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The superresolving capacity for number and location recoveries in the super-
resolution of positive sources is analyzed in this work. Specifically, we introduce
the computational resolution limit for respectively the number detection and lo-
cation recovery in the one-dimensional super-resolution problem and quanti-
tatively characterize their dependency on the cutoff frequency, signal-to-noise
ratio, and the sparsity of the sources. As a direct consequence, we show that tar-
geting at the sparest positive solution in the super-resolution already provides
the optimal resolution order. These results are generalized to multi-dimensional
spaces. Our estimates indicate that there exist phase transitions in the corre-
sponding reconstructions, which are confirmed by numerical experiments. Our
theoryfills in an important puzzle towards fully understanding the super-resolution
of positive sources.
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1. Introduction

In recent years, the development of super-resolution optical microscopy led to a revolu-
tionary improvement of resolution through the use of different technical approaches. This
impressive success has generated significant interest in studying the super-resolution al-
gorithms and the fundamental superresolving capability. In this paper, we aim to study
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the superresolving capacity of the number and locations recovery in the super-resolution of
positive sources. To be more specific, we consider the following mathematical model. Let
u= Z;?ZI a;jby;,aj >0 be a positive discrete measure, where y; €R, j =1,---, n, represent the
location of the point sources and a; >0, j = 1,---, n, their amplitudes. Noting that y;’s are
the supports of the Dirac masses in p. In this paper we will use support recovery instead of
location reconstruction. We denote by

Mmpin= MmMin a;, dmpipn=minly,—y;l.
j=1,-,n I p#j p J

The measurement is the noisy Fourier data of u in a bounded interval, that is,

Y(w) = Fuw) +Ww) = Z ajeiyf‘” +W(w), wel-Q,Q], (1.1
j=1

with W(w) being the noise and Q the cutoff frequency of the imaging system. We assume that
|W((I))| <0, WE [_QYQ]Y

with o being the noise level. The above measurement model is chosen for convenience. All
the results in this paper also hold for the case when taking measurement at a sufficient num-
ber of evenly-spaced points as what was considered in [26]. Thus our results can be applied
to practical situations and real-world problems.

The super-resolution problem we are interested in is to recover the positive discrete mea-
sure y from the above noisy measurement Y. We note that the super-resolution problem is
closely related to the line spectral estimation problem [26] which is at the core of diverse fields
such as wireless communications and array processing. Note also that the measurement con-
sidered in (1.1) is related to the imaging of convolution of point sources and a band-limited
point spread function f.

1.1. Literature review

Fundamental limits. In [17,37,38], the authors analyzed the resolution limit in the detection
of two closely-spaced point sources based on the statistical inference theory, but their theory
has not been generalized to the case when there are more than two sources in the signal. The
mathematical theory for analyzing the fundamental limit in superresolving multiple point
sources was pioneered by Donoho [13] in 1992. In that work, he considered a grid setting
where a discrete measure is supported on a lattice with spacing A and regularized by a so-
called "Rayleigh index". The problem is to reconstruct the amplitudes of the grid points from
their noisy Fourier data in [-Q, Q] with Q being the band limit. His main contribution is esti-
mating the corresponding minimax error in the recovery, which emphasizes the importance
of the sparsity of sources for the super-resolution. It was improved in recent years for the case
when only 7n point sources are presented. In [11], the authors considered resolving n-sparse
point sources supported on a grid and showed that the minimax error of amplitude recovery
in the presence of noise with magnitude o scales exactly as SRF?"~!g, where SRF := ﬁ isthe
super-resolution factor. The case of multi-clustered point sources was considered in [4, 20]



and similar minimax error estimates were derived. Moreover, in [2,5] the authors considered
the minimax error for recovering the amplitudes and locations of off-the-grid point sources.
They showed that for o < (SRF)~2P*!, where p is the number of point sources in a cluster, the
minimax error for the amplitude and the location recoveries scale respectively as (SRF 2p-1g,
(SRF)?P~2g/Q, while for the single non-clustered source away from other sources, the corre-
sponding minimax error for the amplitude and the location recoveries scale respectively as o
and o/Q. We also refer the readers to [8, 28] for understanding the resolution limit from the
perspective of sample complexity and to [10,42] for the resolving limit of some algorithms.
On the other hand, in order to characterize the exact resolution in resolving multiple point
sources like the classical Rayleigh limit, in the earlier works [23-27] we defined the con-
cept of "computational resolution limit" as the minimum required distance between point
sources so that their number and locations can be stably resolved under certain noise level.
By developing a non-linear approximation theory in a so-called Vandermonde space, we
derived sharp bounds for computational resolution limits in one- and multi-dimensional
super-resolution problems. In particular, we showed that the computational resolution limits

1 1
Coum (1K) g |2 Csupp (n,k) o \2n-1
Q ( Mmin ) and Q Mmin ’
where Chym (1, k), Csupp (11, k) are constants depending only on source number r and space di-
mensionality k. In this paper, we will generalize these results to the super-resolution problem

of positive sources.

for number and location recoveries should be respectively

Reconstruction algorithms. Due to the importance of super-resolution in applications, a
number of sophisticated super-resolution algorithms have been developed over the years.
Among those algorithms, a class of algorithms called subspace methods have exhibited favourable
performance and have been used frequently in engineering applications. Specific exam-
ples include MUItiple Slgnal Classification (MUSIC) [35], Estimation of Signal Parameters
via Rotational Invariance Technique (ESPRIT) [34], and Matrix Pencil Method [18]. Note that
these algorithms date back to the work of Prony [32]. Despite the appealing performance
of the subspace methods in practical applications, their stability properties are not yet well-
understood. The asymptotic results on the stability of MUSIC algorithm in the presence of
Gaussian noise were derived just slightly after its emerging [9, 40, 41]. But only until recent
years, some steps towards understanding the stability of MUSIC, ESPRIT and Matrix-Pencil
Method in the non-asymptotic regime were taken in [22], [21] and [28], respectively. Never-
theless, the error tolerance derived in these papers are not as strong as our estimates here
for the resolution limit in location reconstruction. On the other hand, it was shown numeri-
cally in [5,21,22] that these subspace methods actually achieve the optimal resolution order.
Thus the theoretical demonstrations for the performance limits of subspace methods in the
non-asymptotic regime are still important open problems.

In recent years, inspired by the idea of sparse modeling and compressed sensing, many
sparsity promoting algorithms have been proposed for the super-resolution problem. For
example, in the groundbreaking work of Candés and Fernandez-Granda [7], it was proved
that off-the-grid sources can be exactly recovered from their low-frequency measurements
by a TV minimization under a minimum separation condition. It invokes active researches
in the off-the-grid algorithms, among them we would like to mention the BLASSO (3, 15, 31]
and the atomic norm minimization method [43,44]. Both methods were proved to be able to



stably recover the source under a minimum separation condition or a non-degeneracy condi-
tion. BLASSO (Beurling LASSO) is an off-the-grid generalization of I regularization (LASSO),
and exhibits excellent performance in the off-the-grid source recovery [15,31]. The atomic
norm minimization method is shown to form a nearly minimax optimal estimator when
tackling line spectral estimation problems [6,43]. Nevertheless, these convex optimization
algorithms usually require a minimum separation distance of several Rayleigh limits (see, for
instance, [19, 31, 42]) for the general source recovery, which may limit their applicability to
superresolve closely-spaced point sources.

Super-resolution of positive sources. To the best of our knowledge, the theoretical possibil-
ity for the super-resolution of positive sources was first considered in [14]. Specifically, the
authors defined

w(o;x) =sup{||x' —x|, : | KX - Kx||, <o and x' >0},

where x,x’ are vectors of length M (sources are on a grid) and K consists of the first m rows of
the M x M discrete Fourier transform, and said that x admits super-resolution if

w(o;x)—0 aso—0.

They demonstrated for x = 0 that: (a) If x has %(m —1) or fewer non-zero elements then x
admits super-resolution; (b) If %(m + 1) divides M, there exists x with %(m + 1) non-zero ele-
ments yet does not admit super-resolution; (c) If x has more than m non-zero elements then
x does not admit super-resolution. Their definition and results focused on the possibility of
overcoming Rayleigh limit in the presence of sufficient small noise and hence demonstrated
the possibility of super-resolution. See also [16] for a shorter exposition of the same idea.

In recent years, some researchers analyzed the stability of specific super-resolution algo-
rithms in a non-asymptotic regime [12,29, 30]. To be more specific, it was shown in [30] that
a simple convex optimization program can already superresolve the positive sources (on a
grid) to nearly optimal. The authors of [30] demonstrated that under certain conditions the
deviation between the algorithm’s output X and the ground truth x obeys the following rela-
tion

IX—x|l; ~ C-SRF*" - g,

where r is the Rayleigh index. The theory was later generalized to the off-the-grid setting
in [29] where the authors analyzed the stability of the reconstruction of high frequency in-
formation. In a different line of research, the authors studied in [12] the amplitude and sup-
port recoveries of positive discrete measures for a so-called BLASSO convex program. They
demonstrated that when o/A,0/ drzn’g I and A/dﬁl’il; 1 are sufficiently small (with A being the
regularization parameter, o the noise level, n the source number, dpi, the minimum separa-
tion distance between two sources), there exists a unique solution to the BLASSO program
consisting of exactly n point sources. The amplitudes and locations of the solution both
converge toward those of the ground truth when the noise and the regularization parame-
ter decay to zero faster than drzn’}; 1. Note that this result is consistent with our estimates in
the current paper, showing that the BLASSO achieves the optimal resolution order, which is
quite impressive.



1.2. Main contribution

The main contribution of this paper is quantitative characterizations of the resolution limits
to number detection and location recovery in the super-resolution of positive sources. Ac-
curate detection of the source number (model order) is important in the super-resolution
problem and many parametric estimation methods require the model order as a priori in-
formation. But there are few theoretical results which address the issue when the number of
underlying sources is greater than two. In [26, 27], the first results for capacity of the num-
ber detection in the super-resolution of general sources are derived. Here we generalize the
estimates to the case of positive sources, which is also the first result for understanding the
capacity of superresolving positive sources. Specifically, we introduce the computational res-
olution limit 2;,,,,, for the detection of n point sources (see Definition 2.2), and derive the
following sharp bounds:

2e7l ) o 5 _4d4mer o s
e ) <= ()
Q \'Mmpin Q Mmin
Where —2— is viewed as the inverse of the signal-to-noise ration (SNR). It follows that exact

detectlon of the source number is possible when the minimum separation distance of point
_1

) *"? and impossible without additional a priori infor-

sources din is greater than 22 e( o

Q Mmin

mation when dpj,, is less than Ql (ﬁ) n

Following the same line of argument for the number detection problem, we also consider
the support recovery in the super-resolution of positive sources. We introduce the compu-
tational resolution limit @s*upp for the support recovery (see Definition 2.4) and derive the
following bounds:

@:upp =T

Q

26_1( o )2,}1 5.88716( o )ﬁ (1.3)

Mmin Mmin

As a consequence, the resolution limit 2y, is of the order O(é(%)z" "). It follows that

stable recovery (in certain sense) of the source locations is possible when the minimum sep-

1
aration distance of point sources dp;y is greater than > 88” ¢ ( T ) ! "and impossible without
1
additional a priori information when dp,;j, is less than 2¢— Q (ﬁ) 2! To further emphasize

g
Mmin

1
that the separation distance O (é ( ) o ) is necessary for a stable location reconstruction,
1
we construct an example showing that if the sources are separated below the § (mme) > for
certain constant c, the recovered locations can be very unstable.

As a direct consequence of our estimates, we analyze the stability for a sparsity-promoting
algorithm (/y minimization) in superresolving positive sources and show that it already achieves
the optimal order of the resolution. These estimates for the resolution limits are also gener-
alized to multi-dimensional spaces.

The quantitative characterizations of the resolution limits 2y, and 9y, imply phase
transition phenomena in the corresponding reconstructions, which are confirmed here by

numerical experiments.



Also, our techniques offer a way to analyze the capability of resolving positive sources,
which itself may have important applications.

1.3. Organization of the paper

The paper is organized in the following way. Section 2 presents the estimates for the resolu-
tion limit in the one-dimensional super-resolution of positive sources. Section 3 extends the
estimates to multi-dimensional spaces. Section 4 proves the results in Section 2. In Sections
5 and 6, we verify the phase transition in respectively the number detection and location re-
covery problems. Section 7 concludes the paper. In Appendix A, we prove several auxiliary
lemmas and useful inequalities.

2. Resolution limits for super-resolution in one-dimensional
space

We present in this section our main results on the resolution limit for the super-resolution of
one-dimensional positive sources. All the results shall be proved in Section 4. We consider
the case when the point sources are tightly spaced and form a cluster. To be more specific,
we define the interval
Q)= - (n— l)n' (n-1Dm ,
2Q 2Q

which is of length of several Rayleigh limits and assume that y; € I(n,Q),1 < j < n. The re-
construction process is usually targeting at some specific solutions in a so-called admissible
set, which comprises of discrete measures whose Fourier data are sufficiently close to Y. In
our problem, we introduce the following concept of positive o-admissible discrete measures.

We denote in this section || f| |Oo =maxye[-0,0) | f (@)

Definition 2.1. Given measurement Y, we say that fi = Z?Zl ajby;,aj > 0 is a positive o -
admissible discrete measure of Y if

lZ1m-Y||, <o

The set of positive o-admissible measures of Y characterizes all possible solutions to our
super-resolution problem with the given measurement Y. Following similar definitions in
[25-27], we define the following computational resolution limit for the number detection in
the super-resolution of positive sources. The reason for the definition is the fact that detect-
ing the correct source number in p is impossible without additional a prior information when
there exists one positive o-admissible measure with less than n supports.

Definition 2.2. The computational resolution limit to the number detection problem in the
super-resolution of one-dimensional positive source is defined as the smallest nonnegative
number D;,,,,,, such that for all positive n-sparse measure Z;lzl ajby;,aj>0,yjel(nQ) and
the associated measurementY in (1.1), if

: +
mlr.llyj - yp' = @num'
p#j

then there does not exist any positive o -admissible measure of Y with less than n supports.



The notion of “computational resolution limit” emphasizes the essential impossibility of
correct number detection for very close source by any means. Also, this notion depends cru-
cially on the signal-to-noise ratio and the sparsity of the source, which is different from all
classical resolution limits [1, 33, 36, 39, 45] that depend only on the cutoff frequency. We now
present sharp bounds for this computational resolution limit 2;,,,,. The following upper

bound for it is a direct consequence of [26, Theorem 1].

Theorem 2.1. LetY be a measurement generated by a positive measure 1 =7y }1:1 a;by,;, which
is supported on 1(n,Q). Let n = 2 and assume that the following separation condition is satis-

fied

4.47'[6( o )ﬁ
o .

Then there do not exist any positive o -admissible measures of Y with less than n supports.

min( - -‘2 @.1)
P#] Yp=Ji Mmin

Theorem 2.1 gives an upper bound for the computational resolution limit 2;,,,,,.. This up-

per bound is shown to be sharp for the super-resolution of general discrete source (not pos-
itive) by a lower bound derived in [26], but the result is unknown for the case of resolving
positive sources. We next present a lower bound of 2, which is the main result of this

paper.

Theorem 2.2. For given 0 < 0 < muin and integer n = 2, there exist positive measures [ =

;l:l a;by,; with n supports and fI = Z;.Z:_ll a6y, with (n—1) supports such that||F [p]-F [l <
o. Moreover,
min \a-|—m i min’ - '|_2e__1( g )ﬁ
1<j<n J i p#j Yp=JYi Q \'Mmpin .

The above result gives a lower bound for the computational resolution limit 2;,,,,, to the
number detection problem. Combined with Theorem 2.1, it reveals that the computational
resolution limit for number detection satisfies

2e7 0 \i5 . 44me; O \zs
o (=) <P == (=)

Mmin Mmin

We remark that similarly to the results of [2, 5, 26], our bounds are the worst-case bounds,
and one may achieve better bounds for the case of random noise.

We now consider the location (support) recovery problem in the super-resolution of posi-
tive sources. We first introduce the following concept of §-neighborhood of a discrete mea-
sure.

Definition 2.3. Let u = Z;.lzl a;jbd Vi be a discrete measure and let 0 < 6 be such that the n in-
tervals (yr — 0, yx +6),1 < k < n are pairwise disjoint. We say that (1 = Z;lzl ajby,; is within
6 -neighborhood of p if each y; is contained in one and only one of the n intervals (y — 6, yx +
6,l<sk=n

According to the above definition, a measure in a §-neighbourhood preserves the inner
structure of the real source. For any stable support recovery algorithm, the output should



be a measure in some d-neighborhood, otherwise it is impossible to distinguish which is the
reconstructed location of some y;’s. We now introduce the computational resolution limit
for stable support recoveries. For ease of exposition, we only consider measures supported
in I(n,Q), where n is the number of supports.

Definition 2.4. The computational resolution limit to the stable support recovery problem in
the super-resolution of one-dimensional positive sources is defined as the smallest nonnegative
number @;upp such that for all positive n-sparse measures Z;.lzl aj5yj, aj>0,y;€l(nQ)and
the associated measurementY in (1.1), if

min|y; -yl =25,

Py Yi=JVp supp
then there exists 0 > 0 such that any positive o -admissible measure for Y with n supports in
I(n,Q) is within a 6 -neighbourhood of L.

To state the results on the resolution limit to stable support recovery, we introduce the
super-resolution factor which is defined as the ratio between Rayleigh limit & (for point
spread function sinc(x)?) and the minimum separation distance of sources dmj, := min p#jlyp—

yjl:

SRF := .
Qdmin
As a direct consequence of [26, Theorem 2], we have the following theorem giving the upper
bound of 2(,,,,.,.

Theorem 2.3. Let n = 2, assume that the positive measure (L = 27:1 ajby, is supported on
I(n,Q) and that

5.837‘[6( o )ﬁ

Ifp= 27:1 a;jby,;,a;j >0 supported on I(n,Q) is a positive o -admissible measure for the mea-

i -yil= 2.2
I}g}?Un Vil 2.2)

Mmin

surement generated by i, then [i is within the @ -neighborhood of u. Moreover, after reorder-
ing the y;’s, we have
C(n) o

yi—yi|l<—=SRF*"?—— 1<js<n, 2.3)

1
where C(n) = n2*" 22173,

Theorem 2.3 gives an upper bound to the computational resolution limit @jupp. We next
show that the order of the upper bound is optimal.
Theorem 2.4. For given 0 < 0 < muin and integer n =2, let
-1 1
e o 2n-1
7= ()" (2.4)
Q ' Mmin

Then there exist a positive measure |1 = 27:1 a;jby,; with n supports at{—(n—%)r, —(n—g)r, cee,(n—
%)T} and a positive measure fiI = Z;’Zl djéf,j with n supports at {—(n — %)T, —(n— %)T, - (n—
%)T} such that
IF ] - Fulllo <o, min |a;| = Mpin.
1=j=n



Since the minimum distance between y;’s is dmin = 27, thus for the positive o-admissible

dmin
2 (for

o> % the intervals in Definition 2.3 are overlapped). According to Definition 2.4, Theorem

measure i, it is obviously that the y;’s are not in any §-neighborhood of y;’s for 6 <

1
-1 1
2.4 implies 24, , > ot (mL) ! Thus we conclude that

2e—1( o )ﬁ<@+ <5.88ne( o )ﬁ
supp =T :

Q

Mmin Mmin

1

5 (L) 2"_1) is essentially optimal for stable loca-

To further demonstrate that the order O ——

tion reconstruction, we present an example with a new distribution of the source locations
as follows.

Proposition 2.1. For given 0 < 0 < mpin and integer n =2, let

027! (0 \z
T= T ( ) . (25)
Qs2n-1 *Mmin
Then there exist a positive measure |1 = 27:1 a;by; with n supportsat{tj = — Sn2—2 T+ (J—ZZ)ST,]' =
.. N o , A
2,4,---,2n} and a positive measure fl = Z;l:l a;j6y; with n supports at{tj = t4[,~4i1]_2+(—1) 2T,

1,3,5,--+,2n— 1} such that

IF14 - F[Wlleo <o, min |a;j| = Mmmin.
1=j=n

Note that the n underlying sources in p are spaced by

- 1

0.4e 1 o -1

ST = - :
Qsan—1 * Mmin

1
Proposition 2.1 reveals that when the n point sources are separated by & (mL) ! for some
constant c, the recovered source locations from the o-admissible measures can be very un-
stable; see Figure 2.1.

Remark 2.1. Note that all of our results hold for the case when the sources are supported on
a grid. Specifically, we consider the grid points tj = jA,j =1,--+,N, where N and A are the
number and spacing of grid points, respectively, and assume the sources are supported on the

1
-1 P
grid. Assume also that the grid spacing A < %5~ (mL) ! for fixed n and Muyin. By Theorem
2.4, we can construct two positive measures |4 = 22:1 aqb tg and fi = ZZ:I aq6 By supported on
the grid with completely different supports such that the difference of their Fourier data is less
. .. . . -1 1
than the noise level and the minimum separation of sources is equal or less than % (L) ot

Mmin

withming=1,... n g = Mmin.

Remark 2.2. Note that our estimates for both the resolution limits in the number detection
and support recovery already improve the estimates in [26] for the case of general sources.



Example of unstable location recovery
T T T T T

locations of recovred source
m—— |0cations of ground truth

o
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Figure 2.1: An example of unstable location recovery.

2.1. Stability analysis of sparsity-promoting algorithms

Nowadays, sparsity-promoting algorithms are popular methods in image processing, signal
processing and many other fields. By our results for the resolution limits, we can derive a
sharp stability result for the /p minimization in the super-resolution of positive sources. We
consider the following /y-minimization problem:

min l|lo||, subjectto |Fpw)-Yw)l<o, wel[-Q0Q],

p supported on 0, p is a positive discrete measure
(2.6)

where ||pl|p is the number of Dirac masses representing the discrete measure p. As a corollary
of Theorems 2.1 and 2.3, we have the following theorem for its stability.

Theorem 2.5. Let n =2 and 0 < mpin. Let the measurement Y in (1.1) be generated by a
positive n-sparse measure [l = Z;’Zl ajby;,yj € 1(n,Q). Assume that

5.88ne( o )ﬁ

Q (2.7)

dmin'zmin|y __V'|>
. L Vp — Vil =
p#Jj Mmin

Let @ in the minimization problem (2.6) be (or be included in) 1(n,Q) , then the solution to (2.6)

contains exactly n point sources. For any solution i = 27:1 ajby,, itisina % -neighborhood
of u. Moreover, after reordering the ;’s, we have
C(n o
19— vil = “2sppnz 2 1<j<n, 2.8)
Q Mmin

1
where C(n) = 24" 22773,

10



Theorem 2.5 reveals that sparsity promoting over admissible solutions can resolve the source
locations to the resolution limit level. It provides an insight that theoretically sparsity-promoting
algorithms would have excellent performance on the super-resolution of positive sources,
which already have been corroborated by [12,29,30]. Especially, under the separation condi-
tion (2.7), any tractable sparsity-promoting algorithms (such as total variation minimization
algorithms [7]) rendering the sparsest solution could stably reconstruct all the source loca-
tions.

3. Resolution limits for super-resolution in multi-dimensional
spaces

In this section, combining the estimates in Section 2 and [24, 25], we present our main re-
sults on the resolution limits to the super-resolution of positive sources in multi-dimensional
spaces. Let us first introduce the model setting. We consider the source as the n-sparse posi-
tive measure

n
= Z af(st’
j=1

where § denotes Dirac’s §-distribution in R¥, y;€ R, 1 < j < n, represent the locations of the
point sources and a; > 0,1 < j < n are their amplitudes. Denote by

mmin=j§1L}3nIajI, dmmzlllyliljlllyp—yjllz. (3.1
The available measurement is the noisy Fourier data of ¢ in a bounded region, that is,

Y() = Fpuw +Ww) =) a;eVi +W(w), » eRF, (3.2)
j=1

where with slight abuse of notation & y denotes the Fourier transform of p in the k-dimensional
space, Q is the cut-off frequency, and W is the noise. We assume that

[IW(w)lleo <0, llo]l2 <€,

where o is the noise level and || f (w)| |oo 1= MAX Rk ||g),<0 | f (@)] in this section. We are in-
terested in the resolution limit for resolving a cluster of tightly-spaced point sources. Thus,
we denote by
ki) .— k
BEe0:={y|yeR¥, lly-xil. <5},

and assume thaty; € B{“n,nn (0),j=1,---,n, or equivalently |ly;|l> < %
2Q

We then define positive o-admissible measures and computational resolution limits in the
k-dimensional space analogously to those in the one-dimensional case.

Definition 3.1. Given measurementY, we say that the positive measure I = Z;.”: 1405, ¥j €
R¥, is a positive o -admissible discrete measure of Y if

I|F fi(w) - Y(@) oo < 0, forall ||lw|l, < Q, weRF.

11



Definition 3.2. The computational resolution limit to the number detection problem in k-

dimensional space is defined as the smallest nonnegative number @;num such that for all pos-

itive n-sparse measures Z;lzl a j6yj,y i€ B{Cn_m (0) and the associated measurementY in (3.2),
2Q
if

min|ly; —ypll2 = 2 um
p#j J p k,num
then there does not exist any positive o -admissible measure with less than n supports forY.

As a consequence of [25, Theorem 2.3], we have the following result for the upper bound of
theo, .
LU
Theorem 3.1. Let n = 2 and the measurementY in (3.2) be generated by a positive n-sparse
measure |4 = Z}’zl aj5yj,yj € B{“n_m (0). There is a constant Cpym,(k, n) which has an explicit
2Q

form such that if

Cnum(kyn)( o )ﬁ

Q (3.3)

min__ ||y, -yj||, 2
e min v =il p—
holds, then there do not exist any positive o -admissible measures of Y with less than n sup-

ports.
We next show that the above upper bound is optimal in terms of the signal-to-noise ratio.

Theorem 3.2. For given 0 < 0 < mnin and integer n = 2, there exist positive measures [ =
27:1 aj6yj with n supports, and i = Z;’;ll a6y, with (n—1) supports such that||F [1] —F [l |lco <
o. Moreover,
n la; il -3, = 2 ()
min |a;| = Mpin, min -vi|l| =— .
Isjsn ! i p#j YpVi 2 Q \mpin

Proof. Considery = z?z;l a6, witht; = (-(n-1)7,0,-+,0),t = (-=(n—-2)7,0,-+,0),+ , top_1 =
1

(n-17,0,---,0) and 7 = %I(L)m For every = (w1,wz,++,wg) |,

Mmin
2n—1 . 2n—1 . .

Fyw)= Y aje'i®=Y aje'C"IT |y < Q.
j=1 j=1

This reduces the estimation of %y (w) to the one-dimensional case. Combined with Theorem
2.2, there exist azj—1 >0,a2; <0,1 < j<n,minj=y .. n|azj-1| = Mmin, so that ||3'5)f(w)||OO <o0.
As a consequence,

n n-1
H= Z aZj—16t2j_1 ’ I:l = Z _a2j6t2j
j=1 j=1
satisfy all the conditions of the theorem. O

The above results indicate that

Cor(n)( 0 oz
<@;c—,numS Q ( ) ’

Cyk(n) b=
1;21’1( 0')

Mmin Mmin
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with C; r(n), C, i (n) being certain constants. An interesting open problem is to improve these
constants. Two of the authors of this paper have made a progress in this direction [24].

To state the estimates for the resolution limits to the location recovery, we introduce the
following concepts which are analogue to those in the one-dimensional case.

Definition 3.3. Let = Z" a j6 be a positive n-sparse discrete measure in R* and let 5 > 0
be such that the n balls Bk(y]) 1 < j < n, are pairwise disjoint. We say that 1 = Z 14jby,; is

within b -neighborhood of w if eachy  is contained in one and only one of the n balls Ba (yj)ls=
j=n.

Definition 3.4. The computational resolution limit to the stable support recovery problem in

k-dimensional space is defined as the smallest non-negative number 27 K supp such that for any

positive n-sparse measure p =" i@ 0y € B(H)ﬂ (0) and the associated measurementY in
2Q
3.2), if

p;éj,rlnsi}?,jsn | \yP _Yj||2 = glzsupp’

then there exists 6 > 0 such that any o -admissible measure of Y with n supports in B (0) is

(n-)m
2Q

within a 6 -neighbourhood of L.

As a consequence of [25, Theorem 2.7], we have the following result on the characterization

+
of@k supp’

Theorem 3.3. Let n = 2. Let the measurementY in (3.2) be generated by a positive n-sparse
measurej=7y." = a]6y Y € B(,, 11 (0) in the k-dimensional space. There is a constant Csypp (k, n)

which has an explicit form such that if

Csupp(krn)( g )ﬁ (3.4)

T

Mmin

holds, then for any fi = Z;?Zl ajby;, ;€ B{Cn;é)n (0) being a positive o -admissible measure of Y, 1
is within the % -neighborhood of u. Moreover, after reordering they ;’s, we have

Clk,
( Msrpzn2_ % 1<j<n, 3.5)

Mmin

9=y, =

where SRF := T is the super-resolution factor and C(k, n) has an explicit form.

Theorem 3.3 gives an upper bound for the computational resolution limit for the stable
support recovery in the k-dimensional space. This bound is optimal in terms of the order of
the signal-to-noise ratio, as is shown by the theorem below.

Theorem 3.4. For given 0 < 0 < mpin and integer n =2, let

r=:( g )ﬁ 3.6)

Mmin

13



Then there exist a positive measure |1 = Z;?:l aj(Syj,yj € R¥, with n supports at{(—(n—%)r,o, --+,0), (-(n-
g)‘[,(), <,0),-, ((n— %)T,O, --+,0)} and a positive measure {1 = 2721 a;jby,,V;j€ R, with n sup-
ports at{(—(n—3)7,0,-++,0),(—=(n— $)7,0,-+,0),--+,(n = $)7,0,--+,0)} such thar

||[F10 - ZF || <o, [0in 141 = Minin.

Proof. Similar to the discussions in the proof of Theorem 3.2, the problem can be reduced to

the one-dimensional case. Then leveraging Theorem 2.4 proves the result. O
Theorem 3.4 provides a lower bound to the computational resolution limit @;supp. Com-
bined with Theorem 3.3, it reveals that
Cax(M) (0 \mx . Caor(n)( 0 \zx
Sl (0 <= S )
Q Mmin Supp Q Mmin

for certain constants Cs (1), Cq i (1).

Remark 3.1. Compared to the one-dimensional case in Section 2, the upper bounds of multi-
dimensional computational resolution limits for the number detection and location recovery
in the super-resolution of positive sources has the same dependence on the signal-to-noise ra-
tio and cutoff frequency. Moreover, their dependence on the dimensionality are indicated by
the constant factors in the upper bound. We conjecture that the optimal constants may be in-
dependent of the source number n. Note that the constant factors in the bounds have been
improved in [24] to nearly optimal for the two-dimensional case.

4. Proofs of main results

We first introduce some notation and lemmas that are used in the following proofs. Set

G5O = (1,1, " 4.1)
We recall the Stirling formula that
V2rn™tie " < nl<en"tie ", (4.2)
Lemma4.1. Letty, -, ty be k different real numbers and let t be a real number. We have
r—tg

(Detk =17 pp1(0) ;= Misgergzj T—,
J q

where Dy (k—1):= (¢k_1(t1),--~ ,([)k_l(tk)) with ¢y_1(-) defined by (4.1).

Proof. This is [26, Lemma 5]. For the reader’s convenience, we present a simple proof here.
We denote (Dy(k — 1)’1)” = bj4. Observe that

k
(Drtk =D pp1(8); = ) bjgtI™".
qg=1

14



We have .
Y bjg(t) T =6, Vi, p=1,--,k,
q=1
where § j, is the Kronecker delta function. Then the polynomial P;(x) = 25:1 bjgx1 -1 satis-

fies Pj() =0,---,Pj(tj-1) =0,P;(t;) = 1,P;(tj+1) =0,---, P;(t) = 0. Therefore, it must be the
Lagrange polynomial

pj(x) :Hlsqsk,q;éj PR
i~ tq
It follows that
-1 -4
(Di(k-1) (Pk—l(t))j:Hlsqsk,q;éj.—-
li—1q
O
4.1. Proof of Theorem 2.2
Proof. Step 1. Let
_1 1
e o =2
= _( )2 2 4.3)
Q \Mmin

andtij=—-(n-D1,=—n-2)1,,t,=0,tp41 =7, -+, Ion—1 = (n—1)7. Consider the follow-
ing system of linear equations:
Aa=0, (4.4)

where A = (p2n-3(11),+*, P2n-3(t2n-1)) with ¢2,-3(-) being defined by (4.1). Since A is un-
derdetermined, there exists a nontrivial solution a = (aj,---,as,_1) " to (4.4). By the linear
independence of the any (27 — 2) column vectors of A, we can show that all a;’s are nonzero.
By a scaling of a, we can assume that az,—; >0 and

min |dpj-1| = Mmnin. (4.5)
1=j=n

We define X

n n
b= Z a2]'—1512j71' L= _a2j5t2j'

j=1 j=1

We shall show that the intensities in {1 and pu are all positive and || Z [{1] — Z [u]lleo < 0 in the
subsequent steps.

Step 2. We first analyze the sign of each aj, j =1,---,2n—1, based on a,-1 > 0. The equa-
tion (4.4) implies that

—aan-1P2n-3(tan-1) = (P2n-3(t1), -, P2n-3(t2n-2)) (@1, arn-2)",

and hence

—azn—1 (P2n-3(11),- - ,¢>2n—3(l‘2n—2))_1 Gon-3(ton-1) = (@1, azn—2)".

15



Together with Lemma 4.1, we have

lon-1—1g

= a;, (4.6)
li—lq

—azn-11l12g<2n-2,q#j
for j =1,---,2n—2. Observe first that [Ty <g<2n-2 4 (f2n-1 — t4) is always positive for 1 < j <
2n—2.For j=2n-2,since dpp-1 >0, —azn-11l1<g<2n-2,qg22n-2(f2n-2 — t4) is negative in (4.6).
Thus we have az;,-» <0. In the same fashion, we see that a; <0 for even j and a; > 0 for odd
j- Hence the intensities in i and p are all positive.

Step 3. We demonstrate that || F [i] — & [ullle < 0. Observe that

o _
1514 — F [ullloo xer[lgg{cmlg(y)(x)l, 4.7
where y = Z] 1 ajét] and

2n-1 . (lt] )k [eo) (lx)k

FIY) = ) aje'’"= Z aj Z = ZQk( )
j=1 =

(4.8)

Here, Qx(y) = 22”1 ! ajt} k By (4.4), we have Q(y) =0,k =0,---,2n—3. We next estimate Qx(y)
fork>2n-3.
Step 4. We estimate ZZ” Ya ;| first. We begin by ordering a;’s such that
Mmin = |a]1| = Iajzl == Iajzn_ll'
Then (4.4) implies that
aj, Pan-3(tj) = (Pan-3(tj,), - Pan-3(tj,, ) (—aj, - ,—ajz,l_l)T,
and hence
ajl (¢2n73(tj2); e 7()[)2”*3(1-_]'2”_1)) ¢2n73(tj1) = (_ajzv T _ajgn_l)

Together with Lemma 4.1, we have

tj, —t
aj, H?_sqSZn—Z L “Qjon -
Jen-1 tjq
Further,
ti—t; t—ti | |t -t
D
|ty = L, | o = Lig| [ 80y = 1]

4.9

Mo<g<on-1|tj - tjq| maxj,-1,.. 2n-1 Ho<g<on-1|tj, — tqu

:|a11| S|aj1|

M<g<2n-2 | Ljypy — tjq| minj, =1..2n-11l12g<2n-2 | Ljypr — tjq|

Thus, based on the distribution of #;’s and (4.5), we have

2n-2)! a:|< 2n-2)!
(n=1H2 " 7 (-1

|aj2n,1 | < Mmin,

16



and consequently,

2n-1 2n-1 (271—1)!

j; lajl = ,12::1 |ﬂjq|5(2n—l)|ajzn1|5mmmin. (4.10)

It follows that for k =2n -2,

2n-1 2n-1 (271— 1)!

QeI =1 Y. ajtfl= Y 1ajl((n-17)" < —=— mmin((n-D7)".
j=1 j=1 (n=1)Y

Step 5. Using (4.8), we have

@2n-1)! r QF
Jnax |Zyl(x)| < kzzzn_z mmmm((n -17) o

_@n=D!Mmpin(n—-D*"2(Q)?" 2 12 @ 2n-2)!(n-DF

(n—-1)Y?2n-2)! fr (k+2n-2)!
- (zn _ Dmmin(n _ 1)271—2 (TQ)ZVL—Z +00 (E)k
(n—1)hH? izo\ 2
_@n-Dmmin(n— D> 2@ 1

7Q
— (by (4.3), 7 < 0.2)

(n—-1)2 0.8
2n—-1)mmpin op_n 1
<—— (e1tQ2 —. |by 4.2
ann-1 O Tos [by @.2)
Finally, using (4.3) and the inequality that 2(7%&_—11)) 35 <1, we obtain

max_|F[yl(x)| <o.
x€[-Q,Q]
This completes the proof. O

4.2. Proof of Theorem 2.4

Proof. Lett; =—(n— %)r, bh=—(n- %)T,--- tn=—% 1 =75, lap = (n— %)T. Consider the
following system of linear equations:
Aa=0, (4.11)

where A= (p2n-2(11),"*+, P2n—2(f2,)) With ¢2,,—2(-) being defined in (4.1). Since A is underde-
termined, there exists a nontrivial solution a = (ay, -, a2,) ' By the linear independence of
any (2n — 1) column vectors of A, all a;’s are nonzero. By a scaling of a, we can assume that
az, <0and

min |dz ;1| = Mmin. (4.12)
1<js<n

We define ; ;
= Z a2j—16t2j71’ p= Z _a2j6f2j'
=1 =1
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Similar to Step 2 in the proof of Theorem 2.2, we can show that azj-1 >0,j = 1,---,n, and
aj<0,j=1,---,n. Thus both i and u are positive measures. Similar to Step 4 in the proof of
Theorem 2.2, we can show that

%la'|<—(2m! Mmi (4.13)
PRI E i '

We now prove that
IZ ] - Fulllo = max |Fyl(x)| <o,
xe[-Q,Q]

where y = Z?Zl a;6y;. Indeed, (4.13) implies, for k =2n -1,

2n B 2n K 2n)! k
|2 ajtjl=< ) lajl(n-1/2)1)" < A= Dy min (02~ 1/2)1)".
j=1 j=1 TR

On the other hand, similar to expansion (4.8), we can expand % [y] and have
2n)! k
Qr()=0,k=0,---,2n-2 and |Qk(y)| = mmmin((n— 1/2)1)* , k=2n-1.
Therefore, for | x| < Q,

2n)! i |xlF 2n)! i QF
XJE_I%’,‘Q]|9[Y](X)|5 > oy min (1= 1/2)7) Wsk;_lmmmm“”_”m o

kzzn-1 M (n=1)
_@n)!Mmin(n—1/2?" 1?1 2 )*2n-Din-1/2)F

nl(n—-D!2n-1)! k=0 (k+2n—1)!
20 Mpin (1 — 1/2)2" 1 (7Q)?7 1 *0 (1) k
< ' 7 Z 5
n!(n-1)! =0\ 2
2 - (n—1/2)2n"1z Q)21 1 Q
_ 21 Mmin (1 ) od) — ((2.4) impliesT—SO.Z)
nl(n—1)! 0.8 2
. —-1/2 2n-1 1
SnmmmEn ) : (eTQ)2 1 — (by (4'2))
an™i(n-1)""z 08
1
Tn—1/2) min (7€) 0.8

n 1
<0. (by (24) and m% < 1)

It follows that [|F 4] — F [ullleo < O O

4.3. Proof of Proposition 2.1

Proof. Step 1. For j € {1,2,---,2n}, set t; = —L=27 + (j_z—z)sr if j is even and ¢; =

5 +

Lypinty
j+1
(-1)’z 7 otherwise. Consider the following system of linear equations:

Aa=0,

18



where A = (¢2n-2(t1),*+, P2n—2(t2,)) With ¢2,-2()) defined in (4.1). Since A is underdeter-
mined, there exists a nontrivial solution a = (ay,--- ,agn)T. Also, by the linear independence
of any (2n — 1) column vectors of A, we can show that all a;’s are nonzero. By a scaling of a,
we can assume that a,,, >0 and

min |dzj| = Mmpin. (4.14)
1<j<n

We define

n n
u= Z a2j5t2j' f= Z _azj—lafzjfl'
j=1 j=1

Similar to Step 2 in the proof of Theorem 2.2, we can show that a1 <0,j = 1,---,n, and

azj>0,j=1,---,n. Thus, both fi and y are positive measures.
Step 2. We now estimate Z?Z 1 la;jl. Reorder a; such that

Mmin = laj | <laj,| <---<|aj,,|.

Similar to Step 4 in the proof of Theorem 2.2, we have

l‘. —_ t.
i J
ajlazqzen-1-—— - ==aj,. (4.15)
Lipn = Lj,
. t _t
We next estimate Ilp< g<2,-1 | 7-—|. Note that
2n Vg
|t -5, =15, |t =1, Mesg=an|ty — 1),
Mo<g<on-17— = |l2<g=2n-1 : =
|45 = | [0 = ti)|” |t = ti|  Misgean-1[ty, =,

(4.16)

_ MaXjeq,2,..2m) Micn2,..2m,i%j |ti — tj]

minje,, . 20 Mieq 2, 2m,i%) | ti — 1]

B

12
j=r '

. 1451
We separate {f;} =1, 2, into four classes: C; = {f3;-2} C, = {t4j}]:1,C3 = {t4j_3}j2:1,C4 =

{14 j_l};ijl; See Figure 4.1 for an illustration. The points in each class are evenly-spaced, by
which we can estimate the right-hand side of (4.16).

Note that
max_ Ipeqnz,.2 iltp—tjl= max (maxH R |x — I)
jetla ) peil2,..2n},p#jllp — 1j kor 254\ ec Vel by tan}, Y X y w1
< max (maxH 123411 ec |x— I) =: max c ¥,
il o5 4 reey  p=1234 L yeCyzl X = Y1) =2 IO | Ck
and
min  Ilpe2. 2 i|t, —til= min (minl’[ |x — I)
jel2ian peil2,...2n},p#£jllp — Lj ko123.4 \xeC, Yelty, ooy b}, y£X y w1
> min (minl‘[ —12341yec |x — I) = min ™"
ko123 4 ety P=L23ANyeC yA X T VI = UG Ck
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Distribution of source locations
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Figure 4.1: Distribution of source locations.

The estimates of maxy=1, 3,4 ¢, and ming=123,4 ckmin are detailed in Lemmas A.3 and A.4 in

Appendix A. With the aid of them we control the left-hand side of (4.16) that

It~ i) _ TR 2141 - 1) s

5 (n+ 1)102271—8’

o<g<2n-1 (4.19)

|tj2n - tjq' - 72n-1¢2n-3 ., ((ZLL;ﬂJ — 1)!)4

where the last inequality is obtained by Lemma 4.2 in the following step.
Step 3.

Lemma 4.2. Forn =2, we have

RIVEEI-D
5]

s —(@m+1)

n

(15 J—l)!)4

Proof. Recall the Stirling approximation of factorial, that is,

Varn"ie < nl<entie ", (4.20)
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For n < 11, the inequality can be checked by calculation. For n > 11, we have

n n 1 ; .
(2 fg])'(ng1 - 1)' - 62—4[514—1(2|’%'|)2|'E'|+2 . (2[_%1 _ 1)2f51—5

1 2 (5 +3)*"*? 1 (n+ 1P

<L — . =
=aqg2 _apro n_3y_ 2 Z
472 p4RE-1 (2(%_%)_1)4(2(4 S-1+2  denm (g_%)Zn 8

)12-"g5+2

4dem?

2n-8
1 6 1
=——m+D" |2+ — :—(n+1)1°22"‘8(1+
dem 2-3 n-5

2 ell
<— (1 + —) (n+1)10227-8 < —(n+ 1)10921-8
n-—>5 T

Step 4. Thus, combined (4.15) and (4.19), we have

1182
772

|aj,,| < (n+1)'°2°"%a; |,

and consequently,
2n 2n 112

e s -
Ylajl< Y laj,| <2n——(n+1)"°2°" " mypp. 4.21)
j=1 g=1 n

It then follows that for k=2n -1,

2n—-1

2n 1 k' 2n(n+1)10!1s? sn \k
2: aj(? 2 T)
j=1

Sn —
= E |6lj|(—‘[) =< 2" 8 min(
j=1 2

72
Step 5. We now prove that

Fp) - Fulllo = max |Fyl(x)| <o,
xe[-Q,Q]

where y = Z?Zl a;6y;. On the other hand, similar to expansion (4.8), we can expand & [y] and
have

2n(n+1)10e11 522208 sn ok
Q) =0, k=0,--,2n-2 and |Qx(y) = > Min (7). k=z2n-L
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Therefore, for |x| < Q and n = 6, we have

2n(n+1)P0ells2 sn kx|
Fwis ¥ 2" i (1)
k=2n-1 :
5 2n(n+1)1%!! 222n_8 (sn kQk
T ey n? 2 k!
=>2n— °
<2€11 32n(n+ 1)1022n_8mmin' (SHZTTQ)Zn—l +Zo0 (%)k(zn_ 1)|nk
2 @2n-1) = (k+2n-1)
ell (TQ)Zn 1 2n+1mmlnn(n+1)10 2n—1 +OO(S )
2672 @2n—1) Pr’
11 10,21 p2n-1 +
e n+l)"n ST
<= 2(1&2)2"_132”rl ( ) - ) byStirling’s formula (4.2))
2°m \/2n(2n %"z j=o\ 2
B n(n+1)10 nZﬂ 1 +oo stQ k
<38.0.2*" 1¢g. ( b separation condition (2.5
Van-1 @n-121 & (72 [by sep 25)
2 1
_sg.0.12n 1. MV [ 1 T ((2 5) implies S <0 04)
T VZn—-1 (n-1 1-004 \o>tmphes—==0
<380.0.12n 1. MDY 1
- ) v2n—-1 1-0.04
n(n+ 1)1 1
<o |[38e-0.12"71. \(/2_) — 004<1f0rn26).
n

It then follows that || [fi] - F [ullleo < O
Now consider the case when 2 < n < 5. By (4.19), we have

6 = 8, | _ s?(2131)! (2751 - 1)!

_ . 4
2o = | ((2[%] - 1)!)
and consequently, ) 9 (an n
n 2[51)H2151-1)!
Zlaj|52ns G )'
= (@-1)'

By similar arguments as those for the case when 7 = 6, we can show that for2 < n <5,

Zylx)|<o.

5. Phase transition in the number detection
In this section, employing the sweeping singular-value-thresholding number detection algo-

rithm introduced in [26], we verify the phase transition phenomenon for the number detec-
tion in the super-resolution of positive sources.
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5.1. Review of the sweeping singular-value-thresholding number detection
algorithm

In [26], the authors proposed a number detection algorithm called sweeping single-value-
thresholding number detection algorithm. It determines the number of sources by thresh-
olding on the singular value of a Hankel matrix formulated from the measurement data.

To be more specific, suppose the measurement is taken at M evenly-spaced points w; =
-Q,wy, -, wp =, that is,

Ywj)=Fuwj)+Ww;), j=1,---,M.

We choose a partial measurement at the sample points z; = w—1)r+1 for t =1,---,2s+1,

where s = n and r = (M —1) mod 2s. For ease of exposition, assume r = 1\/;1 Then z; =

W _pyma1 g =—Q+ 10 (since wy = —Q, wy = Q) and the partial measurement is
2s

Y(z;) = Fu(z) +Wi(zy), 1<t<2s+]1.

Assemble the following Hankel matrix by the measurements that

Y-Q) YQ+1iQ) - Y(0)
Y-Q+1Q) Y(-Q+2Q) - YEQ

H(s) = _ . (5.1)
Y(0) YO - Y@

We observe that H(s) has the decomposition
H(s) = DAD' +A,

where A = diag(e”?'%ay,---,e""%q,) and D = (gbs(eiyl%),--- ,(,bs(eiJ’"%)) with ¢s(w) being
defined as (1,w,--,w*) " and

WE-Q) WEQ+iQ) - W(0)
W-Q+10) W-Q+2Q) - W(EQ)
W(0) wio) - WO

We denote the singular value decomposition of H(s) as
H(s) = UU",

where £ = diag(61,--+,0 5,0 n+1, "+ ,05+1) with the singular values 6, 1 < j < s+1, ordered in
a decreasing manner. From [26], we have the following theorem for the threshold to deter-
mine the source number.

Theorem 5.1. Lets=n and = Z;.lzl a;jby; withyj€1(n,Q),1=< j<n. We have

6js(s+1)0, j=n+1,---,s+1. (5.2)
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Moreover, if the following separation condition is satisfied

1

min|y, — '|>E(M - )m o
p#j Yp=¥i Q ((M)?  Mmin ’ |
B (nT—l!)Z, n is odd,
where ((n) —{ (IES2),  nis even, then
Gn>(s+1o. o

Based on this theorem, the threshold should be (s + 1)o and the following Algorithm 1 was
proposed to detect the source number for fixed s.

Algorithm 1: Singular-value-thresholding number detection algorithm

Input: Number s, Noise level o;

Input: measurement: Y= (Y(w1), -, Y(w M))T;

1: 7= (M-1) mod2s, Ynew = (Y(@1),Y@r11),+, Y(@25r11) T

2: Formulate the (s + 1) x (s + 1) Hankel matrix H(s) from Y;¢,,, and compute the
singular value of H(s) as 61,---, 611 distributed in a decreasing manner;

4: Determine nby 6, > (s+1)gand ;< (s+1)o,j=n+1,---,s+1;

Return: n.

In Algorithm 1, the s = n should be properly chosen to have a good resolution. To address
this issue, a sweeping strategy was utilized and the following Algorithm 2 was proposed. It
was shown in [26] that the Algorithm 2 achieves the optimal resolution order.

Algorithm 2: Sweeping singular-value-thresholding number detection algorithm

Input: Noise level 0, measurement: Y = (Y(w1), -+, Y(w ITLE
Input: 1,5, =0
fors=1: L%J do
Input s,0,Y to Algorithm 1, save the output of Algorithm 1 as 1,¢coper;

if nrecover > Nimax then
L Pmax = Nrecover

Return 72,4

5.2. Phase transition

We know from Section 2 that the resolution limit to the number detection problem in super-
resolution of positive sources is bounded from below and above by % ( m‘;n ) 77 and % ( m([)—nin ) w3 ,
respectively for some constants Cj, C,. This indeed implies a phase transition phenomenon
in the problem. Specifically, recall that the super-resolution factor is SRF = ﬁ and the
m(‘;‘i“ can be viewed as the signal-to-noise ratio SNR. Taking the logarithm of both sides of

the two bounds, we can conclude that the exact number detection is guaranteed if

C
log(SNR) > (2n—2)log(SRF) + (2n-2)log —,
b8
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and may fail if

C
log(SNR) < (2n—2)1og(SRF) + (2n—2)log )
m

As a consequence, we expect that in the parameter space of log SNR—log SRF, there exist two
lines both with slope 2n — 2 such that the number detection is successful for cases above the
first line and unsuccessful for cases below the second. In the intermediate region between
the two lines, the number detection can be either successful or unsuccessful from case to
case. This is clearly demonstrated in the numerical experiments below.

—w, @] with pos-
itive amplitudes a;’s. The noise level is o and the minimum separation distance between
sources is dmin. We perform 10000 random experiments (the randomness is in the choice of
(dmin, 0, Y, aj)) to detect the source number based on Algorithm 2. Figure 5.1 shows the re-
sults for n = 2,4, respectively. In each case, two lines of slope 2n — 2 strictly separate the blue
points (successful detection) and red points (unsuccessful detection) and in-between is the
phase transition region. It clearly elucidates the phase transition phenomenon of Algorithm
2 and is consistent with our theory.

We fix Q = 1 and consider n point sources randomly spaced in

(a) detection success (b) detection fail (c) phase transition region

s , s =t

slope=2n-2

(d) detection success (e) detection fail (f) phase transition region

Figure 5.1: Plots of the successful and the unsuccessful number detection by Algorithm 2 de-
pending on the relation between log(SRF) and log(%). (a) illustrates that two
positive point source can be exactly detected if log(m;ﬁ“) is above a line of slope
2 in the parameter space. Conversely, for the same case, (b) shows that the num-
ber detection fails if log(~2) falls below another line of slope 2. (c) highlights
the phase transition region which is bounded by the black slashes in (a) and (b).

(d),(e) and (f) illustrate parallel results for four positive point sources.

25



6. Phase transition in the location recovery

In this section, by the MUSIC algorithm we verify the phase transition phenomenon for the
location recovery in the super-resolution of positive sources.

6.1. Review of the MUSIC algorithm

In this section we review the MUSIC algorithm. From the measurement Y = (Y(w1), Y(w>), -+, Y(w M))T
and M = | 21|, we assemble the (M + 1) x (M + 1) Hankel matrix,

Yw)) Y(w2) - Yoy
Yw2) Yws) - Yy,

H=| o M 6.1)
Y(wy) Yoy - Y@yp,,)

We perform the following singular value decomposition for H,
H=USU*=[U01 U,ldiag(61,62,,6,6ns1,,0 )01 Ual%,

where U; = (U1),---,0Un), U, = (Un+1),---, UM + 1)) with n being the source number.
Then we denote the orthogonal projection to the space U, by Pox =0, (172* x). For a test vector
D(x) = (1, eh* - eMh))T with b being the spacing parameter, we define the MUSIC imaging
functional

. 0@z _ oGl
J) = — =— .
12,001l 1030012

The local maximizers of f(x) indicate the locations of the point sources. In practice, we test
evenly spaced points in a specified interval and plot the discrete imaging functional and then
determine the source locations by detecting the peaks. We present the peak selection algo-
rithm as Algorithm 4 and summarize the MUSIC algorithm in Algorithm 3 below.
Algorithm 3: MUSIC algorithm
Input: Measurements: Y = (Y(w1), -, Y(w M))T, sampling distance h, source number #;
Input: Region of test points [T'S, TE] and spacing of test points TPS;
1: Let M = L%J, formulate the (M + 1) x (M + 1) Hankel matrix X from Y;
2: Compute the singular vector of X as U(1), U(2),---, U(M + 1) and formulate the noise
space U = (U(n+1),---, UM +1));
3: For test points x’s in [T'S, TE] evenly spaced by TPS, construct the test vector
o(x) =1, eihx, . eith)T;
4: Plot the MUSIC imaging functional J(x) =

Pl .
1050001l

5: Select the peak locations y;’s in the J(x) by Algorithm 4;
Return j;’s.
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Algorithm 4: Peak selection algorithm

Input: Image IMG = (f(x1),---, f(xn));

Input: Peak compare range PCR, differential compare range DCR, differential
compare threshold DCT;

1: Initialize the Local maximum points LMP =[], peak points PP =[];

2: Differentiate the image IMG to get the DIMG = (f'(x1),---, f'(xn));

3:for j=1:Ndo

if f(x;) = max(f(xj-pcr), f(Xj—pcr+1), -+, f(Xj+pcr)) then
t LMP appends x;;

4: for x; in LMP do

if max(|f'(x;-pcr)l,|f' (xj-pcr+Dl,--,|f' (Xj+pcr)l) =2 DCT then
t PP appends x;

R;turn: PP.

6.2. Phase transition

The derived bounds for the resolution limit 27}, pp Of the location recovery in the super-
resolution of positive sources implies a phase transition in the problem. Taking the logarithm
of both sides of the two bounds, we can draw a conclusion that the location recovery is stable
if
Gs
log(SNR) > (2n—-1)log(SRF) + (2n—1)log g

and may be unstable if
Cy
log(SNR) < (2n—-1)log(SRF) + (2n—-1)log g

for certain constants Cs, C4. Similar to the number detection, we expect that in the parameter
space of log SNR —log SRF, there exist two lines both with slope 27 — 1 such that the location
recovery is stable for cases above the first line and unstable for cases below the second. This
phase transition phenomenon has been demonstrated numerically using the Matrix Pencil
method, MUSIC and ESPRIT in [5,20-22] for resolving general sparse sources.

In what follows, we shall conduct numerical experiments to demonstrate the phase transi-
tion phenomenon for the MUSIC algorithm in the super-resolution of positive sources. For
simplicity, we fix Q = 1 and consider n = 2 or 4 positive point sources separated with min-
imum separation dpin,. We perform 10000 random experiments (the randomness is in the
choice of (dmin, 0, yj, a;) to recover the source locations using Algorithm 3. The recovery is
deemed stable only if  locations y;’s are recovered and they are in a dg“‘ -neighborhood of
the ground truth; see Algorithm 5 for details in a single experiment. As is shown in Figure 6.1,
in each case, two lines with slope 2n — 1 strictly separate the blue points (stable recoveries)
and red points (unstable recoveries), and in-between is the phase transition region. This is
exactly the predicted phase transition phenomenon by our theory. It also demonstrates that
the MUSIC can resolve the location of positive point sources with optimal resolution order.
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Algorithm 5: A single experiment
Input: Sources y = Z;’zl a;by,, source number n;
Input: Measurements: Y
Input source number 7 and measurement Y to Algorithm 3 and save the output as
1, ¥ which are ordered in an increasing manner;
if k==n then
Compute the reconstruction error for the source location y; that e; :=|y; — y;l;

iy 15 Y1l then

ifmax;-..ne; <
| Return Stable
else
| Return Unstable

else
| Return Unstable.

(a) recovery success (b) recovery fail

(d) recovery success (e) recovery fail (f) phase transition region

Figure 6.1: Plots of the stable and the unstable location recoveries by Algorithm 3 in view of
the relation between log(SRF) and log(@). (a) illustrates that the locations of
two positive point sources can be stably recovered if log(mg““) is above a line of

slope 3 in the parameter space. Conversely, for the same case, (b) shows that the

locations cannot be stably recovered by MUSIC if log(%) falls below another line
of slope 3. (c) highlights the phase transition region which is bounded by the black
slashes in (a) and (b). (d),(e) and (f) illustrate parallel results for four positive point

sources.
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7. Conclusions and future works

In this paper, we have introduced the resolution limit for respectively the number detection
and the location recovery in the super-resolution of positive sources. We have quantitatively
characterized the two limits by establishing their sharp upper and lower bounds. We have
also verified the phase transition phenomena that predicted by our theory in the number
detection and support recovery problems.
Our new technique provides a way to analyze the resolving capability of the super-resolution

of positive sources. The applications of the technique introduced here to other problems will
be presented in a near future.

A. Auxiliary lemmas

The following results can be easily proved.

LemmaA.l. LetneN* andt>0andlet€¢ ={j=1,2,...,n}. Then

(1):
n .
[-1€argminllyes xz.1x— zl, (A.1)
2 z€€
and " "
inII —zl={1=1=-1"{L=]1% A2
min e, vzlx - 21 = (151 1)1{15 ) (A2)
2):
argmaxlIlyece xz-l1x— 2| =1{1,n}, (A.3)
Z€EE
and
maxIlyeq xzzlx— 2l = (-1 (A.4)
ZEE

Lemma A.2. Let n € N* and let p, g € R be such that p > q > 0. For the following three sets of
evenly spaced points 61 :={x; =(j—1Dp,j=1,...,n}, 6:={y;j=(-1)p-q,j=1,...,n}, and
G3:={yj=(-Dp—-q,j=1,...,n+1}, we have

(1): argminges, I17_ 12— xjl < {y12)41, ¥\ 2)42}, and

. [51-1 . . [2]-1 .
min[lL, |z x| =02, (min(p—q,@)+pj)-T;Z, * (max(p—q,q)+pj); (A.5)

(2): argmingee, I17_ 12— xjl < {y12)41, ¥ 2)42}, and

n

minl'[;lzllz—xﬂ =T1I 5210_1 (min(p - g, q) + pj) -Hﬁjo_l (max(p—q,q) + pj); (A.6)

[
ZEG3 J

(3): y1 € argmax;e, H;.lzl lz— x|, and

maxIl7_ |z~ x;| =112 (¢ + pj); A7)

ZEB,
(4): argmaxzeq, I17_, 12— x;1 < {y1, yns1}, and
maxT1_ |z~ x;| = 725 (max(p - q,¢) + pj). (A.8)

Z€<€3
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Proof. Cases (3) and (4) are obvious. For cases (1) and (2), we only need to prove case (2). We
verify firstly that for any integer k with 0 <k < [ 5] +1,

5 e = xj1 > T [k — X1 (A.9)
This holds since
M |ye = xj1 = 21 g = 251 T2 i = X511y = ]
and
Ty Yiesr = %71 = Yieer = 2T ke = 51 TU_ e = %1,

k-1 —_ 17k -1 _
As T2y e = X1 = T [ Yier = X5, H}T‘:klyk—le = H;-l:k+1|J/k+1 —xjland [yg — x| = | Yr41 — 21l

due to the geometrical structure of €6, %3, we have (A.9). A similar argument gives that for
any integer k with [ 7] +2<k<n+2,

H;l:1|}’k—xj|>H?:1|J/k—1—xj|~ (A.10)

This proves that argminge«, I7_,12 = Xj1 < {y 241, ¥ 2)+2} and thus the minimum value can
be checked directly. O

LemmaA.3. For c}nax, j=1,2,3,4, defined in (4.17), we have
n n
max ¢ < g2n-1g2n-1 (2 r—1)! (2[—1 - 1)!.
j=1,234 / 2 2

Proof. We study c}nax, j=1,2,3,4, term by term. The definition of ¢;"** yields

max
¢y =maxIli=y 23 4lyec,,yzxl X — ¥l
xeCy

< maxlIlI x—y|-maxII x—y|-maxII x—y|-maxII x—yl.
x€Cl yECI,y;éxI _V| xECl y€C2| yl x€Cl y€C3| _VI xECl y€C4| y|
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Note that, by Lemmas A.1 and A.2, we have
m%xl'[yeclyﬁxlx -yl < rl21-1 (l‘[;i—l(Zsj)) (case (2) in Lemma A.1)
xeCy
< 731714511 (2[31 ~1)n.

12]-1

maxlIlyec,|x—yl < 7tz (H —o @sj+ s)) (cases (3) or (4) in Lemma A.2)
x€C1 J=

n n n
< rlalsla! (ZLEJ —2)”~

[21-1 ) (case (3) in Lemma A.2)

_ 141 2 .
rgé%)ld'[yecslx yl=st1'2 (Hj:0 (2sj+1)
n n n
<7l2lglz—1 (2[5])!!.

L2)-1

=0 (2sj+2s— 1)) (cases (3) or (4) in Lemma A.2)

maxTlyec, X~ I < w8 (n
<7l3l5l3) (ngJ ~1)n.
Thus
e < 7217 2L 2 f%] ~2)n (2L§J ~1)n (2[%1 -1y (ZLSJ)!!
= 72n-1g2n-2 (2[31 ~1); (2[9)!.

Regarding c;"®, we have

max
¢y =maxIli=y234lyec,, yzx| X — ¥l
x€C2

< maxlII |x — y|-maxII |x— y|-maxII |x— y|-maxII |x—yl.
XECZ )/EC] y XECz yECz,y?fX y XECZ )/€C3 y XECz y€C4 y
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Note that, by Lemmas A.1 and A.2, we have
max,ec,lx—y <782 25j+5)  (cases (3) in Lemma A.2)
xe%); yeglXx=yl=s7 jo @sj+s cases emma A.

n n n
<7/31503] (2[51 - 1)!!.

m%xﬂyecz,y;éxlx —yl=7lalt (HE?_JI_I (Zsj)) (case (2) in Lemma A.1)
x€C, =

< 8115801 (2ng —2)!!.

m%xHyEQIx— yl= Tf§1 (H;f_]o_l(ZSj +s+ 1)) (case (3) in Lemma A.2)
xeCy =
[ rﬂ1( A\
<t'2'g'2 2[2])...

12]-1

o @sj+s=D]  (case(3)inLemmaA.2)

maxTlyec, X~y < 714 (i
< 7l8l5l3] (2ng ~1)n.
Thus
cmax < 72n-12n-1 (2[21 ~1)n (2ng ~2n (2[21)!! (ZLSJ ~1)n
= g2n-1g2n-1 (2[%1)! (ZLSJ -1

As for cgna", we have

max __
¢z =maxlli=1234llyec,,yzxlx = ¥l
XEC?,

< maxII |x— y|-maxII [x—y|- max II |x — y|-maxII |x—yl.
xeCs vet Y x€Cs et Y x€Cs,y#x vets Y x€Cs yeta Y
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Note that, by Lemmas A.1 and A.2, we obtain
rnaxl'lygc lx—yl <72 ]( r 20 (23] + 1)) (case (3) in Lemma A.2)

<3151 (2[51 - 1)”~

l31-1

maxII x—y| < TL%J (H
xeCs y€C2| y| ]:

2sj+s+ 1)) (case (3) or (4) in Lemma A.2)

m%xHyecg_y¢x|x—y|ST[g]_l( 5_ 1(231)) (case (2) in Lemma A.1)
x€Cs =

< 7l31-1g0E1-1 (2[51 —2)!!.

I}é%)sd'lyg@lx— yl = 7l (Hf: 1(23] +2s5— 2)) (case (3) or (4) in Lemma A.2)
Thus
n n n
Cmax < ¢2n-1 20512 (2[51 1) (12 @sj+ s+ D@sj+25-2)
2n-1 2121-2 (o _ 1)y, (wl2l-1
<7 sz (2[2] 1). (H]:O (2s1+s)(2s1+2s))
_2n-12n-3 (51 _1\i(o )y
= 72l (2[21 1).(2[21)..
Finally, we study ¢,"**. We have
maxl'[yec |x— y|<rr 1(1_[[ 21~ l(25j+1)), (case (3) in Lemma A.2)
2 7211 % _ 1\
<t'z'g'2 (2[2] 1)..
maXHyECZIx J/|<TL J(l'IL 2 1(28]+s—1)), (case (3) in Lemma A.2)
L2 21 P
<t'2'g'2 (ZLZJ)..
maxl'lyecslx yl=tlzlm 5: (25] +2)), (case (3)in LemmaA.2)

n
IR (2[—1 - 1)!!.

\S)

%Jl

m%xHyEQ,y#xlx— yl= rLgJ‘l( 1 (2s))). (case (2) in Lemma A.1)
x€Cy

< TLgJ_lngJ_l(ZLEJ —2)!!.
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Thus

CIaX rZ"‘lsZ”‘l(zrg1 ~1)n- (2@)!! : (2[%1 ~1)n- (2ng ~2]n
< 12"‘1s2"‘1(2[g1)!(2[§1 -1

By concluding above discussions, we have

]:1,%403’“ < p2nlg?ne 1(2[ ]) (2[ ]—1)

LemmaA.4. Forc ,] =1,2,3,4, defined in (4.18), we have

151
jf{l;%AlC;n _TZn 1 2n 3 ((ZL J—l)')

Proof. We evaluate ckmin, k=1,2,3,4. For c{nin,

min 3
= gcrellcrlll'[kzl,z,g,4l_lyeck,y¢x|x -V

=>minII |x—y|-minII |x—y|-minII |x—y|-minII |x—yl.
x€C1 yECl’y#x y XECl yECZ y xECl y€C3 y xECl yEC4 y
By using Lemmas A.1 and A.2, we have

!
(] 2s)-11 zzlj(j~25), (case (1) in Lemma A.1)

S

|| ‘N‘§

. = 1R 12

ECI;ICIIIHJ/EC1|X yl=1'2 1'[]
n n 51 [

_ Tfﬂ—lsfﬂ—l((zri] -2 @l D)

7181-1150- 1((2LL JJ_g)u mu])u)

. L
s+2sj)-1;

o, (s+2sj), (case(1)or (2) inLemmaA.2)
|

P 4
. o ;
minfyec, el =yl =720, 5 :

L

TN
=

- L2 - DY)

|NI: N|NI:
—

NS DN

iy

L

> lalgl5]

—rl?Jsng((z{ H
(L 3

[\

- 1)!!~(2[%J - 1)!!).
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Furthermore,

i) 3
minMec =yl =782 ™ (1+25)) 127 @s—1+25k)  (case (1) in Lemma A2)
xeCy = =
5] 21
=72 (2sg) 2 (s 2sh)
n n |-_] [E-|
— 11315311 orl2 9 _oyn 21 222 1)1
T35 (o Z1-2t-el2) iy
n n

1316l31- 1((2L[2]J —2)N. (ZL!J_DH)

TN (ZLL JJ_I)

(5] 5
micnl'[yec4|x—y|:r[ JHE:ZO] 1(1 +2sj)- I'[L_ZOJ 1(23—1+25k) (case (1) or (2) in Lemma A.2)
xeC, =
[51) |8
> T (25)) M2 (s 25K)

n

L8] 21 2 ZoN. (2] =22
=T1'2's ((2[ 2 1=-2)'-(2] 5 | 1)!!)
0y in 15
5] L51-1 2-, _
>1'2's (ZL 5 | 1)!.

By combining estimates in the above four cases, it follows that
3

n

Regarding ¢!, we have

min __ .
¢y =minlli=y 2 340yec,,yzxlx = VI
xeCy

=>minII x—y|-minII x—y|-minII x—y|-minII x—=1yl.
el yEC1| N4 el y€C2,y;£x| VI el y€C3| VI el yEC4| VI
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Note that by Lemmas A.1 and A.2 we have

rnicnl'[yecllx—y|:rr ]Hgf] (s+2s1) ﬁfj (s+25j) (case (1) or (2) in Lemma A.2)
x€Cy
121
[ 1 [ 1 . 2
((zr (RRVIRCIEES 1)!!)
n o 5]
151051 2 . 27 _
151502 (2r -l 1)!!).

L15)

G292 (29)  (case (1) inLemma A1)

_ plal-1gl51- 1((2[[ J1_2)" (ZLLEJ
12] lZJ
21 -2 @l-= D).

|| ‘N‘:

. f
minII x—yl =771 2
el yECz,y76x| Yl j

J)!!)

> 78715 o

121

|| N‘.\,‘x

: Cyl= 12 5 _
gcrenclzll'[yEQIx yl=1'2 1'[] (s 1+2sj)- gin

1 121

T (s+2sk)

H ‘N\: C”D ‘m\*

|| N‘N‘:

>3 2 (25]) ais

f
J
— ¢ [314151- 1((2[[ ]]_z)n (ZLMJ_DH)

> 71515751~ 1((2“ ]J 2. (ZLMJ_DH)

_Tr;wsr;]—l(ztf;_n .

[5:100 510
mlnHy€C4|x yl=tl2 JHLZO] 1(s—1+23j)~l'[,LC:0J 1(s+1+23k) (case (1) in Lemma A.2)
. Unré] ! as)). HL%H( +250)
T2l sj) T2 (s+2s
151 151

_ LJLJl _ . -l
=7 ((2r 1-2)1- @2l 1)!!)

4l in 2] [Z]
> plalgls1-1 S2° oy (9] =27 _
> 7lilg ((ZL Zl-2-el2 1)!!)

=7l ngJ_l(leziJJ -l
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Thus,

C;nin > T2n—152n—3 . ((2[%1 —DN- (ZLEJ — 1)!!) . ((2[@] 2. (2|__J)H
:rZ"-ISZ"-3-(2ru1—1)' (ZL[ Ly (2LuJ—1)' (ZLL Ly
> p2n=1 @2n-3 (2LL L. ((zLL JJ—l)')

We then turn to estimate anin_ We have that

min _ s
gt = ;rell(:?ﬂkzl,z,g,4nyeck,y¢x|x -V

15

)

(2L!J - D! (2LuJ -!

=>minlI x—y|-minII x—y|-minII x—y|-minII x—=1yl.
_X,'EC3 yEC1| y| xECS y€C2| _V| xEC3 y€C3,y7éx| yl xEC3 yEC4| y|

By Lemmas A.1 and A.2, it follows that we

minM e |x—y|=1'2 Hré] 1(1+2s) L[lZ]J_I(Zs—1+25')
x€Cs et Y= j=0 J ]:0 ]
[%1 14
[—5-1- l*J .
>7l2 ]I'I]:1 (23]) i<0 (s+231)

n n
= Tf?sf?]*l((zfQ] —2)!!-(2LMJ - 1)!!)

2]

=7/ (212 -2 (ZLMJ—I)”)

=T[Z1SFZ1-1(2LL2LJJ -1l

2o 12
minIlyec,|x yI—TL J1'[]:0 (s—1+2sj) 2" (s+1+2sk)
B (s— 3 1
_ (s (S S GG
T2 (s 2 H].:0 ( 5 +2j Hj:O S +2j
(e, L g £
> 71313 S AT ) (1+2)]
1 n) (121 1)
=1 s (2 2g) -2 (14 2)))
1 o n 151 5]
_ 114 H( L2 24, )
=—gl2dgzd| (2 22 n!
5 @1 5 1=2)1-( L )
21 21 L2] Ln
2 rtilsti (@12 -2 @1=2%) -1t
At
= orhlstle==) -1
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31— 1

H ‘N\:
‘M:

f{lgicnI'Iyecw;,,gxlx—yI=Tr E (] 2s)-11 j=1 (] 25) (case (1) in Lemma A.2)
n
7181-14151- 1((2” ]]_z)n (Zluj)n)
> 71531-14151- 1((2L[ ]J_ 2. (gluj_l)u)

_Tf 1-1 f 1- 1(2'_[ ]J_l)l

(Zs —2+2sk) (case (1) or (2) in Lemma A.2)

EZTL%JH;?] (2sj)-11 LT “(s+2sk)
_oplBlgll- l((sz J]_z)n (gluj_l)u)
= 27lalsle)” 1((2LL Lo (2L£J—1)")

= zﬂé”sl?J‘l(zL%J 1.

Thus,
e LL Lo (2Luj—1)' (2Luj—l)' (2LuJ—1)'
> 721715208 ((ZL[ S
Finally, regarding cmm, we write

min _ -
¢y =minllg=y234llyec;, yzxlX — ¥l
xeCy

>minII |x—y|-minII |x—y| -minII |x—y|-minII |x—yl.
min yeC y mn yeCy y e y€Cs y el yeCy,y#x y

Note that, by Lemmas A.1 and A.2, we obtain

Ea 12
. [2-1-1 12— . .
gcrélcrzl'[yecllx—ﬂzﬂ ]HFZO (1+2s))- H]:ZO (2s—1+2sj) (case (1) in Lemma A.1)
ny 1211 s
>H2]1'[].:21 (23]) :2 (s+2sj)

n
= H?]sf?]*((er] —2)11- (ZLMJ -1
> 7l21sl21 1((2L[2]J—2)” (ZLMJ—I)”)

=7l215l21- 1(2[r 1] Dl
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minlyec,|x yl—'rL JHE:] 1(s—1+2$]) H,LCZZOJ_l(s+1+23k) (case (1) in Lemma A.1)
_ (g (s ) s+l
T2 (s 2 H].:0 (T+2] ’Hj:o (T+21))
DT NEIRR S S T S ;
> 75 (s oo (2/)-1,5 (1+2]))
151 L%J

1 n n
LN _
=5ttls ((2[ 5 T=2)1- (2| 2= 1)!!)

> %TL%JsL?J ((ZL—LEJJ —2. (2L—L;JJ - 1)!!)
1 151
MUY _
—2 (2L I=D.

120 )-1

mlnHy€C3|x yI—Tr ]HEZZO] 1(2+2$]) I, (2s—2+2sk) (case (1) in Lemma A.1)

,_
N\

T
k=0

n n
_ o515~ 1((2[[ ]]_z)n (Zluj_l)u)

J_l(s+25k)

n

> 27/2ls21" 1((2“ L (2L!J—1)”)

n n |- ]
=27/3] sfﬂ—l(zt%J -1l

‘N\:

. [l
minII X— :TL 1=l
e yeC4,y;£x| VI j=1

(] 2s)-11 j=1 (] 25) (case (1) in Lemma A.2)
=rlallslals 1((2rL2J1—2)" (ZLLZJJ)!!)

11 |2 15) 15)

2]-1 1%]-1 2 _
=787 (@120 -2 L) - )

21-1 L8112
=72 §2 (ZLTJ -1

Thus,
iz T2 LL JJ—1)' (2Luj—1)' (2L!J—1)' (zluJ—l)'
> 7211 g2n3, ((zLL JJ—l)!) :
Summarizing all claims above finishes the proof. O
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