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By introducing a new operator theory, we provide a unified mathematical the-
ory for general source resolution in the multi-illumination imaging problem. Our
main idea is to transform multi-illumination imaging into single-snapshot imag-
ing with a new imaging kernel that depends on both the illumination patterns
and the point spread function of the imaging system. We therefore prove that
the resolution of multi-illumination imaging is approximately determined by the
essential cutoff frequency of the new imaging kernel, which is roughly limited by
the sum of the cutoff frequency of the point spread function and the maximum
essential frequency in the illumination patterns.

Our theory provides a unified way to estimate the resolution of various exist-
ing super-resolution modalities and results in the same estimates as those ob-
tained in experiments. In addition, based on the reformulation of the multi-
illumination imaging problem, we also estimate the resolution limits for resolv-
ing both complex and positive sources by sparsity-based approaches. We show
that the resolution of multi-illumination imaging is approximately determined
by the new imaging kernel from our operator theory and better resolution can
be realized by sparsity-promoting techniques in practice but only for resolving
very sparse sources. This explains experimentally observed phenomena in some
sparsity-based super-resolution modalities.
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1. Introduction

Due to the intrinsic property of wave propagation and diffraction, the spatial resolution in
optical imaging was deemed to be limited by the optical diffraction limit for more than a
century. Based on the criteria first proposed by Abbe [1] and Rayleigh [36], this limit is com-
monly acknowledged to be nearly half of the wavelength and it is widely used to quantify the
resolution of conventional optical microscopies. However, in the last two decades, pioneered
by several super-resolution techniques [4, 37, 44], a large amount of super-resolution fluo-
rescence microscopies were developed to shatter the diffraction barrier and even frequently
achieve a resolution that is dramatically lower than the diffraction limit. For example, the
techniques known as STED [44], PALM [4], STORM [37] and dSTORM [17] exploit fluores-
cence to improve the spatial resolution from more than two hundreds nanometers to several
tens of nanometers.

A crucial and common feature in the super-resolution fluorescence microscopies is that
multiple patterned fields of light were applied to the sample to manipulate its fluorescence
emission and multiple snapshots are taken and processed to extract sub-wavelength features
of the sample. Since the snapshots are taken from samples subject to multiple illuminations,
we call imaging in this setting multi-illumination imaging, to distinguish it from the imaging
from a single snapshot. For imaging from a single snapshot (or a single-illumination), as al-
ready demonstrated in [3, 29-31], the required signal-to-noise ratio is very restrictive when
super-resolving n point sources separated by a distance below the diffraction limit. Thus
super-resolution is nearly hopeless in this case. This is why practical super-resolution tech-
niques have developed slowly over the last century, where multiple illuminations have been
rarely utilized. In recent years, the capabilities of super-resolution from a single snapshot
have already been established by several mathematical theories [3,9,22,29-31] and the reso-
lution limits have been explicitly characterized [24, 27, 30], while the super-resolution capa-
bility of multi-illumination imaging is not yet well understood.

On the other hand, although the mechanism and resolution of the aforementioned imaging
modalities were simple and well explained, such as the down-modulating of high-frequency
information in SIM and single molecule localization in STORM, a variety of the perspectives
of understanding do not uncover the fundamental principle and possibilities for improving
the resolution by using multi-illuminations. There is no mathematical theory to understand
all or most of the imaging modalities in a unified way, exhibiting the fundamental princi-
ple and performance limit in their resolution improvement. In particular, many new imag-
ing modalities employing the prior knowledge of sparsity [38,45] have achieved a resolution
better than common sense, necessitating an investigation of a mathematical theory for the
resolution as well. The fundamental understanding would certainly inspire us to develop
new imaging modalities and give us insight into their fundamental limitations. Therefore,
the development of a rigorous and uniform mathematical theory to discover the principle
and show the resolution of multi-illumination imaging in a straightforward and simple way
is important.

This paper aims to present a unified mathematical theory for understanding the resolu-
tion of multi-illumination based super-resolution techniques. In particular, we seek to math-
ematically explain the resolution improvement of existing multi-illumination imaging ap-



proaches and further highlight the possibilities and difficulties in this field.

1.1. Main contributions

We first propose an operator theory for analyzing multi-illumination imaging. To be more
specific, we define the multi-illumination imaging operator as A and apply its adjoint op-
erator A* to the measurement Af with f being a general source. It turns out that A*Af
can be viewed as a conventional imaging from a single snapshot with a specific imaging ker-
nel G(z, y). Therefore, this imaging kernel enables us to analyze the resolution of the multi-
illumination imaging by conventional ways. Especially, as one shall see in Sections 2 and 3, all
of the multi-illumination imaging methods have this imaging kernel, despite it is quite hid-
den in some modalities, such as the SIM and the single molecule fluorescence microscopy.

Based on our operator theory, in Sections 2.2 and 3 we analyze the stability of the recon-
struction of the frequency information of the source f and show that our results are in agree-
ment with the experimental results. While this is consistent with common understanding in
the field of multi-illumination imaging, our presentation is more general and does not re-
quire specific manipulation of specific measurements and illumination patterns. For exam-
ple, it explains the resolution of structured illumination microscopy, imaging by translating
illumination points, single molecular localization microscopy and decoding based random
illumination imaging in the same mathematical framework.

In addition, this general framework allows us to analyze more aspects of multi-illumination
imaging. As shown in Section 2.3, by generalizing the above operator analysis to a more
general encoding and decoding theory, for a large category of decoding methods, the recon-
structed spectral data of f cannot exceed [—Qmuiti, Qmuiil, where Quuig = Qpst + Qiny with
Qpst being the cutoff frequency of the point spread function and Qjy, the essential maxi-
mum frequency in the illumination patterns. This demonstrates the common sense in the
field that, without additional prior information, the maximum frequency information in the
multi-illumination imaging recovery is limited by the summation of the cutoff frequency of
the point spread function and the essential maximum frequency in the illumination pattern.
We also analyze the resolution of multi-illumination imaging for the case when the illumina-
tion patterns are not exactly known but can be approximated.

On the other hand, based on the imaging kernel formulated in Section 2, under appropri-
ate assumptions, in Section 4 we are also able to estimate rigorous resolution limits of certain
sparsity-based multi-illumination imaging methods. Our results explain important phenom-
ena in some sparsity-based multi-illumination imaging modalities, revealing the inherent ad-
vantage and limitation of sparsity-based multi-illumination imaging. In particular, we arrive
at the following conclusions: i) the resolution of multi-illumination imaging is fundamentally
determined by the summation of the cutoff frequency of the point spread function and the
essential maximum frequency in the illumination pattern; and ii) better resolution can be
achieved by sparsity-promoting approaches, but only for resolving very sparse sources.



1.2. Related works

The mathematical theory analyzing the ability of super-resolution imaging from a single noisy
snapshot dates back to the last century. From the middle of the last century, many researchers
have already analyzed the two-point resolution from the perspective of statistical inference
[10,14,18,19,32,33,39-41]. In these papers, the authors have derived estimations for the min-
imum SNR that is required to discriminate two point sources or for the possibility of a correct
decision. Although the resolutions (or the requirement) in this respect were thoroughly ex-
plored in these works which spanned the course of several decades, these results are compli-
cated, wherefore they are rarely used in practical applications. Recently, we proposed a new
rigorous and simple formula in [24] to serve as a resolution limit in super-resolving two point
sources under only an assumption on the noise level.

The mathematical analysis of the stability for recovering more than two point sources is
more challenging. To the best of our knowledge, the first breakthrough dates back to Donoho.
In 1992, he studied the possibility and difficulties of super-resolving multiple on-the-grid
sources from a noisy single snapshot. He derived both the lower and upper bounds for the
minimax error of the amplitude recovery in terms of the noise level, grid spacing, cutoff fre-
quency, and a so-called Rayleigh index. The results were improved in recent years for the
case when resolving n-sparse on-the-grid sources [9]. Especially, the authors showed that
the minimax error rate for amplitudes recovery scales like SRF?"l¢, where ¢ is the noise level
and SRF := ﬁ is the super-resolution factor with A being the grid spacing and Q the band
limit. Similar results for multi-cluster cases were also derived in [2,22]. In particular, in [3]
the authors derived sharp minimax errors for the location and the amplitude recovery of off-
the-grid sources. They showed that for complex sources satisfying a specific clustered con-
figuration and € < SRF~2P*1 with p being the number of the cluster nodes, the minimax error
rate for reconstructing of the cluster nodes is of order (SRF)ZP‘Zg, while for recovering the
corresponding amplitudes the rate is of order (SRF)?P~le. These results were generalized to
the case of superresolving positive sources by us [26] recently.

On the other hand, in order to characterize the exact resolution in the number and location
recovery, in the earlier works [24,25,27,29-31], we have defined the so-called "computational
resolution limits", which characterize the minimum required distance between point sources
so that their number or locations can be stably resolved under certain noise level. It was
shown that the computational resolution limits for the number and location recoveries in the

1
k-dimensional super-resolution problem should be around respectively %(k") (L) e
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and W (ﬁ)z"’l, where Cpym(k,n) and Csypp(k, n) are certain constants depending
only on the source number n and the space dimensionality k. In particular, these results
were generalized to the case when resolving positive sources in [27]. We also refer the readers
to [7, 34] for understanding the resolution limit from the perspective of sample complexity
and to [8,43] for the resolving limit of some algorithms.

All of these results reveal the severe ill-conditioning of the inverse problem, indicating
that achieving super-resolution for resolving multiple sources from single snapshot is almost
hopeless. This is also the reason why the practical super-resolution techniques have devel-

oped slowly over the past century. The significant development of practical super-resolution



techniques in the last two decades is mainly attributed to the use of multiple illuminations
with different patterns.

Although super-resolution techniques have achieved considerable progress and have be-
come indispensable tools for understanding biological functions at the molecular level, the
mathematical theory regarding the possibility and difficulty in multi-illumination imaging
has not been satisfactory developed. To the best of our knowledge, stability estimations
for the MUSIC and ESPRIT algorithms for multi-snapshots have been developed in [23]. In
our previous work [28], we proposed a theory for the resolution estimation of sparsity-based
multi-illumination imaging, revealing the importance of the incoherence of the illumination
patterns in the resolution enhancement. However, the theory did not provide the perfor-
mance limit of the multi-illumination imaging with known illumination patterns and the re-
sults still lack practical significance.

Here we propose a theory focused on the analysis of multi-illumination imaging with ex-
actly known or well approximated illumination patterns. We also intend our results to have
sufficient interpretability and guiding significance for practical super-resolution techniques.

1.3. Organization of the paper

In Section 2, we first propose an operator analysis for multi-illumination imaging. In partic-
ular, we formulate a certain imaging kernel in the multi-illumination case and analyze the
stability of the reconstruction of frequency information of a general source. In Section 3, we
examine several super-resolution microscopies to elucidate their stability using the opera-
tor theory presented in Section 2. In Section 4, we derive estimates of the resolution limit
of sparsity-based multi-illumination imaging. Section 5 concludes the paper. The appendix
contains several technical proofs.

2. Imaging kernel and resolution of multi-illumination
imaging modalities

In this section, we propose a mathematical theory to analyze the resolution of multi-illumination
imaging. Our theory is based on the analysis of imaging operators that appear in multi-
illumination imaging problems. For convenience, we call our theory the operator theory for
the resolution analysis.

2.1. Problem setting and the Imaging kernel

Let us first introduce the problem setting. We suppose that a general source f is supported
on [0,1]4 and the point spread function of the imaging system is given by

k(x,y)=PSF(x—-y)

with y denoting the source location. We also suppose that we have N times of illuminations
for the source and the illumination patterns, denoted by I(x, t;),q = 1,---, N, are known a



priori. We consider having full data for each image on R? (or full spectral data in the low-
frequency region) to gain more precise reconstruction and make the analysis convenient.
Moreover, we make the following assumptions on f, k(x, y) and I(x, f;). Our assumptions
are consistent with the practical modalities.

Assumption 2.1. f is either a continuous function in [0,11¢ or a discrete and finite measure.
Assumption 2.2. k(x,y) is a real, continuous, and bounded function and PSF € L2(RY).
Assumption 2.3. I(x,t4),q=1,---, N, are continuous and bounded functions in R4

The noiseless measurements are given by

f(x) tq) = ‘[I%d k(x, y)](y, tq)f(y)dy, q = 1,-.. ,N,

where f(y) is the unknown source. The multi-illumination imaging problem is to reconstruct
f(x) from f(x, t;). To obtain an appropriate method for analyzing the resolution of the multi-
illumination imaging problem, we define the imaging operator A by

Af(x,tq)=f k(x,y)l(y,tq)f(y)dy=f Qx,y, tg) f(y)dy, 2.1
(0,114 0,1

where the function Q(x, y, t4) = k(x, y)I(y, t;) combines together the point spread function
and the illumination pattern. Note that by Assumptions 2.1, 2.2 and 2.3, it is not difficult to
see that Af(x, t4) € L2(R%) for each tq. Then we define the inner product

1 XN -
Af,g)=— Af(x,t Jtg)d
(Af,8) Nq; LA t)g (1) dx

for g € (L2®%)" and calculate the adjoint operator A* of A from

. 1 X
(f,A"g)=(Af.g)= Nq;fwf[o,udQ(x’y’ t) f(dy g, fg)dx
1 X .
B f[o 14 (N Zlfw Qlx, y, 1g)8(x, tq)dx) fdy
y q:

1 X -
= R ) ,t ,t d .
<f Nq; IW(Q(xy 78X, tg) x>

Thus we get that
1

Atg=
§=N

N D ——
Y i Qx, 3, ty)8(x, ty)dx. (2.2)
q=1

Next, we consider the operator A* A. We have

, LA
A=y 3 fR Qwaiy f[ 1 QR ) f)dyds

LN
o N 2.3)

=f Gz, ) f(»)dy,
[0,1]¢



where G(z,y) := + quvzl Jra Q(x, 2, t5)Q(x, y, t;)dx. Moreover, we obtain that

A
Gen=5 2 fR Qo QU t)dx
q:

1 N
=% Y » I(z, t) I(y, t) k(x, 2) k(x, y)dx

q=1
1 Y S
=% [;1 I(z,t)I(y, tq)fuqzd k(x,2)k(x,y)dx.
Since PSF € L*(RY), Jra k(x, 2)k(x,y)dx < +co and G(z, y) is well-defined. We call
1 ¥ T 2d
G(z,y):= N ZII(Z, t)1(y, tg) fRd k(x,2)k(x,y)dx, (z,y) R, (2.4)
q:

the imaging kernel of the multi-illumination imaging problem. From the above derivations,
the problems in multi-illumination imaging are now transformed to conventional imaging
problems from single snapshot with the imaging kernel G(z, y). This is a crucial contribu-
tion of the paper, which allows us to transform the multi-illumination imaging to a standard
imaging from a single measurement, where abundant techniques and results can be applied.
In the rest of the paper, we shall see that the imaging kernel G(z, y) plays a key role in deter-
mining the stability and resolution of multi-illumination imaging.

2.2. Stability analysis of the Imaging Problem

In the above section, we have derived an imaging kernel in the multi-illumination imaging
problem. We now propose some stability analyses for the multi-illumination imaging, elu-
cidating that the resolution of the multi-illumination imaging is almost determined by the
imaging kernel G in (2.4).

To be more specific, we denote the noise function by o (x, t) and suppose that

||o(x, t)]| 2 :fRd|a(x, tg)|dx<o, q=1,---,N, 2.5)

with o being the noise level. Here we slightly abuse the use of o to keep the notation simple,
but this will not cause any ambiguity in the following discussions. For noisy measurements
in the multi-illumination imaging given by

h(x,tg) = Af (x, tg) +0(x,tg), q=1,---,N,
with o'(x, 7,) satisfying (2.5), we have
A*h=A*Af + A*c
=f[0,1]dG(Z,y)f(y)dy+A*g

_ f Gz, 1) f(ydy+0©),
[0,14



where the last equality is because by (2.5) the following estimate holds:

|[A*o ()] <— Z U I(y, tg)k(x, y)o(x, tg)dx

Sﬁqgl max(|m))[w |o(x, 1q)] dx (2.6)

<Co.

Therefore, by applying the reconstruction operator A* to the noisy measurement h(x, £), we
obtain the following noisy image of the source f(y):

Y(2) = f{o " Gz, ) f(y)dy +W(z), 2.7

where |[W(z)| is of order O(o).

Classically, the resolution of imaging modalities is generally determined by the bandwidth
of their point spread functions. Thus, starting from (2.7) in the next section (Section 3), we be-
gin to analyze the resolution of various well-known imaging modalities, and even SIM meth-
ods where the imaging kernel is completely concealed. To be more specific, we will show that
in several imaging modalities, the imaging kernel G(z, y) is of the form PSF,i(z — y) with
PSFpuri being the new point spread function for the multi-illumination imaging, or G(z, y)
can be approximated by PSF1i(z — ¥), (z,y) € [0, 1124, to certain extent. This enables us to
view (2.7) as

Y(z) = f[o L PSEhwaii(z=y) f(y)dy +W(z) (2.8)

with |W(z)| being of order O(o). This is exactly the imaging model for the single snapshot,
whereby we can understand the resolution in a conventional way, for instance from the point
of view of the Rayleigh limit [36] or the computational resolution limit [24,29-31].

Furthermore, assuming that G(z, y) is of the form PSF;i(z—y), we next demonstrate that
the spectral data of f in the bandpass of PSF, s can be reconstructed in a stable way from
noisy images. In the next subsection, we show that this is also what can only eventually be
reconstructed under most circumstances. This provides a rigorous explanation of the resolu-
tion of multi-illumination imaging.

Note that the noisy measurements should be of the form Af(x, tq) +o(x,tg),g=1,---,N,
for some noise o (x, ;) satistying (2.5). Then for g supported in [0, 119 satisfying Ag(x, tq)
Af(x,ty) +0(x,ty), we have A(g — f)(x, ty) = 0(x, ;) and A*A(g - f) = A*0. We define

= [ fo»,  yelo19 _ [ gy, yelo1,
f(y)_{ 0, yeR9\[0,119, (y)_{ 0, yeR\[0,1]9.

We denote the Fourier transform by & [u](£) = f_Jr;O elsx ©(x)dx and consider

(2.9

FA 0l =FA*Alg-l=F

| CENE- fondy

= F [PSFmuii * (§ - f)] = F [PSFqu) Z [§ - f]
:g[PSqulti]g [g_f] .



It then follows that

F [PSFmul OF [g - f] ) = F[A*01(©), EeRY,
and,

F[A*o]
i __ FlA0] 2.10
(&= f1© F [PSFpul (6) o

for ¢ satisfying & [P S Fuiiil (€) # 0. We can therefore reconstruct the frequency information in
the bandpass of PSF;; in a stable way. In particular, if we consider PSF(y)I(y, t;) € L' (R%)
and assume that & [I (y, tq)] is bounded, then we have the following theorem for the stability
of the reconstruction of the frequency information of f. Note that the assumption is very
mild and applies to most of the imaging modalities.

Theorem 2.1. Suppose that k(x,y) = PSF(x - y), PSF()1(y, ty) € L'RY), F [1(y, t,)]’s are
bounded, and the imaging kernel in (2.4) has the form PSFyi(z — y). For g supported on
0,114 satisfying Ag(x, tq) = Af(x, tg) + 0(x, tg) witho(x, tg) satisfying (2.5), we have

Cl, ko
F [PSFmulil (§)
for & satisfying & [PSFmul () # 0. Here C(I, k) is a finite constant related to the illumination
patterns and point spread function k(x, y).

Proof. Since PSE(y)I(y, ty) € L'(RY),

Flg-fl© <

fRd |0(x, tq)|fRd |I(y, tq)k(x,y)‘dydx< +00.

Then by Fubini’s Theorem, we have
fu;ezd |I(y, tg)k(x, y)o(x, tq)| dxdy < +oo0.

Thus I(y, ty)k(x, y)o(x,t4) € L!(R?%) and Fubini’s Theorem yields

|7 [A* 0] ©)| =

1 N
i LS ,t)f kG, Yo (x, tg)dxd
fw N &0 | Koyt tpdxdy

1 YN ;
‘Nc;::1 Rda(x, fq)jl;de Iy, tq)k(x,y)dydx

dx

1 N e
<— o(x, t,) U eV Ty, 1) k(x, y)d
Nq;fwl D[], e 10tk dy

1 N - _
:Nq;fw o (x, 2)] |J' [I(y, t,,)] « F [k(x,y)] (g)‘dx
<C(I, k),

where the last inequality is because (2.5), & [I 62 tq)] is bounded, and k(x,y) = PSF(x—y)
whose spectral data vanishes outside a bounded interval. Combining the previous estimate
with (2.10) proves the theorem. O



According to Theorem 2.1, the spectral data of f in the bandpass of PSFpi can be stably
reconstructed if we know the illumination pattern I and the point spread function. Further-
more, as discussed in Sections 2.3 and 3, the essential cutoff frequency of PSFy,, is around
the sum of the cutoff frequency of the point spread function and the essential maximum fre-
quency in the illumination pattern. On the other hand, suppose that the essential cut-off
frequency of PSFyy1 i Qmut, by the classical resolution limit theory [11], the resolution
enhancement is around % This is a direct conclusion from our operator theory for the
resolution enhancement, which is consistent with experimental results from many imaging
modalities in practice. Sometimes additional prior information further improves the resolu-
tion enhancement, of which sparsity is the most common and widely used feature [35,42,45].
In Section 4, we will analyze the resolution when resolving sparse sources, enabling an expla-
nation of observed phenomena in some experiments.

Remark 2.1. Note that when G(z,y) is not exactly PSFn1i(z — y) but can be approximated
by PSFn14 in some sense, we can obtain an estimate similar to (2.10), indicating that the fre-
quency information in the bandpass of PS Fyuii can be reconstructed stably in multi-illumination
imaging.

Remark 2.2. We remark that Theorem 2.1 can also be applied to plane wave illuminations
I(y,tg) = e'#%)'Y | This means that it can be applied to analyze the resolution of SIM imaging
modalities [16].

2.3. General Encoding and decoding theory

The formulation of the imaging from the operator A* Ain (2.3) can also be viewed as a process
of decoding measurements in multi-illumination imaging. To be more specific, the operator
A* can be viewed as a decoder which decodes the source information from the measure-
ments Af and the decoding patterns are the specific Q(x, y, t;) = k(x, y)I(y, t4). In some ap-
plications, although the illumination patterns as well as Q(x, y, t;) are not exactly known, an
estimated decoding pattern can be used to reconstruct the image of the sources [13,15]. The
mathematical formulation is as follows. We use the same notation as in Section 2.1. Each
diffraction limited image in the sequence that is captured by the camera (or the detectors)
has the following formulation:

f(x,t):/yf(y)l(y,t)PSF(x—y)dy,

where the illumination pattern I(y, ¢) varies in time. For example, in [15], I(y, ) represents
the nanoparticles distribution that varies in time according to the Brownian motion of the
nanoparticles. Then, the decoding pattern is numerically extracted according to some esti-
mation procedures and the reconstruction r(x) is obtained by as follows:

r(x) zf
t

[ £ )10y PSE (- y) | T, v,
y

10



where I(x, ) is the digitally estimated decoding pattern. By different means and assumptions
on the model [13, 15], it was shown that

f[(y, 0I(x, 0dt=Col(x—y) 2.11)
t

for some function Col characterizing the correlations between I, I. Then the reconstructed
image is

r(x) =[ Gx—-y) f(dy,
y

where G(x) = Col(x)PSF(x) combines the encoding/decoding patterns and the point spread
function. The further analysis of the resolution can be derived in the same way as those in
the paper.

On the other hand, the generalization of the reconstruction operator A* by this encoding
and decoding theory gives us a new insight into the stability of multi-illumination imaging. A
simple idea is to create new general decoders to analyze the possibility of further resolution
enhancement compared to Section 2.1. For simplicity, we always consider that the illumina-
tion patterns vary continuously and that each diffraction-limited image is

f,n=Af(x1) :=f ke, Iy, 0) f()dy. (2.12)
y
Since the only known information is the illumination patterns and the point spread func-
tion, we consider a very general decoding pattern g; (I(z, t)) g2 (k(x, z)) with g1, g» being two
general functions.
We define the corresponding decoder
Dg= ff 81 U(z, 1) g2 (k(x,2)) g(x, )dxdt.
tJx
Then the reconstructed image of source f reads
DAf = ff 81 U(z,1) g (k(x, Z))f ko, Iy, 1) f(y)dydxdt,
tJdx y
or equivalently,
DAf =ff 81 (2, 1) g (k(x, Z))f ke, NIy, 0) f(dydxdt
tJx y
=ffg1 (I(z, 1) I(y, t)dtf 82 (k(x,2)) k(x, y)dxf(y)dy.
yJt x
:ffgl (I(z, ) Iy, t)dtf g (PSF(x—2)) PSF(x—y)dxf(y)dy
yJdt X

_ f Gz FO)dy,
y

where G(z,y) = [, &1 (I(z, 1) I(y, t)dt [, g (PSF(x — 2)) PSF(x—y)dx. Note that the above op-
erations are valid under only very mild assumptions on gi, g2, I, k. When the illumination

11



patterns are generated by point sources or by other assumptions such as in [13], I(y, f) is of
the form I(y, t) = IP(y — t) for some illumination function IP. Then

DAf = f PSFpui(z— 1) f()dy
y

and
F [PSFmuil (€) = F [g1(IP) * IP] * F [g2(PSF) * PSF| (8), &eRY.

Note that

F[g1UP)*IP] (&) =F [e1(IP)]| O)F [IP] (&) = F [g1IP)| O)F [IP] ©) xzup),
F [g2(PSF) * PSF| () = F [g2(PSF)| (§)F [PSF] (§) = F [g2(PSF)] (&)F [PSF] (&) x 7 psF»

where y is the characteristic function of the support of g. Thus the spectral data of DAf
is still essentially constrained in [~Qmulti, Qmuitl, Where Qmuii = Qpst + Qing With Qpgr being
the cutoff frequency of the point spread function and Qp,,y; being the essential maximum
frequency in the illumination patterns. This directly reveals that the spectral data of f that
can be recovered by any sophisticated recovering (decoding) algorithms with the aforemen-
tioned form cannot exceed the bound Q¢ + Q. This theoretically confirms the common
sense in the super-resolution field [35] that, without further assumption and information on
high-order statistics of the illumination patterns such as in [12,42], the maximum frequency
information in multi-illumination imaging recovery is limited by the sum of the cutoff fre-
quency of the point spread function and the essential maximum frequency in the illumina-
tion pattern.

A crucial observation is that, since in the measurement (2.12) the kernel in the integral is
k(x, y)I(y, 1), together with the discussions above, any sophisticated decoding operator can-
not further improve the resolution. Thus, the essential way to further improve the resolution
is not to manipulate the decoding operator but to manipulate the measurement (2.12), for
example by multiplying it with new functions in the integral kernel in (2.12). This was in fact
done in [12,42] under assumptions on high-order statistics of the illumination patterns.

Based on the above discussions, we now have clearer understanding of the possible reso-
lution improvement in multi-illumination imaging. This provides sufficient guidance for the
development of super-resolution modalities and algorithms.

2.4. lllumination patterns are unknown but can be approximated

In many practical applications, the illumination patterns are not exactly known but can be
approximated. In this section, we analyze the stability of multi-illumination imaging in this
case. Suppose that the original illumination patterns are I(x, t;),q = 1,---, N, and the esti-
mated illumination patterns are 1(x, tq) = I(x, tg) +€(x, t4) with a bounded e(x, t,) satisfying

llex, t)]|,1 €. (2.13)

We define the new imaging operator A by

0.1 [0,1]¢
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where Q(x, y, tq) = k(x, Wiy, tq). For the noisy images h(x, tg) = Af(x, tg) + 0(x, t5) with A
being the original imaging operator (2.1), the source g is recovered by using the following
constraint:

||Ag(x, tg) - h(x, tg)|| <0, q=1,--,N,

or
Ag(x,tg) = h(x, 1) +8(x, t5), g=1,---,N,

for some &'(x, t4) satisfying (2.5).

To analyze the stability of the reconstruction, we further derive the operator A*A. Since
€(x, ty) is bounded, it is not difficult to see that Af(x, tq) € L*(R%) by Assumptions 2.1, 2.2,
2.3. In the same way as for the derivations in Section 2.1, we can write that

A*Ef:f Gz, y) fydy, (2.15)
[0,114

where G(z, ) is defined by

~ 1 &= -
Glay)=1 Y Iz, t)1(y, tg) fR k(x, 2k(x,y)dx,  (2,y)€ R4, (2.16)
q=1

We now have the following theorem for the stability of recovery of the spectral data of the
source f.

Theorem 2.2. Suppose that k(x,y) = PSF(x—y), PSF())1(y, tg) € L*RY), the F [1(y,1,)]’s
are bounded, and the imaging kernel in (2.4) has the form PSFyi(z — y). For a bounded g
supported on [0,11? satisfying Ag(x, tq) = Af(x, tg) + 0(x, tg) with o(x, ty) satisfying (2.5) and
A defined by (2.14), we have

Ci(I,k)o+Cy(I, k)e
F [PSqulti] (E)

Fg-fl©O =

for & satisfying & [PSFql(€) # 0. Here, Cy1(1,k),Co(I, k) are finite constants that depend on
the illumination patterns and the point spread function k(x, y).

Proof. Note first that
N

. 1N -
Ge(2,y):=Gl(z,y) -Gz, y) = — ) e(z, t) Iy, tq)f k(x,z)k(x,y)dx.
Nq:l R4
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By the condition on g, we have
FA 0] =F[A* Ag - A* Af]
=F UW Gz, »gy) —G(z,y)f(y)dy] (f,g” defined in (2.9))

‘T f Ge(z,y)g(y)dy]
Rd

=F UW Gz, 1&gy -Gz, Y f(ydy

f Ge(z, y)g(y)dy]
IRd

=F [PSqulti*(g_f)] +F

f Ge(z,y)g(y)dy]
Rd

:g[PSqulti]g[g_f] +F

:g[PSqulti]g[g_f] +F [I;{d Ge(zry)g(y)dy] .

Note that by the proof of Theorem 2.1, we have | F#[A*o]| < C(I, k)o where C(I, k) is a finite
constant depending on the illumination pattern and the point spread function. Now we esti-

mate F [ [pa Ge(2,¥)(y)dy]. We have

7 [ fR Gets y)g(y)dy] (é)‘

N [— —
- €(z, t) 1(y, tq)fdk(x,Z)k(x,y)dxg(y)dy} (€)|

:f e'% Ze(z tq)I(y,tq)f k(x,2)k(x,y)dxg(y)dydz
R4 d g=1 R4

(2.17)

B et tq)|fw|k(x,z)k(x,y)(dx|g(y)ydydz .

It is not difficult to see that

< +00.

» €(z, tg)1(y, tq)|fRd'k(x,z)k(x,y)’dx|g(y)|dydz

Thus

ngd ‘e(z, t) Iy, tg) k(x, 2) k(x, y)g(y)‘ dxdydz < +oo.

By Fubini’s theorem, we have

z [ f Ge(z,y)g(y)dy] (6)’

iZE o s e
N & fRd fw[w €(z, ty)k(x,2)dzI(y, tg) k(x,y)§(y)dxdy

fRd ‘[Rdf zzs‘mdzl(y, tq)k(x y)g(y)dxdy‘

fqudf g[e(z tq)] * F [k(x,2)] (&, )1y, tg) k(x, y)g(y)dxdy'
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By (2.13), we have |F [e(z, 15)] (€)| < . Meanwhile, F[k(x, 2)](¢) is zero outside a bounded
interval. Thus we have |9[e(z, t)] * Flk(x, 2)](, x)| < Cie€ for some constant C;. Then it is
not difficult to see that

7 [ fR Geleygdy|©

for a certain constant C, under the conditions of the theorem and the assumptions made in
Section 2.1. This together with (2.17) completes the proof. O

< Cre

Theorem 2.2 shows that if we stably estimate the illumination patterns, then we can al-
ways stably reconstruct the spectral information of the source f inside the bandpass of the
PSFuti- This elucidates the stability of many imaging modalities where the illumination
patterns are estimated [38].

2.5. Discrete measurement for each image

Since the measurement is taken at some discrete points in real applications, to complete our
theory, we show in this section that we have the same imaging kernel G(z, y) for the case
of discrete measurement under certain conditions. For the sake of presentation, we further
make the following simple assumption on the point spread function, which is also compati-
ble with practical applications.

Assumption 2.4. The point spread function PSF is smooth and its gradient is bounded.

Suppose we take the measurement at M? evenly-spaced points x j’sin [-R, R]? for a large
enough R for a single snaptshot. Suppose we have N times of illuminations, the noiseless
measurements are

Fxjitg) =f[0 1]dk(xj,y)l(y, t)fydy, j=1,---,M% qg=1,---,N.

We define the operator A by

Af=f[0 1 k(x;, )1y, tq)f(y)dy=[[0 1]dQ(xj,y, tafydy, j=1,---,M% g=1,---,N,

(2.18)
where the function Q(x;, y, t4) = k(x;, y)I(y, t4). Now, we define the inner product by
N M¢
(Af,gx,0) = g(x;j, 1g).
q 1j=1
Calculating the adjoint operator A* and A* A, we get that
R W TR
A*g= Qxj, ¥, t5)g(x;j, tg), (2.19)
and
N M4
A" Af(2) = f Iz, t) [(y, tg) — ) k(xj,2)k(xj, y) f())dy.
f o N 2 B qudj; j» 2k, ) f()dy

Define W(z,y) = % Z;V:l I(z,ty)I(y, tg) # Z?’[:dl k(xj,z)k(xj, y), we have the following lemma.
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Lemma 2.1. For (z,y) € [0,11> and M sufficiently large, we have

Wiz, y)= Z I(z,tg) I(y, t,,)( R)df k(x, 2)k(x,y)dx+ C(R, M) (2.20)
N 4=
with |C(R,M)| = C—Af for a finite constant C.

Proof. Let F(x) = k(x, 2)k(x, y) and Ay, be the hypercube [x;1,%j,1 + 35| x [xj2, %2+ 35] x
X [x]',d,x]',d + %] Then

1 -
k(x,2)k(x,y)dx = F(x)d
(2R)4 .[[—R,R]d (x 2)k(x, y)x = R)d fx (dx.

On the other hand,

d
f F(x)dx - ZF(xj)

(2R)d

Z F(x)dx Z F(xj)dx

a
2R =

(ZR)d Z |F(x) —F(x))|dx

maxIVF(g‘)IZ |z—xj|dz

(ZR)d Ay
Md

maxIVF(é)IZ N ( 1= Xj1+ - +2q—Xjq)dz
j=1

(ZR)d

max|VF ()| Z ZR)

TR g "M ( M

R
=max|VF ()| —.
EeRd M
By Assumptions 2.2 and 2.4, for all (z, y) € [0, 1724, MaX;ega IVF(&)| < C < +oo for a uniform
contant C. This proves the lemma. O

Furthermore, we have the following lemma relating W (z, y) to the imaging kernel G(z, y) in
(2.4).

Lemma 2.2. Under the condition that for (z, y) € [0, 1129, there exist a, C > 0 such that

k(x,2)k(x,y)dx| < ,
fRd\[—R,R]d ¥ (R-1“

we have

Wiz, y) =

1 R
NeR? Z I(z, t)1(y, rq)f k(x, 2)k(x, y)dx+ o(m)+o(ﬁ).
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Therefore, when we consider that M is large enough so that O(4) is of at most the same

order as O ( we have

T )
RA(R-1)2 )

W(z,y) = (z,y) € 0,117,

G(z,y)+O(

1
2R)4 RWR—DJ'

for G(z, y) being the imaging kernel defined in (2.4). This demonstrates that we will have the
same imaging kernel G(z, y) when taking a sufficient number of discrete measurements.
We remark that the condition

<

- (R-D)@

f k(x,z)k(x,y)dx
R\[-R,R]¥

sin | x|

o in the one-

in the lemma holds for most of the point spread functions in practice, such as

2
dimensional space and (@) in the two-dimensional space, where J; is the Bessel function
of the first kind and order one.

3. Resolution study for some imaging modalities

By the operator theory in Section 2, we have shown, for example by (2.7), that the imaging
kernel in the multi-illumination case can be viewed as G(z, y) defined by (2.4). In this section,
we analyze the resolution of some multi-illumination imaging modalities by computing the
bandwidth of the point spread function PSF,j; from the kernel G(z, ).

We will show that G(z, y) is equal to or approximated by PSFy1i(z — y), where

PSFmuii(z =) = fite(z—y) fese(z— y)

with fiir and fpsr being determined respectively by the illumination pattern I and the point
spread function PSF of the imaging system. The spectral data of PSFy, is given by

F[PSFunil = Z L firrl * & [ frskl.

This clearly elucidates that multi-illumination imaging extends the bandwidth of the point
spread functions of the imaging system through convoluting them by the illumination pat-
terns and thus increases the resolution. This explains the resolution of many existing imaging
modalities in a new and unified way. It is also consistent with the common sense in multi-
illumination imaging that the resolution is determined by the sum of the cutoff frequency of
the point spread function and the essential maximum cutoff frequency in the illumination
patterns.

3.1. Plane Wave lllumination

In structured illumination microscopy (SIM), the sources are illuminated by plane waves with
cutoff frequency Q. In the one-dimensional case, we have I(y, 1) = e/“U@ where w(tq)
represents the direction of the plane wave. Therefore, I(z, 1) 1(y, ;) = e~ i0g)2Az=)) n the
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one-dimensional case, suppose we illuminate the source by two plane waves with opposite
directions

Qy

Iy, t) =Y, Iy, 1) =e ™V,

We also recall that the point spread function in a single frame is k(x, y) = PSF(x - y). Thus G
in (2.4) is given by

1 . . c©o_ 000000000
Gz,y) =3 (e—lﬂ(z—y) +elQ<Z‘W] f PSF(x—2z)PSF(x—y)dx

—00

[a—

. . S
=3 (e‘lQ(Z‘y) +e’Q(z_y)) f PSF(x—(z— y))PSF(x)dx
-0

=:PSFnui(z— ).

For example, when PSF = %, the Fourier expansion of PSFy; is

F[PSFyui] (6) = g Gx—Q) +6(x+ Q) * .0 ©) = gﬂ[—zg,zm ©

for some constant c. The band limit is thus doubled; See also Figure 3.1 for an illustration.
This demonstrates the well-known twofold resolution improvement of SIM. The above eluci-
dation can be extended to higher dimensions. In fact, for any PSF € L' (R%), we can analyze
the stability of SIM method by Theorem 2.1. Although our analysis leads to the same result as
the one from the frequency explanation of SIM’s resolution enhancement, the arguments of
the two explanations are actually different. Our new understanding is based on extracting a
new basic imaging kernel in the multi-illumination imaging problem, rather than combining
all the frequency information from multiple images in SIM.

200 200
175 175
150 150
125 125
100 e 100
075 0.75
050 0.50
025 0.25
0.00 T T T T T 0.00 T T T T T
-3 -2 -1 o 1 2 3 =3 -2 -1 o 1 2 3
(a) Spectral data of PSF (b) Spectral data of PSFyys

Figure 3.1: Spectral data of PSF and PSFy i in SIM.

3.2. lllumination pattern generated by point sources

In many super-resolution techniques, the illumination pattern is generated by other sources
and has the form of a point spread function. This time, the illumination pattern I(x, t) takes
the form I(x, t) = IP(x — t), where ¢ denotes the location of the illumination point. We will
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show that with a sufficient number of illuminations and measurements, an imaging kernel
G(z,y) similar to (2.4) can be derived, which can also be represented by PSFp,ti(z — ) with
PSFpui being a new point spread function. For the case when the number of illuminations
is not large enough such as in [38], one would expect that the resolution improvement for
resolving general sources will not be better than what derived below.

To be more specific, we consider the noisy discrete measurements as

f(xj, tq) :f[o L k(xj NIy, tg) f(Ydy +o(xj,tg), j=1,- , M4, qg=1,---,N, (3.1)

with |a(x i tg) ’ < 0. For convenience of presentation, we suppose that the illumination points
tq's are evenly spaced in[-T, T1%. Since I(x,1) = IP(x — 1) is generated by point sources, we
can assume that

, (z,) €10,1]°.

f I(x,2)I(x,y)dx| < ¢
RUN[-T, T4 Y T (T-D@

Consequently, in the same way as in Lemma 2.2, for large enough N, M, R, T, we can have

Md
tg) ) k(xi,z)k(xi,y)
MIN q ]Zl J J
N S 1
=— | Iz,0)I(y,)dt| k(x,2k(x,y)dx+ — | O(0).
(2T)d(2R)ded (z, )1y, 1) fRd (x,2)k(x,y) x+(2T)d(2R)dfqud (o)
Therefore,
1 N M*
_— Iz, t))k(xi,2)0(xi,t,)
M quljz q J jrtqg
- 1
<o MdN Z Z |I(z tq)k(x],z)| Triami%"

q=1j=
Thus, by the results of Section 2.5, for the imaging operator A defined in (2.18), we have
A*f=A*Af+ Ao

M N M¢

1 1 -
=f[0 1N & Z 1z 1)1y, tg) Z k(xj,2k(xj,y) f(dy + Y q;]g 1(y, tp k(xj, y)o(xj, tg)

Wfo l]df I(z, 1) NIy, t)dtf k(x,z)k(x y)dxf(y)dy+ O(o).

Hence, we consider the imaging kernel G(z, y) as

G(z,y)zf I(z,t)I(y,t)dtf k(x,2)k(x,y)dx,
R4 R4

and obtain that
eneRr?A* f= f | Glz,)dy +0(0).
[0,1]
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Since I(x, t) = IP(x— 1), we get

G(z,y):f I(z,t)[(y,t)dtf k(x,z)k(x,y)dx
R R4

:deP(z—t)IP(y—t)dtflPSF(x—z)PSF(x—y)dx
R R

=deP(Z—y+ t)IP(t)dtf1PSF(x—(Z—y))PSF(x)dx
R R4
=: PSFnuiti(z — ). (3.2)

Now, for different imaging modalities we can characterize the bandwidth of the correspond-
ing PSFmyui's by their Fourier transforms.

On the other hand, in many imaging modalities, the sources are illuminated by light gen-
erated by multiple sources. For these cases, we can model the illumination patterns I(y, f;)’s
by I(y, 7g) = XJ_, biIP(y — I5,). Thus, the noisy images are

&(x;,1y) =f[ y Iy, tk(xj, Y f(dy+o(xj, tg)
0,1
L ~ ~
= Z blf[ d IP(J/— tq,l)k(x],y)f()’)dy‘FO'(x, tq)) q= 1) )N:j = 1"” »Md)
=1 0.1

with o (x;, fq) 's being the noise. Since the measurement constraint

<o,g=1,--,N,j=1,---,M4,

L
|g(xj,fq)—2blf[0 ” IP(y -1, 0k(xj, ) f(y)dy
1=1 B

can also be generated by
‘fz(x]wtq)—f[o,udIP(y— tq)k(x]wy)f(y)dy‘ <o, j=1,,M%,
for certain 7;’s and
h(xj, tg) = fm]d IP(y - tk(xj, N f)dy +0o(x;, tg),

the stability for the imaging where the illumination patterns are generated by multiple sources
can be analyzed in the same way as in the case when the illumination patterns are generated
by a single point source.

As an example, we consider Brownian excitation amplitude modification (BEAM) devel-
oped in [38]. In BEAM, the illumination patterns are the waves scattered by the randomly
moving Ag particles. As shown there, assuming that the Ag particles are far apart from each
other, the total field E¢, , generated by the random array of nanoparticles can then be approx-
imated by

E(tuot(r)z mc(r)+a(w)sz(r TJ)EMC(T‘])+OJ((U ZZ (r r]) (rj’rk)Elnc(rJ)
j=1 j=lk=1
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where E?) isthe incident wave, a () is the polarizability of a single nanoparticle and G* (r, 1)
is the Green function. The Green function G“(z, y) is approximately ellzk‘jx C for some con-
stant C with k being the wave number of background medium. The sources are illuminated
by the intensity I(r) of the total field that I(r) = |E{‘(')t (r) |2. Since the wave number of the il-
lumination patterns is the wave number of the background medium, which is close to that
of the point spread functions. Thus, as we have seen in this section, with multiple illumina-
tions, the cutoff frequency of the point spread function can be at most increased by about
two times, which allows for a corresponding improvement in resolution when resolving gen-
eral sources. We note that, from Supplementary Figure 1:E in [38], BEAM can improve the
resolution by more than 1.5 for both two- and four-source recovery, which is consistent with

our theoretical prediction in this paper.

3.3. Single molecule localization microscopy

Single molecule localization microscopy (SMLM) [4, 17,20, 21, 37] describes a family of pow-
erful imaging techniques that dramatically improve spatial resolution to the nanometer scale
by computationally localizing individual fluorescent molecules, among which the most well-
known imaging modalities are STORM [37] and PALM [4].

Since at each frame, only one point or well-separated point sources are illuminated in such
SMLM techniques, we can model the illumination patterns in these imaging modalities as &
function or a continuous function /P with a sharp peak. Note that by Theorem 2.1, we have a
stability results for these imaging modalities when the illumination patterns are modeled by
a function IP € C(R) n L' (R). Thus, by (3.2),

PSFmui(z— ) :f TP(z—y+ t)IP(t)dtf PSF(x— (z- y))PSF(x)dx.
R R

Since IP has a sharp peak, the bandwidth of PSF, is considerably extended, which en-
sures that these imaging modalities have excellent resolution improvement. In experiments,
PALM [4] can improve the resolution by more than ten times.

4. Resolution limits for sparsity-based super-resolution

We have now shown that the frequency information of a general source f that can be stably
reconstructed is in the bandpass of the new point spread function PSFy,,;; . However, when
we have a prior information that the source is a collection of point sources, we are able to
reconstruct more frequency information by sparsity-promoting algorithms, as demonstrated
in the single measurement case [5, 6]. On the other hand, experimental evidence [38, 45]
has shown that sparsity-promoting approaches can achieve better resolution improvement
than discussed in Sections 2 and 3 when resolving very sparse sources. For example, when
resolving two sources, BEAM [38] can achieve a threefold resolution improvement, which is
better than twofold improvement discussed in Section 3. In this section, we theoretically esti-
mate the resolution limits of sparsity-promoting approaches in multi-illumination imaging.
In particular, we analyze the resolution limits for the recovery of locations and number of
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complex and positive point sources. Our conclusion is that it is possible to obtain better res-
olution than that predicted by operator theory in Sections 2 and 3, but only for very sparse
sources with high signal-to-noise ratio. For resolving more point sources that are tightly-
spaced, the resolution should be the one predicted by operator theory. This sheds light on
the cause of some experimental phenomena in BEAM. To be specific, as shown in Supple-
mentary Figure 1:E in [38], the algorithm achieves a threefold resolution improvement when
resolving two positive point sources, but fails when resolving six positive point sources.

4.1. Resolution limit for the location recovery

Based on the discussions in Sections 2 and 3, we have shown that, for some multi-illumination

imaging modalities, by introducing a certain recovering operator, we can recover the image
— n .

of a source p = ijl a;by,; from

Y(z) = f[o L PSFnuii(z—=y)u(y)dy+W(z), ze€|0, 114, (4.1)

with [W(z)| being of order O(c). The imaging process is then actually a deconvolution and is
similar to the one we considered in [31]. A simple idea is to compare the resolution enhance-
ment by the theory in this paper, but the results in [31] can only compare the resolution of
imaging modalities with point spread functions of the same shape, such as PSF; = f(Qx)
and PSF, = f(2Qx). It is not possible to explicitly compare the resolution of point spread
functions with different shapes. For example, it is known that imaging with the point spread
function PSF = (%)5 has better resolution than imaging with PSF = (S22%) byt the the-
ory in [31] cannot directly show the difference in resolution between the two cases. This is
also a common difficulty in comparing resolutions of deconvolution problems. To circum-
vent this problem, it is useful and reliable to understand the resolution by measurements
in the spatial-frequency domain. From (4.1), considering the parallel model in the spatial-
frequency domain, we have

¥ (&) = FIPSFnul O F (W) +W(E), EeRY, (4.2)

with W(¢) of order O(o). Note that by Theorems 2.1 and 2.2, the frequency information of
the source p that can be stably reconstructed is in the bandpass of PSFp, - Thus, the above
model is essential in multi-illumination imaging, even when the source u is not recovered
from the deconvolution problem (4.1). For ease of analysis, we assume that |W(6)| < o with
o being the noise level. The inverse problem consists in reconstructing ¢ from the measure-
ment G(¢&),{ € R4,

In order to analyze the resolution, we introduce the following o-admissible measures, which
cannot be distinguished from the underlying sources without additional prior information.

Definition 4.1. Given the measurement ¥ (¢),¢ € RY in (4.2), we say that i = Z;.”:l ajby,;,y;j €
R is a o -admissible discrete measure of ¥ if

|F (PSFimu) ©)F (0] ) -¥(©)| <o, VEeR? (4.3)
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For a bjower > 0, denote Qmuiti by, PY

N

Qmulti,bjower = max{r >0:|PSFnuti (&)l > bigwer for |[Ell, <1, ¢€ Rd}, (4.4)

which can be viewed as the essential cutoff frequency of PSFy,i. From (4.3), for the o-
admissible measure i, we have

A

’ | Ié‘l |2 = Qmulti,blowe[ . (4'5)

N (©) ' o
F -
’ [IU] (6) g[PSqulti] (f) < blower

The above model is the same as the one in [29] for the single measurement case. Thus, we
can obtain a similar theorem for the resolution estimate. Defining

n-1
Bdoo::{y:yew,uy—xnz«—},
2 multi, bgwer
by Theorem 2.7 in [29], we have the following theorem.

Theorem 4.1. Let n = 2, assume that u = Z;’zl ajéyj,yj € [Rid,minj:l,...,n laj| = Myin, is sup-
ported on B4(0) and that

(4.6)

Csupp(d, 1) ="
dmin:=r;1;§1||yp—yf||22ASW ( d )

Qmulti,blower mminblower

for flmum, bowe: @€fined in (4.4) and a numerical constant Csypp(d, n) depending only on d, n.
Foranyfi= Z;.lzl a;by,; supported on B4(0) and satisfying

| F (PSFmu] ©)F (0] &) -¥(©)| <0, VEeRF,

for'¥($) defined in (4.2), after reordering the y; ’s, we have

PN dmin
and cam
. N L, O )
7i - yill, = SRF*" Zm—_, l<j=n,
min

with C(d, n) being a numerical constant depending only on d, n.

By Theorem 4.1, we show that for very sparse sources, better resolution than the Rayleigh

limit =—<“7" _ can be obtained when the signal-to-noise ratio is sufficiently high. This ex-

multi, bygyer
plains whylbetter resolution than that predicted by operator theory when performing sparsity-
promoting recovery in multi-illumination imaging is attained in the experiments [38, 45].

On the other hand, by deriving the following lower bound on the resolution in the worst-
case scenario, we can also show that achieving better resolution is very hard when resolving

more than two sources.
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Proposition 4.1. Let bupper := MaXgega |F [PSFnuiil (§)| < +oo. For given 0 < 0 < Mminbupper
and integer n > 2, let

el o =]
T== " R 4.7)
Qs o Mmin Oupper
where Qmult (-l 1= min{r >0:|PSFnuii(é)] < %for €I, =18 € Rd}. Then, there

L @m!'mpin

. n ) ) k .
exist a measure L = ijl a;jby,;,yj € R* with n supports at

{(—%,0,...,0), (—%T,o,...,o), (—(n—%)r,o,...,o)}

and a measure [i = Z;’zl &,-5)3]_ with n supports at

{(%,0,...,0), (%T,o,...,o), ((n—%)r,o,...,o)}

|F [PSFiutil (OF [1] ©) = F [PSFmu) ©)F [u] €)] <o, E€RY, 1gljlgnlajl Mimin.

such that

Proof. See Appendix A. O

Note that the source locations in the eventually reconstructed measure [i are completely
different and distant from the locations of the underlying sources. Stable recovery of the
source locations in this case is impossible by sparsity-based multi-illumination imaging. Since
the distance in (4.7) deteriorates rapidly as n increases, achieving a resolution less than = ¢!

—1)!n!
multi, = Dinlo

P 2n)mmin
is nearly impossible for recovering sources that are not that sparse. This gives a rigorous proof

of the resolution limit of the sparsity-promoting super-resolution when the illumination pat-
terns are known.

We remark that for many illumination patterns, Qmuln Brower @A Qmult m-nme  are close to

L 2n)!mpyin

the sum of the cutoff frequency of the PSF and the essential maximum frequency in the il-
lumination patterns. Also, bypper and bjower are comparable. Thus, the resolution limit for

g
Mimin

1
the multi-illumination imaging is of order O (— ( )2"_] ), where Q11 is the essential

1ti
cutoff frequency of the new point spread function PSF, . This estimate now helps us to
understand the resolution in the sparsity—based multi-illumination imaging with known illu-

ulti
in multi- 1llum1nat10n imaging, and thus a better resolution can be achieved but only for re-
covering very sparse sources.

4.2. Resolution limit for resolving positive sources

Based on the discussions and techniques presented in [27], we can directly generalize the
above estimates of the resolution limit to the super-resolution of positive sources. In partic-
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ular, we define the positive discrete measure by
n
p=2_ ajdy, a;>0,
j=1

and have the following results.

Theorem 4.2. Let n = 2. Assume that u = 27:1 ajéyj,yj eRY, aj>0,minj=y,. nla;jl = Mmin,
is supported on B (0) and that

1
Csupp(d» n) g 2n-1
dmin::min||yp—y~|| > ( )
: J12 A ’
p¢] leﬂtivblower

(4.8)

MminDiower

for Qmum, bower @€fined in (4.4) and a numerical constant Csypp(d, n) depending only on d, n.
For any positive measure I = Z;’Zl a;jby;,aj >0, supported on B4(0) and satisfying

| F (PSFinu) ) F (0] ) -¥(©)| <o, VEeR?,

for'¥($) defined in (4.2), after reordering the y; ’s, we have

~ dmin
i=vill.< ==
and cd.n
n g
pi—yill, s ———=SRF*"2?——_ 1<j<n,
Yj y]”z Q Mieain J

with C(d, n) being a numerical constant depending only on d, n.

Theorem 4.2 is a direct consequence of Theorem 4.1, which shows the possibility of achiev-
ing a better resolution for resolving positive sparse sources by sparsity-based multi-illumination
imaging.

Proposition 4.2. Lef bypper := MaXgcga |F [PSFnutil (§)] < +o0o. For given 0 < 0 < Muinbupper
and integer n > 2, let

-1 _1
e o 2n-1
T= 5 (m 5 ) , (4.9)
. (n=D'nlo min Yupper
multi, G pp
% e . . (n=D!nlo d _
where Qmulti, ((2,;!1,2:1131 = mln{r >0:|PSFnuii()] < EIDI for €l =z, eR } Then there ex

. _ n . . k .
ist a measure |1 = ijl a;by,;,yj € R* with n supports at

{(-(n=3) 7000 [~ (=) r0.00] o (= 5] r010) )

and a measure I = Z;?zl a;j6y; with n supports at
1 5 3
1 P P S IO P B |
2 2 2
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such that
| F [P S Fimutei) () F [[1](€) = F[PSFouial O F M (©)| < 0, E€RY,

and
min |a;j| = Mmin.
1<j<n

Proof. See Appendix A. O

Note that, in the example of Proposition 4.2, it is hard to say which j; in i is the recovered
locations of some y; in the source p. Thus, Proposition 4.2 provides an upper bound estimate
on the resolution enhancement by the sparsity-based multi-illumination imaging. To further
demonstrate the instability of the location recovery under this order of separation distance,
we state the following proposition.

Proposition 4.3. Let bupper := MaXgegd |F [PSFnuil (§)| < +oo. For given 0 < 0 < Mpinbupper
and integer n = 2, let

1

0.2¢7! ( o )an
T =
- 2n+1 ’
" 20 sanl mminbupper
mult, 2nells?(n+1)1022n-8yy .
where
2
: =min{ 7 > 01 |PSFoui ()] < i for liéll, = r,¢ e R
. 22g =minsr>0: multi — 221, .
multh, iz, — 2nells?(n+1)1022n-8py .

Then there exist a positive measure {L = Z;’: 1 @j0y,; with n supports at

sn—2 j—2)s
{tj=— T+(] ) T
2 2

) j=2,4)"'v2n}
and a positive measure fiI = 27:1 a6y, with n supports at

i .
{t7=typin ,+ D77, j=1,35. 2n-1}

such that
| F (P SFinui) (O F (0] (©) = FIPSFrmnuia) ) F (1) (€)| < 0, € RY, [min, |a;| = Mmin.
Proof. See Appendix A. O
The n underlying sources in p in Proposition 4.3 are spaced by
0.4e7! ( o ) =]
ST = .
) . 2o sﬁ Mimin Dupper
multi, 2nells?(n+1)1022n=8y, .
Itisrevealed that when the n point sources are separated by 3 L ( mmm(zupper) ot

multi, gL SN
2nells2 (n+1)1022n=8yy
for some constant c, the recovered source locations from the positive o-admissible measures

can be very unstable; See Figure 2.1 for an illustration.
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Example of unstable location recovery
T T T T T

locations of recovred source
m—— |0cations of ground truth

o

1 ||| || _
I‘I t2 ‘[3 t4 15 16I7

- L L L L 1 L I L 1

-1 0 1 2 3 4 5 6 7 8 9

Figure 4.1: An example of unstable location recovery. Black spikes indicate the locations
of underlying sources and red spikes indicate the source locations of some o-
admissible measure.

4.3. Resolution limit for the source number recovery

To better understand the possibilities and difficulties of super-resolution in sparsity-based
multi-illumination imaging, in particular the difficulty to achieve a better resolution than that
predicted in Section 2, we next derive stability results for the recovery of the source number
in multi-illumination imaging. We have the following results.

Theorem 4.3. Let n = 2. Assume that u = 27:1 aj6yj,yj € led,minj:L...,n laj| = Mmin, is sup-
ported on B4(0) and that

1

. Chum(d, n) o 2n-2
dmin:=mlI.1||J’p_J’j||2Z A )
p;é] leﬂtivblower

(4.10)
MminPlower
for Qmulﬁ’blower defined in (4.4) and a numerical constant Cpy;,(d, n) depending only on d, n.
Then there do not exist any measures with less than n supports, [I = Z?zl ajby;, k < n, such
that

| F [PSFinul OF (0] €) - ¥(©)] <0, VEeR?

In particular, the above results still hold for the case when p, I are positive measures.

Proof. Since the model (4.5) is the same as the one in [29] for the single measurement case,
by Theorem 2.3 in [29], we directly obtain the desired results. O

Theorem 4.3 reveals that when the signal-to-noise ratio is sufficiently high and the source
is very sparse, detecting the correct source number when the sources are separated by a dis-
tance below 5 L is possible by sparsity-based multi-illumination imaging. This shows

multi,b)gwer
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that better resolution can be achieved. However, as the following proposition indicates, in
theory this is only possible when resolving very sparse sources.

Proposition 4.4. For given 0 < 0 < mpin and integer n = 2, there exist (L = Z;?ZI aiby;,yj€ R4

with n supports, and fi = Z;.’;ll a;j6y; with n—1 supports such that

| [PSEmuil (©)F [fi] €) — F [PSFu) OF [u] ©)] <o.

Moreover,
1
in || iy -yl = 5——— (|
min |(a;| = mm; min || yp — Vjl|, = = ’
] j min» : p J
1<j<n p#j 2 - (=120 mminbupper
multi, 5 7
? 2n-D!mpyin
where Q) 2, :=min<{r >0:|PSF, ~(§)|<—((”_DDZU for |I€]| >r,&eR4Y. In partic-
multi, (=020 - : multi @n=1)!Mmin 2=0 s

» @n=Dlmpyy

ular, the above results still hold for the case when p, I are positive measures.
Proof. See Appendix A. O

Proposition 4.4 demonstrates the challenge of using sparsity-based multi-illumination imag-
ing to super-resolve the number of complex or positive sources. We remark that by discus-
sions in [24], it seems that the minimum separation distance in the proposition can actually
be

. CTt g 2n-2 .
mm”J’p—J’jHZZ < with ¢ > 1.
P#] multi (n-1))2%0 Mmin bupper

? 2n=1D!mpin

In particular, for the case when n = 2, the lower bound in the above form should be

V2n ( o )an—z

Q ((n-1H2g

i Mmin bupper
MUt Gy Dimp,

Therefore, if the source is not that sparse, obtaining theoretically a better resolution, i.e.,
smaller than 5 z , is extremely hard. This explains experimentally observed phe-

2
‘multi, (n=1)H%o

n—Dimpin
nomena in BEAM. For example, as shown in Supplementary Figure 1:E in [38], a threefold
resolution improvement is achieved for resolving two positive point sources but the algo-

rithm fails to resolve both the number and location of six positive point sources.

4.4. Resolution limit for imaging with unknown illumination patterns

When the illumination patterns are unknown, although we do not have the explicit form of
A, A*, the results in [28] in one-dimensional space demonstrated that sparsity recovery in
multi-illumination imaging can also improve the resolution, compared to the case of imaging
from a single snaptshot.
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To be more specific, let us suppose that we illuminate the source y = Z;?: 1aj6y,; by N dif-
ferent I;, t=1,---, N, and that the measurements are given by

Y& 0=) ajeV’, &e[-Q,Q]

with Q being the cutoff frequency of the imaging system. In [28], the authors have demon-
strated that, when

2.2em 1 o \:
m1n|yp y]|> ( ) R (4.11)

p#j Q O co,min (IM) Mmin

the sparsity-promoting approach (lp minimization) can stably recover the source locations

yj’s. Here, Q is the cutoff frequency of the imaging system rather than the Q1 from the
PSFuiti- IM is the illumination matrix defined as

L) - Ly
IM = : :

INn(1) - IN(yn)

and 0. oo,min(IM) := mineck | >1 I/ M x|l characterizes the incoherence between the illu-
mination patterns. Compared to the estimate of the resolution limit in the case of a single

A

1
2n-1 PR . . . . .
pr— ) ), multi-illumination imaging will cer-

measurement [24,30], which is of order O (%(
tainly improve the resolution when the incoherence between the illumination patterns is suf-
ficiently high.

On the other hand, by the following proposition ( [28, Proposition 2.1]), it was shown that,

1
in the worst-case scenario, the resolution order O (é (mL)) " is the best that can be obtained

if the illumination patterns are completely unknown.

Proposition 4.5. Given n = 2,0, Myin with —>— <1, and an unknown illumination pattern I,
with|I;(y)| <1,yeR, 1<t <N, let7 be deﬁned by

0.043 ( o )i
T=——
Q Mmin
Then there exist L = Z;’Zl a;jby; with n supports at{-7,-21,...,—nt} and |aj| =Mpin, 1 <j <

n,andp = Z;.lzl Ezj(?f,j with n supports at{0,1,---,(n— 1)1}, such that

Q
there exist I; ’s so that%f Ea [1,0] (&) - [I,u] ©|dé<o,t=1,---,N.
-Q

Note that all of these results show that it is possible to achieve better resolution than pre-
dicted by the operator theory of Section 2 for recovering very sparse sources, but it is difficult
to recover more point sources.
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5. Conclusions

In this paper, we have derived a stability analysis for reconstructing the frequency informa-
tion of a source and demonstrated that the resolution of multi-illumination imaging is funda-
mentally determined by the essential bandwidth (or cutoff frequency) of an imaging kernel
(or point spread function) formulated in terms of the illumination patterns and point spread
function of the imaging system. Our theory provides a unified way to estimate the resolution
of various existing super-resolution modalities and arrive at the same results as those ob-
tained experimentally. Our theory also allows us to estimate the resolution of sparsity-based
multi-illumination imaging. In particular, we have shown that sparsity-promoting algorithms
can achieve better resolution than that predicted by operator theory in multi-illumination
imaging, provided that the source to be recovered is very sparse.

A. Proofs of results in Section 4
We first introduce some notation and lemmas that are used in the following proofs. Set
o) =(1,8,--,°)", A1)
where the superscript T denotes the transpose. We recall the Stirling formula
V2rn"tie " < i< ent e ", (A.2)

We introduce the following useful lemma ( [30, Lemma 5]).

LemmaA.l. Let t;,---, ty be k different real numbers and let t be a real number. We have
-1 [—1q
(Dkle =1 1 (D) = MizqekqrjT—
i~ lq

where Dy.(k—1) := (-1 (1), , Pr—1 (tx)) with ¢py_; () being defined by (A.1).

A.1. Proofs of Propositions 4.1 and 4.2

Proof. Step 1. Considery=2§21aj6tj witht; = (—(I’l—l)T,O,...,O),tZ = (—(n—%)r,O,...,O),...
t2, = ((n-1)7,0,...,0) and

-1

e g 2n-1
T= 3 b . (A.3)
. (=Dinig \ MminBupper
mult, et pp

For every ¢ = (£1,8,...,&0) T, FIy1(©) = Z?Zl ajeit!"‘>t = Z?Zl ajei(_”_%”)’fl. This reduces the
estimation of Z[y](¢) to the one-dimensional case. In what follows, we demonstrate that
with proper a;’s, we have

<o, |€1| = Qmulti,(("’ﬂ'

2m)!mpmin

2n . L
Z ajel(—n—g‘*'])l'fl
j=1
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Let

t (n 1) t: (n 3) L L L z t; (n 1)
= — _— ‘[’ = — _— ‘[,---, = -, ==, ", = ——|T.
1 2 2 2 n 2 n+1 2 2n 2

Consider the following system of linear equations:

Aa=0,

(A.4)

(A.5)

where A = ((/)2”_2 (t1), -+, pan—2 (tgn)) with ¢2,-2(:) being defined by (A.1). Since A is under-
determined, there exists a nontrivial solution a = (ay,--- ,Clzn)T. By the linear independence
of any (2n —1) column vectors of A, all the a; ’s are nonzero. By a scaling of a, we can assume

that
min |aj| = Mmin -
1<j=n
We define
n n
B= Z a]6t]y u= Z _a]6t]
j=1 j=n+1

We now prove that

o -
< . _
b |§1| = Qmultl, ((Zr;l)'lrll!n!Aa .
upper Mmin

|Z 1) - Ful )] <

Step 2. We first estimate 2?21 |a j | We begin by ordering the a; 's such that

|aj1i = |aj2| sSoees |aj2n
Note that |a i | < Mmin by (A.6). Then (A.5) implies that

aj, ban-2 (tjl) = ((bZn—Z (tjz) v an-2 (t]én)) (_ajz’ ) _afzn)T’

and hence

aj, ((prn—Z (tjz)"" yPoan—2 (thn))_l(/)Zn—Z (tjl) = (_ajz"" ’_aon)T'

Together with Lemma A.1, we have

tj, —tj
ajTozqeon1——— =—a,,.
thn - t]q
Furthermore,
|2, =, |t = ti,| 2, - 15,
. — . H — = . H _
|a]2n |a]1| 2=q<2n-1 |tj2n _ ]ql |a]1| 2=q=<2n-1 |t]2n _ t]ql |tj2n _ t]1|

_ |a. | HquSZn \tjl - tqu
=|aj,

max;,=1,....2n Ha<gs2n | £, = tj,|

<|aj
HlSl]SZn—l |tj2n - t]ﬂ| | ]1|
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Thus, based on the distribution of ¢; s (A.4), we have

2n-1)!
|a]‘1| = — Mmin,

2n-1)!
|aj2n = -
(n-=1D!n!

T (n-Dn!

and consequently,

(2n)!

<—m
(n—1!n!

2n 2n

Z |aj| = Z |“fq| =(2n) |aj2n min-
j=1 q=1

It then follows that for k =2n -1,

1 k
Mmin ((n - E)T) .

2n ©
> aijlt;
Jj=1

2n 1\ e
sZ|aj|((n——)T) < 2n)
j=1 2 (

n—1'n!

Step 3. On the other hand, we can expand & [u — i] as follows:

2n . 2n > (itix o i)k
g[u—ﬂ](X):Zaje”jx:ZajZ( ;C') :ZQk(.u—'a)(ll);) ’
| =1 k=0 K k=0 '

where Q(y) = Z?ZIl aj t]’?. Based on the discussions in Step 1 and Step 2, we have

—0.k=0- 27— _@emt
Qk(y)=0,k=0,---,2n-2, and|Qk(Y)|Sn!(n_1)

Therefore, for |x| < Q

min(n=1/2)D)% k=2n-1.

multi, ((2';5,1,3::::; ’
max |7 [~ 2] 0]
xe|-Q . (n=D!nlo » Q . (n—-1)!nla
multi, ((gn)llrzlmm multi, ((Zn)llr%min ]
k
2n)! k1l
= ﬁmmin((n—lm)ﬂ e
kson—1 H(n—1)! k!
5k
2n)! b ol G
s ) o Mmin((n=1/2)7) ,
kson—1 H(n—1)! k!
2n-1 k
| : — 2n-1 () . (n=D'nlo () . (n=1'nlo - Di(n- k
2n)!mmin(n—1/2) (T‘Q‘multl, ((2'; )%;m) oo (TQmumy ((2'2 )!%;m) 2Cn-1D!(n-1/2)
- nl(n-1)!2n-1)! = (k+2n-1)!
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and hence

max | =] o)
Y| i, fsinto s Qi gopinto
2n-1 %
2n—1 [ ¢ x
2rMmin (2 = /277 (TQmuIﬁ,mzi;:;) oo [ T hmul e
<
nl(n-1)! =0 2
2n-1
2n—1[ ¢ <
21 Mmin(n 112 (TQmum e ) 1 o T g, e
= — (A.3) implies ———— < 0.2
nl(n—-1)! 0.8 2
_nm (n 1/2)?n-1 1
min : (emmum -1unie ) —  (by(A.2))
”nn+ 2 (n 1)}1—* T 2m)impyin 0.8
- n _ g n-1
== 172y i | T e g | g
n 1
(by A3)and ————< 1).
bypper t(n—1/2) 0.8
It then follows that
. o
L%m@%gwMM<hwa €11 <O mul], e
By Step 1, we construct the sources in R as follows:
n n
#:Zﬂj5t,~, a= Z —ﬂj5tj,
j=1 j=n+l1
with the a;’s satisfying (A.5). Above discussions yield
. o
| 71016 - F1u©)] < : Wbimmmwm
bupper 2m)impmin
Thus,
| F 1PSFnua) ©F (1 (€) = F[PSFmnus O F ()] <0, 1181l = Oy e
by the definition of bypper-
Step 4. Note that by Step 3, for |[¢]], > Qmum (o
2n n
. 17 2n)!
|Z101©) - F©] =Y aje’| < Y |aj| = ——=—mmin.
j=1 i=1 (n—1D!n!
By the definition of Qmultl -l for [[€]l5 > Qmum L=l , We also have
2n)!m, 2n)im,

min min

| F [PSFinuiei] (6)F [ (€) = F[PSFinuieil 6 F 1] (€)| < 0.
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This completes the proof of Proposition 4.1.
Step 5. Now we prove Proposition 4.2. Similar to the proof of Proposition 4.1, we still only
need to consider the one-dimensional case. We define
n n
u= Z a2j6t2j’ ﬂ = Z _azf—lé‘fz]‘fl* j=L-n,
j=1 j=n+1
where the 7;’s are defined by (A.4) and a = (a1, ,asp) | satisfies (A.5) and

a, >0, .nllin lazj] = Mmin.
J: ,...’n

Note that the above conditions on a are easy to be satisfied after scaling a in (A.5). Now we
only have to prove that y, (i are positive measures, since the other conclusions of Proposition
4.2 can be shown in the same way as in the previous steps.

Equation (A.5) implies that

—aznPan-2 (t2n) = (P2n—2 (1), , P2n—2 (t2n-1)) (@1, , A2n-1) ",
and hence,
—azn (P2n—2 (1), , P2n—2 (th—l))_l Gon—2 (tan-1) = (@1, , azn-1) " .

This together with Lemma A.1 yields

—d2nH15q52n—1,q¢jﬁ =aj, (A7)
i~ lq

for j=1,---,2n—1. Observe first that IT1<g<2n-1,4%j (f2n — t4) is always positive for 1 < j <
2n-1.For j=2n-1, since

zp > 0,—a2nli<g=on—1,g#2n-1(t2n-1— tq)

is negative in (A.7). Thus we have az,-1 < 0. In the same way, we see that a; > 0 for even j
and a; <0 for odd j. Therefore, the intensities in (i and p are all positive. This completes the
proof of Proposition 4.2. O

A.2. Proof of Proposition 4.3

Proof. Step 1. Similar to the proofs of Propositions 4.1 and 4.2, we only need to consider the
one-dimensional case. .
- N
For je{l,2,---,2n},set tj = —%T+ (]2&7 if jisevenand t; = t4[uw_2+ (-=1)z 7 other-
4

wise. Consider the following system of linear equations:
Aa=0,

where A = (p2n—2(t1),**,Pp2n—2 (t2r)) With ¢2,,—2(-) defined in (A.1). As discussed before, for
anonzero a, by scaling, we can assume that a,;, >0 and

min |a2j| = Mmin.
l=j=n
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We define

n n
p= Z azfétzﬂ p= Z _azj_l(stzj—l'
j=1 j=1
As discussed before, we can show that azj—1 <0,j=1,---,n, and az; >0, j = 1,---,n. Thus,
both fi and p are positive measures.
Step 2. By the proof of Proposition 2.1 in [27] we know that

2n s 2n p 2ne“sz(n+ 1)1022n78mmin
> Jaj] = ¥ Jay | < J
j=1 q=1
and
Flul@&-ZFpl©] <o, Ee|-Q . 2 Q- 2
| [:u] ¢ [:u] ¢ | ¢ multl'2ne11s2(n+17§1322”*8mmm mlﬂtl'2nellsz(n+f)lg22"’8mmm
On the other hand, by the definition of Qm " e ,for ||&]], > Qmulti’ 2o ,

*2nells2(n+1)1022n-8y, 2nells?(n+1)1022n-8yy .

we also have
| F [P SEmuiil () F [01(E) — F [PSFiui) () F [ (€)| < 0.

This completes the proof.

A.3. Proof of Proposition 4.4

Let

1
e_l ( o )2n—2
T=<
Q It (=120 mminbupper
MU, &, Dmmn

andtl = (_(n_l)Tyoy”')O))tZ = (—(n—z)T,O,“',0)“‘»t2n—1 = ((n_l)T)Oy"')O)~ Define

n n-1
H= Z a2j_16t2j—1’ H= _a2j6t2j'
j=1 j=1
The rest of proof proceeds in the same way as the proofs of Propositions 4.1 and 4.2. O
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