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Abstract

We propose a multilevel Markov chain Monte Carlo-FEM algorithm to solve elliptic
Bayesian inverse problems with ”Besov random tree prior”. These priors are given by a
wavelet series with stochastic coefficients, and certain terms in the expansion vanishing at
random, according to the law of so-called Galton-Watson trees. This allows to incorporate
random fractal structures and large deviations in the log-diffusion, which occur naturally in
many applications from geophysics or medical imaging. This framework entails two main
difficulties: First, the associated diffusion coefficient does not satisfy a uniform ellipticity
condition, which leads to non-integrable terms and thus divergence of standard multilevel
estimators. Secondly, the associated space of parameters is Polish, but not a normed linear
space, and thus prevents random walk or preconditioned Crank-Nicolson proposals for the
Markov chains. We address the first point by introducing cut-off functions in the estimator to
compensate for the non-integrable terms, while the second issue is resolved by employing an
independence Metropolis-Hastings sampler. The resulting algorithm converges in the mean-
square sense with essentially optimal asymptotic complexity, and dimension-independent ac-
ceptance probabilities.

1 Introduction

Countless phenomena in the natural sciences and engineering are modeled by partial differential
equations (PDEs). Parameters in the corresponding models are in general subject to uncertainty,
due to incomplete information, measurement errors, etc. Therefore, the PDE parameters are often
considered as random variables, or (possibly) infinite-dimensional random fields. A well-studied
example are second-order elliptic equations with a random diffusion coefficient as statistical model
for uncertain permeability/conductivity in a given physical domain. In many applications it is
then of interest to solve the associated inverse problem, that is, to infer realizations of the model
parameter based on discrete observations of the solution to the PDE model. Important applications
are electrical resistivity tomography in geophysical engineering ([10]) or electromyography for
medical applications ([23]). In any case, the inverse problem is ill-posed and requires appropriate
regularization techniques.

A popular approach is to consider the inverse problem from a statistical or Bayesian perspective
([16, 3, 30, 7]) with its solution given a by probability measure on a suitable space of parameters.
This so-called posterior measure is inferred by conditioning an a-priori chosen prior measure on
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the observed data. Well-posedness of the Bayesian inverse problem (BIP) is ensured under mild
assumptions, and a-priori model information may be incorporated by selecting an appropriate
prior model for the parameter space. In the wake of the pioneering work of Stuart [30], there has
been an explosion of interest in BIPs and inverse uncertainty quantification in the past decade,
see e.g. [4, 11, 6, 27, 15, 18, 22].

From a computational viewpoint, solving the inverse problem amounts to sampling from a con-
ditional probability measure, which is known only up to a normalization constant. Hence, Markov
chain Monte Carlo (MCMC) methods are used extensively in Bayesian inference, see for instance
[5, 7, 24, 19]. These acceptance-rejection algorithms rely on forward solves of the corresponding
(PDE) model, that involve discretization errors (for instance due to finite element approxima-
tions) and possibly come at high computational costs. These issues have been addressed by
the development of multilevel Monte Carlo algorithms for BIPs, a non-exhaustive list includes
[14, 26, 20, 12, 9, 21]. Multilevel Markov chain Monte Carlo (ML-MCMC) methods reduce the
complexity to compute quantities of interest with respect to the Bayesian posterior by orders of
magnitude, when compared to their "standard” MCMC counterparts. However, a drawback of
many ML-MCMC approaches for elliptic BIPs is that they require a uniform ellipticity condition
on the random diffusion coefficient. This requirement excludes the important log-Gaussian prior,
let alone models with heavier tails such as Besov priors [25]. To the best of our knowledge, this
issue has only been fully addressed in [12, 13] for elliptic resp. parabolic BIPs with Gaussian prior.

Unfortunately, Gaussian prior models are not able to capture large deviations, due to their fast
decaying tails. Moreover, Gaussian or Besov priors can not incorporate fractal (spatial) structures
in the posterior model, which occur naturally in subsurface flow or medical imaging applications.
For this reason, Besov random tree priors have recently been introduced in [17] for linear inverse
problems, and have been proposed as log-diffusion coefficient in a random elliptic PDE model in
[28]. These priors are given by a wavelet series with stochastic coefficients, and certain terms in the
expansion vanishing at random, according to the law of so-called Galton-Watson trees. Samples
of the corresponding random fields involve fractal geometries, hence the Besov random tree prior
may be a viable candidate in applications, where models based on Gaussian random fields do not
allow for sufficient flexibility. The degree and Hausdorff dimension of the fractal structures are
controlled by a steering parameter 3 € [0, 1], the so-called wavelet-density.

1.1 Contributions

We develop a ML-MCMC-finite element sampling algorithm for elliptic BIPs with Besov random
tree prior. The results build on and complement the analysis of the corresponding companion pa-
per [28] on the elliptic forward problem with Besov random tree coefficient. The hyper-parameters
of the algorithm are tuned with respect to the regularity of the corresponding forward problem
and we provide an error-vs-work analysis for the ML-MCMC algorithm. Our complexity estimates
show that the proposed approach has essentially the same computational complexity as the for-
ward MLMC method from [28] (up to logarithmic terms), and is therefore asymptotically optimal.
The results hold in particular for ”standard” Besov priors on the torus with wavelet density 8 = 1.
We emphasize that no uniform-ellipticity assumptions are necessary in the forward model, as our
ML-MCMC estimator compensates for non-integrable terms in the Bayesian potential without
introducing an additional bias. In contrast, failing to take into account the unboundedness of
the solution to the forward equation and the Bayesian potential would result in highly inaccurate
results (see e.g. the numerical experiments in [12]). We further use an independence Metropolis-
Hastings sampler, hence the algorithm may be applied to general (non-linear) parameter spaces,
such as the Polish space of GW trees. While we restrict our analysis to Besov random tree priors
in this article, it is straightforward to apply the presented algorithm to different prior models
associated to a non-normed parameter space without uniform-ellipticity condition.



1.2 Layout of this paper

We fix the basic notation for this article in Section 1.3. Section 2 introduces general elliptic
BIPs and establishes results on well-posedness and data-dependence of the posterior measure.
We introduce the Besov random tree priors in Section 3, where we also recall well-posedness
and pathwise approximation results of the associated elliptic forward problem from [28] for the
reader’s convenience. Section 4 introduces the BIP with Besov random tree prior and the combined
dimension truncation and finite element approximation of the posterior measure. We further prove
a-priori error estimates on the posterior approximation in the Hellinger distance. In Section 5
we introduce our ML-MCMC algorithm, prove convergence of the root-mean-squared error and
provide the corresponding error-vs-work analysis for the entire range of regularity parameters in
the prior model. We validate our theoretical findings by several numerical experiments in Section 6.

1.3 Notations

We denote by V' the topological dual for any vector space V and by ,, (-,-)y the associated dual
pairing. For any metric space (X,dx) we denote by By(y) := {z € X|dx(z,y) < A} C X the
closed ball with radius A > 0 around y € X. If dx is induced by a norm |-|| , via dx(z,y) =
|z — yl|x, we write (X, ||| ;) for the corresponding normed space. If X = R* for a k € N, we use
the Euclidean metric, unless stated otherwise.

The Borel o-algebra of any metric space X is generated by the open sets in X and denoted
by B(X). For any o-finite and complete measure space (E,&, 1), a Banach space (X, ||-|| ), and
integrability exponent p € [1, 00, we define the Lebesgue-Bochner spaces

LP(E, pu; X) := {p : E — X| ¢ is strongly measurable and |||/ zr(g,u;x) < 00},

where
s le@Bntan) ', pe o)
”‘PHLP(E,N;X) =9 ess sup || (2) ||, p=o0.
zeFR
In case that X = R, we use the shorthand notation LP(FE,u) := LP(E,;;R). If E C R? is
a subset of Euclidean space, we assume & = B(E) and p is the Lebesgue measure, and write
LP(E) := L?(E, u;R), unless stated otherwise.

For a probability space (€, .A4,P) and a Banach space-valued random variable X : Q@ — X, we
denote by Ep(X) = [, X (w)dP(w) the expectation of X with respect to P. For any two measures
Q1,Q2 on (92, A), that are both absolutely continuous with respect to a reference measure Qg on
(Q,A), the Hellinger distance of Qp and Qs is given by

2
dnen(@. @) = | 5 [ (%f&w)\/ﬁzwo 40 (w)

For any bounded and connected spatial domain D C R? we denote for k € N and p € [1, 0o the
standard Sobolev space W*P (D) with k-order weak derivatives in LP(D). The Sobolev-Slobodeckji
space with fractional order s > 0 is denoted by W*P(D). Furthermore, H*(D) := W*?2(D) for
any s > 0 and we use the identification H°(D) = L?(D). Given that D is a Lipschitz domain, we
define for any s > 1/2

1/2

H§(D) :=ker(y0) = {¢ € H*(D)| 70() = 0 on 8D}, (1)

Here, vo € L(H*(D), H*~'/2(9D)) denotes the trace operator.

Let C(D) denote the space of all continuous functions ¢ : D — R. For any o € N, C*(D) is
the space of all functions ¢ € C(D) with o continuous partial derivatives. For non-integer o > 0,
we denote by C%(D) the space of all ¢ € Cl*J(D) with a — |a|-Holder continuous |«]-th partial
derivatives. For any positive, real « > 0 we further denote by C*(D) the Holder-Zygmund space



of smoothness a. We refer to, e.g., [31, Section 1.2.2] for a definition. We denote by S(R¢) the
Schwarz space of all smooth, rapidly decaying functions, and with S’(R?) its dual, the space of
tempered distributions. Moreover, for any open set O C R%, D(O) denotes the space of all smooth
functions ¢ € C*(0) with compact support in O.

For the finite element error analysis we introduce a countable set $ C (0,00), and denote by
h € $ a generic finite element refinement parameter. We further assume the existence of a strictly
decreasing sequence (hy, ¢ € N) C $) such that limy_, he = 0.

2 Bayesian Elliptic Inverse Problems

2.1 Forward PDE model

Let (€2, A,P) be a complete probability space (of parameters w € 2), and let D C R¢, d € {1,2, 3}
be a convex polygonal domain, with the boundary 0D consisting of a finite number of line or plane
segments. We consider the random (or ”parametric”) elliptic problem to find u(w) : D — R for
given w €  such that

-V (a(w)Vuw))=f inD, wulw)=0 ondD. (2)

The diffusion coefficient a : @ — L°°(D) in Problem (2) is a suitable random field and the
source term f : D — R is assumed to be a deterministic function for the sake of simplicity. For
the variational formulation of Problem (2) we define H := L?(D), V := H}(D) and recall that
Il : V= R>o, v = [|[Vv||g defines a norm on V' by Poincare’s inequality. For fixed w € 2, we
call u(w) € V a pathwise weak solution to Problem (2) if for any v € V it holds

/D a(w)Vu(w) - Vode = ., f, o). (3)

To ensure existence and uniqueness of pathwise weak solutions we assume f € V', and that
a:Q — L*(D) is strongly A/B(L*>(D))-measurable such that

a—(w) = esseiélf a(z,w) >0, P-as. (4)

It is then a standard result (see, e.g. [28, Theorem 3.2]) to show that the parameter-to-solution
map u : 2 — V is well-defined and (strongly) A/B(V)-measurable.

2.2 Bayesian inverse problem
To introduce the inverse problem, we consider the parameter-to-observation map
G: Q=R we [0oul(w) (5)

with bounded linear observation functional O € ((H®(D)))* for 6o € (1/2,1] and k € N. We
assume noisy observations ¢ of the form

0=G(w)+7, (6)

where ¥ is centered Gaussian observation noise on R¥. Thus, ¢ is distributed with density
: 1 X
plx) = (27 det(E))_g exp (—233TE_1$) , T cRF (7)

for a symmetric and positive definite covariance matrix ¥ € R**¥,

Given an observation §, we aim to derive the Bayesian posterior probability measure Ps :=
P(-]9) on (€,.A). Note that for given w € €2, the distribution of § = G(w) + ¥ (conditional on a
given realization G(w)) is P-.a.s. absolutely continuous with respect to A'(0, ), hence Py is given
by Bayes’ Theorem:



Proposition 2.1. The posterior measure Py is absolutely continuous with respect to the prior
measure P, with Radon-Nikodym derivative given by

@(w) _ p(d —G(Ww)) _ exp (=P(w;d))
dp o, p(8 = G(w))dP(w) Z0)

(8)

In (8), we have defined the Bayesian potential ® : Q x R¥ — R as

_ klog (2m det (X))

®(w;0) := —log (p(6 — G(w))) 5

v %(5 — W) S —Gw),  (9)

and the normalizing constant Z(8) > 0 is given by

2(5) = / exp (—®(w: ) dP(w). (10)

Q
Proof. The observation map G : @ — R¥ in (5) inherits the measurability from u :  — V, hence
the claim follows by [7, Theorem 14]. O

We fix some assumptions on the Bayesian potential ® to derive Lipschitz continuity of the map
0 — Ps with respect to the Hellinger distance.

Assumption 2.2.

1) For every A > 0, there exists a constant £1(A) > 0 and a set Q) € A with P(Q2) > 0 such that

D(w;d) < k1(A), forallw e Ny and 6 € By(0).
2) For every A > 0, there exists xa(),-) € L?(Q,P) such that
|®(w;6) — ®(w; 8')| < ka(A\,w)||6 —&'|]2, for all w € Q and 6,8" € B,(0).

Proposition 2.3. [11, Theorem 2.4] Under Assumption 2.2, there exists for any X > 0 a constant
C(A\) > 0 such that

dHeH(]P)(;,]P)(;/) < C()\)||5 — (S/”Q, fO’l" all (57 y e B)\(O) (11)

The proof of [11, Theorem 2.4] also yields a lower bound on the normalizing constants Z(9)
in (10), that only depends on the norm of the data J:

Corollary 2.4. Under Assumption 2.2, there exists for any X\ > 0 a constant ¢(\) > 0 such that
Z(0) > ¢(N) >0 for all § € Bx(0). (12)
Proof. For fixed A > 0 and any 6 € B)(0) we have by Item (1) of Assumption 2.2

Z(0) = /Qexp (—®(w;d)) dP(w) > /Q dP(w) exp (—k1(A)) =: ¢(A) > 0.

A

O

We consider Besov random tree priors as in [17, 28] in this article. This particular prior
has been used in [28] to model the log-diffusion coeflicient b := log(a) in the elliptic forward
problem (2). We review the construction of Besov random tree priors in the next section, and
collect some results on well-posedness of (3) and regularity of pathwise weak solutions.



3 Besov Random Tree Priors

We introduce in this section Besov random tree priors and the associated elliptic forward problem
to find w in (2) with log(a) given by a Besov random tree prior. We start by recalling some tools
from multiresolution analysis (MRA) and the wavelet representation of Besov spaces. Thereafter
we construct the Besov random tree prior, and record several results on well-posedness and reg-
ularity of the associated elliptic forward problem. We then discuss pathwise approximations by
dimension truncation of the prior and finite elements in the last part of this section. The latter is
in turn necessary to sample (approximately) from the posterior measure Ps in Section 2.

3.1 MRA and wavelet representation of Besov spaces

Let T? := [0,1]? denote the d-dimensional torus for d € N. We briefly recall the construction of
orthonormal wavelet basis on L?(R9) and L?(T?) and the wavelet representation of the associated
Besov spaces. For more detailed accounts we refer to [32, Chapter 1], [33, Chapter 1.2], and to [8,
Chapter 5] for orthonormal wavelets in MRA.

Let ¢ and ¢ be compactly supported scaling and wavelet functions in C*(R), o > 1, that are
suitable for multi-resolution analysis in L?(R). Further, we assume that 1) satisfies the vanishing
moment condition

/ P(x)x™de =0, m e Ny, m<a. (13)
R

One example are Daubechies wavelets with M := |a] € N vanishing moments (also known as
DB(|a])-wavelets), that have support [-M + 1, M] and are in C}(R) for M > 5 (see, e.g., [8,
Section 7.1]). For any j € Ny and k € Z, define the scaled and translated functions

Viko() =27z — k), and vjp1(x) =927z —k), xR (14)

As ||9llL2@) = [¥llL2@) = 1, it follows that ((Yok0),k € Z) U (2725 1.1), (j, k) € No X Z) is an
orthonormal basis of L?(R).

A corresponding isotropic! wavelet basis that is orthormal in L2(R%), d > 2 may be constructed
by tensorization of univariate MRAs. We define index sets Lo := {0,1}% and £; := Lo\ {(0,...,0)}
for j € N. We note that £; has cardinality |£;] = 2¢ if j = 0, and |£;] = 2% — 1 otherwise. For
any [ € Ly, we define furthermore

d
@/Jj7k’l(£t) = 2dj/2 ijwk’hl(i) ({L‘i)7 j c No, ke Zd, S Rd, (15)
=1

to obtain that ((¢; ), 7 € No, k € Z%, 1 € L;) is an orthonormal basis of L?(R?).

Orthonormal bases consisting of locally supported, periodic functions on the torus T¢ can be
introduced by tensorization, as e.g. in [32, Section 1.3]. We utilize the construction in [28, Section
2.1]: Given ¢ and v, we fix a scaling factor w € N such that

1
supp(¥uw,0,1) C {x € Rd| lz|l2 < 2} , e L.
With this choice of w, it follows for j € Ny that

SuUpp(Yj4w,0,1) C {m S Rd| ||| < 27%1}.

Now let K := {k € Z40 < ky,..., kg < 27} C 27T? and note that |Kj,| = 2407, Define the
one-periodic wavelet functions

f;fl(x) = Z ¢j,k7l(x - Tl), j € Ng, k € Kj, le Eo, T e Rd,
nezad

1 Anisotropic tensorizations leading upon truncation to so-called “hyperbolic cross approximations” may be
considered. As such constructions tend to inject preferred directions along the cartesian axes into approximations,
we do not consider them here.



and their restrictions to T by
;k(x) =Yl (@), €N, ke Kj, 1€ Ly, x € T (16)
We now obtain for the index set Z,, := {j € No, k € K1, | € L;} that
Ty = (Vgwr)s (k1) € L) (17)

is a L2(T¢)-orthonormal basis, see [32, Proposition 1.34]. We further define the subspace V,, 1 :=
span{yl, | k € Ky, | € Lo} € L*(T?) and observe that dim (V1) = 2d(w+1) " By the mul-
tiresolution analysis for one-periodic, univariate functions in [8, Chapter 9.3], it follows that
(( ék), j < w, k€ K,;, |l €L;)is another orthonormal basis of V,,11. Hence, we may re-

place the first 24(“+1) basis functions in (16) to obtain the (computationally more convenient)
L?(T%)-orthonormal basis

U= (( é‘,k)v (.j7k?l)€z—\1’)7 I‘I’ = {jENOa kEKja ZEEJ} (18)

Definition 3.1. Let s > 0, p € [1,00] and ¢ € L?(T%). We define the Besov norms

1/p
(s d_d
lolls; o= 3 27 Dol Jpanl |, pellio) (19)
(4,k,1)ETe
and .
lelps, ey = sup  27CF2)| (o, 1) pamay| < o0. (20)
' (4,k,1)ETw
The corresponding Besov spaces on T are given by
By ,(T%) := {p € L*(T%)| || #ll 35 , (ra) < o0} (21)

We fix some notation for Besov, Holder and Zygmund spaces to be used in the remainder of
this paper. As the (periodic) domain T? does not vary in the subsequent analysis, we use the
abbreviations Bj := Bj (T%), C* := C*(T%) and C* := C*(T?) for convenience in the following.

3.2 Besov random tree priors

We introduce Besov random tree priors as wavelet expansions with respect to ¥, where the L?(T)-
orthogonal projection coefficients are replaced by p-exponential random variables as a first step.
To this end, let p € [1, 00) and consider an independent and identically distributed (i.i.d.) sequence
X = ((X]l-’k), (J, k,1) € Tg) of p-exponential random variables. That is, each le-yk is distributed

with density
1 P P
op(x) == —exp <|x|> , x €R, cp = / exp <|x|> dz, (22)
K R K

Cp

where k > 0 is a fixed scaling parameter. Let Qg denote the associated one-dimensional p-
exponential measure on (R, B(R)). We recover the normal distribution with variance § if p = 2,
and the Laplace distribution with scaling x for p = 1.

The random tree structure in our prior construction is based on certain set-valued random
variables, so-called Galton-Watson trees. Definitions of discrete trees, Galton-Watson (GW) trees,
along with their basic properties, are given in Appendix A of [28], that treats the elliptic forward

problem.

Definition 3.2. [17, Definition 3] Let s > 0, p € [1,00), and X = ((Xik),(j,k,l) € Tg) be a
sequence of p-exponentially distributed random variables. Let ¥ denote the set of all trees with
no infinite node (cf. [28, Definition A.1], and let T : Q@ — T be a GW tree (cf. [28, Definition A.3]



with offspring distribution P = Bin(2%, 8) for 8 € [0, 1], and independent of X. Furthermore, let
Jr be the set of wavelet indices associated to T from [28, Equation (79)].
Define the random tree index set Ir(w) := {(J, k,1)| (j, k) € Ir(w), L € L;} and

br(w) = Z i X! (@)l weQ, where n;:= 2796+5-5) e N,. (23)
(oo, 1) €T (w)

We refer to br as a By-random variable with wavelet density 3.

Remark 3.3. We obtain immediately the classical Besov priors as introduced in [25] as special
case with 8 = 1, where Zr(w) = Zg holds almost surely. The series (23) has a natural interpreta-
tion as orthogonal expansion of a random function with respect to the (deterministic, fixed) basis
¥. The tree structure of by gives rise to random fractals on T¢, that occur whenever the tree T
in Definition 3.2 does not terminate after a finite number of nodes. It follows by [28, Lemma A.4],
that the latter event occurs with positive probability if 3 € (27%,1]. In this case the Hausdorff
dimension of the fractals is d + log, () € (0, d], see [17, Section 3] for details.

To treat elliptic inverse problems with by as prior model, we describe the corresponding prob-
ability space of parameters Let Qg denote the univariate, p-exponential measure on (R, B(R)) of
the random variables X! ;. With Lebesgue density as in (22) The product-probability space of the
p-exponentials X is given by (£2,,A,, Q,), where

Q,=RY, A, :=Q)BR), and Q,:=(X)Qo. (24)

neN neN

Now let s > 0 and p € [1,00) be fixed such that s > %. We define the weighted ¢P-spaces

= {z= (xé’k, (G, k,0) € Tg) € RY| ||z[|s,, < 00},

where
1/p

[2]s,p := Z 2_jps|$§‘,lc|p

(J:k,D€ELe

As1<p< oo, (£, ||'||s,p) is a separable Banach space. We observe that for X ~ Q,, it holds

E(|X[,) < > 27PE(IX],P) <022 Jps9di (2 <CZQ in(s—

(4,k,1)ELe Jj=0

since s > ¢, thus Q,, is concentrated on ¢2. Therefore, we may regard (¢2, B(£2),Q,) as probability
space of random coefficient sequences X in the expansion (23).

The set-valued random variable 7" is a GW tree, and hence takes values in the Polish space
(T, dx) of all trees with no infinite node. The metric dz and the associated Borel o-algebra B(¥)
with respect to T can be expressed explicitly [28, Def. A2], or in [1, Sec. 2.1]. The image measure
Qr of the GW tree T on (%, B(%)) then solely depends on the parameters 8 and d of the offspring
distribution P = Bin(2%, 8), and is given in [28, Equation (77)]. Hence, the parameter probability
space of GW trees is given by (%, B(%),Qr).

To combine the random coefficients X with the GW tree T', we define the cartesian product
Q := P x T and equip 2 with the metric

da((z1,22), (t1,t2)) == [[21 — 22[[s p + 0z (t1,t2).

Proposition 3.4. The space (2,dq) is Polish with Borel o-algebra given by B(Q2) = B({2 x ¥) =
B(¢2) ® B(%).
Proof. By [1, Lemma 2.1] the metric space (%, d<) with d¢ given in [28, Def. A.2] is complete and

separable. Separability and completeness of (€2, dq) follows then by [2, Corollary 3.39]. Further-
more, B(Q) = B x T) = B(£2) ® B(T) holds by [2, Theorem 4.44]. O



We are now ready to define the prior probability space associated to the £ x T-valued random
variable (X, T): Let (2, A, P) denote the product probability space given by

Q:=0rx%T, A=B)®B(T), and P:=Q,®Qr. (25)

We remark that the product structure of the measure P = Q, ® Qr is tantamount to stochastic
independence of X and T

It still remains to identify a realization of the random variable (X, T") with the corresponding
random tree prior bp. To this end, we consider the canonical mapping

br:Q— LA(TY), we > X)Wl (26)
(j‘rk’l)GIT(w)
The map by : © — L?(T?) is indeed well-defined since ||br||p2pay < oo holds due to s > %.
Moreover, by is A/B(L?(T?))-measurable, as is seen in Proposition 3.5 below. Therefore, the
pushforward probability measure of by under the prior measure P is given via
br#P(B) = B(b; (B)), B e B(LA(T")). (27)
The associated probability space of B,-random variables by with wavelet density 3 is given by
(L(T7), B(L*(T)), br#P).

We know from [28, Remark 2.9] that br#P is concentrated on B}, for any ¢t € (0,s — %) A

more refined result that concentrates br#P on Besov spaces sz for ¢ > 1 with smoothness index
t = t(s,d,p,B,q) is given in Theorem 3.6 below. We conclude this section by two results on
measurability and pathwise regularity of br.

Proposition 3.5. [28, Proposition 2.10] Let s > %, B €10,1], and let by be a By-random variable
with wavelet density 3. Then by : Q — C(T9) and by is (strongly) A/B(C(T%))-measurable.

Theorem 3.6. [28, Theorem 2.11] Let by be a By-random variable with wavelet density 8 = 27—
as in Definition 3.2 with v € (—o0,d).

1.) It holds that by € LI(Q,P; Bé), and hence by € B; P-a.s., for allt > 0 and q > 1 such that

d=— _ d
t<s+ m R

2.) Let s — % >0 andte (0,s— %). Then there is a €, > 0 such that
Ep (exp (]|b[[5:)) < o0, €€ (0,ep),
In particular, it holds by € L1(Q,P;C") for any ¢ > 1.

min(y,0 min(y,0 . .
3.) Letq>1 ands—%— % > 0. Foranyt € (0,5—%—%) it holds by € L1(Q,P;C).

3.3 Well-posedness and regularity of forward problem

Let D C RY, d € {1,2,3} be a convex polygonal domain, with the boundary dD consisting of a
finite number of line or plane segments. We assume furthermore that D C T?. Let ¢|p denote the
restriction of any ¢ € S'(R?) to D, which is in turn given by the element ¢|p € D’(D) such that

p(0){@|D: V)D(D) = g/ (ra) (¥, v0)s(Re), v E D(D),

where vy € D(RY) C S(R?) denotes the zero-extension of any v € D(D) (cf. [32, Section 2]).
According to [32, Theorem 1.29] there exists for any b € B, a unique, one-periodic extension
extPe"(b) : RY — R, so that b = extPe"(b)|p, see also [28, Section 4.2] for further details.

The restriction of by given in Definition 3.2 to D C T¢ is thus given by

bT’D(w) = (extpeTbT(w))\D. (28)

We call br.p a By (D)-valued random variable.



Remark 3.7. Note that by p is not (necessarily) periodic if D C T?, but merely the restriction
of a periodic function from the torus T?. Assuming D C T? for the sake of brevity does not have
any substantial impact on the following results: In case that D ¢ T? is a bounded domain, we
could extend Definition (3.2) from the torus T? to a sufficiently large (periodic) domain [—L, L]%,
with L > 1 such that D C [-L,L]?. We would then simply define by p as the restriction of a
L-periodic function on this enlarged domain.

Now we set @ = exp(br,p) in (2) to obtain the elliptic forward problem with Besov random tree
prior to find u(w) : D — R for given w € Q such that

=V - (exp(brp(w))Vu(w)) = f inD, wu(w)=0 on dD. (29)

Theorem 3.8. [28, Theorem 3.9] Let by p be given in (28) for p € [1,00), s > 0 and 8 € [0,1],
so that sp > d. Furthermore, let f € V'. Then the following assertions hold.

1.) There exists almost surely a unique weak solution u(w) € V to (29) and u : Q — V is strongly
measurable.

2.) For sufficiently small k > 0 in (22), there are constants g € (1,00) and C > 0 such that

forqe[l,q) ifp=1, and
Jullscazy < Clfllvr < o0 AL
for any q € [1,00) if p > 1.
3.) Let f e H, re (0,s — %) N (0,1], let ro € (0,r) if r <1, and ro =1 if r = 1. For sufficiently
small k > 0 in (22), there are constants G € (1,00) and C > 0 such that .

forqe[l,9) ifp=1 and
|| Lacq.p gi+r <C < 00
Iulzetamin ey < Gl { for any g € [1,00) if p > 1.

We observe that the non-negative diffusion coefficient in the forward PDE (29) is not lower-
bounded away from zero. We also remark that the condition ”for sufficiently small x > 0” in part
2.) and 3.) of Theorem 3.8 only applies for p = 1, and ensures that exp(||br,p||L~(p)) € LI (),
or, respectively, exp(||lbr,p|q-5)) € LI(Q2), for some (k-dependent) ¢ > 1.

3.4 Pathwise approximation of the forward problem

To obtain a tractable approximation of by in (23), we truncate the wavelet series expansion after
N € N scales to obtain the truncated random tree Besov prior

br.n(w) = Z anJl‘,k(WWé,k’ w e (30)
(j’kal)SIT(w)

j<N

The corresponding diffusion problem in weak form with truncated coefficient for fixed w € € is to
find un(w) € V such that for all v € V

/D exp(br, N (w)|p)Vun (w) - Vudz =, (f,v)v. (31)

The solution uy : @ — V to Problem (31) with truncated coefficient is still not fully tractable,
as it takes values in the infinite-dimensional Hilbert space V. Thus, we consider Galerkin-finite
element approximations of uy for a fixed truncation index N in the remainder of this section.
As a first step, we discretize the convex domain D C T¢, d € {1,2, 3} by a sequence of simplices
(intervals/triangles/tetrahedra) or parallelotopes (intervals/ parallelograms/parallelepipeds), de-
noted by (Kp)res. The refinement parameter h > 0 takes values in a countable index set
$H C (0,00) and corresponds to the longest edge of a simplex/parallelotope K € K;. We im-
pose the following assumptions on (Kp,)peg to obtain a sequence of ”well-behaved” triangulations.

10



Assumption 3.9. The sequence (Kp)neg satisfies:

1. Admissibility: For each h € $, K}, consists of open, non-empty simplices/parallelotopes K
such that

° 5:UKem K,
e KN Ky =0 for any two K1, Ky € K}, such that K; # Ky, and

e the intersection K| N Ky for K; # Ko is either empty, a common edge, a common
vertex, or (in space dimension d = 3) a common face of K; and K.

2. Shape-regularity: Let pk in and pg oy denote the radius of the inner and outer circle, re-
spectively, for a given K € Kj. There is a constant p > 0 such that

p = sup sup M<oo

hesH KeKy, PK.in

Based on a given tesselation Ky, we define the space of piecewise (multi-)linear finite elements

{v € V| v|r is linear for all K € K}, if K, consists of simplices,
{v € V| v|r is d-linear for all K € K,}, if KCp, consists of parallelotopes.

Clearly, V3, C V is a finite-dimensional space and we define ny := dim(V}) € N. This yields for
fixed w € Q the fully discrete problem to find un j(w) € Vj, such that for all v, € V3,

/DaN(w)VuMh(w) -Vupdx =,/ (f,on)v. (32)

The combined truncation and FE-approximation error is bounded by the next result.

Theorem 3.10. [28, Theorems 4.4., 4.7 and 4.8] Let (Kp)nes be a sequence of triangulations
satisfying Assumption 8.9, and let u, un and unp be the pathwise weak solutions to (29), (30)
and (32) for given N € N and h € . Furthermore, let p € [1,00) and s > 0 such that sp > d.

For any f € H, sufficiently small K > 0 in (22), any r € (0,s — %) N(0,1] and t € (0,s — %),
there are constants 4 € (1,00) and C > 0 such that for any N € N and h € $ there holds

forqe[l,q) ifp=1,

uU—u o < 027NV
| Nlze@py) < { for any q € [1,00) if p > 1,

forqe[l,q) ifp=1,

UN — U a o < Ch"
luw NoallLa@pv) < { for any q € [1,00) if p > 1,

fOTq € [176) pr: 1;
for any q € [1,00) if p > 1.

lun — unpllpaop.m < CR™ {

4 Inverse Problem with Besov Random Tree Prior

Consider again the Bayesian inverse problem setting from Section 2, where we assume that log(a)
in (2) is given by a Besov random tree prior, i.e. a = exp(brp). We verify Assumption 2.2 in this
setting to ensure that Proposition 2.3 and Corollary 2.4 are valid.

Lemma 4.1. Let the assumptions of Theorem 3.8 hold with q > 2, let log(a) in (2) be given by a
Besov random tree prior as a = exp(brp), and let p be given in (7). Then, Assumption 2.2 holds
for ® and p.

11



Proof. By Theorem 3.8 we obtain that u € L%(Q,P; V). This implies that there is a constant
Cy > 0 and a set €, € A with P(2,,) > 0, such that ||u(w)||v < C, for all w € Q,,. Now let A > 0
be fixed and define x := A + \|O\|((Heo),)kCu. For all w € Q,, and § € B)(0) we then obtain

0

B(:) < [1og(p(6 ~ [0 oul() < sup_[log(p(e)] < & log(2rdet(2))] + L1571 < .
x€B,(0)

Hence, ® satisfies Item 1 of Assumption 2.2 with Q) := £, and

k 1,
m(N) 1= 5 llog(2r det(D))] + 31572\ + [0l o010 Cu)?.

)k
To show Item 2, we fix w €  and let §,d" € Bx(0). By (7), we obtain

p(6 = [0 0 u]()) )\
o[ — [0 oul(w)

1B (w58) — B(w; )| = \log (

= % |—5TE*15 + (5/)72*1(5/) + 2[0 o u](w))TE*((s _ 5,)|
= % =TS (5= 8) + (8) TS = 8)| + |[0 0 u](w) TS - 5)]

IN

a3, 13'2) + 1O oy e )l ) 123 = 5
< (A 100, gty )y ) 1=l = &
Since u € L?(Q,P; V) by Theorem 3.8, Item 2 of Assumption 2.2 holds with

Fa(0w) = (A+ 10l ooy (@) IV ) 1572
O

Remark 4.2. Let A\yjn > 0 denote the smallest eigenvalue of ¥. From the proof of Lemma 4.1
it is apparent that x1(\) = O(ALL), k2(\,w) = O(\LL) for fixed w and A. Hence, the bounds

in Assumption 2.2 deteriorate in the ”small noise-limit” when A, — 0. Consequently, C(\) =
k
O\, for fixed A > 0 in Proposition 2.3, and ¢(A\) = O(A2. ) in Corollary 2.4 with the choice

min min

of k1 as in the proof of Lemma 4.1.

The (exact) posterior Ps from (8) is in general out of reach, as only biased samples un j ~ u
as in (32) of the forward problem are available. Therefore, we consider the approzimated posterior

dPs np(w) := &P (_cpg:(:éi;;)) dP(w), (33)

with discrete Bayesian potential and normalizing constant given by

Dy p(w;0) :=—log (p(6d — [Oounyp](w))), and Zyp(d):= /Qexp (=P n(w;0))dP(w) > 0.

Proposition 4.3. Let the assumptions of Theorem 3.10 hold such that ¢ > 4 in case that p = 1.
Then, for any A > 0 there is a C(\) > 0, independent of N and h, such that

duen(Ps, Ps,v.n) < C(A) (2N + 2C=00)) - for all § € BA(0).
We need a uniform lower bound on Zy 5, () to prove Proposition 4.3:

Lemma 4.4. Let the assumptions of Theorem 3.10 hold. Then, for any X\ > 0 there is a constant
¢(N\) > 0, independent of N and h, such that

Znn(0) > c(X) >0 for all § € By(0). (34)
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Proof. By Theorem 3.10, there is a constant C > 0 such that for all N € N and h € § there holds
lu = unpll@pv) < CRN 1) < C < oo (35)
Since u € L'(Q,P; V), this implies by the reverse triangle inequality that
lunpllr@pvy < C+ el apy) < oo (36)
Now define C,, := 2(5 + [|ull 1 (@,pvy) > 0, and the set
Q= {w e Qlunpllv < Cu} € A

The set S~2u depends in general on N and h. We have by Markov’s inequality, Inequality (36) and
the definition of C,, that

B ||'UJN,h||£1(Q,]P;V) S 1

P(Q,) =1 —P(luynlly > Cu) > 1 G >3,

(37)

holds for all N € N and h € §. Now let A > 0 be fixed. For all w € ,, and § € B, (0) we obtain

Dy .n(w;d) < [log(p(d =[O cunp](w)))| < sup [log(p(x))| < oo,
x€B,(0)

where y := A 4+ ||O||((Heo),)k5u and the last estimate is finite by continuity of logop : R¥ — R.
0
Hence, ®y j, satisfies the first part of Assumption 2.2 with 2 := Q,, with
s = sup |log(p(x))] < oo,
x€B,(0)

due to (37). The claim now follows analogously to the proof of Corollary 2.4, since P(£2,) and
k1(\) are bounded uniformly in N and h. O

Proof of Proposition 4.3: The proof basically follows the proof of [14, Proposition 10], where we
substitute the estimate from Theorem 3.10 at the appropriate positions. Since both Ps and Ps x5,
are absolutely continuous with respect to P, we have for fixed A > 0 and any ¢ € B)(0) that

2dyen(Ps, Ps,np)?

= [ (202 ex (= 3058)) - Zwa0) 2o (—;%,h(w;é)))Qdm)

<2 /Q 7(5)~! (exp (—;@(w; 5)) ~ exp (—;@Mh(w; 5)))2 dP(w) (38)
2 [ (207772 = Zyp(@)72) exp (~np:8) B)
=21 + II).

To bound I we use Taylor-expansion and that ¥ in (9) is positive definite to obtain

exp (~58(0) ) — exp (~gawaeid) )
| (_ 1k log (27 det(5))

2 2

5 > |®(w;6) — P p(w; )]
< C|®(w; ) — By p(w;d)],
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where C' > 0 is a deterministic constant. Now let C), € (0, 00) be the Lipschitz constant of p in (7).
We use the bound in (38) together with Holder’s inequality to bound the first term by

I< c/ @ (w; 8) — B p(w; 6)| dP(w)
= [ 26)71p(6 = (0 o)) = p(3 = [0 0 ux al(w) P dB()
CZIOI2 00,
gc+/ () = ()20 dP(2)
< o / lu(w) — un @) 13 + llun (@) — un p ()| 300 dP(w)
< o / e @)} + lun (@) = un p (@) 179 [[un (@) = unn @)IIF dP(w)
<

20 2(1-0
Z((S) (”U UNHL2(QIPV) + ||UN uN,h“LAL(go(Q)]P;V)HuN —UN,h||L(4(17(9O@))(Q,P;H))

We then use Theorem 3.10 with ¢ := 4max(0p, (1 — 0p)) < 4 to derive the estimate

c C
I< 272Nt h29@’rh2(179@)2’r < 27Nt h(279@)7‘ 2.
< o )< o (7 o)

The second term is bounded by

II = (2(5)71/2 - ZN,h((S)il/Q)Q Znn(6)

~ min(Z(6), Zn,1(9))
||p||L°°(]Rk)
~ min(Z(0), Zn,n(9))?

5 1 Zn0(8) = Z(5)°

Znn(8) — Z(5)].

Similar as for I, the Lipschitz continuity of p and Theorem 3.10 then yield

|Znn(0) = Z(O)* =

/Qp(5 — 0o unpl(w)) = p(6 =[O o ul(w))dP(w)
< C(2th + h(2700)r)2'
Thus, the claim follows by Lemmas 4.1 and 4.4, and with Corollary 2.4 since

C
c(\)3/2

max(L, ||pl = &ex))

27Nt (2—00)r <
min(laz(a)aZN,h((S))s/Z( h ) N

duenn(Ps, Ps,nn) < C

(27Nt + h(2700)r).

O

Let Es nn() := Ep;  , (-) denote the expectation with respect to the approximated posterior
Ps n,n. The bound in Proposition 4.3 controls the difference of Es and Es -

Theorem 4.5. Let (X,|||| ) be an arbitrary Banach space and let p € L*(2,P; X). Under the
assumptions of Theorem 8.10, there is for any A > 0 a constant C(\) > 0, independent of o, N
and h, such that

s () — Es.nn(@)lx < OOV 0llrz(pa 27N +hE0)  for all § € Bx(0).
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Proof. We fix A > 0 and arbitrary § € B)(0). Clearly, the density p is continuous and bounded
on R¥, hence ||p|| Lo (rr) < 00. This together with Corollary 2.4 and ¢ € L?(€,P; X) then shows

. / etz 22 D e

= 757 /. Ie@ln(d - G)apw)

HPHLOC(D)
< WH@HQLQ(Q,P;X) < 0.

Thus, ¢ € L?(Q,Ps; X) is bounded uniformly for § € By(0). We find in the same fashion that
¢ € L*(Q,Ps yp; X) is bounded uniformly in N, h and for § € B5(0), as Lemma 4.4 shows that

1
Il i = sy, 19060 ool = 10 0 ) ) aBe)

ol L= ()
< WH@HQL?(QP;X) < 0.

By [30, Lemma 6.37] we then obtain

Il \
1s(p) — Es.nn(e) 2 < 2 (2 o) Ielz@enduan(®s, o)
o 1/2
and the claim follows for C'(\) := 2 (QHPHCL(i)\)(DO by Proposition 4.3. O

5 Markov Chain Monte Carlo

We use Markov chain Monte Carlo (MCMC) sampling for the (approximate) posterior measure
Ps, .1, where we assume that § € By(0) for a fized A > 0. For a concise notation, we equilibrate
truncation and FE error by assuming h(2=bo)r ~ 27Nt and use the abbreviations P, := Ps n.n
and Ej, := Es 5, throughout.

5.1 Singlelevel Markov chain Monte Carlo

Given the current state w®), we draw a candidate v*) ~ Q(w®); ), where Q(w®; ) : A — [0,1]
is a given proposal probability measure on (£2,.4), depending on the current state w®). We
further define the measures v and v' on Q x Q via dv(w,v) := Q(w; dv)dPp,(w) and dv(w,v)’ =
Q(v; dw)dPy, (v) for any (w,v) € Q x Q, and suppose that Q is chosen such that v < v. The new
proposal is accepted as next state, i.e. w* 1 = p(¥) with acceptance probability

dv T (wk); (k)
®) )Y .= mi bl A R
a(w™ v\ = mln{l, (w0 o) } (39)

Note that a in (39) is well-defined due to the assumption v < v. If v(*) is rejected, we keep the
current state w1 = w®) This approach is a variant of the Metropolis-Hastings algorithm and
generates a Markov chain (w®), k € N) with stationary distribution Pj,. Clearly, the generated
samples (w(k), k € N) are correlated in a non-trivial way. It is well-known that a good choice of
proposal density Q leads to low correlation and an efficient algorithm. We will in particular focus
on the independence sampler, where Q(w(k); dv(k)) = dIP’(v(k)), that is, the proposal v(*) is drawn
from the prior measure P, independent of the current state w*) of the Markov chain.

Now let w® ... w) M e N be a sequence of MCMC samples from P;,. We aim to estimate
the posterior mean of ¢ : Q@ - R, w — [V o u](w), where ¥ : V — R is a deterministic functional

15



and w is the solution to (29). The corresponding Markov chain Monte Carlo estimator of Ep ()
is then denoted by

Bl(e) MZ@ W) (40)

The sampling error of the Markov chain Monte Carlo estimator is bounded by the next result.

Lemma 5.1 (Geometric ergodicity of independence sampler). Let Q denote the distribution of
the initial sample WV and let Po be the probability measure on the probability space generated
by the Markov chain Monte Carlo independence sampler. Furthermore, we denote by Eg the
expectation with respect to Pg. There exists C' = C(A) > 0 (recall that 6 € Bx(0)) such that for
all o € L*(Q,P) and h € $ there holds

2 _
£o ((Ba(p) = Elr(#))”) < Cllol3agapM " (41)
Proof. Lemma 4.4 yields for any h € ) and N € N the uniform lower bound

Znn(8) = c(X) >0 for all § € By(0),

and hence (—onn(@:8) _ Il
XP{—P N, W5 Plloo
esssu : < < 0.
et ZN,n(6) o)
We assume that 12 !3" > 1 without loss of generality. Let Q™ (&;-) : Q@ — [0,1] denote the

the distribution of
Theorem 1 and Eq.

he Markov chain after n steps when starting from (a fixed) @ € Q. By [29,
(13)] it holds that for any A € A that

"™ (@, dw) Ph(A)‘ C( o )n

[1ol]oo

thus the Markov chain converges geometrically to the target measure (note that C depends on the
distribution of the initial sample @.) The error bound (41) then follows exactly in the same way
as for the log-normal case in [12, Lemma B.2 (p. 41/.42)], and is thus omitted here. O

Remark 5.2. We remark that the subsequent error analysis of the MCMC estimator in (40) and
its multilevel extension in Subsection 5.2 does not rely on the independence sampler as proposal
kernel. Our results rather extend to any choice of Q in (39) that satisfies a geometric ergodicity
result as in Lemma 5.1.

We may only sample from an approximated quantity of interest (Qol) ¥ o uns s =~ ¢, where
h' > 0 and N’ € N are discretization parameters as in Theorem 3.10, that not necessarily need to
coincide with h and N from E;. We make the following assumptions on ¥ to bound the resulting
discretization error.

Assumption 5.3. Let U:V — R and let u : Q@ — V be the pathwise weak solution to (29).

1.) Let 0y € [0,1], let ¥ : H%%(D) — R be a Fréchet-differentiable functional and denote by
U H% (D) — L(H?"(D);R) = (H?* (D))
the Fréchet-derivative of ¥. There are constants C' > 0, p1, p2 > 0 such that for all v € H% (D)

W) < CA+ Vo0 py)s 1 Ol eaoe pymy < CA+ 0oy py)- (42)

2.) There holds u € L1(£2; V) and there are constants ¢t > 0, € (0,1], such that Theorem 3.10
holds for ¢ := 6 max(p1, p2 + 1).
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Remark 5.4. Assumption 5.3 is natural, and includes in particular bounded linear functionals
¥, where p; = 1 and py = 0. Moreover, the condition ¢ = 6 max(p1, p2 +1) > 6 in the second part
is necessary to to bound the MSE in Theorem 5.9 below. However, this restriction only applies in
case that p = 1, since ¢ may be arbitrary large in Theorems 3.8 and 3.10 for p > 1.

We record the following result to bound the approximation error.

Theorem 5.5. Under Assumption 5.3, there is a constant C' > 0, such that for any N' € N and
h' € § there holds
19 () = lunra) ooy < € (27 + wE=007) (43)

Proof. The claim is shown in the second part of the proof of [28, Theorem 5.4]. O
Remark 5.6. The estimate (43) implies in particular the weaker bound
19 () = Wlunr ) 2@y < € (27 +E0T),

which will be used in Corollary 5.7 below. On the other hand, we require the bound with respect to
L5(2) in (43) to bound the mean-squared error of the multilevel MCMC estimator in Theorem 5.9
in the next subsection.

Based on (43), we assume that 27tV "~ p/2=09)" for simplicity and consider the approximated
QoI pp := U(upn pr). The overall error of the Markov chain Monte Carlo estimator then depends
on the regularity of the functionals O and V. For notational convenience we introduce the variables

no :=2—0p € [1,;)7 and ny:=2-0y €[1,2]. (44)
Corollary 5.7. Under Assumption 5.3, there is a C > 0, independent of h and h', such that
Ea ((Bsly) = Ely(on))”) < C (h20°7 + ()20 + M),
Proof. We consider the error splitting
£o ((Es(e) - Ellon)”) < 380 ((Bs(e) — Eal())?)
+ 38 ((Bn() - Enlew))’)

+ 380 ((Enlow) = Ela(on))”)
.= 3(I + 11 + III).

As ¢ € L?(9,P) and 27Nt ~ p"07  the term I is bounded by Theorem 4.5 via
I=(Es(p) —En(9)” = COl@ll L2 (,psa) 272V + h210™) < Ch2mer.
We use 2=Vt ~ (/)" Theorems 4.5 and 5.5 to bound the term I7 via
IT = (B(p — o) + Enlp — o) —E(p — onr))”
< 2E(| — ow[?) + 2 (B (e — on) — E(o — o))

< CE(lp — ow[*)(1 + h?meT)
S C(h/)Zn\pr.

The claim now follows with Lemma 5.1, as the term 117 is bounded by

2 _ _
111 = £ ((Enlenw) = Eir(on)’) < Cllow|aapyM ™" < CloldaapM ™. (45)
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5.2 Multilevel Markov chain Monte Carlo

Now let L € N and consider refining sequences hg > --- > hy and Ny < --+ < N, of approximation
parameters. We further denote the approximated posterior on level £ =0, ..., L by E; := Es n,.5,-
Given a fixed ¢, we choose L'(¢) € N and let the approximated Qol on levels ¢/ = 0,...,L'(¢) be
given by @ 1= \I/(uNl;”h;/). We then approximate Egs(p) using telescopic sums via

M=

Es(p) ~Er(p) = > Eo(p) —Er—1(p) + Eo(p)

~
Il
Jan

2
M=

Ee(or @) — Ee—1(pr ) + Eolwr (o))

o~
Il
—

L L' I (46)
=3 ) Euloe —per—1) —Eec1(pe — 1) + > Ee(o) — Ee—1(0)
=1 =1 =1
L'(0)
+ > Eolpr — pe—1) + Eolpo).
r=1
We further introduce the truncation function
Ig(w) = n{‘bg(w,5)§‘b£71(w,6)} S {0, 1}, {=1,...,L, (47)
where ®y(w, ) is the level f-approximation of the Bayesian potential, i.e,
Py(w,6) := —log (p(0 — [0 e un, n,](w))) - (48)

Following [12, Section 4 and Proposition A.1], this allows us to represent the expansion in (46) via

L
> Ee(ere) — Bemi(er ) + Eo(er(o)
=1
L L/(é)
=3 N Ed(AL)) + Eeo1(AD) + Ee(AP)E_1 (ALY + A)) (49)
(=1 ¢'=0
L L' L'()
+ Z ]Eg,l(Aé‘r’))IEg(Afg, + Agz)/) + Z Eo(per — @er—1) + Eo(po),
=1 0'=0 =1

1= (1 — exp(Pr(w,d) — Pr—1(w,9)))(pr — po-1)T,

= (exp(Pp—1(w, ) — Pp(w,d)) — ) (e — por—1)(1 = Ly),
AP = (exp(®y(w,8) — By (w,0)) — )T,

A = (oo — o 1)Ta,

AP = (1 - exp(Pp_i(w, ) — D(w, 0)))(1 — L),

AL, = exp(®(w, 8) — Be_1(w,8))(per — o1 e,

AT = (o — oo (1~ T0),

Afe) 1= exp(Pr—1(w, 0) — Pr(w,8)) (e — per—1)(1 = ILp).

We now replace the expectations E; in (49) by Markov chain Monte Carlo estimators EfWe ()

where the number of samples My depends on both discretization levels ¢ and ¢'. This yields the
multilevel Markov chain Monte Carlo (ML-MCMC) estimator
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L L0
2
:Z Z EMI o 54' +E NG (Azl?’)

3) — 4 8 — 5) 6
+ Bl (AVER (AL + AR + B (AD)E, , (AD + A7) (51)
L'()
+ D By, (o — 1) + By, (90).
=1

For technical reasons, we require the following assumption on the ML-MCMC estimator.

Assumption 5.8. Let L € N be given and fix a discretization level £ € {0, ..., L}. The estimators
3 7 5 4 8
(BYy, , (A, By, (A + AfT))) in (51) are independent of (Ef;? (A, Ef;f LAY +AT)).
Furthermore, all estimators in (51) are independent with respect to ¢ e {o,.. L} meaning the
Markov chains for each posterior refinement level ¢ € {0,..., L} are generated mdependently.

Assumption 5.8 is necessary to derive the mean-squared error in Theorem 5.9, without strength-
ening Lemma 5.1 to fourth moments. For fixed ¢ = 0,..., L we denote by P, the probability
measure on the probability space generated by all Markov chains with posterior refinement level
£. The combination of all L + 1 measures P, yields with the second part of Assumption 5.8 the
product probability measure ”P%AL =Py ®---®Pr, and we denote the associated expectation by
EML With this at hand we are able to quantify the MSE of the ML-MCMC algorithm:

Theorem 5.9. Let Assumptions 5.8 and 5.8 hold, and let hg € $ denote the coarsest level FE
refinement parameter. For any fivred 0 < e < 1 set

—1
L:= {ogQ(e) + logQ(ho)—‘ , L')=L":= [LWO—‘ fort=0,...,L, and
nor nw
_ _ T T
he = ho2~C, hy =he2~¢, Ny— [—bgz(he)—"o ] Ny = [— 1og2(h4/)”‘;” ]

t
fort' =0,....,L'(¢), £=0,...,L.

Furthermore, set the number of samples My ¢ on each level as

[h 27now0 ols fort =10 =0,
My [h QT"thT"owg,o], fort=1,...,L and ¢’ =0,
[h 270 B ™ wg 4], fort=0and ¢ =1,...,L'(0),
[h 2m‘°h2moh2m*w5/ﬂ, fort=1,...,Land ' =1,...,L'(f),

where the weights we ¢ > 0 are selected such that there is a Cy, > 0, independent of L, satisfying

w03/2+2w +Zw01/2+22w”1/ < Cy < 0. (52)

=1 (=1 ¢'=1

Then, there is a C' > 0, independent of €, such that

ML o\ 1/2
&M ((Bs(p) - Er(9)’) " < Ce.
We remark that it is always possible to select admissible weights wy ¢ that satisfy the uniform

bound in (52). Appropriate choices of wy ¢ to achieve (quasi-)optimal computational complexity
depend on the parameters r, 7o, ny and d, and are given in Theorem 5.11 below.
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Proof of Theorem 5.9. We use the error splitting

e (Este) - Bu)?) "
< [Es(p) —Er(o)]

L
- (Z Ee(or @) —Ee—1(pri) + Eo(@y(o))) ‘
=1

. o\ 1/2
(Z Ee(prrey) — Ee—1(@r ) + Eoler (o)) — EL(‘P))
=1
=I+11+1I1.
The first term is bounded with Theorem 4.5 and the choices of L and Ny, by
I <C@ Nt 4 plom) < C(hg2 F)107 < Ce.
We expand the first term in I1 and use Theorems 4.5 and 5.5 to obtain the bound

IT = > Eo(p) — Beo1(9) — (Belprr o) — Be-1(re)) + Eo(@) — Eo(er(0)
=1

Mh

[Ee(o —rie)) —Ee—1(o = or0)] + [Eo(@) — Eol(@r (o))l

~
Il

- 10

| /\

o = er@llLz@hi®"

hﬁq/ s hﬁo T

SO N

=

[}

L

C(ho2~ L norz yner

(=0
< Ce.

To bound I1I, we are going to use the representation (49) and bound the estimation error

with respect to all terms Agle),, ceey Af[), separately. Let £ denote the expectation with respect to
‘Pe, the probability measure on the space generated by the Markov chains on level £. We have by
Taylor-expansion, (47), (9) and (48)

[(1 —exp(Py(w, ) — Pyp_1(w,0)))Zs]

< |Pp(w,d) — Pyp_q(w, )]
= %[O 0 (unyhl - uNtzf1,hzf1)](w)T271(25 + [O ° (U‘Ne,hz + usz1,hzf1)](w)) (53)

< C”uthz (w) — UNy_1,heq (W)HHBO (1 + Huvahl (w) T UN,_1 hey (W)HHBO)
<O (ulw) = uny s he s @)oo + uw) = un n, (@) goo)

: (1 + ”uNe,he(w)HH"O + ”’U’Ne—l,hz—l(w)”HeO) )

where C' = C(%, A\, O) is independent of £. Now let us first consider the case £ > 1. We obtain by
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Lemma 5.1, the estimate in (53) and Holder’s inequality

o\ 1/2
e ( (Batd) - 24, (40))
< My [1(1 = exp(®e(-,6) = Do () Telr = por1) 2@
< OM, 21196, 8) = @eca (- 9)llpe — il iz
< CM[,zl/Z (H“ = UN,_ 1 he 1 lls(@m00) + U= uN, ||LG(Q;H90))
(14 Tuven ooy + Nun o zsumoon ) e = eellis.
As in the proof of Proposition 4.3, we then use Theorem 3.10 to show that

flu— uNtz,he”LG(Q;H"O) < lu—un,l[zo@vy + llun, — une b, HLG(Q;H"O)
_ 0 1-6
< (C2 Net + ||UN2 - uN(,h[”LCG)(Q;V)HuN[ - uNe,hz”LG(g;H) (54)

< 0@Vt 4 P00,

This shows in particular

HUNz,he”LG(Q;Heo) < [Jung,ne — uHLﬁ(Q;H"O) + ”uHLﬁ(Q;H"O) <C(1+ ”uHL("(Q;H"O))a (55)

where C' = C(Ny, hp), and the last estimate is independent of N; and hy. Since hy_; = 2hy and
2~ Net — hf_g‘o)r = h/°" by the choice of Ny, the estimates (54), (55) and Theorem 5.5 now show

1 H a2\ —1/2, nory nur
o ((Bald) - B, (4)") < oM wemne,
Similarly, we find for ¢/ > 1 and due to hy_; = 2h, that
2 202} 1/2
o ((Bma) - B, (A2))") < onhen
To treat the error with respect to the third term in (49), we use the triangle inequality to obtain
3)\ b 4 902\
& ((n«:AAé?’))Ee_l(Aéf% + AR - Eiy,  (ADVE (AL + AF))
3) 31 @ 4®2)
<& ((Ef(Ag ) = Eﬁh,z/ (Ae )) ]Eé—l(Auf + Aé,e')2)
4 8 _ 4 902\
+& (EM (A (Ber (A + AL — BLZ), (AL + AL
4 8 3 RO
< [Eer (ALY + A& ((Ee(AE )) - EY, , (A >)) > (56)
_ g \2\ /2
+ VEECAPE ((Beor Al + 4D - 237, (48 + 42))
(3) @\2) "
+vae ( (Bl (4 - Ea))
(4) | 4 @, 402"
& <<]E21(Az,e/ +App) = Byt (Agp + Ae,ﬂ) ) :

The last line follows from the basic inequality (c1 + ¢2)? < 2(c? + ¢3) for ¢1,c2 € R together with

Assumption 5.8 on the independence of E¢ AP and B (AW 1+ A®)Y) with respect to the
f ‘ M, o\ 00

0,0’
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measure Py. Theorems 4.5 and 5.5 yield for ¢ > 1 with |Z;| < 1 that
‘EE—I(AXLK)' Ay ef)| < ||Ae ot Ae szLQ(Q < Chy". (57)
As for the bound (54), we obtain by (53), Holder’s inequality and Theorem 3.10 that
E(AP)] < 1AL 2 < Be ((exp(®e(-,6) = Be-a(-,6)) — DT[?)
<C (”U —UN, 1 ,hea |lLapHo0) T [ — UuN, By ||L4(Q,IP;H9©)) (58)

(L4 [lull paapmo0))
< onler.

Substituting (57) and (58) in (56) thus shows
o\ 1/2
& <<]E€(A§3))Eé—l(A$g)/ + Afg)f) - EJ@“/ (Af))EﬁZ;W (Azlz)/ + A%)) )
o\ 1/2
< Chy'"& <(EK(A§3)) - Bh, (A7) )
o\ 1/2
romre ((Bemaald + A8) - B, (42 + 4%))
o\ 1/2
+vae ( (i, (4 - 5(4)) )
o\ 1/2
& <(]Ee—1(Afg, AR~ B (A% + A%)) ) .
We then use once again (57), (58) and the same arguments as for the bound on Aé o to see that

/2
4 8 3 - 4 g\ 2\
6o ((B(A er (AL + AL - B, (APVESG, (D + A00)))
<cC

4 8 3 4

e AN | o 1460 + AL 2@ 1A e 420 + A 20
v MM? e MM? * My o
00 00 ’

<C Y Y N R} "
B M%,Q My o

< OM, ) *RIOThY
holds for ¢’ > 1, where the last line follows since My > 1. Analogously, we deduce that
o\ 1/2
£ ((Ee—l(A(S JE(AL) + A7) - B (A EY,, (A8 + A()) ) < OMg,*hie hy".

For the case that ¢ = 0 we lose the factor h}}*" in all estimates for I, since ¢p_1 = 0 by
definition. Repeating the previous arguments then yields for { =1,..., L

o\ 1/2 )
1 1 —1 r
& ((Ee(Aé,g) - EJQI@,O(AE,S)) ) < OM,2hper,

o\ 1/2 -
& ((Ee(Ag?g) - Efw,omg?g)) > < oMy hie,
€6 (Be(AP B (AL + ALY - Biy, (A7) ERL (LD + A3)) < CMy*npe,

& (Bea (AP EUALS + AR — BT (AP Ely, (AL + AL))) < OMy g hier.

22



Finally, we also have

1/2
& ((Eo(w —pu—1) = By, (oo — W'—l)) ) < CM(;;/Qh?/w?

as well as

o\ 1/2
&0 ((Batoo) ~ B0 ) < OMG".

We now collect all estimates and use (49) and (52) to bound I1I by

L’(0) L L'(¢)
I <C | My + 3 My ,/2hpem + ZM“}/%W + 305N My PR g
=1 £=1 £=0 ¢'=1
<o (uig e 3wt DITHES S i
=1 (=1 0'=1

< Ce.
O

We need another assumption on the sampling cost to derive complexity estimates for the
ML-MCMC estimator.

Assumption 5.10. One sample of (I)g(

;0) = —log(p(d — un,,n,)) and ¢ = ¥(un,n,) with
UN, by € Vi, and ng := dim(Vy,) = ( ) s T

realized in O(ny) work and memory.

Theorem 5.11. Let Assumptions 5.3, 5.8 and 5.10 hold. For any given € > 0, there are ML-
MCMC parameters L, L', hg, No, My ¢ such that the ML-MCMC' estimator satisfies

e (Es() - Bule)?) " < ce. (59)

with computational cost Cprppc for e — 0 of order

O(e72) if 2r min(ne,ny) > d,

O(e72|1ogy(e)]?) if 2r max(no,nw) > d and 2r min(ne,ny) = d,
Crurme = § O(e?|log,(e)[%) if 2rno = 2rny = d, (60)

O (e~ 4/ (rmin(no.nv))) if 2rmax(nep,ny) = d and 2r min(ne,ny) < d,

O/ rmntom) =) if 3 max(no, ny) < d.

The last complezity estimate for 2r max(no,nw) < d holds for any € > 0.

Remark 5.12. The first three estimates of Cprrae require that d € {1,2}, since r € (0, 1],
no € [1,3) and ny € [1,2]. Further, for the frequently used parameter set r = no = ng = 1 we
recover (essentially) an asymptotic complexity of order O(e~%) if d > 2, which corresponds to the
cost of a single sample with spatial resolution ¢.

Proof of Theorem 5.11. For given € > 0, we set the ML-MCMC parameters L, L', hg, Ng, My o as
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in Theorem 5.9. The weights wg ¢ in M ¢ are given by wg ¢ = wewe, where we choose

(0+1)™ if 2nor > d,
1+ L2]l{g>0} if 2npr = d and 2ngr > d,

We . and
202t if 2nor = d and 2nyr < d,
2(d—2nor)(L—E)a3 if QUOT < d7
(0 +1)x if 2ngr > d,

wo e d1T (L") 10y if 2ngr = d and 2nor > d,

N P if 2ngr = d and 2ner < d,

ld=2nwr)(L=Oas if opyr < d,

for parameters oy > 2, ap € (0,d) and a3 € (0,1) to be further specified below. In each scenario
the choice of wy ¢ satisfies (52) with a constant C,, > 0 uniformly in L, thus we have that

m (Es(o) - Eu@)?) < Ce.

by Theorem 5.9, and it remains to bound the computational complexity.
Under Assumption 5.10 and since ¢ =~ (hg2~%)"°" the cost to sample Ef(y) is bounded by

L'(0) L L'(¢)
Crrve < C | Myohy +ZM/0h + > Mowhp +3 N My (b + hy?)
(=1 =1 (=1 0'=1

L'(0)
< (g2 h wo,0 + hznor dZQ(d 2n0m)y,, 4 h2’7” d Z old=2nur)l’y,

=1 =1
L'(¢)
+Ce —2h 2(no+nw)r— dz2(d 2’7”)%}[ Z 9~ 2ngrl’ wyr
=1 =1 (61)
2(no+nw) dZQ 2norl Lz(?Z d—2ngr)e’
+ Ce 72}1 " " Wy " Wy
=1 =1
L L
< Ce—2 (1 + 22((1—21707-)@10( (1 + Z 2_217“@’“}0)
=1 =1
I
+ Z 2 (d—2ngr)e’ wer <1 + 22 2noréwz> >
=1 =1

Here, the last line follows since L'(¢) = L’ is independent of £. The first sum with respect to £ is
then bounded by

S 24Tt ) <Gy if 2007 > d,
ig(d—%m)éw — 25:1 1+ L7 <G I? if 2nor = d and 2ngr > d,
=1 25:1 202t < C3202k if 2nor = d and 2ngr < d,

S 9W=2nor)(asLt(1-as)t) < ¢, 9(d-2nom)L

if 2nor < d.
The constants C7,C5,C5,Cy € (0,00) are independent of L, and therefore of . Since L <
C|log,(g)| and € < C27Lm07  there is a C' > 0, independent of ¢, such that
C if 2nor > d,
L .
Z Q(d*QUOT)ZwE < | 10g2(5)|3 if 2nor = d and 2ngr > d, (62)
=t = ) Ce—a2/(no7) if 2nor = d and 2nyr < d,

Ce2=d/mer) if Ipepr < d.
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Similarly, we conclude by & ~ 217107 ~ 2=L'nv" that there is C' > 0, independent of ¢, such that

C if 2ngr > d,
L'(0) .
S al-zmant'y, < OB @ i 2ner = d and 2ior > d, (63)
= =) Cea2/(ner) if 2ngr = d and 2neor < d,
Ce2=d/(ner) if 2ngr < d.
Whenever 2nor = d and 2nyr > d, there holds by L < C|log,(¢)| that
L L
Z 2 2norly;, < I Z 274 < C|logy ().
=1 =1
Next, in case that 2npr = d and 2nyr < d we have by as < d = 2npr that
L L
g 2nerty, = 3 gl < o
=1 =1
Moreover, in case that 2nor < d holds, we have w, < 2(@=210m)asL and hence
L L
22—27707“@1114 < gld=2norjasL Z 2 2n0rt < (ee3(2-d/(nor))
=1 =1
Altogether, this shows that there is C' > 0 such that for all L > 1
L C|log,(e)[? if 2nor = d and 2ngr > d,
3 ammerty, < { Ceos@=d/ten) if onor < d, (64)
=1 C otherwise.
As ay < d also holds for 2npr < d and 2ngr = d, one may conclude analogously that
L'(0) C|logy()]? if 2nyr = d and 2nor > d,
Doty < Cers@md/en)if apgr < d, (65)
=1 C otherwise.

The first three bounds for Cpsr v in (60) then follow right away by combining the estimates (62)—
(65) with (61).
Now we consider the case 2nor = d and d > 2ng7r, where we choose

as € (o,;l (2776\17’ - 1)} N (0, d)

and ag = % to obtain with % > 2 and d = 2npr that

Curivc < Ce2 (1 + E—OQ/(TIOT)(l + Eas(Q—d/(ﬂ\pT))) + EQ—d/(Vlwr)(l + C))

< C (5—2—a2/(77©7“)+a3(2—d/(77\p7‘)) + E_d/(n‘Pr)>
<C (5*a22/d*1*d/(2nw) " gfd/mw))
< G/ Onm),

Analogously, if 2nor < d and 2ngr = d, we let

d d
e (04 (5 1)] a0
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and a3 = 1 to obtain that Cyspae < Ce™%/ (07,
In the final case where max(2nor, 2nor) < d holds, we have that

Cupme < Ce™2 (1 4 2d/om) (] 4 gas(2=d/ () 4 (2-d/(ner) (1 4 €a3(2*d/(77©7“)))>
<cC (gas(z—d/w min(no,w)) £—d/(rmin(no,nv))

< Ce—d/(min(no.me)r)—c.
where € := —a3(2 — d/(r min(no, nw)) > 0 can be made arbitrary small by choosing a sufficiently
small ag € (0,1) (however, note that C' = C'(a3) in (59) is only uniform in L and ¢ if ag > 0, but
we obtain that C(a3) = O(L?) = O(]log,(¢)|?) for az = 0.) O

6 Numerical Experiments

6.1 Bayesian inverse problem in 1D

Let T! = [0,1] be the one-dimensional torus, let D := T, and consider the elliptic (forward)
problem to find u(w) : D — R for given w € Q2 such that

=V - (exp(br(w))Vu(w)) =10 in (0,1), wu(w)=0 on {0,1}. (66)

The log-diffusion coefficient by in (66) is a Besov random tree prior with parameters s = % p= g
and wavelet density 8 = %. For the Bayesian inverse problem, we sample a realization of u(w) for

given w (also referred to as ”ground truth”) and consider the parameter-to-observation map
G: Q>R we (u(w,xi),izl,...,k‘)—r, for0<mz < - <ap <1,

where Kk = 9 and z; := 0.1 -4 for i = 1,...,9. Hence, the observation functional O is a linear
functional O € (V')k. To generate the synthetic data, we approximate u on a FE grid on [0, 1]
with 2! equidistant nodes, and by truncating the Besov random tree prior by after N = 11 scales
to obtain a feasible log-diffusion by y =~ by (as s — % = 1 the resulting pathwise error is of order
O(271) by Theorem 3.10). A plot of the ground truth, the corresponding fine approximation of
u and the observations is given on the left panel in Figure 1. The noisy observations are given by

5= Glw) + 9,

where ¥ ~ N(0,021y) with o = 0.1.
We aim to approximate the posterior expectations Eg(¥;(u)) for ¢ = 1,2, where

Uy (u) = (/DVU-Vuda:>2 and Wy (u) ::/Dudx

are the energy norm and spatial mean of u, respectively. Assumption 5.3 holds for this Qols with
Op, =1, gy, = 0 and with p; = 1, po = 0 in either case. We use the ML-MCMC estimator
from Section 5.2 with initial FE mesh width hg := 273 and test the cases L € {2,...,6}. The
ML-MCMC parameters are chosen as in Theorem 5.9 (for t = r = s — % = 1), where we have
used ny = 1 for both the energy norm and the spatial mean for simplicity. Using ng = 2
for the spatial mean requires a large parameter «, otherwise we obtain essentially My, = 1
for £,/ > 1. But if « is large, we do not gain a significant reduction in computational time.
Since 2r min(no, ny) > d for all ng € [1,2], the asymptotic complexity of order O(¢~?) remains
unaffected from this simplification. We choose the ML-MCMC weights wy = (£+1)%, wy = (¢'+1)
with o = 3. According to Theorem 5.11, this yields a RMSE of order O(2~(2+3)) with work O(22F)
for any L.

We use the single-level MC ratio estimator from [26, Section 4.1] with FE meshwidth h,.; =
2711 scale truncation N,.; = 11, and M,.s = 2?2 samples to obtain a reference solution in our
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Figure 1: Left: Plot of the synthetic data, that is, the sampled Besov random tree prior, corresponding PDE
solution u and point observations (black dots). Right: Time-to-error plot of ML-MCMC estimator for the energy
norm and the spatial mean with maximum refinements hy = 27 3~L for L = 2,...,6. As predicted, an error of
order O(e) is achieved with computational complexity of order O(e~2).

test example. The resulting error of this reference is of order O(27'1), and therefore negligible
when compared to the ML-MCMC estimator with L < 6. We sample M);;, = 64 independent
realizations of each ML-MCMC estimator for a given L to calculate the empirical RMSE based on
the reference solution. The results are depicted on the right in Figure 1. One clearly sees that an
empirical error of order O(e) is achieved in O(e~2) computational time, confirming our theoretical
analysis in Section 5.2.

6.2 Bayesian inverse problem in 2D

Let T? = [0,1]? be the two-dimensional torus, let D := T2, and consider the elliptic (forward)
problem to find u(w) : D — R for given w € Q such that

~V - (exp(br(w))Vu(w)) =10 in (0,1)?, wu(w)=0 on ID. (67)
The log-diffusion coefficient by in (67) is a Besov random tree prior with parameters s = %, p= g

and wavelet density 3 = 4. We sample again a realization of u(w) for a given w as ”ground truth”
and now consider the parameter-to-observation map

G:Q— Rk wr—>(u(w,(a:i,yj)),i,j:L...,\/E)T,

where k = 36 and with observation points z;,y; € {0.1,0.26,0.42,0.58,0.74,0.9}. This yields an
observation functional O ¢ (V')*, but rather O € ((Hy(D))")* for any e > 0. However, since ¢
may be arbitrary small we treat O as if 7o = 1 holds in our experiments. The synthetic data is
sampled by bilinear FEs on an equidistant grid with 2'° nodes in each coordinate direction, and
by truncating the Besov random tree prior by after N = 10 scales. The resulting pathwise error
is then of order O(2719) by Theorem 3.10. A plot of the ground truth, the corresponding fine
approximation of v and the observations are given in Figure 2.

We approximate again the posterior expectations Es(¥;(u)) for i« = 1,2, where ¥U; and ¥y
are the functionals corresponding to the energy norm and spatial mean, respectively. We test the
ML-MCMC estimator from Section 5.2 with bilinear finite elements, initial mesh width hg := 273
and L € {2,...,5}. The MLMC-parameters are chosen as in Theorem 5.11 (for t = r = s—% =1):
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Figure 2: Left: Plot of the synthetic data, that is, the sampled Besov random tree prior on T? with parameters

5= %, p= g and 8 = % Right: Corresponding PDE solution u and point observations (black dots).
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For the energy norm (¥;) it holds that ny = 1, hence 2rno = 2rng = d and we set the
ML-MCMC weights now as wy = wy =1+ 3 - L211{5>0}. We found that multiplying we, we by a
factor of three for £, ¢’ > 0 stabilizes convergence, while this clearly does not affect the asymptotic
cost of the estimator. For the spatial mean (¥s5) it holds that ng = 2, hence 2r min(ne, ny) = d
and 2r max(ne,ny) > d, and we exploit the increased smoothness of ¥y to reduce computational
cost. We therefore set the ML-MCMC weights as wy; =143 - L2]l{g>0} and wy = (¢ +1)°.

For our examples in space dimension d = 2, all ML-MCMC estimators allowed considerable
reductions in CPU-time upon allowing a burn-in period of the first Markov chains at each dis-
cretization level as follows: for a fixed discretization level ¢ (of the posterior approximation) and
¢ = 0 we discarded the first 20% of samples of the largest Markov chain corresponding to the
level (¢£,0). For ¢/ > 1, we then used the last accepted sample of the previous chain on (¢,¢' —1) to
initialize the new chain with respect to the levels (¢, ¢'), without another burn-in phase. We repeat
this procedure for all / =0, ..., L, where the initial values of the first chains are chosen indepen-
dently with respect to £. This modified estimator satisfies in particular Assumption 5.8. To justify
our burn-in approach we report the results of the corresponding ML-MCMC estimators without
burn-in phase for ¢’ = 0, that initialize the Markov chains for each pair (¢, ¢') independently.

We again use the single-level MC ratio estimator from [26, Section 4.1] with FE meshwidth
Nyep = 279 scale truncation N, =9, and M.y = 218 samples to obtain a reference solution for
our test example. The resulting error of the reference is now of order O(27?), which still seems
to be sufficient for our experiments. We sample M), = 64 independent realizations of each ML-
MCMC estimator for a given L to calculate the empirical RMSE based on the reference solution.
The results are depicted in Figure 3 and Table 1. One clearly sees that an empirical error of order
O(e) is achieved in O(s72|log(e)|?) computational time with the burned-in estimator for both
the energy norm and the spatial mean. This is somewhat surprising at first sight, as from our
complexity analysis, we would expect complexity of order O(e72|log(¢)|?) for the energy norm by
Theorem 5.11 and the choice of ML-MCMC weights.

We further see that the initial burn-in phase and the sequential initialization with respect to
¢ significantly reduces the empirical RMSE, while the computational times of both estimators are
comparable, see Table 1. This effect is especially pronounced for the estimator of the spatial mean,
which does not seem to converge at all without burn-in. This is explained since very few samples
(essentially My ¢ = O(1)) are generated for ¢/ > 1 in this case. A burn-in phase and initialization
of the previous level therefore massively benefits these short chains, while they do not enter the
asymptotic realm without burn-in phase on the coarsest level and proper initialization.
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Figure 3: Time-to-error plot of the ML-MCMC estimator for the energy norm (blue circles) and the spatial mean
(orange stars). The estimators with burn-in on the coarsest level £ = 0 and sequential initialization achieve an
error O(g) with computational complexity of order O(e~2|log(¢)|?) and have a significantly lower empirical error
than their counterparts without burn-in phase.

Level L (finest resolution) 2 3 4 5
AISE sttt b 7.6692 | 22.9367 | 16.8583 | 6.0254
RMSE with burn-in 2.2673 | 4.7504 | 8.3776 | 35.5614
OPU time with barmin 11372 | 1.1109 | 1.1142 | 1.1045
CPU time without burn-in 1.0692 | 1.1341 1.0811 1.1812

Table 1: Ratios of empirical RMSE and CPU time for the ML-MCMC estimators of the energy norm (first row) and
the spatial mean (second row). Burn-in and sequential initialization achieve a significant reduction of the RMSE,
at an additional cost of less than 20%.
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