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LINEARIZED PARTIAL DATA CALDERON PROBLEM FOR BIHARMONIC
OPERATORS

DIVYANSH AGRAWAL, RAVI SHANKAR JAISWAL, AND SUMAN KUMAR SAHOO

ABSTRACT. We consider a linearized partial data Calderén problem for biharmonic operators extending the
analogous result for harmonic operators [DSFKSU09b]. We construct special solutions and utilize Segal-
Bargmann transform to recover lower order perturbations.

1. INTRODUCTION AND MAIN RESULT

The Calderén problem, introduced by Calderén in 1980 [Cal80], aims to recover the electrical
conductivity v of a medium based on the Dirichlet to Neumann map (DN map) denoted as A, := v0,u|sq.
Here, u represents the solution to the conductivity equation V-(yVu) = 0 with specified Dirichlet boundary
conditions. As the mapping from « to A, is nonlinear, it is valuable to investigate its linearization, known
as the linearized Calderén problem. In [Cal80], he solved the linearized problem by proving the following
result that if v is a bounded function in €2 and satisfies the equation

/ YVu - Vv =0 for all harmonic functions u and v in €2, then v = 0 in €.
Q

Sylvester and Uhlmann solved the Calderén problem for C?(£2) conductivities in [SU8S7]. Subsequently,
various authors have investigated inverse problems for different types of partial differential equations. For
more comprehensive results on the subject, we refer to the surveys [Uhl14, Uhl09].

A closely related inverse problem is for the Schrédinger equation (—A + ¢)u = 0, which can be derived
from the conductivity equation for C? conductivities [SU87]. For this reason the linearized problem for
the Schrodinger is also an interesting question and it can be formulated in the following way: Let ¢ be a
bounded function in ) and satisfies

/ quv =0 for all harmonic functions u and v in €2, then ¢ = 0 in €.
Q

Another closely related problem involves recovering the conductivity 7 (or potential) from partial
measurements. In [KSUO7], the authors proved the unique determination of ¢ when the Dirichlet and
Neumann measurements are given on two complementary open subsets of the boundary (roughly speaking)
in dimensions n > 3. However, the unique recovery of ¢, when the Dirichlet and Neumann data are
prescribed on the same part of the boundary, remains an open question in dimensions n > 3. In two
dimensions, this was solved by Imanuvilov, Uhlmann, and Yamamoto [IUY10]. Several partial answers are
known either by dropping the support condition on the Dirichlet data or by assuming additional symmetry
on the domain ; see [GUO1,BU02, KSU07,1sa07, KS13,KS14]. Nevertheless, for an arbitrary domain €2,
a linearized version of this problem was addressed in [DSFKSU09b|. For a comprehensive overview of the
Calderén problem with partial data, we recommend the survey article [KS14].

This article focuses on a linearized Calderén problem for biharmonic operators, inspired by
[DSFKSUQ09b]. Let € R™(n > 2) be a bounded domain with smooth boundary 9. Let ¥ C 9
be a non-empty open subset of 02. We consider the following boundary value problem for biharmonic
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operator £ with lower order anisotropic perturbations up to order 3:

L(z,D) = (-A?+Q(z,D) in Q
(u,0pu) = (f1, f2) on 0N

where Q(x, D) := Z?:o ai&---iz (x) D" is a differential operator of order 3 with 1 <iy,--- ,4; < n and @
is a smooth symmetric tensor field of order [ in Q. Here f; are suitable functions on the boundary with
support of f; C ¥, for j = 1,2. Einstein summation convention is assumed for repeated indices throughout
the article.

Suppose 0 is not an eigenvalue of (1), then the boundary measurements associated to (1) can be encoded
in terms of partial DN map as follows:

AQ(f1, f2) = (Duls, uls).

Alternatively, one can also prescribe the partial boundary measurements in terms of the Cauchy data set
as follows:

(1)

Cos = {(u,0pu, 02u, 03u)|s : u € HYQ), L(z, D)u = 0in Q}.

The inverse problem we are interested in is to show that the Fréchet derivative of Ag (evaluated at Q = 0)
is injective. This result establishes local uniqueness for the linearized Calderén problem of biharmonic
operators. To state our main result, let us define the set

E:={uecC®Q): A% =0inQ, and (u,d,u) =0onT}, where T :=09Q\X. (2)
Our main result is

Theorem 1.1. Let a?,a’ € C®(Q) and a' € C*(Q;R"). Suppose

/ (a*Au+a - Vu+a’u)vdzr =0  holds for all u,v € E. (3)
Q
Then a? =0 in Q, for j =0,1,2.

Previous research has focused on inverse problems for polyharmonic operators (which are perturbations
of (=A)™ when m > 2) of order 2m. Krupchyk, Lassas, and Uhlmann initiated the study of
inverse problems for polyharmonic operators in their works [KLU14, KLUI12]. More recently, several
authors have investigated inverse problems for higher-order elliptic operators, such as biharmonic and
polyharmonic operators; see [GK16,BG19,BG22]. These works have successfully solved inverse problems
for polyharmonic operators which recovered functions, vector fields, or two tensor fields. In a recent work
[BKS21] the authors solved an inverse problem for polyharmonic operators of order 2m with lower-order
tensorial perturbations up to order m, utilizing momentum ray transforms. Furthermore, a linearized
Calderon problem for polyharmonic operators of order 2m with lower order perturbation up-to 2m — 1 was
considered in [SS23], also employing momentum ray transform techniques. However, when dealing with
partial data, the lack of sufficient information to extract the momentum ray transform of unknown tensor
fields poses a technical challenge. In this work, instead of relying on the momentum ray transform, the
authors employ techniques of the Segal-Bargmann transform from the work [DSFKSU(09b]. It appears that
addressing linearized partial data inverse problems for polyharmonic operators with lower order anisotropic
perturbations may require new techniques or tools, which the authors aim to explore in future research.

To the best of the authors’ knowledge, this work is the first to consider the linearized problem
for higher-order operators with partial data. Recent research has shown that solutions to the
linearized problem can be used to solve inverse problems for nonlinear partial differential equations
(PDEs) using higher-order linearization techniques, as demonstrated in previous works. We refer
[LLLS21, LLST22, KU20, CFK 21, KKU23| for nonlinear elliptic PDEs, [KLU18, KLOU22, HUZ22] for
nonlinear hyperbolic PDEs to name a few. The authors hope that their work will pave the way for
similar results in the future for higher-order elliptic operators.
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The rest of the article is structured as follows. In Section 2, we start by presenting some preliminary
results that are essential for the proof of our main result. The section is divided into four subsections, each
dealing with a specific topic. In the first subsection, the integral identity is transformed to an equivalent
integral identity through a conformal change of variables. The second subsection discusses the construction
of special solutions of biharmonic equations, where their Dirichlet data vanishes in a part of the boundary
(as shown in Lemma 2.1). The third subsection provides a brief introduction to the Segal-Bargmann
transform and the fourth subsection presents a local uniqueness result (Proposition 2.2). Finally, Section 3
focuses on demonstrating the main result of the article which is Theorem 1.1. In appendix A we linearize
Dirichlet to Neumann map, and in appendix B we present a decay estimate of special solutions used in
Lemma 2.1.

2. PRELIMINARIES

2.1. Change of coordinates. Let us first consider a change of coordinates for ease of calculations. Fix
a point xg € ¥ and choose an exterior ball to Q at xg, say B(a,r) i.e. QN B(a,r) = {xo}. Consider the
conformal change of variables
rT—a o

—r" +a
|z —al?
which fixes the point xg and maps € to the interior of the ball B(a,r). Next, we observe that a function
u is biharmonic if and only if u* = r"~#|z — a|* "u o 1) is biharmonic. This is the analog of the Kelvin
transform for the bilaplacian; see [Xu00].

A function v and normal derivative of u are zero on I' if and only if u* and normal derivative of u* are
zero on ¥ (I'). Consequently, the integral identity becomes

Px—

/ (@*Au+a' - Vu+a"u)vdz =0,
)

for all smooth biharmonic functions u, v in ¥(£2) such that (u, %)w(p) =0 = (v, %)W(p). Moreover, a’, a!

and a? are zero near zg if and only if a°,a' and a? are zero near xo. After a rotation and translation we
can bring xo to the origin. Thus our set-up will be as follows: Q@ C B(—ej,1) and I' C {x; < —2¢} for
some ¢ > 0, after a suitable translation and rotation. We want to show the following:

/[azAu—i-a}Biu—i—aou]vdx =0 forall u,veé = a*=a'=a"=0 in Q.

Q
2.2. Construction of special solutions. In this section we carry out the construction of special solutions
of biharmonic operators. To construct the solutions which vanish on part of the boundary, we use the

method analogous to [DSFKSU09b]. To this end, let x € C°(R") be a cut-off function which is 1 in a
neighbourhood of T', and define Hk (y) := sup x - y, where K = supp x N 92 which can be taken to be

zeK
subset of {z1 < —c}.
Lemma 2.1. Suppose & € C™ such that £ - £ =0 and a be any smooth function satisfying
Aa = constant and Z V?ja &&= 0.
i7j

There exists u € £ of the form u = e~ #¢/ha(z) +r(x, h), where r satisfies

2 4
[7[l 20 < C(1+ |]§—|2 + E_L)l/%;HK(Im &),

where C' is a constant independent of €, and h.
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Proof. Fix a smooth function a satisfying the assumptions of the lemma. For such a and &, the function
ae %¢/1 ig biharmonic in Q. The term 7 serves as the correction term which forces the solution to vanish
on the required part of the boundary. Let us choose r to be the solution of

A2r =0 in Q
(r,0,7) = (—(ae M)y, =9, (ae¢M)x) on Q.
Clearly, the function u = e~ #¢/"q(x) 4 r(z, h) € € and the bounds on r are obtained from Lemma B.1. [

2.3. Segal-Bargmann transform. The Segal-Bargmann transform [DSFKSUQ9b] of a function f on R™
is defined for z € C" as

Tf(z):= / e T 1) dy.
This is well-defined for f € L>(R") and one has

71 < [lehEIF )y < [[ehMest e pg)] dy < e o 2n) 2

The property most important to us is that when z € C" is restricted to x € R”, we obtain WT}"(@“) =

2
f * G(x), which is convolution of f with Gaussian G(z) = e~ 2 . Therefore, for a bounded function f
with compact support,

. 1 .
]{%W Tf = f m Lp(Rn) fOI' all 1 S p < 0.

Therefore, to prove that f vanishes in a region, we will prove that the limit on the left vanishes in that
region. To do this, we will utilize the exponential bounds of special solutions constructed in the previous
section; see Lemma 2.1. Notice that

22 2 i .
3= Z =5 (2mh) /2 / e~ e—hv(tH) gy
R?’L
Therefore interchanging the order of integration, we obtain

12

1 =L (|Rez|2—|Imz — 57 — Ly (t+iz
ITFE)] < gy €2 ) / e / e V() £ () dy | dt

¢ k([ [ ) (8] [
e n

[t|<ea [t|>ea "

For functions f supported in the bounded set  C {y; < 0}, the above estimate yields

ITf(2)] < e (Re=P—lm=P) [ gy,
[t|<ea

/eiy-(mz)f(y)dy‘ +\/§ei|Rezlei(’22/|f(y)|dy : (4)
0

2.4. A local uniqueness result.

Proposition 2.2. Let Q C R"(n > 2) be a bounded domain with smooth boundary. Let zo € O\ T.
Under the assumptions of Theorem 1.1, there exists § > 0 such that a’ = 0 in B(xg,0) NQ, for j =0,1,2.

Proof. We start with following integral identity

/(aQAu + a0y + a®u)v dx = 0, (5)
Q
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where 2 C B(—ey,1) and I' C {1 < —2¢} for some ¢ > 0. The idea of the proof is as follows: we use
the special solutions constructed in Lemma 2.1 to derive some identities, using which we will be able to
establish the desired estimates. These estimates when invoked in (4) will then imply that the coefficients
vanish locally. We will do this for each of the three coefficients in the following steps.

Step 1: We prove that a® = 0 near origin.
To achieve this let us first choose u(x,&,h) = uy(x,§,h) = \x!ze " 41 and v(x,n,h) = vo(z,n,h) =

—iz-n

e~ h  +r; and insert them into (5) to obtain

0= / [a2{2ne% - 4%35 . 56% + Ar} + ail{2xie¥ - %fi\xpe%xf + o;r}
Q (6)
+a{JalPe ™ x| (T 4 1) da.

Let us again choose u(z,§, h) = uj(z,&, h) = xje$ +1; and v(z,n,h) = acje_i}f' +71

conclude

]1 and sum over j to

/[ {——5] TR AR} 4 al (e — —gszeTﬁ‘ +8iF;}
o (7)
+a {xje G —i—rj} (xje 3 —i—f'})dut.
Subtracting (6) from twice of (7) we obtain

—iz-(6+n)
0:/[2na26 e + 2na? rie “h —4hx {a rie TR +4

Q

ha2§]r e =h +a2Ar( “ 1)

—iz(etn) ]
%@W - —%azé}\x! rieh (8)

—iz-(£+m)
R

—izn —iz-g
—2a2Af'j(xje z +r)+2a x]e = r1—2are s h

+2— alfixjr +a13r( “ 1) —2a) 81'](35]6 " +r) a®|z|?e

h
+a rﬂx\Qe%ﬁ + aor(e_ +r1)—2a xjrjleTE‘ —2a r](x]e_ls + f'Jl)] dx.

Finally, taking u(x, &, h) = ug(x,&,h) = e h * 41y and v(z,n,h) =v4(x,n,h) = \x!ze% +r3, we conclude

0= /[aQ{ArQ} +al{—p&e 1+ Oma}+a’fe T +ro)](al’e " 4 1a)da (9)
Q

We add (8) and (9) to derive

—ix- 1 —ix
/a%fM)dx: ——[/Qna%lehé —4hx £a’rie “h +4 a £]r e ko +a2Ar( +r1)

2n
Q Q
+ d®Arg(|zPe h " +13) — 2a2Af'j(a:jeﬂs +r; ) + 2a} :c]e h Erl - 2a]r]eﬂff .
i —ie® L1 —iwg
- Eajgje noorg + ald(jzPe o 4rs) — EaZ£Z|:c| rie o +2halfixjrje h

+aloir(e =+ 4 ry) — 2a}8,‘f'j(xjeii}f'n + f'j) + aorge$ + aorg(]x\zeii:‘n +r3)

+ aorllm\%% + aor(e_isn + 1) —2a° x]rle w240 rj(zje it

i —|—r)d
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The goal of the exercise was that now on the right hand side, each summand contains at least one term
which has a good decay, as stated in Lemma 2.1. Thus, we have the bound:

Loz €? g ml* | In*
‘/aze n daf §C(HGQHOOJFHalHooJrHaHoo)(lJrﬁ+ﬁ)1/2(1+ﬁ+ﬁ)1/2 (10)
0

« erHr(Im €) o3 Hr(Im 1)
We use the decomposition result, stated in [DSFKSU09a], which says that any z € C™ such that
|z — 2iae1| < 2ea, for € small enough, can be written as
Z:§+77, 55:0:77777 \§—a(iel—|—eg)]<Cea, ‘77+a(62_i61)’<06a'

Notice that for € small enough, the vectors £ and n can be chosen such that Im&;,Imn; > 7. Keeping in
mind that Q C B(—ej, 1) and K C {x; < —c}, this yields

Hpg (Im¢) < —cIm&; + |Im(¢')], and  Hg (Imn) < —clmn; + [Im(n')|.
This decomposition and estimate invoked in (10) leads to

ca 2Cea

| [ e o] < Oh (107 o + oo + o oc)e™ 352, (11)
Q

for all z € C™ such that |z — 2iae;| < 2ea. When [t| < ea and |z — 2ae;| < ea, we also have
|(t +i2) — 2iae;| < 2ea. We next insert (11) in (4) to estimate T'a?, the Segal-Bargmann transform of

a? introduced in Section 2.3.

ca 2Cea 2a2 ca

Ta?(2)] < Ch™4([|a%|loo + [|a"|oo + [|a®loo)e T (RE=—Itmz) (o= 5 25 | o= T ),

whenever |z — 2ae1| < ea. Now choosing € < ¢/8C and a > (c + 4¢) /€%, we deduce
Ta* ()] < Ch*(lla%lloo + [la oo + fla® o )e2r (Ml =5,
Therefore, we end up with the following bound, as in [DSFKSU09b]:

1, when 2 €C

e 1, when |21 — 2a| < G, 2| <

_2(21)

™= |Ta?(z1,2")] < Ch™([la® |0 + [la' oo + [|a’loc) % {

where 2/ € R"~! and the weight ® is defined as:
B(zy) = {(Imzl)Q, whenRez; <0
(Imz1)% — (Rez1)?, whenRez; > 0.
Now we are in a position to invoke [DSFKSU09b, Lemma 4.1] for the function
h* Ta?(s,x')
|02[loo + llat oo + lla%flc0)”

F(s) =
C(
to obtain that there exists ¢/ > 0 such that
Ta®(z)| < Ch*([la? oo + lla* oo + [[a°]lse)e™2F,

for all z € Q such that |z;| < § for § small enough. Multiplying this estimate by (2wh)~"™/? and letting
h — 0, we obtain a?(x) = 0 for x € Q, |z1| < 6. This implies a®> = 0 near origin.

Step 2: We show that a' = 0 near origin.

Now we have the identity

/(aQAu +ai0u+ a®u)vdr =0, with a®(z) =0 for z € Q, such that |z| < 0.
Q
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For fixed 7, let us now choose the solutions u(z,&,h) = uj(z,&,h) = xje Rt r; and v(z,n,h) =
vo(z,n,h) = e~ =i 411 in the above identity to obtain

[l

Q

iz;&; =is
e

v AR} + al{(0y — S 408} +a{ze e+ |(e7h ) de = 0. (12)

Now, for the same j as above, we again choose u(z,§,h) = uo(z,§,h) = e =t +re and v(z,n,h) =

vj(z,n,h) = mjeﬂ}f‘n + f‘l» to obtain

/ [ 2Ary + al{—— R Oira} + ao{e$ + rg}] (xje% + f'jl) dz = 0. (13)
Q
Subtracting equation (13) from (12), we deduce

1 —iz-(§+m)
aje h

Q
2i&; 5 =iz iz ~ R .
= /aQ(% — Arj)(e7 +r1) +a Arg(x]e h +r]1~) —i—/—a}(@irj)(e o +ry)
Q Q
—i—/all(@irg)(xje_iff' +f-})—a}e_i§' rl—i—/a%%&rl al le —F ldx—aor](e—n_f +11)
Q Q
—ixz-n 0 —ixz-£ 0 —iz-£ ~1

0 P
+ [ a'ra(zje n +7T;) —a xje n r1+ae 0 r;.

o)

Notice that except for the first term in the integrand, every term can be bounded using the decay bound
on the remainder terms. To bound the first term, we use the fact that a?(x) = 0 for 1 > —d, and obtain

[ceal-| |

Q Qﬂ{xlgfé}

H *loo % e—j—g « eltmn’|/h

Now estimating as in Step 1, we obtain

da 2Cea

I/a}efldxl < Ch™([la®[loo + llalloo + la’llac)e™2ne™n ",

for all z € C™ such that |z — 2iae;| < 2ea. Carrying out exactly as in Step 1, we find that a} (x) =0 for
x € Q such that |z1] < §'.
Step 3: Finally we show that a” = 0 near origin.
We have the identity
/(aQAu + aldu + a®u)vdr = 0,
Q
with a?(x) =0 = a'(x) for x € Q |z1] < §’. Now using the solutions u(z,&, h) = up(z,&,h) = e 41y

and v(z,n, h) = vo(x,n,h) =€ 4+ r1, and estimating as above, we arrive at

,a 2Cea

\/a e da| < Ch™*(l|a? oo + lla [loo + [la®lloc)e™ 7 e R

for all z € C™ such that \z — 2iae;| < 2ea.
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Again, proceeding as in Step 1 and Step 2, we conclude a’(z) = 0 for x € Q, |z1| < 6 for §” > 0 small
enough. Thus combining all the steps, we obtain that a2, a' and a” vanish in a small enough neighbourhood
of the origin. O

3. PROOF OF MAIN RESULT

Our objective in this section is to demonstrate that a2, a! and a” vanish identically. To achieve this, we
first present the following density result.

Lemma 3.1. Let Q1 C Qo be two bounded open sets with smooth boundaries. Let Go be the Green kernel
for the biharmonic operator associated to the open set Q9 i.e.,
—Ang(az,y) =d(x—vy) foral zy€ Qo
0Go
<G2(£C, ), W(m, )) =0 on 0.

Then the set A is dense in the subspace of all biharmonic functions u € C*°(Qy) such that ulso,no0, =
0= %]3910392, equipped with L?(21) topology, where

A= /Gg(-,y)a(y) dy :a € C®(Qy),suppa C Qo \ Q1 5. (14)
Qo

Proof. Let v € L?(€21) be a function which is orthogonal to subspace (14), then by Fubini’s theorem we
have

[aw | [Gatwputoras | ay—o,

Qo 91

for all a € C*°(Qy) supported in Qs \ Q1, therefore Jo, Ga(@,y)v(z) dz = 0 for all y € Qy \ Q1. We want to
show that v is orthogonal to any biharmonic function u € C* () satisfying u|ga,na0, = 0 = %|BQIOBQQ'
Let us consider the function w(y) = le Go(z,y)v(z) dz. Clearly, w € H*(£s), and it satisfies A%w = v in
Q1. Then, using the fact that A?w = v in O, we obtain

/uvdx: /uAQw—/wAQU

Q Q Q
=— / dyulAw + / udy, (Aw) + / dywAu — / wdy, (Au)
o o o o
= / -0 ulAw + ud, (Aw) + dywAu — wo, (Au).
8901\09

Since w(y) = [, Ga(x,y)v(zr)dz =0 forally € Q\Qy and w € H*(Qy), this implies 05w = 0 on 991\
fork =0,---,3. Hence we conclude le wvdz = 0, for all u such that A%u = 0, ulon,non, =0 = %|BQIOBQQ'
This completes the proof. ]

We now present the proof of Theorem 1.1.

Proof of Theorem 1.1. Fix a point z; € €, and let © : [0,1] — Q be a smooth curve joining zg € IQ\I'
to z1. The curve O satisfies ©(0) = xg, ©'(0) is the interior normal to 9 at xo, and O(t) € Q for all
t € (0,1]. By local result (Proposition 2.2), there exists ¢y > 0 such that (a,a!,a?) = 0 in B, (zo). To
this end, we consider the closed neighbourhood of the curve ending at ©(t) defined as:

Oc(t) := {x € Q : dist(x,0([0,1])) < €}.
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Moreover, we define the set
I={te[0,1]:a’ =a' =a® =0 ae. on O.(t)NQ}.

Clearly, I is a closed subset of [0,1]. Also, I is non-empty for € small enough, by the local result. Let us
now prove that [ is also open. WLOG, assume ¢ small enough such that ©.(1) cC Q.

Let t9 € I ( which ensures [0,tg] C I). Let us smoothen Q\O.(¢y) into an open subset 2y of 2 with
smooth boundary, such that 1 D Q\O.(tp). For € < ¢y we have that 00 (to) NI C Be,(z9)NON C IQ\T.
This implies 921 N9 D I'. Let us also smoothen out QU Bz(xg) (€ < € < ¢y) into an open subset Qy with
smooth boundary. Hence,

QuU Bg(:ﬂo) CQy, and I C 9021 NIN C 0Ny N O
For each x € Qo, let Ga(x,-) be the Green kernel associated to the open set Qo:

ASGa(z,y) = 8(z — y)
{(ca<wf>b92,g%%<xf>b92)::o.
To proceed further, we next define a new function G as follows:
Glz,y) = a*(y) AyGalz,y) + (a'(y), VyGa(z,y)) +a’(y) Ga(z,y) where z € 02\ D1,y € .
Then the function
(z,7) 2 Q\Q1 x Q\Qy — /G(m,y) Ga(z,y)dy,

951
is biharmonic viewed as a function of z and = variables. Moreover, it satisfies

/Gmw@wwwz/aww@ww@, (15)

since (a’,al,a?) vanish on ©,(tg) N, and Q\Q; C O(tg) NS We see that the functions y — Ga(z,y) and
y — Go(z,y) are in C*°(Q), biharmonic in 2, and vanish on T' C 9Q9, when 2,z € Q2\Q. Thus y — Ga(2,y)
and y — Ga(x,y) are in &, see definition (2). Next inserting them into the integral identity (3) we obtain
Jo G(x,y) Ga(z,y)dy = 0 for all z,z € Qs \ Q. Note that, biharmonic functions are real analytic, and any
real analytic function that vanishes on some open set must be zero everywhere. The combination of this
along with (15), and [, G(z,y) G2(z,y)dy = 0 for all z,z € Qy \ Q implies Jo, G(z,y) Ga(2,y)dy = 0 for
all z,z € Qy\ Q1 = 0. Next, multiplying fﬂl G(z,y) G2(z,y) dy by by = bi(2) € C(22\Q1), and then
taking integrating over {2 we obtain

//G(m,y) Ga(z,y)dy bi(z)dz = 0, for all z € Q\ Q.
Qo O

Using Fubini theorem, this further entails
/G(m,y) /Gg(z,y) bi(z)dz | dy =0, for all z € 2\Q;.

We next use the density result from Lemma 3.1 to approximation any biharmonic function u in Q; with
ula,nan, =0 = %\aﬂmagg, utilizing the integral of the form fQ2 Go(z,y) b1 (2)dz. This gives

/u(y) Gz, y)dy = /U(y)[aszGa(%y) + (a'(y), VyGa(x,y) ) + a’(y)Ga(z, y)] dy = 0,
0 951
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for all x € Q2\Qy. Integration by parts then gives

0= /Ay(GQ(y)U(y))Gz(w,y) — (Vu(y),a' () Ga(z,y) — div(a")(y) G2 (z, y) u(y) + a®()u(y)Ga(z,y)dy
Q1

a2u
+/az(y)U(y)%(w,y)—Gz(%y)w da(y)+/u(y)<a1,V>Gz(x7y)dU(y)-

o0 o1
Since a' =0 on 0, N, a®> =0 on Q5N Q and Go(x,-) = 0 on 92y NN, for all x € Qg\ﬁl, this implies

0= /[GQAU(y) +u(y)Aa® + 2(Va®, Vu(y))|Ga(z,y) — (Vu(y), a' (y))G2(z, y)dy
Q1

- / (div(a') Ga(a, ) uly) — a(y)u(y)Galz, 1)) dy.
Q1

Multiplying this by a function by = ba(z) € C°(£:\Q1) and integrating over g,

[ [l@8u(w) + (Fu),2Va ~ a'(9)) + (82 - divla!) +a°(0)) u(w)]Gao, ) dyba(a)dz = .
Qo O

Again, we use Fubini theorem to interchange the order of the integral and invoke Lemma 3.1 to obtain

/ (a2 Au(y) + (Vu(y), 2Va? — a*(y)) + (Aa? — div(a!) + a®()) u(y)]o(y) dy = 0.
1951

This gives a? = 0,2Va® — a! = 0, and Aa? — diva' + a® = 0 locally at each point of 9Q; N Q using the
local uniqueness result from Proposition 2.2 replacing €2 by ©;. Now, for each z € 00.(to) \ Be,(x0), 1
can be chosen such that 9 N 0O, (tg) = {x}. Thus, a’,a' and a? vanish locally at each point of 9O(to).
This proves that I is open. Since [ is a non-empty connected set that is both open and closed. This
implies I = [0, 1]. Since z; was an arbitrary point, this implies a/ = 0 everywhere in Q for j = 0,1,2. This
completes the proof. O

APPENDIX A. LINEARIZATION AND DERIVATION OF THE INTEGRAL IDENTITY

In the section, we linearize the Dirichlet-to-Neumann map by computing its Fréchet derivative, when
both Dirichlet and Neumann data are known only on a non-empty open set of the boundary. Let ¥ C 02
be non-empty and open and let Hg(0€Q) denote the space of functions f € H*(0) such that suppf C 3.
Recall the operator (1) together with its Dirichlet boundary conditions:

Lo(e,D) = (AP +Q(D) in 9 »
(u, Oyu) = (f1, f2) on Jf
where Q(z, D) := Z?zo aél___il (x) D is a differential operator of order 3 with 1 < iy,--- ,4; < n and @

is a smooth symmetric tensor field of order [ in Q and (fo, f1) € H;/ 2(8(2) X Hg/ 2 (092). In what follows,
we identify the tensor fields (a')?_, to the associated differential operator Z?:o aél___l-l (x) D% and let S
denote the space of all such bounded smooth tensor fields, equipped with the L° norm. Then, the partial
DN map is defined as:

A:S—B (H;/Q(OQ) x HY?(09), (H¥2(00Q) x H'/*(09)) (E) . AQ(f1, fo) = (02uls, BBuls).

where (H 3/2(9Q) x H'/? (09)) ‘2 denotes the restriction of the corresponding functions to ¥. The following
lemma gives an expression for the Fréchet derivative of the map @ — Aq.
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Lemma A.1. Suppose 0 is not an eigen value of (16) and let P : (H;/Q(BQ) X H;/z(aﬁ)) — H*(Q) denote
the solution operator for the problem (16). Let Gg : L*(Q) — D(Lg) be the Green operator satisfying

Lo(GgF) =F in
(GoF,0,(GgF)) =0 on OS.

The Fréchet derivative of A is given as
(dA)g=Bo:S— B <H£/2(8§2) x HY?(09), (H¥2(00) x H'/?(09)) |E)
defined for H € § as

<BQH><f>:(aSGm—HPQf),aﬁGQ<—HPQf>> . for [ =(fo, 1) € (HY?(09) x H)?(99)).

P

Proof. Let [|H || (q) be small enough such that Ag g is well defined, where H lives on the same space as
Q. Given f = (fo, 1) € HY?(09) x HY?*(09), we have

»
The function w := Pgipf — Pgf satisfies the following partial differential equation.
(=A)?+Q(z,D))w =—-Hw— HPyf in Q
(w,0,w) =0 on Of.

Thus, we can write w = Gg(—H w) + Go(—HPgf) and w € D(Lg+x). Utilizing the continuity of the
Green operator Gg(H w) we obtain

Aginf —Aof = (33(PQ+Hf — Pof),05(Posuf — PQf)>

1 . .
IGQ(H W)l < ellH wlirz) < 5llwllmi@) i [Hlz~(q) is small

We next estimate |[w| gsq) = |Go(—H w) + Go(—HPqf)| m1(q)- The combination of this with triangle

inequality and last displayed relation implies [|w||ga(qy < [|H || L~ HfHH% P T Next we observe that,

(AQ+H<f>  Ao(f) - (B2Co(~HPof). 08Co(—HP, ) rz)

_ <6§(w — GoHPof), 8 (w — GQHPQf)> ‘E = <6§GQ(—Hw),8§GQ(—Hw)>

P

Combining trace theorem, continuity of Gg and |[w|| () < [[H|[zeo ) | f]l we obtain from

H? (0Q)x H3 (69)
above

105G (~Hw), 8;Gq(~Hw))| | < 1@2Ga(=Hw), 0,Go(—Huw))|

H3 (S)xH3 (S H3 (0Q)x H? (69)
2
< G (H w)lrsey < 1 H ey sy < 1H oy 17115 o 0% 01
This proves that the Fréchet derivative of Q — Ag at Q is Byg. O
We are interested in studying the injectivity of dA|g—p. This reduces to

Lemma A.2. Let dA|g—o = 0. Then for any H = (aD)}_, € S, the following integral identity holds

3
0] B
/ a;/. ;0. quvdr =0,
Q =0

for all biharmonic functions u and v in £ whose Dirichlet data is supported in 3.
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Proof. Let g = (g0,91) € H;/Q(BQ) X Hg/Q((?Q). The function Pyg € H*(Q2) satisfies

(—A)2Pyg=0 in Q
(Pog,0,Pog) =g  on 0N.

Also, for f = (fo, f1) € HY*(09) x HY?(09), Go(—HPyf) solves

(—A)PGo(~HPyf) = —HPy f in @
(Go(—HPof),0,Go(—HPyf)) =0 on 9.

Multiplying Ppg to the last equation and using Green’s identities, we get

- / (HPof)Pog dz = / (—AY2Go(~HPyf)Pog — Go(—HPof)(~A) Pog
Q Q

:/ [_ Dy Pog(AGo(—HPyf)) + Pogd, (AGo(—HPyf))
[2)9]

+ A(Pog)0, (Go(—HPy f)) — Go(—HPOf)au(Apog)} ds.

The last two terms vanish due to the properties of the Green’s function on the boundary. By definition of
Py, we have (Pyg, 0, Pog)|oa = (9o, g1) which vanishes outside X. This yields

—/(Hpof)Pogdx :/ [— 0, Pog(AGo(—HPy f)) +P093V(AGO(—HP0JC))} ds
0 5

Since dA|yp = 0, using the expression for dA|p from the previous lemma, we have

(92(Go(—=HPo[)), 05 (Go(—HPo f))) |y, = 0

Now using the equivalence of (u, dyu, d2u,03u) |z =0 < (u,dyu, Au,d,(Au))|s = 0, where X C 0.
This completes the proof. O

APPENDIX B. DECAY ESTIMATES
Lemma B.1. Let ry solves the following Dirichlet boundary value problem
A’ry =0 in
(rg,0yra) = (wo, ywy) on  ON.

Where wy = x(x )e T with X € CX(R") and £ € C™ are from Lemma 2.1. Then there exists a constant
C independent of & and h such that

2
Irallizey < O+ BF 4 8 L2 ghicm | where Hiy(y) = sup-y, y e R™.

reK
Proof. From the well-posedness of the above Dirichlet problem [GGS10, Theorem 2.20], we obtain

8?1}0

w22y < Clllwoll s on) + =5 "Iz o)),

where wo(z) = X(m)e " Since 9 is a compact Riemannian manifold of dimension n — 1, we can choose
a finite number of Coordlnate neighborhood system {(U;, ¢;)};",, where

¢ :U; —» V; cc R 1
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is a diffeomorphism from U; onto an open subset V; contained in R*~!. Let {1i}" be a partition of unity
subordinate to {U;};*,. The H*-norm of g € C*°(99), for s € R, by

lgll2 = Z 1(ig) © 772

Let wo j(x) = (¥jwo) o o5 1= =jo gb - wp © gb] , 1 < j < mg. The H¥?(9Q) norm of w is defined as:

018272 gy = 30 [0, Where

Vo j () — Vo ;(y)|>
s =l |2+ P2+ [ [ EE0sd=200s 0 g ay,
Vi Vi

It is enough to estimate ||w0,j||§/2. We will estimate ||wo7j||§/2 component-wise. To this end, we consider

the L? norm of wp,; and observe that

|Jwo||* < C/ |wg o ¢j_1]2dx <C sup |wo,l? < Cen Hre(Ime) (17)
v OQNsupp x
J

Since Vo, = V(¥ 0o¢; ) woo gt + 0t Viwgo g ) = V(065 ") woo ;! +ibjog - V(wp) o
o; L. ((;5 1), this implies

||Vw0]||2 < C <1+ ’5‘ >6iHK(Im§)_ (18)

Next, we consider

// [Vwo j(z) — Vwg j(y)]?
J !w —yl"

V(¥ (@)wo 0 ¢; ' () — V(5 0 ¢; ) (@)wo 0 ¢ ' ()|
= 2// |z —y["
Vi V;
// |1 o V(wo o ¢;')(x) —¢j0¢]1(y)'V(wOO@l)(y)!z.
2 |z —y|™

Now using mean value theorem on each integrand of the above right hand side inequality and then using
the property of wgy, we obtain

2 2
//|Vwoj | V|w0,1(y)| dxdy§C< 4 \5’ n ’5\ ) e Hic(Img)
r —y|"

Vi Vi

The combination of this along with (17) and (18) gives

2
||w0,j||§/2 <C <1 + @ + €1 > 7HK(Im5), for each 1 < j < my.

This further entails

2 4
HwOHH3/2(3Q) SC( —|—|fL—|2_|_ﬁ> }LHK(Img).

In a very similar fashion, one can also obtain

15, 200y < € (1 + |h—|2 i | o Hi(Ime)
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We next combine preceding estimates and conclude

dwy 5 5 1
Ieallieay < Cllwoloragomy + 1l amy) < 1+ 5 4 Bl puaghancme)
for all £ € C” such that £ - & = 0, and the constant C' is independent of £. O
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