3.4), the elliptic problem, given
by Equation (3.1) — (3.3), admits a unique solution w € L"(Q; W). Here, the space W is
defined by

W:={weV:AweL*D), rw=0, mweH*Ty)},

equipped with the norm || - ||w given by
[wllw = |Awllz2(p) + [wllz2(p)-

Further, with 2 < r < 0o as in Assumption 3.5, there holds the a-priori estimate

(3.12) ull - W) < Cla) (HfHLr(Q;LZ(D)) + HgHLT(Q;Hl/Q(FN))) .
Here, C(a) depends on a— and a, resp. on ||| oo w1, (Dy)-

Proof. The proof is a consequence of the W1°°(D)-regularity of all realizations of the sto-
chastic coefficient a which implies that the stochastic solution u € L?*(Q;V) satisfies the
identity

—Au(w,-) = flw,") + Va(w,-) - Vu(w,-) in L*D),Vw € Q.

Therefore we may estimate for every w € €2
18u(w, M2y < CGa) (1@ M i) + 9@, Mgy w0 €D

Adding the corresponding L?(D) bound (which results from Equation (3.11) and the Poincaré-
inequality), raising both sides of the resulting bound on the || ||  norm of u to the power r
and taking expectations implies the assertion. O

We remark that the space W can be characterized as a weighted Sobolev space with weights
vanishing at vertices and (in case d = 3) at edges of the polyhedron D; see, e.g. [20].

In the following section we introduce the Galerkin projections our Finite Element method
will be based on. We prove convergence of the resulting discrete problem by a Monte Carlo
method, before we proceed with the convergence and a work estimate for the MLMC method
for the discrete equation.

4. MULTI-LEVEL MONTE CARLO FINITE ELEMENT METHOD

A key ingredient in MLMC-FE method are pathwise, hierarchic Finite Element discretiza-
tions of the stochastic elliptic problem (Equation (3.1)) which we present next. Followed by
an error estimate for the Monte Carlo method of the (non discrete) solution of the problem
at hand. From this result we derive a convergence rate for the MC method of the discrete
solution (full tensor MC-FE method) and finally for the Multi-level MC-FE method.

4.1. Mean Square Stability of the Galerkin Projection. The Finite Element method
which we consider is based on sequences of regular simplicial meshes of quasi—uniform triangles
or tetrahedra {7;};°, of the polygonal respectively polyhedral domain D. For any I > 0, we
denote the meshwidth of 7; by

¢ = max{diam(K)} =: max{hr}
We recall (see, e.g., [8, 9]) that the nested family {7;}7°, of regular, simplicial meshes is called

k-shape regular if and only if there exists a k < 0o such that k := sup; k; = sup; maxge7; Z—?
Here pg is the radius of the largest ball that can be inscribed into any K € T;.
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The uniform refinement of the mesh is achieved by regular subdivision. This results in the
meshwidth h; = 27 'hg, since hit = %hl, where hg is the maximal diameter of the coarsest
mesh. Constructed like this the nested family {7;};°, is x —shape regular, since x; = kg = K.

For p > n > 0 we define the Finite Element spaces as

(4.1) SP(D,T) = {ve H'(D) : v|x € Py, VK €T},

where we denote by P,(K) = span{z® : |o| < p} the space of polynomials of total degree < p
on a set K. Equivalent we denote by

St (D, T)={v e Hp, (D) vk €Pp, VK €T},

the corresponding Finite Element space respecting boundary conditions.

The family of FE spaces that we employ is V = {511’; (D, Ti)}i2y, which is the family
of spaces of continuous, piecewise linear functions on the regular, simplicial triangulation
{Ti};2, that satisfy the homogeneous essential boundary conditions on the Dirichlet boundary
I'p (whose closure coincides, by assumption, with the union of all closed edges of elements
K € T; abutting at I'p).

The Galerkin approximation is based on the weak formulation in Equation (3.6) of the
stochastic elliptic boundary value problem, presented in Equation (3.1) — (3.3).

Since for each level [ of mesh refinement, V; = S%’;(D, T) C H%D (D) the corresponding

discrete problem reads: find u; € L?(€; SIIJ;(D, 7;)) such that
(4.2) B(u,v) = F(v) Vo € X80 (D, Th)),

where F'(v) is defined as in Equation (3.6).

By Equation (3.8), Equation (3.9) and Equation (3.10), for each I = 0,1,2,... exists a
unique stochastic FE solution u; € L?(£); SI{’;(D, T0))-

The operator G projecting the variational solution u € L?(Q; V) into the stochastic Finite
Element solution u; € L?(€; 513’; (D, T;)) is an L?(Q; V)-stable projection: by Equation (4.2)
and Equation (3.9), we have for every [

a*HulHi?(Q;V) < B(w,w) = B(u,w) < ayllull 2y lwll 2 05v),
which implies
1

G2y < . [vllL2@vy Yo € L5 V).

Under Assumption 3.1, the Galerkin projection G; is well-known to be quasioptimal (see, e.g.
8, 9]), i.e.

(4.3) lu —wl 2y < Ca inf |lu = vl 2@y,
v EV]

where C, = |/ 5+,

Assumptions 3.1 and 3.5 imply local H?(D) -regularity of the solution. More precisely,
with the space W C V as defined in Equation (3.6), there exists a unique weak solution
u € L*(Q;W) and Equation (3.12) holds. Then, C(a) depends on a_ and a; resp. on
llall Lo ;w100 (D)) With the same assumptions and by well known results (see for example
[8, 9]) we have for all w € W

(4.4) sttty o = w0 < Cr2 ol
D b
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where C7 > 0 is some constant, independent of .

We proceed with an analysis of the rate of convergence of the Monte Carlo method for
the solution of the stochastic elliptic problem at hand. First we derive the estimate for the
solution which is not discretized in space and then generalize this result to the Finite Element
solution.

4.2. Rate of convergence of the Monte Carlo method. The stochastic solution is char-
acterized by its moments. We estimate the expectation IE[u] € V' by the mean over solution
samples @' € V, i = 1,..., M corresponding to M independent, identically distributed real-
izations of the random input data a, f and g:

M
1 E ~7

The following result is a bound on the statistical error resulting from this Monte Carlo esti-
mator.
Lemma 4.1. For any M € IN and for u € L*(2; V) holds

Blu] = Enrlulll 2y < M2 lul| 2.

Proof. Let us denote by u,s the sample average over M samples. Defined as such ;s is a
random variable that maps €2 into V. With the independence of the identically distributed
samples it follows

B[] — Bxlulllfzqy) = E

1 dL 1 A ,
[ TE[u] — i Zﬁzllzv] =2 ZE [[[E[u] — @[3
=1 =1
~ g [[1E[u] — ull¥] = i(EIIUII2 — |E[]|}) < iHUH22 :
M VIi— m 4 v) = riticzev)
O

4.3. Single-level Monte Carlo Finite Element method. The implementation of the
estimator Fjyslu] in Equation (4.5) requires a Finite Element approximation of the ‘samples’
4 which we choose from a continuous, piecewise linear Finite Element space on a family of
shape regular, affine and simplicial triangulations {7;}7°,.

The key question which arises naturally here is which is the optimal choice of the sample
size in dependence of the grid size to achieve a prescribed error level with minimal work.

We shall address this question under the following assumptions on the Finite Element
method.

Assumption 4.2. For a given Finite Element mesh 7; from the family of meshes the FE
solution for a given realization a’® € W1>°(D) of the stochastic coefficient which satisfies
Assumption 3.1, the Galerkin projection u; = Gyu € V; on the Finite Element subspace
Vi = S%g(D,’ﬁ) of dimension N; = dim(S%’Dl(D,ﬂ)) can be realized in O(N;) work and
memory. The approximation has the accuracy

lw—Guw|yv < CoCriv||w|lw,

where h; = 27 hg = maxye7 diam(K) denotes the meshwidth of 7;.
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We remark that for polygonal domains D C R?, Assumption 4.2 on the space W can be
satisfied by standard Multilevel solvers for the Finite Element equations on families of meshes
with suitable refinement towards the vertices of D. We now establish a first error estimate
for the MC-FE method in the case when the same Finite Element mesh T; is used for all
samples: we estimate the expectation of the solution, E[u], by

M
1 e’
(4.6) Eylu] = 57 §A1 Gyt € SYY(D,T)
Theorem 4.3. Under Assumptions 3.1 and 3.5 holds the error bound

1
(47) Bl = Ewlulliay < €@ (4 i) (I laason + lallr,y)-
Proof. We split the left hand side of the Equation above as follows

[Efu] = Enlw]l20v) < [Elu] = Eluwl]ll2@v) + [Blw] — Exlwlll 2 @)
< Ellfu] = [wlllv] + [Elw] = ExlwlllL2@v)-

The first term on the right hand side is bounded by Assumption 4.2 and Proposition 3.6. The
assertion follows with Lemma 4.1 for the second term. O

The optimal choice of sample size versus grid size for a fixed error is reached when the
1
statistical and the discretization errors are equilibrated, i.e. when M2 = O(k;) = O(27).
In terms of the degrees of freedom of the Finite Element method, N;, therefore, we obtain
from Equation (4.7) the basic relation
1

(4.8) M™% = O(h) = O(N, 9).
We have a closer look at the computational cost of the Monte Carlo method. We work under
Assumption 4.2 and take the same estimate as before, i.e. we estimate E[u] by the mean of
4y, ©=1,..., M for M independent samples with the fixed discretization level I:

1L 1 &
Blw] ~ Eyw] = 7 > i = MZGW.
=1

=1

Under Assumption 4.2, the computational cost of this estimate is O(M - N;) work and mem-

ory, i.e. the number of samples times the cost for each Finite Element solution with N; = 2!

degrees of freedom. With the previous calculation on the optimal sample size, i.e. Equa-
2

tion (4.8), which implies M = N = 0(2?), we may write for the computational cost
0O (21(2+d))_

Subsequently we generalize these calculations to the case of a Multi-level approximation of
the Monte Carlo method.

4.4. Multi-level Monte Carlo Finite Element method. For the MLMC method we
discretize the variational formulation, given by Equation (3.6), by Galerkin projection onto a
hierarchic sequence of finite dimensional sub—spaces

WD) cWvi(D)c...cVi(D)c...cV(D),
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where Vj(D) := S%’Dl(D, Ti), here [ denotes the level of mesh refinement. With the notation
ug := 0 we may write
L

up =Y (up — w_y)

=1
and, by linearity of the expectation operator K[,

L

L L
Zw—m]:Z [y — ] =) (Blw] — Blu_1]).

=1 =1

In the MLMC-FE method, we estimate E[u; — u;—1] by a level dependent number M; of
samples, which implies that we may estimate E[u] by

L L
(4.9) Eu) := " Ea[Gru— Gyl = > (B[] — Eagu]) -
=1 =1

Convergence of the MLMC-FE method is guaranteed by the following

Lemma 4.4. Under Assumptions 3.1, 8.5 and 4.2, the MLMC-FE approximation, Equa-
tion (4.9) of the expectation E[u] of the solution u € L*(Q;W) to the stochastic elliptic
boundary value problem, presented in Equation (3.1) — (3.3), in the polyhedral domain D C R?
admits the error bound

(4.10)

L
~1)2
IE[u] — E*[u]l| 2.1y < C <hL + M, / > (HfHLQ(Q;LQ(D)) + HQHL2(Q;H1/2(FN))) ’

Here, the constant C' depends only on d, a— and on the bound ||| oo (w1.00(pyy in Assump-
tion 3.5.

Proof. We rewrite the error to be estimated as in the proof of Theorem 4.3 as

L

E[] — Bl vy = I1BLu] — Elug] + Elur] = Y Eaglwr — w2
=1

< 1Blu] — Blug]lzz@vy + 1Y (Bl — w-1] = Eag [ur — w]) [ r20)
P

=1+41I.

We calculate the error bounds for the terms I and I separately.
Term I: By Jensen’s and the Cauchy-Schwarz inequality, for every [ = 1, ..., L, we get

1/2
1< (1B = Gu)l3agu)]) " = = w2y < CrCahilulaw).

In particular for [ = L we obtain the asserted bound for Term I.
Term II: by the triangle inequality, we must consider for each [ =1, ..., L the term

1E[w — w-1] = Eny[w — -]l 20y -
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Each of these terms is estimated as follows:

1E[w — wi—1] — Englur — wi—a]ll 20y = (B — Eag)[wr — wi—1] |l 2 ;v
< Myl — w2y
< M2 (lu =l 20y + o = w2 o)
< CoCr Ml_1/2(hl + hi—1)[lull 20w
= 3CCr My [l 20

Here we used Lemma 4.1, Equation (4.3) and Equation (4.4). Summing these estimates from
[ =1,...,L completes the proof. O

The preceding result gives an error bound for the MLMC-FE approximation, for any
distribution {M;}£ | of samples over the mesh levels. Like in the single-level Monte Carlo
approximation one is interested in the optimal ratio of sample size versus grid size in every
level, i.e. how M; relates to h; to achieve an overall convergence rate of O(hp).

Theorem 4.5. Under Assumptions 3.1, 3.5 and 4.2, the MLMC-FE approximation, given
by Equation (4.9), of the expectation of the solution of the stochastic elliptic boundary value
problem (Equation (3.1) — (3.3)) in the polyhedral domain D C R¢ with M; samples on mesh
level | given by

M, = 1?122L-Dpo 1 =1,2,.. L,

where € > 0 is arbitrarily small, admits the error bound
Ele] - E*ulll @y < Chi (IF ] 2uuzon + lall oy ) -

If, at each level | the Finite Element equations for each sample a; in the estimator Epy, [u]
are solved approzimately with a full Multigrid method to accuracy O(h;) in the energy norm,
the total work Work(L) and memory for computing E'[u] approzimately to accuracy O(hr)
is bounded by

N? for d=1,
Work(L) < C.{ Np(log Np)3*t¢ for d=2,
Ni(log Np)>*¢ for d=3,

where the constant C' depends on € but is independent of L.

Proof. The convergence result in Lemma 4.4 suggests that we choose M; such that the overall
rate of convergence is O(hr). With the choice

(4.11) My = 1272¢(hy /hp)? = O(12F2e2E=Dy - =1, . L
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for some € > 0, we obtain from Equation (4.10) the asserted error bound, since for € > 0 this
implies

ZmM 1/2 <CZQ Tho (1)~ (e 20=L) b

L
< 02_Lh0 Z(l)_(1+€)
=1

< ChLZ —(1+¢)

— O(e )hL.

To estimate the work, we observe that the approximate solution given by the Finite Element
equation solved by a full Multigrid method at mesh level [ to accuracy h; is of linear complexity
in the number N; of unknowns at mesh level [ (see, e.g., [8, 9]). For M; samples (possibly in
parallel) this requires a total of O(M;N;) computational work and memory. This amounts to
the following bound for the overall work for the MLMC-FE method at level L

Work(L) < ZMZNZ
=1

~

Z 2+2622(L Dodl
1=1

_ 9dL Z(l)2+2622(L7l)2d(lfL)
1=1

L
_ odL [)2+2e9(d—2)(1-L)
;( )
DL =112l for d=1,
SNMNE Poo (L — 122 for d=2,
Foo(L =102V for d=3.
This implies the asserted work estimates, if we use in the case d = 1 for 0 < e< 1 summation
by parts three times. O

Remark 4.6. We remark that in the particular case d = 1, i.e. when the domain D coincides
with an interval, with the standard “hat function” basis for S11(D, T;) the stiffness matrix is
tridiagonal and symmetric positive definite provided Assumption 3.1 is satisfied. Therefore,
direct solvers are applicable with complexity O(N;).

Remark 4.7. In the same particular case d = 1, the approximation with standard “hat
functions” is already too accurate for the model problem. Since we equilibrate the errors of
the MC method and the FE method, the MC error is dominating the overall error, leading
to an increase of the samples which causes the quadratic complexity. In the cases of higher
space dimensions the accuracy of the FE approximation, expressed in terms of the degrees of
freedom, is lower. In this case the overall error is not dominated by the MC error.
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In the subsequent chapter we further detail these results for the mean field to the approx-
imation of higher moments of the solution of the elliptic model problem.

5. MULTI-LEVEL MONTE CARLO FINITE ELEMENT APPROXIMATION OF HIGHER MOMENTS

We now address two generalizations of the MLMC-FE approximation: the efficient com-
putation of k-th moments of the stochastic solution u € L2(£2;V), and the use of Finite
Elements which are based on continuous, piecewise polynomials of degree p > 1. In particu-
lar the case k = 2, i.e. second moments, is of substantial interest in practice. Since, however,
k-th moments (which are sometimes referred to as k-point correlation functions) are functions
on the k-fold product domain D*¥ = D x ... x D, a naive MC estimation (with M samples)
of the product of the solution vectors will entail complexity M N f The main result of the
present section states that in order to recover log-linear complexity of k-th moments with
k > 2, the MLMC-FE approximation must be combined with a wavelet compression of the
Finite Element solutions for each sample. For & = 1, the results constitute a generalization
of the preceding analysis to higher order elements. For k£ = 2 in two spatial dimensions (i.e.
when d = 2) we obtain in particular a log-linear complexity scheme for the computation of a
Galerkin approximation to the so—called “4d-VAR” of the stochastic solution.

Therefore, we first establish the regularity of the k-th moment of the solution of the elliptic
problem given certain smoothness and regularity conditions on the data and the coefficient
and we introduce wavelet bases for the hierarchical meshes. Under these assumptions we
derive full and sparse tensor error bounds for the Finite Element approximation. Those
bounds are essential for the error of the sparse tensor MLMC-FE approximation.

5.1. Existence and Regularity of k-th Moments. We are interested in statistical mo-
ments of the stochastic solution u: for any k& € IN we denote the k-fold tensor products of a
separable Hilbert space X as

X(k):X®...®X’
—_—

k-times
equipped with the natural norm | - ||y®) . This norm has the property that for every
U, ..., ur € X there holds the isometry
Jur @ - @ ugllxo = fluallx - [luwllx -

For u € L*(Q; X) we now consider the random field (u)*) defined by u(w) ®- - - ® u(w). Then
(W) =u®- - ®@ue LY, X®) and we have the isometry

(5.1) 11(w)® |1 00y = /Q Ju(@)®- - -@u(w)ywdPw) = /Q ()5 dP(w) = [ullfx g

Therefore, we define the moment MFu as the expectation of (u)*) =u @ --- @ u:
—_———
k—times

Definition 5.1. For u € LF(Q;V), for some integer k& > 1, the k-th moment (or k-point
correlation function) of u(w) is defined by

by = WP =EBuw- - @u] = u(w e Qu(w w (k).
(5.2) M E[(u)"] =Eu®-- ® LEQ()® ®u(w) dP(w) €V

/
~~

k—times k—times
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As above, the numerical analysis of the higher order MLMC-FE method requires a regu-
larity theory for solutions of Equation (3.1) - (3.3). To this end we introduce a smoothness
scale (Yy)s>o for the data f, g with Yo = H='(D) x H™'/?(Ty) and with Y, C Y; for s > t.

We assume that we have a corresponding scale (Xs)s>0 of “smoothness spaces” for the
solutions with X =V = H%D(D) and with X, C X; for s > ¢, such that (A(w))~!: Y, — X,
defined in Equation (3.7), is continuous for all coefficient realization P-a.s..

For example, for our model problem, Equation (3.1) - (3.3) with smooth random coefficients
a(w,x) in a domain D with smooth boundary 0D and with I'y = (), we may choose Y; =
V*NH45(D) x H-Y/?*$(I'y) and X, = V N H™$(D) for any s > 0. We remark that
in non-smooth domains such as polyhedra in R3 the spaces X, are weighted spaces which
contain functions which are singular at corners and edges (see, e.g. [20]). We can now state
our assumptions on the data of the model problem, given by Equation (3.1) - (3.3):

Assumption 5.2. For some r* > 2 and some s* > 0, the data (f,¢) in Problem (3.1) - (3.3)
belong to L™ (Q;Ys) and the mapping Q > w — a(w, ) is such that the operator A(w) is
boundedly invertible from Yy to X, C V P-a.s. for all 0 < s < s* for some s* > 0. Moreover,
the random inputs a, f and g are independent.

We remark that Assumption 5.2 is satisfied if a(-,w) € W>(D) for P-a.e. w €  and
every 0 < s < s*.

Theorem 5.3. If Assumptions 3.1 and 5.2 hold, then for every 2 < k < r*, for all 1 <r <
r*/k, and every 0 < s < s* holds the apriori estimate

(5.3) H(U)(k)”LT(Q;Xgm) < C|(f, 9)(@””(9%@)) < CH(ﬂg)lerk(Q;Ys)-

Proof. Under Assumption 5.2, the operator A(w)(k) is boundedly invertible from Y; to X
for each coefficient realization P-a.s.. The stochastic solution satisfies, for w € 2 P-a.s., the
apriori estimate

[u(w, )llx. < Cls,w)[[(f;9)(w,)lly.,  0<s< s,

with a constant C(w) bounded independently of w. Raising both sides of the bounds to the
r-th power and integrating the resulting inequality over w € €2 with respect to the probability
measure IP(dw), we obtain the first inequality. The second inequality follows from the isometry
given in Equation (5.1). O

Note in particular that in the case s = 1, we have W = X1, Y; = H/?(T'y) x L?(D) and
for k = 2 Assumption 3.5 and Equation (3.12) imply the a-priori estimates

IMPullyer = [E[(@)Plwe < llulfagm

< C(a) (\|f||%4(Q;L2(D)) + ||gH%4(Q;H1/2(FN))) ’
and
®) < C(a) (117 19113
1) L2 @@y < Cla) (11 2a0sr2py) + 19174 mrewyy ) -
5.2. Finite elements with uniform mesh refinement. We will now generalize the sub-
spaces V; to simplicial Finite Elements of order p > 1.

Let us first consider the case of a bounded polyhedron D C RY. Let {Ti};2, be the sequence
of partitions obtained by uniform mesh refinement: we can bisect the edges of 7; and obtain
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a new partition into simplices which belong to finitely many congruency classes. Then we set
V; = SPY(D,T;) and by = max{diam(K) : K € T;}. We obtain N; = dimV; = O(h;?).

With V as before, and Xs = V N H'**(D) the standard Finite Element approximation
results give that the following bound holds for s € [0, p].

(5.4) inf [|lu—vlly < C N ulx, .
veV]

For a d-dimensional domain D C R¢ with a smooth boundary we first divide D into patches
D which can be mapped to a simplex S by smooth, bijective mappings ®;: Dy — S (which
must be C° compatible where two pieces D and Dy touch). Then we define on D Finite
Elements functions which on D are of the form v o ®; where « is a polynomial.

For a d-dimensional smooth surface D C R%! we similarly divide D into patches which
can be mapped to simplices in R?, and again define Finite Elements using these mappings.

5.3. Wavelet basis for V;. We introduce a hierarchical basis for the nested spaces V[, C
-+ C Vi: we start with a basis {(wl)j}jzl,”_,NO for the space V. We write the finer spaces
V; with [ > 0 as a direct sum V; = V;_; & W, with a suitable space W,. We assume available
explicitly basis functions {(¢1);};-1  x,- Therefore we have that V, = Vo @ W1 @ --- @ W,
and { (¢1); | 1=0,...,L; j=1,...,N;} is a hierarchical basis for V;, where Ny := Ny:

(W1) Vi =span{(¢1); |1 <j < Ni, 0 <k <1},

with NV} := dim V] and, N; := N; — N;_; for [ > 0.

Property (W1) is in principle sufficient for the formulation and implementation of the sparse
MC-FE method and the deterministic sparse Finite Element method. In order to obtain an
algorithm with log-linear complexity we will need that the hierarchical basis satisfies the
additional properties (W2)-(W6) of a wavelet basis. This will allow us to perform matrix
compression, and to obtain optimal preconditioning for the iterative linear system solver.
(W2) Small support: diam supp((1);) = O(27).

(W3) Biorthogonal Basis: there exists a biorthogonal basis U = {(W); : 1<j< N, 0<
k <1=1,2,...} such that

(W), ) r) = Oy
(W4) Energy norm stability: there is a constant Cp > 0 independent of level L, such
that for all vy, = Y"1y YoM, (w); (¥1);(x) € Vi, holds (v)); = (v, (31);) and

1 L Nl L Nl
s SN )P < vl <68 >0 D Il
=0

j=1 =0 j=1

(W5) Wavelets (1;); with [ > [y have vanishing moments up to order pg > p — 2

/ (W)j(@)a®de =0,  0<|al < po.

Except possibly for wavelets where the closure of the support intersects the boundary
0D or the boundaries of the coarsest mesh.
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(W6) Decay of coefficients for “smooth” functions in X,:
there exists C' > 0 independent of L such that for every v € X and every L holds

L N, 2
Yito ey l(w)y]” 2% < CL¥|v|%,,

0 for 0 <s<p,
UV =
1 fors=p.

Many concrete, piecewise polynomial wavelet systems satisfying (W1)-(W6) are available, also
in polygonal and polyhydral domains D. Any function v € V admits a wavelet expansion

hiutada W

-

(a) Full grid (b) Sparse grid

FIGURE 1. Biorthogonal, piecewise linear spline wavelets

Yo Z;V:ll (w); (). We define the projection Pr, : V' — Vi, by the truncating this wavelet
expansion of u, i.e.,

L N

Prui=>"> (w); (), (w); = (u, (d);).

=0 j=1
With the stability (W3) and the approximation property in Equation (5.4) we obtain that
the wavelet projection P, is quasioptimal: with Ny = dimV}, we have for 0 < s < s* and
u € X the asymptotic error bound

lu — Prully < C Ny

5.4. Full and sparse tensor product spaces. To compute MLMC-FE approximations for
My eV @ - @V =V® (cf. Equation (5.2)), we project M¥u onto a finite dimensional

subspace of V). The choice of the k-fold tensor product space VL(k) =V ®---®V leads to
the full tensor MC-FE estimates for M*u in Equation (5.2):
1 &
(5.5) En[(u)®] = i ;(ﬁ?)(k) :
1=
Here, the ﬁf € V; are the previously discussed Galerkin approximations for ¢ = 1, ..., M i.i.d.
samples of the stochastic coefficients.
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The space VL(k) has dimension N ]E and even forming one tensor product (ﬂ%)(k) of a Finite
Element sample in the Monte Carlo estimate of Equation (5.5) would destroy the linear
complexity of the MC-FE estimator for moments of order k > 1.

A reduction in cost at, as we shall show, essentially no loss in accuracy, is possible by using
so-called sparse tensor products of the Finite Element spaces V; which we define next.

We now define the k-fold sparse tensor product space Vék) by
V]Ek) _ Z Vi, ®"'®Wk7

FcINk
ZE]NO

|f<L

where we denote by ¢ the vector (f1,...,0;) € IN% and its length by 0] =t + -+ . We
can write V' as a direct sum by using the complement spaces W;:
~ (k
=S Wy e oW,
Zenk
1<z

We define a projection operator ﬁék) 74 VL(k), for v = (z1,...,x%) € D®) by truncating

the wavelet expansion:

(5.6) PP@ = Y ()i @e)n @) (o) (2x) -

0<tly+-+£, <L
1<ju <Ny, ,v=1,...k

Here, the coefficients are given by
(vel--.fk)jlmjk = vk <U7 (w& )jl ®..® (wfk)jk>(V(k))"
With the projections II; := P, — P,_1, 1 =0,1,... and P_; := 0 we can express ﬁgg) as

Sk
Pé): Z My, ® - @11y,
0<ly+-+€,<L
The approximation property of sparse tensor products of the finite element spaces, i.e. of
V]-Ek), was established for example in [29, 30, Proposition 4.2], [19], [33].

Proposition 5.4. For u € ng) with 0 < s < 8* we have

—s/d ‘
{NL / [Jull o if0<s<p,

inf |lu—vllywm <CHE) S~ -
. N, L(’“‘l)/QHUIIXSgk) ifs=p.

veVy )
The stability property (W3) implies the following result (see, e.g., [33]):

Lemma 5.5. (Properties of ﬁék))

Assume (W1)-(W6) and that the component spaces Vy of ‘A/]-Ek) have the approximation property
given in Equation (5.4). Then for u € V) the truncated tensorized wavelet expansion is
stable, i.e. for every k € N exists C(k) > 0 such that for every u € V®) and every L holds

Sk
(5.7) 12 ully < CO) lullyw -
Foru e Xs(k) and 0 < s < s* we have quasioptimal convergence of ﬁék)u:

(5.8) lu = P ullyo < CUINE ™ (10g Np)* D72 ] o
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This results provide us with the necessary tools to estimate the rate of convergence for the
sparse tensor MLMC-FE method for MP*u.

5.5. Sparse tensor Multi—level Monte Carlo approximation of higher moments.
We aim at estimating

Mu=E[(w®] =Eue..ou.

To do so, we have at our disposal coefficient samples a(w;, ) and the Galerkin Finite Element
approximations 4}(z) defined in Equation (4.2). We therefore define MLMC-FE estimates
as statistical averages of the compressed tensor products of the Galerkin Finite Element
approximations as follows:

(5.9) EL{(ur)®)] ZEM [P( )& — BE) (B |

where we once again used the convention that ug := 0 and that P(k) = 0. We remark that

due to Pl( ) = P, the estimator in Equation (5.9) will coincide with our standard MLMC-FE
estimator in the case k = 1, i.e. for estimating the expectation of u. We can now state our
MLMC-FE error bound for moments MF¥u of order k > 2.

Theorem 5.6. Assume that (f,g) € L?*(Q,Ys) and that the operators A(w) € L(Xs,Ys), as
defined in (3.7), are boundedly invertible for 0 < s < s* P-a.s., and that the Finite Element
spaces SP™(D, 1), for I = 1,...,L, defined in Equation (4.1), satisfy the approzimation
property in Equation (5.4).

Then there holds for 0 < s < min(s*,p) and for any numbers M; of coefficient samples in
the Galerkin Finite Element method on mesh T; the bound

[|MFu = B ) @

1/2,
L2(Q;V(R) (ZM / h “Ogh ‘ (k=1)/ > H(fﬂg)leQk(Q;Ys) .

Here, My, =1 and the constant in < depends on s, p, k but is independent of the number L
of mesh refinements and of the distribution of the numbers M; of samples at mesh levels I.

Proof. We write

| MFu— EX ()P 200 = L) ®] = B (ur) Pl 2
< | E[(w)®)] ~ E[ﬁé’“><uL><’ﬂHmw)

L
+ EP (u ZEMl[ () ® = PO (w-) P | 2y

=1+11I.
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We estimate the terms separately. For term I, we obtain with Jensen’s inequality and Equa-
tion (5.7), for any 0 < s < min(p, s*), the error bound

1= Bl ™) =B @)@,
< [Bte0® — BP )y
< (U)(k) - ﬁék) (“)(k)’ LY(Q;V(R) + H Py ( u)(k) - (UL)(k)N LY(Q;V(R)
<[ (r=P) @@, i, 10 = @)Dl
=1, + 1.

Term I, is a consistency error which is bounded with Equation (5.8). To estimate term I,
we denote the k dependence of this term by I(k), then we write

I(k) = || (w)™® — (UL)(k)HLl(Q;V(k))
< u—ur)® (u)(k)HLl(Q;V(k)) +lur @ ((u)*1 - (UL)(k_l))HLl(Q;V(k))
< lu = urllzz@vyll(w )(k_l)HLQ(Q;V(kfl)) + {lus oo | () B = (UL)(k_l)HLl(Q;VWU)

= Jlu - ULHLQ V) HUHL% 2(Q;V) + ||UL||Loo(Q;V)Ib(k? -1)

—s d
< CENL Nz 1155 2 ey + Cl@) Tk = 1) .
Induction with respect to k leads to the overall bound for I
I < I, + I(k) < Cla, f, k)N, ¥(log N E=0/2

We estimate term I/ as follows.

11 = |B | PP (ur)®] - " |20 @)® = B ()] N2 v
=1

{8~ Ea) [P )® = B (w0 0)®] } 2 )

IN Il
7 109+

Mz_1/2 Hp(k (k) ]31(5:%(“[71)(16)’

L2(Q;V (k)

~
Il

1

+[@® = B ) ®)

M=

a2 [ ® - 2|

L2(Q;V (k) LQ(Q;V““))}

o~

I
M= I

M7TYAIII() + ITI( - 1)),

~

1
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Each of the terms in the sum is bounded as

I11(l) == H(“)(k) _p® (U)z(k))

L2(Q;V (k)
(k) _ pk) (k) pk) (k) _ (k)
< J@® = BO@®]| o+ B @ = @™ L
< (k) _ pk) ., \(k) (k) _ (k)
< JJ@® = BP@®) L+ ® = @]

= I, +I1I.
We estimate I11, with Equation (5.8). Term II]}, is bounded as term I(k), with [ in place

of L. Combining the bounds for 11, and I11I,, we obtain with h; ~ lel/d for every k > 1
and every [ > 0 the error estimate

—min(s,p)/d —
I < CRN; ™™ log NS )W Ly ) oo
—min(s,p)/d —
< C(k},S)Nl. (s,p)/ (IOgNl)(k 1)/2”””12%(9;)(5)
_ C(k,s)h;ﬂm(&p”loghl|(k_1)/2||U'Hl£2k(Q;Xs)'

k min

+ hl (s,p)”u”lz%(g;xs)

Using this estimate for each [ = 0, ..., L to bound II, and referring to Equation (5.3) with
p = 2, we obtain with the estimate for I the asserted error bound. ]

We observe that in the case k = 1 and p = 1, with the choices Xg =V and X; = W, we
recover the previous results. We now optimize the selection of MC samples {Ml}lL:o and state

the resulting overall convergence rate of the MLMC-FE method for moments, MP*u, for any
order k£ > 1.

Theorem 5.7. Assume that (f,g) € L**(Q,Y,) and that the operators A(w) € L(X,,Ys) are
boundedly invertible, for 0 < s < min(s*,p) for w € Q, P-a.s..

Given any k € IN, we choose the number of MC samples in the MC-FE method at level
used in the computation of the MLMC-FE estimators in Equation (5.9) as

(5.10) M, =0Q*E=Da/n)*Y,  1=1,..,L.
Then there holds for 0 < s < min(s*,p) the error bound

‘ My — EL[(uL)(k)]‘ < hi|log hL|(k+1)/2H(f’g)le%(Q;YS) '

L2(;v (k) ™
and the total work W(L) for computing the MLMC-FE estimator in Equation (5.9) is bounded
by

(5.11) W (L) < C(k) {

Proof. In Theorem 5.6, we choose the numbers M; of samples at mesh level [ such that
the error contributions from the levels to the error bound are equilibrated. This gives, for
l=1,2,.. L,
Ml—1/2 — 9—s(L-1) (L/l)(k—l)/Q,

which implies Equation (5.10). Inserting this into the error bound of Theorem 5.6, we obtain
Equation (5.7).

To estimate the complexity, we observe that the work to solve the Galerkin Finite Element
equations to the required accuracy O(h]) in the || -|| y-norm can be achieved in linear com-
plexity, i.e. in O(N;) = O(2!4) work and memory; this complexity estimate can be attained
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in two ways: either by using the standard (one-scale) Finite Element basis and full Multigrid
(see e.g. [8, 9]), or by using a diagonally preconditioned Richardson iteration in wavelet bases.
In the latter case, the wavelet Galerkin Finite Element solution vector is directly obtained
in the wavelet representation, so that the formation of the sparse tensor approximation in
Equation (5.6) of the k-th moment of the Galerkin Finite Element approximation is obtained
at cost O(N;(log N;)*~1) work and memory.

In case the Finite Element solution is computed in the standard (one-scale) basis, the solu-
tion vector for each sample must first be transformed into the wavelet basis. This is achieved

as usual in O(N;) work and memory by the pyramid scheme (see e.g. [10]). Then the formation

of the k-fold sparse tensor product of ﬁlul(k) proceeds again according to Equation (5.6).

For the work estimate, we therefore obtain

L
W(L) = Y MN(log Np)¥~"

=1
L

SJ Z2QS(L7Z)(Z/L)k712dllkfl
=1
L
_ 2dL Z L*(k‘fl)l2(k71)22sL+l(d72s)7dL
=1
L
_ Ny LD S [2(k=1) (1~ L)(d~25)
=1
L—-1
_ NLL_(k;_l) Z(L o l/)Q(k‘—l)2l/(28—d)
'=0

L2(k=1) 2s <d
—(k—1) = U,
NpL { L1 py2(k-Dgl2s-d) g5 g,

AN

0

Remark 5.8. We remark that the case discussed in Theorem 4.5 corresponds to the case
k=1,s=1and p=1in Theorems 5.6 and 5.7. Upon comparing both error bounds and the
corresponding work estimates, we observe slight differences in the logarithmic terms; this is
due to the slightly more conservative choice of the numbers M; of samples in Equation (4.11)
which we made in order to avoid the appearance of log hy, terms in the error bound of Equa-
tion (4.10). For moments of order & > 2, however, such terms appear in any case due to
the sparse tensor approximation error bound in Proposition 5.4 which is sharp, so that the
slightly more straightforward selection in Equation (5.10) is sufficient to achieve the expected
convergence rates.

Remark 5.9. The complexity bound in Equation (5.11) in Theorem 5.7 indicates loss of log—
linear complexity as soon as 2s > d. In this case, the smoothness s of the solution mapping
A(w)~! allows for higher convergence rates of the Galerkin Finite Element approximation in
D which, when combined with a linear complexity solver such as Multigrid or a diagonally
preconditioned wavelet solver, will imply that the efficiency of the MLMC-FE method (i.e.
accuracy versus work) is dominated by the “weaker” of the two methods. In the case s > d/2,
this is the MC method. We conclude from Theorem 5.7 that, therefore, the use of a MLMC-
FE method is only advisable in connection with low order Finite Element methods: in spatial
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dimension d = 2, log-linear complexity will be retained with linear simplicial Finite Element
methods where p = 1. In spatial dimension d = 3, linear complexity can be retained up to
s = 3/2; to access this range of convergence orders, it will suffice to use simplicial Finite
Element methods of polynomial degree p = 2. With these methods, convergence for the
expectation and k-th moments can be achieved in overall complexity of (’)(Né/ s (log Np)k=1)
for work and O(Np,(log Nz)¥~1) for memory.

6. IMPLEMENTATION AND EXAMPLES

In this section we discuss the approximation of the stochastic coefficient a for w € Q.
Followed by numerical examples in R and R2.

6.1. Coefficient Representations. For numerical simulations, the random field a(w, z) in
Equation (3.1) must be represented parametrically. Here, we discuss the implementation and
the complexity of two choices: a Karhinen-Loéve expansion and a (multi)wavelet expansion
of a(w, z).

6.1.1. Karhinen-Loéve -expansion. Random diffusion coefficients a(w, z) € L?(2; L*(D)), ad-
mit a Karhtnen-Loeve expansion in terms of the eigenpairs (Ag, px)52; of the covariance
operator which is the compact and self-adjoint integral operator with kernel g, given by

(6.1) ¢ = E[(a — E[a]) ® (a — Ela])]
or defined pointwise formally by
(6.2) ta(@,2") = E[(a(", ) — Bla](2))(a(-,2) — Ela](z))] , x,2" € D.

We assume that the eigenfunctions ¢y are normalized in L?(D) and the \; are enumerated
in decreasing magnitude, then the random diffusion coefficient admits the Karhunen-Loeve
expansion

(6.3) a(w,z) = Ela)(z) + > VAYi(w)gi(@),
i=1
where the random coefficients Y;(w), for i = 1,2,..., are defined by

/D(a(w,x) — Ela](z))pi(z)dz , if A\; >0,

1
(6.4) Yiw) =3 v
0 otherwise.

The Karhtinen-Logve series in Equation (6.3) converges in L?(2; L2(D)) (see [31]).

Estimation of the probability density function for the stochastic coefficients Y3 in the
Karhtnen-Logve expansion, Equation (6.3), from an ensemble {a‘ € L>®(D) : i = 1,..., I},
can be performed via Equation (6.4) provided the Covariance Qq(z,2’) in Equation (6.2)
is known. In this case, the smoothness of the covariance kernel g,(x,z’) is well known to
determine the rate of decay of the eigenvalues to zero in the Karhinen-Loeve expansion (e.g.
[32]). Moreover, approximate eigenpairs can be computed via variational methods using Finite
Element subspaces, and rates of pointwise convergence in D can be established almost surely.
We emphasize that to determine the Karhtunen-Loeve expansion of the stochastic coefficient
a explicit knowledge of the covariance kernel ¢, in Equation (6.1) and (6.2) is required.
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6.1.2. Wavelet—expansion. The Finite Element spaces V| = S%’Dl(D, Ti), as defined in Equa-
tion (4.1), in the domain D are built on the nested sequence {7;}7°, of regular, simplicial
triangulations 7;, obtained by [ uniform refinements of some initial, regular partition 7y of
D into simplices (Ko)j, j = 1, ..., #7o. Therefore, for each I € Ny, every simplex (K;); € T;
is affinely equivalent to the reference simplex K = {& € R% : ||Z]|; < 1}: there are affine
mappings
(Fl)j:KSi—)SUE(Kl)jG’ﬁ,

such that, for all j = 1,...,#(T7),

det| D(Fy);| = |(Ky);1/|K| = 0271 .
We observe that for every p > 1 and any regular, simplicial partition 7 of D holds
(6.5) V(SEU(D,T)) € s*7H(D, T)* c L*(D)? .

For any L, q € INg, we have the orthonormal decomposition

L
S%O(D?%) — @Rb
=0
where
R := 8D, T)NnSYD,T_)*t if 1>1, and Ry :=S*°(D,Tp) .

An L?(D)-orthonormal basis of S90(D, T)) can be explicitly constructed as follows: let Ty =
{K} and define 71 = {(K1); : j = 1,...,29}, the set of 2¢ many simplices (K7); that are
obtained by regular subdivision of the reference simplex K. We define for any q € Ny,

N, := dim(S*(K, Tg)) = ( qu ) :

and, ford=1,2,... and ¢ =0,1, ...,

Nq — dim(Sq’O(K,ﬁ) qu,O(Kj%)J_) _ (2d —1) ( Q"Cil‘d > .

Denote by {(ﬁn}gil an L2(K) orthonormal basis of
Wo 1= 89K, To) = Py(K)

and by {ﬁn}nNil an L2(K) orthonormal basis of

(6.6) Wy = SY(K,T7) N STO(K, To)* .

For [ = 0 we define the basis ¥y by

(6.7) g = {(1/10)j,n| V(Ko); € To: (Y0)jnl(xo); © (F0)j = @nyi Pk € Wo}
and, for every [ > 1, we define ¥; by

(6.8) U= {(W)jn:d =1, #(Ti21), n=1,.., Ny},

i.e. by the set of affine images of the (mother-wavelets) 1, under (Fj_;) j

(wl)j,n o (Fjlfl)] - 12}717 l Z 17 .7 - 17 “'7#(7;*1)7 n = 17 "'7NLI'
By construction, (¢;);n = ¥y 0 ((Fj—1);)" ! forms an L?*(D) orthogonal system.
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Proposition 6.1. Assume that the elements (1) of the sets V; defined in Equation (6.7)
and (6.8) are L?(D) normalized, i.e. that

((¢l)j,na (¢l’)j’,n/)L2(D) = 6l,l’5j,j’5n,n/7 \V/l,l/ S INOa J = 17 7#(%)3], = 17 7#(77’)
Then
(6.9) L*(D) = @Rl, where Ry :=span{¥;}, 1>0.
=0

Proof. Since the (1)}, are L?(D) orthonormal by construction, the algebraic sums ¥o+ Wy +
.. of subspaces are direct. Since, for every L € INg and every ¢ € INg

(6.10) SY(D,Ty) = @\pl > 8D, 1)

and since the space of simple functions on the partition 77 coincides with S%°(D, Tz), the
sequence of subspaces defined in Equation (6.10) is dense in L?(D) as L — oo, which proves
Equation (6.9). O

Every stochastic diffusion coefficient a(w, x) € L*(Q; L?(D)) = L*(Q, A, P; L*(D)) admits,
by Equation (6.9), a multi-wavelet expansion

o N Ng
(6.11) =3 3D (@)jn(w)(@)jn(e),

=0 j=1n=1
where the “coefficients” (a;);,(w) € L?(Q, A,P; R) are random variables defined by
(6.12) (@1)jn(w) = /Da(wvw)(m)j,n(ﬂ?)dx = (a(w,"), (W1)jn)r2(D)-

The convergence in Equation (6.11) is, as in the case of the Karhinen-Loéve expansion, in
L?(Q, L*(D)). However, unlike in the case of a Karhiinen-Logve expansion, in certain cases
the Finite Element discretization of Equation (4.2) on mesh 7Ty coincides ezactly with the
discretization of a diffusion problem where the wavelet coefficient expansion, Equation (6.11),
is truncated at level L.

Proposition 6.2. Assume that the stochastic coefficient a(w,x) in Equation (3.1) is given
in the form of Equation (6.11). Denote for 1 < L < oo by ar(w,z) the partial sum

L N Nq

(6.13) ar(w,-) = ZZZ(al)j,n(W)(wl)Jn

1=0 j=1n=1
and define the corresponding bilinear form Br(-,-) by

(6.14) Br(v,w) = [/ ar,(w,x)Vgv - wadx] . v,w e L2 V).
D

Then, under the assumption
(6.15) q>2p-2,

the bilinear forms B(-,-) in Equation (3.6) and BL(-,-) in Equation (6.14) coincide on the
FE spaces SPY(D,Ty):

(6.16) VUL,wL € LQ(Q;Sp’l(D,'TL)) : B(UL,’U)L) = BL(vL,wL).
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FIGURE 2. N, = 3 Mother-Multi-wavelets in Equation (6.6) for ¢ = 0 and d = 2.

Proof. The proof follows from the definition of B(-,-) and of Br(:,-), upon noting that by
Equation (6.5) for every vy, wy, € SPY(D,Ty) it holds that Vv, - Vwy € S?P729(D,Ty). The
orthogonal sum property of the decomposition in Equation (6.9) then implies with Equa-
tion (6.15) the assertion. O

Remark 6.3. The identity, Equation (6.16), has the important implication that in the
MLMC-FE method, in one Finite Element simulation at mesh level | the bilinear form B(-,-)
can be evaluated on the exact stochastic diffusion coefficient a(w, z) in Equation (6.11) with
O(N;) work. This is easily verified from Equation (6.13) together with the identity in Equa-
tion (6.16).

Remark 6.4. From Equation (6.15) and Remark 5.9 we see that for linear scaling MLMC-FE
methods for the most important spatial dimensions d = 2, 3, piecewise constant (i.e. ¢ = 0 for
p = 1) and piecewise quadratic (i.e. ¢ = 2 for p = 2) discontinuous multiwavelets will have to
be used in the wavelet representation, Equation (6.11), of the stochastic diffusion coefficient.
For ¢ = 0 in spatial dimension d = 2, the Nq = 3 generating mother—wavelets &n are shown
in Figure 2.

6.2. Numerical example on D = [0,1]. In our implementation the mesh 7; at level [
is the family of intervals of the form [(i — 1)27,427] for i = 1,...,2!, the mesh width is
then given by h; = 27'hy = 27!, with 2! elements per level. This results in a 2-shape
regular mesh and the family {7;}7°, is nested. Here we employ Dirichlet boundary conditions,

ie. Sll’g(D,%) = SY9(D,To) N HY(D) = {0}, which implies no degrees of freedom on the
boundary. The hat basis (b;); at each level [ is defined, for i = 1,...,2" — 1, as:

x—(i—1)h forz € [(i—1)hy,ihy,
(6.17) (b)i(x) =2 (i + )by —x for € [ihy, (i + 1)hy],

0 otherwise.

We consider the following example adapted from [6]
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Example 6.1. Let D = [0,1], Bo(2) = 5+ 2, qa(w,2') = “MEZHL ¢ gL(D) @ HY(D).
g?)m(x) = sin((z + 1)/@), for m > 1. The eigenvalues feature algebraic decay with rate 2
The data f, on the right hand side of Equation (3.1), is set equal to 1.

The corresponding eigenpairs in the Karhiunen-Loéve expansion are given by Ay, =

The diffusion coefficient a expressed in the Karhtinen-Loeve expansion (see Equation (6.3))
was truncated after the first term. With independent and [—1, 1]-uniformly distributed ran-
dom variables Y; we may write

2V2 : <7r(:c+1)>

aj(w,z) :=5+z+ — Y (w)-sin 1

T
This leads to an increased consistency error between the exact moment of the solution of
Equation (3.1) and the MC-FE method, resp. MLMC-FE approximation.

To establish the error bounds, proven in the previous chapters, in simulations we calcu-
late the exact solution of Equation (3.1). Therefore, we integrate Equation (3.1), given the
stochastic diffusion coefficient a1 and the right hand side f = 1, to obtain for the first moment:

i

o0 Ty sin(%) '
d

Z 2z+1 /0 5+ 5+y 4

The constant ¢ is the solution of the above expression set to zero when integrating over the
whole domain D = [0,1]. The integral was calculated with Mathematica 2, terminating the
sum after ¢ = 5, this leads to ¢ &~ 0.4850. The integration in each term in the sum is tedious.
For the simulations we terminate the series after i = 5. The L? norm between the expansion
up to i = 4 and to i > 5 is of order O(10719). Up to level L = 10, where hy ~ 1073 we
can neglect the remainder of the series. This error is insignificant given the accuracy of the
approximation for simulations up to level L = 10 for point estimates and for the L?-norm on
the domain D = [0, 1].

The error estimates are calculated in the first order Sobolev semi-norm accordingly, given
in Equation (3.5). The m-th order Sobolev semi-norm, for m € N, for sufficiently smooth
u: D — R is defined as

|u|%1m(D) = Z / |D%u)?dzx.

aelN? |a|<m
Foru, €V, = S%’;(D, T;) we have
201 21
[l ) = /D O @)V 00)i (@)Y )iV (b)i(x)) de.
i=1 i=1

If we denote by 5; the stiffness matrix of the Laplace operator with respect to the nodal hat
basis b; at level [ we may write

(6.18) w1 oy = (urSyu)'/?

The simulation was carried out on a Computer with a two GHz processor with one GB
RAM using Matlab 3. As a solver we used the backslash operator in Matlab.

2Wolfram Research, Inc., Mathematica, Version 7.0; Champaign, IL (2008).
3SMATLAB, version 7.9.0.529 (R2009b); Natick, Massachusetts: The MathWorks Inc., 2009.
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The fitted H1-error has slope: 0.46838 The fitted H1-semi-norm error has slope: 0.39295
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error MLMC solution at Level L+4

5
Level L Level L

(a) (b)

Ficure 3. Rate of convergence of the MLMC-FE method with respect to
the H'-semi-norm for the approximation of E(u) in (a) and M?(u) in (b) in
dimension d = 1 against the level.

6.2.1. MLMC-FE method for the approximation of E[u]. Our aim is to verify the theoretical
approximation error for the MLMC-FE method ||E[u] — EX[u]||y, given in Theorem 4.5.
Therefore, we consider the nested family {7;}~ ; and the spaces V; = Sb1(D, T;) with basis

functions {(bl)i}?l:_ll, defined in Equation (6.17), on each level [ = 1,..., L. Each level is
constructed by adding the mid points between two vertices to the mesh of the previous level.

Thus, we get 20=1) additional linear independent basis functions passing from V;_1 to V;. To

1

construct the single scale basis {(bl)l}fl:_l , we transform each basis function of level | — 1

into the basis function of level [ plus 20~ additional basis functions. This allows us to
calculate E[u], since we need to subtract the solution in V;_; from the solution in V; (see
Equation (4.9)). For each sample of the stochastic coefficient on each level we assemble the
stiffness matrix and solve the deterministic system of equations, given in Equation (3.6), to
obtain u}. With this and the exact solution we get with Equation (6.18) the desired error.
The rate of convergence of the MLMC-FE approximation, depending on the level L, is
displayed in Figure 3(a). The theoretical convergence rate of Theorem 4.5, O(hy,), is resembled
in the simulation (as indicated by the reference slope). Figure 4(a) shows the total CPU-time
needed to calculate E*[u] for different levels L. It reflects the calculated expected behavior
of the total work Work(L) < C.N? in Theorem 4.5 for d = 1. In Figure 5(a) is the CPU-time
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FIGURE 4. Total CPU time for the MLMC-FE approximation of E¥(u) in (a)
and M?(u) in (b) in 1d against the level.

per sublevel [, for [ = 1,..., L, depicted. For M; as in Theorem 4.5 the CPU-time at each
sublevel [ is of rate O(12271).

6.2.2. MLMC-FE method for the approzimation of M?>[u]. The calculation of the second
moment M?u is performed in three steps. First we set up the linear Finite Element equation
using a standard nodal hat basis for a given level [, as described above, to compute u% In a
second step, we transform the result into a hierarchic B—spline linear wavelet basis. Finally, in
a third step, we generate the sparse tensor product by implementing Equation (5.6), the sparse
tensor projection. This algorithm is repeated for each level and, according to Equation (5.8),
this leads to the MLMC-FE approximation E*((uz)?) of M?u.

In Figure 3(b) we compare the sparse tensor product solution to the sparse tensor product
of the solution EX((ur44)?). The error resembles the theoretical results of Theorem 5.7, as
the reference slope indicates. The total CPU-time in dependence of the degrees of freedom
has quadratic growth as stated in Equation (5.11), is displayed in Figure 4(b). Figure 5(b)
shows the CPU-time on all sublevels [, for [ = 1,..., L for a fixed level L. Theoretically this
is, for fixed level L, M; N; = O(127), with M; as in Theorem 4.5.

6.3. Numerical example on D = [0,1]2. We consider the unit square and define level [ = 0
to be the space of the boundary basis functions with four vertices P; = (0,0), P, = (1,0),
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FIGURE 5. CPU-time per sublevel for different levels for the MLMC-FE ap-
proximation of E(u) in (a) and M?(u) in (b) in dimension d = 1.

P; = (1,1) and Py = (0,1), the triangulation of the unit square is given by the triangles
P PPy and P,P3Py. Given the Dirichlet boundary condition the simulation on this level
is superfluous. The nested family 7;y1 is constructed by dividing each triangle of level [
into four congruent triangles of the same size. The resulting mesh is then (2 — v/2)-shape
regular. Figure 6 shows the 72 mesh. Similar to the example in one space dimension, we
apply Dirichlet boundary conditions. We adapt Example 6.1 to R? as follows:

Example 6.2. Let D = [0,1]? and choose the sequence {fm}m>1 as the tensor product of the
sequence from Example 6.1, ordered by the magnitude of the resulting eigenvalues {\}m>1.

The eigenvalues Ay, are chosen as Ay = (Ap)? with 0 = 2.5, such that the algebraic decay of
{A}m>1 is of rate 5/2.

The simulation in dimension d = 2 was carried out on a cluster compute server with AMD
Opteron Processors, between 2.4 and 2.8 GHz per core. We used here, as in the case d = 1,
the backslash operator to solve each linear system.

6.3.1. MLMC-FE method for the approximation of Elu]. For d = 2 we did not calculate the
exact solution E[uz] as before. In this case the reference solution is either the solution of a
Monte Carlo simulation with high sample count (10000 samples) or the solution of the MLMC-
FE simulation on level L+ 1. Further, we did not integrate the entries of the stiffness matrix,
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FIGURE 6. Grid for level 2 (d = 2)

B given in Equation (3.6), exactly. Here we use a seven point Gaussian quadrature rule of
order six. Figure 7(a) shows the error of the MLMC-FE approximation for the mean field in
dependence of the level. The theoretical results from Theorem 4.5 are resembled. For the total
computational costs we calculated in Theorem 4.5, for d = 2, Work(L) = O(Np,(log N;)3*¢).
This is also apparent in Figure 8(a). We deduce that the MLMC-FE method has log-linear
computational time, whereas the convergence is the same as in the Monte Carlo method.
The results can be compared to those in Figure 4(a) for d = 1, where the CPU-time was
quadratic. The work load on each sublevel [, for [ = 1,..., L can easily be computed as O(I?),
matching the results of the simulation in Figure 9(a).

6.3.2. MLMC-FE method for the second moment. For the calculation of the error of the
MLMC-FE method for M?[u] we proceed as in the one-dimensional case. Results in Fig-
ure 7(b) reflect the theoretical error for the MLMC-FE approximation of rate O(hr,(log hz)3/?)
as stated in Theorem 5.7 for kK = 2 and s = 1. Equally the simulation results on /\the to-
tal CPU-time pictured in Figure 8(b) for the theoretical result in Equation 5.11 (W(L) =
O(Nr(log N1.))), slight differences in the rate of convergence are due to the nonoptimality of

the backslash operator for large systems. This indicates that the use of a Multigrid method



MLMC-FE METHOD FOR ELLIPTIC SPDES 31

The fitted H1-semi-norm error has slope: 0.20619

The fitted H1-semi-norm error has slope: 0.29538
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FiGure 7. Rate of convergence of the MLMC-FE method with respect to
the H'-semi-norm for the approximation of E(u) in (a) and M?(u) in (b) in
dimension d = 2 against the level.

should give optimal results for large L. For the CPU—-time on the sublevels [, for [ =1,..., L,
we have a linear growth with increasing sublevel. This can be easily calculated with M; as
in Equation (5.10) and N; = 22/, The results in Figure 9(b) are influenced by the use of the
backslash operator, such that the linear behaviour is not fully reflected.

Remark 6.5. The serial Monte Carlo and therefore the MLMC-FE simulations can easily be
implemented for parallel computing. No communication between processes is needed during
execution if available memory allows for the handling of one sample on one processor. This
means load balancing can easily be achieved without the need for communication between
the processors during execution. However, the random number streams for each processor
should be low correlated. The results are gathered at the end of the computation. In the
case of a single-level MC-FE method each result can be added independently to the result of
any other processor and data loss only leads to a reduction in the convergence speed. In the
case of a MLMC-FE method the correct order of summation of the final result on each level
has to be respected. This means that the MLMC-FE simulation is much more sensitive to
data loss then is the MC-FE simulation. In our example the sample size of the finest level
was normalized to one. In dimension d = 1 for the calculation of the mean field and the
second moment we have decreasing load with increasing mesh refinements (see Figure 5). If



32 BARTH, SCHWAB, AND ZOLLINGER

Degrees of freedom vs GPU time " Degrees of freedom vs CPU time
T T T T

time per level . E X Y
time per level -

— = = = NUlog(N)®) i
B o : p

N, ‘log(N) :

: P

time per level(sec)
time per level(sec)

i i i i i
10° 10' 10° 10° 10° 10° 10° 10° 10' 10 10° 10* 10° 10°
dofs per level dofs per level

(a) (b)

FIGURE 8. Total CPU time for the MLMC-FE approximation of E¥(u) in (a)
and M?(u) in (b) in 2d against the level.

the calculation on the finest sublevel (normalized to one sample) can be performed on one
processor, we can balance the work load for the other sublevels, with higher work load due to
higher sample sizes, by splitting the random streams to more than one processor. In the case
of d = 2 we have an increasing work load with finer meshes. This means that load balancing
can only be achieved by domain decomposition, or, depending on the number of processors
available, both, domain decomposition and sample splitting.

For all the simulations we truncated the sum in the Karhunen-Loeve expansion after the
first term. This truncation could be coupled to the degrees of freedom of the spatial approx-
imation as well, or it could be fixed to some higher term. This leads to a more complex
calculation of the exact solution and the stiffness matrix, but also to an error reduction in
the approximation of the exact moments of the solution. An algorithm to generate correlated
Gaussian random fields is given in [23].

7. CONCLUSIONS

Our error and complexity analysis reveals that for low order Finite Element discretizations
in the physical domain D, the proposed MLMC-FE method achieves an approximation of
the mean field of the random solution and its k-th moments with efficiency (i.e. error versus
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FIGURE 9. CPU-time per sublevel for different levels for the MLMC-FE ap-
proximation of E(u) in (a) and M?(u) in (b) in dimension d = 2.

computational work) which is comparable to one solve of a linear complexity Finite Element
method for a deterministic elliptic problem of the same type.

The analysis also shows that preservation of increased convergence rates of higher or-
der Finite Element methods for the approximation of stochastic solutions with higher spatial
reqularity entails corresponding increase of the MC samples at each mesh level. This im-
plies a loss of the overall log-linear complexity of the MLMC-FE scheme. For problems
with random solutions that exhibit high spacial smoothness as well as high summability,
higher convergence rates of the overall discretization scheme will require apart from high
order Finite Element methods in the physical domain also improved discretization strate-
gies in the stochastic domain such as spectral, polynomial chaos based discretizations (see,
e.g. [11, 12,2, 1, 28, 27, 7, 6]).

Therefore, the MLMC-FE method proposed here is competitive for stochastic PDE prob-
lems whose solutions have low smoothness in physical space, and moderate summability in
w € Q as, e.g., finite second moments. This is typically the case in Gaussian models of porous
media where realizations of a are, roughly speaking, Hélder continuous with exponent at most
1/2.

In closing, we emphasize that the presently proposed MLMC—FE method does not require
stationarity or Gaussianity of the stochastic diffusion coefficient a in any way. For station-
ary, Gaussian random inputs, linear scaling simulation methods can be built on tensorized
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Fast Fourier Transform algorithms (see, e.g. [14] and the references therein). Both methods
proposed here, the Karhtunen-Loeve based and the wavelet based parametrization of a(w, x),
allow for non—stationary and irregular random inputs.

The representations in Equation (6.11) and Equation (6.13) can, due to the L?(D) orthog-
onality in Equation (6.12) of the (multi) wavelets be utilized directly in scenario generation
based on a stream of “coefficient realizations” of a, possibly in digital form with uniform
pixel resolution > L. In this case, Equation (6.16) implies that a “forward” MLMC—FE
simulation on mesh 77, can account for all available data on a exactly.
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