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Abstract—We study frequency domain electromagnetic scat-
tering at a bounded, penetrable, and inhomogeneous obstacle.
By defining constant reference coefficients, a new representation
formula for interior and exterior vector fields is proposed, based
on the general form of the Stratton-Chu integral representation.
The final integral equation system consists of surface integral
operators arising from a Poggio-Miller-Chang-Harrington-Wu-
Tsai (PMCHWT) formulation and compact volume integral
operators with weakly singular kernels. The problem is solved
with a Galerkin approach with usual Curl-conforming and Div-
conforming finite elements on the surface and in the volume.
Compression techniques and special quadrature rules for singular
integrands are required for an efficient and accurate solution. Nu-
merical experiments provide evidence that our new formulation
enjoys promising properties.

Index Terms—volume integral equations, boundary integral
operators, boundary elements, finite elements, electromagnetic
waves

I. INTRODUCTION

We study electromagnetic wave propagation in the fre-
quency domain. A bounded, penetrable, and inhomogeneous
obstacle is considered, with smoothly varying coefficients
inside, i.e. jumps in the material properties across its surface
are admitted. For the general case mentioned above, volume
integral equations lead to a formulation where the problem
reduces to finding electric and magnetic fields inside the
domain of interest [4]. The integral equations involve strongly
singular integral operators, which are not compact in the
general case. This is a problem even for simple settings,
such as dielectric materials. Alternatively, a popular option
for problems posed on (exterior) unbounded domains is to use
an expression for the Dirichlet-to-Neumann map. This is the
foundation for coupling finite element methods (FEM) with
boundary element methods (BEM) and it leads to stable dis-
cretizations for the transmission problem [7]. In the particular
case of piecewise constant material properties, it is possible
to completely reformulate the problem as a surface integral
equation system [6], [11]. That system can then be discretized
with BEM in various ways.

We propose a formulation that reduces to PMCHWT in the
particular case of constant coefficients, and is coupled with
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compact volume integral operators in the case of spatially
varying inhomogeneities. We have developed a rigorous anal-
ysis that proves well-posedness of the continuous and discrete
systems. The approach is closely related to the one for acoustic
scattering presented in [8].

II. ELECTROMAGNETIC SCATTERING

We are interested in solving the frequency domain elec-
tromagnetic wave scattering problem in a medium that is
homogeneous outside a bounded region 2 C R3. We denote
the exterior domain Q+ := R3 \ Q. Material properties are
given by functions € € L>°(R?) and p € L>°(R?) where

for x € QF, (D)

e(x) =eo, p(x)=po

and equx > e(®) > emn > 0,
almost everywhere in R3.

tmax > p(@®) > fimin > 0

The frequency-domain Maxwell equations governing the
problem of finding the total electric field © := u® + 4™ and

total magnetic field v := v® + v™™ in this inhomogeneous
medium are
curl(u) — iwp(x)v =0, for x € R3, ()
curl(v) +iwe(x)u =0, for x € R? 3)

where 4™, v are the incident fields satisfying the Maxwell

equations in the whole space,

for = € R3, 4)
for ¢ € R3, ®)

curl(u™) — iwpev™ =0,

curl(v'™) + iwgou™ = 0,
and u®, v® satisfy Silver-Miiller radiation conditions

v x = —u' =0 (%),

r=|z| = +oo. (6)

The problem can be formulated as the following transmission
problem: find u, v € Hj,.(curl, R?) such that



curl(ug) — iwpeve = 0, in QF, (7a)
curl(vg) + iwegug = 0, in QF, (7b)
curl(u) — iwu(x)v =0, in Q, (7¢)
curl(v) + iwe(x)u = 0, in £, (7d)
Yiug — s u = —vrul, on I, (7e)
Vo= v =—v",  onT, (79)
'vo><§—u0=(’)(%2)7 ri=|x| = +oo, (7g)

where v denotes the exterior/interior tangential trace opera-
tors: v,e = e|r X n.

III. PRELIMINARIES

We state the mathematical setting required for our formu-
lations. Let L?(2) be the Hilbert space of square-integrable
functions in €2, equipped with the usual inner-product

(u,v) ::/Qu(m)ﬁ(w)dw.

We define L?((2) as the space of square-integrable vector fields
in 2. We denote as H(curl, ) the space of vector fields in
L2(€2), whose curl is also in L?(Q2). Similarly, H(div, Q)
denotes the space of vector fields with divergence in L?((2).

The trace operator v, acts on elements of H(curl, ) and
maps onto the space H~/2(divr, I') of tangential vector fields
[5]. We define the duality product in H~'/2(divy,T) as an
extension of

(o, B)r = /Pa(:c) - (n(x) x B(x))ds,.

We will also make use of the normal trace ~y,, which acts on
elements of H(div, ) and takes the normal component of the
restriction of a vector field to the boundary: yyu = n - u|r.

The fundamental solution for the Helmholtz equation with
wavenumber k, is denoted G4 (x,y) and reads G, (z,y) =
exp(iky|x — yl|)/(47|x — y|). We define the (scalar) single-
layer potential S, and Newton potential N, as follows:

(S.0)(@) = / G (2, y)p()ds,., ®)
(N f)() = / G, (z, y)/(y)dy, ©)
for x € R3\ T

Finally, we state a general version of the Stratton-Chu
integral representation for general smooth vector fields: let
u,v € C*(Q) and K, = w,/1x&+. Then

u = curlN, (curl(u) — iwp,v)
+ iwp Ny (curl(v) + iwe,u) — VN, (div(u))
+ curlS, (v-u) + VS, (mu) + iwpSy (v-v),
and
v = curlN, (curl(v) + iwe, u)
— dweNy (curl(u) — iwp,v) — VN, (div(v))
+ curlS, (7,v) + VS, (1av) — iwe Sy (vru),

hold as integral representations. When v and v are solutions
of Maxwell’s equations with constant coefficients, the rep-
resentations simplify to mere surface integrals depending on
tangential traces of the fields.
IV. FORMULATION FOR HOMOGENEOUS MEDIUM
For the case of constant coefficients, integral representations
of the solutions of (7) for the exterior and interior domain are
ug = —curlSy (v, ug) — VSo(v wo) — iwpoSo (v vo),
vo = —curlSy (v vg) — VSo(vivg) + iweo S, (v uo),
u = curlSi(v, u)+ VSi(v,u) +iwpr S1 (v, v),
v= curlS (v, v)+ VSi (v, v) — iwe1S1 (v, u).

Using the identities

Tato =~z dive(1iwo),  mvo = i dive(v o),
VoW = —iwlsl divp (v, v), Yav= Z.wlm divp (v, u),
and denoting
at = fy;"uo, BT = iwuo’yivo (11a)
a=vy"u, B=iwuy,v (11b)
the representation formula can be written as
ug = —DLo(a™) —SLo(87), (12a)
iwpovy = —kaSLo(a™) — DLo(81), (12b)
w= DLy(a) +SLi(B), (12¢)
iwpv = £iSLi () + DLi(8), (12d)

where the Maxwell layer potentials are defined as
SL, = L VS.divr + S,
DL, = curlS,.

13)
(14)

Surface integral equations are obtained by applying the tan-
gential trace to (12):

ot =(3I-Kypat - V8T, (15a)
Bt = —kiVoa + (31 -Ko)BT, (15b)
a=(3I1+K))a+ Vg, (15¢)
B =riVia+ (31+K;)B, (15d)

where
V, = H—gcurlp oV,odivr —n x V,,
K, = (v + ;7 )curls,,

are the usual surface integral operators for Maxwell’s equa-
tions [6].

Combining (15) with the transmission conditions, we arrive
at the PMCHWT formulation: find o, 3 € H~/2(divp,T")
such that

(M~ 1AM + A)) (g) =M (g) . (16)

K, V 10
A= (KEV* K) M= (o “0)'

H1

where

a7



V. FEM-BEM COUPLING

For a setting with varying coefficients, we start by writing
the curl-curl problem for the electric field:

curlﬁcurl(u) —w?eu=0 in Q. (18)

A variational formulation for this problem reads as follows:
find v € H(curl, 2) such that

(%curl(u),curl(w)) — w?(eu, w) (19a)

+ (i%_curl(u),'y;'wﬁ =0, (19b)

holds for all w € H(curl, ). From the transmission condi-
tions we know

Yo — vru™ =y ug, (20a)
%"y;curl(u) — ﬁ%curl(umc) = iw;”curl(uo)7 (20b)

and from an integral representation in the exterior domain we
get

o =~ ug = (31 -Ko)at — V8T 1)
Replacing (20) and (21) into (19), we obtain

(%Lcurl(u), curl(w)) — w?(eu, w) (22a)

+ (=BT, 7 w)r = (8", 7, w)r, (22b)

AI+Ko)vyu+ VoBT = —(31+ Ko)a™. (22¢)

VI. COMBINED SURFACE-VOLUME INTEGRAL EQUATIONS

We define constant reference coefficients in a way such that
the support of inhomogeneities can be reduced, such as

1/ 1
f= g @ = [ (e
A Y00l o

where €1 and w1 will be used for the constant coefficient part
of the formulation, i.e. the Green’s function in the interior
domain.

(23)

We write the transmission problem (7) as follows

curl(wug) — iwpeve = 0, in QF, (24a)
curl(vg) + iwegug = 0, in QF, (24b)
curl(u) — iwpiv = fi, in Q, (24¢)
curl(v) + iweju = fo, in €, (244d)
viug—v;u=—yu™, o, (24¢)
Yoo —v; v =—3v",  onT, (24f)
1
voxw—uoz(’)(Q), r = |x| = +oo, (24¢g)
r T
where
. T
@) = —ipapn(@)ol@). po(a) =11,
fa(x) = iwerpe(x)u(x), pe(x) =1— ng),

and ;1,1 € Ry are conveniently chosen parameters as in
(23). The representation formula in 2 now reads

u = — iwpcurlNy (p,v) — KIN (peu) — VN (div(w))
+ curlS; (y; u) + VSi(vp w) +iwps Sh (77 v),

and

v = iwercurlN; (peu) + KN (prv) — VN (div(v))
+ curlS; (v, v) + VSi (1, v) — iwe1 St (v, u) .

We will repeatedly make use of the product rule
curl (fF)=Vf x F+ fcurl(F),

for f € CY(Q),F € [C1(N)]3, and an integration by parts
result on Newton potentials

curlN/(F') = Ny(curlF) + S¢(v, F). (25)
Solutions of (24) also satisfy
div(eu) = Ve - u + ediv(u) =0,
= div(u) = —% U= T U,
div(uv) = V- v + pdiv(v) =0,
= diV(’U):—@'U: —Tm " U,
I
and
TnU = — =~ divp(v,v), Tnv = — divp(y,u),
were Wi
where (@) (@)
- e(x) . w(x
é(x) = , p(x) =
@) =" ata) = LE
for all x € Q. We denote ¥ = dwpyv and obtain a new
integral representation
u =K"% + A°u + DL (y-u) 4 SLY* (47 9), (26)
b =Ku+ A" + DLy (7, 9) + £3SL (v, w), Q27)
where we defined the volume integral operators
Kéu = —k2N;(curl(p.u)), (28a)
K"v = —N;(curl(p,v)), (28b)
Ay = —kINy (pou) + VN (1o - u), (28¢c)
A" = KINy(pmv) + VN (T - ). (284)
and the (scaled) layer potential
SLI*(8) = & VSi(Edive(8)) + S1(68).  (29)

Finally, we arrive at

o two integral equations on the interface I', of PMCHWT
type, obtained by taking tangential traces of (26) and (27),
and

o two equations in the volume, directly from (26) and (27).



The resulting linear integral operator equation system reads as

follows: find u,v € H(curl,Q) and o, 3 € H~'/2(divp,T')
such that

A B\ /U (0

(¢ 8) (1) (),

A (30)

holds, where

U = (u,), = fwuv,
A= (awg)’ Ainc — (ainc,ﬁim),
A = M_IA()M + Af’ﬂ,
B:= (Te Tm) ,
c—( DL —SLSH
—/f%SL’f’E -DL; /’
_(I=A —-K™
D= ( e |—Am>'
where we defined
0 K VEH - A° oy el
ATF = PR T.= (" T ="
o ) mm () e (25

VII. GALERKIN DISCRETIZATION

Let {75 }n>0 be a globally quasi-uniform and shape-regular
family of triangular meshes of 2. Let {3}, },~¢ be the induced
family of meshes on I". We choose finite element spaces:

e Ny = Np(Tn) C H(curl, Q) of Nédélec edge elements
(in the volume).
o« Wy == Wi(Z,) ¢ H Y%(divy,T) of Rao-Wilton-
Glisson face elements (on the boundary).
We will also use INj, as a conforming subspace of the dual
space of H(curl, Q). This leads to a stable discretization of
the duality product in H(curl, 2).

The implementation relies on standard techniques for nu-
merical integration of weakly singular kernels [12, Chapter 5],
extended to the case of interactions between tetrahedron-
triangle and tetrahedron-tetrahedron [3], [10]. Moreover, as the
linear system involves large dense blocks arising from volume
integral operators, matrix compression such as H—matrix
with ACA [2] becomes crucial. We use Castor [1], a C++
linear algebra library that provides easy to integrate H—matrix
routines.

VIII. NUMERICAL EXPERIMENTS

We study the transmission problem (7) with an incident field
given by a plane-wave

ul™(z) = jexp(irox - k).

The domain corresponds to a cube of unit length € == [0, 1]3.
We set €9 = o 1 and €1 = 2,7 = 1. The variable
coefficients ¢ and p are set to

E(CC) =1 + 171(1 — .171):62(1 — x2)1:3(1 — .Z‘g),

@) = pr,

for € Q2. We find Galerkin solutions for both (22) and (30),
then measure the errors in the electric field, given as

l[wy, — “h||L2(Q)
GI'I'OI'L2(Q) =,

Hu;(LHLQ(Q)

||“Z - uh”H(curl,Q)

CITOrY (curl,) =

Hu;”H(curl,Q) ’

where u; is a solution obtained from a highly refined mesh.
Information about the meshes used in our experiments can be
found in Table I.

Convergence results can be found in Fig.1, and a snapshot of
the solution in Fig.2. We observe convergence of the Galerkin
solutions for both the coupled surface-volume formulation
(denoted as STF-VIE for single-trace volume integral equa-
tions) and for the FEM-BEM coupling, which validates our
formulation.

).

TABLE 1
MESHES USED IN NUMERICAL EXPERIMENTS

Meshes
Elements | Nodes | Edges | Mesh size
24 14 49 172
192 63 302 1/4
1536 365 2092 1/8
12288 2457 15512 1/16
98304 17969 | 119344 1/32
Convergence Results
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Fig. 1. Convergence of the electric field, measured with respect to a solution
obtained from a highly refined mesh.

IX. CONCLUSION

In this work, we presented a new formulation for the
Maxwell transmission problem, consisting of a coupling be-
tween surface and volume integral equations, based on modi-
fied integral representations. Our numerical experiments show
convergence of solutions, validated by well-established varia-
tional formulations. Future work considers exploring the high-
frequency behaviour of solutions to these integral equations,
and compare it to the well-known pollution effect that affects
solutions of standard finite element discretizations.
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Fig. 2. Snapshot of the tangential component of the electric field.
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