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Super-resolution of positive near-colliding
point sources *

Ping Liu' Habib Ammari'

In this paper, we analyze the capacity of super-resolution of one-dimensional
positive sources. In particular, we consider the same setting as in [2] and generalize
the results there to the case of super-resolving positive sources. To be more
specific, we consider resolving d positive point sources with p < d nodes closely-
spaced and forming a cluster, while the rest of the nodes are well separated.
Similarly to [2], our results show that when the noise level € < SRF~2P*1 where
SRF = (QA)~! with Q being the cutoff frequency and A the minimal separation
between the nodes, the minimax error rate for reconstructing the cluster nodes is
of order éSRsz‘le, while for recovering the corresponding amplitudes {a;} the
rate is of order SRF?P~L¢. For the non-cluster nodes, the corresponding minimax
rates for the recovery of nodes and amplitudes are of order § and ¢, respectively.
Our numerical experiments show that the Matrix Pencil method achieves the
above optimal bounds when resolving the positive sources.

1 INTRODUCTION

In recent years, the problem of super-resolution (SR), which seeks to extract fine details of a
signal from its noisy Fourier data in a bounded frequency domain, draws increasing interest in
the field of applied mathematics. In particular, considerable progress has been made in the
study of super-resolution of sparse signals, e.g. a host of algorithms [3, 9, 22, 25, 24, 21, 20, 7]
were devised for resolving signals with a sparse prior. The sparse signals are frequently modeled
as discrete measures

d
F(x)=) ajé(x-xj), xjeR,
j=1

where 6 is the Dirac’s §-distribution. Let & [F] denote the Fourier transform of F :

o0

FF](s) = f F(x)e 27™is* 4y,
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The noisy spectral data of the signal F is modeled as a function @ satisfying,
|D(s) - F[FI(s) <€, se[-Q,Q] (L.1)

where € > 0 represents the noise level and Q > 0 is the cutoff frequency. The sparse SR problem
considered in this paper reads: given ® as above, estimate the unknown parameters of F,
namely the amplitudes {a;} and the nodes {x;}. The minimax error rate for recovering the
nodes and amplitudes from the spectral data ®(s) has been established in [2]. In the present
paper, we aim at exploring the corresponding minimax error rate for resolving positive signals.
Since our result is a generalization of the result in [2] which deals with complex signals,
we utilize the same notation, concepts, and configurations as those in [2] for the sake of
consistency of the two papers and the convenience of reading.

1.1 MAIN CONTRIBUTION

The main contribution of this paper is the generalization of the estimates in [2] for the minimax
error rate for complex signals in the off-the-grid setting to the case of resolving positive signals.
We consider the case where the nodes {x;} can take arbitrary real values and the amplitudes
{a j} are known to be positive. We consider the same distribution of nodes as in [2] where it
is assumed that p nodes (approximately uniformly distributed), xx, ..., Xx+p-1, form a small
cluster and the rest of the nodes are away from all the other nodes (see Definition 2.4 below).
We show in Theorem 2.3 that for € < (QA)?P~! with A being the minimum separation of the
clustered nodes, in the worst-case scenario, the errors of recovered nodes x;. and amplitudes

a;. > (0 by any minimax algorithm (see Definition 2.2 below), satisfy

¢ For the non-cluster nodes:

€
max 'xj x| ==,
jeix,..k+p—1} I Q
ax ‘aj —d.|=e¢
jelx,..x+p=1} J
¢ For the cluster nodes:
€ _
max 'xj—x'- = —(QA) %P2
jek,...xk+p-1} 7 Q
max 'aj—a’-| = e(QA) 2P+,
jek,...xk+p-1} J

Our results reveal that the minimax error rates for recovering the nodes and amplitudes of
positive signals in the super-resolution problem are the same as those for resolving general
complex signals [2]. In particular, let the SR factor be defined by SRF := (QA)~™!. Then the
condition number of the cluster nodes scales like SRF?”~! in the super-resolution regime. On
the other hand, the condition number of the non-cluster nodes will not be amplified by the
SRF. Thus, the non-cluster nodes {x j} can be recovered with much better stability

jeik,...x+p-1}
than the cluster nodes.



The main novelty we rely in analyzing the case of positive signals lies in a crucial observation
in estimating the lower bound of diameter of the error set (Definition 2.3). In particular, in
Theorem 4.1, we observe and demonstrate that the recovered and the underlying signals in
the example constructed in [2] can actually be positive signals at the same time.

We also examine the performance limit of the Matrix Pencil method in resolving positive
signals by numerical experiments and the observed phase transition phenomenon exactly
verifies our theory for the minimax error rate. This also indicates that the Matrix Pencil method
has the optimal performance in super-resolving positive sources.

1.2 RELATED WORK AND DISCUSSION

In 1992, Donoho first studied the possibility and difficulties of super-resolving multiple sources
from noisy measurements. In particular, he considered measures supported on a lattice
{kA};Z _ and regularized by a so-called “Rayleigh index”. The measurement is then the noisy
Fourier transform of the discrete measure with cutoff frequency Q. He derived both the lower
and upper bounds for the minimax error of the amplitude recovery in terms of the noise level,
grid spacing, cutoff frequency, and Rayleigh index. His results emphasize the importance of
the sparsity in the super-resolution. The results were improved in recent years for the case
when resolving n-sparse on-the-grid sources [6]. Concretely, the authors of [6] showed that
the minimax error rate for amplitudes recovery scales like SRF 2n-lec where ¢ is the noise level
and SRF := ﬁ is the super-resolution factor. Similar results for multi-clumps cases were also
derived in [1, 10].

A closely related work to the present paper is [2], in which the authors derived sharp minimax
errors for the location and the amplitude recovery of off-the-grid sources. They showed that
for complex sources satistying the (p, h, T, 7,n)-clustered configuration (Definition 2.4) and
e < (SRF)~2P*! with p being the number of the clustered nodes, the minimax error rate for
reconstructing of the clustered nodes is of the order (SRF)?P _26, while for recovering the
corresponding amplitudes the rate is of the order (SRF)?>P~'e. Moreover, the corresponding
minimax rates for the recovery of the non-clustered nodes and amplitudes are of the order
§ and ¢, respectively. As mentioned above, in the present paper we have generalized these
results to the case when resolving positive sources. Thus, the minimax error estimations for
super-resolving both one-dimensional complex and positive sources are well established now.

On the other hand, in order to characterize the exact resolution in the number and location
recovery, in the earlier works [15, 14, 13, 11, 12] the authors have defined the so-called "compu-
tational resolution limits", which characterize the minimum required distance between point
sources so that their number and locations can be stably resolved under certain noise level. It
was shown that the computational resolution limits for the number and location recoveries
in the k-dimensional super-resolution problem should be bounded above by respectively

1 1
C"%(k’") (mme) “* and %M (mme) ™ where Cpym(k, n) and Cyypp(k, n) are certain con-
stants depending on the source number n and the space dimensionality k. In particular, these
results were generalized to the case when resolving positive sources in [12]. In this paper, a
similar idea is used to generalize the miminax error estimate to the positive cases.

For other works related to the limit of super-resolution, we refer the readers to [19, 4] for



understanding the resolution limit from the perceptive of sample complexity and to [23, 5] for
the resolving limit of some algorithms.

For the super-resolution of positive sources, to the best of our knowledge, the theoretical
possibility for the super-resolution of positive sources was first considered in [8], where the
authors characterized exactly the sparsity of the on-the-grid signal x and the possibility of
super-resolution in certain sense. Their definition and results focused on the possibility of
overcoming Rayleigh limit in the presence of sufficient small noise, while our work analyzes
the non-asymptotic behavior of the reconstructions.

In recent years, some researchers analyzed the stability of some super-resolution algorithms
in a non-asymptotic regime [21, 20, 7] and derived similar stability results to those proved in
this paper, which exhibit the optimal performance of these algorithms.

1.3 ORGANIZATION OF THE PAPER

The paper is organized in the following way. Section 2 presents the main results of the minimax
error rate and Section 3 exhibits the performance of Matrix Pencil method by numerical
experiments. Section 4 proves the main results stated in Section 2.

2 MINIMAX BOUND FOR THE LOCATION AND AMPLITUDE RECOVERIES

In this section, we present minimax error estimates for the location and amplitude recoveries
in the super-resolution of positive signals.
2.1 NOTATION AND PRELIMINARIES

We shall denote by £, 9}’; the parameter space of respectively general and positive signals F
with amplitudes a;’s and real, distinct and ordered nodes x;’s:

,@d={(a,x):a: (al,...,ad)ECd,x= (xl,...,xd)EIRd,xl <x2<...<xd},

P = {(a,x) ca=(ap,...,ag) € RO, x=(x1,...,x5) ERY, x1 < x2<...< xd},
and identify the F’s with their parameters (a,x) € 2, or 9?’;. We denote
| Flloo = max ([|lalloo, 1Xlloo) -

We shall also denote the orthogonal coordinate projections of a signal F to the j-th node and
j-th amplitude, respectively, by Py j : 2y (9’;) —Rand Py : %, (9»7’;) — C(R™).

Let Lo [—Q, Q] be the space of bounded complex-valued functions defined on [-Q, Q] with
the norm | ello = maxjg<qle(s)|.

Definition 2.1. Given Q >0 and U < 9’:{, we denote by §(Q, U) the class of all admissible
reconstruction algorithms, i.e.,

F(Q,U) ={f: Loo[-Q,Q] — U}.



Definition 2.2. LetU c 2. We consider the minimax error rate in estimating a signal F € U
from Q-bandlimited data as in (1.1), with a measurement error € > 0:

+ .
&7 (,U,Q) feé(%f’m ;1615 Iljr:oze | F = §(FF] + e)llco-

Note that in order to analyze how the minimax error rate relates to the separation of the
nodes and the magnitudes of the amplitudes, we will consider U € 9{; with certain specific
constraints in the following discussions.

Similarly, the minimax errors of estimating the individual nodes and the amplitudes of F € U
are defined respectively by

&I (e,U, Q)= inf sup sup |Px;(F) - Px;({(F(F)+e),
feF(QU) FeU |le|l<e

&Y (e, U,Q)= inf sup sup |Pa;(F)— P, i(f(F(F)+e)l.
fe%(Q,U)FeB”e”oong *J aj( |

For a fixed F € 9’;, we define the positive and general e-error set as follows.

Definition 2.3. The error set of positive signals E;Q (F) c 9”('; is the set consisting of all the
signals F € 7 with
|Z1Fl(0) - Z[Flw)| <€, 0el-Q,Ql 2.1)

Moreover, the error set of general signal E o (F) c 2, is the set consisting of all the ' € 2,
satisfying (2.1).

. . g'] (F) the projections of the error

We will denote by E; ™ (F) = E X/ (F) and E} ™/ (F) = E.
set of positive signals onto the individual nodes and the amplitudes components, respectively:

E;3T () ={x) eR: (2 X) € Bl (F)} = Py jEl o (P),

B3 () ={a) eR*: (a X) € Efq(F)} = Pa jEl ().

Furthermore, we denote by Eg’j (F) = E:'gz(F) and E? J (F) = E?’é(F) the projections of the
error set of general signals onto the individual nodes and the amplitudes components, respec-
tively:

EL B = {x’] eR:(a',x) e EGVQ(F)} = Px,jEeo(F),

E:’é(F) = {a’j eC:(a,x)e E&Q(F)} = Py jEeq(F).
For any subset V of a normed vector space with norm || - ||, the diameter of V is given by

diam(V) = sup |V —v”||oo.
v v'eV
By the theory of optimal recovery [18, 16, 17], the minimax errors are directly linked to the
diameter of the corresponding projections of the error set. More specifically, we have the
following proposition that is similar to Proposition 2.4 in [2].



Proposition 2.1. ForUc 2},Q0>0,1< j<d ande >0, we have

1
= sup diam( (F)) <& (e, U, ) < supdlam( QEQ(F)),
FE] (FU FeU ’
75
1
Z  su diam | E (F) < &% (e, U,Q) <supdiam[E J (F)
2 ;. f})CU S5 (B2 ), (2.2)
26
1
—  sup dlam( gh®i (F)) < &P (e,U,Q) <sup dlam( 2;;’2] (F))
2FE] (FeU 2602 FeU

jsv

2.2 UNIFORM ESTIMATES OF MINIMAX ERROR FOR CLUSTERED CONFIGURATIONS

Similarly to [2], the main goal of this paper is to estimate & * J(e,U,Q), &%) (¢, U,Q), where
Uc 9+ are certain compact subsets of @Jr consisting of signals with p < d nodes that are
nearly umformly distributed, forming a cluster To be more specific, the set U is defined as
follows; See also [2, Definition 2.5].

Definition 2.4. (Uniform cluster configuration)

Given0<1,n<1and0< h< T, anodevectorx = (xy,...,Xg) € R? is said toforma(p,h,T,7,1m)-
clustered configuration, if there exists a subset of p nodesx® = {xy, ..., Xx+p-1} €X, p > 2, which
satisfies the following conditions:

(i) foreachxj,xp€Xx’,j#k,
h< |xj—xk| < h

(ii) forx,ex\x° and xj€x,l # j,
nT <|x,—xj|<T.

One of the main contributions of [2] is an upper bound on diam (E,o (F)), and its coordinate
projections, for any signal F forming a clustered configuration as above. Here, we generalize
the result to the positive signal cases, which is a direct consequence of [2, Theorem 2.6].

Theorem 2.1. (Upper bound)

Let the positive signal F = (a,x) € 27, such thatx forms a (p, h, T, t,n) -clustered configuration
and 0 < m < ||a||. Then, there exist positive constants C1, ..., Cs, depending only on d, p, m, such
that for each nC% <O C5 ande < C3(Qrh)?P~1, it holds that

C QTh)™2P*2 x;ex,
dlam( +X](F)) L1 € x ( ) j
Q 1, Xj € x\x¢,

QTh)™2P*1, xjex,

diam (E"™ (F)) < Cye x
( ) 2 1, xj €X\xC.



Proof. By Theorem 2.6 in [2], under the same condition we have

i C Qth)™2P+2 x.ex®,
diam (EX} ()] < Ze x el J
' Q 1, xj €x\x°,
; Qth)72P+l x.exC,
diam (E?’é(F)) < Cye x {( ) j

1, xj €xX\xC.
On the other hand, note that for € > 0, according to the definition of diam(-) we have
dlam( +’x’] (F)) < diam (E:'(j)(F)), dlam( ] (F)) < dlam( a’] (F))

This proves the theorem. O

The above estimates are optimal, as shown by our next main theorem. This is the main
contribution of our paper, by which we non-trivially generalize the results in [2, Theorem 2.7].
For simplicity and without loss of generality, we assume that the index « is fixed in the result
below.

Theorem 2.2. (Lower bound)

Leem<M2<p<dr1< ﬁ,n < %, T > 0 be fixed. There exist positive constants Ci ...,Cé,
depending only on d, p, m, M, such that for every Q, h satisfying h < C; T and Qh < C;, there
exists F = (a,x) € 227, withx forming a (p, h, T, t,n) -clustered configuration, and with 0 < m <
lall = M < oo, such that for certain indices j, j» € {x,...,kx + p— 1} and everye < Cé (Qrh)2r-1
it holds that

CI Q h —2p+2, i— 7 ,
dlam( +XJ(F)) Ql {( Th) J=n

1, Vj¢ix,...,.xk+p-1},
Qrh)=2P*l =iy,
dlam( +a](F)) / e x Qth) J=]2
1, Vj¢ix,...,k+p—1}
Proof. See the proofin Section 4. O

Thus combining Theorems 2.1 and 2.2 with Proposition 2.1 now, we can obtain the following
theorem for the optimal rates of the minimax errors &**/,&*®J_ This generalizes Theorem
2.81n [2].

Theorem 2.3. Letm >0,2< p<d, 1< m,n < ﬁ, T > 0 be fixed. There exist constants
c1, ¢, c3, depending only on d, p, m such that for all TIC—IT <O C—ﬁ and e < c3(QTh)?P71, the
minimax error rates for the set

U:=U(p,d, h,t,nT,m)
={(a,x) € 2] :0< m < |lall = M < oo,x forms a (p, h, T, 7,n)-clustered configuration}

satisfy the following:



e For the non-cluster nodes:

EP (€, U, =§,

Vj¢ix,...,.k+p—1}: { ETdie U,Q) =¢.

e For the cluster nodes:

. €
max &M% (e, U,Q) = 5(th)‘zif’*z,

max &Y (e,U,Q) =e(Qrh) 2P,

Jj=K,...k+p-1

The proportionality constants in the above statements depend only on d, p, m, M.

Proof. The proofis the same as the one for Theorem 2.8 in [2]. Here, we present the details
for the convenience of reading and completeness. Let Cs, Cé, Cy, Cfl, Cs, Cé be the constants
from Theorems 2.1 and 2.2. Let ¢; = C4 and ¢, = min (Cs, Cf, C4C}). Let % <O < %, and
e < c3(QTrh)?P~1, where ¢3 < min (C3, Cé) will be determined below. It can be verified that Q, h
and € as above satisfy the conditions of both Theorems 2.1 and 2.2.

Upper bound Directly follows from the upper bounds in Theorem 2.1 and Proposition 2.1.

Lower bound Denote U, = {F eU: EIE Q(F) cU } In order to prove the lower bounds on
36,

&**J and &+®J, by Proposition 2.1 it suffices to show that there exists an F € U, # @ such
that the conclusions of Theorem 2.2 are satisfied for this F. Note that the set U has a non-
empty interior. Furthermore, one can choose m’, M’ satisfying m < m' < M’ < M, and also
T'=0.99T,7’ = 27 and 1’ = 21, such that

U=U(pdnht' 0, T ,m M)cU, oU ndU=g.

By the construction of U’, there exist positive constants 61, 62, independent of Q, h and 7,7,
such that
- Th, xj€x‘,

inf |Pyj(u)—Pyxj(u)| > C x {

uedU,u'edl’ nT, xjex\x5 (2.3)

. X _ . ! > ~ .
ueal},rzlfeaU’ |Pa'](u) Fa,; (u )| > C2

Now, we use the fact that € < c3(Q7h)?P~!. Applying Theorem 2.1 to an arbitrary positive signal
F' € U’ and using the conditions é < % and Qth < Qh < ¢, we obtain that

Cics c
; ==371h Xi €X
: +.X,] U 2 ’ J ’
diam (Ele (F )) S Cics m2r-1 < Cies 2p-1 c.
: 20 QTS 60 T X ex\x .1
Cocs Cc '
; =25 x; €X°,
diam(E+'a’] F )< 2 _ J
3€ () —CZZCS cﬁp v xj €X\x°.

Next, we set ¢ = min (Cs, C}, C} ), where

"N _ . . —2p+1 . z_a &
C; =min(l, ¢) xmln(1,02 )xmln( G )



Combining (2.3) and (2.4), we obtain that EIE Q(F’ )< U,i.e. F'€ U,. Since F' € U’ is arbitrary,
le,

we conclude that U’ € U,. Since clearly U’ # @, applying Proposition 2.1 and Theorem 2.2
finishes the proof. O

3 NUMERICAL OPTIMALITY OF MATRIX PENCIL METHOD (MP METHOD)

Theorem 2.3 establishes the optimal error rate for super-resolving the locations and amplitudes
of positive sources. In this section, we demonstrate by numerical experiments the optimal
performance of MP method in recovering the locations of positive sources. Note that the
numerical experiments in [2] have already demonstrated the optimal performance of Matrix
Pencil method for resolving general sources. Here we conduct experiments similar to those in
[2] but focusing on the case of resolving positive sources.

3.1 REVIEW OF THE MP METHOD

In this section, we review the MP method . We assume that the noisy Fourier data of the signal
F is given by
Yw) =

d
Jj=

aje_z’”xf‘” +e(w), wel[-Q,Ql.
1

The measurements are usually taken at NV evenly spaced points, w; = —-Q,w2 = —Q+h,---,0on =
Q with & being the spacing. From the measurement

Y= (Y1), Y(ws), -, Y(wn) (3.1)

and N = L%J, we assemble the (N + 1) x (N + 1) Hankel matrix

Yw) Yw) - Ywg)
Ywy) Yws) - Ywg.,)

He 2 3 ' R+l | (3.2)
Ywg) Ywg,) - Ywyg.)

LetH, :=HJ[1: N,:] (and H;:=H[2: N +1,:]) be the N x (N + 1) matrix obtained from the
Hankel matrix H given by (3.2) by selecting the first N rows (respectively, the second to the
(N + 1)-th rows). It turns out that, in the noiseless case, e 27*ih 1 < J = n, are exactly the
nonzero generalized eigenvalues of the pencil H; — zH,,. In the noisy case, when the sources
are well-separated, each of the first n nonzero generalized eigenvalues of the pencil H; — zH,,
is close to e 2% for some j. We summarize the Matrix Pencil method in Algorithm 1.

3.2 NUMERICAL EXPERIMENTS

We conduct 1000 random experiments (the randomness was in the choice of a j»Xj,€) to ex-
amine the error amplification in the recovery of the nodes and amplitudes. In particular, we
consider recovering p = 2 cluster nodes and 1 non-cluster node and their corresponding ampli-
tudes. Each single experiment is summarized in Algorithm 2. The results are shown in Figure



Algorithm 1: The Matrix Pencil algorithm
Input: Source number d, measurement: Y in (3.1);
1:Let N = L%J. Formulate the (N + 1) x (N + 1) Hankel matrix H given by (3.2) from Y,
and the matrices H,,, Hy;
2: Compute the truncated Singular Value Decomposition (SVD) of H,,, H; of order d:

H,=U,Z,V], H;=U,%V,,

where Uy, Us, V4, V, are N x d matrices and 2,2, are d x d matrices;
3: Generate the reduced pencil

H,=U, U2, V'V, H; =3,

where ﬁu, ﬁl are d x d matrices;

4: Compute the generalized eigenvalues {Z;} of the reduced pencil (H,,H)), and put
{xj} ={arg(Z)}, j=1,---, n, where the arg(z) is the argument of z;

5: Solving the linear least squares problem

b= argmin||Y - Vbll,,
becC4

. . _omi% j=1,-,d
where V is the Vandermonde matrix V = (e 2””]‘”);6:1 s
6: Compute a; by If)jl;

Return: The estimated %;’s and d4;’s.

3.1 and we observe that the error amplification is consistent with what we have predicted, i.e.,
the error amplification factors for resolving nodes and amplitudes are respectively SRF?P~2
and SRF?P~! for the cluster nodes with size p. Moreover, for resolving non-cluster nodes, both
the corresponding error amplification factors are bounded by a small constant.

10



Algorithm 2: A single experiment

Input: p,d, N,¢;

1: Construct the signal F with p closely-spaced sources and d — p non-clustered sources;

2: Generate the measurement Y defined by (3.1) with € being the noise level;

3: Execute the MP method (Algorithm 1) and obtain Fy;p = (aMP ,xMP ) The nodes in
xMP are ordered in an increasing manner;

4: for each j do
Compute the error for node j :

= |xMP _x.
o= x|

The success for node j is defined as

rnin#j |X[ —Xj \
—3 .

Succ; = (ej <

if Succ j == true then
Compute normalized node error amplification factor

o
Jx,j: ’
€

Compute normalized amplitude error amplification factor

_.MP
|a] 4 ‘
J//a,j:—e ’

Return: (#y j, %4 j,Succ;) for eachnode j=1,...,d.

4 PROOF OF THEOREM 2.2

4.1 NORMALIZATION

Similarly to [2], for ease of exposition, we should normalize the cluster configuration in some
of the following discussions. Let us first define the scale transformation on 227 .

Definition 4.1. For F = Z;.izl aj6 (x—x;j) € 27 and T >0, wedefine SCt : P} — P as follows:

d Py
SCr(F)x) =Y a:6[x-=L).
r ]; J ( T)

By the scale property of the Fourier transform, we have that for any € > 0,
SCr(ELa(P)) = B or (SCr(F)).

Thus the following proposition holds.

11



p=2,d=3

0.0 |
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35
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log(SRF)

(b)

Figure 3.1: The error amplification factors. For the cluster nodes, the error amplification
factors A j, #a,j scale like SRF?P~2 SRF?P~1, respectively. For the non-cluster
nodes, both error amplification factors are bounded by a small constant.

Proposition 4.1. Let F = (a,x) € 9’; and T > 0. Then, foranye >0 and1 < j < d, we have
. +X,j . +X,j
diam (E; ¥ (P) = T diam (E} 357 (SCr (),
e, QT

diam (E; 7 (1) = diam (B} (sCr (7).

4.2 AUXILIARY LEMMAS

In this subsection, we introduce some notation and lemmas that are used in the following
proofs. Set

T
(ps(t):(l»t)"')ts) . (4~1)
Lemma4.1. Let ty,---, ty be k different real numbers and let t be a real number. We have
(Dy(k—1) ¢k—1(t))]- = Hlsqsk,q;ﬁjﬁ;
] q

where Dy(k—1) := (¢pr-1(11), -+, Pr—1(tx)) with _1(-) defined by (4.1).
Proof. Thisis [14, Lemma 5]. O

The following proposition is the main result for proving Theorem 2.2 and we present its
detailed proofin Section 4.4.

Proposition 4.2. Let F = (a,x) € 27, such thatx forms a (p, h,1,7,n) -clustered configuration,
with cluster nodesx® = (x1,...,x,) (according to Definition 2.4), and witha € (R")? satisfying
m < |lall < M. Then, there exist constants cy, ki, ko, ks, ks, depending only on (d, p,t, m, M),

12



such that for all e < ¢;(QR)*P~" and Qh < 2, there exists a signal F, € 27 satisfying, for some
ju,j2 €{1,...,p},
k _
|Px j (Fe) = P jy (F)| > (@I 2P,
|Pa,j, (Fe) = Pa,j, (F)] > ka2(Qh) 2P * e,
ks .
|PX:J' (Fe) _Px,j(F)| = 56, Xj € x\x"%,

|Pa,j (Fe) = Paj(F)| > kse, xj€X\X’,
|F (Fe) () —F (F)(9)| <€, [sI<Q.

4.3 PROOF OF THEOREM 2.2

Proof. After employing Proposition 4.2, the arguments for proving Theorem 2.2 is just the
same as those in [2]. We present the details as follows.

Let a € (R")? be any positive amplitude vector satisfying m < |lal| < M. Let Q, h satisfy
Qh < 2, and choose nodes x satisfying that

X =(x1=0,x1=71h,...,x, = (p-1)7h),

and the rest of the non-cluster nodes are equally spaced in ((p—1)th, 1). Now, let b’ = (p—1)th
and 7’ p—1' Clearly, xisa (p,1,1,7’,n)-clustered configuration for all sufficiently small 1
(for instance h < L 7<1- 1(d — p+1)).We now can apply Proposition 4.2 to the signal F = (a,x).
It then follows that fore < c;(p—-1)2P"1(Qrh)?>P~! and Qh < —2—, there exist ji, j» € {1,..., p}

(p— 1)1’
such that
dlam( +X.]1(F)) 1(p_1)—2p+2€(QTh)—2p+2’
dlam( +a]2(F)) koe(p — 1) 2P (Qr i) ~2PHT,
Moreover,

k
dlam( +XJ(F)) 5 , Xjex\x4,
dlam( +a](F)) kse, xjex\X°.

For the general case that F = (a,x) € 9”(; such that x forms a (p, h, T, T,n)-clustered configu-
ration, we consider SCr(F) = (a,X), X = (X1, , Xq), where X; = %,j =1,---,d. Now the node
vector X forms a (p, %, 1,7,m)-clustered configuration. Applying Proposition 4.1 and the above
results, we obtain that

dlam( +x]l(F)) Tdiam( :S%I(SCT(F))) _l(p_l)—2p+2€(QTh)—2p+2,

diam (E +“”(F)) diam( +a]2(SCT(F))) koe(p—1)72P QT )P,

( QT
diam (E; Y (F)) = T diam :gTJ(scT(F))) K e xjexind,
diam (E;3 (P)) = diam (B3 (SCr(F)) > kae,  x; ex\x
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This finishes the proof of Theorem 2.7 with C} = max (L k3), C, = max (k4, (p_'f#) ,Ch

(p_l)Zp—2$
ap-D*71,C, =4 and C, =2.

4.4 PROOF OF PROPOSITION 4.2

We separate the proof into three steps.
Step 1.
In this step we prove the following theorem.

Theorem 4.1. Given the parameters0 < h <2,0<71<1,0<m < M < oo, let the signal F =
(a,x) e 9}’; withae€ (R™)? form a single uniform cluster as follows:

* (centered) x, = —X1;
* (uniform) for1 < j < k < p we have

Th<|xj— x| < B

e m<fag] <M.

Then, there exist constants Ky, ..., Ks depending only on (d,t, m, M) such that for every € <
Ksh?4=1, there exists a signal F, = (b,y) € 9’;’ satisfying the following conditions:

(i) my(F)=my (F;) fork=0,1,...,2p -2, where
my(F) := i ajxj?; (4.2)
j=1
(ii) mop-1 (Fe) = map—1 (F) +€;
(iii) Kih™2P*%e < ||x—y| < Kph™2P*2¢;
(iv) Ksh™2P*le < |la-b| < Kyh™2P*le.

Proof. The case for F = (a,x) € 22, and F, = (b,y) € 22, is the Theorem 6.2 in [2]. Now we prove

that for the case when a € (R*)?, from condition (i) in the theorem we actually have b € (R)”.

Let bj’s be elements in b and y;’s be elements in Y. We first consider the case when x ;- =y
for certain j*,g*. If by # aj+, then condition (i) in the theorem yields that

Bf = Aa, (4.3)
where a = (a1,--+, aj-—1, aj« —bg, aj+1,---,ap) ", B= by, bgr—1,bg 41, bp) and
A= (pap-2(x1),+,2p-2(xp)), B=(P2p-2(11),-, P2p—2(Vg =1), P2p-2Vgr+1)s -, P2p-2(¥p)),

with ¢2p,-»() being defined by (4.1). Since all the elements in a are nonzero by bg+ # a - and
aj>0,1< j<p, Acontains p different Vandermonde vectors (¢2,-2(-)), and B contains at
most p — 1 Vandermonde vectors, it is impossible to have (4.3) by [15, Theorem 3.12]. Thus,
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we must have b;+ = a;+ >0 for x;« = y,+. Next, we prove that b, > 0 for those y, that are not
equal to any of the x;’s. Without loss of generality, we can actually assume that all the y,’s are
not equal to any of the x;’s. Further, since (b,y) € 22, and (a,x) € 22, all the y,'s and x;’s are
distinct from each other. We now claim that

X <N <X2<Y2<:-<Xp<Yp, OF )1 <X <Y2<Xp <+ < Yp<Xp. (4.4)

We denote the x;, y;’s from left to right by £; < £, <--- < 1z}, and the corresponding a;, —b;’s by
ay,---,azp. By condition (i), it follows that

Aa =0,

where a = (a1, -+, a2p) " and A = (¢P2p-2(11),++,P2p-2(t2p)) with ¢, () being defined by
(4.1). Thus we can have

—a2pPap-2(t2p) = (P2p-2(t1),++, Pap—2(t2p-1)) (@1, ,(sz—l)T,
and hence
—azp (P2p-2(t1), -+ »(,b2p—2(t2p—l))_1 Pap-2(t2p) = (@1, , a2p-1) . (4.5)

If claim (4.4) does not hold, we have 7; = x;, and f44+1 = xj,+1 for certain g, j4. Applying
Lemma 4.1 to (4.5) and considering the g-th and (g + 1)-th elements in the vectors, we have

Lp—1j
—az2pllicj<op-1,j#q PR =g, (4.6)
q ]
Lop—1j
—pllicj<op-1,j#g+1———— = Ag+1- 4.7)
lg+1—tj

Observe first that, for 1 < k <2p —1, [l1<j<ap-1,jzk (f2p — t;) is always positive. Moreover, it
is obvious that Iy <j<2p-1,j24(tg — £;) and 1< j<2p-1,jzq+1(fg+1 — t;) have different signs in
(4.6) and (4.7), respectively. It follows that a; and a4+ are of different signs. But the a; and
aq4+1 are amplitudes of positive sources located at respectively x; and x4+1, which yields a
contradiction. Thus the case that 7, = xj, and #4+1 = x;,+1 for certain g, j; will not happen
and the claim (4.4) is thus proved.

Suppose y; < x1 < y2 < X2 <--- < yp < Xp (the another case can be proved in the same
manner), we now prove that the b;’s are all positive. By the setting,

hji-1=Yj, hj=xj, j=1--,p.
Since for j=1,---,2p—1, we have

toy — Il
P~ =q; (4.8)

—oplli<k<op-1,k#j -
Forl=j=2p-1, Hlsksgp_lyk;éj(tgp — ty) is always positive. For j =2p —1, since azp = ap >0,
—a2plli<p<op-1,kz2p-1(f2p-1 — 1}) is negative in (4.8). Thus we have az,-1 < 0. In the same
fashion, we see that a; > 0 for even j and a; <0 for odd j. Note that az;— = -bj, j=1,---,p.
This proves that F is positive. On the other hand, the above arguments also indicate that there
exist such positive signals F and F satisfy condition (i). This completes the proof of Theorem
4.1. O
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Step 2. Now we start to prove Proposition 4.2. It is similar to the proof in [2]. Here, we
present the details for completeness. Define F¢ and F"° to be the cluster and the non-cluster
parts of F € 227, respectively, i.e.,

F°= ) a;j6(x-xj),

.ex¢
X;EX

F"= Y aj6(x-xj).

xjEX\x¢

We first analyze the non-cluster nodes. We construct that

Fl‘="% a}é(x—x})

xjEX\x¢

! . € ! . € : :
where a;=aj + 1@ and X; = Xj + sranad=p For |s] < Q, the difference between the Fourier
transforms of F/'° and F"* satisfies

|FIEEY ) - FIF )] < Y |aje™ - a)et™ e

xjex\x¢
: 270 i § €
< Z (ajeanJS(l_e 871QM(d-p) ) +—) (4.9)
xjEX\X¢ 4(d - P)
< € + € _ €
44 2

Note that @, > 0 since a;. =aj+ 4(d—€_p).
We next analyze the cluster nodes. Without loss of generality, we suppose that x; + x, = 0.

Next, define a blowup of F¢ by Q as

Foy=SCy (F) = ¥ a6 (x-0x))

.exC
Xj€EX

where SC is defined by Definition 4.1. Let h=Qhand ¢, = Ks(p,t,m, M) as in Theorem 4.1.
Lete < ¢1(Qh)?P~L. Now, we apply Theorem 4.1 with parameters p, h, 7, m, M, € = cy€ and the

signal F(CQ), where ¢, < 1 will be determined below. We can obtain a signal F(CQ),e € 97’; such
that the following hold for the difference of signals H = F{,, . — Fg,, :
mp(H)=0, k=0,1,...,2p-2, mypp_1(H) =€ (4.10)
while also, for some jj, j» € {1,..., p}
Pusi (Flo) = P (&) 2 Ka(@m) 2772,
Pej(Fioye) ~ Pej (Fp))| < Re@m %%, j=1,...p, (4.11)

Paj, (F(CQ),E) —Paj, (F(CQ))| > K3(Qh)_2p+lé'

Now, considering
FE =SCa(Fiyy.),
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we obtain that
K
|Pxji (FE) = P jy (FO)| > 51(Qh)‘2”+25,
|Paj, (FE) = Paj, (F)| > Ks(@h) e,

From the above definitions, we have Hq = SCq(H) = F{ — F°. We next show that there is a
choice of ¢, such that
€
|Z [Hal(s)| < > [s] < Q. (4.12)

Put w = s/Q. Then, by & [Hq] (s) = % [H](w), the above inequality is equivalent to
\F[H] ()] < g wl<1. 4.13)

Step 3. In this step we prove that (4.13) holds for a choice of ¢;. Note that we have the
following Taylor expansion of & [H](w):

x 1
FH) =) ﬁmk(H)(—me)k. (4.14)
k=0 ™*

Next we apply the following Taylor domination property [2, Theorem 6.3] which is a corollary
of the Turan’s First Theorem [26, Theorem 6.1].

.....

k = 2p, we have the so-called Taylor domination property

2ek)\%P
|mk(H)|Rk<(—) max |mg(H)|R’.
2p 0=0,1,...,2p-1

,,,,,,

Recall that H = FS,, — F5 . By Definition 2.4, the nodes of F(CQ) is inside the interval

@~ @
[—%h, %h] The nodes of Fg,, ., by (4.11), satisfy
Qh Qh 1
Puj (Fle)| < 5 + K@) ?PP2e < =2 + Kol Q)P 2y (@R = () (C1K2 + 5).

Since Qh < 2 by assumption, we can conclude that the factor R in Theorem 4.2 is greater than
_ 1
Cy= 2(ck+1)
Now, we continue the proof of (4.13). By Theorem 4.2 and (4.10), we have for k > 2p,

2p

e _1—

|mk(H)|<(—) KPRV ke < ol R kPP,
p

Plugging this into (4.14) we obtain that

= 2p-1 k 1.2p
F )< 2 ey (2”"”') Ly
2p-1)! S\ ) r
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Let( = Znleul and by |w| < 1, we further have

\FH) @I <CoE Y. (F—-<Cre.
k>2p-1 k!

Therefore, we can choose ¢y = min (1, ﬁ) to ensure that

IF(H W< 5, lol<],

N o

which shows (4.12).
Finally, we construct the signal F, = F/'° + F{. Thus we have

This completes the proof of Proposition 4.2 with k; = K3, ko = K3, k3 =

|Fe(s) = F(s)| < |[F['(s) = F"(s)| + | FE(s) = FC(s)| <€, s€ [-Q,Ql.

_ 1
ks = 0=

O

1
8nQM(d—p)’
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