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POINTWISE CONTINUATION CRITERION FOR THE INCOMPRESSIBLE FREE

BOUNDARY EULER EQUATIONS

MIHAELA IFRIM, BEN PINEAU, DANIEL TATARU, AND MITCHELL A. TAYLOR

ABSTRACT. We provide a complete local well-posedness theory in H® based Sobolev spaces for the free
boundary incompressible Euler equations with zero surface tension on a connected fluid domain. Our well-
posedness theory includes: (i) Local well-posedness in the Hadamard sense, i.e., local existence, uniqueness,
and the first proof of continuous dependence on the data, all in low regularity Sobolev spaces; (ii) Enhanced
uniqueness: Our uniqueness result holds at the level of the Lipschitz norm of the velocity and the C L3
regularity of the free surface; (iii) Stability bounds: We construct a nonlinear functional which measures,
in a suitable sense, the distance between two solutions (even when defined on different domains) and we
show that this distance is propagated by the flow; (iv) Energy estimates: We prove refined, essentially scale
invariant energy estimates for solutions, relying on a newly constructed family of elliptic estimates; (v)
Continuation criterion: We give the first proof of a sharp continuation criterion in the physically relevant
pointwise norms, at the level of scaling. In essence, we show that solutions can be continued as long as the
velocity is in LTIFWL‘X’ and the free surface is in L%C’l’%7 which is at the same level as the Beale-Kato-Majda
criterion for the boundaryless case; (vi) A novel proof of the construction of regular solutions.

Our entire approach is in the Eulerian framework and can be adapted to work in more general fluid

domains.
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1. INTRODUCTION

In this article, we study the dynamics of an inviscid fluid droplet in the absence of surface tension. At time
t, our fluid occupies a compact, connected, but not necessarily simply connected region Q; C R, and its

2020 Mathematics Subject Classification. 76B03; 76B15; 35Q31.
Key words and phrases. Euler equations, free boundary, water waves, local well-posedness, continuation criterion.
1



2 MIHAELA IFRIM, BEN PINEAU, DANIEL TATARU, AND MITCHELL A. TAYLOR

motion is governed by the incompressible Euler equations

O +v-Vu=—-Vp— gey,
V-v=0.

(1.1)

Here, v is the fluid velocity, p is the pressure, g > 0 is the gravitational constant, and ey is the standard
vertical basis vector. In the local theory of the droplet problem, the gravity can be freely neglected. However,
it becomes important in the case of an unbounded fluid domain and in the case of a domain with a rigid

bottom, so we retain it in (1.1) for completeness.

An essential role in the analysis of the droplet problem is played by the vector field
Dt = 6,5 +v- V,

which is called the material derivative and describes the particle trajectories. On the free boundary, we
require the kinematic boundary condition
(1.2) D, is tangent to U{t} x 9Q, € R

t
which says that the domain €, is transported along the material derivative (or equivalently, the particle
trajectories), and that the normal velocity of 'y := 9 is given by v - np,. Additionally, we require the

dynamic boundary condition

(13) p|Ft :Oa

which represents the balance of forces at the fluid interface in the absence of surface tension. Using the

above boundary conditions, it is easy to see that the energy

/ <|v|2 >
E = — 4 gz -eq | dx
o, \ 2

is formally conserved. Throughout the article, we will refer to the system (1.1)-(1.3) as the free boundary

(incompressible) Euler equations.

As is the case with all Euler flows, an important role in the above evolution is played by the vorticity, w,
defined by

wij = 0;v; — 0;v;.
By taking the curl of (1.1), the vorticity is easily seen to solve the following transport equation along the

flow:
(1.4) Dyw = —(Vv)*w — wVo.

If initially w = 0, then (1.4) guarantees that this condition is propagated dynamically. Such velocity fields
are called irrotational, and the corresponding solutions to the free boundary incompressible Euler equations

are called water waves.

By taking the divergence of (1.1), we obtain the following Laplace equation for the pressure:

(15) Ap = —tr(Vv)? in Q,
p=0 onTI}.
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For regular enough v on sufficiently regular Q;, the equation (1.5) uniquely determines the pressure from the
velocity and domain. A key role in the study of the free boundary Euler equations is played by the Taylor
coefficient, a, which is defined on the boundary I'; by

(1.6) a:=—-Vp-nr,.

Indeed, a classical result of Ebin [21] asserts that the free boundary Euler equations are ill-posed unless
a > 0. For this reason, we will always assume that the initial data for the free boundary Euler equations

verifies the following:
Taylor sign condition. There is a ¢y > 0 such that ag := —Vpg - np, > ¢o on I'y.

For irrotational data on compact simply connected domains, the Taylor sign condition is automatic by the
strong maximum principle [33]. See also [26, 49] for similar results on unbounded domains when g > 0.
Geometrically, enforcing ag > 0 ensures that the initial pressure pg is a non-degenerate defining function for
the initial boundary hypersurface I'g, and thus can be used to describe the regularity of the boundary. As
part of our well-posedness theorem below, we prove that the Taylor sign condition is propagated by the flow
on some non-trivial time interval.

Another important role in this paper is played by the material derivative of the Taylor coefficient, Da,
which turns out to be closely related to (a derivative of) the normal component of the velocity v - np,. We
will elaborate further on this relation shortly when we discuss our choice of control parameters and good
variables.

1.1. The Cauchy problem: scaling, Sobolev spaces and control parameters. A state for the free
boundary Euler equations consists of a domain 2 and a velocity field v on 2. A bounded connected domain

Q can be equally described by its boundary I'. Hence, in the sequel, by a state we mean a pair (v,T).

Describing the time evolution of (v,T') along the free boundary incompressible Euler flow is most naturally
done in a functional setting described via appropriate Sobolev norms. To understand the proper setting,
it is very helpful to consider the scaling properties of our problem. The boundaryless incompressible Euler
flow admits a two parameter scaling group. However, when considering the free boundary flow there is an
additional constraint; namely, that the pointwise property a = 1 rests unchanged. At a technical level, this
is reflected in the fact that the Taylor coefficient appears as a weight in the Sobolev norms which are used

on I'. Imposing this constraint leaves us with a one parameter family of scaling laws, which have the form
ua(t,z) = A2y (/\%t, /\:17) ,

p)\(t,I) = Ailp (A%ta AZZ?) )
Ty, ={ N 'z:2xeT 4 }.

ATt
As noted earlier, the above transformations have the property that the Taylor coefficient has the dimensionless
scaling,
ax(t,x) =a ()\%t, )\:v) .
A first benefit we derive from the scaling law is to understand what are the matched Sobolev regularities for

v and I'. This leads us to the following definition.
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Definition 1.1 (State space). The state space H? is the set of all pairs (v,I") such that I" is the boundary

of a bounded, connected domain 2 and such that the following properties are satisfied:

(i) (Regularity). v € H5,,(Q) and I' € H®, where H5, (2) denotes the space of divergence free vector
fields in H*().

(ii) (Taylor sign condition). a := —Vp - np > ¢g > 0, where ¢y may depend on the choice of (v,T'), and
the pressure p is obtained from (v,T") by solving the elliptic equation (1.5) associated to (1.1) and
(1.3).

For states (v,T") as above, we define their size by

1, D) Iz 2= [T + l[ollr(g)-
Note, however, that H® is not a linear space, so || - ||im= does not induce a norm topology in the usual sense.
Heuristically, the state space H® may be thought of as an infinite dimensional manifold, though a precise
interpretation of this is beyond the scope of this paper. For our purposes, it suffices to define a consistent
notion of topology on H?. Although we will not describe the precise topology in the introduction, this
topology will allow us to define the space C(][0,T]; H?) of continuous functions with values in H*, as well as
an appropriate notion of H® continuity of the data-to-solution map (vg, o) — (v(t),Tt). Armed with these

notions, it makes sense to talk about the Cauchy problem.

Problem 1.2 (Cauchy problem for the free boundary Euler equations). Given an initial state (v, I'g) € H?,
find the unique solution (v,I") € C([0,T]; H®) in some time interval [0, T].

A natural question to ask is what are the exponents s for which the Cauchy problem is well-posed in H®.
Our first clue in this direction comes from scaling, which leads us to the critical exponent
d+1
Se = 9
and implicitly the lower bound s > s.. However, this does not tell the entire story, as even in the boundaryless
case a result of Bourgain-Li [11] shows that well-posedness holds only in the more restricted range

d
> =41,
S 2+

which is heuristically connected to another scaling law of the boundaryless problem; namely,
v(t,x) = A u(t, Ax).

This latter exponent range s > % + 1 is exactly what we consider in our work. Specifically, in this article we
solve the Cauchy problem for the free boundary incompressible Euler equations at the same regularity level

as the incompressible Euler equations on a fixed domain.

The reader who is more familiar with the boundaryless case may ask at this point why we confine ourselves
to L? based Sobolev spaces, instead of using the full range of indices L? as in the boundaryless case. The
reason for this is precisely the boundary, where a portion of the dynamics is concentrated. In particular, as
a subset of our problem we have the irrotational case w = 0, when the flow may be fully interpreted as the
flow of the free boundary. This case, commonly identified as water waves, yields a dispersive flow, where L?
based Sobolev spaces are disallowed if p £ 2. This is not to say that exponents p # 2 do not play a central
role in our analysis. Instead, we use them, particularly the case p = oo, in the definition of our control
parameters, which control the size and growth of our energy functionals. Precisely, our analysis involves two

such control parameters, which ideally should be appropriately scale invariant, as follows:
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(i) An “elliptic” control parameter A*, used to control implicit constants in fixed time elliptic estimates,

given by

(1.7) A =0l g g + 1T i

which is exactly invariant under scaling.

(ii) A “dynamical” control parameter B* used to control the growth of energy in time, given by
(1.8) B = HUHLip(Q) + ||F||Cl,%'

This latter control parameter is 1/2 derivatives above scaling, and instead the scale invariant quan-

tity is || BY| 1, which is what will actually appear in our continuation criterion later on.

With these control parameters in hand, we would like to have energy estimates in the scale invariant form
d

(19) EEk(Uar) SAﬁ BﬁEk(vu 1—‘)7

where E* denotes a suitable energy at the H* regularity. As noted earlier, these are our ideal choices, but

for our results we need to make some small adjustments and relax them a bit, as follows:

a) Working with A* would require edge case elliptic estimates in Lipschitz domains, bringing forth a
broad host of issues which are less central to our problem, if even possible to overcome. So, instead,
we will simply add e derivatives to the norms in A,

b) In the case of B¥, we do not want to lose the sharp scaling, which is exactly as in the Beale-Kato-
Majda criteria in the boundaryless case. Therefore, we do not want to add extra derivatives as
we did with A, However, as we shall soon see, the quantity | Dial| Ly appears as a control
parameter in the L? estimate for the linearized equation. As it turns out, in order to propagate our
low regularity difference bounds, control of || Dsal| ey will be needed. However, for the energy
estimates, a careful analysis will show that the control parameter B is sufficient, if we slightly
modify the form of the estimate (1.9). In both cases, maintaining the sharp top order control
parameter is non-trivial. In the difference estimates, it requires a careful analysis on intersections
of domains (and hence, in particular, performing elliptic theory on Lipschitz domains) and in the
energy estimates it requires (amongst several other things) finding a way to appropriately absorb
the logarithmic divergences occurring in the endpoint elliptic estimates when attempting to control
|| Diall Loy by Bt. To deal with this latter issue, we will take some inspiration from the proof of
Beale-Kato-Majda [8].

The issues mentioned above have well-known counterparts in the boundaryless Euler flow. In fact, strong
ill-posedness of the boundaryless Euler equations has been recently proven in the “ideal” pointwise spaces
C' and Lip [12, 22].

1.2. Historical comments. The local well-posedness problem for the free boundary Euler equations has a
long history. For irrotational flows, the first rigorous local existence result in Sobolev spaces was obtained
by Wu [49, 50], in the late 1990s. Since then, various methods have been introduced to shorten the proofs,
lower the regularity threshold and allow for more complicated geometries. For a small sample of such results
we cite Beyer and Giinther in [9], Lannes in [32], Alazard, Burq and Zuily in [4, 5], Hunter, Ifrim and
Tataru in [26], Aiin [1, 2] and Ai, Ifrim and Tataru in [3]. Although physically restrictive, the irrotationality
assumption allows one to reduce the dynamics to a system of equations on the free boundary. Depending
on the choices made, this typically culminates in either the Zakharov-Craig-Sulem formulation of the water

waves problem used in [1, 2, 4, 5, 32], or the holomorphic coordinates formulation used in [3, 26]. In either
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case, the reduction to a system of equations on R¢~! greatly simplifies the analysis.

For the free boundary Euler equations with non-trivial vorticity, certain generalized systems based on the
above irrotational reductions have been proposed [13, 51]. However, historically, the most successful ap-
proach has been to use Lagrangian coordinates to fix the domain. For an execution of this approach to
proving local existence, the reader may consult the papers of Christodoulou and Lindblad [14], Coutand and
Shkoller [15] and Lindblad [33]. One may also compare with the article [31] of Kukavica and Tuffaha, which
uses the so-called arbitrary Lagrangian-FEulerian change of variables, as well as the more recent advances in

the Lagrangian analysis presented in [7, 19].

In contrast to the above articles, we will utilize a fully Fulerian strategy to prove the local well-posedness
of the free boundary Euler equations. In other words, we will work directly with the physical equations
(1.1)-(1.3), and avoid the use of any non-trivial coordinates changes. On time-independent domains, both
the Lagrangian and Eulerian approaches have been widely successful in analyzing fluid equations. However,
for free boundary problems, the Eulerian approach has seen relatively little attention, due to the obvious
difficulty in having the domain of the fluid itself serve as a time-dependent unknown. Our aim in this article

is to directly confront this issue. Corollaries of our newly obtained insights include:

(i) The first proof of the continuity of the data-to-solution map for this problem.
(ii) An enhanced uniqueness result, requiring only pointwise norms of very limited regularity.
(iii) Refined low regularity energy estimates with geometrically natural pointwise control parameters.
(iv) A new, direct proof of existence for regular solutions.
(v) A method to obtain rough solutions as unique limits of regular solutions at a Sobolev regularity
that matches the optimal result for the Euler equations on R%.
(vi) An essentially scale invariant continuation criterion akin to that of Beale-Kato-Majda for the in-

compressible Euler equations on the whole space.

We will elaborate further on the ideas for obtaining the above results in Section 1.3. For now, it is impor-
tant to note that we are not the first to utilize an Eulerian approach to analyze the well-posedness of fluid
equations in the free boundary setting. The pioneering work in this regard is the remarkable series of papers
by Shatah and Zeng [41, 42, 43]. However, Shatah and Zeng primarily consider the free boundary Euler
equations with surface tension. While they are able to produce a solution to the pure gravity problem in
the zero surface tension limit, it seems that their construction at least requires bounded curvature, which
corresponds to greater regularity assumptions on the data than we need here. For this reason, the overlap
between their analysis and ours tends to be on a more philosophical level, which we will elaborate on further
in Section 1.3. A more direct comparison is with the memoir [47] of Wang, Zhang, Zhao and Zheng. In [47],
the authors construct solutions to the free boundary Euler equations in an unbounded graph domain at the
same Sobolev regularity that we achieve here. That is, they prove existence and uniqueness of solutions in
H? for s > %l + 1. The approach in [47] is in the style of Alazard, Burq and Zuily [4, 5], though the addition
of vorticity makes the execution much more technical. Our approach is completely different to the one that
they follow and works well in more complicated fluid domains. Additionally, we prove properties (i)-(vi)
above. We also remark that all other fully Eulerian approaches (see, e.g., [37, 38, 39]) follow Shatah and
Zeng, and hence require the regularizing effect of surface tension and higher regularity. The one step towards
a fully Eulerian proof without surface tension is the work [17] of de Poyferré, who proves energy estimates

for the pure gravity shoreline problem. However, the energy estimates in [17] have H® based control norms
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and no well-posedness proof is presented.

The goal of our paper is twofold. First, we intend to present a comprehensive, Hadamard style well-posedness
theory, with an aim towards proving sharp results. At the same time, we provide a novel, geometric analysis,
which we argue is more direct and streamlined than previous works. For instance, our proofs do not require
paralinearization or Chemin-Lerner spaces as in [47]. Moreover, our existence scheme is new and direct - it
does not use Nash-Moser, the approach in [47], or go through the zero surface tension limit as in [41, 42, 43].

For this reason, we believe that the techniques introduced in this paper will have a wide range of applicability.

Finally, we mention that the analysis we present here is for the case of a compact fluid domain. In the study
of the free boundary Euler equations, it is also common to consider the case of an infinite ocean of either
finite or infinite depth. The choice of compact fluid domain emphasizes the geometric nature of our problem,
and removes the temptation to flatten the domain into a strip or a half-space. Although some changes need
to be made, as with the analysis of the capillary problem [41, 42, 43] by Shatah and Zeng, the general
strategy we use here can be adapted to all three geometries. That being said, to streamline the exposition,
we do allow some of our estimates to depend on the domain volume, which is a conserved quantity for the

droplet problem.

1.3. An overview of the main results. In a nutshell, our main result asserts that the free boundary in-
compressible Euler equations are well-posed in H® for s > %l + 1. However, simply stating this fails to convey
the full strength of both the result and of its various aspects and consequences. Instead, it is more revealing
to divide the result in a modular way into four independently interesting parts; namely, (a) uniqueness and

stability, (b) well-posedness, (c) energy estimates and (d) the continuation criteria.

To set the stage for our results, let €, be a bounded, connected domain with smooth boundary I',. Given
€,0 > 0, consider the collar neighborhood A, := A(T's, €, ) consisting of all hypersurfaces I' which are d-close
to I'y in the C1€ topology. As long as § > 0 is small enough, hypersurfaces in A, can be written as graphs
over [',. This permits us to define Sobolev and Holder norms on these hypersurfaces in a consistent fashion.
To state our results, we will assume that a collar neighborhood A, has been fixed, and consider solutions with
initial data (vg, ) having T'yg € A.. A more precise description of the functional setting will be given later,
in Section 3. For now, we remark that, while the collar neighborhood is very useful in order to uniformly
define the H® norms, it is not needed at all for the definition of our control parameters.

1.3.1. Uniqueness and stability. We start by stating our uniqueness result, which requires the least in terms

of notations and preliminaries. Here, of crucial importance are the control parameters

(110) A = A€ = ||UHC§+E(Qt) + HFtHcé!é, €> Oa
and
(1.11) Baigr = HU”W;’OO(Qt) + HDtp”W;’OO(Qt) + HFtHC;,%a

which represent slight adjustments of the ideal control parameters A% and Bf, as discussed earlier. Using

these control parameters, our main uniqueness result is as follows:

Theorem 1.3 (Uniqueness). Let ¢, T > 0 and let Qg be a domain with boundary Ty of Cclz reqularity. Then

for every divergence free initial data vg € WH°(Qg), the free boundary Euler equations with the Taylor sign
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condition admit at most one solution (v,T;) with T'y € A, and

T
sup Ac(t) +/ Baia(t) dt < .
0<t<T 0

To the best of our knowledge, Theorem 1.3 is the first uniqueness result for the free boundary Euler equa-
tions which involves only low regularity pointwise norms. Indeed, as far as we are aware, all other papers

on this subject are content to prove uniqueness in the same class of H?® spaces for which they prove existence.

While uniqueness is a fundamental property in its own right, in our work it can be seen as a corollary of a
far more useful stability result, which we now explain. Let (v,I';) and (vp, T ;) be two solutions to the free
boundary Euler equations with corresponding domains €2; and € . An obvious objective is to show that if
(v,T) and (vp, Ty ) are “close” at time zero, then they remain close on a suitable timescale. However, since
the domains €, and €, are evolving in time, we cannot compare the solutions (v,T';) and (v, Iy ) in a
linear way. To resolve this issue, we construct a nonlinear functional which quantifies the distance between
solutions and is propagated by the flow.

To avoid comparing solutions whose corresponding domains are very different, we harmlessly restrict ourselves
to solutions (v,I';) and (vp, Ty p) evolving in the same collar neighborhood A.. For such solutions we define
the nonlinear distance functional

(1.12) D((0,T), (vn, ) = 1/

|v — vp|?dx + 1 / blp — pn|* dS.
2 Ja, 2 Jr,
Here, p and pj, are the pressures, T, is the boundary of Q=N Q.5 and b is a suitable weight function.
Morally speaking, the first term on the right-hand side of (1.12) measures the L? distance between v and
vp. On the other hand, by the Taylor sign condition, p and p; are non-degenerate defining functions for I';
and I'; p,, so the second term on the right-hand side of (1.12) gives a measure of the distance between I'; and
I't 5. In Section 4, we prove that (1.12) does indeed act as a proper measure of distance between solutions.
More crucially, we prove that this distance is propagated by the flow, in the sense that

(113) 4 D((0.1). (00 T)) S0, (Base + By D((w.T). (0. T1).
Here, Ap, and Bgig,n, are the control parameters (1.10) and (1.11) corresponding to the solution (v, 't ). An
immediate corollary of the stability estimate (1.13) is the aforementioned Theorem 1.3. However, (1.13) will
also prove to be useful in various other scenarios. For example, we will use it in our proof of the continuity
of the data-to-solution map, as well as in the construction of rough solutions as unique limits of regular

solutions.

1.3.2. Well-posedness. Our second main result is concerned with the well-posedness problem. To fix the
notations, we start with a collar neighborhood A, and s > %—i— 1. We then consider initial data (vo,I'g) € H®
with T'g € A.. Viewing I'g as a graph over I',, we may unambiguously define its H® norm. With this setup,

we may state our well-posedness theorem as follows:

Theorem 1.4 (Hadamard local well-posedness). Fiz s > £+ 1 and a collar A,. For any (vo,T) in H*
with Tg € A, there exists a time T > 0, depending only on ||(vo,To)|lms and the lower bound in the Taylor
sign condition, for which there exists a unique solution (v(t),I';) € C([0,T]; H®) to the free boundary Euler
equations satisfying a proportional uniform lower bound in the Taylor sign condition. Moreover, the data-

to-solution map is continuous with respect to the H® topology.
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The regularity of the velocity in Theorem 1.4 matches the optimal Sobolev regularity for the Euler equations
on R?. Indeed, as shown by Bourgain and Li [11], the Euler equations are ill-posed in H*(R?) when s = 4 +1.

We note crucially that our article is not the first to reach the s > % + 1 Sobolev threshold for the free
boundary Euler equations. Indeed, this threshold was achieved for the first time in the recent memoir [47],
in the case of an unbounded fluid domain with graph geometry. However, it is important to note that the
approach in [47] is very different from ours, as it passes through a paralinearization and utilizes properties of
strip-like domains and Chemin-Lerner spaces. In particular, the approach in [47] cannot be easily modified
to the droplet problem, whereas our approach applies equally well in unbounded domains. Moreover, there
is no mention of the continuity of the data-to-solution map in [47]. To the best of our knowledge, Theo-
rem 1.4 gives the first proof of this important property for the free boundary Euler equations. In addition,
our approach significantly refines the well-posedness theory by adding properties (ii)-(vi) above as well as

introduces an entirely new set of techniques that we believe will have broad applications.

When it comes to free boundary problems, the continuity of the data-to-solution map — if justified — is
usually proven by reformulating the problem on a fixed domain and then working with the standard notion
of continuous dependence on fixed domains. As far as we are aware, the only exception to this appears in the
work [41, 42, 43] of Shatah and Zeng, where continuous dependence is proven for the free boundary Euler
equations with surface tension directly in the Eulerian setting. The drawback of Shatah and Zeng’s proof,
however, is that it relies crucially on the regularizing effect of surface tension, so is not applicable to the
pure gravity problem. In particular, Shatah and Zeng do not construct a distance functional, as we do here.
For this reason, our robust proof which simultaneously avoids domain flattenings and works on a quasilinear

problem without regularizing effects can be seen as one of the main novelties of our paper.

1.3.3. Energy estimates. Controlling the growth of solutions to our boundary value problem is essential for
both local well-posedness and understanding potential blowup. This control is achieved via energy estimates.

Due to the complex geometry of our problem, the first challenge is to construct good energy functionals.

Fix an integer k > 0. In light of Theorem 1.3 and the stability estimate (1.13), it is natural to try to

construct an energy functional E¥ = E*(v,T) satisfying E*(v,T) ~4 ||(v,T)|/%, and the estimate

d
EEIC(U,F) <A BaigE"*(v,T).

Indeed, by Gronwall’s inequality, this would yield the bound

2
e

10, D))l < exp ( / cABdiff(s)ds) 0.7 (O) e

for some constant C'4 depending only on A, the collar, and the verification of the Taylor sign condition.
Morally speaking, such an estimate would then allow one to conclude that solutions to the free boundary

Euler equations with the Taylor sign condition can be continued as long A remains bounded and Bgig € L.

However, there is one issue with the above estimates. Note that the control parameter A in (1.10) depends
only on the Holder norms of our main variables (the surface and the velocity) at (nearly) the correct scale.
However, the control parameter Bgig in (1.11) depends also on the auxiliary variable Dyp. From the point

of view of the analysis of the free boundary Euler equations, this is completely natural. Indeed, even at the
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level of the linearized equation, one sees that the uniform norm of VD;p (or more specifically the uniform
norm of D;a, but these are essentially equivalent) appears as a control parameter for the L? energy estimates
in Proposition 2.2. On the other hand, for the purpose of providing a clear and physical description of how
solutions to the free boundary Euler equations break down, we would ultimately like to use the control
parameter B := B defined in (1.8), which depends only on the Holder norms of I' and v. To achieve this,
our key observation is that, as long as k > g + 1, we can use a log of the energy to absorb endpoint losses,

and hence prove an estimate of the form
(1.14) 1Dy ) Salog(1+ EX)B.

An estimate akin to (1.14) is not to be expected in the difference estimates, as the distance functional is
too low of regularity to absorb the logarithmic divergences inevitably arising from C! and W1 elliptic
estimates. With the above discussion in mind, the actual energy estimates we prove can be essentially stated

as follows.

Theorem 1.5 (Energy estimates). Fiz a collar neighborhood A, let s € R with s > 2 +1 and let k > 3 +1
be an integer. Then for T restricted to A, there exists an energy functional H* 3 (v,T) — E¥(v,T) such
that

(i) (Energy coercivity).
(115) B (0,T) g (0, D)l

(v(t),Ty) is a solution to the free

(i) (Energy propagation). If, in addition to the above, (v,T") =
boundary incompressible Euler equations, then E*(t) := E*(v(t),T) satisfies

d
(1.16) —E" Sa Blog(1+ [|(v, 7)) B

Here, A is as in (1.10) and B = B*.

By Gronwall’s inequality, (1.15) and (1.16) yield the following single and double exponential bounds of the
type

[(w(t), Te)ll7pe Sa exp (/ CaBlog(1 + II(v,F)IIHs)dS) I(vo, To)l[pe
(1.17) 0

t
1 (0(8), D)2 S exp <1og<1 + Cuall (00, To) 1200 exp / CAB ds) ,

for all integers k& > % + 1. We do not directly prove the analogue of Theorem 1.5 for noninteger exponents
k. Nevertheless, as a consequence of our analysis in the last section of the paper, we do obtain the bounds
(1.17) also for noninteger k. This is achieved by using frequency envelopes in order to combine the distance
functional and the energy estimates akin to a nonlinear Littlewood-Paley type theory. It is also worth noting
that a similar double exponential growth rate for the L}.L° norm of the vorticity appears in the classical
Beale-Kato-Majda [8] criteria as a consequence of trying to weaken the natural control parameters of the

problem.

In order to understand the form of the energy functionals used in Theorem 1.5, a key step is to identify
Alinhac style good variables for the problem, which are as follows:

(i) The vorticity w, which is measured in H*~1(€).

(ii) The Taylor coefficient a, which is measured in H*~1(T").
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(ili) The material derivative D;a of the Taylor coefficient, which is measured in H*~2(T").

Our energy functionals are constructed as certain combinations of well-chosen norms of the above good
variables. The general strategy for constructing these norms is to apply appropriate vector fields and elliptic
operators to w, a and D;a at the H* regularity in such a way that the resulting variables solve the linearized
equation to leading order. After this, the nonlinear energy E* may be essentially defined as the linear energy
evaluated at these good variables. As it turns out, after completing this process, we arrived at essentially
the same energy as [17], which was derived by different means. However, as can be immediately inferred
from our control norms, the way we treat the energy is very different from [17]. Indeed, without going into
details, we mention that the proof of Theorem 1.5 requires not only a delicate analysis of the fine structure
and cancellations present in the free boundary Fuler equations, but also the use of a new family of refined
elliptic estimates. Although we refrain from stating them here in the introduction, these elliptic estimates
serve as an important part of the paper. Moreover, since they are quite general, we believe that they will

prove to be useful in other problems as well.

1.3.4. Low regularity continuation criterion. A very natural objective in the study of the Euler equations
is to find a geometric characterization of how solutions break down. For the Euler equations without free
boundary, this direction traces back to the famous paper of Beale, Kato and Majda [8]. In recent years,
interest in sharp blow up criterion for the free boundary Euler equations has risen, and progress has been
made by de Poyferré [16], Ginsberg [25], Wang and Zhang [46] and Wang, Zhang, Zhao and Zheng [47].
Here, we explain our rather definitive answer to this question, which is essentially a consequence of our local
well-posedness result in Theorem 1.4 and the energy estimates in Theorem 1.5. However, to avoid topological
issues, we must first introduce a notion of thickness for the fluid domain.

Definition 1.6. The fluid domain 2 has thickness at least R > 0 if for each € T, B(x, R) N T is the graph

of a C™¢ function which separates B(z, R) into two connected components.
With this notion in hand, our continuation criterion reads as follows:

Theorem 1.7 (Continuation criterion). A solution (v,I') € C(H?®), s > 4 + 1, of the free boundary in-
compressible Euler equations with the Taylor sign condition can be continued for as long as the following

properties hold:
a) (Uniform bound from below for the Taylor coefficient). There is a ¢ > 0 such that

a>c>0.

b) (Uniform thickness). There is an R > 0 such that 2 has thickness at least R.

¢) (Control parameter bounds). The control parameters satisfy
Ae Ly, Be L.

One may compare our continuation criteria for the free boundary problem with the classical Beale-Kato-
Majda criteria for the boundaryless problem and note that they are essentially at the same level, with the
natural addition of the C1:% boundary regularity bound. Another minor difference is that we use the Lips-
chitz bound on the velocity v rather than the uniform bound on the vorticity w. One may ask whether it is
possible to further relax our criterion in order to use only the vorticity bound. The major obstruction is that
while in fixed domains the vorticity uniquely determines the velocity, in our case an appropriate boundary

condition is also needed, which is best described via the D;a good variable. So, a potential conjecture might



12 MIHAELA IFRIM, BEN PINEAU, DANIEL TATARU, AND MITCHELL A. TAYLOR

be that in order to use only the vorticity bound in the interior, one might have to compensate by adding a
uniform bound on D;a, as seen in the linear control parameter Bj;, and in the difference estimates. That
being said, in this paper we have opted for a continuation criteria involving only the natural variables v and

I'" and no auxiliary pressure related terms.

As mentioned above, several recent articles [16, 25, 46, 47] have focused on obtaining improved continuation
criterion for the free boundary Euler equations. The most significant of these contributions is the memoir
[47], which proves that H* solutions to the free boundary Euler equations with the Taylor sign condition
can be continued after ¢ = T as long as properties a) and b) in Theorem 1.7 hold and

(1.18) s[up] (1@l (Lrarzyr,) + V(&) lwis(q,)) < oo for some p > 2d — 2.
tel0,T

Here, x denotes the mean curvature of the surface. To motivate their result, [47] recalls a question of Craig
and Wayne [30], which asks one to find (in the context of the irrotational water waves problem) the lowest
Holder regularity of the surface and velocity potential whose boundedness on [0,7] implies that one can
continue the solution past ¢ = T. Although (1.18) makes significant progress on this question, it fails to
achieve purely pointwise norms and is far from scale invariant. Moreover, the criterion (1.18) only applies
to solutions which a priori live in integer based Sobolev spaces H*. This limits the applicability of (1.18) to
solutions with at least a half derivative of excess regularity. In contrast, Theorem 1.7 replaces the criterion
v € LWL by the sharp and scale invariant criterion v € LLW}>° and only requires control of Hélder
norms of the free surface at the correct scale. In particular, Theorem 1.7 gives a rather definitive answer to
Craig and Wayne’s question for the full free boundary Euler equations. For the state-of-the-art result for the
two-dimensional irrotational water waves problem, see [3]. Also, note that Theorem 1.7 applies to solutions
in all Sobolev spaces H® with s > % + 1, not just to those in integer spaces. This improvement is by no

means trivial; rather, it follows from a careful usage of our distance functional.

1.4. Outline of the paper. The article has a modular structure, where, for the essential part, only the

main results of each section are used later.

1.4.1. The linearized equations. The starting point for our analysis, in Section 2, is to derive the linearization
of our problem in Eulerian coordinates. The linearized system will serve as a guide to several of the choices
made in our nonlinear analysis. In particular, it will suggest the correct variables to use, as well as the form
of our distance functional. Moreover, when proving energy estimates, the Alinhac style good variables we
construct will be shown to solve the linearized equations to leading order. This is also where the control

parameters A and By, (an enhanced version of B) make their first appearance.

1.4.2. Function spaces and the geometry of moving domains. Section 3 describes the appropriate functional
setting for our analysis. We begin by setting up a basic framework for our problem, including introducing low
regularity control neighborhoods which will allow us to establish uniform control over constants in Sobolev
and elliptic estimates in certain topologies for an appropriate family of domains. After defining the function
spaces and norms that we will be using, we define the state space H® where we will seek solutions to the
free boundary Euler equations. Unlike in problems on fixed domains, the state space H® will not be linear.
However, it will be equipped with an appropriate notion of convergence, allowing us to define continuity of

functions with values in H® as well continuity of the data-to-solution map.



WELL-POSEDNESS FOR THE INCOMPRESSIBLE FREE BOUNDARY EULER EQUATIONS 13

1.4.3. Stability estimates and uniqueness. The aim of Section 4 is to construct a nonlinear distance func-
tional which will allow us to track the distance between two solutions at very low regularity. The general
scheme is akin to the difference bounds in a weaker topology which are common in the study of quasilinear
problems on fixed domains. However, here there are fundamental difficulties to overcome, as we are seeking
to not only compare functions on different domains, but also track the evolution in time of this distance.
These difficulties are embedded into the nonlinear character of our distance functional; both careful choices
and delicate estimates are required to propagate this distance forward in time. To the best of our knowl-
edge, this is only the second time difference estimates have been successfully proven in the free boundary
setting. The other successful execution, which conceptually inspired the present approach, was in the case
of a compressible gas [18, 27], which is very different from the incompressible liquid we consider here. In
particular, unlike in the gas case, the boundary of our fluid contains non-trivial energy, requiring interesting

geometric insights to understand.

As a consequence of our stability estimates, we deduce uniqueness of solutions at very low regularity. Also,
as we shall see in later sections, the low regularity distance bounds we prove will serve both as an essential
building block in our construction of rough solutions as unique limits of regular solutions as well as in the

proof of the continuity of the data-to-solution map.

1.4.4. Elliptic theory. The main goal of Section 5 is to introduce a new family of refined elliptic estimates
which will be crucial for obtaining the sharp pointwise control norms in the higher energy bounds. The
secondary objective of Section 5 is to define a relevant Littlewood-Paley theory, collect various “balanced”
product, Moser and Sobolev type estimates, and note several identities for operators and functions defined
on moving domains. For the most part, the material in Section 5 does not rely on any specific structure of the
Euler equations, so should be applicable to other free boundary problems as well. In Section 6, we construct
the regularization operators which we will need for our existence scheme and the frequency envelopes for
states (v,I") € H*® that we will use to establish the refined properties of the data-to-solution map.

1.4.5. Energy estimates. In Section 7 we establish energy estimates within the H” scale of spaces. As a
first step, we construct a coercive energy functional (v,T') = E¥(v,T') associated to each integer k > %l + 1.
The scheme here is to identify Alinhac style “good variables” (wy, si) which solve the linearized equation
modulo perturbative source terms. We then define our energy as the sum of the rotational energy and the
linearized energy evaluated at these good variables. To prove the energy estimates, we split the argument in
a modular fashion into two parts. First, we prove the coercivity of our energy functional; that is, we show
that E*(v,T') &~ |[(v,T)||3.. After this, we track the time evolution of the energy, establishing control of
E¥(v,T') in terms of the initial data, with growth dictated by the pointwise control parameters A and B.
Both steps of this argument are delicate. In particular, the former makes extensive use of the refined elliptic
estimates from Section 5, and the latter requires us to identify and exploit various structural properties and

fine cancellations present in the Euler equations.

1.4.6. Construction of regular solutions. Section 8 is devoted to the construction of regular solutions to the
free boundary Euler equations. The overarching scheme we utilize is similar to [27], which analyzed the case
of a compressible gas. However, we stress that the main difficulties in the incompressible liquid case are
quite different than for the gas, especially near the free boundary, as the surface of a liquid carries a non-
trivial energy. As a general overview, the scheme we utilize is constructive, employing a time discretization

via an Euler type method together with a separate transport step to produce good approximate solutions.
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However, a naive implementation of Euler’s method loses derivatives. To overcome this, we ameliorate the
derivative loss by an initial regularization of each iterate in our discretization. To ensure that the uniform
energy bounds survive, such a regularization needs to be chosen carefully. For this, we employ a modular
approach and try to decouple this process into two steps, where we regularize individually the domain and
the velocity. We believe that this modular approach will serve as a recipe for a new and relatively simple
method for constructing solutions to various free boundary problems. That being said, the execution of this

scheme is still quite subtle, requiring several novel ideas in addition to those coming from [27].

1.4.7. Rough solutions and continuous dependence. The last section of the paper aims to construct rough
solutions as strong limits of smooth solutions. This is achieved by considering a family of dyadic regular-
izations of the initial data, which generate corresponding smooth solutions. For these smooth solutions we
control on one hand higher Sobolev norms H¥, using our energy estimates, and on the other hand the L?
type distance between consecutive ones, from our difference estimates. Combining the high and the low
regularity bounds directly yields rapid convergence in all H' spaces for [ < k. To gain strong convergence in
H”, we use frequency envelopes to more accurately control both the low and the high Sobolev norms above.
This allows us to bound differences in the strong H* topology. Interpolation and a similar argument yields
local existence in fractional Sobolev spaces as well as continuous dependence of the solutions in terms of
the initial data in the strong topology. Finally, our main continuation result in Theorem 1.7 follows along

similar lines, given the careful treatment of our control norms in the energy and difference estimates.

For problems on R?, the scheme outlined above for obtaining rough solutions from smooth solutions, good
energy estimates and difference estimates is more classical; see the expository article [28]. However, as we
shall see, the fact that solutions are all defined on different domains leads to some new subtleties in our free

boundary setting.
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2. THE LINEARIZED EQUATION

The first goal of this section is to formally derive the linearization of our problem, working entirely in Euler-
ian coordinates; this is the system of equations (2.6). Then, we prove Theorem 2.1, which asserts that the
linearized system is well-posed in L?, with energy bounds determined by our sharp control parameters. The
key elements here are the linearized energy (2.9) and the basic energy estimate (2.10).

Conceptually, the linearized system is an essential piece of the puzzle. On a practical level, however, it is not
immediately useful in proving well-posedness, as it is not clear that C! one parameter families of solutions
exist in the first place. It is only a posteriori, after well-posedness is established, that the linearized energy
estimates may be used to derive bounds for differences of solutions. Instead, we will use our understanding

of the linearized system to guide us in our choice of distance functional in Section 4 and later in our choice
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of energy functionals in Section 7.

To derive the linearized system, we take a one parameter family of solutions (vp,pr) defined on domains
Qy 1, with (vo,po) := (v,p) and Qo := Q. We define w = 9pvp|p=0 and g = Inpn|n=0-

In Q,, the linearized equation is rather standard:
Ooow~+w-Vuv+v-Vw=-Vg,
V-w=0.

However, we also need to linearize the kinematic and dynamic boundary conditions on the surface I';. For
this, let us denote by I'; ) the free surface at time ¢ for the solution (vp,pp), so I'yo := I';. Fix a one
parameter family of diffeomorphisms ¢p,(¢) : I'y — T'y , with ¢o(t) = Idr,. The dynamic boundary condition
(1.3) asserts that for every point = € I'y,

pu(t, on(t)(x)) = 0.
Differentiating in h and evaluating at h = 0 gives

alr, = =Vplr, - (1),
where ¢(t) := %gf)h(tﬂhzo. Using that Vp|r, is normal to I'; we deduce that
(2.1) glr, = =Vplr, - nr, Y (t) - nr, =: as.

Here, we define s := 9 (t) - np, which we loosely interpret as the normal velocity in the parameter h of the
family I'; j, at h = 0. We will use this as one of our linearized variables. Note that since a > 0, s does not
depend on the choice of diffeomorphisms ¢p, (¢).

Next, we linearize the kinematic boundary condition. Analogously to v - nr, describing the normal velocity
of the free surface, we expect w-nr, to describe the “normal velocity” of our linearized variable s. Therefore,

up to a perturbative error, D;s should agree with w - nr,. In fact, we obtain the relation
(2.2) Dys —w - np, = s(nr, - Vo) - np,.

To derive (2.2), we note that (1.2) and (1.3) imply that

(2.3) Dip=0 onTy.

This is the equation that we will linearize to obtain (2.2). As before, let ¢p,(t) : I'y — I'; , be a diffeomorphism.
We then have for x € T,

[0t + vn - V)pn](t, ¢n(t)(x)) = 0.
Taking h derivative and evaluating at h = 0 yields,

(2.4) w-Vp+ Dyg+VDp-1p=0 onTy.

Using (2.1), and that VD;p is normal to I'; by (2.3), we deduce (2.2) from (2.4) after some simple algebraic
manipulation. Indeed, we have Vp|r, = —anr,. Then using the relation qp, = as, we compute D;q =
aD¢s + sDia. This reduces (2.4) to

(2.5) —aw - nr, + aDys + sDya + sVDyp - np, = 0.
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After division by a, the first two terms in (2.5) evidently align with the left-hand side of (2.2). The right-
hand side of (2.2) appears by commuting the gradient with the material derivative in the last term of (2.5),
and by using the fact that Vp - Dynp, = 0 to rewrite sDya = —sDy(Vp - np,) = —sD;Vp - nr,.

Putting everything together, the linearized system takes the form:
Dyw+Vqg=—w- Vv in 4,
V-w=0 in Qy,

(2.6)
Dys —w-np, = s(nr, - Vv) -np, on Ty,

q=as on I'y,

where the terms on the right-hand side can be viewed as perturbative source terms.

In order to study the well-posedness of the linearized system (2.6), we introduce an enhanced version By;,

of the control parameter B*:
(2.7) Biin(t) = ||aletCLHL°°(Ft) + HVUHL“’(Qt)-
Using this, we may state our main linearized well-posedness result as follows.

Theorem 2.1. Let (v,T") be a solution to the free boundary incompressible Euler equations in a time interval
[0,T] so that a > 0, A* stays uniformly bounded and Bi;, € LY. Then the linearized system (2.6) for (w,s)
is well-posed in L*(Q) x L*(T) in [0,T].

Here we recall that 2 and I" are time dependent. The rest of this section is devoted to the proof of this
very simple theorem. The basic strategy is to construct a suitable energy functional and prove correspond-
ing energy estimates. Once this is done, well-posedness follows via a standard duality argument, which is
left for the reader. To execute this argument, one simply notes that the adjoint system is essentially iden-

tical to the direct system (2.6), modulo perturbative terms, and that the energy estimates are time reversible.

Below, we will work with a slightly more general system, since this is what will appear in the higher order
energy bounds later on. We define the generalized linearized system as follows:

Dyw+ Vg = f in Qy,

V-w=0 in Qt,
(2.8)

D¢s —w-np, =g on Iy,

q=as on Iy,

where we allow for arbitrary source terms f and g on the right-hand side of the first and third equation.

It remains to prove a suitable energy estimate for the system (2.8). The natural energy associated to

this system is
L 2 1 2
(2.9) Ein(w,s)(t) = = |lwl*de+ = [ as®dS.
2 Ja, 2 Jr,

Using (2.9), the main energy estimate for the generalized linear system is as follows:
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Proposition 2.2. Suppose a > 0. Then the system (2.8) satisfies the energy estimate
d

(2.10) EElm(w, 5)(t) < BiinEiin(w, 5)(t) + (as, g)L2(r,) + (w, f)r2(0,)-

We note that the energy functional (2.9) is also the energy functional for the linearized system (2.6), and

that this proposition yields energy estimates for (2.6), thereby concluding the proof of Theorem 2.1.

Proof. We will make use of the following standard Leibniz type formulas (see; for example, [20, Appendix
Al).

Proposition 2.3. (i) Assume that the time-dependent domain Qy flows with Lipschitz velocity v. Then
the time derivative of the time-dependent volume integral is given by
d
— flt,z)de = Dif + fV-vdz.
dt Jq, o

(i) Assume that the time-dependent hypersurface T'y flows with divergence free velocity v. Then the time
derivative of the time-dependent surface integral is given by
d

— | flt,x)dS = D.f — f(nr, - Vo) - nr, dS.
dt T T
Now, to prove the energy estimate (2.10), we apply Proposition 2.3 to obtain
d 1 1
— Ejin(w, s)(t) = Dyw - wdzx + / asDysdS + = | Dias*dS — = / [nr, - Vv -nr,]as® dS
dt o r, 2 Jr, 2 Jr,

(2.11)

< Diyw-wdzx + / asDys dS + BjinEpin(w, s)(t).
Q Iy

Integrating by parts, we obtain

th-wdzzr—i-/

asDtst:/ w~fda:+/ asDtst—/ quw - nr, dS
I, oM Ty Iy

o
=(as,g)r2r,) + (w, f)r2(0,)-
Combining this with (2.11) completes the proof. O

3. ANALYSIS ON MOVING DOMAINS

One difficulty when working directly on moving domains is that many of the standard Sobolev and elliptic
estimates have domain dependent constants. It is therefore necessary to work in a framework which allows
for uniform control of these constants in certain topologies. This section is devoted to dealing with this issue.
Our approach in this regard is somewhat analogous to that of Shatah and Zeng [41, 42, 43] and de Poyferré
[17, Section 3], but with the key difference being that our control neighborhoods will only be uniform in the
pointwise C' or C'+¢ topologies as opposed to the stronger L? based topologies considered in those papers.

This will be essential for establishing the pointwise continuation criterion for solutions.

3.1. Function spaces. To begin, we precisely define the function spaces and norms that we will be using.
Throughout, Q C R? will denote a bounded, connected domain. We define H*(Q), s > 0, as the set of all
f € L*(Q) such that

(3.1) £l a2 (0 == inf {||F|| g (ray : F € H*(R), Flo = f}

is finite. Here, |- [| g+ (rae) is defined in the standard way, via the Fourier transform. We let H{(f2) denote the
closure of C§°() in H*(Q)) and identify H*(f2) isometrically with the dual space (H§(£))*. Importantly,
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with this definition of the H® norm, the constants in Sobolev embedding theorems (either H® — L? or
H? — C?%) are independent of Q. For regular enough domains and integer s, the norm defined in (3.1) is

equivalent to the standard one. We will precisely quantify this equivalence later.

We next define the regularity of the boundary of a connected domain €2, which is characterized in terms of
the regularity of local coordinate parameterizations of 9€2. Indeed, in general, an m-dimensional manifold
M C R? is said to be of class C** or H®, s > g, if, locally in linear frames, M can be represented by graphs

with the same regularity.

If s > %, then given ) as above with boundary of class H®, we can define what it means to be an
H™ function on 92 for s > r > —s. Indeed, these are simply the functions whose coordinate representatives
are locally in H"(R?1). It is easy to see that the space of H" functions on 92, s > r > —s, can be made into
a Banach space. Indeed, a norm can be chosen by taking a covering of 92 by a finite number of coordinate
patches and an adapted partition of unity. However, there is one problem with this approach. Although
such a norm is well-defined up to equivalence, the precise value of the norm is dependent on the choice of
local coordinates. Since we will be dealing with a family of domains, we need to make sure that we define

norms on their boundaries in a consistent and uniform way.

3.2. Collar coordinates. As a first step towards resolving the above issue, we fix a bounded, connected
reference domain €, with smooth boundary I'y := 99Q,. We define H® and C*< bhased norms on T, by
making an appropriate choice of local parameterizations of I',. Letting § > 0 be a small positive constant,
we define N (T, ) to be the collection of all C* hypersurfaces I' such that there exists a C! diffeomorphism
¢p : Ty — T' with

||®r — ddr,

crr.) <90

If 6 > 0 is small enough, we can represent hypersurfaces I' € N (T, d) as graphs over I'.. Indeed, we denote

the outward unit normal to Iy by nr,. Following [43, Section 2.1], if we have a smooth unit vector field

v: T, — S which is suitably transversal to T', (that is, v - np, > 1 — ¢ for some small ¢ > 0), it follows

from the implicit function theorem that there exists a § > 0, determined by I', and v, such that the map
0:T. x[=6,0] = RY oz, p) =z + pv(z)

is a C! diffeomorphism from its domain to a collar neighborhood of T',. If § > 0 is small enough, the above

coordinate system associates each hypersurface I' € N (T, §) with a unique function nr : T'x — R such that

(3.2) Or(x) := p(x,nr(z)) = + nr(z)v(x)
is a diffeomorphism in C*(T',,I" C R?). We can think of the map ®r as a way to represent I' as a (global)

graph over I',. With this notation in hand, we can now define what it means to be a H?® hypersurface which

is close to I'y.

Definition 3.1. For § > 0 small enough and « € [0, 1), define the control neighborhood A(Ts, a, §) as the
collection of all hypersurfaces T' € N (T, ) such that the associated map nr : ', — R satisfies

Inrllerem.) <.

Definition 3.2. Suppose s > 0, I' € N(T,6) for § > 0 small enough, and the associated map nr : I'x — R
satisfies nr € H*(T',). We then define the H® norm of T" by

ITllers == llnellzer.)-
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In the above definitions, ||nr||c1.e(r,) and |[9r||gs(r,) are computed with respect to fixed, independent of T,
local coordinates on I'.. In an analogous way, we define for v € [0,1) and integers k > 0, the C*7 norm,
IT||ck.~. As was essentially noted in [43, Section 2.1], when 0 < § < 1, each I' € A(T',, «, §) is associated to
a well-defined domain .

Remark 3.3. One key point in Definition 3.1 is that we only require I" be close to I', in the C1* topology,
as opposed to the stronger L? based topologies used in [17, 41, 42, 43]. In practice, we will want the control
topology to be as weak as possible. For our purposes, we will typically take @ = € > 0 for some arbitrarily
small (but fixed) constant € > 0.

Remark 3.4. A second key point in Definition 3.1 concerns the choice of the small parameter . This will
not be arbitrarily small, but instead its size may also be chosen to depend on weaker topologies; namely, (i)

the C1¢ norm of ', and (ii) the thickness (see Definition 1.6) of the domain €. This will serve two purposes:

e To allow us to place any rough H*® boundary I" within a suitable control neighborhood A(Ty, €, ).
e To allow us to obtain the robust continuation result in Theorem 1.7, which does not require any

reference to control neighborhoods.

Following the discussion in the above two remarks, throughout the article we will often abbreviate A(T's, €, d)
by A., where the suppressed parameters ¢ > 0 and § > 0 are understood to be small but fixed universal
parameters, which depend only on s and on the thickness of (2.

3.3. State space. Fix a collar neighborhood A, and s > % + 1. We define H® as the set of all pairs (v,T")
such that T" € A, is the boundary of a bounded, connected domain € and such that the following properties

are satisfied:

(i) (Regularity). v € H3,, () and I' € H®, where Hj, (2) denotes the space of divergence free vector
fields in H*(Q).
(ii) (Taylor sign condition). a := —Vp-nr > ¢y > 0, where ¢y may depend on the choice of (v,I'), and
the pressure p is obtained from (v,T") by solving the standard elliptic equation (1.5) associated to
(1.1) and (1.3).
Given initial data (vg,Ty) in the state space H®, our eventual goal will be to construct local solutions
(v(t),Tt) that evolve continuously in H*. To accomplish this, we must define a suitable notion of topology

on our state space. This will enable us to establish two key properties of our flow; namely,

(i) Continuity of solutions with values in H®.

(if) Continuous dependence of solutions (v(t),T';) as functions of the initial data (vg, o).

Note that since H?® is not a linear space, the above two continuity properties require some explanation. To
measure the size of individual states (v,I') € H?, we define ||(v,T)||%. = [[T]|%. + ||’UH%IS(Q). However, since
H?* is not a linear space, || - ||zs does not induce a norm topology in the usual sense. Hence, we still need an

appropriate way of comparing different states. Motivated by [18, 27], we define convergence in H® as follows.

Definition 3.5. We say that a sequence (vy,,I'y) € H® converges to (v,I") € H? if
(i) (Uniform Taylor sign condition). For some ¢¢ > 0 independent of n, we have

A, a > cog > 0.

(ii) (Domain convergence). I, — I'in H®. That is, np, — nr in H*(T',) where np, and nr correspond
to the collar coordinate representations of '), and I', respectively.
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(iii) (Norm convergence). For every € > 0 there exists a smooth divergence free function ¢ defined on a

neighborhood Q of Q with 19/l g7+ (@) < o0 and satisfying
o =0l sy <€

and

limsup [[v,, — 0| g (0,) < €.
n— o0

With the above notion of convergence, it makes sense to define C([0,T]; H*). We remark, however, that
in [17, 41, 42, 43], C([0,T]; H?) is defined in a slightly different way, via the existence of an extension to a
continuous function with values in H*(R?). In Section 5.3.4, we construct a family of extension operators
which depend continuously in a suitable sense on the domain, making the above two notions of continuity

essentially interchangeable.

4. DIFFERENCE ESTIMATES AND UNIQUENESS

Comparing different solutions is key to any well-posedness result. Since our problem is quasilinear, such a
comparison cannot be achieved uniformly in the leading H® topology, but instead only in weaker topologies.
The main result of this section provides a Lipschitz bound for the distance between two solutions in the
L? topology, akin to our bounds for the linearized equation. Notably, our distance bounds propagate at
the level of our control parameters, which require for instance a Lipschitz bound on the velocity but no
higher regularity. This is what will allow us to establish uniqueness of solutions under very weak regularity
assumptions. Moreover, as we shall see shortly, these low regularity distance bounds also serve as an essential
building block in our construction of rough solutions as unique limits of smooth solutions, as well as in our

proof of the continuity of the data-to-solution map.

The fundamental difficulty in achieving our distance bounds is the need to compare states which live on
different domains. To overcome this difficulty, we construct a “distance functional” which simultaneously
captures the distance between (functions on) different domains and admits a time evolution that we are able
to track. To the best of our knowledge, no such low regularity difference bounds or even uniqueness results
were previously known for any incompressible free boundary Euler model. Instead, we take our cue from
the work [27] of the first and the third authors, which considers a similar free boundary problem but for a
compressible Euler model. We note, however, that the similarity between the uniqueness argument here and
its counterpart in [27] is only at the conceptual level, as the two flows have very different behaviors both

inside the domain and near the free boundary.

4.1. The distance functional. Our first objective is to use the linearized energy as a guide to construct
a distance functional which will be suitable for comparing nearby solutions. We begin by fixing a collar
neighborhood A(Ty, ¢,6), where € > 0 and § > 0 are small. We then suppose that we have two states (v,T),
(vn,T'y) with respective domains 2, . We let npr and nr, be the corresponding representations of I' and
T';, as graphs over I'y. Following the linearized energy estimate, we aim to define analogues of the linearized
variables w and s, which heuristically should measure the L? distance between v and v;, and the distance
between I' and I'j,, respectively. One technical caveat is that v and vy, are not defined on the same domain.
For this reason, we define Q=0n Qn. We can represent the free boundary T for Q as a graph over T,
via the function nz = nr A nr,,. Note that although the graph representation 7 is well-defined, T is only
Lipschitz in general, so will not be in A(T's,¢€,0).
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To measure the (signed) distance between I' and I'y,, we define s}, : T'y, — R by

(4.1) sp(@) = ey, () — e (2).

As will become evident below, although s} correctly measures the distance between the free hypersurfaces,
it has the “wrong” domain. To fix this, we define the variable s : I >R by pushing s} forward to the
hypersurface . In other words, for z € T, we define sp(x) = sp(m(x)), where m denotes the canonical
projection, mapping the image of ', x [—4, ] under ¢ back to I'.. For convenience, we also extend v to
a vector field X defined on the image of ¢ via X (x) = v(n(z)). We will not actually use the displacement
function s, directly in the difference estimates below. In particular, it will not act as our desired analogue of
the linearized variable s. This is because its dynamics are somewhat awkward to work with. Instead of using
Sh, it is far more convenient (and geometrically natural) to use the the pressure difference p — py, (along with
a suitable weight to be defined below) to measure the distance between I' and T';,. To motivate this, recall
that for solutions to the free boundary Euler equations, the Taylor sign condition implies that p and p;, are
non-degenerate defining functions for I'y and I'; ;, within a suitable collar neighborhood. Therefore, on the
boundary of Q, = Q, N Q4 1, p — pp, should be proportional to the displacement function s;. The dynamics
of p — pp turn out to be much easier to work with than those of s, as terms involving p — p;, will appear

naturally when we use the free boundary Euler equations to compare solutions.

With the above motivation in mind and using the linearized equation as a guide, we define our distance

functional as follows:

1 1
(4.2) D((v,T), (v, Tp)) := D(v,vp) := 5 |- |v — vy | do + 3 [ blp — pn|? dS,
Q i

where the weight function b is defined by
- -1
b:=a 11fm1‘ +ay, 11:01“;;

As p — pp, vanishes on I' N Ty, we may rewrite the distance functional in the slightly more convenient form

1 1 _ 1 _
D(U,vh)ZQ[ |U—Uh|2d$+§/A@ 1|P—ph|2d5+§/ a, '|p — pn|? dS,
)

Ap

where A:=TNT =T NT, and A, :=TNT, —TNT,.

Letting I denote the average of F along the flow ¢ between the free surfaces, the fundamental theorem of

calculus implies that for z € f,

—Vpp, - Xsp(x) ifz e A,

(4.3) pr(z) = plz) = —Vp - Xsp(x) if z € Ap.

Therefore, thanks to the Taylor sign condition and assuming the regularity p,pn, € C¢, we should have
|p — pu| = |sn| on I within a tight enough collar neighborhood. The precise manner in which we have
this proportionality will be made clear shortly. Finally, note that, for solutions to the free boundary Euler

equations, a simple computation yields the following equation for v — v, in Qu:

Di(v —vp) + V(p — pn) = (v, —v) - Vup,

4.4
“d V-(v—uvp)=0.
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Remark 4.1. Although it is not particularly important for the difference estimates, we note that the distance
functional (4.2) makes sense for general (not necessarily dynamical) states (v,I") and (vp, ). Indeed, given
suitable states (v,T') and (vp,T's), we can always associate pressures p and pp by solving the standard
elliptic equation associated to (1.1) and (1.3). As we will see in Section 7, it is very important that our

energy functional for the H* energy bounds be defined for general states (v,I') € H*.

4.2. Difference estimates. We are now ready to propagate difference bounds for two solutions to the free

boundary Euler equations.

Theorem 4.2 (Difference Bounds). Let 0 < €, < 1 and let A, = AT, €,0) be a collar neighborhood.
Suppose that (v,Ty) and (v, Typ) are solutions to the free boundary Euler equations that evolve in the collar
in a time interval [0,T] and satisfy a,an, > co > 0. Then we have the estimate

d
ED(U,U}L) SA7Ah (B + Bh)D(’U, ’Uh)

where
B = ollws @y + el gny + 1Dplwsm, A= ol geqq,, + ITallone,

By, and Ay, are the analogous quantities corresponding to vy, pn, DP'pn and Ty n and we have implicitly
assumed that our solutions have regularity B, B, € LY. and A, A, € L.

Remark 4.3. It is worth remarking that all of the results in this section hold equally well if the control
parameter B is replaced by
Be = |[vllcre@n) + 11Tl oy
which depends solely on the regularity of v and I';. This is because we will later prove an elliptic estimate
of the form
[Depllwr=(o,) Sa Be.
See Lemma 7.9 and Remark 7.10 for details. We prefer, however, to work with the control parameter B

defined above as its L%F norm is scale invariant.

Proof. For simplicity of notation, we drop the ¢ subscript for domains below. We also use <4 as a shorthand
for <a,4,. To ensure that we can estimate expressions involving the pressure in terms of the control

parameters A and B above, we need the bounds

(4.5) Ipllere@y Sals bl gy q) Sa B

as well as the analogous bounds for p. The proof that these bounds hold will be postponed until later when
the requisite elliptic estimates are developed. See Lemma 7.5 and Lemma 7.9 for details. Now, to proceed
with the difference estimate, we recall the identity

d 2 -1 2 d/ —1 2
(4.6) dtD( ,Un) 2dt/ v — vy dw+2dt Ip — pal dS+2dt a, " |p— pn|~dS.

To compute the first term, we would like to use Reynolds’ transport theorem, as in Proposition 2.3. However,
here we do not have a good velocity field ¢ so that € flows with velocity . Constructing such a field seems to
be at the very least impractical, so we will instead allow for a correction term which is a boundary integral.
For this purpose, suppose that D(t) is a time-dependent domain for which we may define at almost every
point of the boundary a normal velocity v, for the boundary. Note that if D(t) were flowing with velocity
v, then vy = v - ngp(t), where nyp(y) is the outward unit normal. For more general velocity fields v on D(t),

we have the following proposition.
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Proposition 4.4. Given a velocity field v defined on a time-dependent domain D(t) with Lipschitz boundary

flowing with normal velocity vy, we have

d
— fdz = th+V-vfdx+/ f(os —v-nape)) dS.
dt D(#) D(t) aD(t)

The proof is a straightforward application of the divergence theorem.

In our setting, we need to make a vector field choice on Q,; this will simply be the velocity v, though we
could have equally chosen vy,. We remark that in the corresponding argument in [27] the average of the two
was used, in order to better symmetrize the problem. However, the argument here is slightly more robust,

and such a choice is not needed.

For this choice of v, we examine the boundary weight v - ngp(;) — vp appearing in the above formula. For

this we use the disjoint boundary decomposition
T=AUA,U(NTy),

where the normal ng is given a.e. by

nr in AU (FﬁFh),
ns =
r nr, in Ay U (F n Fh),

with the two normals agreeing a.e. on I' N I',. Correspondingly, for almost every point on I' we have
lup — v - ng| < v —vp|, as can be seen by working with the collar parameterization np A nr, for T' and the

kinematic boundary conditions for I' and I',.

We now use Proposition 4.4 and the incompressibility of v for each of the three terms in (4.6). We begin by

studying the first term, where we obtain

1d

(4.7) 2 ),

1 1
lv — v |?da < §/~Dt|v—vh|2d$+§/~|U—vh|3dS.
o) r

We note that, unlike in the case of the linearized equation, here we obtain a nonzero boundary term. However,
this term has the redeeming feature that it is cubic in the difference v — v;,. To estimate it, we use a simple
variant of the trace theorem. Indeed, as I, T, € A, we may find a smooth vector field X defined on R? with
C* bounds uniform in A, which is also uniformly transverse to I'. By the divergence theorem, we then have

1 3
- - dS < | X -nzlv—v,[?dS < (B+ B —onl|%s,c
(18) 2/f|v vn| N/f nplv —vn|*dS S (B + Bp)llv — vnll7s g

< (B + Br)D(v,vp).

Now, for the remaining term in (4.7), we use (4.4) and integrate by parts to obtain
1
= / Dilv —vp|? dx = / (v —ovp)Ds(v—vp) da
2 Ja a

(4.9) =— /f(p —pn)(v —vp) -npdS + / (v —wp) - [(vh, —v) - Vup] dx

Q

< - [(P —pn)(v —vp) - npdS + (B + Bp)D(v,vp).
r
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Using the decomposition I' = AUA, U(I'NT},) and using that p—py, = 0 on TNL, by the dynamic boundary

condition (1.3), we can write

—/(p—ph)(v—vh)'"fdsz —/(P—ph)(v—vh)'nrds— (p —pn)(v —vp) - nr, dS
I A -Ah
:/ a’l(p—ph)(v—vh)-VpdSﬂL/ a, ' (p = pn)(v = vn) - Vpp dS.
A -Ah
Now, define
1d
= [ - -v) Vpds+ 55 [ @ o pilas
A A
and

B 1d _
Jh ;:/ ahl(p—ph)(v—vh)~VphdS+——/ ah1|p—ph|2d3-
A, 2dt J 4,

Combining (4.8) and (4.9), we obtain

d
ED(’U, ’Uh) 5 (B + Bh)D(’U, ’Uh) + J+ Jh.
It remains to show that
J+Jdn <a (B + Bh)D(’U,’Uh).
We show the details for J. The treatment of J;, will be virtually identical. We begin by using Proposition 2.3
to expand
li 20 L —2 o250 1 “1) 120 )
a|p—ppl"dS = a”"Dyalp — pn|”dS a” " |p = pul[nr - Vo - nr]dS
(4.10) 2dt J4 2 4 24

+ /Aa_l(p — pn)Di(p — pn) dS.

The validity of the identity (4.10) is justified by noting that |p — ps|? vanishes to second order on I' N Iy,
so one can extend by zero to write the integral on the left-hand side as an integral over I', apply standard
identities there, and then return to an integral over A. From (4.10) and adding the first term in the definition

of J, we obtain (noting that by the kinematic and dynamic boundary conditions, we have D;p = 0 on A),
JSa —/ a~(p — pr)Dy'prdS + / a”'(p —pn)(v —wvn) - V(p = pn)dS + BD(v,vy).
A A

In the above, we used the standard identity (5.35) to control D;a. For the first term on the right-hand side
we use that DP'pj, vanishes on I'y,, (4.3), the fundamental theorem of calculus, the Taylor sign condition and
(4.5), to estimate

|Dypnl Sa VDY phllze<lsnl 2a IVDEprllpelp — pul Sa (B + Br)lp — pal.

Hence,
/ a”!(p— pn)DpndS Sa (B + Bi)D(v,vp).
A

It remains to estimate the cubic term, and show that

(4.11) ] [ a0 — ) Vo) as| £ (B + BB

We will need to perform a more careful analysis here, so that only the pointwise control terms appear in
the estimate. Note that if we had instead settled for L? based control parameters, this cubic term could be

handled relatively easily.



WELL-POSEDNESS FOR THE INCOMPRESSIBLE FREE BOUNDARY EULER EQUATIONS 25

We recall that A CT'. Given a point x € A, its distance to I'j, is proportional to |(p — pr)(z)|. We consider
a locally finite Vitali type covering of the set A with countably many balls B; = B(z;,r;) of radius r;
proportional to |(p — pp)(x;)|, so that in particular we have B; C €. We denote by D; the energy of the
difference in the region Bj, i.e., the integral in (4.2) restricted to B;. Then

> " D; < D((v,1), (va,Tn)).
J
Hence, by the uniform bound on a~!, it would suffice to show that
(412) [ A= =) V-] dS Sa (B+ Bi)D;.
ANB;

We will indeed show that this bound holds for the bulk of the expression on the left. However, for the
remaining part we will return to a global argument. For A we just use the uniform Lipschitz bound in this
analysis. We first note that in QN B; we have

|p_ph| <A Tj,

which after integration yields a good bound for r; within Bj:
(413) / |p—ph|2dS A ’I”;-H_l ,SA Dj.

. . 1 C .
Next we consider v — vy, for which we use the C'z2 norm, which is part of our control norm A, in order to

estimate the surface integral by the ball integral. This yields

(4.14) / lv—wvpl?dS <a r;l/ |v—vh|2dx+r§lA2 <a rj_le +7°§lA2 Sa rj_le.
ANB; Q

J

It remains to consider V(p — pp,). Our starting point is the global bound
(1.15) 19l g+ I9Phl 5 g, S B+ B

which is noted in (4.5). This allows us to replace V(p — p;) with its average V(p — pp); in any smaller ball
Bj cOn B; of comparable size, because

_ 1
IV —pr) = V(o = 1)l L @np,) Sar;(B+ Bn).

Putting everything together we arrive at
o =)= o) (V0= 1) =T =5 ) 5 54 (B+ B,
ﬂBj

which represents the bulk of (4.12).

It remains to estimate the contribution of the local average of V(p — pp,). Here we view p — p;, as a solution

to the following Laplace equation in Q:
A(p —pr) = —tr(Vo)? + tr(Vop)?,
p—pnp =9 :=pla, —prla.

We split the problem for p — p;, into an inhomogeneous one with homogeneous boundary condition, and a

homogeneous one with inhomogeneous boundary condition,

P —Ph = (p - ph)inh + (p - ph)hom'
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For the inhomogeneous problem we can write the source term in divergence form to estimate
I6e(V0)” = tr(Von)* -1y S (B + Br)D?,
which by a simple energy estimate gives a global L? bound
1
IV = pr)innll 126y Sa (B+ Bp)D=.
This in turn yields a bound for the corresponding averages by Holder’s inequality,

Z 4N (0 = pr)inn,j|* Sa (B + By)?D.
J
The contribution of this into (4.11) is then estimated using (4.13) and (4.14) as follows:

Jink = Z/ [p = pullv = vnl|[V(p = ph)inn.;| dS
; JANB;
ﬂ —_—
Sa > r® o= onllzzcans) V(P = pn)in.j|

J
e —
Sa Y DZrZN(p—pn)innjl
J

SA (B + Bh)Dv

where in the last step we have used Cauchy-Schwarz with respect to j.

For the homogeneous term, on the other hand, we need to carefully examine the regularity of the Dirichlet
data §. On one hand, by the definition of the distance D we have the L? bound

(4.16) 191220, Sa D.
On the other hand, by (4.15), on each of the two regions A;, respectively A, we have formally
(417) 1803 gy + 180l .3 gy S4B+ B

This bound has to be carefully interpreted, which we do within the proof of Lemma 4.5 below.

A formal interpolation between (4.16) and (4.17) would yield a W16(T') bound for §. We make this bound

rigorous in the following.
Lemma 4.5. The function g above satisfies the bound
(4.18) gl S (B+ Bu)3Ds.

Proof. We begin by noting that the two components g := pl 4, and gp, := —pp1l.4 of g are nonzero on disjoint
sets Ay, respectively A, and vanish on the corresponding boundaries 9.4y, respectively 0.A. Hence, we can
prove the bound (4.18) separately for the two components. We consider g, which lives on A, C T';,. Here
not only is I'j, a Lipschitz surface, but it also has a C2 bound of By, (which is not the case for T).

Using a standard partition of unity we can reduce the problem to the case when I'y, is a graph,

L ={zq = ¢(a')},
where

(4.19) 10llip Sa 1, [6ll 1y < B
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We denote the Lipschitz projection of A;, by P.A;, € R4™!. We can equivalently consider g as a function on
PAp, in which case the bound (4.18) becomes

(4.20) IVgllzopan) Sa (B+ By)3Ds.

We now summarize the information that we have on g as a function on PAy:
(i) (L? control).
l9/172(pa,) Sa D,
which comes from (4.16).
(ii) (Holder control).

<

which is a consequence of (4.15), (4.19) and chain rule.

(iii) (Zero boundary data).
g=0 on OPA,.

We will prove that these three properties imply the desired bound (4.20). The difficulty here is that we
do not know that Vg = 0 on 0P Ay; else we could simply extend g by 0 outside P.A;, and this becomes a
standard interpolation bound. Further, we do not a priori control the regularity of the boundary 0P Ay,.

Without any loss of generality we assume that g > 0 on P.Ay; else we split this set into connected components
where g has constant sign, modulo a set where Vg = 0 a.e. To prove the desired bound we will use a well-
chosen Vitali covering of the set S = PAy \ {Vg = 0} with balls. This choice is as follows: For each z € S
we consider a ball B, = B(z,r,) with radius r, = ¢?(B + Bp) 2|Vg(x)|> where ¢ > 0 is a small universal

constant, chosen so that |Vg| is nearly constant on By, i.e.,
[Vg(y) — V()| < c|Vy(2)] < [Vy(@)|, vy € Bs.

The union of the balls B, with x € S clearly covers S, so Vitali’s lemma allows us to extract a countable
disjoint subfamily of such balls B; = B, so that

sc|JsB;.

Since Vg is almost constant on B, and g(x) > 0, a key observation is that there must exist a nontrivial

sector C; C B, where
g>0 in Cy, |Cy| = | Bg|-

Since g = 0 on 9P Ay, it follows that we must have C, C S; this is what allows us to bypass the lack of

geometric information on the set P.Aj,.

On C,, the function g is almost linear with slope approximately |Vg(x)|. Therefore, we must have

lgli2(c,y 2 e Vg (@)
We will use this bound to estimate from above the L5 norm of Vg in each 5B; as follows:
IVl 5,y S 74 Va(ay)°
< gl a2 Vgl
~ ||9||2L2(cj)(B + By)".
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Now, we sum over j, using the disjointness of the balls B; and thus of C;. This gives

> 1Vl
j

which concludes the proof of the lemma.

Tosmy) S 9l 72(s) (B + Bn)' <a D(B + By)*,

O

Now we use the bound in Lemma 4.5 to solve the homogeneous Dirichlet problem in Q and to obtain the
estimate

IV @ = ) fomll oy S (B + Bn)s D,
where * stands for the nontangential maximal function. This bound is due to Verchota [45], but see also the

further discussion by Jerison-Kenig [29, Theorem 5.6] as well as the case of C'! boundaries considered earlier
by Fabes-Jodeit-Riviere [23].

The exponent 6 is allowed above provided that the Lipschitz norm of the boundary is sufficiently small.
Precisely, the upper limit of the allowed exponents goes to infinity as the corner size decreases to 0. The
smallness of the intersection angle between I" and I'y, is a consequence of the C'¢ common regularity bound
together with the use of a sufficiently refined collar region.

To use the nontangential maximal function bound, within the ball B; = B(x;,r;) we consider a smaller ball

- 1 1
Bj = B(zj = gring, 47)-

For y € Bj we have
" ~ 1
V(P = P0)romW) S IV = Pr)iom(2)l, 2 €N Bj.

Taking averages on the left and integrating on the right, we arrive at

B B e— *
1 V@ = phom.|® Sa IV (0 = Pr)hom Foin1 5,

Since the balls B; are disjoint, summation in j yields

(421) ZT?71|v(p_ph)hom,j|6 S (B+Bh)4D
J
On the other hand, for v — v;, we use the interpolation bound (4.8), which gives

(4.22) lv = vnl sy S (B+ Bi)3 D3

We are now ready to estimate the corresponding contribution to (4.11) using also (4.13) and (4.14) as follows:

Thom == Ip = prllv = vn||[V(D = Ph)hom.s] dS
. ANB;
J J

2(d—1)

3

Sa Z ri(r; |[v = vrllLsanB;)) IV (P = Pr)nom,;l
J

at1 e
<A Z ;% v = wnllLscans;) (r;° V(P = Pr)rom,jl)
J
Sa (B+ By)D.
At the last step we have applied Holder’s inequality in j with exponents 2, 3 and 6, using (4.13), (4.22) and
(4.21). This completes the proof of (4.12) and therefore the proof of Theorem 4.2.
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One consequence of the difference bounds is the following uniqueness result.

Theorem 4.6 (Uniqueness). Let e > 0 and let g be a bounded domain with boundary Ty € A(Ty,€,0). Then
for Ty € Clz and divergence free vg € WH°(Qq) satisfying the Taylor sign condition, the free boundary
Euler equations admit at most one solution (v,I'y) on a time interval [0,T] with T', € A(T4,€,9) and

T
s 1.+ ooy + || D ooy T IIT 1 dt < oo.
OgltlgTHv”Cé+ @) /0 HU”W; () [ tp”W; () [ t”Ci’% o0

Proof. Suppose (v,€;) and (vp, 2 1) are a pair of solutions satisfying the conditions of the theorem with the
same initial data. From the differences estimates, we immediately obtain v = vp, on 2, N . Next, we argue
that the domain €2 coincides with €2 ;. First, we note that the intersection is non-empty if § > 0 is small
enough. We now show €; C €, ;. It suffices to show Q; C ﬁt,h- If this is not true, then there is x € I'; ;, such
that « € ;. Such a point must lie on 9(Q; N 5). Therefore, from the estimate for the distance functional,
we have p(z) = 0. However, within a small enough collar neighborhood, the Taylor sign condition tells us
that the level set {p = 0} corresponds exactly to the free surface T';. This is a contradiction to x being an

interior point of §};. Therefore ©; C € ;. The reverse inclusion follows by an identical argument. ]

5. BALANCED ELLIPTIC ESTIMATES

In this section, we prove a collection of refined elliptic estimates which will be crucial for obtaining the sharp
pointwise control norms in the higher energy bounds. These estimates will turn out to be quite general and
should be applicable to other free boundary problems. In a sense, they can be seen as significant refinements
of the so-called tame estimates which have been fundamental in the analysis of many water waves problems
(see the discussion in [6, 32]), but are not nearly sufficient for our purposes. Indeed, as we will soon see,
our proofs of the higher energy bounds require estimates for various elliptic operators which more precisely
balance the contributions of the input function and the domain regularity, simultaneously, in both pointwise
and L2 based norms. This simultaneous balance cannot be achieved with the known tame estimates, which
often only seem to balance the contributions in L? based norms or involve domain dependent constants in
pointwise norms which are significantly off scale. The technical utility of our balanced estimates will become
readily apparent in Section 7, where they will be used to efficiently dispatch with expressions involving
relatively complicated iterated applications of the Dirichlet-to-Neumann operator and various other elliptic

operators.

In the following, we will always assume that € is a bounded domain with boundary T' € A, := A(T., €, )
for suitably small (but fixed) constants ey, d > 0. Most of the bounds in this section do not make reference
to a particular velocity function, and so, the implicit constants in many of the estimates will only depend
on the surface component of the control parameter A; namely, Ar := ||T'||c1.co. Hence, for this section, by
the relation X <4 Y, we mean X < C(Ar)Y for some constant C' depending exclusively on Ar. The only
exception to this rule (which we will make note of explicitly) will be in Section 5.6, where we will use the
full control parameter A to establish estimates for commutators of various elliptic operators with D;. We
will also harmlessly let A depend on the domain volume throughout, as the volume of the domain will be

conserved in the dynamic problem.
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Throughout the section, by a slight abuse of notation, we will follow the convention that a parameter ¢ may
vary from line to line by a fixed scalar factor. Generally speaking, we will take ¢ > 0 to be any positive

constant with € < €.

5.1. Extension operators in A, and product type estimates on (). To establish the desired elliptic
estimates, it will be convenient to have an extension operator which is bounded from H*(Q)) — H*(R?) for
5 >0, and C*(Q) — C*(R?) for a suitable range of k and « with bounds depending only on the implicit
constant A. Among other things, this will enable us to recover many of the standard product type estimates
which are well-known on R%. To this end, let ¢ : R%~! — R be a Lipschitz function with Lipschitz constant
M. Let Q = {(z,y) € R?: y > ¢(x)}. Moreover, for 1 < p < oo and an integer k > 0, let W*?(£) denote
the usual Sobolev space consisting of distributions whose derivatives up to order k belong to LP(). It is a
classical result of Stein [44, Theorem 5’, p. 181] that there exists a linear operator £ mapping functions on
€ to functions on R? with the property that & : WkP(Q) — W¥P(R9) is well-defined and continuous for all
1 < p < 0o and integers k. Moreover, the norm of £ : W*?(Q) — W*»(R?) depends only on the dimension
d, the order of differentiability k and the Lipschitz constant M. The operator £ is called Stein’s extension
operator. As one can see directly from its definition [44, Equation (24), p. 182], £ also maps C*(Q) — C1(R?).

As explained in Section 3.3 of [44], a partition of unity argument allows one to construct an extension op-
erator £ = £q on all Lipschitz domains 2, with constant depending only on d, k, p, the number and size of
the balls needed to cover the boundary, and the Lipschitz constant of the defining function on each ball.
Since for a tight enough collar A, one can use the same balls to cover all elements of A, with control of
the Lipschitz constant on each ball, this shows that Stein’s extension operator has norm bounds that are

uniform for domains with boundary in A..

In the above discussion, the definition of the W*P? norm was the usual one, defined by requiring the first &
weak-derivatives to be in LP. However, as noted earlier, we also define the H?® norm of a function f as the
infimum of the H* norms of all possible extensions of f to R%. Clearly, | - |lw»s2 < || - ||+ with constant
independent of the domain. However, by the above, for domains with boundary in A,, the reverse inequality

also holds, with implicit constant depending on Ar.

From [35, Theorem B.8] we know that for any non-empty open subset 2 of R? and any sp,s; € R we have

the identification
(H*(Q), H (), = H*(R2), where s = (1 —0)so +0s1 and 0 < 6 < 1,
with equivalent norms uniform in the collar. Thus, by interpolation, we have the following result.
Proposition 5.1. Let Q be a bounded domain with boundary I' € A.. Then for every s > 0 and 0 < o <
1+ €g, Stein’s extension operator £ satisfies
[€lca@)—co®ay, M€l (@)—rs@s Sal
uniformly in A,.

Proof. The H® case follows from interpolation between integer powers. For C%, we first note from [35,
Theorem A.1] (and higher order variants, c.f. [24, Lemma 6.37]) that there are extension operators with
the above C* — C'“ bound. That Stein’s operator has this property then follows by making use of such

extensions and interpolating, similar to [34, p. 11-12]. O
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Remark 5.2. As mentioned in [29, Proposition 2.17], by an interpolation argument, one can also prove
that Stein’s extension operator maps the Besov space B24(Q) to B24(R?) for all a > 0, 1 < p,q < oo and

Lipschitz domains 2. However, we will not require anything this precise.

5.2. Littlewood-Paley decomposition and paraproducts on (2. Using the Stein extension operator,

many of the standard paraproduct estimates on R? pass over to €.

5.2.1. Littlewood-Paley decomposition. For a distribution u on R?, we will make use of the standard Littlewood-

u = ZPku,

k>0

Paley decomposition

where for £k > 0, Py corresponds to a Fourier multiplier with smooth symbol supported in the dyadic
frequency region |¢| ~ 2* and Py corresponds to a multiplier localized to the unit ball. The notation Py,
P<y, P> and P will have the usual meaning. Using the Stein extension operator, we may also consider
Littlewood-Paley projections when w is defined only on €. In this case, we abuse notation, and write Pyu
instead of Py&u, with corresponding definitions for Pcy, P<j, etc. We will also often write uy, u<i, etc. as

shorthand for the above operators applied to u.

5.2.2. Paraproducts on . The above decomposition allows us to make use of some of the standard tools
of paradifferential calculus (see e.g. [10] and [36]) on R? and apply them to functions defined on Q. For
bilinear expressions, we will make heavy use of the Littlewood-Paley trichotomy (now defined for functions

on  with suitable regularity),

f-9=Trg+Tyf +11(f,9),
where the above three terms correspond to the respective “low-high”, “high-low” and “high-high” frequency
interactions between f and g. More specifically, T;g is defined as

Trg = f<k—koGr,
k

where kg is some universal parameter independent of k. We will be able to take, e.g., kg = 4 for most

purposes.

5.2.3. Bilinear estimates on 2. One important consequence of the bounds for £ and the corresponding
inequality on R? is the following algebra property for H*(Q2), s > 0,

(5.1) I fallzs) Sa lfllzs@ gl + gl s @l fll Lo ()-

In our estimates for the elliptic problems below, the bilinear terms above will frequently appear in the form
0:f0;g where f is some function defined on R? encoding the regularity of the domain and the desired uniform
bound for ¢ is below C'. For this reason, in order to avoid negative Holder norms inside a domain, we will

need the following paraproduct type estimate, which we will use in the sequel.

Proposition 5.3 (Bilinear paraproduct type estimate on Q). Let either i) s > 0 and a1, a2, 8 € [0,1] or ii)
$s=0, a1 =az=1and f €[0,1]. Then we have for any r > 0,

Krtea=1) gf | cas ()

10: f0; 9l s () Sa llgllgs+2—er @l fllcor @) + | fll motr1 () sup 2”
>
+ | £llorze 0y sup 25T g2 | gams
k>0

where g = gi + g3 is any sequence of partitions of g in C2(£2) + H'=8(Q).
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Proof. By Proposition 5.1, it suffices to prove these estimates for f, g defined on R%. We prove the estimate
for 0 < ay,as < 1 and s > 0 as the other cases are more easily dealt with. We recall that for 0 < a < 1, the

C® norm on R?% can be characterized by the equivalent Besov norm,
(5.2) [ullcoray = || P<oul| oo (ray + sup 2% || Pyul| po ey
We now decompose 0; f0;¢ into paraproducts,
(5.3) 0if0;9 = To, 1059 + T, ¢0; f +11(0; f, 0;9).
We then have the standard estimate
175, £ 059l s ray S I fllcor may 1059l s +1-an (may,

which follows by shifting 1 — a derivatives off of the low frequency factor and onto the high frequency factor
in each term. Using the hypothesis s > 0, the high-high paraproduct may be estimated by the same term.

For the remaining low-high interaction, we write
To,40if = Z Poy_40;9P0;f = Z Pi—40;(g5) PeOi f + Z Pi—40;(93) PsO; f-
k k k

Using standard Bernstein type inequalities and square summing, the first term on the right can be easily
controlled by
10: f 1 e+ (e sup 27 krte2 =) gl cas (ra),
>
while the latter can be controlled by

(s+B—

| fll 1.2 (ray sup 2 g2 r1-s (may-
k>0

O

The following corollary of the above proposition will be used heavily in the higher energy bounds to control

product terms on  with suitable pointwise control norms.

Corollary 5.4. Let s and ai,az be as in Proposition 5.5. Assume that f € H*72722(Q) N C*1(Q) and
g € HT2721(Q) N C*2(Q). Then we have

10:£0;9l s () Sa llgllgs+2—ar @l fllcor @) + 1 f | mot2-ez @ lgllces (@)
Proof. This follows immediately from Proposition 5.3 by taking gj2- =0and r=1— as. O
5.2.4. Generalized Moser type estimate. Next, we prove a Moser type estimate with the same flavor as
the above bilinear estimate. The main purpose of this estimate will be to suitably control (extensions of)

compositions of functions on Q with diffeomorphisms of R¢. This will be important for obtaining more

refined elliptic estimates where we need to use such diffeomorphisms to flatten the boundary.

Proposition 5.5 (Balanced Moser estimate). Let d > 1 be an integer and let G : RY — R? be a diffeomor-
phism with ||DG||ce, |DG~ | ce Sa 1. Let s > 0,7 >0 and o, 8 € [0,1]. Then for every F € H*(RY) and
partition F = F} + F} € C*(R?) + H'B(R?), we have

IE(G) | ms ray Sa l|1F| s @ay + |G — 1d|| gror S_1>1132_j(a+r_1)||Fj1”Cﬂ(Rd) + sup 2/ (HB=1=9 | F2|| 115 (),
J J

Remark 5.6. The same estimate holds for F' € H*(f2) by replacing F' with its Stein extension.

Proof. The case 0 < s <1 is a consequence of the following standard fact.
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Proposition 5.7 (Theorem 3.23 of [35]). Let 0 < s < 1 and let G : R? — RY be a diffeomorphism with
IDG||z~ <a 1 and |DG7Y|pe <a 1. Then for every F € H*(R?), we have

IE (G rr= ey =a | F | s me)-
Now, assume s > 1. We begin by performing a Littlewood-Paley decomposition,
IE (O ey Sio IF @I Z2ay + D 27 [P (F(G)I 2 ga
J>Jjo
where jo > 0 is some fixed constant depending only on A, to be chosen later. We have
2°|| Py (F(G))ll 2 (ray S 27° 1Py (Fejr (G))ll 2 may + 27° | Py (P20 (G) | 12 e,

where Fj := PcjyF, F~j := F — F.; and j' := j — j1 with j; being some parameter depending only on s
which will also be chosen later. For the latter term, by a change of variables and since s > 0, we have

D 2P (Fayr (G Temay Sa Y D 22V 52| PP T2 ey Sa l1F e sy

J>Jjo J>jo k>j’
On the other hand, using the fundamental theorem of calculus, we obtain

(5.4) 2| Pj(Fejr (G)ll p2(ray S 27° il[tpl] | Pj (DF<j(G7)P=j:G) | p2ray + 2% | P (F<jr (P<jr G)) || L2(ray

where
G, =17P;G+ (1 — T)G
e Sa 1, it follows that P.yG and G, (for 7 € [0,1]) are invertible with

~

Now, as ||DG||¢., || DG
|P<j DG|| o=, || DG+ ||L> Sa 1 aslong as jo is large enough (depending only on A and the collar). Now, to
control the first term on the right-hand side of (5.4), we split F<j = (F}')<j 4 (F})<j and estimate (using
the estimate for G 1),

27° Sl[gpl] |1Pj (DF<js(G7)Psj G) || 2ay Sa 2777 V| P}l co a2 || Ps s Gl 12 ey
(5.5) Teld,

4 9i(s=1+B-¢) |‘FJ‘QHH1*3(R‘1)'

Square summing (and possibly relabelling €) gives

S92 sup [Py (DFeji(Gr)PoyG) 2oy | S 5up 2770+ D) B2 o G — Tl preve
>0 T€[0,1] j>0
+ sup 2j(s—1+,3—6)||FJ_2||H175(Rd)_
3>0
Next, we control the second term on the right-hand side of (5.4), which is a bit easier. Let k be the largest
integer strictly less than s so that 0 < s — k < 1. If j; := j — j’ is large enough (depending only on k), we

have by the chain rule and straightforward paraproduct analysis,
25| PjFejr (P<jr G)|| 12 may Sa 2779 || Py(DFFejr (Pejr G))| 2 (ay,s

where Pj is a slightly fattened Littlewood-Paley projection. We then use the fundamental theorem of calculus

to obtain

276K Py(D*Fejo (Pejr @)l p2(ray Sa 2767H) Sl[lopl] | P;(D¥ Feji (G ) Ps s G) || L2 (e
T7€|0,

+ 20670 By(D*Fe i (Q)) ] 12 ey -
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For the first term, we have simply

27(s=k) Sl[lopll | P;(DF T F i (G ) P G| p2(ray Sa 27179 DMUF_ || p2ray S 277 F || e (ray-
T€|(0,

For the second term, we have
26| By(D*F Fejo (@) L2 rety Sa 2 PID Fojo | 2 gay + 1B ((DF Y@ o+ 2y

Since 0 < s — k < 1, we obtain from Proposition 5.7,

(5= ~j <j' <y’ L2 (R4 ~A Hs(R4)»
2R By(DPFejp (Pejr G ey | Sa IF
J>Jjo
where we used that s — k < 1 to control ||(D*F)(G)||gs-r(ray and that s —k > 0 to control the I? sum of
21(s=k)|| D* s ;0 | L2(ray- Combining everything together completes the proof. O

We also note a much cruder variant of the above proposition where we measure G only in pointwise norms
and F' in Sobolev based norms. This will only be needed in our construction of regularization operators later

on.

Proposition 5.8 (Crude Moser estimate). Under the assumptions of Proposition 5.5, the following bound
holds for every F € H*(RY),

IE (G = rey Sa 1 Fll e ey + |G — 1d|

Cs+r+e(Rd) ||F|‘H1—T(Rd) .

Proof. The proof follows almost identical reasoning to Proposition 5.5. The only difference is that we do not

partition F' in (5.5) and instead estimate
I(DF<j )(Gr)llz2@ay Sa IDFejr |l r2ay S 277 1F |l ra-r ey

We then invoke Bernstein’s inequality to obtain

Os+rte,

2UH) || PG oo ey S 277G — 1d]
and conclude by summing in j. 0

5.3. Local coordinate parameterizations and Sobolev norms in A,. With the above estimates in
hand, we can begin the process of proving refined versions of the various elliptic, trace and product type
estimates on I' that will be important for establishing our higher energy estimates. Our goal in this subsection
is to construct a family of coordinate neighborhoods for I', which will act as a “universal” set of coordinate
neighborhoods which we can use to flatten the boundary of nearby hypersurfaces I' € A,.. We will also use
these local coordinates to define Sobolev type norms on I" which are suitable for proving uniform estimates
later in this section. To achieve this, we slightly modify the construction from [41, Appendix A] (but note

the difference in our definitions of A,).

5.3.1. Local coordinates and partition of unity. As in [41, Appendix A], since T, is compact, for any o > 0
we can choose z; € R? and r,r; € (0, %], i=1,...,m, such that we have the following two properties:

(i) B(T.,r) C U™, R;i(r;), where B(S, €) denotes the e neighborhood of S and R;(-) := R;(-)x I;(-) C R¢

is a rotated cylinder with perpendicular vertical segment centered at x; with the given equal radius

and length.
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(ii) For each i, z = (Z,z4) being the natural Euclidean coordinates on R;, there exists a function

f*i : RZ(2T1) — Iz such that
(5.6) I f«illco < oriy || Dfaillco < o and Q. N R;(2r;) = {za > f«i(2)}.

When § > 0 is small enough, for every I' € A, with corresponding bounded domain 2, (i) holds with T,
replaced by I'. Moreover, there exist functions f; : Ri(2m) — I; satisfying (ii) with Q. replaced by €2 such
that we can control the Sobolev and Holder type norms of f; by the corresponding norms of I'. Specifically,

we have
[ fillrs Sa 1+ Tl &-, [ filloko Sa 1+ |Tllcra

for s > 0, integer k¥ > 0 and « € [0,1). Indeed, by performing a computation in local coordinates, the
above Sobolev bound follows from the Moser estimate in Proposition 5.5 and the pointwise bound can be
verified directly from the chain rule and interpolation. Using these coordinate representations, we intend to
construct local coordinate maps on each R;(2r;) for Q which flatten I’ and have uniform estimates in A.,.
In some of the estimates in this section, by a slight abuse of notation, we write ||T'|| when we really mean
14 ||IT|| in order to declutter the notation. This will not affect any of the analysis for the dynamic problem.

On each R;(2r), let ¢; = ~ifi, where v;(3) = 7('%') and 7 : [0,00) — [0,1] is a smooth cutoff sup-
3 5

] )4

regularity in H* norms and is bounded in suitable pointwise norms. Indeed, let 7 € R%! and s > % We

ported on [0, 2] and equal to 1 on [0, 2]. We can extend ¢; to a function on R? which gains half a degree of

define an extension ®; of ¢; by
D;(2) = / 51_(5/)67(1+\5’\2)z362m§’-2d§/ for z = (%, 24) € R
Rd—1

We first observe that for each integer £ > 0 and a € [0,1), ||®i][ck.om@e) Ska [|@illcr.e@a-1). One also
has the same bounds for W#> for each k > 0. To see this, we observe that ®; can be rewritten as the
convolution
D,(z) = cde_zi oi(Z+ zdy)e_|y|2dy,
Rd—1

where ¢4 is a dimensional constant. In this form, the above bounds are easily checked. We also have
H(I)i”Her% (]Rd)
a similar fashion as [35, Lemma 3.36].

~s ||6ill s (ma-1y for every s > 0, which follows from inspecting the Fourier transform of ®;, in

From the above, we see that if o > 0 from (5.6) is small enough, then the map
Hi(%,24) = (2,24 + Di(2, 24))

is a diffeomorphism from R? — R with ||H; — Id||cr.e Sa |T|lcre and || H; — Id|\HS+% <a ||T||gs for s >0,
integer k > 0 and « € [0, 1). Moreover, for the inverse function G; := Hfl, the same bounds hold for G; — Id
_1|

and its d'th component g; satisfies the bounds [9,,¢:| + [(9.,9:) '] Sa 1. Finally, if 0 > 0 is small enough

and A, is a tight enough collar neighborhood we have, in the C* topology,
[H; = Id|[cr + [|Gi — Id|lcr Sa p,

where p > 0 is some positive constant which can be made as small as we like (depending on ¢ and A,). We

then have for some uniform 6, > 0,

(1 ()t (B = (8 (30) w1 (35) ) 01
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Partition of unity. Here, we construct a partition of unity for Q with bounds uniform in A,. We follow

essentially the procedure from [41, Appendix A]. Let v be a smooth cutoff defined on [0, 00) satisfying
5
01

on [0, 00) taking values in [, 00) with ¢ = % on [0, 1] and ((z) = z for z > 2. Define

0 <~ <1 with v supported in [0, 2) and equal to 1 on [0, %]. Moreover, let ¢ be a smooth function defined

121, Lzl

Fei(2) =

Ti 5* T

)s ﬁ:COZ(%iOGi)-

We then define a partition of unity via

Vi (G
(5.7) i o= 221G, Yoo = (1= yui)la.

Ui

We see that Zizo Yei = 1on Q and 0 < ~,; <1 for each i > 0. Moreover, by the Moser and Sobolev product

estimates, we have
[ysill vy Sa TNz
for s > 0.
5.3.2. Sobolev spaces on hypersurfaces in A,. We can use the above partition of unity to define C** and H*

spaces on hypersurfaces I' € A,. Indeed, if T' is C* and in H*, we may define what it means to be in H"(T")
for 0 < r < s through the inner product,

(f,9)Hr(ry == Z<¢ifia¢igi>HT(]Rd*1)a

i>1
where ¢; := v.; 0 H;(Z,0) (note that this is not the same ¢; as in the previous subsection), f; := f o H;(Z,0)
and g; := go H;(%,0). If T is C** we may also define

Ifllcko(ry := sup [|@i fill ok .o ma-1y-
i>1
Finally, for a function v defined on Q, we write v; = v,;v and u; = v;(H;).
Using the above and the full generality afforded by Proposition 5.5, we prove a refined product type estimate
on the boundary I'. Precisely, we have the following.

Proposition 5.9 (Product estimates on the boundary). Let Q be a bounded domain with boundary T' € A,.
If f, g are functions on I and g = gjl- + gj2- is any sequence of partitions, then for s >0 and r > 1 we have

1f9llmsy Sa lfllLeemllgll sy + (1 flas+r-1y + [1f | oo @) 1Tl rs+) sup 2770 g1 Lo )
J

+ (L4 | fllc2ery) sup 27C 7|62l L2 ry.-
7>0
Remark 5.10. If we take r = 1 and gjl- = g, we recover something resembling the standard algebra property,

(5.8) I £9ll ey Sa lfllooe @ lgllzoe @ T o1 + [1f | 2oyl gl o 0y + N9l s oy 1 fl oo 1y

but with the twist being the additional explicit presence of the H**! norm of the surface on the right-hand
side. We also remark that the proof below will allow for the first term on the right of (5.8) to be replaced
by (| fllwreeyllgll ooy + 1l oo myllgllwr.oe (o)) IV | ¢, which is perhaps more natural, but we will never
actually need this.
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Proof. Let (7v+;): be the partition of unity for  defined in (5.7). As before, we write ¢;(2) := v.;(H;(Z,0)),
which is smooth with domain independent bounds since G; and H; are inverse. Similarly, we write f; =
f(H;(2,0)) and ¢; = g(H;(2,0)), which are functions defined on the support of ¢;. By definition, it suffices
to control ||¢; figi|l gr=(ma-1y for each i > 1. To begin with, let j* = j — 4 and let P; and P; denote
Littlewood-Paley projections on R?~!. Moreover, define (;31 to be a smooth compactly supported function
equal to 1 on the support of v,; with support properties chosen so that g?)l is supported in the region where
fi is well-defined. Then a simple paraproduct estimate using the Littlewood-Paley trichotomy gives

2

pi figill s (ra—1y Sa | fllzoe )| Pigill s ma-1) + Z22js||P<j’ ((bigi)Pj(fiéi)H%?(Rd*l)
7>0

For the latter term in the above, we estimate

Z 2%9%|| Py (¢igi)Pj(fi¢;i)H%2(]Rd*1) Sa ”fiéiHHS“"*l(]Rd*l) s_1>1;8 9—i(r=1) ||9J1- [
§>0 J

+ (14 (| fllc2ery) sup 277 || g3 | L2r).
j>0
We are then reduced to showing

| fihill gre+r—1ra-1y Sa lflassr—rary + 1 Fll ooy T | greer-
For this, we note that
|| fihill pro+r—1 a1y < Z Gi7sj (Hi(Z,0)) fill groer—1 a1y,
j=>1

Let us write ¢;; := G o H;. Then we have
197 (Hi(Z,0)) filltrosr—1(a-1y = 11(65£) (i3 (2, 0)) il pror-1 a1y

We note that ¢;; is a diffeomorphism having the same bounds as G; and H;. By using the extension
® from earlier, we may assume that ¢;f; is defined on R? with ”gbjfjHHs“*%(Rd) S 9 fill s vr—1 me—1y

and [|¢; fillpeme) S ¢ fjllL@e-1). Therefore, by the trace estimate on R4=1) the fact that ¢;; is a

diffeomorphism and the balanced Moser estimate, we have
166(85 1) (65 (Z, )| et a1y Sa (@5 5) il oo (gay SA N3 fill sroers a1y + [Tl zssr [ fll oo (r)-
Since, by definition, we have

0 fill rrasr—1ma-1y < | f s +r—1(r),

the proof is complete. O
5.3.3. Trace estimates. Now, we prove a refined version of the trace theorem for I'.

Proposition 5.11 (Balanced trace estimate). Let 2 be a bounded domain with boundary T' € A.. For every

s> 2 H

3 7, we have

r >0, a,8 € [0,1] and every sequence of partitions v = le_ + v

(s=1+A=c) ||vg2‘||H1*5(Q)-

_1 < s =+ F _18 27]’(7“4»0471) 1 a +s 2J
||U\r||Hs 3 () ~A [Vl () + || ||Hs+r ;jgg [vj llco () jgg
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Proof. For ¢ > 1, define v; = v,;Ev where £ is the Stein extension operator for 2. It suffices to prove the

Using the trace theorem on R9~1, we

estimate with the left-hand side replaced by ||;(H;(Z, O))||HS,%(Rd71).
have
19 (i (2, O o3 a-ry < N1Gill s o),
where @; := v; o H;. We then use Proposition 5.5 and the operator bounds for £ in Proposition 5.1 to
conclude. |

5.3.4. An extension operator depending continuously on the domain. Another use of the above local coor-
dinates is to construct a family of extension operators which depend continuously in a suitable sense on
the domain. This will be important for establishing our continuous dependence result later on. Poten-
tially, something akin to the Stein extension operator could work here, but we opt for the following simpler

construction where the dependence on the domain is more transparent.

Proposition 5.12. Fiz a collar neighborhood A, and let s > % + 1. For each bounded domain Q) with H*®
boundary T € A, there exists an extension operator Eq : H*(2) — H*(R?) such that for all v € H*(Q),

(5.9) | Equl| = ray + [T ]| ¢ Sall_y

b [0, D)lless [ Eqvllgs @y Sa Tl g [0l e @),

where the dependence on ||v|| s polynomial. Moreover, if Q, is a sequence of domains with I';, — T in

c3(Q)
H?, then for every v € H*(R%), there holds
(5.10) HEQnU\Qn — EQ’U‘Q”HS(]RCL) — 0.

Remark 5.13. One can loosely think of (5.10) as a strong operator topology convergence for this family of

extensions.

Proof. Given a family of domains ,, and 2 with boundaries I',,I" € A,, denote by ~}; and ~,; the corre-

sponding partitions of unity, so that

”:Z”Yfiv on {1, andv:Z'y*iv on ().
i i

Define u}' = (y4v) o H* on Ri. Let &k be the largest integer less than or equal to s, and define the half-space

extension
(2, 2a) = Yoi0) cjul(5,—2) if 24 < 0,
(2, zq) = u}(Z, za) if z4 >0,
where ¢1,...,cp1 are gotten as in [24, Lemma 6.37] by solving an appropriate Vandermonde system. It is

standard to verify that we have a7 € H*(R%).

We define the €2, extension of v by
Uy, = Z uy o GY,
i
and similarly let © by the Q extension of v. To verify the continuous dependence property, we want to verify

that if I',, — ' in H*, then ¥, — o in H*(R%). For this, it suffices to prove that @ o G} — @; 0 G; in H*(R?)
for each i. We note that

(5.11) |8 0 G = it © Gillproquay < (@ = @) © Gl 1oy + 15 0 G = it © Gl e aoy-

The first term on the right-hand side of (5.11) can be shown to go to zero by using standard Moser estimates.

The latter term goes to zero by arguing similarly to the proof that translation is continuous in L? spaces
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(using a simple density argument to replace 4; by a smooth function).

Finally, the bounds (5.9) follow from the definition of the extension and Proposition 5.5.
O

5.4. Pointwise elliptic estimates. Here we establish variants of the C%“ and C® estimates for the
Dirichlet problem which adequately track the dependence on the domain regularity. In our analysis later,
1

we will mostly use the C1® estimates with o = 5 or a = ¢. However, the C?% estimates will be relevant for

proving bounds for our regularization operators, which are defined in Section 6.

As will become apparent later, to obtain the desired pointwise elliptic estimates, it is crucial to use a domain
flattening map whose Jacobian has determinant 1. This will be especially necessary for the C*® estimate,
as we must preserve the divergence form of the equation. For this reason, instead of the map H;, we will use

the more familiar domain flattening map
(5.12) Fi(z) = (2,24 + ¢i(2)),

whose Jacobian has determinant 1. The tradeoff when using the flattening F; is that it does not exhibit a
% gain in regularity for the H® norm on the interior compared to the boundary, but this will not matter for
this section because all domain dependent coefficients will be placed in L> based norms. We let ¥, := Fi_l7
and begin with the C% estimates.

Proposition 5.14 (C%* estimates for the inhomogeneous Dirichlet problem). Let 0 < o < 1 and let 2 be

a bounded domain with boundary I' € A, having C*% regularity. Consider the boundary value problem
Av=g inQ,
v=1 onl.

Then v satisfies the estimate
[vlcza) Sa Il llozallvliwie @) + [lglloa@) + [¥]lczar)-

Proof. We write v; = v.4v, hy = Av;, fi = h; o F; and v; = u; o ¥;. Omitting some of the subscripts for
notational convenience, we see that u := w; satisfies the equation

Au = 9 ((67% — a?*)0;u) + f,
Ul =0 = (7*Z¢)(HZ(2aO))7

where a/* = (01 Wk )(F;) with repeated indices summed over. Note that to compute the boundary term in
(5.13) we used that F;(Z,0) = H;(2,0). By the well-known Schauder estimates for the half-space, we obtain

(5.13)

(5.14) lullcze Sa 1(67* = a?®)0jullcre + || fllee + 1(vit) (Hi(,0) | c2.o-

Using the Besov characterization (5.2) and the paradifferential expansion (5.3), it is straightforward to
estimate

(5.15) 167 = a”)0jullcr.e S 1167 = a?*lloellull caa + [Tllc2allv]lwe -

As a' is close to the identity in C¢, this simplifies the estimate (5.14) to

(5.16) lullcz.e Sa [Tllc2ellvllwre@) + 1 flloe + (7)) (Hi(Z,0)) | c2e-



40 MIHAELA IFRIM, BEN PINEAU, DANIEL TATARU, AND MITCHELL A. TAYLOR

Clearly, we have || f[|ca Sa |[h]|ce(q). On the other hand, we have

(5.17) [u(T3)l|¢ze Sa [(DW:)*(D*u)(¥i) DV oo + [[(D) (21) D* Ui | o

We can estimate both terms above by the right-hand side of (5.16). We show how to do this for the first
term, as the second term is similar. For this, we may assume that u is defined on all of R? by using a suitable

extension operator from the half-space to R?. Then we write as usual v j to mean P.ju and u>; 1= u—u<;.

By the Besov characterization of C'“, we need to estimate

sup 27| P ((DW;)*(D*u) (W) DV;) | pos

7>
By the standard Littlewood-Paley trichotomy, we first obtain,

2| P;((DY,)* (D?u) (W) D)) o= Sa [[ullcza + 27| D?ul| oo || P B(DWy, D) o<,
where B is a suitable bilinear form. For the latter term, we split © = u<;+u>; and estimate using Bernstein’s
inequality,
29| D?ul| L= | Py B(DWy, DWy) || oo Sa [[v]lwroe ()27 || By B(DWy, D) | poe + [|ul| o210
Sa Tz lvllwre @) + llullcza.
The other term in (5.17) is similarly handled. Combining the above, we obtain
[villcze(0) Sa [Tlleze lollwre @) + |hllca@) + (7)) (Hi(Z,0)) [l c2o.
Expanding
h = A(74i0) = A7t 4+ 2V74 - VO + 4 Av
we obtain
[hllce) Sa [Tllozellvlwre @) + [[Vysi - Vollca@) + l9llce(o)-
The second term on the right-hand side can be estimated crudely by
Vi - Vollca) Sa [vllora@) + [ITlozallvllwies @)

Finally, by estimating the term [|v|c1.aq) S dol|v]|c2.e (@) +C(do)||v]|co(q) for some dy sufficiently small and
absorbing the first term into the left-hand side of the estimate, we conclude the proof. O

By very similar reasoning and the corresponding estimate in the half-space (see Theorem 8.33 in [24]) we

also have a O variant if the source term g is replaced by V - g. More precisely, we have the following.

Proposition 5.15 (C1“ estimates for the Dirichlet problem). Let Q be a bounded C1* domain with 0 <
a < 1 and with boundary T € A.. Consider the boundary value problem

Av=V-g1+g2 inQ,
v =1 on 0.
Then v satisfies the estimate
[vllcra@) Sa Illlcra(vllwis@) + ll91llL=()) + [lg1llca@) + lg2llL=@) + [[¥llcrem).
Interpolating and using the straightforward estimate
vl Ly Sa llgillzeo) + 92lln= () + ¥l Loy,
we deduce also

(5.18) [vllere) Sa lgrllce@) + 1192l @) + [[¥llcremr)
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and

[vllcra) Sa lllllene(lgillee@) + lg2llL=) + [[¥llcrem) + 91llca@) + 92l L) + I¥llora(r)-

Proof. Much of the proof is similar to the C%® estimate. We only outline the slight changes. First, we note
that

Av; = 0;(0j74iv) + 057405V + ViV - g1 + Vaig2
= 8j(8j")/*iv) + V- ('y*igl) + (93"7*1'8]'1) — Vi 91+ Veig2 = V- hy + hs.

Hence, localizing with v.; preserves the divergence source term to leading order. More precisely, ho will
be suitable for estimating in L in the sense that [|ha|ze Sa [v]lwiee(q) + 191l L) + 192l Lo (). The
next step is to perform the domain flattening procedure. The most important point here is that since the
Jacobian determinant of F; is 1, the corresponding equation for u (using the notation from the proof of

Proposition 5.14) becomes
8k(ajkaju) =V- iLl + iL2 in Q,
U|zg=0 = (1) (H(2,0))  on 09,

where

h,l = (hl . D‘IQ)(FZ), }~L2 = hQ(FZ)

In other words, the divergence structure of the equation is preserved. From this point, the proof follows the
same line of reasoning as the C%< estimates by writing an equation for Au. The difference is that we use
the C1'® norm and the corresponding estimate for the Laplace equation in the half-space when the equation

has the above divergence form. O

When ¢; and gy are zero in the above proposition, we can interpolate using the maximum principle for H
and the C1:¢ bound above to obtain C® bounds for the harmonic extension with constant depending only

on AF.

Corollary 5.16. Let 0 < a < 1. The following low regularity bound for H holds uniformly for domains
with boundary I' € A,

IHgllca) Sa llgllcer)-

Proof. By the above and the maximum principle, we have C1:¢(T") — C*¢(2) and C°(T") — C°(£2) bounds
for H that are uniform in A.. By [34, Example 5.15] we also know that (CO(R"), C1¢(R"))p 0 = C*(R™)
for an appropriate choice of 6. Therefore, we just have to transfer the interpolation properties on R" for
n=dand n=d—1to Q and I', respectively, with constants uniform in the collar. For ), we argue as
in Proposition 5.1, and on I' we simply unravel the definition of our function spaces via the partition of

unity. O

Remark 5.17. Of course, we note that Corollary 5.16 avoids C! and Lipschitz regularity, as these do not

fall into the interpolation scale.

5.5. L? based balanced elliptic estimates. In this subsection, we will prove H*® type estimates for
various elliptic problems. In the following analysis, we will always be using the coordinate maps H; and G;
(as opposed to F; and ¥, from the pointwise estimates) to flatten the boundary since we will now need the

% gain of regularity on  in H® based norms given by this flattening.
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5.5.1. The Dirichlet problem. We begin our analysis by proving estimates for the inhomogeneous Dirichlet
problem
Av=g in,
v=1 onl.
We first recall two baseline estimates which will be used heavily in the derivation of the higher regularity

bounds below. The first is when 1 = 0, in which case v satisfies the H' estimate

(5.19) vl @) Sallglla-1(@)-
On the other hand, for % < s <1 and g =0, we have

(5.20) [Vl ) Sa 19l oy -

The bound (5.19) is completely standard. The bound (5.20) was established by Jerison and Kenig in [29],
and even holds, in an appropriate sense, at the endpoint s = % For our purposes, we will only need the
range % < s <1, but we do need to quantify the dependence of the implicit constant in [29] on the domain.
As noted in [48], the implicit domain dependent constant is, as expected, solely dependent on the Lipschitz
character of 2, so is controlled uniformly in the collar. Formally, [48] only quantifies the domain dependence
for the inhomogeneous problem g # 0, 1y = 0, but the analogous homogeneous estimate follows immediately
from this and the existence of an extension operator £ : H*~2(I') — H*(Q) for 3 < s < 1 with norm
uniform in A,. In this low regularity range of s, such an operator can be constructed by using the partition

of unity for 2 and the construction in [41]. We omit the details.

In a small number of places in the higher energy bounds, the following elliptic estimates which hold on C1:€0

(but not quite Lipschitz) domains will be convenient for simplifying the analysis.
Proposition 5.18. For every 0 < s < % + €p, there holds
AT gl vy Sa lgllas—1@)y  1HY | ae1) Sa H‘/’HHH%(F)-

Proposition 5.18 is well-known to specialists; see, e.g., [40]. We remark that bounds of this type hold in
the range s < % when the domain is Lipschitz; the excess regularity given by a C*0 domain is required to

extend the range to s < % + €o-

Next, we move to the higher regularity estimates for the Dirichlet problem.

Proposition 5.19 (Higher regularity bounds for the inhomogeneous Dirichlet problem). Let 2 be a bounded
domain with boundary I' € A.. Suppose that v solves the Dirichlet problem
Av=g inQQ,
v=1Y on 09,
and let s > 2. Then forr >0, a € [0,1], 8 € [0,1] and any sequence of partitions v := ’Ujl» + sz, we have

(s—1+8—

lvllzs ) Sa lglla—2@) + ||¢HH37%(F) + HFHHwP% S}ig Q_j(a_lJrr)HUJl-Hca(sz) + S1>11(EJ> 27 E)HU?HHl—a(Q).
J J

Proof. Using the partition of unity, it suffices to estimate v; := ;v for each ¢ > 0. Since the case i = 0 is

essentially an interior regularity estimate, we focus on the case i > 1. We define

h = Av; = Ve + VAV + 2V0 - V.
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Using the map H; = G 1 we can write a variable coefficient equation for u := v; o H;,

—Au = (a¥ — §)9;0ju + b;O0ju — f,

ulgzy=0y = (vit)(Hi(2,0)).
Here (dropping the 4 index from the partition and now using it as a dummy index), we wrote a!™ :=
(GL G ) o H (where k is summed over), b; := (AGY) o H and f = ho H. As a first step, we prove the
following estimate for u:
(5.21)

lullrs Sa llfllaa— + 191l (smtrim

) TN o0y sUD 27771 |pd]| o) + sup 2/ 02| 1-5 (-
j>0 i>0

s—3% T
For this, we use the standard elliptic regularity for the half-space to obtain

(5.22) llull s Sallullze + | fllre—2 + [bsdiull gro—2 + [|(a™ — 6"7)8;0;ul| o2 + 1Cvswh) (Hi (25 O o gaay-

By definition, the last term on the right-hand side is controlled by |\¢||H, by Moreover, by a change of

variables and the baseline estimates (5.19) and (5.20), we can control, crudely,

(5:28)  lullze Sa loiliacey Sa Whllzacay + 1l 3 oy S 17z + 100 oy Sa 17 iems + 160 pemy o

For the purpose of estimating the third and fourth terms on the right-hand side, we may assume that
u € H*(R?) with compact support instead of just v € H*(R%) by using any suitable extension for the

half-space. We then recall that in a suitably refined collar, we have
la¥ — 6" po + | DG — I|| L <a 1.

Next, we define a partition of u as follows: First write v; = 7*1-1)]1» + v*ivjz and then u = v; o H; = (W*ivjl») o
H; + (v*ivf) oH; =: uj1 + u? To prove (5.21), it suffices now by interpolation and the above estimates to

prove the estimate
(5.24) b:0sul| grs—2 + |(a® — 6)0;05ul| gro—2 Sa l|ullgs—e + | DG — I||poo||ul grs + RHS(5.21).

We show the details for b;0;u since it is the more difficult of the two terms to deal with (as it involves two
derivatives applied to the domain flattening map) and because the estimate for (a¥/ — §%)9;9;u follows from

a similar analysis. Our first aim is to establish the bound
(5.25) 1b:0iul| rs—2 Sa [(Vu)(G) - AG|| gs—2 + RHS(5.24),

which, to leading order, is essentially like doing an H*~2 “change of variables”. This bound follows imme-
diately from Proposition 5.7 for 2 < s < 3, so we restrict to s > 3. To simplify notation a bit, we write
w = b;0;u. We begin by applying Proposition 5.5 to obtain

(5.26)  [wllge—2 Sa [[(Vu)(G) - AG| ga=2 + T[] sy Sugfj(””l\w}l\m +sup 207279 lw?| 2,
7> 7>

where w = wjl- + wJQ- is a well-chosen partition which needs to be picked so that we can estimate the latter
two terms above by RHS(5.24). We take

wj = (AP<;G - (VP<juj)(G))(H),

W = (AP<;G - (VP<;u3)(G) + AP<;G - (VP>;u)(G) + AP>;G - (Vu)(G))(H).

It is then easily verified using the above and (5.26) that we have

[wl[ a2 Sa [(Vu)(G) - AG| =2 + sup 21627 AP;G - (Vu)(G)l|2 + RHS(5.24).
J
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To estimate the latter term on the right, we use that s —2 — € > 0 to estimate

262 AP;G - (Vu) ()| < sup 202 ARG - (Vu)(G) | 2.
>0

Then splitting u = P-jul + (P<lul2 + leu), a change of variables and a simple application of the Bernstein
inequalities allows us to control the above term by the right-hand side of (5.24). This establishes (5.25) for
s > 3. Finally, for each s > 2, it remains to estimate ||(Vu)(G)AG| gs-2 by the right-hand side of (5.24).

From a simple paradifferential analysis as in Proposition 5.3, we have

1(Vu)(G) - AG| =2 Sa [[(Vu) (@) o= + 1 T(vu) () AG 1+
<a [(Vu) (@) o1« + RHS(5.24),

where, above, to estimate the latter term in the first line, we estimated each summand Pc;_4(Vu(GQ))P;AG
in the paradifferential expansion of T(v.)@)AG using the partition u = P<ju]l + (P<ju§ —|—P2ju) and

Bernstein’s inequality. Then, using Proposition 5.5 and this same partition, we have easily
[(Vu)(G)|| gs-1-« Sa RHS(5.24).

This establishes the bound (5.24) for b;d;u. The bound for (a* — §%)d;0;u follows similar reasoning, but is
easier because it involves only one derivative applied to the domain flattening map, and therefore the initial
change of variables performed above is not needed. This concludes the estimate (5.21). Our next step is
replace u on the left-hand side of (5.21) with v; and replace f on the right-hand side with g. Recall first
that v; = uo G; and f = h o H;. We may assume that v; and u are defined on R? using Stein’s extension or
a suitable half-space extension in the case of u. Therefore, using the partition u = u} + u? as defined earlier
and Proposition 5.5 we obtain

llvill o= () Sa llullms + [T (a=lr

Y s_1>118 9—J )||vjl- lce(o) + s_1>1;8 9i(s+B—1—¢) HU?HHl*B(Q)u
J J

where we used that |G — Id|| g+ <a ”F”H”T*%'

To conclude we now need only show that
(5.27)

[flre=2 Sa gl =2+ IT1 o3 sup 27I (=4 |yk |\CQ(Q)+sug 2B |02 s ) +5up [|vs | e (-
7> 7> [

Expanding out h = A(vv,;) and using again a paradifferential expansion similar to Proposition 5.3, the
identity ¢g := Aw and the splitting v = v} + vjz we observe first that

HhHHS*2(Q) Sa ||9|‘H5*2(Q)+||F||Hs+r7% SUIS2_j(a_1+r)HUJI‘|‘ca(sz)+Su1(IJ>2j(5+ﬂ_1_6)HUJZHHFB(Q)—%sup||vi||Hsfe(Q).
7> 7> 2

Therefore, we need to only show (5.27) with g replaced by h. For this, we first extend h to a function
hi= EA(74iv) on RY using Stein’s extension. Then, using the partition h= h} + hf with h} =EAP,; (’Ujl»’}/*i)
and h3 = EAP,j(v77.i) + EAPsj(v7.;) together with Proposition 5.5, we obtain (5.27) and conclude the
proof. O

We also note a much cruder variant of the above estimate which will be useful for constructing regularization
operators later on. As with the corresponding Moser bound in Proposition 5.8, the proposition below could

be optimized considerably, but such optimizations will not be needed in this article.
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Proposition 5.20 (Cruder variant of the Dirichlet estimates). Let T', v, ¥, g and s > 2 be as in Proposi-
tion 5.19, and assume that v = 0. Then for every § > 0, we have the estimate

||UHHS(Q) SAs HQHHS*2(Q) + ||F||CS+5HU||H1(Q)-

Proof. We only give a sketch of the proof since it is essentially a much simpler version of Proposition 5.19. One
starts by using the cruder flattening (5.12) as in the pointwise elliptic estimates and writing the corresponding
equation for u (using the notation in (5.13)). This flattening is a bit more convenient for this estimate because

the source terms in (5.13) are simpler. Moreover, we will only need to measure I' in pointwise norms, and

therefore will not need the % gain of regularity from the flattening in Proposition 5.19. As in the proof of

Proposition 5.19, we then obtain the preliminary bound
lullzrs Sa llfllms-2 + [1(8* — a”*)8jul o1
Using simple paraproduct type estimates and a change of variables, it is straightforward to then estimate
(5.28) lullgs Sas 1fllzs—2 + [Tl csts |v]l 1 (a)-
Then, to conclude, one estimates using Proposition 5.8 with » =0 and r = 2,
lvill s Sas llulles + ITllessllvla @), [1flla—2 Sa llhllm—2) + ITllcsllvla @),
and then performs a simple paraproduct analysis to finally estimate
bl zro-2(0) Sa llgllzs—2) + ITcsts vl mr @) + [0l ae—<(0)-
Combining the above and interpolating finishes the proof. g

5.5.2. Harmonic extension bounds. By taking g = 0 in Proposition 5.19, we obtain the following corollary

for the harmonic extension operator .

Proposition 5.21 (Harmonic extension bounds). Let Q be a bounded domain with boundary I' € A.. Then
the following bound holds for the harmonic extension operator H when s > 2, r >0, 8 € [0, %) and a € 0, 1),

R < —g(a=147) 11| L. F(s—1+B—€)[,),2
0@y S W0l + ey 502 9} e + sup2 ([ [
Here, ¢ = 1/1]1 + 1/1]2 is any sequence of partitions.
Proof. First, Proposition 5.19 yields the estimate

—j(a=14r) 41 j(s—1—€)| 42
Ml ey Sa ¥l oy oy + 1Tl orr—y 3_2152 ! 6llce o) + ?;1152] 16511 71 0

where ¢} = P—;H1p; and ¢F = P<jH1F + P> ;H1p. From the C* bounds for # in Corollary 5.16 (which hold
only for a € [0,1)), we have |9} ca() < [[¥jllca ). On the other hand, from (5.20), we obtain

sup 270179 || 2 <al|H cmeqqy Fsup 20BN 2,
sup &5l 10y Sa [HY| e sup 1511 735

The proof then concludes by interpolation and again (5.20). O
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5.5.3. Curvature estimate. With the above local coordinates, we can control the surface regularity in terms
of the mean curvature. The following estimate is a slight refinement of Lemma 4.7 as well as Propositions
A.2 and A.3 in [41].

Proposition 5.22 (Curvature estimate). Let s > 2. The following estimates for ||T||g= and the normal np
hold:

I s + ol 510y Sa 14 |6l g2

Proof. We only sketch the details as the proof is similar to [41]. As in their proof, let {f; € H*(R;(2r;))}
be the local coordinate functions associated to I" defined earlier. Let 7 : [0, 00) — [0, 1] be a smooth cutoff
function supported on [0, 3] with v =1 on [0, 2]. On each Ri(2r;), we let

- z - N ops

w@ =2 k@ =w@E @), a=a

T
Using the mean curvature formula

= s 9 f
K(Z, f(2) = —0;(—=

VIV

we obtain the following elliptic equation for g;:

Af n 0 fOorfOjr f

=t T ae vy

0, fi0;, fi 1
—Aiz—hipa“ A 1 i22i_Aii_2Di'Di
8j1fiaj2fi
+1+|vfi|2(ﬁ]2'7f+ i1 Yi0j, fi + 04,70, fi)

As || DfillL~ < 1 the first term on the right-hand side can be viewed perturbatively. A paradifferential type
analysis similar to the estimate for u in Proposition 5.19 together with standard Moser and product type

estimates then gives
lgillzs Sa ollgillzs + I fill rre=e + 5]l mra—2qr)
for some ¢ > 0 small enough (depending on A,). We then obtain
lgillze Sa lfill e=e + 16l ge-2(r),
and so, we obtain,
sup [|fill e Sa 1+ [lAllme—2r),

which completes the proof. O

5.5.4. Estimates for the Dirichlet-to-Neumann operator. Here, we use the above estimates to prove refined
bounds for the Dirichlet-to-Neumann operator which is defined by N := nr - (VH)p. We begin with the

following baseline ellipticity estimate.
Lemma 5.23. The Dirichlet-to-Neumann map on I' satisfies
[l ey Sa N9l L2ry + 191 L2y

Proof. Let v = H1p. We begin by proving the standard estimate

(5.20) / (V028 Sa NG + [0z 10l .
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Let X be a smooth vector field on R? which is uniformly transversal to all hypersurfaces in A,. That is,

X -nr2aland|DX| <a 1. Integration by parts then gives
/|W|2ds gA/nF-X|vu|2dS
r r
SA HVUH%2(Q) + 2/ Xjava -Voudz
Q

For the first term, we have from the H Z — H' harmonic extension bound and straightforward interpolation,

lollFr ) Sa 012 4

H2 (T) Sa el ¢l -

Combining this with the Cauchy Schwarz inequality for the second term, we obtain (5.29). Using the partition
of unity (vu;)q, it straightforward to then estimate

19y Sa l®llzewy + 1V 0llney Sa ¥z + 11Vl 22y,

where V' denotes the projection of V onto the tangent space of I'. Combining this with (5.29) and Cauchy

Schwarz concludes the proof. O
We will also need the reverse inequality.

Lemma 5.24. The Dirichlet-to-Neumann map on I' satisfies
INY|l 2y Sa 19l @)

Proof. Using the same notation as in the above lemma and essentially the same argument, we have the

estimate

/(X-np)|VTz/J|2dS'+/(X-np)|/\/'¢|2d5 _ /(X-np)|Vv|2dS’
I I I

> —Cllo )2 oy + 2/(X V)N dS
r
for some constant C' depending only on A. Writing X " := X — (X - np)nr, we obtain

[ noWu ds < Ol + [ (X mnVToPas -2 [ X7 vuvpds,
r r r
which by Cauchy Schwarz completes the proof. g

Next, we prove higher regularity versions of these bounds. The first bound below amounts essentially to

elliptic regularity estimates for the Neumann boundary value problem.

Proposition 5.25 (Ellipticity for the Dirichlet-to-Neumann operator I). Let s > %, a €10,1) and 8 € [0, %)
Then we have

(5.30)

[9llersry Sa llPlzeey + INCl -1y + 1T erser §1>11327j(r+a71)||¢g1||0a(r) + sup 2j(5+57%7€)Hw?HH%*B(F)'
Proof. The proof of this is very similar to the Dirichlet problem, so we only sketch the details. Indeed, write
v := H1p. By Proposition 5.11, (5.20) and the C* — C* bound for H, it suffices to control v in Hsts (Q) by
the right-hand side of (5.30). As with the Dirichlet problem, the procedure is to write the Laplace equation

for u = v; o H; and to reduce matters to the standard estimate for the Neumann problem on the half-space
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(which is available since s > 1). The only added technicality is that there are extra source terms coming from
the Neumann data (in contrast to the source terms which do not appear for the Dirichlet problem with zero
boundary data). By using Proposition 5.11 and an analysis similar to Proposition 5.19, it is straightforward

to obtain the preliminary estimate

—j(r4+a— j(s+B8—%—¢
[l s vy Sa vl @) + INY e-1 @y + 1T g+ $1>11()>2 i+ 1)||v}||ca(gz) +sl>1%>2j( +8-3 )”'U]2‘||H175(Q)7
J J

where v := ’Ujl» + vjz is any partition of v. The first term |[v|/f1(q) is harmless and can be controlled by
L2(r) + 2(r) using the H2 — ound for an emma 5.23. e then take v: = S oan
¥/l L2y + N9 22(ry using the H2 — H' bound for H and L 5.23. We then take v} = Hv! and
= H? and use again the C* — C* bounds for 7 and (5.20) to conclude. O

We will also need the following iterated version of the ellipticity bound above.

Proposition 5.26 (Ellipticity for the Dirichlet-to-Neumann operator II). Let s > % and let k > 1 be an

integer. Then using the same notation as the previous proposition, we have the bound

—j(a—=1+r j(s+k—3
190 sty Sa l9lz2y HINT G are oy +IT | oo sup 2 slamt )|\¢}|\0a<r>+sl>lg2j( R g
J J

Proof. Lemma 5.23 and Proposition 5.25 give us this bound for £ = 1. For k > 2, we may assume inductively
that the corresponding estimate holds for all 1 < m < k — 1. We begin by applying Proposition 5.25 to
obtain
(5.31)

H¢||Hs+k () NA ”d’”m )'f‘”NQ/JHH s+k—1(T") +HFHH s+k+r Sup2 la=14m) ||1/1 ||Ca(1‘ +SUP2J(S+k 2+B 6)”1/’2” B(F)

Using the inductive hypothesis, we have
NG| gasr-rry Sa INWll L2y + IN*[| ez oy + [T groesr sup 27|65l ey + sup 22 6 e ),
J J

where Ny := ¢j + ¢7 is any partition of N'y. By Lemma, 5.24, the first term on the right can be controlled
by ||¢| g2 (ry which can be dispensed with by interpolation (between L? and H'"™€ to ensure the domain
dependent contributions in the estimate are harmless). Therefore, to conclude, we need to choose qS]l and ¢§
so that the latter two terms on the right-hand side of the above are controlled by the right-hand side of (5.31).
Using v, vj and v3 from the previous proposition, we can take ¢ = V, P<jvj and ¢ = V,,P<jv? + V,, P>jv.

The proof then concludes in a similar way to Proposition 5.25. We omit the details. |

For our energy estimates, we will also need good bounds for the following div-curl system.

Proposition 5.27 (div-curl estimate with Neumann type data). Let v € H*(QQ) be a vector field defined on
Q and let s > %, a,B €10,1]. Let v := vjl- + vj2- be any partition of v. Moreover, let Bv denote either the

Neumann trace of v, nr - Vv or the boundary value Vv -np. Then if v solves the div-curl system,

Vo=,
V Xv=uw,
Bv =g,
then v satisfies the estimate,
[vllrs @) Sa lfls=1c) + lollmrs=1(a) + gl yomg ) + I0l220@) + 1T sy Sup2 7D lvl |l caq)

i A R
J
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Proof. The proof is very similar to the Dirichlet and Neumann problems in that one flattens the boundary
and reduces to the corresponding estimate on the half-space with source terms depending on essentially f, w,
g and the domain regularity. We omit the details of the domain flattening as it is similar to Proposition 5.19.
However, for the sake of clarity, it is instructive to explain the div-curl estimate in the case when (2 is the
half-space {z4 < 0} (particularly in the case of the latter boundary condition involving Vv - nr). We show
that it is in essence a statement about elliptic regularity for the Neumann problem. In such a setting, nr

takes the form e;. We compute for each (Euclidean) component v; of a vector field v on €,

Av; = Oiw;; + 05 f.
Therefore, in the case of boundary data given by Bv = nr - Vu, the div-curl estimate is simply given by
elliptic regularity for the Neumann problem. To understand the case of the other boundary value Vv - nr,

we note that the full Neumann data for v is determined by this boundary value and the curl and divergence

of v. If j 2 d, this is seen from the identity
8(1’()]' = 8jvd + wgj-

So, by the trace theorem and elliptic regularity for the Neumann problem, we have the desired control of v;
for j #d. If j = d, we have

d—1
Oqva = [ — Zaivi;
i=1
which by the trace theorem and the estimate for v; with ¢ # d gives us the estimate for vy. O

We importantly do not claim that the above div-curl system is well-posed. In fact, the problem is generally
over-determined (as, for instance, the curl and divergence fix Av, which forbids certain choices of Neumann
data). Fortunately, we will only need the above estimate in our analysis later when we prove energy estimates
and to a lesser extent in our construction of regular solutions. We will not need any existence type statement

for the above system, however.

Next, to complement the ellipticity estimates for A/, we will also need the reverse estimates which control
powers of N applied to a function in terms of the corresponding Sobolev norms of that function. As a

preliminary step, we state the following proposition.

Proposition 5.28 (Normal derivative trace bound). Let s > 0, r > 0 and «, 8 € [0,1]. The normal trace
operator V,, :=nr - (V)|r satisfies the bound

—i(r— i 1_
IVnvllae @y Sa ol geeg ) + ITaesrer sup2 i 1+“)Ilv}llcam)+S}1>1%>2J(5“”2 03|15 -
J J

Proof. Using the partition Vv = wjl- + sz_ where wjl = VP<jUJ1- and wf = VP<jvJ2- + VP v together
with the inequalities ||nr|gs+r@ry Sa [|T||gs+r+1 and [[nr|lcey Sa 1, we obtain from Proposition 5.9 and

Proposition 5.11 (after possibly relabelling ¢),
[Vuvllgs @y Sa [(VO)ipllas @) + 1T gesr+ Sl>11(f)>27jr|\wg1‘|\Loo(sz) + sup 276729 | wd o 2 )
J J

S 013 gy I 027 g + 5p 272 3

By estimating

w2y Sa 2707 v} o)
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and

26729 [wi| Sa vl + 2627903 g1

1 3
H2T(Q) H*T2(Q)

we complete the proof. O

We can use Proposition 5.28 and the balanced bounds for H to prove a refined version of the H*+*1(T") —
H*(T") bound for A.

Proposition 5.29 (Dirichlet-to-Neumann operator bound I). Let s > 4, 7 >0, a € [0,1) and 8 € [0, 3).
Then

Nl gery Sa llvllgs+ @) + [Tl Sup2 I oary +sup2](s+ o 6)I|¢2IIHT¢3(F)

for any sequence of partitions 1 = 1/1; + 1/JJ2
Proof. The proof begins by writing A" = V,,H and applying Proposition 5.28 to obtain

—j(r—1+a j(s+4++B8—¢
||N¢||Hs(p <a ||H¢HHS+ + IT I gs+r4r S_1>1182 Gr—1+4 )||’H1pjl-||ca(m —|—S_1>118 9i(s+5+8 )||7—{¢J2-||H17ﬁ(9).
J J

2(Q)
Using the C* — C® bounds for H, (5.20) and Proposition 5.21, we conclude the proof. O
Similarly to the ellipticity estimate for A/, we will need a higher order version of the above estimate as well.

Proposition 5.30 (Dirichlet-to-Neumann operator bound II). Let m > 1 be an integer, let s > % and let

r>0,a€0,1) and 8 € [0,3). Then we have the bound

INT Pl ge )y Sa llollmem ) + [Tl zeteem Sup2 ) ([P r>+sup2j(s R [

27 7()
and the closely related bound when s > %,
(5.32)
IHNT Pl sy ) Sa 1l mssm ey + [T rorsm Sup2 oD ] o ry +SUP2J(S B E)HWHHTB(F)

for any partition ¢ = 1/); + 1/)?

Proof. We begin with the first bound. The previous proposition handles the case m = 1. Suppose m > 1
and let us suppose inductively that the bound holds for all integers greater than or equal to 1 and strictly
less than m. Then we have from the inductive hypothesis,

(5.33)  IIN"llgsry Sa NVl germ-1y + [Tl gesmer Su827jr||¢]1‘||mo(r) +sup 26719163 ey,
> >

where N := (bjl + (;5? is the same partition of A% as in the proof of Proposition 5.26. Applying the inductive
hypothesis again to the first term on the right and arguing the same way as in Proposition 5.26 to control
the latter two terms in favour of v, 1/)}- and 7,/)?- concludes the proof of the first estimate. To obtain the latter
estimate, we proceed in a similar way as above. For the case m = 1, we can use Proposition 5.21 to control
|HN ¢|| ) by the right-hand side of (5.33). Then one concludes the bound for all m > 1 by induction

as above O

Next, we note a bound for the operator V' which follows from similar reasoning to the above.
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Proposition 5.31. Let s> 2, r >0, a €[0,1) and B € [0,3). Then

—i(r—14« j(s+3 —€
530 IV Ul ey Sa Il ey + WDl rser 0p 270 ooy + sup Iy
for any sequence of partitions ¢ = wjl- + wf-.

Proof. By writing
VT'(/J = VHQ/J - TLI‘N'{/J,

the proof follows essentially the same line of reasoning as the proofs of Proposition 5.28 and Proposition 5.29.
We omit the details. ]

Finally, we note a bound for N™V,, which will be needed frequently in the higher energy bounds.
Corollary 5.32. Let o, 8 € [0,1], s > % and r > 0. We have

i _ ; 1
Nl sy Sa o D gosrmse 5up 24D o oy +5up PO o1 g
7> >

Hs+7n+% (Q)
where v = ’Ujl- + ’UJ2- is any sequence of partitions of v.

Proof. We omit most of the details. The proof proceeds by first using Proposition 5.30 with the partition
Vv = nr - wjjp +nr - wjp in L%(T) + H(I') where w; and w} are as in the proof of Proposition 5.28 and
then using Proposition 5.28 to estimate V,v in H*T™. O

5.6. Moving surface identities. In this section, we suppose that €2; is a one parameter family of domains
with boundaries I'y € A, which flow with a velocity vector field v that is not necessarily divergence free.
Our purpose is to collect various identities and commutator estimates involving the material derivative
D, := 0y + v -V and functions on I';. We begin by recalling several algebraic identities, many of which were
proven in [41].

(i) (Material derivative of the normal).

(5.35) Dinr, = = ((Vo)*(nr,))"
(i) (Leibniz rule for A).

(5.36) N(fg) = fNg+gNf—2V,A Y (VHf VHyg).
(iii) (Commutator with V).

(5.37) (D¢, V]g = =(Vv)*(Vg).
(iv) (Commutator with A™1).

(5.38) [Dy, A7 g = A1 (2Vu - V2PAT g+ Av- VAT lg).
(v) (Commutator with H).

(5.39) Sof = [De, H|f = A1 2V - VPHf + VHS - Av).
(vi) (Commutator with A/).

(5.40) Sif = [D¢, N|f = Dinr, - VHf —np, - (V) (VHS)) + nr, - V([De, H]f).
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We also have the general Leibniz type formula,

(5.41) L tis= [ Dif+fD-0T = kot ds,
dt I T

where D is the covariant derivative.

5.6.1. Balanced commutator estimates. Using the above identities, we now establish refined estimates for
commutators involving D; and the Dirichlet-to-Neumann operator. If we assume that v is divergence free,

it is a straightforward calculation to verify that Spi) can be rewritten in the form

(5.42) Sotp = ATV - B(Vu, VHi)),

where B is an R%-valued bilinear form. Using (5.40), we can write the commutator [D;, N] as follows:
S19 := [Dy, NJtp = V. Sotp — VHY - (Vv) = V' 4h - Vo -nr, .

In the higher energy bounds, we will need an estimate for higher order commutators Sk, given by

(543) Sk/l/} = [Dtka]w = Z Nl[DtaMwav

l+m=k—1
where [, m are non-negative integers and k£ € N. From now on, let us write A = ||v||c2+€ @ + ||IT||cr.e. For
s > %, we have the following refined estimates for S; when v is divergence free, which will be useful for

estimating S Dia and Ska, respectively, in the higher energy bounds.

Proposition 5.33. Suppose that the flow velocity v is divergence free and let s > %, k > 1. Then we have
the following bounds for Si.

(i) (Variant 1). For any sequence of partitions 1) = wl + w2 there holds

1Skl s ry Sallvllwroe @ [¥llmssewy + 101 gorg o g 19l ooy + 1T gor g il ll ooy

_J ; _
Flollwre@ITl,ornrz $1>1%>2 2|9 oo ry + lvllwreo () sup 2SR [p2 | e .
J J

(i) (Variant 2).
1Sk llzrs vy Sallvllwroe @ I¥llmesey + T msseea (91l oy ) + 10lwre @ @l zem)

Hlollgrsves @Il g -

Proof. We will focus on the first estimate as the second one is similar. From (5.43), we need to prove the
estimate in (i) with the left-hand side replaced with N[D;, NN where [ +m = k — 1. We will focus first
on the term N (V,,SoN"™)) which is the most difficult to deal with. Let us write G := B(Vv, VHN ™)) for
notational convenience. We begin by applying Corollary 5.32 and then Proposition 5.19 to obtain (using the
identity (5.42)),

||Nl(vnS0Nm1/})HHS(F) Sa HG||H5+Z+ Q)‘FHFHHH +k SUP2 i(m+3 )HA 'v. GIHW“" Q)

+sup 2/ ALY G2||H1(Q
7>0
where G = G]l + G? is a partition of G defined by taking G]l = B(VP.jv, VP<jHN?j1/)), where N =
Vo P ;H. Using the C1€ estimate for A~! and the maximum principle for H, it is straightforward to control

(a3 _
2/ MEDATIV - G w0 Sa o]l g @ lPlz=m) Sa l$llrem)
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Moreover, using the H~! — H} estimate for A™!, we can control the other term by
. 1_. — j (s 3—€ m m
2O ATIV - G211y Sa 27T 0]y o ) [V Py HN 0 = VHA ™ 1200
+||’UHH3+%+1@(Q)HQ/JHL""’(F)'

Finally, it is straightforward (albeit somewhat technical) to verify that the terms on the right-hand side
above can be controlled by the right-hand side of (i) using the H¢ — H2 ¢ bound (5.20), Proposition 5.30,
Proposition 5.9 with g7 = g (and the fact that |[nr|cer) Sa 1) as well as the Hz%e — H€ trace estimates.

Now, we turn to estimating |G ||H tird By performing a paradifferential expansion as in Proposition 5.3,

(V)
it is easy to see that

||GHH5+1+% () Sa vllwies ) |HN™ ||

Using Proposition 5.21 and Proposition 5.30, the first term on the right can be controlled by the right-hand

) + ||TVHwaVU||Hs+z+l

G « 2(Q)°

side of (i). For the latter term, we need to control the [? sum of
2ICHE2) | PyVoPej s VHN ™| 12 (0 -
For this, we estimate
2/ (HH D) | PVuP g VHN™ || 120y Sa 276D PVo| 20 |19 ooy
+ 2D ol (o) [ Pojma VHIN™ = N2 120

The first term on the right when summed in /2 is controlled by the right-hand side of (i). The same is true
for the latter term after making use of (5.20) and Proposition 5.30. This concludes the full estimate for
NYV,,.SoN™1p). The other terms in N'[Dy, NJN™) are dealt with similarly. O

6. REGULARIZATION OPERATORS

Let Q, be a smooth, bounded domain with boundary I',. In the following, we let 2 be a bounded domain
with boundary T' € A(T.,¢,6) where ¢ > 0 and § > 0 are small positive constants. As usual, we will
abbreviate the above set of hypersurfaces by A, and consider the volume of the associated domains as part

of our implicit constants. We recall from (3.2) that we have the diffeomorphism from I', to T" given by
Or(z) = = +nr(z)v(z)

which parameterizes I' as a graph over I',. When constructing solutions to the free boundary Euler equa-

tions (and also when proving refined energy estimates), it will be important to have a good regularization

operator at each dyadic scale which preserves divergence free functions. More precisely, beyond the obvious

regularization properties (to be outlined below in more detail), our operators will need to have the following
properties.

(i) (Extension property). There is a dg > 0 such that the following holds: If Q; is a domain contain-

ing Q with boundary I'; € A, such that [|dist(z, )|z~

regularization ¥<;v at the dyadic scale 27, defined on Q;.

5 < 50277 then there is an associated
(ii) (Regularization is divergence free). Given §2; as above, the regularization V< ;v satisfies V- W<;v = 0

on ;. Here, v is a divergence free function on (.

Remark 6.1. The first point will be convenient later for comparing velocities defined on different domains,
which are sufficiently close. The second point is important as our regularization operators will not necessarily

commute with derivatives (but will commute with derivatives up to lower order terms).
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A more precise description of the above regularization operators is given by the following proposition.

Proposition 6.2. Fiz ag, let v, Q and Q; be as above and let A = ||T'||c1r.c. Then there exists a reqularization

operator U< ; which is bounded from HS, (0) — Hj,, (8;) for every s > 0 with the following properties.
(i) (Regularization bounds).

1V <ol ota(n;) Sa 2NHUHHS ()5 0<a.
(i) (Difference bounds).
[(Wejir = Vil gomaqo,, ) Sa 27 vllgs@),  0<a<min{s a}.
(iii) (Error bounds).
11 = W<j)oll o) Sa 277 0]l e @), 0 < a < min{s, ao}.

Proof. We begin with a preliminary step of constructing a regularization operator ®<; with the above three
properties which maps H*(Q2) to H S(Q ) where Q is a neighborhood of €2;, but does not necessarily preserve
divergence free functions. To do this, we aim to construct a suitable kernel K7 such that

B ju(z) = /Q K9 (2, y)oly) dy.

Here, the kernel K7(x,y) is of the form

=Y Ei(x,9)xk(2),
k=0

where (xx)7_, is a partition of unity of a neighborhood of €2, obtained by selecting an open cover {Uy}7_,
so that there are vectors (er)j_; all of the same length with ej, outward oriented and uniformly transversal
to ' N Uy. The remaining set Uy is then chosen to cover the portion of 2 away from the boundary. Let
eo = 0 and take ey with k € {1,...,n} as above. Such a smooth partition of unity can be constructed with
bounds depending only on the properties of A,. To construct K7 we consider a smooth bump function ¢y,
with the following properties:
(i) The support of ¢y satisfies suppor C B(eg, 1), 61 < 1.
(ii) The average of ¢y, is 1, i.e., [pu Ok (2) dz = 1.
(iii) ¢ has zero moments up to some sufﬁmently large order N, i.e., [p.2%¢r(2)dz=0,1 < |a] < N.

Then, for each j > 0, we consider a regularizing kernel
ng(z) = 20, (27 2).

We then define K (z,y) := ng(:t —y) for y € Q. Note that for fixed z € Uy, K7(z,y) is non-zero only if
2/(z —y) € Bleg, 1), i.e., y is within distance 2778; of z — 277¢;. This is what will allow us to view our
kernel K7 not only for z € Q but also for x in a O(277) enlargement of . With this in mind, one can check
that the family of kernels K7 satisfy the following:

(i) K7:Q; x Q= R, where Q; := {z € R?: d(z,Q) < ¢277} with a small universal constant c.

(ii) |80‘85Kj(x y)| < 20+l I8 | for multi-indices a, 3.

(i) [o K7 (z,y)dy = 1.

(iv) Jo Ki(z,y)(x —y)*dy=0,1<]|a] <N.
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From the definition of K7, we see that ®<;v is defined on a neighborhood of §; if §y from property (i) above
is small enough. It is then a straightforward matter to verify that ®<; satisfies the regularization, difference
and error bounds in Proposition 6.2 when s and « are integers (the latter two bounds requiring the moment
conditions, with N = N(«p)). The general bound follows by interpolation.

It remains to construct the regularization operator ¥<; which preserves divergence free functions. We first

note that without loss of generality we may assume that I'; € A, with the regularization bound
(6.1) IT5llcrs Sa,s 2/C0HE179

for each integer £ > 1 and real number 0 < 8 < 1. Indeed, for large enough j, by working in local coordi-
nates and using standard mollification techniques we can use the uniform C%¢ regularity of nr to construct
a surface T'; € A, with the bounds (6.1) such that T'; is within distance <4 277+ of I'. For some small
¢ > 0, we can then define a surface I'; via the parameterization nr; := Ny, + c277. This defines a domain
whose boundary has the required regularization bound and which, if dg is small enough, contains all domains
within a §p277 neighborhood of Q. Therefore, it suffices to construct ¥<; in the case when I'; satisfies (6.1).

We make this assumption for the remainder of the construction.

Next, we correct ®<;v by a gradient potential. We define for v € Hj, (),
-1
\I/Sj’U = (I)Sj’l) - VAQJ_ (V . (I)Sj’l)),
where A;ljl is the solution operator for the Dirichlet problem with zero boundary data associated to the

domain ;.

To prove the regularization bounds for U<;, we note that because v is divergence free, we have

(62) Vebso(e) = Y [0 Txule) - (oo~ 277y) ~ ofa) dy
k=0
In other words, no derivatives fall on v or the kernel when taking the divergence. From the above formula,
one can easily verify the following bounds for V - ®<;v for every s, s > 0:
IV - ®<jollmen o) Sa 27720l morses @)

To establish the regularization property of W<;, we use this and (6.1) together with the balanced Dirichlet
estimate Proposition 5.20 to obtain

IVAG (V- @<jo)| oty Sa 27%(v]lms (o)

Therefore, the regularization bound [|¥<;vl ge+e(q,) Sa 2/*[|v]l () follows immediately. The bounds for
Wejt1v — Vv and I — W jv are analogous. |

Finally, we note the pointwise analogues of the above estimates.

Proposition 6.3. Given the assumptions of Proposition 6.2, the regularization operator Y<; satisfies the
following pointwise bounds for 0 < a < 2:

1V <vllca(a,) Sa 278 |v]lcas(a,
for0 < B < a, and

(I = V<)oo + (T<jrr — T<ivlloaia, ) Sa 2778 [vllcateqy,
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for B > 0.

Proof. The corresponding bounds for ®<; are straightforward to directly verify. To estimate the gradient
correction, we again may assume without loss of generality the bound (6.1) and then use the pointwise
estimates from Proposition 5.14 and Proposition 5.15. 0

6.1. Frequency envelopes. Let ' € A, and let s > %—I—l. Suppose that v € H*(2) and suppose that ' € H*
is parameterized in collar coordinates by « +— x+nr(z)v(z). At this point, we define A := ||F||Cl,e+H’U||C% @
Using the extension operator from Proposition 5.12, we have the following Littlewood-Paley decomposition

v = ZPjv,

Jj=20

for a function v defined on :

where by abuse of notation Pjv is interpreted to mean P;Eqv where Eq is as in Proposition 5.12 and
Py is to be interpreted as P<g. We also have a corresponding Littlewood-Paley type decomposition for
functions on T',. Indeed, denote by (D), := (I — Ap,)z. For functions on I',, we then write for j > 0,
Pj = p(279(D),) — ¢(277THD),) and Py := p((D),) where ¢ : R — R with ¢ = 1 on the unit ball and
with support in B2(0). We then have from Proposition 5.12 the almost orthogonality
10Tl a4 > 2% (I1Bel3aqme) + I PrcliEar,)) -
Jj=20
The above equivalence will allow us to define H*® frequency envelopes for states (v, ') € H* with the [? decay

required to establish our continuous dependence result as well as the continuity of solutions with values in
H? later on.

Remark 6.4. To define the Littlewood-Paley decomposition above, we use the extension Fq from Proposi-
tion 5.12 (as opposed to, e.g., the Stein extension) because of its transparent continuous dependence on the
domain. This will be important for establishing continuous dependence of solutions to the free boundary
Euler equations with respect to the data when we have to compare frequency envelopes for different initial
data.

Definition 6.5 (Frequency envelopes). Let s > % +1, T € A, and (v,T") € H*. An H?® frequency envelope
for the pair (v,I') is a positive sequence ¢; such that for each j > 0,

P50l s ray + 1 Bjnrllms(r.) Sa ¢ll(v,D)llae, lejlli Sa 1.
We say that the sequence (c;); is admissible if ¢g ~4 1 and it is slowly varying,
¢; < 2007kl G k>0, 0<d<1.
We can always define an admissible frequency envelope by the formula
(6.3 ¢ =27 4 (14 0, T ere) ™ miax 20 (| P sty + | Pl cr.y) -

Unless otherwise stated, we will take this as our formula for ¢;. The following proposition will be useful in

our construction of rough solutions later on as well as for proving continuity of the data-to-solution map.

Proposition 6.6. Let I' € A, and let s > % + 1. Suppose that (v,T') € H* and let (c;); be its associated
admissible frequency envelope. Then there exists a family of reqularized domains Q; with boundaries I'; € A,

and T'; € H® along with associated divergence free reqularizations v; := W<;v defined on a 277 enlargement

of Q; UQ such that the following holds.
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(i) (Good pointwise approximation).
(v;,T;) = (v,T)  in C' x Clh: oas j— .
(i) (Uniform bound).
(0, T)llee Sa [, D) e
(i11) (Higher regularity).
I(vi, Ti)llie+e Sa 2%l (0, D)lme; o> 1.
(iv) (Low frequency difference bounds). On a 279 enlarged neighborhood of ;U Qj11, there holds

[ (vsnr,) = i, mr, ) le2xne Sa 277°¢) (v, D) [lae.

Proof. We define I'; by the graph parameterization nr; = P<;nr (using the projections defined above). By
Sobolev embedding, we have |nr, —nr| < 237 , and so the existence of the required divergence free regular-

ization v; := ¥<;v comes from Proposition 6.2.

Next, we turn to verifying the above four properties. We focus on the bounds for v; as the bounds for I'; are
similar (and simpler). Properties (i) and (ii) are clear from Sobolev embedding and Proposition 6.2. Next,
we turn to property (iii). We begin by establishing this property for ®<;v and then we will upgrade to the

full divergence free regularization v; = U< ;v. We write w' as shorthand for Pyw and begin by splitting

[@<svllmere <D P<ivtlgore + Y 1@<s! || mose-
1<j >j

For | < j, we estimate
[®<jv! | ore Sa 0! more Sa 2%all(v, 1)l Sa 2920720l (0,T) |
For [ > j, we estimate
[@<jv | rere Sa 27T 0! 2 Sa 277¢;207 D67 (v, T) s
Summing up each contribution gives
1@<jvll reve Sa 27%| (v, T) e

To obtain the corresponding bound for W<;, we simply note that by Proposition 5.20,

IVATIV - vl gore Sal|@<iollpere + 2767V - @)oo

By (6.2), we have 270 ||V - & jv|| 12 <a 27%||v]| g=. Therefore, if we choose ¢ in the definition of ¢; so that
279¢ < ¢;, we have
19 <jvll e Sa 2%l (v,T) [las

This establishes property (iii) for ¥<;v. The proof of property (iv) is similar except now one can use the

difference and error bounds in Proposition 6.2. We omit the details. O
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7. HIGHER ENERGY BOUNDS

Let k > % + 1 be an integer. Our aim in this section is to establish control of the H* norm of (v,T) in
terms of the initial data where the growth of these norms is dictated by the pointwise control parameters
A and B below. To accomplish this, we will first construct a coercive energy functional (v,T') + E*(v,T)
associated to each integer k > % +1 and then we will prove energy estimates for E¥(v, ') to obtain estimates
for ||(v,T)|lgx when (v,T) is a solution to the free boundary Euler equations. More precisely, we prove the

following theorem.

Theorem 7.1. Let s € R with s > %l—i—l and let k > %l—i-l be an integer. Fix a collar neighborhood A(Ty, €, d)
with & > 0 sufficiently small. Then for T restricted to A, there exists an energy functional (v,T) — E*(v,T)
such that

(i) (Energy coercivity).
(7.1) E*(,T) a4 1+ [ (v,1)| -

(i) (Energy propagation). If, in addition to the above, (v,I') = (v(t),T) is a solution to the free
boundary Euler equations, then E*(t) := E*(v(t),T;) satisfies

d

—E" Sa Blog(1+ [|(v, 1)) B

Here, A= 14190 + o]l e ) + e and B o= 1+ [ollwreqoy + T oy

cate(

By Gronwall’s inequality, this gives the single and double exponential bounds
t
I(v(t), T)lIge Sa exp (/ CaB(s)log(1 + II(U,F)IIHs)dS) (1 + [I(vo, To)llzpe)-
0

t
[(w(t), To) [z Sa exp (log(CA(l + II(UO,Fo)H%k))eXp/ CAB(S)dS>
0
for all integers k > % + 1.

Remark 7.2. It is important to note that the first part of Theorem 7.1 does not make any reference to the

dynamical problem.

7.1. Constructing the energy functional. Before establishing the above theorem, we motivate our choice
of energy. At this point, the discussion will be heuristic only. There are two quantities to control; namely,
the H* norms of v and I'. However, these are coupled via the nonlinear evolution, so they must be measured
in tandem. We achieve this by working instead with well-chosen good variables, which are selected as follows:
i) The vorticity w. If v is a divergence free vector field on €, then in Euclidean coordinates, we have
the following relation for Awv;:
Av; = —0jwij,
where w denotes the curl of v. Therefore, v is controlled by w and a suitable boundary value.
However, it turns out to be simpler to view v as the solution to a div-curl system, again with a
boundary condition whose choice will be addressed shortly.

ii) The Taylor coefficient a. This variable is used to describe the regularity of the boundary. Precisely,
as we will see later, we have the approximate relation

Na’fucm
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where x represents the mean curvature of I'. Thus, as long as the Taylor sign condition remains
satisfied, the H* norm of I' should be comparable at leading order to the H*~! norm of a.
iii) The material derivative of the Taylor coefficient, D;a. At leading order this provides information

about v via the approximate paradifferential relation
Dia ~ NT,v,

for a suitable representation of the paraproduct above. This will provide the needed boundary

condition for the div-curl system for v.

Thus, at the principal level we have the correspondence
v < (w, Dia), '+ a,

which will be the basis for our coercivity property. For the first part, it is better to think of v as solving a
div-curl system. One might try to think of a rotational/irrotational decomposition v = v,.o¢ + v;., where the

two components solve div-curl systems as follows:

curl v, = w, curlv;. =0,
v'vrot:O; V'vir:07
Upot - =0 on I, Vir -nr =v-nr on .

Unfortunately, such a decomposition is not well-suited for our present problem, essentially due to the fact
that in our setting nr has less regularity than v on the free boundary; namely, H*~! versus H k=3, Hence,
we cannot use such a decomposition directly, though a paradifferential form of it will appear later in our
existence proof. Instead, we will bypass this difficulty by associating the D;a variable with Vv - np, the
normal component of the tangential derivatives on the boundary, which will then play the role of the bound-

ary condition in the div-curl system for v. This, in turn, yields the v part of the coercivity bound.

Now we turn our attention to the dynamical side, which ultimately determines the choice of the good
variables. There we separate the good variables differently, into the vorticity w € H*~1(2) on one hand,
which will provide the interior component of the energy, and the pair (a,Da) in H*1(T') x H*~3(T"), which
carries the boundary component of the energy. For the vorticity, this is immediately clear from the equation

(7.2) Dywij = —wir0vk + wjr0jvg,

which results from taking curl of (1.1). Based on the transport structure of the vorticity, it is natural
to include the quantity ||w|\qu,1 () 38 a component of the energy. On the other hand, it turns out that

I(a, Dta)”i{kfl(r)ka*%(r) can be controlled by the linearized energy FEj;pn(wy, si), where s, and wy, solve

the linearized equation to leading order with

wE = VHNkitha,

s =NFk-1qa,

The derivation for this is a bit more involved than for the vorticity and will be handled later.

With the above discussion in mind, we define our energy as follows:

(7.3) E*(0,T) 1= 1+ [[olaqy + 1ol 3 oy + B (e 51).
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In the sequel, we will sometimes refer to Hw||§‘lk71(ﬂ) as the rotational part of the energy, denoted by EX(v,T),

and Ejp(wy, si) as the irrotational part of the energy, denoted by EF(v,T).

Remark 7.3. This definition of the energy has to be interpreted in a suitable way when v and I" do not
solve the free boundary Euler equations. Indeed, it is important that, a priori, the definition of the energy
functional does not depend on the dynamics of the problem. Therefore, for a bounded connected domain €2

with (v,T) € H*, we define p through the boundary condition pir = 0 and the Laplace equation

Ap = —tr(Vv)?.
The Taylor sign term is then defined via

a:=—nr-Vppr.
Moreover, we define D;p through the Dirichlet boundary condition Dyp;r = 0 and AD;p given by
(7.4) ADyp = 4tx(V?p - V) + 2tr((Vo)*) + Av - Vp = F.
In other words, D;p = A~'F. This is the definition of D;p which is compatible with the dynamical problem.
We then define D;Vp by

Dth = —Vv- Vp + VDtp
and then D;a by
Dta = —nrpr- Dth|p

With these definitions, the energy functional (7.3) is well-defined, irrespective of whether the state (v,T")

evolves dynamically.

Remark 7.4. We note that the energy functional (7.3) is essentially the same as that from [17]. The main
difference, so far, is in the derivation of this energy. Indeed, our approach was to identify Alinhac style good
unknowns, whereas [17] first derives a wave-type equation for a and then applies powers of the Dirichlet-to-
Neumann operator to this equation, as if it were a vector field. However, as can be immediately inferred

from the low regularity of our control norms, the way we treat the energy is very different from [17].

7.2. Coercivity of the energy functional. We begin by establishing the coercivity part of Theorem 7.1.
That is, we want to show that
Ek(vvr) ~al+ ”(’le—‘)”%{k

We begin by collecting some preliminary estimates for the various quantities that will appear in our analysis.

7.3. L™ estimates for coercivity. Here we will establish some L° based estimates for p and D;p in terms
of the control parameter A. The A control parameter involves only the physical variables v and I'. The
variables p and Dyp are related to these variables through solving a suitable Laplace equation. We will
therefore need to make use of the Schauder type estimates in Proposition 5.15 to control these terms (in

suitable pointwise norms) by A. For this, we have the following lemma.
Lemma 7.5. Given the assumptions of Theorem 7.1, the following pointwise estimates for p and D¢p hold.
(i) (CY€ estimate for p).
Pl e Sa l.

(i) (Partition bound for Dip). There exists a sequence of partitions Dyp =: Fj1 + F j2 such that

i bt
1} lwroe @) Sa 2779, [Ff o) Sa 2777 (Jollgn-e o) + Pl 3~ )
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One can loosely think of the partition of Dyp in the second part of Lemma 7.5 as a splitting of Dyp into low
and high frequency parts at a dyadic scale 2/. The high frequency part will typically be best estimated in L?
based norms, and the low frequency part in L° based norms. In particular, one can think of the estimate
for Fj1 as an estimate for the “low frequency part” of Dyp in C' 3+¢. This will serve as a substitute for what
would be a C'27¢ estimate for the inhomogenenous Dirichlet problem, which is not available to us (except

for harmonic functions). The usefulness of this will be made more transparent later.

Proof. We begin with some notation. For any integer [ > 0, we write ®; := ®<;41 — P<; and ¥; :=
Vo1 — Py We also write ®g and ¥y to mean @< and W<, respectively. For a vector or scalar valued
function f defined on Q, we write f! and f<! as shorthand for ®;f and ®<;f, respectively. If in addition, f
is a divergence free vector field, we instead use f' and f<! to mean ¥,f and W<, f, respectively. This will
ensure that the divergence free structure of f is preserved. We abuse notation and write f'g<! to mean

<l .__ m 1
flg=t=3_ > flg" =35> 14"

1>0 0<m<l 1>0

This definition ensures (with the convention that ®¢ = ®< and ¥y = ¥<() that we have the decomposition

(7.5) fa=f'g=+ g,

which can be thought of as a kind of crude bilinear paraproduct decomposition where f'g<! selects the
portion of fg where f is at higher or comparable frequency compared to g. Likewise, we can define trilinear
expressions of the form flg='A<! in such a way that we have fgh = flgSthSt 4+ fSlgtRSt 4 fSlgSIpl and
similarly for quadrilinear expressions. Now, we begin with the first part of the lemma. Expanding using
(7.5) we see that

(7.6) p=—A""tr(Vv)? = —2A710;(vlov3!).

Importantly, because v' is divergence free, we were able to write tr(Vv)? as the divergence of a bilinear
expression in v and Vv, where the high frequency factor is undifferentiated. This will allow us to make use
of the lower regularity C1'® estimates in Proposition 5.15 and simultaneously allow us to rebalance derivatives
in the bilinear expression for v. This theme of writing multilinear expressions in divergence form with the
highest frequency factor undifferentiated will appear several times in the sequel in more complicated forms.

In this case, we have from Proposition 5.15,

2 1
c2te(Q)

<l
Ipllcre) Sa llvidivs! ey Sa llvll Sal.

Next, we turn to the estimate for Dyp, which is the more difficult part. From (7.4), we can write in Euclidean

coordinates,
(77) Dip = 4A_1(8i8jp8ivj) + 2A_1(8jvk8kvi8ivj) + A‘l(&-&-vjajp).

In order to make full use of Proposition 5.15, we will again need to write D;p in the form A='V - f for some
vector field f in a way which allows us to also rebalance derivatives, as we did in the estimate for p. We

start by estimating the first term in (7.7). We first write 9;0,p9;v; = V - (9;p0;v) and use the partition
ATV - (9;pOiv) =T} + T7,
where le = A"V - (9;p0;®;v). From Proposition 5.15 and the C1:¢ estimate for p above, we have

L
ITHwree ) Sa lIVPlce@ V<l L) + VDl oo () VR <0l 0e 0y Sa 2779,
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We also see from (5.19),
T2 1) Sa 277517 Vpll poo o 0] ey Sa 277F 779 0]l ga-c(ay.-

Next, we turn to the second term in (7.7). We start by performing a trilinear frequency decomposition.

Using the symmetry of the indices, we have
(7.8) 8jvk8kvi8ivj = 38jv§€8kvflaivj§l.

To best balance derivatives, we would like to write this in the form V - T(Ul, VoSt Vst ) where T is an
appropriate trilinear expression. To do this, we can use the symmetry of the expression and the fact that v

is divergence free to write
ijéakv?laing = Bj(vfgakvflaing) — ’Uiakaj’l)?laingl
1
(7'9) = (9j (’Uéakvflaingl) — gviak(aj’l}?laingl)
1
= Bj(véakvflaivfl) - 5&(1}2@1}?@@?).

We partition the last line above into Qj + Q3 where

1
Q) = Om (0O P<jv7 D05 — SOk (v Om P <jv D).
We then obtain in a straightforward way using Proposition 5.15 and summing in [,

_ (1_e i(1_e
AT Q} I () Sa 2 )||UH‘Z,%+€(Q) Sa 279,
and from the H~! — H! estimate for the Dirichlet problem and Proposition 6.2,
AT Q3 1) Sa 277179 vl ey
Finally, the last term in (7.7) can be handled by writing

(%(%Ujajp = (%((%’Ujajp) — (%Ujaiajp

and partitioning each term similarly to the first term in (7.7). Collecting all of the above partitions together
completes the proof of the lemma. O

The following simple consequence of the above lemma will be useful for estimating D,a in pointwise norms.

Corollary 7.6. Given the assumptions of Lemma 7.5, there exists a sequence of partitions D;Vp = G} —|—G§
such that

i(L_c —i(k—3_2¢
|GH| ey Sa 27279, ||G?HH%+E(Q) Sa 277572729 (o] gr-cqo + 1Pl s () + 1PVl ar-1-(0)-
Proof. This follows from Lemma 7.5 by taking

G =®.;(-Vojv-Vp+VE}), G} =0 ;j(—VOsjv- Vp)+ ®;VF; + O5;D,Vp.
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7.4. L? based estimates for a and D;a. Our next step will be to control (a, Dya) in H¥1(I') x H*=3 (")

by the energy plus some lower order terms. Let us define for the rest of this section the lower order quantity
Ap—e = [Tllane + vl arci) + 1PN grr g e o) + 1DeVDl r-1-2(),

where € > 0 is any small, but fixed, positive constant.

Lemma 7.7. We have

1
lallms-s ey + 1Dial g oy Sa (B9 + Mg

Proof. To control a in H*~1(T), we use the ellipticity estimate for the Dirichlet-to-Neumann operator from

Proposition 5.26 to obtain

- 1
lall -1y Sa lallzzey + N tall 2y + Tl e lal ooy Sa (B + Ap—c.

To estimate Dya in HF2 (T"), we consider the partition D;Vp := G} + G? from Corollary 7.6 and estimate
using Proposition 5.26,

1Dsall g oy Sa IN* "2 Dall g +HIT e S_UISQ_j(%_e)|\nF'G}HL@O(F)JFS_UISQj(k_zé_%)|\nr'Gf|\H€(F>+Ak—e'
Jj> Jj>

From the trace theorem,

[N*2Dyall s Sa |\HNk_2Dta|\H1(Q)

H3(T)
Since k£ > 3 and

/Nk_QDta s = / nr - VHN*3D,adS = 0,
r r
we conclude by a Poincare type inequality that
IHN*2Dsal ) Sa [VHNF2Dial 200y Sa (EF).

From Corollary 7.6, we have

sup2 7G|l - G|l ooy Sa L.
7>0

On the other hand, from the trace theorem and Corollary 7.6,

27572729 Inp - G2 gery Sa Ak,

which completes the proof. O

With our preliminary estimates in hand, let us proceed with the proof of the first (and harder) half of the

coercivity estimate; namely,
1
(v, D) [l Sa (B*).

Let us begin by proving the estimate
1
(7.10) Il et gy + W lre S (B + Mg
We start by recalling from Proposition 5.22 that we have
1T e + el gs-10y Sa 1+ (6] gr—2ry),

where & is the mean curvature of I'. Therefore, to establish (7.10), it suffices to establish the same estimate

except with HpHHH% + ||&[| grr—2(ry on the left-hand side. To do this, we begin by relating the curvature

(@)
to the pressure via the formula

(7.11) k=a 'Ap —a ' D*p(nr,nr).
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Here, we used the fact that Arp = 0 on I'. We now estimate each term on the right-hand side of (7.11). For
the first term, we use the Laplace equation for p and the bilinear frequency decomposition for Ap = —tr(Vov)?

as in Lemma 7.5 together with Proposition 5.9 to obtain

la™ Apll ey Sa lIte(Vo) [ g2y + (la™ mr-1-c @y + T x-) §1>1132_j(1_6)H‘I’<j5k(vé5w1§l)|hw(n)
+sup 270727 | @ 5tr (Vo) L2 ).
§>0
Using the trace theorem, the product estimates Proposition 5.9 and Corollary 5.4, the latter two terms can
be controlled by CaAx_. where C4 is a constant depending polynomially on A only. On the other hand,
[[tr(Vv)? || grs—2(ry can be controlled using the balanced trace estimate Proposition 5.11 as well as Corollary 5.4

as follows:

[tr(V0)? (| -2y Sa lltx(Vo)?||

i(l—e <
k-3 T Il 22182 T DOk (000 )| L= ()

+5up 2707579 B tr(V0)? | L2
j>0
SA Akfe-
To estimate a~*D%*p(nr, nr) in H*~2(T"), we proceed similarly by starting with Proposition 5.9 and Lemma 7.5

to obtain

la™*D?p(nr, ne) | ey Sa [ID*p(nr, ne) || gr-2r) + sup 21527905, D?pl| L2(r)
7>
+ (la™ lgr-1—e(ry + I r—) S_gg27j(176)||(1)<jD2p||L°°(Q)-
J

Similarly to the previous estimate, the latter two terms are controlled by C4Ai_.. For the term involving
D?p(np,nr), we use Proposition 5.9 again, combined with the estimates ||np||gr—1-er) Sa [|T]lgr-c and

[nrllcery Sa 1 to obtain (similarly to the above estimate but with a~! replaced by nr)
| D*p(nr, ne)llge-2ry Sa ID?pllgr-2r) + Ak—e.
Proposition 5.11 and the same partition of D?p above then yields

| D?pl| 21y Sa ||Vp||ka%(Q) + Ap—e.

1

To complete the proof of (7.10), we now only need to control Vp in H¥~3. For this, we use the div-curl

estimate Proposition 5.27 for Vp as well as Corollary 5.4, Proposition 5.9 and Proposition 5.31 to obtain
IVl i3 () Sa IVPIlz2@0) + IV T all ey + 16 (V) [l i g ) + Tl s [ VPl e
(7.12) <a (Ek)% + ||a||Hk—1(F) + Ap_e

Sa (EM)E 4+ Ay,

where we used Lemma 7.7 to go from the second to third line. From this, we finally obtain the estimate
(7.10). To close the coercivity estimate, it remains to control v in H*(Q) and D,Vp in H*~1(Q) by the

energy. We first reduce to the estimate
1
0]l () Sa (BF)Z + 1DVl e () + Ap-c.
For this, we start by relating the boundary term Vv - np to D;Vp. Indeed, we have

Dth = VDtp —Vou- Vp.
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Since Vp = —anp and D;p = 0 on I', we obtain
V'v-nr=a"Y(D:Vp)",
and so, since v is divergence free, we have from the div-curl estimate in Proposition 5.27,
ol @y Sa lvllza@) + lwlme=r @) + e (DeVP) Tl g oy + [Tl = [l0]

Sa ||a_1(DtVP)T||Hk,g(F

3 1
H*= 2 c2teQ)

(7.13)
)+ (E*)% + Aj_..
To estimate the first term on the right-hand side of (7.13), we use the decomposition D;Vp = G + G5
from Corollary 7.6. By the balanced product and trace estimates Proposition 5.9 and Proposition 5.11 and

a similar analysis to the estimate for ||#[ gr—2(r), we obtain

_ _ _i(l_e
0™ (DT2) -y S IDeTplzss g+ (™ sy + I e 5002773~ G e
J

(o3 _9¢
+ Sgg 9i(k—3—2 )||G?||H%+E(Q) <a HDtvaHk—l(Q) + Ap_e.
J

Finally, we need to show that
I D:Vpll gr-10) Sa (E*)% 4 Aj—e.

For this, we will use the div-curl decomposition for D;Vp. The divergence and curl are given by

V - D:Vp = 3tr(V?p - Vo) + 2tr(Vv)? in Q,
V x D;Vp=V?p- Vv — (Vv)*-V?p in Q.

Hence, using the div-curl estimate and the partition D;Vp = Gjl- + G? from Corollary 7.6 in conjunction

with Corollary 5.4, we obtain

1DeVplms-s oy S 12l ey 10t gy + Nollenecay ol mmeqey + 166 (V0)2 sy + IV T (DeVD) el g o,

|1 e sup 2G| GY || ooy + sup 273 2GR 4L 4 Ag
17| sup Gl (o) sup IG5 3 4e

Estimating G} and G7 as before and then using (7.12) gives

1DVl 10y Sa (E®)> + |V (DyVp) - nr| iy T IolEe=e@) + T e + [tr(Vo)? || gr-2(q) + Ak—e-

5
HF2

Using a trilinear frequency decomposition as in Lemma 7.5, we obtain easily

||tr(vv)3||ka2(sz) Sa ||UHQC%+E(Q)||U|\kae(sz) Sa Mg

It remains to estimate the boundary term. We compute
(7.14) V'(D,Vp) -nr = =V " Dia— D;Vp-V "nr.

By Proposition 5.9, Proposition 5.31 and using the decomposition D;Vp = G 4+ G3, the terms in (7.14) are

controlled in a similar fashion to the above terms by

IV (D) - el gy Sa [ Diall 0

< kY3
Sy S )+Ak75 Sa (E¥)7 + Ao,

-3
where we used Lemma 7.7 in the last inequality. Combining everything together, we have

1
[DeNVpll gr—1(0) + 1T ax + loll gx ) + HPHHH%(Q) Sa (B*)? 4+ Mg

Using the definition of A;_. and interpolating gives

1DVl -1y + 1Tl mx + vl gr o) + HPHHH%(Q) Sa (Ek)% + iz + Pl a1 ) + 1DVl 20



66 MIHAELA IFRIM, BEN PINEAU, DANIEL TATARU, AND MITCHELL A. TAYLOR

We can use the H! estimate for the Laplace equation for p to estimate

oz ) Sa llvlla @

Moreover, by writing D;Vp = VDyp— Vv-Vp, writing D;p in the form A~V - f as in the proof of Lemma 7.5
and using the H~! — H' estimate for A~!, we have

| D:VpllL2) Sa llvlla(@)-
Therefore, by interpolation we have
Sa (BM)2.

(7.15) 1DeVplla-r0) + ITlee + vl r@) + 121 sy o) <

This finally establishes the desired estimate
(o, D) e Sa (B2,
Next, we show the easier part of the coercivity bound; namely,
(B*)? Sa 1410, T)]ae-
Clearly, the only nontrivial part is to control the irrotational energy. More precisely, we have to show that
(7.16) IVHN*2 Deall 2oy + a2 N al g2y Sa 14 [0, T) e
To establish this, we will need the following L? based estimates for p and D;p.
Lemma 7.8. The following estimate holds:
1l gy + 1Dep a0y S 10 Dl

Proof. First, from the balanced Dirichlet estimate in Proposition 5.19, as well as Corollary 5.4 and Lemma 7.5,

we have
1) e gy S 1687002 + I Il <) St 10 T)

To estimate D;p, recall that we can write D;p in the form A~!'V - f. Indeed, similarly to Lemma 7.5, we

can start by writing
(7.17) Dyp = A710;(0iv;0;p) + 3AT10;(0;p0;v;) + 247 Hr (V) =: Fy + Fy + F.

We now will use Proposition 5.19 to estimate each term. We begin with F;. We use the partition F} =
HJ1 + HJ2 where HJ1 = A719;(0;®<jv0kp) and Proposition 5.19 to obtain,

I1F1l ) Sa llVe- Vol gr-1q) + [T g+ 51;527% | H ] lwr.ee ) + sup 2 EVNH? | g1 .
J J

Using Corollary 5.4 and the H**+% estimate for p above, we obtain
195 Vollis@) Sa 1ol gy oy 1Pl ecs gy + IBllencco ol ey Sa 1o, sz
We also have from Proposition 5.15 and the properties of ®<;,

<a
cite) ~ 1,

sup2 Y w0y Sa llpllor@ ol
and from the H~! — H! estimate for A~! and Lemma 7.5, we have

Sulé)?](k YIH? | g0y Sa SUPZJ(k D (Vpll e @) IVl 20y Sa 0]l e
7>
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Hence,

(7.18) [Eul m () Sa ll(0,T)]gs-

By a very similar analysis, we obtain the same bound (7.18) for F». To estimate F3, one uses the decompo-
sition of tr(Vv)? from (7.8) and (7.9) and then partitions one of the factors VoS! = Vo ;0! + Vs 05,
After that, an estimate similar to F; yields the bound (7.18) for the term Fj. Therefore,

| Depll ey Sa (v, D) |lwx,
as desired. O

Now, returning to the proof of (7.16), for the term |‘G%Nk71a,”[/2(r), we have from Lemma 5.24 and Propo-
sition 5.30,
L e
la2N*Lall g2y Sa llallge-i oy + lallLe @ ITlar Sa lallmr— oy + 7] -

Then from Proposition 5.9, Proposition 5.11 and Lemma 7.8, we have
lallme-scey S Npll g g + IT0re S 110, Dl
To control the other part of the energy, we first note that by (5.20) we have
IVHN® "2 Deal r2(0) Sa ||Nk_2Dta||H%(F)-
Then we apply Proposition 5.30, Proposition 5.11 and Proposition 5.9, in that order, to obtain

k—2 < -4 3 (k—3—2€) || 2
IV Diall gy Sa IDeVPl =) + [Tl sup 272 |Gyl e @) +sup 272Gl g

Sa 1DV ey + 1T gx,

where D;Vp = G} + Gf is the partition from Corollary 7.6. We then write D;Vp = —Vv - Vp + VD,p and

use Corollary 5.4 and Lemma 7.8 to obtain
[ DeVpl| -1 (0) Sa ll(v, L)lles-

This completes the proof of (7.16) and thus the proof of part (i) of Theorem 7.1. Next, we turn to part (ii),
which is the energy propagation bound.

7.5. L™ estimates for propagation. Now, we turn to the energy propagation bounds. As in the coercivity
estimate, we will need certain L> based estimates for p and D;p, but in norms that have essentially % more

degrees of regularity compared to Lemma 7.5.

Lemma 7.9. Given the assumptions of Theorem 7.1, the following pointwise estimates for p and Dyp hold.
(i) (CY= estimate for p).

<
P14 g 54 B

(ii) (W1 estimate for Dyp). Let s € R with s > % + 1. Then
[1Depllwr.o () Salog(1+ [[(v, I)||a) B.

Proof. We begin with the C L3 estimate. We have from Proposition 5.15, using the decomposition from (7.6)
and a similar analysis to the C1¢ estimate for p,

<l <l
P14 g S Il g Pl + Net0i0 loein) + 080 g ) St TNy + ol <y S B
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Now, we turn to the more difficult W estimate for D;p. Again, we first recall from (7.7) that we have
(7.19) Dyp = 4AAT(0;0;p0iv;) + 2071 (0jvr0kv;05v5) + A™1(0;0;v;0;p).
Using a very similar analysis to Lemma 7.5 (except without the partition of D;p), we can estimate the second
term in (7.19) in WhH* by
AT 05010800305 )l w.= () Sa B.
For the first term in (7.19) we have the decomposition
(7.20) ATY(0;0;p01v5) = A~ (9,0, 0v5") + ATV (8:0;p= i)
The first term in (7.20) can be estimated similarly using Proposition 5.15 by
(7.21) IATH(2:0;p' 005 ) w2 = [AT10;(0:p' 005 ) w0y Sa [Pl ey [0llwrne ) Sa B.
For the latter term in (7.20), we write
(7.22) AT (0;0;p% 00 ) = A1 0,(8;0;,p=10}) — AT10;(0;0,p=0)

and use the fact that the pressure term is at low frequency compared to v and a similar analysis to the above
to estimate

(7.23) ||A‘1(8i8jp§l8ivé-)||wl,m(m SA B.

We now focus on the last term in (7.19) which will be responsible for the logarithmic loss in the estimate.
We begin by writing

(7.24) 0:0v;0;p = 0,00 0;p=" + 9;0,v7' 0;p".
For the second term on the right-hand side of (7.24), we write
0:0:v5'9;p" = 9;(9;0,v5'p).
Again, similarly to the above, we have
(7.25) IAT20;(8:0:05 p") o) Sa B.
Now, for the first term on the right of (7.24) we have,
(7.26) 0;0:050;p=" = A(v59;p=") + 9; (vl 0;0ip=") — 20;(v}9;0:p=").

The latter two terms in (7.26) are estimated similarly to (7.25). We focus our attention on the first term,

which corresponds to estimating A‘lA(Ug»ijSl) in WH*°. We begin by writing
(7.27) A‘lA(véajpgl) = véajpsl - H(véajpsl).
For the first term in (7.27) we note that

V(0}0;p=') = v}0;Vp=! + Voi0;p='.

From the C'¢ bound for p from Lemma 7.5, we clearly have ||U§8jvp§l||Loc(Q) <4 B. On the other hand,
we have the same estimate for Vvéﬁjpgl because

<l
Vvé-(?jpgl = V;0;p — Vo3 90"
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This yields the estimate ij—[)jpngWl,oo(Q) Sa B. It remains to estimate H(véajpgl), which is where we
incur the logarithmic loss. By the maximum principle, it suffices to estimate ||VH (v50;p=")|| L~ (q). We begin
by showing that for each m > 0

(7.28) @ VH(00;p=") || Lo (0) Sa B,
with implicit constant independent of m. Indeed, we have
1@ VH ;0505 | (@) S [Pm VH® < (v;0;0=) | L (@) + [P VHE 5 (150,95 | L (0

For the first term, we have from the regularization properties of ®,, and the C1¢ estimate from Proposi-
tion 5.19,

[0 VH® <1 (05030 || oe ) S 27" [HP < (0050 [[crc0) Sa 27| @<im (v59;p%) | 01.e(0)

Sa 1050505 lwree -
Therefore, similarly to the estimate for V(Ugﬁjpgl), we have
([ @ VH® <1 (v50;p=") || Lo () Sa B.
For the other term, we have from the regularization properties of ®<,, and ®>,, and the maximum principle,

[ @0 VHP < (v50;0=) | 1o () Sa 27 ([ HP 5 (00,051 || Lo () £ 27 ([ @5 (V50505 | oo (o)
Sa 0500 [wree o).

Combining everything gives (7.28). Now, to prove the full estimate, we fix an integer mg > 0 to be chosen

later and estimate using (7.28),
(7.29) [VH(©L0;p=") || Lo () Sa MoB + | @2, VH(050;p=")| L (0)-

For the latter term, since s > % + 1, we obtain by Sobolev embedding, the regularization properties of ®>,,

and the elliptic estimate for H, the estimate
195m0 VH (050,05 || L () Sa 27" [ H00;p=") | o) Sa 277 (0, 1) 51

where > 1 is some integer and dy > 0 is a constant depending on k. Taking mg ~ 7y  log(1 + ||(v, T)|| s+ )
and combining everything above with (7.29) then yields

IVH(;0;p=") || oo (@) Sa Blog(1+ [|(v,T)|m).
This completes the proof of the lemma. O

Remark 7.10. It is perhaps worth remarking that by using Proposition 5.15 and the maximum principle

to estimate ||V (v}0;p=")|| L= (o) in the above proof in C¢, we can also easily obtain the bound

| Dipllwr= ) Sa llvlloveq)-

Of course, we do not want this in our energy estimates as it would force us to forfeit the scale invariant

control parameter B.
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7.6. Proof of energy propagation. Now, we turn to the second part of Theorem 7.1. Using (7.2) and
the coercivity bound (7.1) it is straightforward to verify the following energy estimate for the rotational

component of the energy:

d

EEjf(u(lt),rt) <a BE®(v(t),T).
The main bulk of the work will be in establishing a propagation bound for the irrotational part of the energy.
Namely, we want to show that

& BE0(1),1) Sa Blog(1 + |0, 1)lre ) E* (0(1), 7).

To do this, we start by deriving a wave-type equation for a. The general procedure for deriving this equation
is similar to [17]. However, we need to more precisely identify the source terms in order to obtain estimates

with the required pointwise control parameters A and B.

We begin our derivation with the simple commutator identity
DVp=—-Vov-Vp+VD;p.
Applying D; and performing some elementary algebraic manipulations gives
Di{Vp=—VDw-Vp+ D,VDiyp+ Vv (Vv-Vp) —Vuv-D,Vp
= %V|Vp|2 +VD?p+2Vu- (Vv - Vp) —2Vv - VD;p,

where in the last line, we used the Euler equations to write —VDyv - Vp = $V|Vp[2. As Ap = —tr(Vv)? is
lower order, it is natural to further split V|Vp|? as

1 1 1
5V|vp|2 = 5V’H|Vp|2 + §VA’1A|Vp|2.
From this, we obtain the equation
1 1
(7.30) D?Vp — §V'H|Vp|2 = 5VA—1A|vp|2 +VD2p+2Vv- (Vo -Vp) —2Vu - VDip =: g.

It will be seen later that g can be thought of as a perturbative source term. In an effort to convert (7.30)

into an equation for D;a, we take the normal component of the trace on I'; to obtain

1
(7.31) DyVp-nr, = ;N(a®) = g - nr,,
where we used the dynamic boundary condition p|r, = 0 to write |Vpjr,|* = a®. Since D, is tangent to T'y,
we have
(7.32) D}a = —D?Vp-nr, — D;Vp- Dinr, = —DiVp-nr, + a|Dynr, |*.

Note that for the latter equality in (7.32), we wrote D;Vp = —Dy(anr,) and used that Dynr, is tangent to
I';. Combining (7.31) and (7.32), we obtain the equation

1
Dt2a T 5'/\/'(&2) =—g-nr, + a’|DtnFt|27
which can be further reduced using the Leibniz type formula for N from (5.36) to the equation
(7.33) D?a+aNa = f,

where

fi=—-g-nr, + a|D,5nrt|2 +np, - VA_1(|V’H(1|2).
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To propagate (a, Dia) in H*=1(T;) x H* % (T;), one natural idea, in view of the ellipticity of N, would be
to use the spectral theorem to apply A k=% to the above equation, and then read off the associated energy
for the leading order wave-like equation. This is essentially the approach used in [17]. However, there is a
much better choice for our purposes, which comes from instead applying VHAN*~2 to the above equation.
The benefit to this is twofold. The most important advantage is that we only have to work with integer
powers of N, which will allow us to make use of the balanced elliptic estimates from the previous sections.
Secondly, this choice allows us to reinterpret the desired estimate for (a, Dia) in H*1(T'y) x H k=3 (Ty) as
an L? type estimate for the linearized equation (2.8) with perturbative source terms. Indeed, by defining
the variables

w = VHN*2D,a,
s = ./\/kila,
q:=H(aN* 1a),

we may interpret (w, s,q) to leading order as a solution to the linearized system (2.8). To verify this, note

that we clearly have V - w = 0. Moreover, we observe that g|r, = as and that w|r, - nr, = N*~1D;a. Hence,
Dys —wlr, - nr, = [Dy, N*"1a =: R.
We also note that in €, by using the equation (7.33) for a and the Leibniz formula for A,
Dyw +Vq = Q,

where
(7.34) Q:= Vv -w+ V[Dy, H{N*2Dsa) + VH[Dy, N*"2|Dya + VHN* 2 f — VHIN*2, a|Na.
To summarize the above in a compact form, we can write

Dyw+ Vg = Q in 4,

V-w=0in Qt,

Dys—w-np, =R on I}y,

q = as on I'.

The linearized energy estimate from Proposition 2.2 combined with Cauchy-Schwarz and Lemma 7.9 imme-
diately gives the preliminary bound

d 1

B Sa Blog(1+[|(v, D)llae) B + (IR z2qr,) + Q] z2(0))(E*) .
It remains to control the source terms Q and R. This will be where the bulk of the work is situated. Our
goal is to show that

1

1Q1 L2 () + IRIlz2(ryy Sa Blog(L+|(v,T)|ls:)(E¥)2.
We begin with the estimate for Q. We proceed term by term. Clearly, we have

Vo - w]| 20,y S B(E®)?.

To handle the second term in the definition of Q, we begin by recalling the simple commutator identity from
(5.42),

[Di, H]p = A7V - B(Vo, VHY),
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where B is an R%valued bilinear form. We then estimate using the H~! — H' bound for A~! to obtain
IV[D2, HIN* 2 D1a) | 120,y Sa BIVHN* 2 Dial| 120,y Sa B(EF)?.
For the third term in (7.34), we use the H2 (I'y) — H'(€;) bound for H to obtain
IVH([De, N* 721 D1a) | 12 () Sa ||[Dt=Nk_2]DtaHH%(F )
Then, from the commutator estimate Proposition 5.33 we obtain

I[De, N* 2] Dyl 4 , S vllax@p I Peall ooy + lollw.ee o | Deall + [ Deal| oo (o) 1T 7

B3 (ry)

+ [[vllw.eo @) 1Tz (020 SggTEHGj “nr, || e (r,)
J
i(k—3
+ HUHWI,OO(Qt)SUEQJ(k 2 QE)HG? '”FtHHé(Ft)v
7>

where Gjl- and G? are as in Corollary 7.6. Using Lemma 7.9, the energy coercivity, Lemma 7.7 and (7.15),
we have

I[De, N* 2] Dyal| Sa Blog(1+|(v, 1)) (E*)%.

H2 ()
Next, we turn to the estimate for VHN*~2f, which involves the most work. We recall that

f=—g-nr, +a|Dnr, > + V, A7 ([VHa|?),

where g is defined as in (7.30). Using the identities Dynr, = —((Dv)*nr,)" = —(Dv)*nr, + nr,(nr, -
(Dv)*nr,) and [VHa|?> = A|Hal|?, we may reorganize f into the expression

1 1
(7.35) f= §vnA—1A(Ha)2 - §vnA—1A|vp|2 — V.Dip + M + Mo,

where M; is a multilinear expression in nr,, Vp, Vv with exactly two factors of Vv (e.g., from (5.35), the
term a|Dynr, |?), and My is a multilinear expression in Vp, Vv, VD;p and nr, with a single factor of each
of VD;p and Vv (e.g., the term nr, - VD,p- Vv). We will abuse notation slightly and refer to terms of the
first type as M;(Vv, Vov) and terms of the second type as Ma(VD;p, Vv). Next, we estimate each term in
VHN% =2f with the expression (7.35) for f substituted in.

From Corollary 5.32, we have
IVHN 2V, AT A(Ha)?| 120, Sa ||Nk’2VnA’1A(Ha)2||H%(F :
Sa el AT AMH? [ 4 g, + 1A AH |15 0y)-

By writing A™'A(Ha)? = (Ha)? — H(Ha)? and using the C2 estimate for H from Corollary 5.16 twice

together with the maximum principle, we have

IATAMHA? ]| ) Sa HallL=@olHall oy ) Sallall oy, Sa B

Cz(Q Cz(Q

From Proposition 5.19, we obtain also
IAT AHa)? || v Sa BlITellar + 1AH)? | g2 (a,)-
Then using that A(Ha)? = 2|VHal|?, we obtain from Corollary 5.4,

1A k() S [Hall g o IHal ey ) Sa BIHall iy
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Then from Proposition 5.21, Lemma 7.7 and the energy coercivity bound (7.15), we obtain
1
Hall g g, Sa lallae=swy + [Tllarllali=(0,) Sa (B*)=.
Therefore,
IAH) |20, Sa BIEY)?.
Next, we turn to the term V,,A"1A|Vp|? in (7.35). The procedure here is similar. Like with the previous

estimate, we obtain

(7.36) IVHN® 2V AT AP 12 Sa ITella AT A(VE)] , HIANVP) -2 @)

3 (Q
and also

A=AV

<
c3 () ~A B.

Moreover, by expanding A|Vp|? (and some simple manipulations), we have
IANVEP) 1 me-2(0,) S NIVZPP N ae-2(0,) + 1APP [ r-20,) + [ VPAD| E-1(0,)-
Using Corollary 5.4 and Lemma 7.9, we have for the first two terms
V2P -2y + 8PP Lar—2(61) S4 19l 05 0 120 a0 ) S Bl s
To handle the other term, we use the Laplace equation for p to write
(7.37) VDA gr—1(0,) = [VPIiv;Ojvill pr-1(q,)-
Then from (5.1), Corollary 5.4, Lemma 7.5 and Lemma 7.8, we have
VPOiv;0jvill mr—1(0,) Sa llvllwie @) IVPOv;| -1,y + IVPOv; || Lo () 101 (00
(7.38) Sa ||U||W1w°°(szt)(||v||cé(Qt)||p||Hk+%(Qt) + lIpllwree ) 10 5 (020))
Sa Bll(0, )|

Combining the above with the energy coercivity (7.15), we obtain
1
IA(VPI) 20, Sa B(EF)?.

Next, we turn to the estimate for M;. We first write M; = M{B where M] is an R-valued multilinear
expression in nr, and Vp and B is an R-valued bilinear expression in Vv. We use the bilinear frequency
decomposition B(Vv, Vo) = B(Vol, Vost) + B(Vu<!, Vu') and consider the partition B = B} + B where
B} = B(Ve_ 0!, Vosh)+ B(Vos!, V& _;v!). Then using this partition, the trace inequality, energy coercivity
and Proposition 5.30, we have

(7.39)

IVHN* 2 My || 120,y Sa || M

H3FE(Q,)

_J (3 _
kag(n)_F”Ft”Hk ?ggQ 2||B]1‘||Loo(m)+§l>llo>23(k 2729 82|

S 1M gy g+ Bellwse oo [0 g e g [Tl Nellws e e e

<Sa M| + B(EF)3.

HY 5 ()
Using the same partition as above and Proposition 5.9, Proposition 5.11 and Lemma 7.5, we have

1Ml

Sa Vol L@ vl e,y + (el e + ||M{(VP=nrJHHk—l(rt))Sgg2f%||3;||L°°(szt)
J
+sup 273729 B2

lie .-
§>0 2T ()
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Estimating as in (7.39), this simplifies to
1
1M g ) Sa BOE)? + BIM{(Vp,nr) |- (r)-
By Proposition 5.9, Proposition 5.11, Lemma 7.8 and the energy coercivity, we have also
1
1M1 (Vp, ne) | e 0y Sa (BY)?,
from which we deduce
IVHA* M 120, Sa BEF)?.
Next, we estimate Ms. This estimate is similar to M;. One starts by writing My = M}B where MJ is
multilinear in Vp and np, while B is bilinear in Vv and VD;p. Using the partition B = B} + BJZ with
B} := B(V® 0!, V(Dip)=h) + B(Vo=!, V@ ;(D;p)') and a similar analysis to M;, we have
IVHN* 2 My | 2,y Sa llvllwrs @ |1 Deplle,) + 1 Dpllwros o) (Tl s + M5V, ne,) | i1y
+ I Depllwr. ) 1ol 5+ () -
Then using the W1 bound for D;p from Lemma 7.9 and the H* bound for D;p from Lemma 7.8, we have
IVHN* 2 Mo || 20y Sa Blog(L+|(v, D) lr-) (B*) 2.

Now we turn to the estimate for the term involving DZp. As usual, we first aim to write it in the form
A~V - f but in such a way that f involves favorable frequency interactions. This presents some mild
technical challenges as D?p will have terms which are up to quadrilinear in Vv. To deal with this, we have

the following lemma.

Lemma 7.11. There exist bilinear, trilinear and quadrilinear expressions B, T and M taking values in R?
such that

AD?p = —2A|Vp|*> + V- B(VDsp,Vv) + V - T(Vp, Vo, Vo) + V - M(v™, Vo=" VoS™ VySm),
Proof. First, using that v is divergence free, it is straightforward to verify
AD?p = 0;(9;Dypd;v;) + 8;(0;v;0;Dyp) + DyADyp =V - B+ DyAD;p.
Next, we expand D;AD;p. We start with the Laplace equation for D;p from (7.17),
AD;p = 30;(9ipd;v;) + 0;(0;v,0;p) + 20,;vk0kv;0;v;.

Using that v is divergence free, we have the commutator identity [0;, D] f = 0;(0;v; f). Combining this with

the Euler equations, we obtain
D;(30;(0;pdivj) + 0;(0;v;0;p)) =V - B+ V - T — 40;(0;p0;0;p)
=V -B+V-T-2A|VpJ
It remains to expand 2D;(0;v,0kv;0;v;). From the Euler equation and symmetry, we have
2D (0;v0,v;0;v;) = 6Dy (0vk) Ok 0;v; = —60;0k POk 0;v; — 60,00,V Ok V;0;v; .
We rearrange the first term as
—60,0kpOkv;0;v; = —60;(OkpOLv;0;v;) + 60kpD;0kv;0;v; = —60;(OkpIkV;i0;v;) + 30,0k (0jv:0;v;)
(7.40) = —60;(0kpOkvi0iv;) + 30k (0kp0;v;0;v;) — 30k0kpO;v;0iv;
=V T +3|ApP,
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where in the last line we used the Laplace equation for p. On the other hand, for the second term, by

symmetry of the indices, we have the quadrilinear frequency decomposition,
—60;10,vk 0005 = —240;0"Ovi " g " v
=V M+ 240" 9,00 " v " 005 ™ + 240} 0w " 050w v
By symmetry and the fact that v is divergence free, the second term on the right-hand side can be rearranged
as
240" 0,0, " Opv=" 0= = 8" 9y (v OpvE " O ™) = V - M.
For the third term on the right-hand side, we have
24U[”81v,§m8j8kvi§m ingm = 12vfnalv,§m8k(8jvi§m8ivj§m) =V - M- 128kvfnalvl§m8jvi§m6ivj§m
(7.41) =V - M — 30,v;0,v,0;0;0;v;
= V- M =3|Ap?,
where we used the Laplace equation for p in the last line. Combining (7.40) and (7.41) to cancel the 3|Ap|?

terms then completes the proof of the lemma. O

Now, we return to the estimate for VHN*~2V,, D?p. We use Lemma 7.11 and estimate each term separately.
The term —2VHN*~2V,, AL A|Vp|? can be estimated identically to (7.36). Let us then turn to the estimate
for VHN* =2V, A=1(V-B). We use a partition B = le- +BJ2 where le» is defined as follows: First, we perform
the frequency decomposition,
B =B(V(Dp)', Vo=') + B(V(Dip)=', Vo)
and then define
Bl = B(V&<;(Dp)', Vo' + B(V(Dyp)<!, Vo 0').
Then Corollary 5.32 and Proposition 5.19 gives
IVHN* 2V, ANV - B)l| 12,y Sa I1Bllax-1@q) + [ITell sup 272 | ANV - BY)lwise ()
J

+ sup 2j(k7175) HAfl(v . B%)”Hl(ﬂt)'
j>0

From Sobolev product estimates and the H* and L™ estimates for D;p,
1
1Bl 1062,y Sa llvllwroe @) | Depllmr @) + 1Dpllwrs @0 [0l ar o) Sa Blog(l+ [[(v,T)[las ) (E*)=.

Using Proposition 5.15, we also estimate

273|ATH(V - B]) e () Sa | Depllwrs @ ll0] Sa Blog(1+ [|(v,T)[m2)-

C3Fe(Qy)
Finally, using the error bounds for ®; and the L*° and H k estimates for D;p from Lemma 7.8 we see that

LA 4 i
2N ATHVBY) 100y Sa lollwrs @) [ Depllae @)+ Depllwr s o 1ol ) Sa Blog(L+][(v, T)[m) (E*)=.
Hence,

IVHN 2V, A7V - B)l|2(0,) Sa Blog(l + || (v, T)[lus) (E*)%.

The estimates for VHN*~2V,,A=1(V-T) and VHN*2V,A~1(V- M) are very similar. The main difference
is that we use the partition 7 = T + 75 with

T = 2T (Vp, Vo< 0!, Vo)
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and the partition M = M} + M} with
./\/l{ = M(0™, VO joS™ VusS™ Vos™).
Ultimately, we obtain
IVHN 2V, D?pl| 12(,) Sa Blog(1 + [|(v, T)l|me) (E*)*
which when combined with the previous analysis gives
[VHA™ 2122 Sa Blog(L+[|(v, T)lme) (E)

as desired. The last term in the estimate for Q that we need to control is VH[N*~2 a]Na. For this, we

have the following technical lemma.

Lemma 7.12. We have the following estimate:
IVHIN®2, a]Nal 20,y Sa Blog(1+ (v, T) ) (B*) .

Proof. Thanks to the H%(I‘t) — H'(Q;) bound for H, it suffices to estimate H[./\/kfz,a]]\/'aHH%(F X We

begin by using the Leibniz formula (5.36) to expand the commutator,
(7.42) W2 alNa= Y N"(NaN™a)— 2"V, A" (VHa - VHN™a).
n+m=k—3
We focus on the latter term in (7.42) first as it is a bit more delicate to deal with. To simplify notation
slightly, we write
aj = HNja, F:=Vayg - Vam+1, N<j =nr, - V(I)<j7'[, NZj =nr, - V@Zﬂ-[.

Using Corollary 5.32 and then Proposition 5.19, we have

N (VA7)

Ci(ma3 _
by S NE @0 + Tl §1>182 ImED AT E o )

+ sup 2/ (19 [ATYE? || 1 0.
>0

where F' = Fj1 + Fj2 is a suitable partition of F' to be chosen. To find a suitable partition, we start with a

bilinear frequency decomposition similar to before. We define aé = ®ja; and ajgl = &qa;.

Remark 7.13. We note that the regularization operator ®<; does not preserve the harmonic property of
a;. However, using the definition of ®<; (see Section 6), the operator defined by C<; := [A, ;] is readily

seen to satisfy the bounds,
(7.43) [C<tllcamsre $a 207 |ICqllgasre Sa2'07%, 0<a<l
for a,1 > 0. That is, C<; behaves like a differential operator of order 1 localized at dyadic scale < 2!.

Now, using the same convention as before in this section (where repeated indices are summed over) we have
_ l <l <i l o "
F =Vay-Va, ., +Vag -Va,, = F +F".

We can write F” and F” to leading order as the divergence of some vector field. Using that ag and a;,,+1 are
harmonic, we have
Fr=v. (aéVa%lel) — aéC’Slaerl =G +H,

(7'44) " l <l l 7 "
F" =V - (ay,1Vag') — a,, (1C<iag = G" + H".
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We will focus on F” first. To choose a partition of F’, we need to choose a suitable partition of G’ and
H'. We show the details for G’ and remark later on the minor changes needed to deal with H’. We write
G' = (G")j + (@)} with

(G/)]l =V (aéV‘bglaerléj), Um+1,<j ‘= (I)gj(HNZLjJFICL).

From Proposition 5.15, iterating the maximum principal and using the C'* bounds for H and the properties
of ®;, we have

i(ma 3 _
271D ATHGE ) lwrs ) Sa llalosrylal Sa B,

C3(T)
where we used Lemma 7.5 and Lemma 7.9 in the last inequality. For (G’)3, we can write
1 1
(G)] =V (@bl )+ > Vo (ap V)
0<i<m
where
byl =0 ®sjamyr, b =@ HNL NS N™ .,
Using Corollary 5.16, the properties of the kernel ® and the H~' — H'! bound for A™!, we obtain for each
0<1<m,
i(nt+l—€) | A — <l i(ntl—c <l
2N ATIV - (af VO 1 ) Sa 22T |ag | Lo 1051 10 0

(7.45) » B
[HNZN=N™ " a

Sa 2079 a|

C2 (1Y) |H%*€<m>'
Repeatedly using the H¢ — Hzt¢ estimate (5.20), the properties of ®, the bound ||np, lcer,y Sa 1 and the
trace inequality, we can estimate

2j(n+175)||HNijNZij7ia| <4 2j(n+1+ife) ||V(I)ZjHNmiiaH |

|H%+E(Qt) ~ HITe(Q,)
Sa [[HN™ |

Hn+i+%(ﬂt).

Using Proposition 5.30, Lemma 7.5, Lemma 7.7 and (7.15), we have

—i 1
Al e g, St lallmeas g + [T lallonry Sa (B

If n > 1, then doing a similar analysis for the term V - (aéVbilJrL ;) and combining this with (7.45) and the

bound Ha”c%(r <4 B, we obtain

t)
2/ (= A=Y(G)? | 1,y Sa B(EF)E.

If n =0, the term V - (aéVbilJrL ;) is instead treated slightly differently. For this, we estimate similarly to
before,

PO AT (@) a lall g g IHA ™l
Then we use Proposition 5.18 to estimate the last term as

”HNerlaHH% (Q) Sa ||Nm+1a||H1(Ft)7

"3 )

and then estimate this term by (Ek)% similarly to the above. Next, one readily verifies analogous bounds
for H', G"” and H" by using the similar decompositions,

(7.46)  (H")} = —afCxilamir<j), (G")} =V (®ams1,<;)Vag'), (H")} = -Cqa0®i(ams1,<;)).

J J
From these bounds, ultimately, we obtain

" _ 1
IN*(Vn AT )y o Sa I F o) + BIEY)?

(
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It remains to estimate F' in H™. We begin by looking at each summand in the bilinear frequency decompo-
sition for F,
F; :=V®ag - V@Slam+1 + V(I)SZCLO -VOiam41-

For the latter term, we have

19@ <100+ Viapmsallrn o0 Sa ol g g lameall s o

which when n > 1, we know from the above can be controlled by B(Ek)i. For n = 0, we have the same

bound by simply using Proposition 5.18. For the other term, we can further decompose

1 2
(7.47) Am+1 = Q1,0+ Qg1

where a), |, = HN ' a. We then have from the properties of ®<; and the control of ||Hall by

Hn+m+% (QP)
the energy (as above),
1

2

[V®ia0 - VO<i@m+1 mn(a,) Sa H(IHC2 r )(Ek) :

As Va,, 41 is not at top order, we can easily verify using the decomposition above that we also have the

following cruder bound for each [

_ 1
(7.48) 1El 2y Sa 272 (0, T)llge (B2,

for some integer r > 1 and small constant 6 > 0. Arguing as in Lemma 7.9, we can combine the above two
bounds to estimate

IF () Sa Blog(L+ (v, T) o) (B*)=.
This handles the latter term in (7.42). Now, we turn to the first term. We have to estimate |N™(NaN™1q) [ @)
where n,m > 0 and n +m = k — 3. Here, we only sketch the details as the procedure for this estimate is '

relatively similar to the previous term. We start by writing
NaN™a = (Hnr, - Vag)(Hnr, - Van) =t K, .
Then we apply Proposition 5.30 and Proposition 5.11 to estimate

IV Kl ) S I sy + I e sup 250 DR i +sup 2105720 )

HY(T,) ~ HE Q)
where K = KJ1 + KJ2 and
(7.49) K} :=®_;((Hnr, - V@ja0)(Hnr, - VO, HN,a)).

Similarly to the above, we can estimate

2_j(er%)HK;HLw(Qt) Sa B.

We also have an estimate of the form

21329 | k2| o) SA K (0 + B(E*)2 + 2709 B(V®> jag, Vam)||12(a,)

G rd+e

S | K|, + BE®)? +sup 2/ 19| B(V a0, Vam) | r2(a)
1>0

for some bilinear expression B. Using a decomposition of a,, similar to (7.47), we have
29| B(V @100, Vam)| 12, Sa Blog(l+ [[(v, 1)l ) ()2
Therefore, we have

W Kir 4 0,y Sa Blog(L+ ([, D) ) (B)2 + K | ns1(a,).
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To estimate K in H"*1(€2;), the starting point is similar (but slightly more technical) than the estimate for F’
in H™ from above. The idea is to do a quadrilinear frequency decomposition for K and study each summand
individually. The relevant terms correspond to terms essentially of the form (®;Hnr, - V@<ja0)(P<;Hnr, -
Vo<an) and (P<;Hnr, - VOia0)(®P<iHnr, - VO<ia,,) and (@< Hnr, - VO<ja0)(®iHnr, - VO<ja,,) and
(P<iHnr, - VO<ja0)(P<Hnr, - V®iam,). The second and fourth terms can be handled almost identically to
the estimate for F' in H™ (as by the maximum principle, one can dispense with the factors of Hnr,). The
first and third terms are handled similarly by decomposing ag and a.,, into low and high frequency parts
as in (7.47) and using Proposition 5.21 when ®;Hnr, is at high frequency compared to the other factors.
One then obtains the desired estimate similarly to the estimate for F' in H™ above. We omit the remaining
details. g

We now turn to the estimate for the final source term, R = [Dy, N*~!]a in L?(I';). To control this term, we
first write

[Dt,Nkil]a = [Dt,/\/]/\/'k*Qa + N[Dt,/\/'kﬁ]a.

For the latter term, we have by Lemma 5.24,
INDe, N*2lall 2 ryy Sa lDe, N*all g r,)-
Then using Proposition 5.33 and the coercivity bound, we estimate

I1De, N*2Jall i r,) Sa llvllwr @ lal ge-r ey + llal (Tl + N[0l mx @) + llallzoe @ [0llwo @ [Tl

c3(ry)
Sa B(EF)?.

To conclude the proof of Theorem 7.1, it remains to estimate [D;, NJN*~2q in L?(T"). This term is rather

delicate due to the lack of a trace estimate in L(I"). To deal with this term, we have the following proposition.

Proposition 7.14. Let s € R with s > % + 1. Then we have,

(7.50) [V, D] fll 2y Sa Blog(L + [[(v, D) [le) | £z (ry.-

Our proof requires the following short lemma which is essentially a consequence of Proposition 5.18.
Lemma 7.15. For each l =1,...,d, we have

75 I (987100 = )l 0 ey S0 1

Proof. This will follow by interpolation if we can prove

(7.52) lnr - (VAT — e)| sy T llnr - (VATI0 =€) Sal,

L2(Q)—H™ H375(Q)—H5(T)

for some 0 < & < e. The Hz™0 — H® bound follows easily from the trace inequality, the bound
[nr, |lcer,) Sa 1 and Proposition 5.18. For the L? — H~% bound we use duality. Indeed, let f € L2(f).
Since (VA™19, — ¢;) f is divergence free, we have

/gnr (VAT —e)fdS = / VHg - (VA0 —e))fdr Sa HQHH%(F)HfHL?(Q),
r Q

for every g € Hz(I). Therefore, we obtain (7.52) and thus also (7.51). O
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Proof of Proposition 7.14. Now, returning to the proposition, we expand using (5.40),
[Dy, N1f = Dynr - VHf —np - (Vo) (VHS)) + np - VAT ' A(v - VHS).

The first two terms on the right can easily be estimated in L? by the right-hand side of (7.50) by using (5.35)
and Lemma 5.24. Now, we turn to the latter term. We write for simplicity u := Hf. We then split u as

u = E Qu+ b5 yu = E up + U,
lSlo lSlO

where [y is a parameter to be chosen. Note that wu; is not harmonic anymore, but it is to leading order. As
usual, we also write the corresponding divergence free regularizations for v as v; := Vv, v<; := ¥ v and so
forth.

The following lemma shows that we have a suitable estimate when u is replaced by a single dyadic regular-
ization .
Lemma 7.16. For each | € Ny, we have
IVaAT A - V)l z2ry Sa Bl oy,
where the implicit constant does not depend on I.
Proof. We write
(7.53) VoA T A - V) = VAT Ao - V) + Vi AT A (vsg - V).

For the second term, where v is at high frequency, we use the identity A~™'A = I —H and the H' — L?
bound for A to estimate

(7.54) VR AT Aoz - V)l 2y Sa IV (vse - V)| 2y + s Vel gy
For the first term in (7.54), we distribute the derivative to obtain
(7.55) IV (w21 - V)l pary S Bl Vull oy + vt - V2l 2.

For the first term in (7.55), we use the variant of the trace theorem leading to (4.8) and the fact that u; is

frequency localized to obtain

1 1
IVarl oy S 1Vl o IVl Fagqy <l o) Sa 1l

H3 (Q)
where in the last estimate we used Proposition 5.18. For the second term in (7.55), we again use the trace

theorem and the fact that v>; is higher frequency to obtain
2 2, 13 2. |3
vz Viullzay S vz Vol Zellvze - Voullfy S Bllull g o) S Bllfllen @)
The term |[vs; - V|| gr(ry in (7.54) is similarly estimated. For this, we only need to estimate |V (vs; -
V)| r2(ry, and this is handled by an almost identical strategy to the above.
Now, to estimate the term in (7.53) where v is at low frequency, we distribute the Laplacian and use that

vy is divergence free to write V,,A™1A(v<; - Vu;) as a sum of terms of the form

VnA_laj (DU<1Dul) + VnA_laj (U<lClu),
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where Ciu := [A, ®;]Ju. Using Lemma 7.15 we can then estimate

IVa AT Aoy - V)| 2y Sa [ DvaiDu 3 T llv<Cr] =1+ Jo

L2(T)n L2T)NH? (9)

Using that v is at low frequency, we can estimate similarly to the above,

J1 Sa Bl flla @y

For Js, we note that C; is an operator of order 1 and still retains essentially the frequency localization scale

of 2!. Therefore, we can estimate Jy similarly. This completes the proof of the lemma. |
Returning to the proof of Proposition 7.14, we now estimate using Lemma 7.16,
VWA AW V)l ey Sa loBIS ) + [Va A A - Vusiy)llzam.

Again, using that v is divergence free, we can (as above) expand V,A71A(v - Vusy,) as a sum of terms of

the form
V. A70;(DvDusy,) + Vi, A™10; (vC<pyu),

where C<j,u = [A, @<, ]u. For the latter term, we can simply estimate as above (since v is undifferentiated),

IVa AT 0;(vC<iyu) | L2y < D IVaAT10;(vCr) | L2y Sa loBI| fllm (r)-
1<lo

For the other term, we use Lemma 7.15 to obtain

IVaA™10;(DuDusy, )| rary Sa Bl Dusioll oy + [1DvDuz1l g o -

Since u is harmonic we have
B||Duzi, | L2ry Sa Bl fllaiw) + Bl Du<iy || L2(r)

Then expanding u<;, = »_,; w and using the trace theorem leading to (4.8) for each term as above, we
get
B||Dusi, || 2y Sa Bloll fll ey

Finally, by product estimates and Sobolev embedding, it is easy to bound

[DvDusy, | Sa Bl fllar @) + 1Dz, |l 1 e ry Sa (B 4270 (0, D) lls) 1 f |z )

HE(Q) HE+e(Q)

for some ¢ > 0. Then choosing Iy = log(1 + ||(v,T")||m=), we conclude the proof of the proposition. O

Finally, we conclude the proof of Theorem 7.1 by observing first from the above proposition that we have

11D, NIN*2al| p2(ry Sa Blog(1 + || (v,1)]|z-)

IN*=2a g ).
Then, using Proposition 5.30, Lemma 7.5, Lemma 7.7 and (7.15), we have
IN*all ) Sa (BF).

This finally concludes the proof of Theorem 7.1.
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8. CONSTRUCTION OF REGULAR SOLUTIONS

In this section, we give a new, direct method for constructing solutions to the free boundary Euler equations
in the high regularity regime. Solutions at low regularity will be obtained in the next section as unique limits

of these regular solutions.

Previous approaches to constructing solutions to free boundary fluid equations include using Lagrangian
coordinates, Nash Moser iteration or taking the zero surface tension limit in the capillary problem. A more
recent approach in the case of a laterally infinite ocean with flat bottom can be found in [47]. The article
[47] uses a paralinearization of the Dirichlet-to-Neumann operator and a complicated iteration scheme to
construct solutions. In contrast, we propose a new, geometric approach, implemented fully within the Euler-
ian coordinates.

Our novel approach is roughly inspired by nonlinear semigroup theory, where one constructs an approximate
solution by discretizing the problem in time. To execute this approach successfully, one needs to show that
the energy bounds are uniformly preserved throughout the time steps. In our setting, a classical semigroup
approach would require one to solve an elliptic free boundary problem with very precise estimates. However,
on the other end of the spectrum, one could try to view our equation as an ODE and use an Euler type
iteration. Of course, a naive Euler method cannot work because it loses derivatives. A partial fix to this
would be to combine the Euler method with a transport part, which would reduce but not eliminate the loss
of derivatives.

Our goal is to retain the simplicity of the Euler plus transport method, while ameliorating the derivative
loss by an initial regularization of each iterate in our discretization. In short, we will split the time step into

two main pieces:

(i) Regularization.

(ii) Euler plus transport.

To ensure that the uniform energy bounds survive, the regularization step needs to be done carefully. For
this, we will take a modular approach and try to decouple this process into two steps, where we regularize
individually the domain and the velocity. We believe that this modular approach will serve as a recipe for a

new and relatively simple method for constructing solutions to various free boundary problems.

The overarching scheme we employ in this section was carried out in the case of a compressible gas in [27].
While we follow the same rough roadmap here, we stress that the main difficulties in the incompressible
liquid case are quite different than for the gas. One obvious reason for this is that the surface of a liquid
carries a non-trivial energy. Also, we introduce another new idea here, which is to begin the iteration with
a regularized version of the initial data, and then to partially propagate these regularized bounds through
the iteration.

8.1. Basic setup and simplifications. We begin by fixing a smooth reference hypersurface I'. and a collar
neighborhood A, := A(Ts, €, d). Here, as usual, ¢y and 0 are some small but fixed positive constants. Given
k > % + 1 sufficiently large and an initial state (vg,Tg) € H*, our aim is to construct a local solution
(v(t),T;) € H* whose lifespan depends only on the size of ||(vo, T'o)|/s», the lower bound in the Taylor sign
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condition and the collar neighborhood A.. We recall from Theorem 7.1 that we have the coercivity
L [0, D)7 =a E*(v,T)

for any state (v,T') € H*. For technical convenience, we will work with the slightly modified energy,

81)  Ew,T) = [[VHN* (e~ Dia)||F2(0) + ||07%Nkfla||2L2(r) + Wl -1y + 0l 720y + 1-

This new energy is readily seen to be equivalent to the old one in the sense that

(8.2) EF(w,T) =4 E*(v,T).

The primary reason we modify the energy is that it will allow for cleaner cancellations in the energy when
we later regularize the velocity.

Now, fix M > 0. Given a small time step € > 0 and a suitable pair of initial data (vo,T) € HF with
|(vo, To) ||+ < M, we aim to construct a sequence (ve(je), [c(je)) € HF satisfying the following properties:

(i) (Norm bound). There is a uniform constant ¢y > 0 depending only on A., M and the lower bound

in the Taylor sign condition such that if j is an integer with 0 < j < coe!, then

[[(ve(€), Te(G€) lmr < C(M),

where C(M) > 0 is some constant depending on M.
(ii) (Approximate solution).

ve((j + 1)e) = ve(je) — €(ve(je) - Vue(je) + Vpe(je) + gea) + Ocr(€2)  on Qe((j + 1)e) N Qe(je),
Vv ((j+1)e)=0 on Q((F+ 1),
Qe((4 +1)e) = (I + eve(je) ) (Qe(je)) + Ocn (€%).
We will not have to concern ourselves too much with the Taylor sign condition in this section as we are
working at high regularity and this is a pointwise property. In particular, we will suppress the lower bound

in the Taylor sign condition from our notation. A nice feature about the above iteration scheme is that it
suffices to only carry out a single step. For this, we have the following theorem.

Theorem 8.1. Let k be a sufficiently large even integer and M > 0. Consider an initial data (vy,To) € H*
so that || (v, To)|lgx < M and vy and wo satisfy the initial regularization bounds

(8.3) [voll w1 () < K(M)e™, Jlwoll grsn(y) < K'(M)e™t 7™,

forn = 0,1, where K(M), K'(M) > 0 are constants, possibly much larger than M, such that K'(M) <
K(M). Then there exists a one step iterate (v, o) — (v1,I'1) with the following properties:

(i) (Energy monotonicity).
(8.4) EF(v1,T1) < (1+ C(M)e)E¥ (v, To).
(i) (Good pointwise approximation).

v1 = vg — €(vg - Vg + Vpo + geq) + Oci(€2)  on Q1 NQ,
(8.5) Vv =0 on Q,
Q1 = (I + ev)(Qo) + Ocn (62).
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(i1i) (Persistence of the regularization bounds). vy satisfies the regularization bounds
(8.6) o1l i1,y < K(M)e™t, lwillmrina,) < (K'(M) +C(M)e)e 7,
forn=0,1.

Remark 8.2. Property (8.6) ensures that v; retains the H**! regularization bound with the same con-
stant compared to the first iterate, and w; has a regularization bound which can only grow by an amount
comparable to e times the initial regularization bound, which is acceptable over ~;; e~ ! iterations. The
energy monotonicity property, along with the energy coercivity bound from Theorem 7.1 will ensure that the
resulting sequence (ve(je), [c(je)) of approximate solutions we construct remains uniformly bounded in H*
for j < €7 !, The second property in Theorem 8.1 will ensure that (ve(je), Tc(j€)) converges in a weaker

topology to a solution of the equation.

The assumption (8.3) for vy is for technical convenience. In the regularization step of the argument, it will
allow us to decouple the process of regularizing the domain and regularizing the velocity into separate argu-
ments (see Lemma 8.4 in the next section). The condition (8.6) ensures that (8.3) can be propagated from
one iterate to the next. Assuming that the initial iterate satisfies (8.3) is harmless in practice. Indeed, by the
regularization properties of ¥ -1, we can replace the first iterate in the resulting sequence (vc(je), I'c(je))
with a suitable e~ ! scale regularization so that the base case is satisfied. We note crucially that such a reg-
ularization is only done once - on the initial iterate - as we only know that this regularization is bounded on
HF (it does not necessarily satisfy the more delicate energy monotonicity). In contrast, we require the much
stricter energy monotonicity bound (8.4) for all other iterations as in the above theorem. The condition on
the vorticity in (8.3) can also be harmlessly assumed for the initial iterate. When we later regularize the
velocity, we will not regularize the vorticity, but rather only the irrotational component. This is why, in
contrast to the H**! bound for vy, the constant for w; in (8.6) gets slightly worse. Nonetheless, the careful
tracking of its bound in (8.6) ensures that it only grows by an acceptable amount in each iteration. The
heuristic reason why the regularization bound on w; is expected is because the vorticity should be essentially
transported by the flow, and therefore should not suffer the derivative loss of the full velocity in the iteration

step.

Outline of the argument. We now give a brief overview of the section. The first step is selecting a
suitable regularization scale. To motivate this, we recall that the evolution of the domain and the irrotational

component of the velocity is essentially governed by the following approximate equation for a:
(8.7) D?a ~ —aNa.

Therefore, heuristically, D; behaves roughly as a “spatial” derivative of order % To control quadratic errors
in the energy monotonicity bound in the Euler plus transport iteration later, it is therefore natural to attempt
to regularize the domain and the irrotational part of the velocity on the ¢! scale, as we do in Theorem 8.1.
As the vorticity is essentially transported by the flow, we are able to leave the rotational part of the velocity

alone, and instead track its growth as in (8.6).

With the above discussion in mind, we begin our analysis in earnest in Section 8.2 by regularizing the do-
main on the e~! scale. More specifically, given (vg, I'g) € H* with vy satisfying (8.3), we construct for each
0 < € < 1 a domain Q. C Qy whose boundary is within O¢1(€2) of 'y and which satisfies the regularization

bound ||T¢||gr+e Snmre € * for all @ > 0. This is achieved by performing a parabolic regularization of the

~
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graph parameterization 79 on I'y, together with a slight contraction of the domain. We then define our new
velocity 99 = ¥g(€) by restricting the old velocity vy to the new domain .. As will be the case in every
step of the argument, the main difficulty is to carefully track the effect of the regularization on the energy
growth. The main point in this part of the argument is to show that the parabolic regularization of g
induces a corresponding parabolic gain in the surface component of the energy Ha*%./\/' kflaﬂiz () allowing

us to control all of the resulting errors.

With the domain now regularized, we move on to regularizing the velocity in Section 8.3, which is step 2 of
the argument. In this step, we leave the domain and rotational part of the velocity alone, and regularize the
irrotational part of the velocity on the e ! scale. The way we execute this is by using the functional calculus
for the Dirichlet-to-Neumann operator. The main difficulty in this step of the argument is in tracking the
effect of this regularization on the ||VHNk_2(a_1Dta)H%2(Q) portion of the energy, which at leading order
controls the irrotational component of the velocity. An additional objective in this step of the argument is
to improve the constant in (8.3) so that we can ultimately close the bootstrap in the upcoming Euler plus

transport phase of the argument.

The final step in our construction is to use an Euler plus transport iteration to flow the regularized variables
(ve, T'e) along a discrete version of the Euler evolution. It is in this step of the argument that we expect to
observe a 1 derivative loss (see the equation (8.7) for Dfa, for instance), which is why the above regularization
procedure is imperative. The Euler plus transport argument we employ is carried out in Section 8.4. Control
of the resulting energy growth is shown by carefully relating the good variables a, D;a and w for the new
iterate to the corresponding good variables for the regularized data. Then, with the energy uniformly
bounded and the variables appropriately iterated, in Section 8.5 we conclude that our scheme converges in

a weaker topology, completing the construction of solutions.

8.2. Step 1: Domain regularization. We begin with the domain regularization step. For this, we have

the following proposition.

Proposition 8.3. Given (vo,To) € H* with vy satisfying (8.3), there exists a domain Q. contained in Qo
with boundary I'c € A such that the pair (vo, ,T) satisfies
(i) (Energy monotonicity).

(8.8) EX oy, Te) < (14 C(M)e)E* (vo, To).

(i) (Good pointwise approximation).
(8.9) ne =10 + Oc1(€%) on T..

(i11) (Domain regularization bound). For every a > 0, there holds,
(8.10) IPell preso Sara €

Proof. In the sequel, we will use vy as a shorthand for vg,,, . To regularize I'g, we begin with the preliminary

parabolic regularization of 1y given by

where Ar, is the Laplace-Beltrami operator for I',. The rationale for using the operator e’ Ar. instead of,
for instance, the operator e~ ¢/Pl is to ensure that when k is large enough, we have 10Tl s —2r,) Swr €

This ensures that the hypersurface parameterized by 7. in collar coordinates is at a distance on the order of
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no more than Oy (€?) from Iy in the H*~2 topology (and thus the C! topology if k is large enough). We
would also like to additionally guarantee that (). is contained in g, so that we can use the restriction of
the velocity vy to €. as the velocity on the new domain. Therefore, we slightly correct the above parabolic

regularization by defining our regularized hypersurface I'. through the collar parameterization
Ne = Ne — 0627

where C' is some positive constant depending on M only, imposed to ensure that the domain €2, associated
to I'c is contained in €. Clearly, 7. satisfies (8.10) and the required pointwise approximation property in
(8.9). The main bulk of the work in this step of the argument will therefore be in understanding how the

above parabolic regularization of the surface (and also the restriction of the velocity to Q) affects the energy.

Given (99, T) as above, we define the associated quantities &g := V X ¥y and pg, D:po, o and Dyiag on £,
and I'; by using the relevant Poisson equations, as in Section 7.1. We will use the notation N; to refer to the
Dirichlet-to-Neumann operator for I'.. Before proceeding to the proof of energy monotonicity, we note that
the above construction gives rise to a flow velocity V; in the parameter € for the family of hypersurfaces I'.
by composing d.n.v with the inverse of the collar coordinate parameterization  — x + n.(z)v(z). We may
harmlessly assume that V; is defined on 2, by harmonically extending it to Q.. We use D, := 9.+ V.-V to

denote the associated material derivative, which will be tangent to the family of hypersurfaces I'..

We also importantly make note of the fact that for every s € R, we have

(8.11) l@ollas.) < llwolla=(y,  Nolla=.) < llvollms=(a)-

Therefore, the bounds in (8.3) are retained from the initial data and, moreover, the rotational component of

the energy does not increase.

Now we turn to the energy monotonicity bound (8.8). We will need the following two lemmas.
Lemma 8.4 (Material derivative bounds). The following bound holds uniformly in €:
(8.12) DV || o1 (0. Sm 1

Lemma 8.5 (Variation of the surface energy). Let k be a sufficiently large even integer. Then we have the

following estimate for the ag component of the energy:

d, -1 .
Zelao *NE oG e,y Sv —€elTell 3 + Oum(1).

Lemma 8.4 will allow us to essentially ignore any contributions to the energy coming from the restriction vy,

while Lemma 8.5 will help in controlling the variation in € of the irrotational components of the energy.

Before proving the above lemmas, let us see how they imply the energy monotonicity bound (8.8). Thanks
to Lemma 8.5 and (8.11), we only need to study the D;a component of the energy. For this, we recall from

the Laplace equation (7.4) that we have

(8.13) ag ' Diag = ag 'mr, - Vo - Vo — ag 'nr, - VAL (AT - Vo + 4tx(Vpo - Vig) + 2tr(Vap)®)  on I..
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We apply D.VH N2 to (8.13) and distribute derivatives. We first dispense with the commutator. Using
the standard Hz2 (T'.) — H*(9) bound for ., the H*~2(T,) to Hz(T.) bound for N*~2 from Proposi-
tion 5.30 and the Hz (') — H* () bound for [D., H.] from (5.39), we have

I[De, VHNE?|(@g " Dedo)ll 20,y Sar I1De; NE7?)(ag " Dido)l 3 ) lag " Didio|

H3(T. g3y

Then, using the formula (5.43) and the elliptic estimates in Section 5 as well as the bound ||V || ge—1(py S 1,

it is straightforward to verify the commutator bound

k—2 <
||[‘D€7'}\/€ ]”Hk*%(r\e)_)H%(Fe) ~M 1.
By elliptic regularity, ||do_lDtdOHHk—%(F | is Opr(1). Hence, we obtain

I[De, VHNE?] (g Diaio) || 20,y S 1

Using that

IVHNE2De(ag ' Dedo) | 12 (.) Sar | De(@g * Dedio)|| i (r.)’

it remains now to estimate || D (ag ' Dyao) || For this, we distribute the operator D, onto the various

3 (T
terms in (8.13). To expedite this process, we collect a few useful bounds. First, using Lemma 8.4, the trace

theorem ensures that we have the bound

[ DeV ol + 1DV ol gre-1(0,) Sm 1.

g3,

Using the identities for [Ag:, D.] and Dnr, in Section 5.6, the Laplace equation for p., and the fact that
Ve is harmonic, we also readily verify the bounds

(8.14) I1Deboll s g,y + IDenrmn-2(ry + [ Detollar—2r.) Sar 1
and
(I[P Mo oy + 1Deioll g ) Sar 1 IVl o
From the above bounds and (8.13), we obtain the estimate
1Dl Deo)l g, S0 L+ IVell s -

The term ||V, ||H,€,, ry does not contribute an Oy(1) error, as it “loses” half a derivative. However, from

the definition and regularization properties of V., we have
1
”VEHH’C*%(FE) Sml+e? ”neHHHl(F*)'
Hence, using Proposition 2.3 and Cauchy-Schwarz, we obtain
d o1~
I VHNE (a5 Diao)l 720,y Sar L+ o€l Telfresa,

where dg > 0 is some sufficiently small constant. Using the parabolic gain from Lemma 8.5, we notice that
the latter term on the right-hand side is harmless as long as dp = do(M) is small enough.

It remains now to establish the two lemmas. We begin with Lemma 8.4, which is quite simple.
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Proof. Since 0,09 = 0, we have
D.Viy = V.- VViy.

Then we use ||V€||Hk,%(Q ) Swm o€ and ||V€||Hk,%(Q |

(8.3); namely, [|vo|| grr1(qy) < K(M)e™!, to estimate

<wm 1 together with the inductive bound for vy from

| DeVOo | pre—1(0.) SMm |\‘4||ka%(QE)H%HHHI(QG) Vel gr1 oo lPoll mx 0.y Sm 1.
This completes the proof of Lemma 8.4. |

Finally, we come to establishing Lemma 8.5, which is where the bulk of the work will be. We begin by

establishing the following representation formula for the good variable N*~1a:
(8.15) NEag = (—1)"ao AT ke + R,
where k. is the mean curvature for I'c, 2m = k — 2 and R, is a remainder term satisfying the bounds

(8.16) |Rell 3,y + €2 1 Relleny + [DeRel 2y Sar L.

H3 (T
The importance of (8.15) will be clear later. Roughly speaking, (8.15) states that to leading order N*~1d¢ has
a convenient local expression. Such an observation will facilitate the use of local formulas later on, consistent
with our choice of domain regularization. Observe also that in (8.16), we have D.R. = Opz2(p y(1). This

is stronger than the expected bound D.R. = O . The reason for this improvement is the bound

H*%(ré)(l)
(8.12) for D Vp; this term would have had to have been treated more carefully if we had attempted to

regularize the velocity in this step of the argument.

Proof of (8.15). In the following analysis, R, will generically denote a remainder term satisfying (8.16) which
is allowed to change from line to line. Likewise, R, will denote an analogous remainder term but with

(8.17) R. = O3y (1) 2R =Omi1ry(1),  DeRe=Oprapy(1).
To establish (8.15), we begin by relating N.dg to the mean curvature. Indeed, from Ar po = 0 and the
formula
Apolr, = Ar,fo — kenr, - Vo + D*po(nr, ,nr,),
we have

Goke = —ninj0;05Do + Apo
= —n;n;0;0;Po — tr(Vip)?
= —n;n;0;0;p0 + Re,
where in the last line, we used Lemma 8.4 to check the remainder property for DR, and the inductive

assumption (8.3) and interpolation to control e2R.in H k=1(T".). We now further expand using the Laplace

equation for po,
—n;n;j0;0;p0 = njNe(njag) + njnr, - VA;lelajtr(Vf)o)2
= n;N(n;ao) + Re.
Next, we expand
niNe(njag) = Neag + apnjNenj — 2nnr, - VAS_QS(VHJ’LJ‘ - VHcao)
= N.ao + aopnNenj + R.
= Neag + R,
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where in the first equality, we used the Leibniz rule (5.36) for N.. From the second to the third line, we used
the Leibniz rule again, and that N(n;n;) = 0. In summary, what we have so far is the identity
(8.18) Nedg = dokic + Re.

The next step is to obtain the leading order identity,
(8.19) NF1ag = aopNF=2(ay ' Neao) + R.

by applying N*~2 to M.dp and then commuting ag L with NPF=2_ Here, R, can be seen to satisfy the required
bounds through the use of the various commutator identities for D, listed in Section 5.6 as well as the Leibniz
rule (5.36), the elliptic estimates in Section 5 for N, and the estimates in (8.14).

Before proceeding further, we recall the formula
(8200 —(Ar. + NS = KNef =200, V(=Do )" (VHenr, - VM f) = Nenr - (Nefrr, + VT f)
from [41, Equation A.13]. Also, we recall from (4.23) of [41] the commutator estimate

(8.21) IAr., De]ll e (roy—me-2r0) Sm ([ Vell

Then, given that k — 2 = 2m is even, applying (8.18), (8.19) and iterating (8.20) m times, we have

w b, Sl 1<s<k-L

NI Yag = aoNF 2 (G ' Neo) + Re = (—1)" a0 AP (ag 'Nedio) + Re = (—1)" a0 Af" ke + R,

where by straightforward (but slightly tedious) computation we verify that the remainder term R, has the
needed bounds through the use of the various commutator identities for D, listed in Section 5.6 as well as
the above estimates (8.18)-(8.21), the relevant elliptic estimates in Section 5 and (8.14). O

Now, we are ready to establish the differential inequality in Lemma 8.5. For the sake of clarity, let us
begin by assuming that the reference hypersurface is given by {z4 = 0} and that T, is literally given by
g = Ne(21, ..., £4—1). Then the mean curvature and Laplace-Beltrami operator take the form

Ane 9ine0;ne0;0;ne
L+ Va?)s 1+ [Vnf?)3

Re =

and

1 g
(8.22) Ar, f = ———==0i(9/ V1 + [Vn[?0; f),
V14 IVne?

where (g) = (8;j4+0;me0;jne) 1. Observe that g¥/ and V. are one derivative more regular than k.. Therefore,
by making use of the identity d.n. = 2¢Ar, 7. and the regularization bound (8.10), we can differentiate in e

and commute 2eAr, with these coefficients to obtain,
(8.23) (De(NEag)). = 2(=1)"eAr, (@oAF ki)« + Orz(r) (1),

where we define f.(z) := f(x + n.(z)v(z)) for a function f defined on T'.. Moreover, by an exercise in local
coordinates, the reader may check that (8.23), as written, is valid for general reference hypersurfaces T',.
Now, using (5.41), the bounds for R, and Cauchy-Schwarz, it follows that

d, -1 1.
—cllag * N aolZar,) Sar 1= el DI, (AF, Kol 2 r,),
where |D|r, = (—Ar,)2. To conclude, we now only need to show the coercivity type bound

7l grrrr.y Sar L+ [[|Dlr, (AR Ke)« |l L2(r.)-
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For this, we begin with Proposition 5.22 which yields

[7ell zrmtr .y Saa 1+ (| Kell e,y

Then, using (8.22) and the fact that 2m = k — 2 (this being relevant for ensuring domain dependent implicit
constants are at most Ojs(1) in size), one can easily verify the ellipticity bound

I6ell a0y Sm 1+ (AR Kell i) Sm 1+ [[|Dr, (AT &)« 22, )-

This concludes the proof. O

8.3. Step 2: Velocity regularization. Now, we aim to regularize the velocity @y on the e ™! scale, which
will help us to improve the regularization constant in (8.3). This will be needed to compensate for the
losses in this constant in the upcoming transport step of the argument. Thanks to the previous step, we
are reduced to the situation of regularizing on a fixed domain which has boundary regularized at the e~!
scale. To perform this step of the regularization, we decompose the velocity 7y into a rotational component
which is tangent to the boundary and an irrotational component. Roughly speaking, we will then regularize
the irrotational component of ¥y and leave the rotational component alone. We will then reconstruct the
regularized velocity using the regularized irrotational part and the original (not regularized) rotational part
of ¥g. The precise procedure for doing this will come with some slight technical subtleties due to the fact
that the normal to the surface is half a derivative less regular than the trace of the velocity on the boundary.
We will outline these nuances in more detail shortly. Heuristically, the reason it is unnecessary to regularize
the rotational part of ¥y in this construction is because the vorticity will not lose derivatives in the transport
step of our argument later. In other words, the vorticity bound in (8.3) is expected to only worsen by an

O (1) error when measured in H* and an Ops(e~!) error when measured in H**!, which is acceptable.

Proposition 8.6. Given the pair (09,T¢) from the previous step, there exists a reqularization v — ve defined

on Q¢ which satisfies:

(i) (Energy monotonicity).
EF(ve,Te) < (1 + C(M)e)EX (o, Te).
(i) (Good pointwise approximation).

Ve = Vg + Ocl (62),

(8.24)
V-v. =0.
(i11) (Regularization bounds). For each n = 1,2 and K (M) large enough, there holds
1 —-n
(5.25) ol < KGN

Remark 8.7. The bound in (8.25) with n = 1 ensures that the constant in (8.3) is improved at this stage.
The H**2 bound will be needed to close the bootstrap in the final Euler plus transport step of the iteration
in the next section because this step loses derivatives for the velocity.

Proof. We begin by recalling the rotational/irrotational decomposition of @y from Appendix A of [41]:
o = 05 + 0,
where for a divergence free function v, we have v := VH.N_1(v - nr,). Naively, we would like to directly

regularize the irrotational part of ¥9. However, this does not quite work because the normal nr, is half a

derivative less regular than the trace of vy on I'.. To get around this, we will regularize the irrotational
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part of a suitable high frequency component of v5. More precisely, let us consider a subregularization v_

of vy, defined by v_ := \I/< ,%170, which lives on an €2 enlargement of 2.. We then define w := 95 — v_.

€

Loosely speaking, we think of w as the portion of vy with frequency greater than ¢~ 2. In contrast to the full
irrotational part of vy, it is safe to regularize the irrotational part of w. The heuristic reason for this is that
at leading order the term w - nr, can be interpreted as a high-low paraproduct. That is, the contribution of
the portion where nr, is at comparable or higher frequency compared to w is lower order as there is still a
nontrivial high frequency component of w to compensate for the % derivative discrepancy between the trace
of w and nr..

For the irrotational part of w, the regularization we choose has to respect the energy monotonicity bound. We
will see below that the spectral multiplier P<c-1(Ne) := 1{_c-1 1](Nc) is very convenient for this purpose.
We therefore define the irrotational component of our regularization ve of vy by removing the high frequency
part of w - nr, as follows:

v =0 — VHN P 1 (w - nr,)

=" + VHN P 1(w-np,).
For simplicity, let us write
W’ = VHN"Pe—1(w - nr,).
We define the full regularization v. of 0y by
ve 1= 5% + vl

If k is large enough, the combination of Sobolev embedding, ellipticity of A" and spectral calculus allows us
to easily establish the pointwise approximation property (8.24). Next, we establish the regularization bound
(8.25) for ve. We begin by writing

Ve = v_ 4wl +w,

t

where w"°" is the rotational part of w. We then estimate piece by piece. It is first of all clear that the

corresponding bound holds for v_. So, we turn to estimating w?". For this, we note the following preliminary
bound for N~ on the space H*(T.) := {f € H*(T.) : Jr. f =0} from Proposition A.5 in [41]:

(8.26) ||'A/e_lf||H5(Fe) Sulfllgs-—ry,  0<s<1L
From this and the functional calculus for N, we deduce in particular the low regularity bound
(8.27) [P NTHw - e )l L2y Sa llw - ne |l g-1r,)-

This will be useful for handling the low frequency errors in the estimate for w’". Next we check that (8.26)
and (8.27), in conjunction with Proposition 5.9, Proposition 5.21, Proposition 5.26 and the regularization

bounds for nr, and w, yield

< —n
|Hk7%+n(l—‘€) NM € bl

”wiT”H’H"(QE) SMon ||Fe||Hk+%+n”w “nr, || ge-2,) + ||7Dgrl(w “nr,)
where the implicit constant can be taken to be much smaller than K (M) since K (M) > M. Note that in

1

the above estimate, we used the paraproduct structure of w - nr,. More specifically, in the case when k — 35

derivatives fall on nr_, we compensated the half derivative loss by an €z gain from w.
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Finally, we move on to showing the regularization bound for w"¢. Here, we use Proposition 5.27 to obtain

||U}T0t||Hk+n(Qe) SM ||wmt||L2(Qe) + ||V X wHHHn*l(QE) + ||I‘E||Hk+nf% + HVTMTOt ’ nFeHHH”*%(FG)

SM,K’(M) e "+ ||wT°t||L2(Q€) + ”varot “nr, ”Hk“h%(re)’

where we used (8.3) for @p. Again, the implicit constant can be taken to be much smaller than K (M) if
K'(M) in (8.3) is small enough compared to K(M). To estimate [[w"||r2(q,), we simply use (8.26), the
identity w™" = w — w™ and the H2 (T'.) — H*(Q) bound for H, to crudely estimate

(8.28) w200y S llwll g (e,

Then, using
VTwrot np, = _wrot . VT”FE,

Proposition 5.9, Proposition 5.11 and the regularization bounds for I, we have (if k is large enough)

1_

metHHHn(Qe) Spe ™+ ||wT0t||Hk—1+n(Qe) +e 2 "HU}TOtHHk—Q(QE)u

which implies by interpolation and (8.28) that

1_

||wTOt||H’C+"(Qe) SM,n e "M+e 2 "||wTot||Hk72(Qé)-

From Proposition 5.27, the inequality (8.28) and the fact that w is localized to frequency > € %, we easily
obtain
[w™ | an2(0) Su Wl 20,y S e
Therefore, we have
W™ || s (00 Snan €77

with implicit constant much smaller than K (M). This yields the desired regularization bounds for v.

Next, we turn to the energy monotonicity. The domain is fixed in this step, so it is advantageous to compare
the difference between £F (v, T'.) and £¥(7g, ) directly. It will also be convenient to write the first term in

E*(v,T) as a surface integral:
IVHA™ 2 (a7 Dya)[F2(0) = [N (a7  Dra) 31,

using integration by parts and the functional calculus for N'. Moreover, since the vorticity we is the same

as Wy, we may restrict our attention to the two surface components of the energy in this step of the argument.

We begin with a simple algebraic identity for the a. component of the surface energy:

/ a ' INFLa 2 dS = / ag HINF a2 dS + 2/ a7 N ta N ae — ag) dS
€ FE

—5 Ark—1 N
= llac 2N (ae — ao)llz2(r,) + Om(e).
To derive an analogous relation for the other portion of the surface energy, we note that from the integer
bounds for N in Section 5 and the identity ||Nk7%f||[‘2(p) = [[VHN*72f| 12(q), we have the estimate

_3
||N'Ek 2 <um 1. On the other hand, we have the elliptic regularity estimate

H"*%(FE)HN(FG)

llao — ae||kag(Fe) Sz 1Po = pell o,y Su 190 — vell gr-1() S e
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Together, these imply that

NE 2 (0 Dya) | dS = / N2 (@ Dsao)2dS +2 | NETE (a7 Dead) N R (a7 (Dsac — Dyiig)) dS
I I, I

— IVEH (@7 (Drac = Diao) e, + O (o)
Motivated by the identities above, let us define the “energy” corresponding to 09 — ve by
E¥ (o — ve) = INE ¥ (a7 (Drdio — Drae)) [3aqry + lac FNE (o — a0)[3ar, .
In light of the above identities, it suffices to show that
2/1‘ Mki%(aletaE)./\/ekig (aZ'(Diac — Dyag)) dS + 2/r aZ*NFta NP (a, — ag) dS
e < O(M)e+ EF(g — ve). é
Our starting point is to observe the leading order relation given in the following lemma.
Lemma 8.8. We have the following relation between Dia. — Diag and (ve — 0g) - nr,:
(8.29) a " (Diac = Dyiio) = =Ne((ve = 0) - nr) + Oy 1 (€).
Proof. We begin by noting the bound
(8.30) 90 = vellgr—1(0.) Sm €
and the elliptic regularity estimate
[P0 — Pell zrx ) S 1T0 — vell r—1(0.) Swm e
Using the equation for D;p from (7.4) we may therefore write
Dyac = Didg = nr, - V(ve =) - Vpe = nr. - VAT (A(ve = 10) - Vpe) + O iy 1 (€).

Then, using the standard identity Nfip =n-Vf —n- VA~'Af and commuting nr, - V in the first term

and A in the second term above, we can verify, from (8.30),

Diac — Dyag = —Ne(ae(ve — o) - nr,) + OH’“*%(FS)(G)-

The conclusion then follows by commuting N, with a. using the Leibniz rule for A, and (8.30). In the
case when everything falls on a., we also compensate with the surface regularization bound (8.10) and the

associated improvement in the bound for 99 — v when measured in lower regularity Sobolev norms. O

We now turn to the a. component of the energy, which is straightforward. Indeed, by elliptic regularity,

2/ aeil/\/’ekilaej\/ekil(ae —ao)dS S |lae — dO”H’C*l(Fe) S |Jve — ol
T

€

H" 3 (Q0)"

To estimate v, — 0y, we observe the identity v, — 99 = VHN Py —1((ve — T0) - nr, ), which follows from

the idempotence P -1 = Pie,l. Using this, Lemma 8.8 and ellipticity of NV, we have

<ar €7 (EF (T — 1)) + C(M)e,

~ 1 ~
[[ve — ol Su €2 |[(ve = o) el ey 1) S

H" 3 (Q.)

which suffices by Cauchy-Schwarz.
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Next, we move to the more difficult portion of the energy which involves D.a.. We start by combining
Lemma 8.8 with (ve — 0g) - np, = —Ps—1(w - np,) to obtain the relation
k=5, _1 k=%, 1 ~ k=%, 1 k—g
Ne 2(a " Diac)Ne 2(a (Diac — Diag))dS = | Ne 2(a; "Dia)Ne 2Psc—1(w-nr.)dS + Op(e).
I, I
Define p_ and D;a_ in the usual way using the relevant Laplace equations. We split the above integral into

the two components,

(8.31)
/ NER (a;lDtae)/\/'Ekféprl(w ‘np,)dS = / NER (a;lDta_)/\/'Ekféprl(w -nr,)dS
r. Ie

+ [ MR (Diae — Dl )NETEPL i (w - np, ) dS.
I

We begin by studying the first term in (8.31). By self-adjointness of N., we have

NE 30 Da )NF T2 P. (e dS = | NETE (a7 Dia )NET AP i (w - mp, ) dS
e Z(a; " Dya_)Ne 2Psc—1(w-np.)d e Z(a; " Dya_)Ne 2Py c—1(w-np.)d
. re

1

_ k—
< ella; ' Dia_|| [PserNe 2 (w-nr,)llL2(r,) + Onmle),

HY R ()
where we used the multiplier P -1 to recover a power of N; in the high frequency term. Next, we show
_ 1 . _ _1
that ||a_ 1Dta_”H’“’%(Fe) <um € 2. By Sobolev product estimates and the fact that ||a_ 1HH,€,%(F€) Sar ez,

it suffices to show the same estimate for ||Dia_|| To see this, recall that, by definition,

H (o)
Dia_ =nr,-Vo_ -Vp_ —nr_-VDip_.

Note then that by Proposition 5.11 we have the estimate |Vu_|| <um €2, since v_ is regular-

H*=3 ()

ized at the e 2 scale. Moreover, as np, = Ogi-1(1) and T, is regularized at the e

scale, we have
2. By Proposition 5.11 and Proposition 5.19, we also have ||[Vp_||

1
n 1 < €~ 1 < € 2.
H T kai(lje) ~M kai(lje) ~M

Therefore, by Proposition 5.9, we have ||nr, - Vo_ - Vp_||

_1
H*=3(T.) S
Using Proposition 5.19 and the fact that the pressure terms in the Laplace equation for Dyp_ always ap-

pear to one half derivative lower than top order, a similar analysis yields ||np, - VD p_|| S €2,

H" 3 (T.)
Therefore, we obtain from Lemma 8.8 the bound,

_3 _1 1
NE 2 (@7 Dia NS 2 Pocr (wmn,) dS Sar €[ P NE2 (w - n) | e, + O (€)
Fe

Sar €2 (EX (o — ve))? + O (e),
as desired. It remains to deal with the other term in (8.31). For this, we need to expand D:a. — Dia_. As a

first reduction, we note that we can replace every appearance of p_ with p. in the definition of Dia_ if we

allow for Ops(e2) errors. This is because |p. —p—lar,y Sm llve —v-|lmr-—10,) S ez. Hence, we have
Dia_ =nr,-Vo_-Vp.—nr, - VAs_zél (4tr(V?pe - Vo) + 2tr(Vu_)? + Av_ - Vp,) + OH’“*%(F )(e%).

We may also replace the lower order terms involving v_ by v.. Arguing similarly to Lemma 8.8, we then
obtain the key identity

Dia_ — Dia. = aN((ve —v_) -nr,) + O3 )(e%)

= acP<c—1Ne(w-nr,) + O i3, (€7)
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Hence, we have

/ Ne 7%(%71(1)15&5 - Dta—))/\/’eki%P>rl(w ~np,)dS Sy — / Ne 7%P§e*1(w ) nFe)Mki%P>rl(w -nr,)dS
r. Fe

_ 1
+ e NS TEPS o (w - nr,)

|z2r.)-

The first term on the right-hand side above vanishes by orthogonality (this term is the reason we reweighted
the energy in the first place) and the latter term is controlled by ez (€% (5 — v))2. Therefore, we obtain the
desired bound for the D;a. portion of the energy. This completes the proof of Proposition 8.6. O

8.4. Step 3: Euler plus transport iteration. In this subsection, we construct the iterate (vy,I'1) from
the regularized data (ve,Tc). Intuitively, what remains to be done is to carry out something akin to the
Euler iteration
vy := v — €(ve - Ve + Vpe + geq)
and then the domain transport
x1(x) := x + eve(x).

Unfortunately, performed individually, these steps lose a full derivative in each iteration. Therefore, it is
important that these two steps be carried out together. This will reduce the derivative loss and allow us
to exploit a discrete version of the energy cancellation seen in the energy estimates. We will then use the
regularization bounds from the previous subsections to control any remaining errors in the iteration. To

carry out this process, we have the following proposition.

Proposition 8.9. Given (ve,T'c) as in the previous step, there exists an iteration (ve,T¢) — (v1,T'1) such
that the following properties hold:
(i) (Approzimate solution).
v1 = Ve — €(Ve - Ve + Vpe + geq) + Ocr(€2)  on Q1 NQ,,
V-vy =0 on Q,
Q= (I + eve)Qe.
(i) (Energy monotonicity bound).
EF(v1,T1) < (1 + C(M)e)EF (v, Te).

Moreover, v1 and wy satisfy the inductive bounds (8.6).

We define the change of coordinates z1(z) := x + ev () and the iterated domain ; by
Q1 = (I + eve)Qe.

To define v, we proceed in two steps. First, we define

(8.32) 01(1) = ve — €(Vpe + gea).

We note that ; is not divergence free, so we define the full iterate vy by correcting the divergence of 01 by
a gradient potential:

v1 =01 — VANV - 1y).
At this point, we can verify the inductive bound (8.6) for v; and w;. We start with v;. We recall that we
have to show that

o1l gw+1(0p) < K(M)e "
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As a first step, using the regularization bound (8.25) for v, from the previous section, we have from the
definition of 97, the regularization bounds (8.10) for I'. and the balanced elliptic estimate Proposition 5.19,

- 1 n
(833) HU1||Hk+n(Ql) S gK(M)E N

for n = 0,1,2. Next, we aim to control the error between v; and ¥, in H*(Q;) and H**1(Q;) (but not
H**2(Qy)). We have for n = 0,1 from the balanced elliptic estimate Proposition 5.19,

o1 = o1l gren (o) S T et 24 IV - Dl -2y + IV - 01l v )
1 - .
Sa e 2TV B[ grea gy + IV Ol gE-rinay)-
Above, we used the H**! and H**2? (depending on if n is 0 or 1) regularization bounds for v., Moser
estimates, the bounds for I, and the relation I'; = (I + ev.)(T.) to control HFl”H’”%*" <y €27 By
using the definition of v; and the regularization bounds for v, it is straightforward to see that the divergence,
V-1, contributes an error of size Okaun(Ql)(e%’”) and also Oyr—2(q,)(€?). Note that for this computation,
one must use the cancellation between the velocity and the pressure in (8.32) in order to see the desired
gain. Therefore, we have
_ - - 3_
IVAGHY - 01) | reen(ay) = lo1 — T1ll grsn(ay) Sare? ™™

From this and (8.33), we conclude the inductive bound

01| s ) < K(M)e?,
and the leading order expansion for vy (z1) in H*(€,),

3
v1(71) = ve — €(Vpe + geq) + Oprq,)(€2).

If k is large enough, then the leading order expansion (8.4) with Oci(€2) error can be seen by slightly
modifying the above argument. Now, we verify the inductive bound ||w: || gri+n () < €17 (K'(M)+eC(M))
for n = 0,1. It suffices to establish this for @, since v; and ¥ agree up to a gradient. Taking curl in the

definition of ¥ and using that w. = @y, we have
(8.34) IV % (@1 (@) | rrsn (o) < @ollgren(a,y < K'(M)e™t 7™
By chain rule, using (8.33) and the regularization bounds for v., we have
@1 (@) |z 00y < NIV X (01(21)) | s 0, + C(M)e™,
which by a change of variables and (8.34) yields
&1 ]| om0,y < €K (M) + €C (M),

as desired. Note that in the above two lines, we treated C(M) as an arbitrary constant, and relabelled it
from line to line. Importantly, we did not do this for K(M) and K'(M).

Next, we work towards establishing the energy monotonicity bound for the transport part of the argument.
As a first step, we aim to relate the good variables associated to the iterate v; to the good variables associated

to ve at the regularity level of the energy. We have the following lemma.

Lemma 8.10 (Relations between the good variables). The following relations hold:
(i) (Relation for wy).
wi(z1) = we + Opr-1(0.)(€)-
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(i) (Relation for pi).

(8.35) p1(21) — pe — €Dipe = OHk+%(Q€)(E>'
(i1i) (Relation for ai).
(8.36) a1(21) = ac + eDac + O py (€).

(iv) (Relation for Diay ).

D;ay(z1) = Diae — eacNeae + OH’“*%(FE)(Q'

Proof. The relation for w; is immediate. Next, we move to the relations for p; and a;. By the chain rule

and the Laplace equation (7.4) for Dyp., we have
Alpr(21)) = (Ap1)(21) + €Ave - (Vp1)(@1) + 26Vve - (Vopr)(@1) + O iy 1 (€)
= Ape + GADtpe + GA’UE : ((vpl)(fﬂl) - vpé) + OH’C*%(Q )(6)
= Ap. + eADp. + OH"’%(SL)(E)’

where in the last line, we controlled eAwv, - ((Vp1)(z1) — Vpe) = O by using the regularization

H’“*%(Qe)(e)
bounds for v, as well as the error bound (Vpi)(z1) — Vpe = Opec(q.)(€), which is gotten by performing

an H k(Qe) elliptic estimate in the second line, using the fact that p;(z1) — p. vanishes on T'. and that
cach of the source terms can be estimated directly in H*~2(€2.) (but not in H*~%(Q)). Therefore, since
p1(x1) — pe — €Dyp. vanishes on I'¢, we may now do a H*+3 (Q.) elliptic estimate to obtain the finer bound,

(837) pl(xl) — Pe — EDtpe = OHk+%(Q€)(e)a
which gives (8.35). We also deduce from this that
(Vp1)(z1) = Vpe + €V Dipe — eVoe - (Vpr)(z1) + OHk—%(QG)(E)
= vpe + GDthe + OHIC—%(Qe)(E)'
From this we see that
a1(21) = ac + eDrac — (nr, (z1) — nr,) - (Vp1)(@1) + Opre-1(r,) (€)
= a + EDtae + OHk—l(Fe)(E),
where in the last line we used
1
(nr, (1) =nr,) - (Vp1)(21) = —a1(z1)(nr, (21) —nr,) - nr, (21) = —Gl(ﬂfl)§|nrl($1) —nr,|* = Ogr-1(r,(€).

This gives the relation (8.36).

Next, we prove the relation for D;a,. First, we see that
—(D¢Vp1)(z1) + DiVpe = ((Vor - Vp1)(21) — Voe - Vpe) — (VDip1)(21) — VDipe)
= ((Vo1)(z1) = Ve) - Vpe = ((VDip1)(@1) — VDipe) + Ope-1 (o, (€)-

To control the second term on the right-hand side above, we write out the Laplace equation for Dyp;(x1):

A(Dipi(z1)) = (ADsp1)(w1) + Opr—2(q,)(€).

(8.38)

By a similar analysis to the proof of (8.36) and the relation
(Avl)(xl) = A(’Ul (l‘l)) + Okaz(Qe)(E) = Av. — EVApe + Okaz(Qe)(E) = Av. + Okaz(Qe)(E),
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we obtain

(ADyp1) (1) = ADipe + (Avy - Vp1)(21) — Ave - Vpe + 4tr(Voy - V2p1)(21) — 4trVue - V2pe + Oz, (€)
= ADype + 4tr (Ve - (V2p1)(21) — Vpe)) + Opr—2(q,)(€)
= ADype + Ogr—2(q,(€),

where in the last line, we used (8.37) and that eDip. = Oy (q,)(€). Combining the above with (8.38), one
obtains by elliptic regularity,

—DVpi(x1) + DVpe = ((Vv1)(z1) — Ve) - Vpe + Opr-1(q,)(€).
Then, noting from (8.36) that
(DyVp1)(a1) - (nr, (x1) — nr,) = (DyVp1)(21) - (a7 ' Vpe — (ay ' Vp1)(21)) = OH’“%(FJ(G)
and using the fact that Ap. is lower order, we obtain
Dyai(z1) — Dyae = —aenp, - V(vi(x1) —ve) - nr. — (DVp1)(z1) - (nry (x1) —nrp,) + O
= eacnr, - VVpe -nr, + 0, 3 (Fé)(e)
= €acNeVpe - + 0 g (o (€):
Finally, noting that Ncnp, - nr, is lower order, we have, thanks to the Leibniz rule for N,

€acNVp. - nr, = —ecaN(nr.a.) - nr, = —cacNeae + OH’“*%(F )(6).
Therefore, we have the desired relation for D;a;. This completes the proof of the lemma. O

Energy monotonicity. To finish the proof of Proposition 8.9, it remains to establish energy monotonicity.
The following lemma will allow us to more easily work with the relations in Lemma 8.10.

Lemma 8.11. Define the “pulled—back” energy E¥(vy,T1) by
5 (v, Ty) = 1+ [NF 2 (ag ! (1) Dear (21)) 72,y + llay 2 (Il)/\fek_l(al(wl))||%2(ré)

+ le(xl)Hkal(Qe) + H/Ul(xl)HL?(Qe)'
Then we have the relation

5k(v1,r1) < gf(vlal—‘l) + Owm(e).

Before proving the above lemma, we show how it easily implies the desired energy monotonicity bound. In
light of Lemma 8.11, it suffices to establish the bound

EF(v,T1) < (1 + C(M)e)EF (v, T.).

The monotonicity bound for the vorticity is immedlate from Lemma 8.10. For the surface components of the

energy, we first use Lemma 8.10, the fact that ||N : || < 1 and the regularization bounds

e)—L2(Te)
for I'. and v, to obtain

/ |N xl)Dtal(xl | dS / |N 71Dtae)|2 dS

(8.39) —2 [ NTE D) NETE (a7 (Dyar ) (1) — Dyae)) dS + O ()
Te

= —26/ a;l./\/ekletae./\/fflae dS + Oy (e),
.
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where in the last line, we used the commutator estimate ||[[N*~*, aZ!|Dyacllp2r.) S 1 to shift a factor of

1 _3
NZ onto N;k 2 Diae. We similarly observe the leading order relation for the other component of the energy
by using (8.36) to obtain,

/ ay () INF(ay (21)))? dS —/ a Y INFLa 2 dS = 26/ aZ*NF* 1 Dia NFta dS + Op(e).
. Le Le
The first term on the right-hand side of the above relation cancels the main term on the right-hand side of

(8.39). Combining everything together then gives
EF(vy,T1) < (1+ C(M)e)EF (v, To),
as desired. It remains now to establish Lemma 8.11.

Proof of Lemma 8.11. By asimple change of variables, it is clear that the difference between ||w; (:101)||%[,C,1(Q )
and ||w1||§{k,1(91) contributes only Oy (e) errors. This is likewise true for the L? component of the velocity.
The main difficulty is in dealing with the surface components of the energy. For this, we need the following

proposition.

Proposition 8.12. Let —3 < s <k —2 and let f € H*TY(I'y). Then we have the following bound on T'.:

INLF) (1) = Ne(f (@)l e ooy Sar el fll s+ oy

Proof. First, we handle the case s = —4. If g € C=(T',), we write h = g(z7 ")H1J where J is the Jacobian

corresponding to the change of variables y = z1(z). Then we have by the divergence theorem,

[ @ - Nitstenas = [ wisas- [

Iy r

1
2

gNe(f (x1)) dS

= Vth-VHlfdx—/ VHeg - VH(f(21)) da.
Ql Qe

Using again the change of variables x — x; for the first term in the second line above, together with the

estimates
Hihllmr @) Saellgllyy ) and [(VHU) @)z Sa 13 1y
it is easy to verify

(8.40)
/Fg((le)(xl)—Ne(f(xl)))dSSM V((Hih)(@1) — Heg) - (VHLf)(21) do

Qe
+ / VA V() @) = H @) el W

We label the first and second terms on the right-hand side above by I; and I5. For I;, we use the fact that

on I'. we have
(Hah)(z1) = Heg = (J(21) — I)g
to obtain the following simple elliptic estimate
1S g o N0 3 oy + 13 o AR @) sy Sar el f s o Il o

where we used the chain rule and that #; 4 is harmonic to estimate A((H1h)(x1)). A similar elliptic estimate

yields the same bound for 5. This establishes the case s = —%. By interpolation, we only need to handle
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the remaining cases when % < s < k—2. As a starting point, we have from some simple manipulations with

the chain rule and the trace inequality,

[NLf) (1) = Ne(f @) s oy S el fllas+reyy + (g (1) —ne,) - (VHLE) (1)1 1)
+ ||(H1f)($1) - He(f(ml))HHyré

2(Q)°

By writing nr, (21) — nr, = a7 'Vpe — ay *(21)(Vp1)(z1) and using the relations in Lemma 8.10 and that
s < k — 2, the second term on the right is straightforward to control by €| f||gs+1(r, ). For the third term,

we do an elliptic estimate analogous to the s = —1 case (using that (H1f)(z1) — He(f(z1)) = 0 on T¢) to

obtain
11 £)@0) = H @O v,y S0 I @ e gy St el

This completes the proof. O

Now we return to the proof of Lemma 8.11. We note first that
[NT ™ an) (1) = NEHar (20)) 2y S INVeWNT2an) (1) = NEHaa (@1)) | 2r,)
NN 2an) (1) = (NFHan) (@)l ez ) -

Applying Proposition 8.12 to the term in the second line and using the H' — L? bound for A/, we have
[NV an) (1) = NEMaa (@)l ary S INF2an) (1) = NE2(aa (@) ) + Ona(e).
Iterating this procedure and applying Proposition 8.12 k — 2 times, we see that we have
IV an) (@) = NEH(an (@) 2,y Sue
It follows from the above and a change of variables that we have
||a1_%N1k_lal||%2(rl) < IIGI%(Il)f\ff*l(al(xl))llzp(re) + Owm(e).
To conclude the proof of Lemma 8.11, we need to show that
IVHL (NF 2 (a7 Diar)) 1720y < IIVHNE2(ar (@1) Diar (21)) |20,y + Om(e)-
From a change of variables, we see that
IVHLNT 2 (a7 ' Dran))l| 72,y — IVHNET? (a7 (1) Drar (@1) |72,y Sm T + Om(e),

where
T o= [(VHINT 2 (a7 ' Dyar)) (1) = VHNE 2 (a7 (1) Drar (1)) |22 (02,

By elliptic regularity, it is easy to verify the bound

T Su [NF2 (ay " Diay)) (1) — NE2 (a7 (21) Dian (z1)) | + On(e).

HE (T2
From here, we use Proposition 8.12 similarly to the other surface term in the energy to estimate

IVE ™2 (a1 Dyan)) (1) = NE2(ar (@) Dran (@) g oy S e

This completes the proof. O
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8.5. Convergence of the iteration scheme. We have now arrived at the final step of the existence proof,
where we use our one step iteration result in Theorem 8.1 in order to prove the existence of regular solutions.

Precisely, we aim to establish the following theorem.

Theorem 8.13. Let k be a sufficiently large even integer and M > 0. Let (vg,T) € HF be an initial
data set so that ||(vo,To)|lgr < M. Then there exists T = T(M) and a solution (v,T") to the free boundary

incompressible Euler equations on [0,T] with this initial data and the following reqularity properties:
(v,T) € L=([0, T;; H*) N C([0, T}, H* )

with the uniform bound
[, D)) lex S 1, £ €[0,T].

We remark that the solution we construct is unique by the result in Theorem 4.6. One missing piece here is
the lack of continuity in H*, which does not follow from the proof below. However, this will be rectified in

the next section. We now turn to the proof of the theorem.

Proof. Starting from the initial data (vo,[o) € H* with [y € A, := A(T, €9,9), for each small time scale
€ we construct a discrete approximate solution (ve,I'c) which is defined at discrete times ¢ = 0, ¢, 2¢, .. ., as
follows:
(i) We define (v¢(0),Tc(0)) by directly regularizing (vo,Tg) at scale e. Such a regularization is provided
by Proposition 6.2 with ¢ = 277, In view of the higher regularity bound there, these regularized
data will satisfy the hypothesis of our one step Theorem 8.1, with M replaced by M = C(A)M.
(ii) We inductively define the approximate solutions (ve(je), I'e(j€)) by repeatedly applying the iteration
step in Theorem 8.1.
To control the growth of the H* norms of (v.,I'c) we rely on the energy monotonicity relation, together with
the coercivity property in Theorem 7.1 (and also the relation (8.2)). We use the energy coercivity in both

ways. At time ¢t = 0 we have
EF(0(0),Tc(0)) < CL(A)M.

We let our iteration continue for as long as

) E¥(ve(je), Te(je)) < 2C1(A)M,
8.41
( T(je) € 2A, := A(T4, €0, 20).

As long as this happens, using the coercivity in the other direction we get
[(ve(je), Te(ie)) e < C2(A)M.
Now by the energy monotonicity bound (8.4) we conclude that
X (ve(je), Te(je)) < (1 + C(Ca(A)M)e)’ € (ve(0), T(0)) < MG (1,(0), T (0)).
Hence we can reach the cutoff given by the first inequality in (8.41) no earlier than at time
t=cj <T(M):=C(C2(A)M),

which is a bound that does not depend on e. Similarly, for the second requirement in (8.41), the relations
(8.5) ensure that at each step the boundary only moves by O(e), so by step j it moves at most by O(je).
This leads to a similar constraint as above on the number of steps. Analogous reasoning shows that the

vorticity growth in (8.6) is also harmless on this time scale.
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To summarize, we have proved that the discrete approximate solutions (v, T'c) are all defined up to the
above time T'(M), and satisfy the uniform bound

[(e: Tl S 1 in [0,7],
with I'. € 2A,. Since k is large enough, by Sobolev embeddings, this yields uniform bounds, say, in C3,
(8.42) [vellos + [Inelles Sar 1 in [0, 77,

where 7 := np, is the defining function for I'c € 2A..

The other piece of information we have about ve comes from (8.5). However, this only tells us what happens
over a single time step of size €, so we need to iterate it over multiple steps. We begin with the first relation
for the velocity in (8.5), which implies that

ve(t, 2) = ve(s, Y)| + [Voe(t, 2) = Voe(s,y)| Sar [t —s|+ e —yl,  t—s=e
Iterating this we arrive at
(8.43) [ve(t, ) — ve(s,9)| + |Voe(t, ) — Voe(s,y)| Sar [t — s+ |z — yl, t,s € eNN[0,T].
A similar reasoning based on the last part of (8.5) yields
(8.44) 17e(t) = ne(s)ller Sm [t =l t,s € eNNO,T].

Similarly, from (8.35) in Lemma 8.10 and the elliptic estimate | Dipe||g= Sas 1 for each time, we also get a

difference bound for the pressure; namely,
(8.45) [Vpe(t, x) — Vpe(s,y)| Sm |t — s| + |z —y, t,s € eNN[0,T].

Equipped with the last three Lipschitz bounds in time, we are now able to return to (8.5) and reiterate
in order to obtain second order information. As above, we begin with the first relation in (8.5). Here we
reiterate directly, using the bounds (8.43) and (8.45) in order to compare the expressions on the right at

different times in the uniform norm. This yields

(8.46) Ve(t) = ve(s) — (t — 8)(ve(s) - Vve(s) + Vpe(s) + gea) + O((t — 5)?), t,s € eNN0,T].

The same procedure applied to the last component of (8.5) yields

(8.47) Qc(t) = (I + (t — 5)ve(5)Qe(s) + O((t — 5)?), t,s € eNN[0,T].

We now have enough information about our approximate solutions (v, I'c), and we seek to obtain the desired
solution (v,T") by taking the limit of (v.,T’¢) on a subsequence as ¢ — 0. For this it is convenient to take

€ of the form € = 27, where we let m — co. Then the time domains of the corresponding approximate

solutions v,,, are nested.

Starting from the Lipschitz bounds (8.43), (8.44) and (8.45), a careful application of the Arzela-Ascoli

theorem yields uniformly convergent subsequences
(848) 77m _> 777 U’ITL _> U? V'Um _> V'U, vpm _> vp7

whose limits still satisfies the bounds (8.43), (8.44) and (8.45). It remains to show that (v,T") is the desired

solution to the free boundary incompressible Euler equations, with I' defined by n and p, where p is the
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associated pressure.

We begin by upgrading the spatial regularity of v and 7. For this we observe that for t € 27NN [0, T] we

can pass to the limit as m — oo in (8.42) to obtain the uniform bound

[vlles + lInlles S 1.

Since both v and 7 are Lipschitz continuous in ¢, this extends easily to all ¢ € [0,7]. A similar argument

applies to the H* norm of (v,T).

Next we show that (v,I") solves the free boundary incompressible Euler equations, which we do in several

steps:

i) The initial data. The fact that at the initial time we have (v(0),T'(0)) = (vo, o) follows directly from the
construction of (v.(0),'¢(0)); namely, by Proposition 6.2.

ii) The pressure equation. To verify that p is the pressure associated to v and T' we simply use the uniform

convergence of Vv, n, and Vp,, in order to pass to the limit in the pressure equation (1.5).

i) The incompressible FEuler equations. Here we directly use the uniform convergence (8.48) in order to
pass to the limit in (8.46). This implies that v is differentiable in time, and that the incompressible Euler

equations are verified.

w) The kinematic boundary condition. Arguing as above, this time we directly use the uniform convergence
(8.48) in order to pass to the limit in (8.47).

Finally, the C(H*~1) regularity of (v,T) follows directly from the incompressible Euler equations and the

kinematic boundary condition. O

9. ROUGH SOLUTIONS

In this section, we aim to construct solutions in the state space H® as limits of regular solutions for s > %—i— 1.

The general procedure for executing this construction will be as follows.

(i) We regularize the initial data.
(ii) We prove uniform bounds for the corresponding regularized solutions.

(iii) We show convergence of the regularized solutions in a weaker topology.

(iv) We combine the difference estimates and the uniform H® bounds from step (ii) to obtain convergence

in the H® topology.

As will be seen below, this procedure carries with it various subtleties since it involves comparing functions
defined on different domains. In addition, we must carefully address the fact that our control parameters in

the difference and energy estimates are not entirely consistent.

9.1. Initial data regularization. Let (vy, o) € H® be an initial data. The first step is to place I'g within
a suitable collar A, = A(T',¢,d) with § < 1. Since I'g € H* C CY¢T, T, is easily obtained by regularizing
T'p on a small enough spatial scale. We remark that the price to pay for a small enough regularization scale
is that the higher Sobolev norms H* of T', will be large; but this is acceptable, as explained in Remark 3.4.
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Let M := ||(vo,T0)|lms denote the data size measured relative to the collar A, and write ¢y for the lower
bound on the Taylor term. We begin by constructing regularized data at each dyadic scale 27. For this,
we define I'g ; (along with Qg ;) by regularizing the collar parameterization 79. More specifically, we define
Mo,; := P<;no, where the meaning of P<; is as in Section 6. Then, we define the regularized velocity
vo,; = W<,vo. Here, we recall that, as long as j is much larger than M, v ; is defined on some 277
enlargement of both € ; and €. Indeed, by Sobolev embeddings, we have the distance bound

_3;
M0, = Mol Sar 2727,
Moreover, for such j, we stay in the collar and have a uniform lower bound on the Taylor term.

9.2. Uniform bounds and lifespan of regular solutions. By Theorem 8.13, the regularized data
(vo,5,T0,5) from the previous step generate corresponding smooth solutions (v;,I';). Our goal now is to
establish uniform bounds for these regular solutions and, in particular, show that they have a lifespan which
depends only on the size of the initial data (vo, ) in H®, Taylor sign and the collar. To do this, we carry

out a bootstrap argument with the H® norm of (v;,T';).

In the argument below, we will be working with the enlarged control parameter Ej (t) = |lvjllwre(q,) +
HFjHCL% + | Dipjllwr.(q,) for the corresponding solution (v;,I'j). Note that the reason we work for now
with Bj instead of just B;(t) = [[vjllwi.~q,) + HFJ-HCL% is because we will make use of the difference
estimates which require control of D;p;. By elliptic regularity and Sobolev embeddings, it is easy to see that

B, is controlled by some polynomial in ||(vj, T';)| 5.

Fix some large parameters Ag and By depending only on the numerical constants for the data (M, ¢y and
so forth) such that Ay < By. As alluded to above, we make the bootstrap assumption

€o
o
with j(M) sufficiently large depending on M, in a time interval [0,7] where all the (v;,I';) are defined as

(v, Tj) ()]s <2Bo,  Aj(t) <240,  a;(t) > L) €2A,, tel0,T], j(M)=:jo<j<j,

smooth solutions with boundaries in the collar. Above, j; is some finite but arbitrarily large parameter,
introduced for technical convenience to ensure that we run the bootstrap on only finitely many solutions at
a time. Our aim will be to show that we can improve this bootstrap assumption as long as T' < Tj for some
time Ty > 0 which is independent of j;.

For any large integer k > s > % + 1 as in Theorem 8.13, we may consider the solutions (v;,T';) as solutions
in H*. In light of Theorems 7.1 and 8.13, for each j > jo, the solution (v;,I';) can be continued past time
T in H* (and therefore H®) as long as the bootstrap is satisfied. Morally speaking, our choice for Ty will be
1
Ty < m,
for some fixed polynomial P, though this is not entirely accurate, as Ty will also depend on the collar and
co- Thanks to the energy bound in Theorem 7.1, if the bootstrap could be extended to such a Tp, it would
guarantee uniform H* bounds for (v;,T;) for any integer k > % + 1 in terms of its initial data in H*. The
main difficulty we face is that, a priori, the H® bounds for (v;,I';) do not necessarily propagate for noninteger
s. The goal, therefore, is to establish H® bounds for noninteger s. We will do this by working solely with

the energy estimates for integer indices and the difference estimates.
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We begin by letting ¢; be the H® admissible frequency envelope for the initial data (v, o) given by (6.3).
We let a@ > 1 be such that £ = s + « is an integer. From Proposition 6.6 we know that the regularized data
(vo,5,T0,;) satisfy the bounds

(9.1) l[(vo,5: To i) lmste Sao 2% ¢5ll(vo, To) s

From the energy bounds in Theorem 7.1 and the bootstrap hypothesis, we deduce from (9.1) and the
definition of ¢; that

(9.2) (v, T5) () lmese Sap 2%7¢; (14 [[(vo, To)llm=), ¢ €[0,T],

aslong as T' < T < ﬁ. One may think of this as a high frequency bound, which roughly speaking
allows us to control frequencies > 27 in (v;,';). Note that in (9.2) we suppressed the implicit dependence
on the Taylor term and the collar. We will do this throughout the subsection except when these terms are

of primary importance, as it will be clear that our argument can handle these minor technicalities.

To estimate low frequencies we use the difference estimates. Precisely, at the initial time we claim that we
have the difference bound

(9.3) D((vo,5,T0,5), (vo41,To,541)) S 277°¢2](vo, To)ll s -

This bound is clear by Proposition 6.6 for the first term in (4.2). To see this for the surface integral, we use
that on foﬁj = 0(Qo,; N Qo j+1), the pressure difference pg j — po, j4+1 is proportional (with implicit constant
depending on Ay) to the distance between I'y ; and I'g j+1, measured using the displacement function (4.1).

Combining this with a change of variables, we have

/fw P — Poj12 dS = ay 110,441 = 10,1172,y Sao 277°¢ | (vo, To) I3
from which (9.3) follows. By Theorem 4.2, we can propagate the difference bound (9.3) to obtain
(9.4) D((v5,T5)(t), (vj41,Ti1) (1) Sap 2775 (vo, To) Iz » t € 0,71,
aslongas T < Ty < ﬁ. In particular, this gives by a similar argument to the above,
(9.5) lvjr1 — vill2,n0500) e = millez .y Sao 277°¢5] (vo, To) || 1s-

Now, the goal is to combine the high frequency bound (9.2) and the L? difference bound (9.5) in order to
obtain a uniform H?® bound of the form

[ (vj, D)l Sae 1+ [[(vo, To)llme,

for T' < Tj. To establish such a bound for I';, we consider the telescoping series on I', given by

(9.6) m=m+ > (e —m).

Jo<I<j-—1
From the higher energy bound (9.2), we have for each jo <1 <j—1,
(9.7) 701 = il resa e,y Sao 2%a(l + [|(vo, To)|la)-

Using the telescoping sum and interpolation, it is straightforward to verify from (9.5), (9.7) and an argument
similar to Proposition 6.6 (see also [28]) that for each k > 0,

(9-8) [ Penjll s 0.y Sao ck(1+ [[(vo, To)lws)-
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As a consequence, by almost orthogonality, we obtain the uniform bound

(9.9) IT5]l s Sap 1+ [[(vo, Do)l

Next, we turn to the bound for v;. We first note that the analogous decomposition to (9.6) for v; does not
work because for each | < j — 1, v; and v;41 are defined on different domains. However, we can compare v,
and vy by first regularizing each function v; — W<;v; which is defined on a 2-! enlargement of €. For this
comparison to work, we need to know that I'; and I';;, are sufficiently close. By interpolating using (9.5)

and (9.9) we have
_3 s
(9.10) Injer = mjllze.) Sa0 272 Ingen = mill g ) Sa0 277,

for some § > 0. Now, we return to the uniform bound for v;. Thanks to (9.10), we can safely consider the

decomposition on €2,

(9.11) vi=Veiv,+ Y, Papvg — Yo + (I - Vg,
Jo<I<j—1

The first term in the telescoping decomposition is trivial to bound. We therefore focus our attention on the

remaining terms. First, define for [ > jg
J
O =)
k=l
Thanks again to (9.10), for jo large enough (independent of j and only depending on the data parameters),
we can arrange for the regularization operator ¥<; to be bounded from H*(Q;) to H*(Q}) where Q] is some

2! enlargement of the union of all of the €, for k > . We will use this fact to establish the following lemma

which will help us to estimate the intermediate terms in (9.11).

Lemma 9.1. Let jo <1 < 5 — 1, where jo is some universal parameter depending only on the numerical

constants for the data. Then given the above decomposition for vj, we have

(9-12) 19 <1041 = Y<will z2(o,) Sao 27" er(1+ [|(vo, To) [lax:),

(9.13) 10 <iprvii1 = C<qur| gotaa,) Sao 2“1+ || (vo, To)les)-
By Sobolev embedding, a corollary of this lemma is the following pointwise bound at the C' regularity.
Corollary 9.2. We have the estimate

10 <iavier — Y<villera,) Sao 271+ [[(vo,To) 1), 6> 0.

Proof. The latter bound (9.13) is clear from the H*"* boundedness of W<; and (9.2). For the first bound,
we split
Ueppivgr — v = (U1 — U<)vipr + U< (Vg1 — vp).
Using Proposition 6.2 and (9.2), we have
[(W <1 — U<)vigall 2o,y Sao 27 e (1 + [[(vo, Do) [ m2)-

For the remaining term, we use the difference bound and the L? boundedness of ¥<; to obtain

1 <1 (vier — )l 220,) Sao D T0); (i1, Tisn))E Say 27| (vo, Do) - -
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We also observe that the same bounds in Lemma 9.1 hold for the third term in (9.11) but with the param-
eter [ replaced by j in the corresponding estimates. This is immediate for (9.13) and follows by telescopic

summation from Proposition 6.6 in the case of (9.12).

We can use the above lemma (and the corresponding bounds for (I — U<;)v;) to estimate similarly to (9.8)
that for each k > 0,

| Prvjl e ray Sao k(1 + [[(vo, Lo)llm:),
where we carefully note here that for each & > 0, P, should be interpreted as Py FEq, where Eq, is the

extension operator on {2; from Proposition 5.12. From this observation and almost orthogonality, we obtain
the desired uniform bound,
[[(v3, T3) ()l Sap 1+ [1(vo, To)llee,

for t € [0,Tp]). In particular, if the constant By is chosen to be sufficiently large relative to Ay and the
data size, this improves the bootstrap assumption for ||(v;,I';)||lm=. It remains to improve the bootstrap
assumption for A; and at the same time the Taylor term and the collar neighborhood size. For this we
rely on a computation similar to [17, 41] for the Lagrangian flow map wu;(t,-) : Qo ; — €Q;(t), defined as the
solution to the ODE

dui(t,y) = vt u;(t,y), ye€Qoy, u(0) =1
Since s > %l + 1, if T is small enough, then for any 0 < ¢ < T < T we have the bound

t
luj(t,) = Il e (00,,) < /O [0 (¢, M s 0y e g (s ) s (26,5 A

Sao tl(vo, To)llm:

If A is large enough relative to the data size, this easily implies simultaneously
3
Di(t) € SAe ITs®)lene < Ao,
as long as Tj is small enough. Doing a similar computation with u; in place of u and using the equation
OFu;j(t,y) = 0u(v;(t,u;(t,y))) = —(Vp; + gea) (t,u;(t,y))

together with the elliptic estimates for the pressure, we obtain also

105 )l 3+, < Ao-

This improves the bootstrap assumption for A;. Finally, a similar argument but instead with the pressure
gradient and the H* bound for D;p allows one to close the bootstrap for a; as long as T} is sufficiently small

depending on M and cg.

9.3. The limiting solution. Here we show that for T' < Ty,

(v,T) = lim (v;,T';) in C([0,T];H?).

J—o0

First, we show domain convergence in H®, which is more straightforward. Indeed, from (9.10) we see that
the limiting domain € exists and has Lipschitz boundary I'. Next, we let j > jo and consider the telescoping
sum

oo
n—"n; = Zm—i-l —m.
I=j
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An analysis similar to the previous subsection, using the difference bounds and the higher energy bounds,

yields

_ 3
(9.14) lln — 77j||L°°(F*) Sa, 272
and
m = njlleqo e r.)) Sao llejlliz (1 +[(vo, To)la:),

which in particular shows convergence of I'; — T' in C([0,7]; H*(T's)). Next, we turn to showing the
convergence v; — v in C([0,T]; H®). We, formally, define v through the telescoping sum

v= Vg + ) Yarmivg — Yo,

1>3o

where, as usual, jo ensures that all the terms in the sum are defined on Q. Thanks to (9.14), this is possible.
We begin by showing that U<;v; — v in H®(};) uniformly in ¢ (which is again unambiguous thanks to
(9.14)). We have

v — \I/Sj’Uj = E \Ilgl+1vl+1 - \Ilglvl.
1>

From this we see that
v = V<vjllms (@) Sao lle=jlliz (14 [[(vo, To)llms=),

which establishes the desired uniform convergence in H*(€;). To show convergence of v; in the sense of

Definition 3.5, we consider the regularization ¥ = ¥<,,v,,. We then have as above,
v = W<mvmllr=2) Sao lezmlliz(1+ [[(vo, To)lle),
which goes to 0 as m — oo. On the other hand, for j > m, we have
lv; = W<mvmllms ) Saol(1 = Y<i)villms o) + 1V <i(v; —)llae ;) + [Y<m(vm — v) |z,
+ W <jv = W<mv] ms(0;)-
Using (9.2) for the first term and the difference bounds for D((v;,T;), (v,T)), D((vm,'m), (v,T')) for the
second and third terms, respectively, we obtain
[v; = W<mUm|lm=(0;) Sao llezmlliz (14 [[(vo, To)llme) + [V <jv = W<mv||=(a,)-
To estimate the last term above, we have

[V <jv = Wamvllms (o) Sao [(Y<i — Vam) (v = Y<mvm)|lms(0;) + (Y < — Y<m) Y <mOml s ()
Sao [0 = Wamvmllme @) + 27" [omll mote (2,
Sao lezmlliz (14 [l(vo, To)|[2),
where we used (9.2) to estimate the second term in the last inequality. The combination of the above

estimates establishes strong convergence in H®. A similar argument shows continuity of v with values in H®.

Finally, one may also check that the limiting solution solves the free boundary Euler equations.
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9.4. Continuous dependence. Given a sequence of initial data (vf,I'y) € H® such that (vf,Tf) —
(vo,Tg), we aim to show that we have the corresponding convergence of the solutions (v™*,I'"™) — (v,I') in
C(]0,T); H®). First, we note that thanks to the data convergence, the corresponding solutions have a uniform
in n lifespan in H*, and so, on some compact time interval [0, 7], we have |[(v",T")|lms + || (v, T)||lms Sar 1.
Let us denote by ¢ and ¢; the admissible frequency envelopes for the data (vg, ') and (vo, I'), respectively.
Now, let € > 0 and let § = d(e) > 0 be a small positive constant to be chosen. Moreover, let ng = ng(e) be

some large integer to be chosen.

By definition of convergence in H?, there is a divergence free function v§ € H*(Q9) defined on some enlarged
domain Q9 such that

lvo — 'Ug”HS(QO) + limsup |lvg — 'Ug”HS(QS) < 4.
n—0o0

Moreover, for n large enough, depending only on §, vg is defined on a neighborhood of 2y and €. Moreover,
we may also assume that v belongs to H*(R%). Indeed, for some ¢’ < §, v§ is defined on the domain )
defined by taking 7 = 7o + ¢’. Then we can extend ’Ug to R% using Proposition 5.12. We note that ’Ug is
not necessarily divergence free on R? but is on an enlargement of Qg and QF for n large enough. Now, let
cg denote the admissible frequency envelope for (v3,To) (note that we are using the same domain Q as vg
for the frequency envelope here; if § is small enough, Taylor sign holds for this state) and denote by (v?,T'?)
the corresponding H?® solution (which we note has lifespan comparable to v and v™ for n large enough). We
begin by choosing j = j(e) large enough so that

(9.15) less e < e
We next observe that we can choose d(e) and then ng(d) so that
(9.16) 25l Sar e+ llexjllie Sae,

for n > ng. One can establish this by estimating the error when comparing terms in c? and ¢ and then the
error when comparing terms in c? and ¢; by using (6.3) and square summing. The main error in the first
comparison is essentially comprised of two terms. The first term to control involves the error between 7

and ng. If § is small enough and n is large enough, we have

16 = nollmsr.) <6 <e

The second source of error comes from the extensions of the velocity functions,
1 Bagvg — Eaovyllae@ay < || Bagv — Baovg |l me ey + || Bag (v§ — v9) |l s ey

If § < ¢, then the latter term is O(e) by (uniform in n) boundedness of Eqr and the definition of ).
The first term is O(e) if n is large enough (relative to §) thanks to the continuity property of the family
Eqr in Proposition 5.12. Then one establishes (9.16) by comparing ¢; and cg which just involves controlling

essentially the error term || Eq, (v) — vo) | s (ra)-

Now that we have uniform smallness of the initial data frequency envelopes, the next step is to compare the
corresponding solutions. First, thanks to the difference estimates, we observe that for large enough n, I'"™
and T are within distance < 277 as long as d is chosen small enough relative to j (recall that j was chosen
to ensure (9.15)). Indeed, by interpolating and using the uniform H* bound, we have

17" = 17|l L0y Sar D((0™,T), (0¥, T%))35 <pp 675
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This ensures that we may compare U< jv5 to v™. Denoting by (v;-l, I‘?) the regular solution corresponding to

the regularized data (vg ;, 'y ;) (from the previous section), we have
W <0’ — 0™ gsany S NP<; (0 = 0™ aremy + 1W< (0" — 07| gaamy + 0" = T<i0] | ()

S [le e +27° D" T"), (o] T)% +27°D((w", 1), (°, %))

Sor el +2°D((w", 1), (o, 1)) %,
which if § is small enough gives

W0’ — V" gsony Sm €
Similarly, we may obtain
™ = nllasr.) S e
and
||‘I’§jU6 — ||z 0) SM €

This establishes continuous dependence.

9.5. Lifespan of rough solutions. Here, we finally establish the continuation criterion from Theorem 1.7
for H® solutions. We consider initial data (vg,I'9) € H® and the corresponding solution (v,I') in a time
interval [0,T) which has the property that

T
C:= sup A(t) —|—/ B(t)dt <oo, a(t)>co>0, tel0,T),
0<t<T 0

and whose domains ); maintain a uniform thickness. Unlike with the construction of rough solutions, we

now work with the weaker control parameter
B(t) = llvllwre o + ¢l 511 -

One starting difficulty we face in this proof is that we do not a priori have a fixed reference collar neighbor-
hood. However, the uniform bound on A(t) guarantees that the free boundaries I'; are uniformly of class
C1¢, and the uniform bound on v guarantees that they move at most with velocity O(1). This implies that
the limiting boundary I't = lim;_r I'; exists in the uniform topology, and also belongs to C'¢, with the
corresponding domain (27 having positive thickness. Furthermore, by interpolation, it follows that

limIy =Ty  in Ch, 0<e <e.
t—T
This allows us define the reference boundary I', as a regularization of I'r, so that I'r € A(T,€¢/2,5/4) for

an acceptable choice of § ensuring that A(T'.,€/2,6/2) is also a well-defined collar (cf. Remark 3.4). Then
the above convergence implies that I'; € A, := A(T's,¢/2,6/2) for t close to T.

Reinitializing the starting time close to T', we arrive at the case where we have the initial data (vg,I'g) € H®

and the corresponding solution (v,I") in a time interval [0,7") with the property that
IyeA., telo,T).

From the local well-posedness theorem, it suffices to show that

(9.17) (v, D)l Lo (f0,7);11) < 0.

Similarly to the previous subsections, the strategy we would like to employ will involve showing that the
control parameters for a suitable family of regularized solutions (v;,I';) can be controlled to leading order

by the control parameters for (v,I'). The main difficulty is that v; and v are defined on different domains.
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As in the previous sections, as long as we can ensure that I'; and I' are within distance 277 (1+9) of each
other, we can compare v with W<;v;. However, there is one added difficulty now. The difference bound,
which ensured the closeness of domains in the previous sections, has a stronger control parameter involving
the term || Dyp||w1.(q,) in addition to B(t), which from Lemma 7.9 has size controlled by B(t) and an
additional logarithmic factor.

To overcome this, we will divide [0,T) into two disjoint intervals [0, 7] and [T, T) where 0 < T < T and T
has the property that

T
/ B(t) dt < dg,

T
where Jy is some parameter to be chosen depending only on C, ¢, the collar and the H* norm of (v, I'p).

Given such a T, we consider the regularized data (vf 5, Ty ;) of (v(T),T'7) and the corresponding solutions
(v;,T;). We remark that T" and dy need to be chosen carefully to not depend on j, but we postpone this
choice for now. Their purpose is to guarantee that the stronger control parameter D;p in the difference
bounds as well as the logarithmic factor in the energy bounds does not cause the distance between I'; and
I to grow larger than 277(+9) for times ¢ < T where (v;,T;) is defined.

From the continuous dependence result, the above regularized solutions converge to (v,I") in [T, T) and their
lifespans T satisfy
liminf7; > T —T.

j—00
However, a priori, we do not have a uniform L}, bound on their corresponding control parameters B;, nor
a uniform L bound on A;, nor a uniform lower bound on the corresponding Taylor terms a;. Arguing
similarly to the previous subsections, if such bounds could be established, one could hope to use them to
establish a uniform H*® bound on the regularized solutions (v;,I';) and hence extend their time of existence
by an amount uniform in j. To establish such uniform control on these pointwise parameters, we will run a
relatively simple bootstrap argument. From here on, we write M := ||(vo, [o)||u and Mz := ||(v(T),T'7) | m--
To set up the bootstrap, we begin by noting that at time T, we have by Sobolev embedding and interpolation,
the bound

(9.18) [0 (T) = 0(T)||ore(r.y S 27 % M.

Moreover, by the properties of ¥<;, we have ||v; (Tmc%“ Sc 1. Hence, initially we have
(9.19) A;(T) < P(C) +2 2 My
where P > 1 is some sufficiently large positive polynomial. As long as the choice of T we make later on

depends only on C and ¢y (but not on j), we can arrange by taking j large enough, the initial bound

(9.20) A;(T) < 2P(C).

Finally, if j is large enough, and T is as above, we also initially have (for instance),

2
aj (T) Z gCO.

Now, we make the bootstrap assumption that on a time interval [T, Tp] with T < Ty < T we have the bounds

(921) ‘/TTD Bj(t) dt < 4C4 (A)éo, Aj(t) < 4P(C), aj(t) > %CQ, Fj(t) € 2A,
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for j > jo(M,Tp) and some large universal constant C; > 1 depending only on A := sup,¢[o 7y A(t). Our goal
will be to show that the constant 4C4dy can be improved to 2C1Jp and the constant 4P(C) can be improved
to 2P(C), with similar improvements on the Taylor term and the collar. After we close this boostrap, we will
give a separate argument which uses the uniform bounds on the control parameters to establish a uniform
bound for (v;,T';) in H®, and hence permit us to continue the solution. To close the above bootstrap, we

aim to establish the bounds
) . 2 3
(922) B; < Ch (A)B + 022_5], Aj < P(C) + 022_5], a; > gCO, Fj(t) € §A*7

where 0 > 0 is some small positive constant and Cy depends on the size of M7 as well as the constant C

above. The bootstrap can then be closed by choosing jy large enough to absorb the contribution of Cj.

As mentioned above, the main difficulty in comparing B; with B and A; with A is, as usual, the fact that
the corresponding domains €2; and 2 are different. Our starting point is to select the parameter dy and the
time T(dp) to ensure that 2; and 2 are close enough. As mentioned above, in order for our argument not
to be circular, we need to ensure that the choice of §y depends only on ¢y and C. Our first aim is to obtain
some preliminary bounds for 7; —7;41 in L and C1z. We let k be the smallest integer larger than s. First,

by the double exponential bound in Theorem 7.1 and the bootstrap hypothesis, we have for each j,
e T e St exp (exp(E o) log(K (14 2299 u(T), D)) )

Above, K is some (possibly large) constant depending on C and ¢y which we will let change from line to line.

In the above estimate, if we take Kdy < 1 (in particular, o does not depend on j), then we can arrange for
(9.23) (v, )l S K22 * M2 (M527)°

for some small constant § > 0, where we assumed without loss of generality that M7 > 1 to simplify notation.
Note here that there is a slight loss compared to (9.2) coming from the double exponential bound in the
energy estimate. On the other hand, the difference estimates, Lemma 7.9 and the energy coercivity ensures

that by Gronwall and the bootstrap assumption, we have
D((v5,T;), (vj1,T41)) S 277 KMZ exp (K60Z;)

where Z; = supj_, ., (log(K + KE*(vj,T;)) + log(K + KE*(v;4+1,Tj41))) and k is, again, the smallest

integer larger than s. By the higher energy bound and the bootstrap assumption, we have
Tj < Klog(1 + 2%7¥(|(u(T), T7)l[72) Sk K7,

where we used the higher energy bound for the regularized solution to propagate log(1 + E*(v;,T;)) and
control log(1+E*(v;,T;)) by log(1+22%||(v(T),T'7)||2.) as well as the fact that the volume of £ is conserved
and Holder’s inequality to estimate ||(v(T),T'7)[|z2 <a 1. Again, we choose 8y small enough (and therefore
T) depending only on C and ¢g so that

exp(K00Z;) < 279,
for some sufficiently small 6 > 0 (depending only on s). Next, we pick jo depending on My, C and ¢ so that
if j > jo (after possibly relabelling §), we have

D((v5,T5), (041, T531)) S 277670 |(v;, Ty) |3 S 29927
with universal implicit constant. The key point to observe here is that there is now a slight loss in the

difference estimates and energy estimates compared to the previous subsections because of the stronger

control parameter in the difference bounds and the logarithmic factor in the energy estimates. However, by
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using these estimates, we still obtain by Sobolev embedding and interpolating, the bounds (after possibly
relabelling §)

Y 1 3,
(9.24) 5 =il gag oy S27750 Mg = misallereeny $2727 Iy = njalleen) S 277,

all with universal implicit constant if jy is large enough. The first bound will give us control of HFJ-HCL 1 in
the first estimate in (9.22). The second bound above gives us control over ||T'j||c1.c for the second estimate in
(9.22) and also shows that I'; € 2A,. The third bound ensures that I'; and I'j 4 are sufficiently close. With
this closeness established, we now work towards closing the bootstrap (9.22) for the ||v;|[y1.00 (q;) component

of B; and the ij||0%+e component of A;. We show the details for ||v;|[y1.00(q,) as the other component

(€25)
is very similar. We estimate in three steps. First, we observe that from the bounds for ¥<;, we have

(9.25) 1W< jollwre Sa B.

We can ensure that the implicit constant in this estimate is less than C;(A) if C1(A) is initially chosen large
enough. Then we compare ¥<;v and U<;v; which is justified thanks to (9.24). We have

Veojo—Uejuy =y Uejo — Yeju.
1>

By Sobolev embedding and a similar argument to the C'z bound for nj+1 — 15, we see that
[0 <jvi1 — Ujvrlpree < Co277,
which gives by summation
(9.26) 1 <jv = Ujvjflwice < C279,
Using the error bound for I — W<, Sobolev embedding and the higher energy bounds, we also have
(9.27) 10 <05 — vjllwree < Co277°.
Combining (9.25), (9.26) and (9.27) shows that
lvjllwi. () < C1(A)B + 02799,

Doing a similar estimate for | v;| and taking j large enough allows us to close the bootstrap for A;.

citeq,)

It remains now to improve the bootstrap assumption for the Taylor term a;. To do this, we need a suitable
way of comparing the C! norms of the pressures p; and p. We begin by defining the shrunken domain €’
via n/ :==n — 279, As Q; is within distance (’)(2_%j) of Q for j > jo, it follows that
ocan) Q.
Jj=Jjo
We next note the following bound which holds on €' for any 0 <6 < §,

(9.28) lv; — vl ) < (27909,

o3t (o
This follows by similar reasoning to the above. Now, we establish the following C'! estimate for p — p;:
(9.29) Ip = pjillcr @) < Ca2790.

We begin by splitting p — p; into an inhomogeneous part plus a harmonic part on €,

p—pj=A"TAp—p;)+Hp—p))
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Using Proposition 5.15, the dynamic boundary condition and the fact that the boundary of € is within

distance 2770 of the boundaries of Q and €2;, we have
IH(p — pj)llcrsny Sc 27 (Ipllerey + 1pillcreq,))-
By Lemma 7.5 and the bootstrap assumption on A;, this gives
[H(p = pj)llcrs oy Se 277

To estimate the inhomogeneous part, we can argue similarly to the proof of Lemma 7.5 using a bilinear

frequency decomposition for A(p; — p), to obtain
-1 —jo6
1A AP = pillor@) S llv = vjll 345 gy < C22777,
where in the second inequality we used (9.28). Finally, to close the bootstrap on the Taylor term a;, we can
work in collar coordinates on I'y to estimate

1£Ff |Vpj(z)| > Helfp IVp(2)| — Ip; — Pllor@y — 27°°(Ipjllcrea,) + llpllcreo))-
T ki xT

In the above, we first estimate the error between Vp,;(z + n;(z)v(x)) and Vp;(z + n'(z)v(x)) (and also
Vp(z + 1 (z)v(z)) and Vp(z + n(x)v(z))) using the C1¢ Hélder regularity of p; and p. Then, we estimate
the difference between Vp;(z 4+ n'(z)v(x)) and Vp(x + 7' (z)v(z)) on the common domain using our bounds

for [|p; — pHCl(Q’)-

Taking jo large enough and using (9.29) and Lemma 7.5, this gives
> Z
aj =2 300,

which closes the bootstrap for a;.

From the above argument, we see that for j > jo, the regular solutions (v;,I';) are defined on the interval
[T, T] and satisfy the assumptions (9.21). What we do not yet know is whether we have a uniform in j
bound for the H® norm of (v;,I';). Once we have this, (9.17) will follow from our continuous dependence
result. From here on, we assume without loss of generality that Mz > C(A). We let ¢; denote the frequency
envelope for the data at time 7. Similarly to the above, on a time interval [T, To], we make the bootstrap
assumption that for finitely many j > jo,

(9.30) (v, Tj)llms < M.
As in the previous subsection, we let a > 1 be such that s+ « is an integer. Then the higher energy bounds,
(9.30) and (9.21) yield
(05, Tj)l[ae+e S 27%¢j exp(Kdo log(MZ)) My
where K is some constant depending on C. As long as Jg is such that Ky < 1, we obtain
(9.31) (05, T ) lmeve S 29%¢; MAH
for some positive constant § < 1. A similar argument with the difference bounds yields
1 —js )

D((vj,T5), (41, Tj41))2 S 277°¢; M.

Arguing as in the local well-posedness result, we can use the above two bounds to estimate

§
(05, T5) les S M2,
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which improves the bootstrap. We are then able to finally conclude the bound (9.17) and thus the proof of

Theorem 1.7.
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