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BOUNDARY ELEMENT METHODS FOR THE LAPLACE HYPERSINGULAR
INTEGRAL EQUATION ON MULTISCREENS: A TWO-LEVEL
SUBSTRUCTURING PRECONDITIONER

MARTIN AVERSENG*, XAVIER CLAEYST, AND RALF HIPTMAIR}

Abstract. We present a preconditioning method for the linear systems arising from the boundary element
discretization of the Laplace hypersingular equation on a 2-dimensional triangulated surface I in R3. We allow I to
belong to a large class of geometries that we call polygonal multiscreens, which can be non-manifold. After introducing
a new, simple conforming Galerkin discretization, we analyze a substructuring domain-decomposition preconditioner
based on ideas originally developed for the Finite Element Method. The surface I' is subdivided into non-overlapping
regions, and the application of the preconditioner is obtained via the solution of the hypersingular equation on each
patch, plus a coarse subspace correction. We prove that the condition number of the preconditioned linear system
grows poly-logarithmically with H/h, the ratio of the coarse mesh and fine mesh size, and our numerical results
indicate that this bound is sharp. This domain-decomposition algorithm therefore guarantees significant speedups
for iterative solvers, even when a large number of subdomains is used.

1. Introduction. The problem that we study arises in the numerical computation, via the
Boundary Element Method (BEM), of the solution U to the exterior Neumann boundary value
problem

AU = 0 in R\ T,
(1.1) U = oz uniformly for ||z — oo,
VU-n = g-n onl.

Here, n is a normal vector field on I, g is a continuous vector field in R3, and T is a “polygonal
multi-screen”, that is a 2-dimensional surface in R3 made of various flat panels allowed to intersect
at non-manifold junction points and lines (a more precise definition of the allowed geometries is
given below). An example of such a geometry is displayed in Figure 1.1 (left). The ideas that
we present can likely be adapted to other constant-coefficient elliptic partial differential equations
(PDEs). To keep the presentation focused, we restrict our analysis to the model problem (1.1) for
the time being.

Both for the continuous and the discrete analysis, the challenge in solving eq. (1.1) lies in
the singular nature of the geometry on which the boundary condition is imposed. Such singular
geometric models occur regularly in engineering applications, see, e.g., [1, 9, 15, 16, 24, 35, 40, 5].

The first difficulty for the BEM is that, for general polygonal multi-screens I'; a reformulation
of eq. (1.1) as a boundary integral equation involving a coercive bilinear form acting on densities on
I has been analyzed only recently [12], and a conforming and converging Galerkin discretization of
this variational problem has remained elusive. So far, all proposed methods involved a non-definite
variational form on the finite-dimensional subspaces, and a “quotient-space” iterative resolution see
[11, 13, 14].

Secondly, for such irregular surfaces I', reformulations of the PDE (1.1) as a second-kind integral
equation — which are often preferred to first-kind alternatives due to their inherent good conditioning
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FIGURE 1.1. Ezample of a 3-dimensional multi-screen (left) and plane-wave scattering by this non-manifold
obstacle with incidence along the (—1,—1,—1) direction. This computation has been performed using the Galerkin
method described in this paper.

— do not seem to be known, and hence, preconditioning becomes a crucial issue. This has been the
main focus of the recent works [13, 14] of Cools and Urzta-Torres for acoustic and electromagnetic
scattering', using the idea of operator preconditioning [10, 21, 36].

The present contribution addresses both difficulties, with a focus on rigorous numerical analy-
sis. The first part of this work describes a reformulation of the PDE (1.1) into a coercive variational
problem, and proposes a conforming and converging Galerkin discretization, also covering key as-
pects of the implementation. The second part is concerned with preconditioning; here we opt for
a domain-decomposition strategy. More precisely, we introduce a preconditioner in the form of a
two-level additive Schwarz subspace decomposition via substructuring. Although these tools were
originally developed for Finite Element Methods (FEM) (this was started in [6] by Bramble Pasciak
and Schatz, see [37, Chap. 5| for a comprehensive presentation), their use in BEM has received
some attention in the past 30 years, see e.g. [17, 38, 18, 19, 20, 26, 25, 27] and references therein.

We generalize this type of methods to multiscreen geometries. Our approach is original con-
cerning the analysis of the splitting of the discretized space of jumps. Instead of relying on “almost
local” properties of the H'/2 norm, we harness stability results that are known for volume split-
tings in FEM, and transfer them to I" by applying the jump operator [-]p. We show that stability
is preserved by this operation under a set of conditions related to the existence of stable extension
operators from the trace space back to the volume, see also [23, Thm 2.2]. By checking that these
conditions hold, we obtain an upper bound on the condition number of the preconditioned BEM
linear system which is polylogarithmic in the ratio of the coarse and fine mesh size, see Theorem 2.1.
This bound holds for all polygonal multi-screens, even those excluded from the analysis of [13] (such
as the one represented in Figure 1.1).

The outline is as follows. We state the main result and illustrate it with numerical experiments
in Section 2. In Section 3, we recast the PDE (1.1) into a coercive variational problem, and present
a conforming Galerkin discretization method in Section 4. Section 5 deals with the stability of

Tt is worth mentioning that the analysis in those references accommodates for a indefinite framework, whereas
the present work relies heavily on the positive-definiteness of the bilinear form.
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induced splittings on quotient spaces. We formulate the splitting of the jump space required to
define our preconditioner in Section 6 and then prove the condition number estimate. We also
collect in the appendix proofs of some useful results previously stated in the multi-screen literature
(see Theorems 3.8 and B.2).

A full Matlab/C++ prototype of the algorithm described in this paper is freely available and
includes the scripts to reproduce the numerical results presented below.?

2. Main result and numerical experiments.

2.1. Main result. We compute the solution U to (1.1) as a suitable double-layer potential
on T' (see Definition 3.3) where the unknown density ¢ € H'/?([T']) is the unique solution of a
variational problem of the form

(2.1) alp,¥) =l,(v) W e HY2([T).

The Hilbert space H'/2(]I']) models Dirichlet jumps across I'. Its precise definition is recalled in
Section 3; we will show that the symmetric bilinear form a of (3.5) induces an equivalent norm on
this space, and that I, : H'/2([[']) — R defined by (3.12) is a continuous linear form. Introducing a
family of nested, shape-regular and quasi-uniform triangulations (73 )n>0 of I', indexed by an upper
bound i > 0 on the maximal element diameter, we build an asymptotically dense sequence of
subspaces V3, ([I']) € H'/?([T]), which correspond to jumps of continuous piecewise linear functions
on I', and define a converging sequence of approximations ¢y of ¢ via the Galerkin method

(2.2) alen, n) = lg(n) Vb € Vi([T]).

Given two triangulations, Ty, Ty, with h < H, we define an additive Schwarz preconditioner based
on a subspace splitting [37, Chap. 2]

(2.3) Vi(D) = ( 3> ?f) + TV + Vi

F element of Ty

The definition of the “face spaces” {17}-} 7 and the “wire-basket” space VW is based on a decom-
position of the vertex set of 7, into the vertices lying in the interior of a triangular element F of
Tu, and those lying on edges or vertices of Ty, respectively. In addition, Vi := Vg ([T]) C V4 ([T])
defines a coarse space for the splitting. The precise definitions of the subspaces are given in Def-
inition 6.6 and a sketch in Figure 2.1 visualizes the elements of the subspaces. Additive Schwarz
preconditioning based on this splitting turns the discrete variational problem (2.2) into an equation
where the operator Paq : V,([T]) = Vi ([[]) to be evaluated is defined by

Paa(H;h) = Z Pr+ Pw + Py,
F face of T’

with Py the a(-,-) orthogonal projection of V;([I']) onto the subspace Vx. The main result of this
paper is the following bound on the spectral condition number «(P,q(H;h)) of this operator.

THEOREM 2.1. There exists C > 0 such that for all 0 < h < H,
Kk(Paa(H; b)) < C (1 +log(H/h)?) .

2https://github.com/Martin Averseng/multi-screen-bem3D-ddm
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Numerical results in Subsection 2.2 show that this bound is sharp, and in particular that the loga-
rithmic term cannot be removed. The method presented here and the condition number estimate
in Theorem 2.1 are very similar to the ones obtained in [20, Theorem 1] [19, Theorem 1] for planar
surfaces in dimension 3.

FIGURE 2.1. For a simple multiscreen I' composed of 3 coarse triangles and for piecewise-linear 1?1/2(1“)-
conforming boundary element spaces, sketch of the boundary values of the basis functions belonging to each of the
three types of sets in the splitting (6.5). Left: a coarse basis function. Middle: a face basis function. Right: two
wire-basket basis functions. In this example, there are three face spaces, one associated to each coarse triangle. The
vertices corresponding to the right-most face space are highlighted as green triangles in the middle figure. Similarly,
the vertices corresponding to the wire-basket space are highlighted as orange squares in the third figure, and the
vertices associated to the coarse space, as red circles in the first figure.

Remark 2.2 (Bound on the number of Preconditioned Conjugate Gradient iterations). Let Ay, :
Vi (1)) = Vi ([T]) be the operator defined by

(Apup,vp) = a(up,vn), Yun,vn € Va([T]),
Then one can check that the variational problem (2.2) is equivalent to
(2.4) P.a(H;h)p = M(H;h)l, .

with M(H;h) : Va([T])" — Vi ([T]) defined by

V(M) 31— > ¢r+dw+ou

F face of T’
and where ¢x € VX is the unique solution of the variational problem
Find ¢x € ‘N/X st. a(px,vx) =Il(vx) Yux € ‘N/X.

Note that Paq(H;h) = M(H;h)A, and that M (H;h) — hence also P,q(H;h) — can be evaluated in
parallel. The quantity x = #(Paq(H;h)) controls the rate of convergence, in the a(-,-)'/? norm, of
the preconditioned conjugate gradient method for the resolution of (2.4) in the sense that the error
en = @n — @ after n iterations satisfies a(en, e,)/? < 2p™a(eq, e0)'/?, where p = g:, see e.g. [30,
p.163].

Remark 2.3 (Approximate solvers). It is possible to extend the theory to accommodate for
“approximate solvers” on the subspaces, which amounts to defining the operators Py in eq. (2.3)
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as ax (-, -)-orthogonal projections onto Vx, for some suitable choice of the local bilinear form ax(--)
on the considered subspace 17X. For instance, using the quasi-uniformity assumption of the mesh,
it is possible to prove that the condition number bound of Theorem 2.1 still holds when replacing
the exact bilinear form on the wire-basket by a cheaper, pointwise scalar product, much in the
spirit of [6, Remark 4.3]. Similarly, it is a natural idea to consider approximate solvers on the faces
using for instance Calderén preconditioning (this is essentially the central idea of [13]), or other
approximations of the Laplace layer potentials on screens [22, 3], but tracking the dependence with
respect to the coarse mesh parameter H seems more delicate in this case; we leave that question to
future work.

Remark 2.4 (Provenance of the logarithmic factor). The logarithmic factor comes from the
use of a decomposition of I' into panels with no overlap, and, in the analysis, from discrete trace
inequalities for edges in R3 [37, Lemma 4.16]. The work [13], in which a similar condition number
estimate is proved for a BEM preconditioner on multi-screens, can be thought of as using panels
with generous overlap, a situation which in principle (in view of the corresponding properties for
substructuring algorithms in FEM) should lead to the complete removal of the logarithmic factors.
However, in that reference, approximate solvers are used on the face spaces, given by the standard
Calderén preconditioners. This re-introduces the logarithmic factor, but from a somewhat different
source, namely the so-called “duality mismatch” between the spaces H*+1/ 2(S) when S is a smooth
manifold with boundary.

Remark 2.5 (Case where I" is a manifold). All the material discussed in this paper also applies
to the case where I' is a regular manifold with or without boundary. The Galerkin method then
reduces to the standard boundary element method for the hypersingular equation on I'. In this
regard, our presentation differs from other works on BEM for multiscreens [11, 13, 14]; the difference
comes from the fact that we remove the kernel from the hypersingular operator, cf. Definition 3.5.

2.2. Motivating numerical experiments.
Experiment 1. Failure of “naive” BEM with multiscreens. We consider a “plus-shaped” geom-
etry ' = [—1,1] x {0} U {0} x [—1,1] and let

U(zr,73) = Re (_1> ,

2iw

where z = x1 4+ ix2 and w is defined by the conformal mapping z = % (w + %) from the region
|z| > 1 to the region C\ [—1,1] (see [28, Exercise 8.16]). Note that U is the potential generated
by a dipole distribution of density ¢(x1,72) = y/1 — 22 on I'. One can check that ¢ is harmonic
on R?\ T (it is even harmonic on R?\ ([—1,1] x {0})) and satisfies an appropriate decay condition
at infinity. This explicit solution to the Laplace equation in the complement of I' can thus be
used to test a boundary element method. Taking the cue from the hypersingular boundary integral
equation on screens, a naive approach is to discretize I' using an edge mesh with 4 coarse elements
corresponding to the 4 arms of the cross, and subdividing each element into a finite number of
segments, giving a mesh Mr ;. The surface is not orientable, but in principle, one can attempt to
pick an arbitrary choice of a normal vector field n on each element and solve for the surface density
©h naive € Vi (I') such that

(2.5) ;—; //I‘xl" Ny X VIQh naive(€) - 1y X V() In(||z — y||)dedy = /an VU (z)(x)dx
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FIGURE 2.2. Left: multi-screen I" with a non-uniform mesh, and choice of normal vector n for the computation
of D. Right: discrete £2 error for the “naive method” (blue curves) for the uniform (solid line) and non-uniform
mesh (dashed line). Comparison with the “new method”, the Galerkin method presented in this paper (red curves)

for all ¢ € V3, (T'). Here, V3, (T') is the set of continuous piecewise linear functions on the mesh
M, with a Dirichlet condition on 0I', and Vr is the tangential gradient on I'. The corresponding
potential U}, is given by the formula

-1 n, - (y—x
Up(z) = — M@h,naive@)dy-
2m Jrlz -y

This would be the standard boundary element methodology, albeit applied to a non-manifold mesh
Mr ;. However, as is obvious in Figure 2.3, the solution i}, obtained in this way is incorrect. We

examine this problem further by computing the discrete £2 norm of L{}(Li) —U on a Cartesian grid in

a square box surrounding I, for two families (Z/{}(f)) r>0, § = 1,2, of “naive approximations”, indexed
by the average mesh size h, where the mesh of I" is uniform (i = 1) or quadratically refined near
the 4 vertices of OI' (i = 2). The results are plotted as the solid and dashed blue curves in Figure
2.2, respectively. In both cases, they show a slow decrease of this error as h — 0. We compare
those convergence curves (“naive method”) to the ones obtained when the approximation of I is
computed via the conforming Galerkin method described in this paper (“new method”). In this
case, we observe convergence orders of O(h) for the uniform mesh and O(h?) for the quadratically
refined mesh (solid and dashed red curves, respectively).

In the example above, the true solution has a single-valued jump on the multi-screen, hence
one may expect that some better choice of normal vector might still allow the naive BEM to find
the right solution. In the next example, we change the Neumann condition in a way that makes the
solution truly 4-valued at the cross-point. In this case, the exact solution is not known analytically,
but it is clear that the naive BEM cannot converge to the right solution, since it can only have up
to 2 different limits at the cross-point. Figure 2.5 shows a comparison between the two methods in
such a case.

Ezxperiment 2. Condition numbers for a 2D multi-screen. We now illustrate our main result
about the substructuring preconditioner, first for a 2D setting (our presentation is restricted to



HYPERSINGULAR EQUATION ON MULTISCREENS 7

100
107!
102

10°%

107

FIGURE 2.3. Left: solution U, computed via the “naive” method involving the variational problem (2.5), with
a mesh size of with a uniform mesh, h = 0.025. Middle: exact solution. Right: error in base 10 logarithmic scale.
The “naive” method produces a qualitatively wrong solution, with the error concentrated at the cross-point.
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FIGURE 2.4. Left: solution D computed via the new method described in this paper, with a uniform mesh of
size h = 0.05. Mziddle: exact solution. Right: error in base 10 logarithmic scale. The “new” method produces the
correct solution, up to a small error concentrated near the edge singularities of the exact solution U.

\

-2.5

FIGURE 2.5. Approzimate solutions of Problem (1.1) with a Neumann condition given by the constant vector
field g = (1,2)T. Left: “naive” method, Right: “new” method. The solutions produced by the two methods are
conspicuously different at the center of the cross.
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dimension 3, but the analysis carries over in the easier case of dimension 2). The multi-screen used
in this example is a “threefold junction”, that is, a set of three line segments joining the center of
gravity of an equilateral triangle to its vertices. We compare in Figure 2.6 the spectral condition
number for the linear system when no preconditioner is used, to the condition number x(Pnq(H; h))
of the preconditioned linear system using our substructuring domain decomposition method. As
expected from results available for regular geometries, see [33, Section 4.5, we observe a condition
number of the linear system without preconditioner behaving like O(h™!). The growth of the
spectral condition number for the preconditioned linear system is in agreement with Theorem 2.1.

No preconditioner
2
o 1020 .
i
2
2
=]
=)
2
% 10* O(1 +log(1/h)?) E
g .
O
100 == == ! - __:-- \//ﬂ/ L I
1 2 3 4 5 6 7 8 9
Refinement level: 1+ logy(1/h)
102 \ ,
e No preconditioner
2 oum
<
- .
V) i
r-% // O(1 +log(1/h)?)
Aol
o 100 .
.
=
o)
=
Q
O
100 IR %
1L 2 3 4 5 6 7

Refinement level: 1+ log,(1/h)

FIGURE 2.6. Condition number k (in log-scale) of the preconditioned linear system, as a function of H and h,
and comparison with the condition number when no preconditioner is used. Top: 2D problem (threefold junction).
Bottom: 8D problem (“bow-tie” multiscreen depicted in Figure 2.7).
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FIGURE 2.7. Left: the polygonal multiscreen used in the experiments of Figure 2.6 (bottom panel). It is
composed of two equal-sized and perpendicularly arranged equilateral triangles, intersecting along a common median
(highlighted in red). Right: some isosurfaces of the numerical approzimation of the field U solving the problem (1.1)
with a constant vector g = (1,0.5,0.25)T.

Ezxperiment 3. Condition numbers for a 8D multi-screen. We include analogous experimental
results in a 3D setting in Figure 2.6, bottom panel, using the multi-screen geometry in Figure 2.7.
The results are qualitatively similar to those in 2D, and illustrate the sharpness of Theorem 2.1, in
particular with respect to the power of the logarithmic factor in the estimate.

We now continue with the definition and analysis of the additive Schwarz preconditioner, and
the proof of Theorem 2.1.

3. Laplace hypersingular Boundary Integral Equation on Multiscreens. In this sec-
tion, we formulate a precise boundary value problem for the Laplace equation in R® \ T' with
Neumann conditions on the multiscreen. We give an equivalent reformulation of this problem a
boundary integral equation. Most of the material is recalled from [12]. For conciseness, and with
our boundary element application in mind, we restrict the presentation to polygonal multiscreens.

3.1. Polygonal multi-screens. We use the same notation as in [4]. An n-simplex S, for
n € {0,1,2,3}, is a set of n + 1 affinely independent points in R?, called the vertices of S. The
closed convex hull of the vertices of S is denoted by |S|. The simplex S is a vertez, edge, triangle, and
tetrahedron when n = 0, 1, 2, and 3, respectively. For n > 1, the facets of S are the (n—1)-simplices
S’ such that S’ C S; the set of all facets of S is denoted by F(S5).

DEFINITION 3.1 (Simplicial mesh). An n-dimensional mesh M is a finite set of n-simplices
satisfying the condition

V(S,SYeMx M, |SnS|=I|S|n|S.
Given an n-dimensional mesh M, let

FM) = ] F(9).
SeM
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Forn > 1, the boundary OM C F(M) is the (n — 1)-dimensional mesh defined as the set of faces
that occur in exactly one simplex of M, that is,

OM:={F e F(M)|3INSeMst. FeF()}.
The geometry of a mesh M is defined by

M| = U |S] .
SemM
The n-dimensional mesh M is regular if its geometry is a manifold. If n > 1, then OM is also a
regular mesh, and there holds [OM| = 8| M]|.

DEFINITION 3.2 (Polygonal multi-screen). A set I' is a polygonal multi-screen, if there exists
a regular tetrahedral mesh Mg of a sufficiently large open cube @ = [—1,1]> C R3, 1 > 0, and a
triangular mesh Mr C F(Maq) \ OMgq such that

= |Mp|.

The mesh Mg is further assumed to be partitioned into a collection of reqular tetrahedral meshes
Maq,,...,Mq,, in such a way that Mr C OMgq, U...UOMgq, and, for each j € {1,...,J}, the
intersection I' MO is a Lipschitz screen (i.e. a Lipschitz manifold with Lipschitz boundary) where
Qj = lnt(|MQ] ‘)

It follows from the definition that a multi-screen I' is a compact set. Setting in addition Qg := R3\Q,
the sets Qo, ..., Q then define a Lipschitz partition of R?, in the sense of [12, Definition 2.2]. A
polygonal multi-screen is thus a particular case of a multi-screen in the sense of [12, Definition 2.3].
The mesh Mg, is merely used for theoretical analysis and is not needed in our algorithm.

In the remainder of this work, we fix a polygonal multi-screen I'. For convenience, we further
assume that R® \ ' is connected.®* We denote by v; : H'(Q;) — L?*(9%;) the pointwise trace
operator [28, p. 100]. In Section 6, we require that all Q; for j # 0 be tetrahedra of diameter
bounded by some constant H > 0, thus providing a coarse mesh of Mgq. This can be achieved, if
necessary, by redefining the sets 2;. For now, we impose no restrictions on the size of the domains
(}; and the constants in the estimates proved in the next section are thus independent of H.

3.2. Quotient trace spaces. For an open set U C R3, let C°(U) be the set of real-valued
functions u that are infinitely differentiable and compactly supported on U. Let L?(U) be the set of
real-valued square-integrable functions on U. We denote by H!(U) the Sobolev space of functions
u € L?(U) such that there exists a square-integrable vector field p € (L*(U))? satisfying

/ udivedr = —/ p-odr Vo€ (CZ(U))3.

U U

Writing Vu := p for the weak gradient of u on U, a Hilbert structure is defined on H'(U) by
lullir ) = lullzzw) + 1Vullha) -

3This ensures uniqueness of the solution U of (1.1). If R3 \ T' has several connected components, the solution
is unique up to adding constants in the bounded connected components. The material discussed here can easily be
adapted to handle this situation — in particular the case where IT" is a closed surface such as the boundary 9P of a
polyhedron P — but we omit this for conciseness.

4We emphasize that our notation for H!(U) differs from the standard [28, Chap. 3], where this space is denoted
by W1(U), and where H'(U) is instead defined via Fourier transforms (with the two definitions coinciding, e.g.,
when U is a Lipschitz domain, but this will not be the case for most instances of U below).
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Let Hj 1(R?) be the closure of C°(R*\T) in H'(R?). The multi-trace space H'/2(T") is the Hilbert
space defined by the quotient [12, eq. (5.1)]

HY?(T) == H'(R*\ T)/H p(R?).
The (Dirichlet) multi-trace operator is defined as the canonical surjection
(3.1) v: HYR3\T) — HY?(I)
associated to this quotient space. By definition of quotients of Hilbert spaces,
lullis ey = min { IVl sy |7V = V€ HI@N\D)
= min {|U + Uoll i o ( Up€ HEp(R:)} VU € H'RP\T) 6. 9U = u.
Let H/2([T']) be the single-trace space, which is the closed subspace of H'/?(T") defined by
H'*(I)) := 7 (H'(R%)).
In turn, the jump space HY 2(T) is the Hilbert space defined by the quotient [12, Proposition 6.8]
HY2([1]) := HY2(D)/HY2([T))

and the jump operator [-|r is defined as the corresponding canonical surjection. We will also conve-
niently write [u]r as short for [y(u)]r when v € H'(R3\ T).

With a similar construction, where the role of the gradient is played by the divergence, one
defines H (div,R?), Ho r(div,R?) and the quotient space

H~Y2(T) := H(div,R®\ T")/Ho r(div, R%),
and 7, refers to the associated canonical surjection. Again, H~/2([T']) is the single-trace space of

H~1/2(T), defined by
HY2(1) = 7, (H(div, R?)) .

A well-defined bilinear form is obtained by [12, eq. (5.2)]
J
V(u,v) € HY2(I) x HTV2(T),  (u,v) = Z/ Vf(z)-p(z) + f(z)divp(z) dz,
j=1"%

where f and p are arbitrary representatives of u and v, i.e., u = y(f), v = 7, (p). This realizes an
isometric duality pairing in the sense that [12, Prop. 5.1]

{u, o) {u, o)
(3.2) lullgarory = sup —————, vllg1pqpy= sup H——.
PEH—1/2(T") ”‘P”H*I/Q(F) YEH/2(D) ||1/JHH1/2(1“)

Moreover, the single-trace spaces H*'/2([I']) are each other’s polar under this bilinear form [12,
Proposition 6.3], i.e.,

(3.3) HY2(T)) = {u e BYA(T) | (u,v) =0, Yo e HV2(T)}
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(3.4) H™Y2([0]) = {v € H-Y/2(I) ‘ (u,v) =0, Yue HW([F])} .
We further introduce the Hilbert space
HY(AU) :={ue H'(U) | Vue H(div,U)} ,
with the norm ”u‘ﬁ{l(A,U) = Hu||ip(U) + HVUH?I(diV,U), and let H\. (A, U) be the space of functions

u such that yu € HY(A, U) for any smooth compactly supported functions y.

3.3. Exterior Neumann boundary value problem. We seck the solution U of the solution
of the Boundary Value Problem (BVP)
(3.5) AU=0 inR3\T

with a prescribed normal derivative on I', and the decay condition

(3.6) Uz) = o< ! ) ,

]|

uniformly as & — oo, where ||z| is the Euclidean norm of z. To prescribe the boundary condition,
we supply a sufficiently regular vector field g on R? such that the normal component of Vif agrees
with g on I'. More formally, we impose that

(3.7) T (VU) = m,(g)  in H-V2(T),
where g € H(div,R?). In particular, this requires the normal derivative of U to be “continuous”
across I, i.e., to be an element of the single-trace space H~/2([I)).

3.4. Variational hypersingular boundary integral equation. We seek the solution U of
the Neumann boundary value problem in the form of a double-layer potential.

DEFINITION 3.3 (Double-Layer potential). For u € H'/2(T), the double-layer potential DL u
is defined by
Vz e R®\T, DLu(z) =2z~ (u,m(VG)),

where
0 if y =ux,
WER, G)=1 @ .
—=—=~ _  otherwise,
4m [l — y||

and X, s any smooth compactly supported function equal to 0 in a neighborhood of x, and 1 in a

neighborhood of T".

The value of DLu(x) is independent of the particular choice of cutoff function, and Lemma 3.11
gives a concrete integral representation of this operator which generalizes the commonly known
formula. Furthermore, DL maps H'/2(T) to H} (A, R?\ T) continuously, satisfies the property

(3.8) DLu=0 Yue HY*(I]),
and the jump relation [12, Prop. 8.5]

(3.9) [DLu)r = [ur VYu e HY?(D).
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Finally, note that by the property (3.8), DL induces a linear continuous map on HY 2([1)), again
denoted by DL. For u € H'/?(I') and U C R3\T an open set, (DL u)y € C*(U) and A(DLu) =0
on U. Moreover, DL u satisfies the decay condition (3.6).

PROPOSITION 3.4 (Hypersingular operator [12, Section 8]). The hypersingular operator W :=
Ty 0 V o DL is well-defined and continuous from HY?(I') — H~1/2([T)).

Let b : HY/?(T") x HY?(I') — R be the bilinear form defined by
(3.10) b(u,v) == (v, Wu), VYu,veH/3T).

Then, by Lemma C.2, the bilinear form b is symmetric and positive, but it is only semi-definite;
due to the relation (3.8), it satisfies b(u,-) = 0 for all u € H/?([T']). However, we may define a new
bilinear form a : H'/2([T]) x HY/2([I']) — R by quotienting b with respect to H'/2(T"), as follows.

DEFINITION 3.5 (The hypersingular bilinear form). For any p,¢ € ﬁl/Q([F]), we define
(3.11) a(p, V) == b(u,v) where u,v € HY?(T) satisfy [u]r = ¢, [v]r = 1.
This definition is valid (i.e., it does not depend on the choice of u and v) since H'/2([T']), which

is the kernel of []p in H'/2(T), is also in the kernel of b. From the mapping properties of W and
Theorem C.3, we immediately obtain the following result.

THEOREM 3.6 (Coercivity of the hypersingular bilinear form). The hypersingular bilinear form
a is_continuous, positive definite and bounded from below. It induces an equivalent inner product
on HY?(T), i.e. there exist constants cy,Cyw > 0 such that

Vo € ﬁl/Q([F]), w H‘PH%l/z([r}) <a(p,¢) < Cw H‘:OH%IM([F]) :
We introduce the linear form
(3.12) ly: HY2(D) 3 [ulr = (yu,7a(9)) -

This is a well-defined continuous linear form by the polarity property (3.3).

THEOREM 3.7 (Variational formulation of the the Laplace Neumann boundary value problem).
The variational problem

(3.13) Find ¢ € H'/?([I') such that a(p, ) = l,(¢) for all ¥ € H?([I]).

has a unique solution ¢©*, and U = DL ™ is the unique solution of the BVP

AU =0 in R3\ T,
(3.14) U=0 (ﬁ) uniformly for x — oo,
70 (VU) = mo(g)  in H-V/2(T).

The proof is given in Appendix C.
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3.5. Weakly singular integral representations. We denote by u; := uq, the restriction
of u to ;. Let n; be the outward pointing unit normal vector of 9€2; and do; the surface measure
on 99Q;. Recall that v; : H'(Q;) — L?*(99;) is the point trace operator. Let V; be the tangential
gradient on 0§25, and curl; := n; x V; the surface curl on 9€;.

On the boundaries 92, of the Lipschitz domains €2;, the spaces H'(9Q;) are defined with the
help of coordinate charts, see e.g. [28, p. 96]. The tangential gradient V; on 0€); extends uniquely
to a continuous map H'(9Q;) — (L?(09Q;))%. We denote by curl; : H'(99Q;) — (L?*(9€;))? the
operator defined by curl; u :=n; x V;u.

THEOREM 3.8 (Weakly singular representation of the hypersingular operator). Let u,v €
HY(R3\T) and suppose that y;u;, vjv; belong to H'(0Q;). Then there holds

JJ
o (ule Tol) = curl; v,u;(z) - curly ypug(z') (2 don (!
(falr o) ZZ// P do () (&),

with I'j := 08 NI as in Definition 3.2.
The proof is given in Appendix C. In practice, it is useful to rewrite the above expression in terms

of weakly singular integrals over pairs of triangles. To this end, a key ingredient is the so-called
“virtually inflated mesh” introduced in [11, Section 4] and studied in more depth in [4].

DEFINITION 3.9 (Inflated mesh). Assume that Mr p and Maq, are “compatible” mesh refine-
ments of Mr and Mg, in the sense that Mrj, C F(Mqy) \ OMa . The inflated mesh Mii,h 18
defined by

(3.15) Myﬁh ={t=T,K)e Mp x Mq, |T € F(K)}.

The elements t = (7', K) € M. ;, model the triangles T' of Mr attached to a “side” of the surface
T (the side determined by the position of the tetrahedron K). The inflated mesh thus contains
twice as many elements as My j: each triangle T € Mr occurs exactly in two pairs (T, K1) and
(T, K~). The inflated mesh M* I, can be equivalently represented as a set of oriented triangles, by
associating to t = (T, K) € MF the triangle T oriented by the normal vector pointing inside | K|
(recall that |S| is the convex hull of the simplex S). We denote this normal vector by n,. We also
write |t| as short for |T'|. Let 4 be the trace operator from the tetrahedron |K| to its face |T|, Vi
the tangential gradient on |¢|, curl; := ny x Vi, and oy the surface measure on [¢|.

COROLLARY 3.10. Under the same assumptions as in Theorem 3.8, there holds

a([ulr, [o]r) = Z //tlxwl curly viu(z) - curly ypo(z') dos(x) doy (z') .

4r ||z — 2/
tt My,

From the proofs in Appendix C, we also record the following expression for the double-layer poten-
tial.

LEMMA 3.11 (Representation of the double-layer potential). For all u € H'(R3\ T),

J
S w(z) = ni(y) - (y—2) s (1) dos
(3.16) Vo € R°\T', DL~u(z) g/rj P i(y) doj(y)
_ nt'(yfx) cu(y)doy .
IO P el

teMy ),
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4. Galerkin Boundary Element Method. Theorem 3.7 immediately suggests a method
for the numerical resolution of the BVP in (3.14). Namely, we find an approximation ¢} of the

solution ¢* of the variational problem (3.13) in a subspace V,(I') € HY2([']) by the Galerkin
method. We then compute U}, = DL ¢}, with U}, being the proposed approximation of U.

4.1. Convergent Galerkin approximation.

DEFINITION 4.1 (Families of subspaces of H'(R3 \ T'), HY/2(T') and HY/2([T)). Given a uni-
formly shape-regular family (Ma.n)n>o of refinements of the mesh Mg introduced in Subsection 3.1,
such that, for each h > 0, the length of the longest edge in Mg}, is bounded by h, and

Vh >0, Mrpy CFMan)\oMap,
let

(4.1) Vi(Q\T) :={ue H'(R*\I) ‘ u =0 on Q and | is linear VK € Mg} ,

(4.2) V(D) =7 (Va(@\T)),  Va([T]) = [Va(@\D)lr.

We call Vi,(T') € HY/2(T") the discrete multi-trace space and V;,([I']) € H/2([I) the discrete jump
space.

We define the approximation ¢} € ‘7;1([1"]) of ¢* as the solution of the variational problem

(4.3) a(h¥n) = lg(¥n)  Viu € Va([T)

Since the bilinear form a is positive definite, by Céa’s lemma, ¢}, is a quasi-optimal approximation
of ¢*, in the sense that there exists a constant C' > 0 such that for all A > 0,

(4.4) lle™ —vnll 5 <C inf [lo" =g :
MIH(IT]) $neVi([T]) ()

THEOREM 4.2 (Convergence of ¢} to ¢*). The Galerkin method is convergent, i.e., the ap-
prozimations (¢} )n>o0 of ¢* satisfy

lim o} = ¢* in HY*(1)).
h—0

The proof is given in Appendix D. In turn, let U}, := DL ¢} . From the convergence of ¢} and the
mapping properties of DL, we deduce immediately the convergence of U}, in an appropriate sense
given below.

COROLLARY 4.3. For every compact set K of R3, there holds
%ig% ([tdn — uHHl(Kn(R3\F)) =0.

In the rest of this section, we address the practical computation of Uy,. We rely on the construction
of a basis {¢y}, ., of the space V;(I), in such a way that the quantities

(4'5) a(guv 51/’) s lg (51/) , and DL au
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can be evaluated algorithmically. Thus, we can build the linear system
Wo =1,

where W is the ]Vh X ]\th square matrix with entries W, ; = a(gl,, $y/)7 and L is the column vector
with entries L, = l4(¢,). The approximation U}, is then given by

Noo
Uy = DL (Z tI>i¢>V> :

i=1
The definition of the local shape functions {au}1 <u<N, is also required for discussing the domain-

decomposition preconditioner in Section 6.

4.2. Local shape functions. The overall idea is to define gy = [¢,]r, where {w”}1<u<ﬁh, is
a basis of a subspace W (Q\T) C V;,(2\T) chosen such that the jump operator induces a bijection

(4.6) [ s Uh(Q\T) = Vi([T]).
To proceed, let us denote by {z1,... ,xy} the ordered set of vertices of Mg p, with the common
vertices of Mg p and Mrp p, given by xi,...,zn, M < N. Let V,,(Q) be the space of functions in
V5 (22\ T') which are continuous across I'; notice that
Vi(Q) = HY(R3) NV, (Q\T).
Let {¢; }1<i<n be the nodal basis of V3,(£2), that is, the set of elements of V;,(Q2) defined by
¢i(xir) =6;0, 1<i,7 <N.

For each i € {1,..., N}, the star of x;, denoted by st(x;, Mq 1), is the set of tetrahedra K € Mg,
containing x; as a vertex. We define a graph G(z;) with

e Nodes: The elements of st(x;, Mq r)

e Edges: The pairs {K, K'} C st(x;, Mq) such that K N K’ € F(Mq) \ Mp,p.
We denote by A;1,...,A;, the connected components of G(x;). Each A, ; is thus a group of
tetrahedra that can be linked by face-connected paths avoiding the faces in M. The connected
components of G(x;) model the different connected sectors locally near z; in R*\I". Define the sets

(4.7) HQ\D) :={(i,j) eEN* |1 <i<N,1<j<g}, and

(48) H(T) = {(i.) € HQ\T) | i < M} ,

For all (7,5) € H(2\T), we define x; ; as the pair (x;, A, ;), i.e. a vertex x; “labeled” by one of
the connected components of G(x;). We call {; ;}1<;<q the set of generalized vertices attached
to x; (see also [4, Definition 2.11]). For (i,5) € H(Q\T), let

|Az,]| = U F

KEALJ'

and denote by ¢; ; the split basis function of V3 (Q \ I') associated to the generalized vertex x; ;,
which is defined by

0 otherwise.

boi(z) = {gbi(w) for @ € int(|Ay ),

Split basis functions span V, (2 \T'), as seen with the following result.
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LEMMA 4.4 (See [2, Lemma 4.1]). The split basis functions {¢; ;} @ jen\r) form a basis of
Vi(Q\ T).

For up € V4(2\T'), we denote by up(x; ;) the coefficient of up on the split basis function ¢; ;, so
that

(4.9) Yup, € Va(Q\T), Hun(wi,j) eR: Up = Z uh(aci,j)qbi,j .
(,5)€H(Q\T)

We introduce the following coefficient-wise scalar product

V(uh, Uh) S Vh(Q \ F) X Vh(Q \ F) s [uh, 'Uh]l2 = Z uh(wi,j)vh(wi7j) ,
(6.3) €M (D)

The space ¥, (Q2\T') is then defined as the [, -];z orthogonal complement of V() in V,(Q\T), so
that

(4.10) Va(Q\T) = Vi () & U, (Q\ T).

Those definitions readily imply:

COROLLARY 4.5 (Parametrization of the jump space). The jump operator [|r induces a bijec-
tion

[Jr : Tr(Q\T) = Va([T)).
Let
(4.11) H(T)) == {(i,j) € H(Q\T) | ¢; > 1 and j < ¢; — 1} ,
and for (i, ) € H([[]) define
(4.12) Vi = Gij — Dig; -

Using that {¢; }1<i<n is a basis of V3,(£2), together with the property

qi
bi=> ij,
=1

and Lemma 4.4, a simple algebraic reasoning shows that {@bm-}(i Hedi(ry) s a basis of U2\ T).
Defining

(4.13) V(i,5) € H(T]), iy = [i4lr

we deduce the following result.

COROLLARY 4.6 (Basis of the jump space). The set {q},j}(ij)eﬁ(m) is a basis of Vi([T]).
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4.3. Algorithm for the computation of the quantities in (4.5). We first remark that
computing a(@j,%w), for (i,5) and (7/,') in H([T]), only requires the evaluation of a linear
combination of the quantities a([¢x |r, [¢r e/]r), for (k,£), (k',¢") € H(T'). Those quantities are
given by Theorem 3.8 in terms of the traces of ¢, and ¢ ¢ on the boundaries 9€2;, but since
those functions are defined in terms of connected components of the vertex stars of Mgq j, it is not
a priori obvious how to perform those computations without relying on the external, tetrahedral
mesh. To avoid this, the key idea is to introduce, for each (k,£) € H(T"), the set

(4.14) e i={t=(T,K)e M}, | K € Aps}

with Ml*“,h as in Definition 3.9. Upon viewing the pairs (T, K) as oriented triangles, the sets ay ¢
can be computed without the need for the external mesh, using the so-called intrinsic inflation
algorithm [4, Def. 4.1]. Once M7 ) is endowed with a “generalized mesh” structure, and if we
assume that I" has no “point contacts”, those sets are immediately obtained from the generalized
vertices of M}, computed via [4, Algorithms 1 and 2].°

One has, by Corollary 3.10:

(4.15)  a([¢welr, [Pw,e]r) = dog(z)doy (z'),

e info =2

// curly ¢} ,(z) - curly cpzl,,e, (x')
[t x|t]

where {¢f (}tenms , is defined by

if t € ,
(4.16) Wt Mb,, Voeltl, b (a):=dor@ HECan
’ ’ 0 otherwise,
for all t € M} and (k,¥) € H(T'), where 74 is defined in the paragraph below Definition 3.9. Using
(4.16), the right-hand side of (4.15) can be evaluated without resorting to the external mesh Mg .
The computation of I4(@; ;) is performed similarly, using that

Lo([¢rdr) = (¥(Pre) s mn(@)) = D /tg(ff) ()1 o (@) doe (@)

teMy

by definition of I, of the duality product (-,-) and integration by parts on each domain ;. The
same ideas apply straightforwardly to DL ¢; ;.

5. Induced decompositions of quotient spaces. We now recall a standard condition num-
ber estimate from the theory of additive Schwarz preconditioners involving the concept of “stable
subspace decompositions”, and, based on ideas from [23], we identify two abstract conditions under
which an initially stable splitting remains stable after passing to the quotient.

5The (surface) generalized vertices of M., should not be confused with the (volume) generalized vertices of
the “fractured mesh” M;‘)\F p» of which Mf. . is the boundary (see [4, Section 4]). The generalized vertices x; ;

*
Q\T',h
to the (surface) generalized vertices of M. ,. Only the latter can be computed from the mesh Mr j alone. For the

defined here in Subsection 4.2, correspond to the (volume) generalized vertices of M , while the «; ; correspond

definition of point contacts, see [4, Section 5.2]. In the presence of point contacts, additional continuity conditions
must be enforced.
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5.1. Abstract condition number estimate for subspace splitting. Let (V,|-|) be a
Hilbert space, and let V3 1,...,V, » CV be finite dimensional subspaces of V and

Vi IZVh’l-l-...-‘th’n.

Let P; : Vi, = V4, be the (-, -)y-orthogonal projection onto Vj, ; and Paq = Z?:l P;. Introduce the

norm
n
E Up,i = Up, Up; € Vh,i} .

i=1

n

. 2
[Ilunl[[ := inf {Z lunilly

i=1

THEOREM 5.1 (cf. [29, Thm. 16]). Suppose that there exists A\, A, > 0 such that

Yup € Vi, A llunlly < [llunlly < A llunly -

Then the spectral condition number of P.q satisfies £(Pag) < —.

5.2. Stability of induced quotient splitting. Suppose that Vo C V is a closed subspace

and let X be the quotient space
X=V/Vy.

Let T : V — X be the canonical surjection associated to this quotient, and |[-||yx the quotient norm

= inf .
lell == _jnf Il

Recall that this makes X a Hilbert space with the inner product
('/Ea x/)X = ((Id - P)”) (Id - P)UI)V )

where P : V — Vis the (-, -)y-orthogonal projection onto Vi and v (resp. v’) is an arbitrary element
of T=Y(x) (resp. T~1(2")). With X}, := T(V},), we write

Xh:Xh,1+-~-+Xh,n, Xh,i = T(Vh’i).

. 2
Vfn € X, |Ifalll := inf {Z I fnill [ D fri=fns fui€ Xh,i} .
i=1 i=1
Introduce the following assumptions
(A) There exists an operator
I, : V— V,

which is a projection onto Vj, (i.e., satisfying Ipu, = up, for up € V3) and which preserves
Vo (in the sense that if v € Vg, then IIv € V). Denote by [|II; ||z, its operator norm.

(B) There exist constants &1, ..., £, > 0 such that for all uy; € Vj, ;,

min{”uh?i — uhﬂ;’()HV ’ Ui h,0 € VO n Vh,z’} < K; min{”uhﬂ- — ’LLh70||V | Up,0 € Vo n Vh} .
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THEOREM 5.2 (Stability of the quotient splitting). Let ap,, Ap, > 0 be such that
Vun € Vi, an [lunly < lllunllly < Anllunlly
and assume (A) and (B). Then,
(5.1) Vin € Xny o Bulfullz < IFullE < Ballfallx

«@
with 3, := h

By, = |[Un| 2 ) An -
D) ) LV
(maxi <j<n £i)? [[Hal|7 v )

We use a variant of the previous result in which the condition (B) is relaxed for one of the subspaces
(i.e., no estimate is required for one of the constants k;):

LEMMA 5.3 (Weakening condition (B)). With the same assumptions as in Theorem 5.2, the
estimate (5.1) also holds with

Bn

Qh

= —
2max{||HhH£(V) s K2y Kin ) ||HhH£(V)
The proofs are given in Appendix E.

6. Stable splitting of boundary element spaces on multiscreens. We now construct
the splitting used to define our additive Schwarz operator P,q(H;h) introduced in Section 2. We
start by defining spaces of so-called discrete-harmonics (see e.g. [37, Section 4.4]). We then define
a splitting of V5 (Q\T'), and deduce a splitting of Vh([l"]) by application of the jump operator, for
which we estimate the stability constants to prove Theorem 2.1.

6.1. Coarse mesh. From now on, we assume that the sets {2; defined in Subsection 3.1 are
(coarse) tetrahedra, providing a quasi-uniform and shape-regular coarse triangulation of Q (and in
turn, of T'), with diameters bounded by a coarse mesh parameter H, such that 0 < h < H < C
where C' > 0 is a constant depending only on I'. In the following analysis, we also assume that
for each h > 0, the mesh Mg j, is uniformly shape-regular and quasi-uniform, with elements of
diameter uniformly comparable to h.

6.2. Discrete harmonic functions in the volume. For each j, let us introduce the subspace
of discrete functions that are localised in the subdomain €2; and vanishes beyond the boundary of
Q;, which we denote

Vio() i={ue V,(Q\T) |[u=0o0n 2\ Q,;}.

For j =1,...,J, this forms a collection of subspaces of V},(Q2 \ I') that are pairwise orthogonal in
the HY(Q \ T')-scalar product. Then we can define V;,(2\ I') as the orthogonal complement to
Vio(21) @ -+ @ V3,0(2y) with respect to this scalar product. As a consequence we have

(6.1) Vh(Q\T) = Vi(Q\T) ® Vi o() ® -+ @ Vi o(Qs)

and this sum is H!(Q \ I')-orthogonal by construction. In words, V(2 \ T') is the set of elements
of V(2 \T') which are discrete harmonics in each ;. The space V(2 \T) is not the H*(Q\ I')-
orthogonal complement of V4, (Q2\ T') N Hj 1(Q) in V;,(2\T), i.e. it is not a set of global discrete
harmonics. The motivation for choosing piecewise harmonics instead of global harmonics is to make
it easier to define a decomposition satisfying an explicit strengthened Cauchy-Schwarz inequalities
in the additive Schwarz framework.
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DEFINITION 6.1 (Basis of the discrete harmonic space). Let
(6.2 H(S) 1= {(i,]) € HO\T) |2 € 5} |
where H(Q\T) is defined in eq. (4.7) and ¥ = 00 N ... N Ny is the skeleton of the Lipschitz
partition. For (i,5) € H(X) andk € {1 ...,J}, we deﬁne er; € Vio() by the variational problem

/Q Eﬁj(a:)vh(x) + Vef)j(x) - Vg (z)dx = A @i i (@)vp(z) + Vo, j(x) - Vo (x)dz,

for all vy, € V3, (). Let

J
(6.3) wij = iy — Zfﬁj .
k=1

This definition readily implies that w; ; € V,(Q2\T') and satisfies y(w; ;) = v(¢i,5)-
LEMMA 6.2. The family {w; ;}q j)en(s) is a basis of VR(Q\T) and

Vuh € Vh(Q \ F) ,  Up = Z uh(mivj)w@j .
(i,5)€H(E)

Proof. Assume that there exist coefficients {\; ;} (i j)en(x) such that
(6.4) Y Aigwig =0,
(i,4) EM(D)

Let (io,jo) € H(X) and, given K € A, ;,, consider a sequence (yy)nen of points in int(|K])

converging to a;,. Note that since € ; € Vi 0(Q), wi; differs from ¢;; only by a continuous

function which vanishes at every node of ¥. Therefore, one has

lim w”(yn) = hm ¢z](yn)'

n—oo

Furthermore, one can check (see e.g. the proof of [2, Lemma 4.1]) that
Jm @55 (yn) = di,i0 9o -

Combining this with eq. (6.4), it follows that X;, j, = 0. Hence {w; j} j)en () is a free family.
On the other hand, let u, € V,,(Q\T') and set vy, = Z(i,j)e?—t(E) up(®; j)w; ;. Each w; ; belongs
to V(2 \T') so we conclude that up, — vy, € V(2 \T'). Next, by definition of w; j, we have

J
Up — Vp = Z wz,] ZEJ EVho ) --'@Vh’o(ﬂj).
(i,j)eH(E) k=1

Since (Vi 0(1) -+ - B Vi,0(Qs)) NV, (Q\T) = {0} according to (6.1), we deduce that up — v, = 0,
which concludes the proof. ]
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The main property of discrete harmonics is that their H' norm can be estimated by a suitable
norm of their boundary values, (this is classical, see also see e.g. [37, Lemma 4.10]). For a Lipschitz
domain D, let yp : H(D) — L*(0D) be the pointwise trace operator, and let H/2(dD) C L*(9D)
be the image of H(D) by the trace operator yp.

DEFINITION 6.3 (Quotient H/2 semi-norm). We define the H'/? semi-norm as

[ul1/29py = min IVl p2(p) -
Other equivalent norms are often used for this space, see e.g. [28, Chap. 3], but this definition
is convenient here because of scale-invariance results from [32], which play a role in the proof of
Lemma 6.11 below.

6.3. Stable volume splitting. We now define a subspace splitting of V(2 \ ') which relies
on a partition of the generalized vertices @; ; with (i,5) € H(X), according to the coarse mesh
Q1,...,Qs. After removing the interior degrees of freedom (i.e. the spaces Vj, 0(£2;)), it remains
to decompose the space V(€2 \ T'). The goal is to construct a decomposition of the type of [37,
Algorithm 5.5], but the difference is that here, we need to account for the jumps of the functions
in Vi (Q\T) across I, due to the different “sides” of the faces, edges and vertices located on T

DEFINITION 6.4 (Subspace generated by an index subset of H(X)). Given a subset H C H(X),
the subspace Vi, (Hy) C Vi (Q\T) generated by Hy, is defined by

Vi(He) == Span({wi j } (i j)en, ), wi,; defined as in (6.3).

We denote by F* a face of the coarse triangulation (i.e., a triangular face of one of the tetrahedra
Q), and first assume that F* ¢ Mp. In this case, define F as the set of pairs (i, j) such that x;
belongs to the relative interior of F* (note that, since F* is not in I, F; ,’f only contains pairs of the
form (i,1)) and let Vzx := Vj,(FF).

On the other hand, if the face F* shared by the coarse tetrahedra €, and €, belongs to Mr,
then for each vertex x; € int(F k), there are two generalized vertices ;1 and x; 2 associated to x;,
corresponding to either {0y or {,,,. We then define two spaces Vg , = V, (.F;’fyl,), v =1,2, where

Fry={0,4) € HIQ\T) | &; € int(F*), QN |[A; ;] #0},
Fro=1{(i,5) € HIQ\T) | @; € int(F"), QN [A;;| #0} .

The set of remaining pairs (,7), i.e. those such that x; belongs to the boundary of a coarse
face F*, is denoted by Wj, and we define the wire-basket space Vyy = V,(Wy,). The proposed
splitting of V3, (2 \ T') is then

J 2
(6.5) Va(@\D) =) Vio(@)+ D Vet Y Y Ve, + Vi + Ve (Q\T),

FkNI'=0 Fkcrv=1

where Vi (Q\T') is the “coarse space” of the decomposition, which is the set of elements of V4, (Q\T)
whose restriction to each ); is affine. For notational convenience, we label the subsets of the splitting
as Vo,...,Vp with Vo = Vg(Q\T), Vi = Vyy, and Vs,...,V} equal to the remaining spaces, in
some arbitrary order. For up € V,(Q\T), define

L
E Up = Up, Un,i € Vip .

=0

L
. 2
(6.6) llan B, = in {Z [ -

=0
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THEOREM 6.5. The splitting in eq. (6.5) is (ap, Ap)-stable with respect to the H'(R3\T') norm,
in the sense that

2 2
(6.7) Vup, € Vi(Q\T),  an llunllzngery < Munlllpne < An llunllzn gy -

where,
ap >c(14+logH/W) ™%, A, <C.
with ¢,C > 0 independent of h and H.
The proof is given in Appendix F.
6.4. Stable splitting of the jump space. We now define a splitting of ?h([r]) by applying
the operator [-]r on both sides of eq. (6.5). Note that [V},0(€2;)] = {0} forall j =1, ..., J. Moreover,
Ve (Q\D)lr = Va([I]),

where Vi ([I) is defined just as V,([I]) but using the coarse mesh instead of the fine mesh.

DEFINITION 6.6 (Proposed splitting of the jump space). We define the additive Schwarz op-
erator Paq(H; h) according to the splitting

2

(6.8) Gl = S S Ve, + Vi + Vir(I1)

Fkcrv=1

where YN/}-k,,, = [Vzr,]r and Vi := [Vw]r.

Remark 6.7. We point out that in (6.8), we have ‘7]_—121 = ‘7].‘k,2. Therefore, one of the two
copies can be removed from the decomposition, without worsening the final stability result. Indeed,
one can see that if Theorem 5.1 holds for the full decomposition, then it holds for the decomposition
with just one copy of each face jump spaces with the same Aj, and with A} = 2A,.

6.5. Proof of Theorem 2.1. We now complete the proof of Theorem 2.1. We bound the
condition number k(P,q) using Theorem 5.1, where the stability constants Ay, A; are estimated
using the concept of induced splittings discussed in Section 5. The initial splitting is given by
eq. (6.5), with stability constants given by Theorem 6.5, and the operator 7" mapping this initial
splitting to the one given in eq. (6.5) is given by the jump operator [-|r. According to Theorem 6.5,
it remains to check that the stability conditions of Lemma 5.3 hold. In this context, they take the
following form

(A) There exists an h-uniformly bounded projection II, : HY(R*\ T) — HY(R®\ T) onto
Vi(Q\T) preserving H*(R3?).

(B) For all but one subspace V;, in the decomposition (6.5), there exists ,, > 0 independent of
h such that

YueV,, min [ = vonll g1 @a\ry < Fin

vo,n EVaNH1(R3) |w — UOHHl(R3\F) .

min
vo€Vi (Q\T)NH L (R3)
By Corollary 6.10 below, (A) holds with [[Ip|| (g1 sy = O(1) (with respect to the parameters h
and H). On the other hand, by Lemma 6.11 below, (B) holds with x,, = O(1) for each subspace V;,,
with the exception of the wire-basket (this space being the exception permitted by Lemma 5.3). O
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Proof of (A). We construct the operator Il by combining two quasi-interpolants. The first
one is (up to minor modifications) given by the classical Scott-Zhang quasi-interpolant acting on
functions in the volume. The second one is the analog of that operator but acting on multi-traces
i.e. on the surface of the multi-screen rather than the volume. Note that the extra property that
the operator I, of Corollary 6.10 has compared to the classical Scott-Zhang interpolant ¥; of
Proposition 6.8 is that it preserves a larger space (namely H'(R?), instead of just Hj -(R?)).

PROPOSITION 6.8 (Scott-Zhang quasi-interpolant on HY(R® \ T')).  There exists a constant
C > 0 such that, for each h > 0, there exists a projection 23, : H{(R3\ T') — H*(R®\ T) onto
Vi(Q\T) which preserves Hj (R?) and satisfies

| Zhull g gavry < Cllull oy Vu € H'(R®\T).

One can construct 2, as in [34]. The analysis extends with only minor adaptations to deal with
the more complex domain R3\ I". Note that, by applying to 2, the same reasoning as to Il in the
proof of Corollary 6.10 below, one can show that the combination of the projection property and
the stability of the space H&’F(Ri’) implies that 27, preserves piecewise linear point traces, in other
words, vZ2hu = vyu if yu € V().

PROPOSITION 6.9 (Jump aware quasi-interpolant on H'/2(T")). There exists a constant C' > 0
such that, for each h > 0, there exists a projection ®;, : HY/2(T') — HY2(T) onto V(') which
preserves H'/2([T]) and satisfies

[@nullg/ery < Cllullgzry Yu€ H'/(T).

The construction can be found in [2].

COROLLARY 6.10 (Condition (A)). There exists a constant C' > 0 such that, for each h > 0,
there exists a projection ITj, : HY(R3\T') — HY(R3\T) onto Vj,(Q\T) which preserves H'(R?) and
satisfies

HHhu”Hl(RS\F) <C ||u||H1(]R3\F) Yu € Hl(RB \F) .

Proof of Corollary 6.10. Given u € H'(R3\ T), we define II,u as follows. Let vy, = ®,(yu),
and let V be the harmonic lifting of vy, i.e. the element of H*(R?\ I') with minimal H'(R3\ T
norm such that vV = vj,. Finally, let

Hhu = th(V) .

It is clear that II;, satisfies the required stability, since all operations used to define it are continuous
uniformly in h. To prove that it is a projection, it is convenient to write

Iy, = %, 0Lo®, 0y
where £ : H'/2(T') — H'(R?\T') is the harmonic lifting operator. We claim that
(6.9) yoZpoLod, =7y,
If this holds, then one deduces easily that II; is a projection writing

I} = 25,0Lo®o0(y02,0Lody)oy=250LoB, 0P, 0y =TI,
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since ®, is a projection. To prove eq. (6.9), we fix ¢ € HY?(TI') and let ¢, = ®;,(p). Then, by
Lemma E.1, one has
Y(ZhL(on)) = ¢n-

Since this holds for all ¢ € H'/2(T"), the claim in eq. (6.9) follows.

Finally, let us show that IIj, preserves H'(R3). Assume that u € H*(R3), let vy, = ®5(yu)
and V' = L, the harmonic lifting of v;, as before. Note that v, € H/2([T]) since ®, preserves
this space and yu € H'Y/2([T]). Let wy, € V(2 \T) be such that ywy, = v, (the existence of wy, is
guaranteed by the fact that vy, € Vi (T') = v(V(2\T')). Then we have

YV —wp) =vp —vp =0,
ie. V —wjy € Hy(R?). Therefore, since 2, preserves Hj n(R?), we conclude
0 =v(Zn(V —wp)) = lpu — vy Zhwn = yIlpu — yw, = Ypu — vy,
recalling that 2,V = 23, LP,yu = II,u by definition of II;, and using that 23w, = wy. In other
words, YITu = v, € HY2([[)), i.e. Hyu € H'(R3). This concludes the proof. 0

Proof of (B). We show that the condition (B) holds in the following lemma.

LEMMA 6.11 (Condition (B)). The condition (B) is satisfied by every space V,, except the
wire-basket space Vyy in the splitting (6.5), with a constant k, = O(1).

Proof. The condition is vacuous for the subspaces V z« with ¥ N T = (), because in this case,
V 2 C HY(R?), hence the left-hand side of the inequality is 0. For the same reason, the condition
is satisfied for the spaces V3,0(£2;).
e For the space Vi (2\T'), we have by Lemma E.2 and Corollary 6.10

min ||u —VH,0

_ 1/2
o 0€Vir (O E () L @avry < el @y el gz ey Ve € AT

This implies condition (B) for this space by the quotient definition of the H'/2([I']) norm.
e If 7* C T, then we have V£« , N H'(R?) = {0}, for v = 1,2, so it suffices to show

[unll g1 (@s\ry < C ||[Uh]F||ﬁ1/2([r]) v Vup € Vre, .

Let up € Vgr, and ¢ = 7eup, where £ is the index such that suppup C Q. Let
U € HY(Qy) be the unique element of H*(£,) with v,U = ¢, and

2 2
||VUHL2(QZ) = |90h|H1/2(8Qg) )

in view of Definition 6.3. With 2% a Scott-Zhang interpolant onto V;, (), let U, = ZU.
One has, on the one hand,

2 2
||Uh||H1(Qg) < C”UHHl(Qg) )
by the mapping properties of 2%, and, on the other hand,
2 2 2
HUhHHl(RS\r) = ||Uh||H1(Q@) < ”UhHHl(Qg) :

Here we used the minimizing property of discrete harmonics, and the fact that v,(Up) = ¢4,
since % preserves piecewise linear boundary values. Since ¢, vanishes on the faces of
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distinct from F* we can find a face F of Q; such that Uj, vanishes on F, hence, by [31,
Lemma 2.57],
2 2 2
101172,y < CH? VU 720,y < ClIVU 120, »

since H is bounded. Combining these estimates, we arrive at
2 2
[un e @evry < Clenleer) -

By [32, Lemma 6.5], there holds

2
[onlirz a0, < ce(Ween, ) r2(o0,)

where W, is the classical hypersingular operator on 0€)y, and where the constant c, is
uniformly bounded, due the shape-regularity of the coarse mesh. Since uy vanishes on all
Q. for m #£ £, by Theorem 3.8, we have

curl ) - curl
a([un]r, [un]r) :// ¢ on(T) con(y) (Wen, )12 (000 -
8Q¢><894

Ar ||z — yl|
Therefore,
lunl 7 @syry < Callunlr, [unlr) < Cw [Ifun]rll sy -
which implies condition (B) for the face space V z ,,. d
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Appendix A. Proof of Theorem 3.7.

Proof. The existence and uniqueness of ¢* follows from the Riesz representation theorem since

) defines a scalar product on H'/2(T'). In turn, the properties of the double-layer potential
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stated below Definition 3.3 imply that &« = DL ¢* satisfies AU = 0 on R®\ T and U = O (”710

Moreover, by definition of the bilinear form a(:,-) and using the jump relation [DL ¢*] = [p*],
a([vlr, ") = (v, m(VU)) Vv e HYAI).

Notice that for all v € HY/2(T"), one has a(¢*, [v]r) = l,([v]r) = {v,g) by definition of ¢* and I,
and using that a(-,-) is symmetric. Therefore,

(v, mn(g) = ma(VU)) =0 Vo e HVA(T),

implying that 7, (g) = m,(VU) in H=/2(T) by eq. (3.2). It remains to prove the uniqueness of the
solution U. Let U be a solution of the PDE with g = 0. The boundary condition m, (V) can then
be rephrased as VU € Hyr(div,R?). Let py > 0 be sufficiently large so that I' is contained in a
ball C B, := {x € R®| ||z|| < po}. Observe that by the representation theorem, there holds

(A1) U(w)—/aBp “irl o p(y)dy /830 Tnjle =g W Vo€ (B)

where u(y) = U(y) € HY?(0B,) and \(y) = o - VU(y) € H=1/2(9B,). In particular, one has
vu =0 (W) uniformly as  — co. Given p > pg, integrating by parts on B, N (R3\T') and
using that AU = 0 on each R*\ T and VU € Hy r(div,R?), we obtain

(A.2) / vu? = / u (m : vu) dz.

B,N(R3\I) dB, ||l
The decay conditions for i and VU imply that the right-hand in eq. (A.2) tends to 0 as p — oo.
We conclude that VU = 0 on R3 \ T hence U = 0 since R? \ T is connected. 0

Appendix B. A dense subspace of H!(R3\T).
DEFINITION B.1 (Space X°, see also [11]). Let X°° be the space defined by
X*:={ue H'(R*\T)NC®(R*\T) | u; € C=(Q;) forall j =0,...,J},

where, for any open set U C R3, the set C°(U) is the set of restrictions to U of elements of
C>(R3).
The goal of this section is to prove the following result, stated in [11]:

THEOREM B.2 (Density of X°°). The set X°° is dense in H*(R?\ T).
In what follows, for j =0,...,J, let

8j =0\ Ty

where I'; = I'N 0€2;. Recall that both I'; and ¥; are simple Lipschitz screens with OI'; = 93;. We
recall a result from [12] (the statement therein is weaker than the one below, but the proof given
in that reference actually proves the stronger statement).

PROPOSITION B.3 ([12, Prop. 8.11]). The set of functions u € HY(R?\ T') which vanish in a
neighborhood of U'j]:O@Fj is dense in HY(R\T).
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LEMMA B.4. Let K be a compact set of R™ and V' C R™ such that d(K,V) > 0. Then there
exists a function f € WH°(RY) such that f =0 on K and f =1 on V.

Proof. Tt suffices to put f(x) = 5 d(z,K)

W First notice that

g(z) =d(z,K)+d(z,V) > d(K,V)=a >0

since K is compact. Moreover,

| — d(ya V) [d(.’lﬁ, K) — d(y’ K)] + d(y7 K) [d(y> V) - d($7 V)]

LAy V)dy) | dly. K) d(z,y)
T o9ly) o« 9y) «
= d<2 v) Vz,y € R™. o

COROLLARY B.5. In the previous result, one can also choose f such that f =1 in a neighbor-
hood of K and 0 in a neighborhood of V.

Proof. Take f as before. Note that K C f~1(0) and V C f~1(1). Therefore, for any neighbor-
hoods Uy and U of 0 and 1 respectively in R, f~1(Up) and f~1(U;) are neighborhoods of K and
V respectively in R™. Based on this idea, for some 7 € (%, 1), let f, be defined by

n if f(z)>n
fo@)=qf(z) ifl-n<f<n
1—n if fl&)<1l-n

Set g = W Then ¢ is equal to 0 in the set f~!(] — 00,1 —n[) and g =1 on f~1(]n, +oc[), so
g satisfies the required property. O

LEMMA B.6. Let u € HY(R\T) be such that u vanishes in the neighborhood of U;0T;. Then
U = U1 + Uz

where u; € HY(RY\T') vanishes in a neighborhood of ¥; for all j and us is the restriction to R4\ T
of a function Uy € H*(R?).

Proof. Let U be an open neighborhood of szlﬁfj in which u vanishes. Define the compact set
K=T\U,and let V = UjETj. Note that V is closed and disjoint from K, so since K is compact,
it is at a positive distance of K. Thus we can apply Theorem B.5 to fix a function y € W (R%)
such that xy = 0 in a neighborhood of K and x = 1 in a neighborhood of V. Then we define
u; = (1 — x)u and ug = yu. By the chain rule, it is immediate that u; and uy are in H'(R?\ T
since y € WH(RI\ T'). Clearly, u; satisfies the required property by definition of y. It remains
to show that uy can be extended to a H' function on R?. For this, we set Uz(z) = 0 for € I' and
Us(z) = ug(z) for z € R\ T. Let Ux be a neighborhood of K on which x vanishes. Then Uy UU
is a neighborhood of I' where Uy vanishes. Thus U, is in H'(R?) since

[P+ V0@ = [ )P + [T
Rd R\ (U UU)

2
-/ ony P [T < s - 0
} k
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LEMMA B.7. Let §2 be a Lipschitz domain and let ¥ C 0Q be a Lipschitz screen. If u € HY(Q)
vanishes in a neighborhood of ¥, then for all € > 0 there exists p. € C°°() N HY(Q) such that
@ =0 in a neighborhood of ¥ and

lw = eell i) <e-
Proof. First let U be a neighborhood of ¥ where u = 0. Introduce a smooth cutoff function x

which is identically 1 outside U and vanishes in a smaller neighborhood V' of 3. This is possible
since ¥ is closed [39, Cor 16.4]. Let M = |x[yy1.0 (- Fix e > 0. Since C*°() N H(Q) is dense in

H(Q) (because € is a Lipschitz domain, see [28, Thm. 3.29]), we can find ¢ € C°°(Q) such that
lu—llf1(q) < 37- Then x¢ vanishes in a neighborhood of ¥ and

Ixe = ull i) = lIxe = xull < Ml —ul <e
concluding the proof. ]

Proof of Theorem B.2. By Proposition B.3, we can first assume that u vanishes in a neighbor-
hood of szlal"j and therefore represent it as u; + ug as in Lemma B.6. Fix € > 0. By density

of C*(R?) in H'(RY) (28, Lemma 3.24]), there is ¢y € C°(R?) such that |ug — P2l 1 (ray < €
On the other hand, by Lemma B.7 for each j, there exists ¢; € C>(€;) N H*(£2;) such that ¢;
vanishes in a neighborhood of ¥; and

[unie, = ¥ill g,y <&

Let ¢ be defined by

) Yi(x) ifreQy,
Vo) = {0 ifaU; s,

We claim that ¢ € X°°. Indeed, ¢ is C* at any € §2;, and if z € X; for some j, then ¢ is
identically 0 in a neighborhood of . We furthermore have

[ur = ¥l g1 ganry < Je-
In conclusion, letting ¢ = @1 + 2, we can write
Ju— ‘P”Hl(}Rd\F) < (J+1)e,
concluding the proof. ]

Appendix C. Properties of the Hypersingular bilinear form.

LEMMA C.1 (Poincaré-type inequality). Let T' be a polygonal multiscreen such that R3 \ T
is connected and let g, ...,Q; be as in Definition 3.2. There exists a positive constant C' =

C(T,Qo,...,;) > 0 such that
J
2 2 2
el oney < € (Nl + D IVulGa, ) Vue H'R\T).
j=1

Proof. 1t suffices to show that there exists C' > 0 such that

J N
Sl e,y < € (Il + D IVuliaq,) ) -
j=1 j=1
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Assuming that it is not true, one may construct a sequence (uy )nen of functions in H*(R?\T') such
that

J
2
(C.1) Z ||un||L2(szj) =1 Vn e N
j=1
N
. 2 2 _
(C.2) }LIL% ( ”un”Hl(Qo) + Z:l HVU”HLZ(QJ‘) ) =0.
=

Extracting a subsequence, we can assume that u, converges weakly in H!(R3 \ T') to some us, €
HY(R3\T). By eq. (C.2), us = 0 0n Qg. Moreover, the conditions in eqs. (C.1) and (C.2) imply that
the sequences (Hun||H1(Qj))neN are bounded bounded for j = 1,...,J. Using the compact embed-

ding H'(Q;) cC L*(Q) (since §; is bounded for j = 1,...,.J) and extracting a new subsequence,
one can further assume that

(C.3) lim [lup — teol[f2(q,) = 0.

n—o0
We now show that u, is locally constant by computing the quantity ¢ := lim, ng\F Up o +
Vi, - Ve in two different ways. On the one hand, by weak convergence, £ = ||uooHip(R3\F). On
the other hand, using eqs. (C.2) and (C.3), £ = ”uOOHi?(RB\F)' Thus,
2 2 2
Hvuoo||L2(R3\F) = Hu||H1(R3\r) - ||UHL2(R3\F) ={—-1=0,

i.e., us is locally constant. Since R®\ T is connected, it follows that us, = 0, which contradicts
egs. (C.1) and (C.3). |

LemMA C.2. For all u,v € HY2([T]), one has the identity
J
(C.4) (u, W) :Z/ VDLu-VDLuvdz.
=07

Proof. We first notice that
{(y(DLu), Wo) = (u, W)
due to the jump relation (3.9), the polarity of the single trace spaces H=/2([I']), and the fact that
Wov € H-Y/2([[']). Moreover, by definition

J
(4(DLu), W v) :Z/Q V DLu(z) - VDL o(x) + DLu(z) A(DL v)(z) dz
J=07>%

The second term vanishes since DL u is harmonic in R3 \ T, proving the result. ]

THEOREM C.3. There exists a constant cyy > 0 such that

(C.5) Vu e HYAD), (u, W) = ew llfulrllers
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Proof. Let x € C°(R?) be a compactly supported function such that y = 1 in a neighborhood
of Q. Because the support of x is bounded, we have C), = sup,cgs (|x(2)|+|Vx(2)])(1+]z[]?) < oc.
By Lemma C.1, the jump relation (3.9), using the quotient definition of the H'/?([I']) norm and
using that v(DLw) = v(x DLu),

|
||[U}F||ﬁ1/2([r]) = ||[DL“]FHH1/2([F])

J
chZ/ \VDLu|2+2/ (IxI*> + |Vx|*)(IDLu|* 4+ |V DL u|?)
j_l Qj Qo

J
gc;,Z/Q |VDLu\2+Ojg/Q IDLu|® /(1 + ||z|?) dx
j=0"%% 0

where we applied the Leibniz rule to the term V(xDLu), and introduced the constant CI/, =
max(Cp,Cy). To conclude, we may apply the Poincaré inequality in the Beppo Levi space [33, Thm
2.10.10] which shows that [, |DLul?/(1 + |z)|*)dz < C Jo, IV DL ul? dz for some fixed constant
C > 0 that does not depend on w. This finishes the proof.

To prove Theorem 3.8, we start by two elementary technical lemmas.

LEMMA C.4 (Almost all points of the skeleton are on exactly two boundaries). Let j,k €
{0,...,J}, j # k. Then, for g;-almost all x € 0Q; N 08, there holds

(C.6) n;(z) = —ny(x).

Moreover, if j, k,1 are three distinct indices of {0,...,J}, then 02; N0, NOKY is of oj-measure 0.
Proof. Let us first assume that j,k # 0. We then decompose 9€2; N 92, in triangles, using

the meshes OMgq, and OMg,, which are both regular. A triangle T of dMg; is incident to two

tetrahedrons exactly, K; € Mg, and K} € Mg, . For = in the relative interior of |T'|, the relation

(C.6) is obvious. What remains, i.e. (the convex hulls of) the edges of Mg, N OMag,, is a set

of surface measure 0. The case where one of the indices j, k is 0 is treated similarly. The last
statement is also obtained by reasoning on the decomposition in triangles, edges and vertices. 0O

LEMMA C.5 (All points of the skeleton are on at least two boundaries).  For each j €
{0,...,J}, there holds

0, = U 09,009
ke{0,...0\{5}
Proof. Fix j € {0,...,J}, let x € 09; and, seeking a contradiction, assume that z is not in

09y, for any k # j. We first deduce that x is not in the set
J =
ke{0,...,J}\{s}

Indeed, it is impossible for x to be in Qj for any k # j, because otherwise, there would be a ball
B, centered at = such that B, C . But since 2 € 025, the ball B, contains at least a point of
Q;, implying that Q; N Qy # 0, contradicting the fact that Qg ,...,Q; is a Lipschitz partition of
R3. We now construct a point y which is not in the union

J @

ke{0,... J}
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To do this, we remark that x is at a positive distance of Q, for every k # 7, so there exists ¢ small
enough so that, for all k # j, B(z,¢) N = (). In this same ball, we claim that there must be a
point y ¢ Q;: if there were not, we would then have B(z,¢) C Q;, i.e. x € int(2). But, since every
Lipschitz domain € satisfies the property int(Q) = €2, we would have = € §; which is impossible
since & was chosen in 0€2; to begin with. The existence of y is proven, yet impossible since

J
U
k=1
which is the desired contradiction. O

Remark C.6. The previous proof does not require a polygonal multi-screens, but can be applied
to general, Lipschitz multi-screens.

We now prove that the weak representation identity holds when w and v are sufficiently smooth,
so that all integrations by parts make sense. We then obtain Theorem 3.8 using a density argument.

LEMMA C.7 (Weakly singular representation of the bilinear form a on X°° x X°°). For u,v €
X, there holds

1) a S / /F curl; u; (@) cwrly wel®) )y (o)

Py N PR

Proof. We adapt the approach of McLean [28, Chap. 9]. In view of Lemma C.4, it is not
difficult to see that (C.7) can be equivalently written as

curl; ¢;(x) - curl, ¥ (y) () do
(©5) ZZ/ o SRS e ot

7=0 k=0

where ¢ = [u]p, ¥ = [v]r. Hence in what follows we prove that eq. (C.8) holds. From now on,
we fix u and v satisfying the hypothesis of the theorem. Furthermore, let us fix x ¢ X, and let x,
be a smooth compactly supported function that equals 0 near  and 1 near ¥. Then the function
y — G (y) (with this choice of x) is infinitely differentiable on 0€2; for each j, so we may write

DL (v4) () = (1(4) , 7 (V) Z /m n; - VGy p; do; = Z /3 n; VG p;do; .

Hence, for every x € R3\ ¥, we have the formula

J
(C.9) DL (vu) (2) = 3 D;(x)

=0

where

1
A7 ||z —

D) = DL, (e 1= - [ OB (=) # 0o 0)

is the classical double-layer potential associated to the domain §2; with density ¢;. Since (Dj)le
is in H} (€;) and (Dj)lﬂj in H},(Q5), we can define a locally integrable vector field F'; by

() = VI(Dj)o,](x) for xz € Qy,
Fj(x) {V[(Dj)m;](w) for z € (€)°.
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We introduce the single-layer potential SL; associated to the Lipschitz domain €2;. For any smooth
vector field u; on 01y, it is defined by

u;(y)
Ve € R*\ 09y, SLjuj(x) ::/ — 2 doi(y) .
! T o0 dr e —yl 7
Let A; = SL; (curl; ¢;). For each k € {1 ... J}, the trace of A; on 0§, is well-defined and given
by

curl; p;(y)
C.10 Aj(z =/ —— 2T doi(y)
( ) Tk J( ) 09, 47_(,”1: 7yH J(y)

since this integral is at most weakly singular for x € 9. Observe that, by the assumption that
u € X, we can choose u; € C°(R?) such that u; coincides with @; in a neighborhood of 99,
and thus, curl; ¢; = n; x v;Va;. The central argument is then the following identity, obtained via
integration by part:

curlA; =—F; on R,

see [28, Lem. 9.14] (the difference of sign with respect to [28] comes from opposite conventions in
the definition of DL). By definition, we have

(WA (u),7(0)) = {(m(V DLy (w)),v(v))

J
= Z/ VDL(yu) - Vv +v{ADL(yu)} dz.
The second term vanishes, so that, using eq. (C.9),

(W), A(v)) = / VD, Vudr,
],k 0

/ Fy-Voudzx,
7,k=0

Z/ —curl(Ag) - Vode = — Z/ div(Ay x Vv)dx

7,k=0 7,k=0

in view of the identities div(A x B) = curl A- B — A - curl B and curl V = 0. Applying the
divergence theorem in each ), we get

(Wr(u),~(v Z /BQ n; - (Y Ak X V;1;)do; .

7,k=0

Permuting the triple product,

(C.11) (W~ (u Z/ v Ay, - curl; ¢ do; .

We obtain (C.8) after replacing vy A; with eq. (C.10). This proves the Theorem, since a([u]r, [v]r)

(W (v(u)) , 7 (0)) 0
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Proof of Theorem 3.8. The proof involves material from [8, 7], which we recall here. Let
L;(09;) == {u e (L*T))* |u-n; =0 ae. on 09;} .
Let 7, ; : L?(99Q;)® — L?(T) be the operator defined, for u = Ur, U € D(R?), by
mriu(x) =nx (U(x) xn), VredQ,;
and extended to (L?(T))? by density. Let V,(99;) C L7(9Q;) be the Hilbert space defined by
Va(09) 1= {mryu | w e (H'2(09,))} .

with the graph norm, and let V(99;) be the dual of V,(952;). The space V; is dense in L?(99;),
hence one can identify L7 (99;) with a dense subspace of V//(99;), and the duality pairing v v
is the unique continuous extension of the L? pairing. Let div; : L7(9Q;) — H~1(9Q;) be the
adjoint of V;, where H™°(0€;) is the dual of H*(0€;) for 0 < s < 1. Finally, define

H™2(div;, 090) i= {w € V/(09) | div;u e BH-/2(09,)}

equipped with the graph norm. Since uy, € H' (), we have Vu; € H(curl, ;) hence, by [8, Thm
4.1), n; x v;(Vuy) € H™'/?(div;,09;) with

”nj X 'Vj(vuj)”Hfl/Z(divwaQ )y = <C HUJ”Hl Q;) -

Furthermore, by [Prop. 2] and [Thm. 4] of [7] the map SL; defined for ; € L?(T) by

SLyp, i /6 ®;(y)do;(y) dors(y)

o, 47 [z —yl

admits a unique linear continuous extension into a mapping SL; : H_l/z(divj7 0;) — HL (R3).
Namely, this extension reads V! 3 X — SL;(ir(\)), where i, : V! — (H~'/2(99;))? is defined in
eq. (10) of [7]. Therefore, the bilinear form M : HY(R3\ T') x H*(R?\ T) defined by

J
(C.12) Z (e 1 SLj(nj X v;Vu;),ny X 'kauk>V (09 XV (092)
7,k=0

is continuous. Moreover, when v;u € H'(9;), both terms in the duality pairing appearing in
eq. (C.12) are in Lf(an) so, using the commuting property v;V = V;, the expression becomes
(simplifying the integrals over 9Q; \ I" as pointed out in the proof of Lemma C.7)

L; . 1 !
M (u,v) Z // curl; u; (v) - curly ux (@ )daj(ac)dak(x’) Yu,v s.t. yju, v € H(09;) .
r;

2 S Jepr, fo =]

For u,v € X*°, we deduce that that M (u,v) = a([u]r, [v]r) by Lemma C.7. Hence, the continuous
bilinear forms M(-,-) and a(-,-) agree on X x X C HY(R3\T) x H'(R3\ T'), therefore, by the
density result of Theorem B.2, a([u], [v]) = M (u,v) for all u,v € H'(R3\T), concluding the proof.0
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Appendix D. Convergence of the Galerkin solution. We first prove a technical result.
Let
X0 .= {u € CO(R®\T) Ul € C(Qy) for all j =0, .. .,J}

where, for any open set U C R?, C°(U) is the set of uniformly continuous functions on U.

LEMMA D.1. For u € X, let Iyu be the element of L*(R3) defined by
(Inu)j; = Inju;

where I, ; : C°(Q;) = Vi, () is the standard Lagrange interpolant. Then Inu € Vi, (2\T).

Proof. Let u € XY and let @; be a vertex of Mg . Let K and K’ be two tetrahedra of A, ;
with a common face F (in particular, the relative interior of |F| is disjoint from I'). The definition
of X" implies that u is uniformly continuous on int(|K|) for each tetrahedron K of Mg 5. Hence,
we can define the continuous extension ug of u|in(|x|) to the whole | K| (recall that this is the closed
convex hull of K). Let ugs be defined similarly on K’. We start by showing that ug (2;) = uk: (x;).
Indeed, assume that those values differ by a positive quantity § := |ug (x;) — ug(x;)| > 0, and let
e = 0/4. Using that ug is uniformly continuous, one can find n > 0 such that for all z,2" € |K]|,
|z — 2’| < n implies that |u(z) —u(z’)| < e. Let i’ be defined similarly for K’. Finally, choose a
point = in the common face F' such that x is at a positive distance of I' (it suffices to take z in the
relative interior of |F|) and |z — @;| < min(n,n"). We then have

0<d= |UK(£L‘7;) — UK/<£L‘i)|
< ug (2) —uk (@i)] + [ug: (2) — ukr (26)] + |uk (2) — ure (2)]

=0

which is a contradiction (we used that u(z) = ug:(x) = u(x), since u is continuous on R \ T).
We deduce that as soon as K and K’ both belong to A; j, then ux (x;) = ug(x;) by considering
a face-connected path in A; ; from K to K.

For each (i,7) € H(), choose an element K € Mg j, and let w; ; := ux (x;). Let

up, = Z Ui, Pij s

(4,4)EM(Q)

where {¢; ;}i j)en(o) is the set of split basis functions. The function u; obviously belongs to
Vh(Q\T) and we now show that Inu = up. Let K be an arbitrary element of Mg and let
x; be a vertex of K. Let (z,)nen be a sequence of points of int| K| converging to @;. Let j be
the element of {1,...,¢;} be such that K € A; ;. Recalling that, by definition of {¢; ;} j)emn (),
limn_mo ¢i/7j/(zn) = 6i,i/6j,j/, we deduce

nhHHgO up(zn) = s ;5 -

Let ¢ be such that K € Mg, ;, and let u, denote the continuous extension of ujg, to Q. Then by
definition

Inu(zn) = Ineue(zn) ;
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therefore, using the continuity of the piecewise linear function Ij pu, and the definition of Ij, ¢,

lim Ihu(zn) = (Imﬂt@)(.’]}i) = ’LLg(a%)

n—oo
Since int(|K|) C Qy, ue coincides with ug on int(|K|), implying

nhﬁrgo Inu(zn) = uk (x;) = u; )

by what precedes, since K € A,; ;. In conclusion, the restrictions to int(|K|) of Ipu and uy are
linear functions whose limits at every vertex of K coincide, hence they are equal on this set. The
functions Iu and uy, thus agree almost everywhere on R?, and the proof is concluded. 0

Proof of Theorem 4.2. By Theorem B.2, it is sufficient to prove that for any and v € X°° with
supp u C €, there exists a sequence (up)p>o of elements uj, € V;,(Q\ T') such that

}llig}) Ju— Uh||H1(R3\r) =0.

For each h > 0, we define uy, := Ipu where [, is the Lagrange interpolant of Lemma D.1. Since
X c XY we indeed have Inu C Vj,(Q\T') by Lemma D.1, and

J
2 2
= Tnull s ey = D llug — Initil oy »
i=0

and we conclude using the well-known approximation properties of the Lagrange interpolants I}, ;.0

Appendix E. Stability conditions for induced splittings. We break the proof of
Theorem 5.2 into several lemmas.

LEMMA E.1 (Stability of the discrete harmonic lifting). Let ITj, be asin (A), andlet® : X -V
be the harmonic lifting (or minimal norm extension) characterized by
VIeX, T(@f)=f, and [[®f]ly = [l -
Write By, := 11, o ®. Then
Vfn € Xn, T(Enfn) = fn,

and one has the bound
1Enfrlly < Mkl gy 1fnllx -

Proof. Let f;, € Xy, and fix u, € Vj, such that T'(up) = fi,. Observe that up, — ®f, € V.
Indeed,
T(un = @fn) = T(un) = T(2fn) = fn— frn=0.

Since IIj, preserves Vg, one has Iy (up — @ ;) € Vo. Consequently,
0 =TI, (up — @fn)) = T(lpup) — T(Enfrn) = T(un) — T(Enfr) = fn — T(Enfn),

where in the third equality, we used hat II,up = up by (A). This proves the first claim. The second
claim is obvious since Ej = II; o ® and, by definition of ®, ||<I>H£(X7V) =1 O

LEMMA E.2. Assume that (A) holds. Then

Yup € Vi, min{”uh — uh70||V | Up,0 € Vi, ﬂVo} < ||Hh||£(v) ||T(uh)||x .
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Proof. Let up € Vy, and put
Vh,0 ‘= Uh — Eh(T(uh)) .
By the Lemma E.1 above, T'(vp,0) = 0, hence vy, o € Vi, N Vy. Therefore,
min{||uh - uh,oHV ‘ up,o € Vi ﬁVQ} < Huh — Uh,OHV
= [|En(T (un))lly < [Hnll gy 1T (wn)llx
where in the last inequality, we used the bound on the norm of E} from Lemma E.1. 0

COROLLARY E.3. Consider the statement:

(A’) There exists a linear operator Ey : Xp — Vj, such that
Vin € Xn, T(Enfn) = fn-
Then (A) implies (A’), with |En| gy < [Hall 2o

LEMMA E.4. Consider the statement

(B’) There is a linear operator Ey ; : Xy — Vi, satisfying

T(Enifni) = fri> fni€ Xni-
Assume that (A) holds. Then, if (B) holds with constants k;, (B”) holds, with the estimates
||Eh,iH£(x7V) < Ri ||HhH[:(V) :
Proof. Let Ej, ; be the linear operator which maps f5; = T'(up ;) to the minimizer of
min {|[uni — winolly | unio € Vo Vi) -

Notice that this quantity is the one in the left-hand side of condition (B). Also note that Ej, ; does
not depend on the choice of representative up; of fj; and is indeed a linear operator. We thus
have, by combining (B) with Lemma E.2:

1En.ifnilly < i Il 2oy 1T (uni)llx = &0 [Tkl 2y I il - 0

Proof of Theorem 5.2. The theorem is a consequence of [23, Thm 2.1], since, by Corollary E.3
and Lemma E.4 the combination of assumptions (A) and (B) implies (A’) and (B’). O

Proof of Lemma 5.3. Going inside the proof of [23, Thm 2.2], one replaces the operator Ej :
Xo — Vb by the global extension operator E : Xy — V. In the line of the proof below eq.(2.14) of
that reference, we then write

2
;H@HD CQZHE@HA g 18l = min (. 25 ) ZE@ R
2
1
= S max(Cy, C)? ;E&“%A

Te rest of the proof carries over without difficulty. ]
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Appendix F. Substructuring estimate in the volume.

Proof of Theorem 6.5. We adapt the approach of [37, Chap. 5]. Remarking that the spaces
Vi,0(82;) are pairwise orthogonal and orthogonal to V5 (Q\T'), it suffices to study the stability of
the splitting

2
(F.1) Vi@\T)= > Vet > > Ve, + Vi +Va(Q\T).
FkNT=0 Frkcrv=1

Note that one has indeed Vi (Q2\T') C V,(2\ T') since elements of Vi (2\T') are linear, and thus
harmonic, in each §;. Using Poincaré’s inequality on H} (£2), it suffices to show the stability of the
splitting with respect to the norm induced by the bilinear form

J
A(u,v) = Z/ Vu-Vude,
j=1"%%

i.e., replacing the H'(R?\ T') norms in eq. (6.7) by A(-,-)*/? norms. Hence, in what follows, we
study the stability of the splitting in eq. (F.1) through the following modified norm:

N N
(F.2) Nl = mf{z Al uni) | > uni =un, up; € vi} :
=0 1=0

where Vo = Vg (Q\T), Vi = Vyy and V;, i =2,... N are the discrete harmonic face spaces V z«
and V zx ,,, in some order. To this aim, we seek estimates for constants 6, and ©j, such that

(F.3) On l[unll 3 gonry < llunlly < On lunlfpn@oy  Yun € VA(Q\T).
Fori=0,...,N, define P; : Vi (Q\T) = V,(Q\T) by P;u € V; and
(F4) A(Piu, ’Ui) = A(u, ’Ui) , V’Ui S Vz .

Let Pogq = Zi\;o P;. The best possible constants 0}, and Oy, in eq. (F.3) are given by 8, = Amin(Pad)
and Oy, = Amax(Pad), where Apin(Pad) and Apax(Pag) are the smallest and largest eigenvalues of
P.4, (see e.g. [29, Thm. 16]). To bound the eigenvalues of P,q, we follow the general theory of
additive Schwarz preconditioning as presented in [37, Section 2.3].

The bound on Ayax(Pad) is obtained by a classical coloring argument. More precisely, we show
the analogs, in our context, of Assumptions 2.3 and 2.4 in this [37, Section 2.3]. Suppose that
2 < i,j < N are such that V; corresponds to the face F* and V; to the face Ft. Define

(F.5)

1 if F* and F* have a common edge
€ij = .
7 0 otherwise.

One then has the strengthened Cauchy-Schwarz inequality

A(ui,vj) < emA(ui,ui)l/QA(vj,vj)1/2, Vu; € Vi, v; € Vj , 2<14,7<N.

Indeed, the inequality is the usual Cauchy-Schwarz inequality when ¢; ; = 1. Conversely, if ¢; ; = 0,
then F* and F* have no edge in common, which implies that no tetrahedral element Q; is incident
to both F* and F*. It follows that u; and v; have disjoint support, hence A(u;,v;) = 0.



40 M. AVERSENG, X. CLAEYS AND R. HIPTMAIR

Let £ = {e€; j}2<ij<n and let p(€) be the spectral radius of £. Then, bounding the spectral
radius by the ¢°°-norm of the rows, we have immediately

p(€) < 2Ny

where Ny is defined as the maximal number of faces F ¥ incident to a common edge.

Noting that [37, Assumption 2.4] holds with constant w = 1 here, because the same bilinear
form A is used on both sides of the equality in the definition of P; in eq. (F.4), we conclude by [37,
Lemma 2.6] (adapting the proof to handle two coarse subspaces instead of one), that

Amax(Paa) < w(p(€) +1) < 2Ny +1).

This gives a uniform bound on Apax(Paq) with respect to H and h due to the shape-regularity
assumption for the coarse triangulation.

It remains to prove a lower bound for Ayin(Paa) > ¢((1+1log H/h)~2) for some ¢ > 0. For this,
by [37, Lemma 2.5], it suffices to show that, given any up € V;(22\T'), there exists a decomposition

N
(FG) Up = Zuh,i y  Uphy S Vi,
=0
such that
N
> Aluniyuni) < C(1+log H/h)? A(up, un) .
=0

where here and in the following, the letter C' is used to denote a generic constant whose value is
independent of the parameters H and h. We start with the space Vo = Vi (Q\ I') and define

Up,0 = fHuh S VH(Q \ F)

where Iy may be chosen as any Clément-type quasi-interpolant on the coarse triangulation, with
the properties

(F.7) Tl ) < Clulgiayy > ||u- fH“HLQ(Q,) < CHulgq,) »

for each j = 1,...,J. Next, let i > 2 and suppose that V; is associated to the face F*, shared
by the domains Q, and €2,,. For the time being, suppose that F* does not belong to I'. Let
wp, = up, — Uno, and let up; = H(Ozrwp). Here, as in [37], the function H(fzrw) is the piecewise
discrete harmonic extension of the boundary values of wy, on FF, i.e. the element of V;(Q\T) with
nodal values equal to 0 outside FF¥, and to up(z) for z € FF. Then we have by [37, Lemma 4.24]

and the properties of 1) H above

2
||wh||L2(m)

2
[wnllz2q,) )
2

A(up,i,up,i) < C(1+ log H/h)2(|wh|§11(9k) Tt

2
+ [walp ()

< C(1+log H/h)? |Uhﬁ{1(m,um) :
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The case where F7/ C T is similar, the only difference being that the discrete harmonic extension
is only non-zero in one of the two domains € and €2, incident to /7. Summing those inequalities
for 2 < < N and using that each tetrahedron §2; has only 4 faces,

N

ZA(Uh,iauh,i) < C(1 +log H/h)? A(un, up) -
i=2

It remains to handle the contribution from the wire-basket, which, in order to respect the
constraint of eq. (F.6), must be defined by

N
Up,1 = Up — Up,0 — E Uh,j -
i=2
Since the functions up ;, @ = 2,..., N, vanish at the wire-basket, one has in fact up 1 = H(Owwp),

where, as before, H(6yywy,) is the discrete piecewise-harmonic function with boundary values match-
ing those of wj, on the wire-basket generalized vertices, and 0 on the face generalized vertices. We
write

J
2
Aun,1,un1) = Z ‘Hj<eijh)‘H1(Qj) ’
j=1

where H;(6yy,w) is the discrete harmonic extension in V},(£2;) of the boundary values of wy, on the
wire-basket W; of ;. By [37], [Lemma 4.19] and [Lemma 4.16] (arguments in this order)

2
11 Ow,wn) | 11y ) < Clwnll72 ) < C(1+log H/R)? lwhl|5 gy -
(25) (W) ()

We obtain the lower bound on Apin(Paq) using again the properties in eq. (F.7). This concludes
the proof of the Theorem. 0
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