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Abstract

KL approximation of a possibly instationary random field a(w,z) € L?(Q,dP; L>(D))
subject to prescribed meanfield E,(z) = [, a(w,z)dP(w) and covariance V,(z,2') =
Jola(w,z) — Eq(2))(a(w,2") — Eq(2'))dP(w) in a polyhedral domain D C R? is an-
alyzed. We show how for stationary covariances V,(z,z') = gq(|lz — 2'|) with g4(2)
analytic outside of z = 0, an M-term approximate KL-expansion ays(w,x) of a(w,x)
can be computed in log-linear complexity. The approach applies in arbitrary domains
D and for nonseparable covariances C,. It involves Galerkin approximation of the KL
eigenvalue problem discontinuous finite elements of degree p > 0 on a quasiuniform,
possibly unstructured mesh of width h in D, plus a generalized Fast Multipole ac-
celerated Krylov-Eigensolver. The approximate KL-expansion a s (z,w) of a(z,w) has
accuracy O(exp(—bMY/)) if g, is analytic at z = 0 and accuracy O(M ~*/9) if g, is C*
at zero. It is obtained in O(M N (log N)?) operations where N = O(h™9).



1 Introduction

Accurate numerical prediction of properties for mass produced specimens requires ac-
counting for uncertainties in their components. Testing procedures (destructive or
nondestructive) that are limited to sample specimens allow only to collect statistical
data of mass-manufactured components. They can, in general, not ascertain material
properties for any particular specimen.

This mandates statistical modelling of, for example, spatially inhomogeneous ma-
terial and solution characteristics in Finite Element simulations.

To this end, we employ a finite probability space (2,%, P) and assume that the
material property of interest is a spatially inhomogeneous random field, i.e. a P-
measurable map a(-,w) : © — L*(D). To be able to speak about mean and variances
of a(z,w) we assume

a € L*(Q,dP; L*®(D)). (1.1)

Random fields (1.1) arise in two broad classes of applications:

1. Measurements My = {a;j(z) : j = 1,..., N} of a can be considered as realization
of N independent random variables {aj(-,w)}j»v:l distributed identically to the
underlying random field a(x,w). For example, in digitized light microscopy or
computer tomography, samples a(-,w;) correspond to (pixel or voxel) datasets
that are too large as input data for continuum mechanical simulations. Besides
accounting for measurement uncertainty, statistical modelling of a(z,w) serves
the purpose of data reduction, i.e. description of the random field’s statistics in
terms of a finite, preferably small, number of parameters.

2. In subsurface flow and reservoir simulation, there is only one “specimen” with
given, deterministic a(x). Information about a(z) can only be gathered in a few
points, so that here My = {a(z;) : j = 1,..., N}, and the uncertainty in spatial
variation of a(x) in between x; is modelled by statistical procedures (see, e.g.,
[2, 3, 13, 16] for more on this). The uncertainty in a(z) is once more described
by a random field (1.1).

Given a random diffusion coefficient a(x,w), prediction of, say, concentration u(x,w)
requires solution of a stochastic partial differential equation such as

f(z)+div(a(z,w)Vu(z,w)) =0 in D. (1.2)

The simplest approach to solution of (1.2) is Monte-Carlo (MC) simulation. Here,
samples a(x,w;) of a(z,w) with prescribed statistical properties are generated and, for
each sample, a deterministic problem (1.2) is solved for u(z,w;). From a sufficiently
large set of solution samples, moments of the random solution u(z,w) can be estimated.

An alternative to MC simulation is the Stochastic Galerkin Method. Proposed origi-
nally by N. Wiener [26], one selects a basis in (and thereby introduces coordinates into)



L?(Q2,dP). Then a(z,w) is approximated by separating deterministic and stochastic
variables, i.e. by

M
ap(z,w) = Y dm (@)Y (W) (1.3)
m=1

where Y,,, : Q2 — §,, are suitably chosen random variables with ranges €2,, € R and
probability measures 7, (dym) = T (Ym) dYm, .-

The random solution u(z,w) € L?(,dP;V) (with V denoting a suitable Hilbert
space of finite energy solutions) of (1.2) is projected onto the finite dimensional space
(H%:19m7 Y, Par) where Xy is the o-algebra of Borel subsets of H%ZlQm and Py =
771(d,y1) ® . WM(dyM)

The computational efficiency of the stochastic Galerkin approach strongly depends
on judicious selection of the “coordinates” Y, in L?(€2,dP) ([8, 15]). N. Wiener and
many investigators afterwards (e.g. [7, 10] and the references there) proposed so-called
“chaos” expansions of u(z,w) in Hermite polynomials of Gaussian random variables
Y, which are orthogonal with respect to the Gaussian probability density. They are
dense in L?((2, dP) but not problem-adapted. Analogous polynomial systems which are
orthogonal with respect to more general probability measures were proposed recently
22, 27].

Due to the high cost of the stochastic Galerkin FEM for large M ([5, 8]), consider-
able computational work could (and should) be spent on finding ‘optimal’ (with respect
to an error measure for a — ay) separated approximations (1.3) of a.

In this paper, we address this issue under assumption (1.1), if @ — ajs is measured
in L?(Q,dP; L?(D)). In this case, an approximation (1.3) with certain optimality
properties is obtained by truncating the Karhunen-Loéve (KL) expansion of a(z,w).
To define the KL-expansion, we assume that the known information on a(x,w) includes
mean field and two-point correlation, i.e. that

E,(x) ::/Qa(x,w) dP(w) and Cg(x,2) ::/Qa(:n,w)a(a:',w)dp(w) (1.4)

are known. An equivalent assumption is that the mean field F, and its covariance V,
are known, since by definition,

Vo(z,2') = Cu(m,2') — Ey(x) Eq (). (1.5)

Due to (1.1), the 2-point correlation of a(z,w) is well-defined and belongs to L (D x D).
Associate with V, a compact, self-adjoint operator V, : L?(D) — L?(D) via

(Vou)(z) = /  Valw.a'uta!)da? (1.6)

and denote by (A, dm(2))55_; the sequence of its eigenpairs, with \; > Ag > ... >
Am — 0 and with ¢,,(7) constituting an orthonormal basis of L?(D). Then the KL
expansion of the random field (1.1) takes the form

a(z,w) = Eq(z) + Z m¢m(w)Xm(W) (1.7)
m=1
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where X, (w) are centered at 0, pairwise uncorrelated random variables on probability
spaces (L, X,y P)men. They relate to a(z,w) via

X (w) = /ED(a(m,w) = Ba(2))om(@)dz m=1,2,.. (1.8)

Note that, in order to allow a proper parametrization of the uncertainty space (indepen-
dence of the coordinates), the family (X,,)o°_; of random variables in the Karhunen-
Loeve expansion is often assumed to be independent. This might not be the case in
general for an arbitrary random field a, so that the independence assumption could in
fact introduce an additional data representation error.

We compute a KL-approzimation of a(z,w) based on My by truncation of (1.7)
after M terms and by Galerkin approrimation of the first M KL-eigenpairs, for given
Covariance kernel Vy: if (AL, ¢t (2))M_, denote approximate eigenpairs of V, in (1.6)
based on a one-parameter family of subspaces S, C L?(D), the corresponding ap-

proximate KL-expansion a%(m,w) of the random field a(z,w), based on My, is given

by

M
ai(@,w) = Ea(z) + >\ Al (2) X (w) (1.9)
m=1

where the laws 7 of the random variables X! : Q — R can be determined from
experiments My and from (A2, #% (2))M_, by a maximum likelihood estimate

min, 2

a(z)eEMp

2
(1.10)

M
a(r) — {Ea(:v) + /\?ncz%(fﬂ)m(w)}
m=1

L2(Qx D)

The laws 7/, of Y, are constrained such that the product measures Py (w) := @M_, 7 (w)
are probability measures which approach, as M — oo and h — 0, the law of a(z,w),
i.e measure P. Since the decay of a — a?; with a?; in (1.9) as M — oo is essential for
the complexity of the stochastic Galerkin approximation of (1.2), we analyze the decay
of A\, and the regularity of ¢,,(x) in dependence on the smoothness of V,(x,z’). We
show that the M-term KL truncation error behaves, asymptotically as M — oo, as
the best approximation error of a(x,w) from the usual FE-spaces in D. However, for
any finite and, particularly, small values of M, the KL-expansion is the best possible
M-term approximation of a(z,w) in L?(Q x D)

The efficient computation of approximate Karhunen-Loéve expansions (1.9) of a
possibly nonstationary random field a(x,w) in a polyhedral domain D C R? for given
mean field E,(z) and subject to arbitrary, prescribed spatial covariance function V,(x, z’)
is the purpose of the present paper. Our approach is based on a Ritz-Galerkin approx-
imation of the KL-eigenvalue problem

Vap = Ap. (1.11)

Since the covariance operator V, in (1.6) is nonlocal, the matrix of its Galerkin dis-
cretization is fully populated.



We approximate the leading M eigenpairs of V, by a Krylov subspace iteration
[9] requiring only matrix-vector multiplies. The fully populated moment matrix of
the discretized covariance V, need never be formed explicitly, since an approximate
matrix vector multiplication can be realized in linear complexity by a generalized Fast
Multipole Method (gFMM) in D.

This algorithm extends the Greengard-Rokhlin method (e.g. [12] and the references
there) which was developed and highly optimized for the Coulomb potential to most
covariances V,(z,z") used in statistical modelling of spatially inhomogeneous random
fields (e.g. [2, 3]), trading generality for efficiency in replacing spherical harmonic
expansions with tensorized polynomial interpolants, but retaining fast shift operations.

To ensure well-posedness of (1.2), we assume in addition to (1.1) that a € L>°(DxQ)
is strictly positive, with lower and upper bounds a_ and a4, respectively, which satisfy

0<a- <a(r,w)<ay <oo, AXP—ae (r,w)eDxQ. (1.12)

Note that the existence of C, and Vj, is ensured by (1.1) and by (1.12).

The outline of the paper is as follows: in Section 2, we present formal definitions
and properties of the KL-expansion of random fields. We then give estimates on the
rate of decay of the KL eigenvalues \,,. These estimates are crucial in determining the
approximation rate of truncated, M-term KL-expansions. In Section 3, we discuss the
Galerkin approximation of truncated M-term KL-expansions, for given kernel V,(x, 2').
Section 4 addresses the generalized Fast Multipole Method, gives algorithmic details
such as kernel interpolation and the realization of the shift operations, and establishes
exponential convergence with respect to the expansion order of the multipole error.

2 Karhunen-Loéve (KL) Expansion

We introduce the definitions and basic properties of KL expansions of random fields
a(x,w) which are second order, i.e. which satisfy (1.1). The basic reference is [17],
Chap. XI. We analyze the rate of decay of the KL eigenvalues and regularity of the
KL eigenfunctions.

2.1 Correlation, KL Expansion

Let Hi,{(,)m,, Ha, (,)m, and S, (,)s be separable Hilbert spaces. If (s;;)mea is an
orthonormal basis (ONB) in S (A is either finite or N*), any element f € H; ® S can
be uniquely represented as a convergent series

F= 3 fn®sm. (2.1)

meA

It is then easy to prove

Proposition 2.1. The mapping

Hi@SxHy @85 (f.9) — Crgi= fm®gm€H @Hy (2.2)
meA



is well-defined, bilinear and bounded with norm 1, and it does not depend on the choice
of the basis (S )men in S.

Based on Proposition 2.1 we give the following

Definition 2.2. For f €¢ H1® S and g € Hy ® S, we call Cyy € Hy @ Ho defined in
Proposition 2.1 the correlation of the pair (f,g).

If Hi = Hy = H and the corresponding scalar products also coincide, we show

next that the set {Cy := Cyy | f € H ® S} of all correlation kernels is in one-to-one
correspondence with a certain class of operators on H.
We denote by Bsym (H) the space of symmetric bounded linear operators in a Hilbert
space H, (,) g, while for p > 0, Bgymm(H ) will be the space of symmetric compact linear
operators in H whose eigenvalue sequence belongs to ¢?. The operators in Bg,, ;(H)
are termed trace class.

Theorem 2.3. If H,(,)y and S, {,)s are separable Hilbert spaces of the same dimen-
sion and (Sm)men s an ONB in S, the correlations of elements in H ® S are in a
one-to-one correspondence with the positive definite trace class operators in H, via

Y fn®fm=Cr — C: H3z— Y {(fm2)mfm €H, (2.3)

meA meA

fOT f = EmEAfm & Sm-

Proof. Obviously, the operator C; defined on the r.h.s. of (2.3) is compact as a
norm limit of finite rank operators obtained by truncating the series. The positivity of
Cy is also clear, so it remains to check that its trace is finite. Choosing (€, )mea ONB
in H, we have

TeCr= Y (Crememdn =D Y (fmen)tr = Y Mfmlir = flfos < oo- (24)

meA meAneA meA

The mapping (2.3) is therefore well-defined. From the identity
Crx,y)n = (Cr,x@Y)nen o,y € H (2.5)

it follows that the definition of C; does not depend on the basis (s,,)mea and that the
mapping (2.3) is injective.

We check the surjectivity of (2.3). To this end, let C be a positive definite trace class
operator in H. C is in particular compact and has an eigenpair sequence (A, Om)meA

Chm = Amdm Vm € A. (2.6)

The eigenvalues (A, )mea have finite multiplicity, their sequence is nonincreasing and
may accumulate only in 0. Moreover, the trace class condition reads

D A < oo (2.7)



Then the series

meA

converges due to (2.7) to an element f € H ® S for which we clearly have

Of = Z Am - Om @ ¢m (2.9)

meA

From (2.5),(2.6), (2.9) it follows that C; has the same spectral decomposition as C, i.e.
Cr=C. |

As a consequence of Theorem 2.3 it is easily seen that

Corollary 2.4. Let H,(,) g be a separable Hilbert space and C' € HQH be a correlation
kernel. Then in terms of the spectral decomposition (2.6) of C € Boo(H) defined as in
(2.5), C can be represented as

C=> Anbm® om. (2.10)
meA

The description of all the elements in H ® S with a given correlation kernel is
achieved in the following result.

Theorem 2.5. Consider H,(,)g, S,{(,)s separable Hilbert spaces and C € H® H a
correlation kernel, together with its representation (2.10). Then f € H ® S satisfies
Cy = C iff there exists an orthonormal family (Xm)mea C S, such that

F=> Vo bm @ X, (2.11)
meA

Proof. The if” part follows by the arguments used to conclude the proof of Theorem
2.3, after completing the family (X,,)mea to an ONB.
Conversely, if Cy = C, then we expand

f = Z ¢m ® Yma (2'12)

meA

with (Y,,)mea C S, from which it follows via Proposition 2.1

Cy = Z (Yo, Y)s - dm @ ¢, (2.13)

m,m/ €A

Comparing (2.13) and (2.10), it follows that

(Yin, Yinr) s = AmOmn (2.14)
and (2.11) holds with X,, := Y, /v Am. |



Definition 2.6. The ezpansion (2.11) of f in terms of the spectral decomposition of
Cy is called the Karhunen-Loeve expansion of f.

Partial sums of the KL expansion of f € H ® S are optimal approximations of f in
subspaces of H ® S which are finite dimensional in the first argument.

Theorem 2.7. If f € H® S has the KL expansion (2.11), then for any M € N it holds

. 2 .
it |f = Presfliios = Y Am (2.15)

dim U=M m>M-+1

with equality only for U = Span{é1, ¢2,...,¢n} (and g consequently the M -th truncate
of (2.11)).

Proof. 1t is clear that the equality holds for U = Span{¢1, @2, ..., o}, since Pygs f
is then the M-th truncate of (2.11). It is also clear that (2.15) holds for M = 0. It
suffices therefore to prove that the infimum in (2.15) can not be smaller than the r.h.s.
of (2.15). We argue by induction on M.

Note first that w.l.o.g. we can assume the family (X, )mnmea to be an ONB of S. Consider
now U C H of dimension M and g € U ® S. g can be written as

9= iy ®Xp, (2.16)
meA
with u,, € V. Then we have
1F=g1* = > Anlldm — uml. (2.17)
meA

Define now N € N to be the largest integer such that for W := Span{ui,us,...,un}
it holds dimW = M — 1. Clearly, N > M — 1 and from (2.17) we deduce

Hf_gH2 = Z )\mH(z)m_umH2+ Z )‘m|’¢m_um”2

m<N m>N+1

= > Alldm — Pwunl® = D Anlldm — Pwtimll* = [ dm — um|?)
meA m>N-+1

> ) Anldm — Pwunl®> = Y- AnlPraw (ém — Pwum)|
meA m>N+1

= Z AmH‘Z)m_PWumw_ Z )‘mHPUGWCbm”2
meA m>N+1

> Z >\mH¢m - PWumH2 — AN, (2'18)
meA

since U © W is one-dimensional and N > M — 1. W being M — 1 dimensional, (2.17)
and (2.18) show that

—ql?>  inf inf — Al = A\ 2.19
If —gll _dim%%?wflhel(r}@s”f | M (2.19)



Taking the infimum over g and U in (2.19), the conclusion follows by induction on M. B

As an example, let us specialize now Theorem 2.5 by choosing as in Section 1
H := L*(D) and S := L?(Q,dP) and obtain (see also [17])

Proposition 2.8. If a € L?(D x Q), then there exists a sequence of random variables
(Xm)m>1 C L*(Q,dP) satisfying

/ Xon(w) dP(w) = 0, / X (@) Xon () dP(@) = Gy ¥om > 1,  (2.20)
Q Q

and such that the random field a can be expanded in L*(D x Q) as
a(z,w) = Eo(z) + >V Ambm () Xm(w), (2.21)
m=1

where (Am, m)m>1 15 the eigenpair sequence of the Carleman operator

V,: L3(D) — L*(D), (V,¢)(x) := /D Va(z,2")p(z")dx'. V¢ € L*(D) (2.22)

and V, := Cy_pg,. Moreover,

Xm(w) = \/% /Da(m,w)qu(:v) dx. Ym > 1. (2.23)

Definition 2.9. The r.h.s. of (2.21) is called the Karhunen-Loéve expansion (KL
expansion for short) of the random field a € L2(D x ).

Let us briefly discuss the optimality result Theorem 2.7 in this context. The (mean
square) approximability of a(z,w) by its KL truncates via Theorem 2.7 relies on the
knowledge of the exact eigenfunctions (which are not available in practice), and on
modeling the random variables given by (2.23) (achievable by testing the measure-
ments My against the eigenfunctions, assumed to be known). Thus in general the
optimal approximations of the random field a(x,w) can not be found, unless the co-
variance kernel and the domain D have simple structure (as, e.g. when V, is separable
and D of tensor product type; cf. e.g. [10] for examples). However, nearly optimal ap-
proximations can be constructed using computed (necessarily inexact) eigenfunctions of
V,, that is, exact eigenfunctions of PyV, Py, where U C L?(D) is a finite element space
and Py is a suitable (quasi-)interpolation operator. We formulate the corresponding
result in the abstract setting of Theorem 2.7.

Theorem 2.10. If f € H® S and U is a closed subspace of H, we denote by
(Ams &m)m>1 and (Au,m, dUm)m>1 the eigenpair sequences of Cy and PyCyPy respec-
tively. For any M € N* we define Wy := span{¢um | 1 <m < M}. Then

M [e%)
dim Wy =M, |f = Pwyesflties = D Om—Aum)+ Y. Am (2.24)
m=1 m=M-+1



Proof. Denote further by ()\W]‘& 7m)m21 the eigenvalue sequence of PW;I CfPW]‘&,

where WAI, is the orthogonal complement of W, in H. We have successively

o0
If = Pwyesflios = IPwresfltes = Y Awlm = Tr PyrCrPyr

m=1
0o M
= TrCp—Tr Py CrPwy = > Am— > Auim:
m=1 m=1

Definition 2.11. If f € H® S, U is a closed subspace of H and M € N U {oc},
we denote by (Aum, dum)m>1 the eigenpair sequence of PyCsPy € Bsym,oo(U) and by
W the space spanned by (¢um)i<m<m. Then there exists an orthonormal family
(XU,m)ISmSM C S such that

Pyyesf = Z V AUm®PUm @ Xum (2.25)

m>1

and we call the expansion (2.25) the (U, M )-quasi Karhunen-Loéve (KL) expan-
sion of f.

Note that the (H,oo0)-quasi KL expansion coincides with the KL expansion of f
constructed in Theorem 2.5.

Remark 2.12. In our applications below, the subspace U will be a Finite Element
(FE) subspace of dimension N = dim(U) < oo much larger than M. The projection
(2.25) can be understood as projection of f onto the principal components of U.

If no eigensolver is available, the random field a(x,w) still can be approximated
by an expansion separating the deterministic and stochastic parts and obtained by
testing a(z,w) against a basis of an arbitrary space U C L?(D). The accuracy of this
approximation is just as high as that of the U ® U Galerkin approximation of V,. We
further note that, although weaker than the methods presented in Theorems 2.7, 2.10,
(2.25) can become (e.g. in the case of an analytic covariance V,) asymptotically, i.e.
as M — oo, optimal.

Proposition 2.13. Consider H,S separable Hilbert spaces and (Up)m>1 a nested,
dense sequence of closed subspaces of H. If f € H® S, define for any m > 1

em = ICt — Pu,,0U.CtllHoH- (2.26)

Then for any M > 1 it holds

If = Puyesfltas < D (dimUnir — dimUpnp)' e, (2.27)
m=M



Proof. For m > 1 let us denote by N,, the dimension of U, and choose (¢n,)m>1
ONB in H such that U, = span{¢1, ¢o,...,¢n,, } for any m > 1. Then there exists a
family (Xp,)m>1 C S such that

F=Y 6m®@Xm, Cr= > (X Xp)shm ® by (2.28)
m>1 m,m’>1
Clearly then,
If = Poyesflies =1 D om @ Xmlires = D> 1 Xml3 (2.29)
m>Npg m>Njpy

But, using (2.28),

> Xmll§ < > [(Xm, Xir)s1? = Cr = Puyevn Crlliren = i,

m>Njpr max{m,m’}>Nys

from which we deduce via the Cauchy-Schwarz inequality and for any M > 1

1/2
Yo IXnlE < (N — Nap'? Yo IXall
Ny <m<Nar41 Ny <m<Nar41
< (Nyg1— Nu)Y2en. (2.30)
The conclusion follows inserting (2.30) in (2.29). [

Since we are interested in the KL expansion of stochastic coefficients a(z,w) of
partial differential equations such as the diffusion equation (1.2), a sufficient condition
for P — a.s., pointwise a.e. in D convergence of (2.21) is of interest.

Proposition 2.14. The KL series (2.21) converges P-a.s. in L (D) if

Z A (log m)? qu5m||2Loo(D) Var(X,,) < oc. (2.31)

m=1

Follows from [17] Theorem 36.B (i), applied to v/Am [|¢m | Lo(py Xm(w) if we note
the X,, in (2.21) satisfy (2.20), i.e. have mean zero and are pairwise uncorrelated.

2.2 KL Eigenvalue Decay

From Proposition 2.14, the pointwise convergence of the KL expansion (2.21) is related
to eigenvalue decay and to pointwise eigenfunction bounds. We now prove such decay
rates for the KL eigenvalues in terms of regularity of the covariance kernel V,, (pointwise
eigenfunction bounds will be considered in the next section).
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Definition 2.15. A correlation function V, : D x D — R is said to be piecewise
analytic/smooth/H?? on D x D (p,q € [0,00]) if there exists a partition D =
{Dj}}'lzl of D into a finite sequence of simplices D; and a finite family G = {Gj}}'le
of open sets in R% such that

J
D=JD;, Djca vi<j<y, (2.32)
j=1

and such that Va]Djij, has an extension to G; x G which is analytic in G x Gy /is
smooth in G x Gjr /is in HP9(G; x Gy) == HP(G;) @ H1(Gj), for any pair (j,7).
We denote by Ap g(D?)/ C%‘jg(Dz)/ H%?Q(D2) the corresponding reqularity spaces.
Similarly we introduce spaces of piecewise reqular functions defined on D, which we
denote by Ap g(D)/ C%:g(D)/ Hfgg(D).

To prove decay estimates for the eigenvalues of a piecewise analytic kernel (in the
sense of Definition 2.15) we need the following auxiliary result.

Lemma 2.16. Let (H, (-,-)) be a Hilbert space and C € B(H) be symmetric, nonnegative
and compact operator whose eigenpair sequence is denoted by (Ap, Om)m>1-
If m € N and C,, € B(H) is an operator of rank at most m, then it holds

)\m-‘rl < ”C - CmHB(H)- (233)
Proof. Straightforward application of the minimax principle:

— <
Amit = min mex (C,¢) < max  (C¢)
dimVLi<m |¢llg=1 lloll =1

- max  ((C —Cm)d, ) <€~ Cunllsmy
i Py

We require approximation properties of the FE-spaces S¥(D). By H*(D) we denote
the functions which belong to H¥(D;) for every D; € D. Then we have

Proposition 2.17. Let SZ(D) denote the space of discontinuous, piecewise polynomial
functions of total degree p > 0 on a quasiuniform triangulation My, of mesh width
h subordinate to the partition D of D and denote by N = dimSﬁ(D) its dimension.
Denote by Py, : L*(D) — SV the L*(D) projection. Then for every o € H*(D) it holds,
as h/(p+1) — 0,

lo = Prell2(py < CR)(/(p + 1)) < O (k) N~ mintpH LR} (2.34)

and, if @ is analytic in each Ej, Dj; € D, there are b,C > 0 such that, as p — oo on a
fized triangulation M of D subordinate to D,

I — Prpllrzpy < Cexp(—bp) < Cexp(—bN'/4) (2.35)
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2.2.1 Piecewise Analytic Covariance

For piecewise analytic kernels in the sense of Definition 2.15 we have

Proposition 2.18. Let V € L?(D x D) be a symmetric kernel defining the compact
and nonnegative integral operator

V:L*(D)— L*(D), (Vu)(z)= / V(z, 2 )u(z') do’. (2.36)
D

If V' is piecewise analytic on D x D and (Ap)m>1 is the eigenvalue sequence of its
associated operator (2.36), then there exist constants c1,v,ca,v > 0 depending only on
V' such that

0< A < crve V™ vm > 1, (2.37)

Proof. Under the assumption of piecewise analyticity of the kernel V(z,2’) (in the
sense of Definition 2.15), the operator V maps L?(D) into the set of piecewise analytic
functions. Define V,,, := P,V. Then N := rankV,, = O(1/(p+1)%), and, by Proposition
2.17, (2.35) we get ||V — Vil < Cexp(—bp) < Cexp(—bN'/?). Lemma 2.16 then
implies (2.37). [ |

One is often interested in Gaussian covariance kernels of the form
Vo(z,2) := o® exp(—|z — 2>/ (v*A?)), V¥(x,2’) € D x D, (2.38)

where 0,7 > 0 are real parameters and A is the diameter of the domain D. Note that o
and + are in this case referred to as the standard deviation and the correlation length of
a respectively. Since this kernel admits an analytic continuation to the whole complex
space C?, the eigenvalues decay is in this case even faster than in (2.37).

Proposition 2.19. Ifa € L?(D x Q) and V, is given by (2.38), then for the eigenvalue
sequence (A )m>1 of Ve it holds

ml/d42
0< Ay <2 W™ Ty o (2.39)
r'(0.5mb/4)

where I' is the gamma function interpolating the factorial.

Proof. A repetition of the argument in the proof of Proposition 2.18 using as ap-
proximations for ), the integral operators given by the Taylor truncates of V. |

Remark 2.20. Note that the decay estimates (2.37), (2.39) are subexponential in
dimension d > 1. The exponent 1/d accounts for higher multiplicity of the eigenvalues
in the presence of symmetries in V,; and D and cannot be removed, in general.
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2.2.2 Finitely Differentiable Covariance

So far, we assumed that the kernel function V(x, x’) is piecewise analytic which implied
exponential decay of the KL-eigenvalues. If the requirement of analyticity of V(z,x’)
is weakened to finite Sobolev regularity, only algebraic decay holds true.

Proposition 2.21. Let D C R? be a bounded domain and V € L*(D x D) be the
symmetric kernel of the compact, nonnegative integral operator

V:L*(D) — L*(D), (Vu)(z)= / V(x, 2 Yu(x') da’. (2.40)
D

If V is piecewise H*Y := H* ® L? on D x D with k > 0 and (Am)m>1 denotes the
eigenvalue sequence of V, there exists a constant c3y > 0 such that

Am < csym M4 ym > 1. (2.41)

Proof. Analogous to Proposition 2.18, using (2.34) in place of (2.35). [ |

Corollary 2.22. Let D C R? be a bounded domain and V € L?(D x D) be a symmetric
kernel defining a compact, nonnegative integral operator via (2.40). If V is piecewise
smooth on Dx D and (A )m>1 denotes the eigenvalue sequence of its associated operator
V, then for any s > 0 there exists a constant cy,s > 0 such that

0< Ay <cysm™®, Vm>1. (2.42)

2.3 KL Eigenfunction Regularity

The regularity of the covariance kernel implies corresponding regularity of the KL eigen-
functions. The following result follows immediately from the KL-eigenvalue problem
(1.11).

Proposition 2.23. Assume that the covariance kernel V,(x,x') is piecewise analytic/
is CP on the partition D of D in the sense of Definition 2.15. Then the KL eigenfunc-
tions @m () are analytic/ CP in every D; € D.

Pointwise control of KL eigenfunctions is important to establish pointwise conver-
gence of the KL expansion, i.e. convergence in L2(),dP;L°(D)). This in turn is
important to ensure the ellipticity and stable solvability of problems like (1.2) when
a(x,w) is replaced by a finite KL-approximation.

Theorem 2.24. For D C R% a bounded domain and V piecewise smooth on D x D,
such that the domains D; in Definition 2.15 all have the uniform cone property, we
denote by (Am, dm)m>1 the eigenpair sequence of the associated integral operator V via
(2.36), such that ||mllr2py = 1,¥Ym > 1. Then for any s > 0 and any multiindex
a € N? there exists CV,s,a > 0 such that

10%PmllL(D;) < cvisalAml™®, Vm>1,V1 < j < (2.43)
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Remark 2.25. Under the reqularity assumptions of Proposition 2.24 the estimate
(2.43) is optimal in the sense that for any « it fails to hold with s = 0. This can
be seen for instance on D :=]0,1[ by taking

V::Z)\m’(z)m@)d)m

m>1

where A, == e~™ and ¢ () = m-d(m>x—m), Yz €]0,1[,Vm > 1, with ¢ € C§°(]0, 1])
satisfying ||l z2qoap = 1-

Remark 2.26. Further assumptions (like stationarity of a(x,w)) lead to the uniform
L™ boundedness of the eigenfunctions, but not of their derivatives.

For the proofs of the results presented in this section we refer the reader to Appendix
and to [24].

3 Approximate KL Expansion

In order to use the (truncated) KL expansion (2.21) in practice, we must be able to
compute efficiently and accurately approximations to the first M KL-eigenpairs in ar-
bitrary domains D. In one dimension, for particular kernels, explicit eigenfunctions
are known (see, e.g., [10]). These can be used to obtain explicit eigenpairs also for
multidimensional tensor product domains D, if the covariance V,(x,z’) is separable.
This is often the case in subsurface flow problems, where D is a box and the covariance
kernel V; is Gaussian as in (2.38). To deal with random coefficients in arbitrary geome-
tries, however, an efficient numerical approximation of the eigenpairs of the covariance
operator (2.36) is an essential step in the efficient numerical solution of problem (1.2).

3.1 Galerkin Discretization of the KL Eigenvalue Problem

Let h € $ (it will be either h or p) be a discretization parameter and let S;, C L?(D)
denote the corresponding finite element space. The variational formulation of the
eigenvalue problem reads, in discretized form,

Find (Anm, @hm)m>1 C R xSy, such that

/ Vo, ') b (2 () i’ = Ay / ohm(@p(@)de Ve Sh  (3.1)
DxD D

(3.1) shows that the sequence (A, @hm)m>1 is nothing but the eigenvalue sequence
of the compact, self-adjoint operator PP, in L?(D). Theorem 2.10 implies then
(with U = Sj) that an important contribution to the error introduced by a quasi-KL
expansion of the random field a(z,w) comes from the difference between the traces of
the continuous and discretized operator. In order to control the trace discretization
error we make the following
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Assumption 3.1. The eigenpair sequence (Am, ¢m)m>1 of the integral operator V has
the property that for any s > 0 there exists cy,s,s > 0 such that

fm — Prdmllz2(py < cvsshni®(h) ¥m > 1,Yh € (3.2)

where the function ® : R — R describes the convergence rate of the finite element spaces
S = (Sh)heﬁ-

Later we will see that Assumption 3.1 is satisfied again in the case of a piecewise
regular kernel K for both the h and p finite element methods.
Based on Assumption 3.1 we prove the main result of this section.

Theorem 3.2. IfV € L?(D x D) is piecewise smooth on D x D, defining a nonnegative
self-adjoint operator V wvia (2.36) such that Assumption 3.1 is satisfied, there exists a
constant cy,s > 0 such that

0<TrV—Tr PVP, <cys®h)? Vheh. (3.3)

Proof. Fix h € $. From the minimax principle we immediately deduce A, ,, <
Am Vm > 1, so that
Tr PhVPh < Tr V. (34)

Further, the obvious identity
V—-DPVP,=I—-P)V+V{I—-P,)—I—-P,)V(I—-PFp)
together with the fact that V is nonnegative ensure that (H := L?(D))
(V=P VP u,uyg <2|(Vu,(I — Ppu)g| VYue H. (3.5)
Using (3.5) and Assumption 3.1 it follows

TeV—Tr BVP = > (V= PiVP)ém dm)ir <2 [(Vom, (I — Pr)dm)nl

m>1 m>1
< 2 Z Aml[(1 = Ph)(lsmH%{ < CV,S,SCI)(h)2 Z )‘}n_zs~ (3.6)
m>1 m>1

By Corollary 2.22 the series on the r.h.s. of (3.6) converges which concludes the proof.
|

3.2 Convergence of the Discretized KL. Expansion

From Theorems 2.10, 3.2 we immediately deduce

15



Proposition 3.3. Consider a € L*(D x ) such that V, € L*(D x D) is piecewise
smooth on D x D, defining a nonnegative self-adjoint operator V, via (2.36). If As-
sumption 3.1 holds, then there exists a constant cy,s > 0 such that for any h € $ and
M > 1 the (Sk, M)-quasi KL expansion of a, defined by

ap, v (T, w) = +Zv>\h m®h,m (2) Xpm (W) (3.7)

satisfies

la — anprlfz(pxoy < cvs®(h Z Am Vh €. (3.8)
m=M+1

In applications to partial differential equations with random coeflicients, it is neces-
sary to ensure that the approximate, truncated KL expansion satisfies sign conditions
pointwise in x € D an P-a.s. in w € ). Using the pointwise eigenfunction bounds
Theorem 2.24, it is possible to establish pointwise convergence of the KL expansion.

Assumption 3.4. The family (X,,)3;_, of random variables the KL expansion (1.7)
is uniformly bounded, i.e.

dex >0 HXmHL“’(Q,dP) <cx VYm > 1. (39)
We then have

Theorem 3.5. IfV, is piecewise analytic on D x D and if Assumption 3.4 holds, then
the KL expansion (1.7) converges pointwise exponentially. More precisely, there exist
constants C' > 0 and cg > 0 such that for all s > 0 as in Theorem 2.24 and for all
M > 1 holds

la — anl|zoo(pxay < Cexp(—ca(1/2 — s)M*?) (3.10)

4 Fast Multipole Covariance Approximation

Computation of an approximate KL-expansion requires numerical solution of the matrix
eigenproblem corresponding to (3.1), i.e. of

V¢ = AMo. (4.1)

If S7(D) = span{b;(z) : i = 1,..., N}, we have

V,-,-r:/ / bi(2) Vo (x, 2" )by (' )dada', “/—/ / bi(z)by (2")dxdx’. (4.2)
pJp

Both matrices V and M are symmetric and positive definite, with M being diagonal
if we choose as basis of Sﬁ polynomials which are L?(D)-orthogonal and supported on
the elements m € My,. The size N of the KL eigenproblem (4.1) can be as large as 10°
and dense eigensolvers are not applicable. We compute KL eigenpairs corresponding
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to the largest eigenvalues of (4.1) by an iterative Krylov subspace eigensolver [9] which
requires only matrix-vector multiplies.

If a(z,w) is stationary, its covariance is translation invariant, i.e. V,(z,2") = V,(x —
a'). If, moreover, D is an axiparallel cube and the triangulation My, is uniform and
axiparallel, Fast Fourier techniques can be used to realize x — Vz in O(V) operations.

For polyhedra in dimension d = 3 and unstructured meshes Mj,, Fourier techniques
can no longer be applied. We show in certain situations that for large N the matrix-
vector multiplication ¢ — V¢ can be done approximately in O(NNlog V) operations
and memory using a generalized fast multipole method (gFMM) applicable to general,
piecewise analytic correlation kernels V,(z,z’). It generalizes the Greengard-Rokhlin
method for the Coulomb potential. Using this cluster approximation of the far field
yields a perturbed matrix V and, consequently, perturbed KL-eigenpairs. We estimate
the error due to clustering the far field and show that an expansion order m = O(|log h|)
is sufficient to preserve the consistency of the Galerkin approximation of the eigenpairs.

4.1 Covariance Kernel Expansions

Assumption 4.1. Given a separation constant 0 < n <1, Vo : D x D — C a kernel
function and I an indez set, for all xg,yo € D, xg # yo, and expansion orders m € Ny
there exists a degenerate covariance kernel V"

Va(z,y) = Vi (@, 43 20,50) = D Fw) (0, 50) Xpu (1 20) Vi (43 o) (4.3)
(M,V)Gl-m

for T, CZ X T such that for all x,y € D satisfying
ly —yol + [z — 20| < nlyo — o (4.4)
the error Vo, — V" in (4.3) is bounded by
Valz,y) = V" (@,y:m0,90)] < @(msin, V)ly — af* (4.5)

with the convergence rate ®(m;n, V) exponentially decreasing with respect to the ex-
pansion order m and with s > 0 denoting the singularity order at r = y.

Note we admit covariance kernels V, which are singular on the diagonal z = y;
s > 0 is required due to (1.1) — the following assertions are actually valid for s > —d.

The purpose of the expansion (4.3) is to decouple the source points y from the field
points . The simplest example of such a decoupling is Taylor expansion.

If the random field a(s,w) is stationary, the covariance Vj, is translation invariant:

Valz,y) = Vio(y—x). (4.6)

We expand V,(y — z) formally into a Taylor series centered at yo — ¢ with xg, yo € R%:

v zo — x)" (¥ — yo)"”
A D DR i A IR R L
(v,)ENE NG
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With this we get an approximation (4.3) where

T:=Ng T,:={(nv)€IxT:|u+v|<m},
K(uw) (0, 50) = (D" Va) (yo — o), (4.7)
X, (2 20) 1= (o —2)* (90 = (¥ —%)"
HA ! ’ YA v
Applying the binomial formula the expansion (4.3) can be shifted from zg to z; and
from yg to y1 by

(x — )" (x1 — @)™
Xu(x;acl) = = E 7')(,,(1';1'0)
! o (=)
v=r _ (4.8)
y—y1)” Yo —y1)" !
Yo (ysy1) = W) ,1) = o — ) _1) —Yu(Y: %0)
V! ‘ (v—p)!
,LLENO
n<v

The Taylor expansion coefficients have to be calculated by differentiation of the
covariance kernel V;. To avoid this we interpolate V,(z,y) by Cebysev polynomials so
that only the kernel has to be evaluated at O(m?) different points and no derivatives
come into play. Let I := [—1,1], m € Ng and T),(x) = cos(uarccos(z)), s € Z, denote
the Cebysev polynomials of the first kind. For any function f, defined on I, we consider
the formal Cebysev expansion

N7 e L [ TOTO)
o) = LRt T I (1.9

and the Cebysev interpolant

fnl@)i= 3 RTu@), Fai=— 3T f) T (1.10)
WEZ 0<i<m
[ul<m a

where we assume f to be known at the m Cebysev-points z; := cos((i + 1/2)7/m) € I,
i.e., the m roots of T},,. Employing tensor products,

Tu(x) = [ Tw(), pezizer (4.11)
1<i<d

we extend expansion and interpolation to the d-dimensional case with x; denoting the
i-th component of z € I?. This yields

7) = )Ty (z), Flu) =711 HETu(E) d 4.12
f(x) gz:df(u) @), flw T /1= (@ ¢ (412)
and
fu(@) =Y FuTu(@),  fu=m ™Y f@)Tu(z,) (4.13)
\F:Iizfﬂ :Z‘E<N7§L

where z,, := (,,)1<i<q € 1%
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Remark 4.2. Note that T),,(x) = T_,,(z), Y ,czd fMTu(ac) =5 werd 2d_|5"0‘ﬁTu($).
[pl<m | <m
For the Fast Multipole algorithms, we require the following connection between
interpolation and expansion from [21]: Suppose f : I¢ — R to be a continuous function
that admits a CebySev expansion. Then interpolation (4.13) and expansion (4.12) are
related by

Fu=">" (=11 f@m¢ + ) (4.14)

(ezd

for all p € Z¢ with || < m. In particular, the Cebysev interpolant of T, v € Z4,
is given by (—1)"=#/C™) T, where v = y mod 2m. In the following result from [21],
sufficient conditions on V,(x,z’) are given for the validity of Assumption 4.1 with
exponential convergence with respect to the expansion order m.

Theorem 4.3. For sufficiently small separation parameter 0 < n < 1, singularity order
s > 0 and a kernel function

Vo:DxD—R; Vy(r,y) =Ky—ax)|y—=z|° (4.15)

where K admits an analytic extension into CP\{0}. Suppose x denotes for any xq,yo €
D, xg # yo, the affine transformation

X RE= R x(€) = nllyo — molloo€ + Yo — o (4.16)

Then, the approzimation of the stationary covariance V, given by the Cebysev inter-
polant of f (0, 90) := (K o x)|x|* on I,

Vo, yi20,90) == Y Ful@o,v0)Tu(x ' (y — 2)), (4.17)

nezd
[ul<m

satisfies the error bound (4.5) with ®(m;n,V) = Cexp(—=b(n)m). In addition, V"
admits the representation (4.3) with

I = V) eN X N : |+ v <m},
{(n,v) e Ng x Ng : [+ v <m} (4.18)
K(u,pv) (1'07 yO) = (M + V)!Cu—i-l/(xO’ yO)a

where the ¢, p € Ng, are the coefficients of the interpolation polynomial defined by

Z ﬁ(ﬂfojyo)Tu(;> = Z (o, yo)2". (4.19)

[,LGZd 77||y0 - ':L'OHOO MENg

[u|<m || <m

Remark 4.4. If the kernel V,, belongs to C*, approximation properties of the Chebysev
polynomials and the L* stability bounds for the interpolation operator in the Chebysev
points imply that V™ admits the representation (4.3) with Z,, as in (4.18), but only
with the algebric convergence rate ®(m;n, V) = Cm~F.
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Remark 4.5. Theorem 4.3 implies exponential convergence of the Cebysev- interpo-
lated covariance VM for covariance kernels (4.15) which possibly are singular on the
diagonal x = y with singularity order s > —d/2. An important example is

Vo(z,2') = Cexp(—ylz —2']°), 1<d5<2. (4.20)

For § = 2, the kernel is analytic and Galerkin approximations to KL eigenpairs converge
exponentially as p — oo, requiring therefore a small, dense matrix V and, in the gFMM,
the (mandatory!) choice m = p will yield no gain in complexity over a dense matrix
approach. For § < 2, such kernels exhibit only very low regularity in the sense of
Definition 2.15. Therefore, the Galerkin approximation (3.1) will use subspaces S} (D)
of low, fixed polynomial degree p, and convergence by h-refinement. The resulting low,
algebraic convergence rates mean that very large matrix eigenvalue problems (4.1) must
be solved to obtain accurate KL eigenpairs. The exponential error bound exp(—bm) of
the FMM implies in this case that m grows polynomially in log N. The gFMM reduced,
in this case, the work of a matrix vector multiply from N2 to a polylogarithmic bound
in N.

To compute (4.18) we interpolate the kernel function by Cebysev polynomials

Vam(x7 Y; T, yO) = Z fp(x(h yO)Tu(X_l(Z/ - 'CC)) (421)
MEZd
[pl<m
where the m¢ expansion coefficients are given by

Fulwo.yo) = m™" > (K 0 x) () e (w) [Ty ) (4.22)

uENg
v, <m

Expanding the interpolant by Taylor we get

Vo yizow) = Y Felwo,yo)Te(x (y — )

¢cezd
[¢l<m

= > Felwo,p0)Te <y_w_y0+x0>

2 Mo — wollo
[¢l<m

= > ce(wo,yo)(y — & — yo + o)
ceng
[¢l<m

= Z Z ce (o, yo) DPH (24)(0) (zo — ) (y — yo)”

m V!
(v,u)ENG XN ceng

[¢l<m
(o — )" (y — yo)”
- X O (1) (w0, 0)-
(o) ENG xNd p ’
lutvl<m
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Remark 4.6. The coefficients fu(:co,yo) in (4.19) - (4.22) require O(m%) kernel eval-
uations at the CebySev points of order m.

4.2 Cluster Expansions

Assumption 4.1 provides an approximation of the covariance kernel which is in general
not valid for all (x,y) € D x D. In order to define a global approximation on D x D, a
collection of local approximations is used, where each local approximation is associated
with an appropriate block of a given partition of D x D. We call the blocks clusters
and the combination of local approximations cluster expansion.

More precisely, let P(D) denote the set of all subsets of D, 7 4 := inf, cga Sup,e 4 [y—
z| € R the Cebysev radius of a set A C R? and ¢4 € R? with 74 = SUpye |y — Cal its
Cebysev center.

Definition 4.7. Suppose C C P(D) x P(D) to be a finite partition of D x D which
is subordinate to D in Definition 2.15 and let 0 < n < 1 be a separation constant. An
element (o,7) € C is called n-cluster iff

Fo+Tr < 0| —El. (4.23)
The set of all n-clusters in C,
F:=FC,n) ={(o,7) €C: (0,7) is n-cluster}, (4.24)

is called far field of grain n and its complement N := N(C,n) = C\ F(C,n) the near
field of grain n. Moreover, let the kernel V,(x,y) satisfy Assumption 4.1. Then

Vitr(x,y; ¢oyCr) if (x,y) €0 X T and (o,7) € F

Va(z,y) otherwise (4.25)

Vo) = {

for all (z,y) € D x D, x # vy, defines a cluster expansion of the correlation kernel
Va(z,y).

Replacing the covariance kernel V,(x,y) in the definition of the matrix V' in (4.1)
by its cluster expansion V™ introduces, for u,v € L?(D), an approximate matrix V:

V) = [ [ Vi) bta)bi0) dyde. (4.26)
D D

The matrix V may be decomposed according to

V=N+ Y X,"F, Y, (4.27)
(o,7)EF
with
(N)iy= 3 / / Vo, )bi(@) b ) dy dz, (For)pr = A (s r),

(o,7)EN & 7
(Xa)u,i 3:/Xu(w§éa)bi(x) dzx, (YT)V,]' ::/Yu(%ér)bj(y) dy

o
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for (o,7) € F and (u,v) € Zp,. In (4.27), the matrix IN represents the near field part of
V whereas the sum of matrices describes the influence of the far field. If the partition
C is chosen as discussed in the next Section, IN is a sparse matrix. In addition, the
matrix vector multiplication related to the far field part can be evaluated in essentially
linear complexity.

Remark 4.8. The matrices F,, are never formed explicitly. Typically, their entries
(For)u only depend on p+ v with |[v+ p| < m. Therefore, O(m?) rather than O(m??)
expansion coefficients have to be evaluated and stored.

Remark 4.9. The expansions in the previous Section preserve symmetry of the kernel
Va, ie. V' (z,y) = V" (y,x). If, in addition, the given partition C exhibits symmetry,
ie. (0,7) € C= (7,0) € C, then V is symmetric.

Remark 4.10. (Collocation) For continuous covariances V,(z,z’), we may allow in
definitions (4.2), (4.26) of V;; and ‘N/ij, respectively, the choice b;(z) = d(x;), the Dirac
delta function at x;, the barycenter of element 7; € Mj,. Then all integrals in (4.2) and
(4.27) become point evaluations and, with the choice M = 1, the matrix eigenvalue
problem (4.1) becomes a collocation approximation of (1.11). The components of ¢
correspond to point values of piecewise constant approximations of the eigenfunctions.

4.3 Cluster Algorithm

Equation (4.27) specifies an approximation V of the matrix V which allows to control
the approximation error (see Section 4.4). To reduce the complexity of assembly and
storage of V' we must choose the partition C appropriately. An efficient way which also
provides the desired complexity reduction from N2 to O(Nlog N) is to start with a
recursive hierarchical decomposition of the mesh M, represented by a tree 7 := (V, £).
An algorithm similar to Algorithm 4.1 might be used to generate such a decomposition,

ie. T := tree(My).

Algorithm 4.1 (V,€) := tree(A)
if |[A] < ¢ then
return ({A},0);
else
(AQ, Al) = Split(A)
Vo, &) == tree(Ag); (V1,&1) := tree(4y);
return (V() Uy u {A}, EoU&L U {(A, A()), (A, Al)})7

The function split(A) bisects a set of elements A into two disjoint sets Ay and A;
such that the Cebysev radius of both sets is reduced. This, for example, could be
achieved by splitting the bounding box of A along the longest side and distribute the
elements with respect to the two parts.
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Given a hierarchical decomposition 7 of My, it is straightforward to construct a
partition C as outlined in Algorithm 4.2. The decomposition 7 serves two purposes
during the construction process: (i) it defines the pool V of subsets available for the
construction of clusters and (ii) it defines the sets children(A) := {A’ € V: (A, A’) €
&}. Calling partition(My, My,) generates a partition C by specifying its far field F and
near field A/. The resulting partition is symmetric in the sense of Remark 4.9.

Note that in Algorithm 4.2 A" and F are given in terms of sets of elements 7 of the
triangulation M of D.

Algorithm 4.2 (N, F) := partition(A, B)
if (Upea ™ Urep ™) is an n-cluster then
return (0, {(4, B)});
else
A" := children(A); B’ := children(B);
Uaear pe e Partition(a,b) if A" # 0 and B’ # 0 and |A| = |B],

return Ugear partition(a, B) if A" # () and (JA| > |B| or B’ = 0),
Upe p Partition(A, b) if (JA] < |B| or A’ =0) and B’ # 0,
({(A,B)},0) otherwise;

The approximate matrix vector product ¥ = Vi is evaluated in five steps:

(i) compute Ty := N,
(ii) for all 7 compute i, := Y L4,
(iii) for all o compute ¥, := Z(U,T)G]: F, i,
(iv) compute 7F := >, XZ 4,
)

(v) compute ¥ = U + Ur.

Steps (ii) and (iv) can be accelerated using the hierarchical decomposition as it is
possible to represent the matrices X, and Y, by the corresponding matrices related
to children of ¢ and 7:

X, = Y CorXy, (4.28)
o’ €children(o)
YT = Z DTT’YT’7 (429)

7! echildren(r)

where the matrices C,, and D,/ represent so-called shift operators as e.g. in (4.8).
These relationships are exploited in Algorithms 4.3 and 4.4 which replace steps (ii) and
(iv) above, i.e. by scatter(M,u) and 0 := gather(M,0). Note that only the matrices
Y . and X, where 7 and o are leafs of the decomposition, are necessary. By Remark
4.8, these matrices contain O(m?) entries.
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Algorithm 4.3 scatter(A, @)
T:=Uream A :=children(A);

if A" =0 then
iy =YLy,
else
Uy := Y ,c 4 Drrrscatter(a, @) with 77 := J, ¢, 7;
return ii;;
Algorithm 4.4 gather(A,w,)
0:=Uream A :=children(A);
if A" =0 then
return XgT(ﬁo +Wa);
else
return ) . . gather(a, Coo T (U5 +104)) with ¢’ := Urea 7

4.4 Cluster Error

By construction, the local error bound (4.5) remains valid for a cluster expansion:

Theorem 4.11. If the covariance V,(x,x") satisfies Assumption 4.1, there are Cy, C1 >
0 independent of x,y € D and of m such that for all (x,y) € Dj x Dy, x # y and all
m it holds

’Va($7 y) - Vam(wv y)’ < CO(Cln)m ‘Va(x7 y)| (430)

The replacement (4.3) of V,,(z,y) by the global cluster expansion V" in the far field
introduces an approximate bilinear form via

V™ (u,v) :/ /v(m) VI (@, o) u(x')dr' do Vu,v € L*(D). (4.31)
D D

We associate the perturbed form Vm(, -) with the matrix V and approximate eigenpairs
via the perturbed variational problem:

dn €S V™n,v) = A, v) Yue SP(D). (4.32)

Our purpose is to estimate the error ||¢,, — <;~5m7h\| r2(p)- To apply the classical theory
[18], we estimate the error in the Carlemann operators corresponding to the cluster
expansions:

Theorem 4.12. Let a cluster approximation V" of the two point correlation V, be
given which satisfies Assumption 4.1 with sufficiently small n. Then the corresponding
covariance operators Vg and VI satisfy for all m € N for any 0 < n < 1 the error
bounds

Vo = Vil 12(D)—12() < Co(Crn)™| DJ? (4.33)

Vo = Vil Lo (D)— Lo (D) < Co(C1n)™ (4.34)
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Proof. To show (4.33) we estimate for arbitrary f € L?(D)

2
_ym |2 — _ym
Vaf =V 2o, /zGD(/yGDm(x,y) V) i) do

IN

IVa = Va7 (05 oy PP F 72y
and refer to (4.30). The proof of (4.34) is analogous. O
As an immediate consequence, we obtain

Corollary 4.13. If Assumption 4.1 holds, the family {V!"}men of operators converges
as m — oo in B(L?(D)) and B(L>®(D)) with rate ®(m;n,V) = exp(—b(n)m) to V.
The aproximate covariance operators {V'}men are, in particular, collectively compact
in these spaces.

Corollary 4.14. Let P, : L*(D) — SY(D) denote the L*(D) projection. If Assump-
tion 4.1 holds, the family { P,V Py} men of operators obtained from the cluster approz-
imation with expansion order m converges as m — oo and h — 0 in B(L?*(D)) and
B(L>*(D)) to V,.

The aproximate covariance operators { P,V Pp}men are, in particular, collectively
compact approximations in the sense of [4] of V4 in these spaces.

Corollary 4.14 implies that the abstract error analysis of [18] is applicable to assess
the impact of the cluster-approximation on the approximate KL eigenpairs obtained
from P, V" Py,.

5 Conclusion

Computation of approximate KL expansions in general domains D C R? for given
covariance function V,(z,z") with gFMM accelerated matrix-vector multiplication is
only advised if

i) the accuracy of the Galerkin eigenpairs of PV, P, is preserved and

ii) the complexity of the cluster-approximated matrix-vector multiplication of P,V Py,
with the order m chosen to satisfy 1) is substantially lower than for the full matrix-
vector multiplication.

In the case that V, is piecewise analytic in D x D and a p-FEM is used to approximate
the KL-eigenfunctions, the gFMM will not yield significant speed up, since the expan-
sion order m must grow proportionally to the polynomial degree p of the FE subspace
in order for the cluster error to match the exponential gFMM convergence rate.

In the case that V, belongs to C* in the sense of Definition 2.15, the convergence
rate of the Galerkin approximated KL eigenpairs is at best algebraic, but so is the
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1st Eigenfunction of V(x,x) =exp(~4|x-x) on L-shaped Domain - clustering 6th Eigenfunction of V(x,x) =exp(-4|x-x?) on L-shaped Domain - clustering

11th Eigenfunction of V(x,x) =exp(~4|x-x|?) on L-shaped Domain - clustering 16th Eigenfunction of V(x,x) =exp(-4jx—x|?) on L-shaped Domain - clustering

Figure 4.1: Eigenfunctions No. 1,6,11,16 of Gaussian covariance kernel ((4.20) with
§ =2,C = 1) on L-shaped domain D =] —1,1[?\([0, 1] x [~1,0]) for correlation length
0.5, computed using clustering on a regular triangulation of D with 16384 triangular
elements. PC w. 1GB RAM, generalized FMM and [9] was used.

convergence rate ®(m;n,V) of the cluster-approximated operator V!* (see Remark
4.5).

Computation of approximate KL-approximations using gFMM is thus preferable
over dense matrix eigensolves of the KL EVP only for covariances V,, with low regularity
in the sense of Definition 2.15 which satisfy Assumption 4.1.

We mention that for all discrete eigenproblems the solver [9] yielded approxima-
tions accurate to about 14 decimals to the first 20 eigenpairs in about 70 iterations,
independent of § in (4.20). The results are presented in Figures 4.1, 4.2.

A Appendix: Proof of Theorem 2.24

The proof of Theorem 2.24 is based on the Ehrling-Nirenberg-Gagliardo inequalities
(see [1]) to which we refer the reader for the following result.

Theorem A.1. Let D C R? be a bounded domain having the uniform cone property and
g0 € (0,00), n € N, p € [1,00). Then there exists ceynpp > 0 such that Ve € (0,¢0],
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1st Eigenfunction of V(x,x’) =exp(-|x-x) on Unit Square - clustering 6th Eigenfunction of V(x,x') =exp(—|x—x|) on Unit Square - clustering

Figure 4.2: Eigenfunctions No. 1,6,11,16 of exponential covariance kernel ((4.20) with
§ = 1,C = 1) on unit square D =]0,1[?> for correlation length 1, computed using
clustering on a regular triangulation of D with 32768 triangular elements. PC w. 1GB
RAM, generalized FMM and [9] was used.

Vi €{0,1,...,n—1} and Yu € W™P(D),

00} (A1)

where
wial? = [ 3 forul. (A2)
D/
lo|=7
We note now that piecewise regularity of eigenfunctions follows from that of the
kernel V.

Proposition A.2. If V € Apg(D?)/C%;(D?)/HE%G(D?), then the eigenfunctions of
the associated Carleman operator V given by (2.36) corresponding to nontrivial eigen-
values belong to Ap g(D)/C¥;(D)/Hp, 6(D).

Proof. The conclusion follows at once from the eigenvalue equation

Om () = * Z V(x, 2" \pm(2')da' Vo € D; (A.3)

m jlej Dj/
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which can be naturally extended to G; by replacing V' by its regular continuation on
G] X Gj’ B

Proof of Theorem 2.24. We first note that the eigenvalue equation (A.3) implies (by
differentiating and applying the Cauchy-Schwarz inequality to estimate the resulting
integrals) for any « € N9 the existence of a constant CK,o > 0 such that

10%Gml Lo (D,) € CralAml ™ Ym>1,V1<j < (A.4)

We apply now Theorem A.1 on D; with p = 2, g := max,en, [An| and choose in
(A1) € = A\, u = ¢y, for an arbitrary m > 1 (we assume w.l.o.g. A, # 0). It follows
that for any n € N there exists cc, n,p, > 0 such that for all [ € {0,1,...,n — 1}

|pmlDj 12 < Copn; {/\m|¢m|n,2 + )\7711/("_1)|¢m|0,2}

< Copmdy K {1 _’_)\r—nl/(n—l)} < C€O7n’Dj’K)\7—nl/(n—l)7 (A.5)

A

due to (A.4).
Now, for any s > 0 and a € N% we choose | = [d/2] + |a| and n > [ such that
[/(n—1) < s. From (A.5) and the Sobolev embedding theorems we deduce then

I
10%mllL=(n,) < Can;ldmllip,) < can; D 1bmlD, .2

k=0
!
—k/(n—k
< Cao,n,Dj,K,ozZ )‘m /(n=k)
k=0
—1/(n—l1 —
< Ceo,n,Dj,K,a)\m /(=D < Cso,n,Dj,K,a/\ms
for all m > 1, and the proof is concluded. |
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