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A mathematical theory of
super-resolution and diffraction limit *

Ping Liu' Habib Ammari'

This paper is devoted to elucidating the essence of super-resolution and deals
mainly with the stability of super-resolution and the diffraction limit. The first
discovery is two location-amplitude identities characterizing the relations be-
tween source locations and amplitudes in the super-resolution problem. These
identities allow us to directly derive the super-resolution capability for number,
location, and amplitude recovery in the super-resolution problem and improve
state-of-the-art estimations to an unprecedented level to have practical signifi-
cance. The nonlinear inverse problems studied in this paper are known to be very
challenging and have only been partially solved in recent years. However, thanks
to this paper, we now have a clear and simple picture of all of these problems,
which allows us to solve them in a unified way in just a few pages.

The second crucial result of this paper is the theoretical proof of a two-point
diffraction limit in spaces of general dimensionality under only an assumption on
the noise level. The two-point diffraction limit is given by
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for =3 Where = represents the inverse of the srgnal -to-noise ratio (SNR)
and Q is the cutoff frequency In the case when —>— > 1 there is no super-

resolution in certain cases. This solves the long- standlng puzzle and debate about
the diffraction limit for imaging (and line spectral estimation) in very general
circumstances. Our results also show that, for the resolution of any two point
sources, when SNR > 2, one can definitely exceed the Rayleigh limit Z, which
is far beyond common sense. We also find the optimal algorithm that achieves
the optimal resolution when distinguishing two sources. By this work, we hope
to inspire a start of a new period where examining the resolution based on the
signal-to-noise ratio becomes a feasible method in the field of imaging.
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1. INTRODUCTION

Since the first report of the use of microscopes for observation in the 17th century, optical
microscopes have played a central role in helping to untangle complex biological mysteries.
Numerous scientific advancements and manufacturing innovations over the past three cen-
turies have led to advanced optical microscope designs with significantly improved image
quality. However, due to the physical nature of wave propagation and diffraction, there is a
fundamental diffraction barrier in optical imaging systems which is called the diffraction limit
or resolution limit. This resolution limit is one of the most important characteristics of an
imaging system. In 19th century, Rayleigh gave a well-known criterion for determining the
resolution limit (Rayleigh limit) for distinguishing two point sources, which is extensively used
in optical microscopes for analyzing the resolution. The problem to resolve point sources sep-
arated below the Rayleigh limit is then called super-resolution and is commonly known to be
very challenging for single snapshot. However, Rayleigh’s criterion is based on intuitive notions
and is more applicable to observations with the human eye. It also neglects the effect of the
noise in the measurements and the aberrations in the modeling. On the other hand, due to the
rapid advancement of technologies, modern imaging data is generally captured using intricate
imaging techniques and sensitive cameras, and may also be subject to analysis by complex
processing algorithms. Thus Rayleigh's deterministic resolution criterion is not well adapted
to current quantitative imaging techniques, necessitating new and more rigorous definitions
of resolution limit with respect to the noise, model and imaging methods [41]. Our previous
works [31, 30, 29, 27] have achieved certain success in this respect and enable us to understand
the performance of some super-resolution algorithms. Nevertheless, the derived estimates
are still lacking enough guiding significance in practice on the possibility of super-resolution.
Here we present new and direct understandings for the stability of super-resolution problem
and substantially improve many estimates to have practical significance. Many astonishing
facts were disclosed by our results, for instance, it is theoretically demonstrated here that the
super-resolution is actually quite possible.

1.1. MATHEMATICAL SUPER-RESOLUTION AND OUR THEORY

This paper is devoted to elucidating the essence of super-resolution and deals mainly with the
stability of super-resolution and the diffraction limit. We consider the imaging problem as
recovering the sources p = 27:1 a j6yj,y i€ R* from its noisy Fourier data,

Y(w) = Z[ul(@) + W) = Y a;eVi + W), w R, |loll;<Q, (1.1
j=1



where W represents the total effect of noise and aberrations. This is a common model in
mathematics for theoretically analyzing the imaging problem [16, 6, 3]. It is directly the model
in the frequency domain for the imaging modalities with sinc(|x||,) being the point spread
function [13]. Its discrete form is also a standard model called line spectral estimation in the
fields of array processing, signal processing, and wireless communications. On the other hand,
even for imaging with general point spread functions or optical transfer functions, some of the
imaging enhancements such as inverse filtering method [18] will modify the measurements in
the frequency domain to (1.1). This ensures that our model has sufficient practical background
and significance and that our results can be applied to a wide range of imaging systems.

Due to the diffraction, even if there is no noise, it was widely considered classically that
there is a diffraction limit in distinguishing two sources from their image based on visual
ability of the human eye. Lord Rayleigh studied it and formulated a "resolution limit" based
on the criterion: two point sources observed are regarded as just resolved when the principal
diffraction maximum of one Airy disk coincides with the first minimum of the other. Note
that, based on Rayleigh’s criterion, the corresponding Rayleigh limit for imaging with the point
spread function sinc(||x||2)? is G- On the other hand, it was shown by many mathematical
studies that Rayleigh limit F is also the critical limit for the imaging model (1.1). To be more
specific, in [16] Donoho demonstrated that for sources on grid points spacing by A > T, the
stable recovery is possible from (1.1) in dimension one, but the stability becomes much worse
in the case when A < . The result of our paper also reveals the particularity of . Thus the
super-resolution problem for model (1.1) is considered to surpass the Rayleigh limit 5. The
main aim of our paper is to analyze the stability of such super-resolution problems.

From model (1.1) in dimension one, our first discovery is two Location-Amplitude-Identities
characterizing the relations between source locations and amplitudes in the one-dimensional
super-resolution problem. These identities allow us to directly derive the super-resolution
capability for number, location, and amplitude recovery in the super-resolution problem and
improve state-of-the-art estimations to an unprecedented level to have practical significance.
Although these nonlinear inverse problems are known to be very challenging, we now have a
clear and simple picture of all of them, which allows us to solve them in a unified way in just a
few pages. To be more specific, we proved that it is definitely possible to detect the correct
source number when the sources are separated by
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where y;’s are one-dimensional source locations and —>— represents the inverse of the signal-
to-noise ratio (SN R). This substantially improves the estimate in [30] and indicates that super-
resolution in detecting correct source number is definitely possible when % > (20)22,

Moreover, for the case when resolving two sources, the requirement for the separation was

improved to
1
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indicating that surpassing the Rayleigh limit in distinguishing two sources is definitely pos-
sible when SNR > 4. This is the first time where it is demonstrated theoretically that super-
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resolution is actually quite possible. For the stable location recovery, the estimate was im-
proved to

2.33(371 ( o )W{l

as compared to the previous result in [30], indicating that the location recovery is stable when
@ > (2.36e)?""1. These results provide us with quantitative understandings of the super-
resolution of multiple sources. Moreover, since our method is rather straightforward, it is very
hard to substantially improve the estimates now and we even roughly know to what extent the
constant factor in the estimates can be improved.

Our second crucial result is the theoretical proof of a two-point diffraction limit in spaces of
general dimensionality under only an assumption on the noise level. It is given by
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for —_ < 3. In the case when —*— > =, there is no super-resolution under certain circum-

stances. Thls solves the long- standlng puzzle and debate about the diffraction limit for imaging
in a very general setting. We also generalize the results to the case when resolving two arbitrary
sources. Our results show that, for the resolution of any two point sources, when SNR > 2, one
can definitely exceed the Rayleigh limit, which is far beyond common sense. When SNR > 4,
one can already achieve 1.5 times improvement of the Rayleigh limit. This very surprising
finding indicates that obtaining resolution far better than the Rayleigh limit is actually very
possible by refined sensors.
Our results can be directly extended to the following more general setting:

Y() = ¥ (@) F W) + W) = Y ajx@)e?” +Ww), weR", [lwll<Q,  (13)
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where y(w) =00r1, ¥(0) =1and y(w) =1, ||w|l» = Q. This enables the application of our results
to imaging from discretely sampled data and line spectral estimations in array processing.
Moreover, our findings can be applied to imaging systems with very general optical transfer
functions. An astonishing fact revealed in this paper is that the two-point resolution is actually
determined by the boundary points of the transfer function and is not that dependent to the
interior frequency information. Also, as revealed in Section 3.1, the measurements at w =0
and ||wl|| = Q are already enough for the algorithm which provably achieves the resolution
limit.

In the last part of the paper, we find an algorithm that achieves the optimal resolution when
distinguishing two sources and conduct many numerical experiments to manifest its optimal
performance and phase transition. Although the noise and the aberration is inevitable and
the point source is not an exact delta point, our results still indicate that super-resolving two
sources in practice is very possible for very general imaging modalities, due to the proved
excellent noise tolerance. We plan to examine the practical feasibility of our method in a near
future.



To summarize, by this paper we have shed lights on understanding quantitatively when
super-resolution is definitely possible and when is not. It has been disclosed by our results
that super-resolution when distinguishing two sources is far more possible than what was
commonly recognized. By this work, we hope to inspire a start of a new period where examin-
ing the resolution based on the signal-to-noise ratio becomes a feasible method in the field of
imaging, which is also the hope of many physicists and opticists [43]. Especially, we advocate
for our resolution limit being a general signal-to-noise based resolution criterion in practice
for its appealing attributes: being

(i) Simple;

(i) Mathematically rigorous;
(iii) Effective. When SNR > 2, one can already achieve super-resolution.
(iv) Practically applicable;

(v) Widely applicable. It can be applied to resolving all kinds of two point sources under
mild noise assumption. It can be applied to very general imaging systems and noise
assumptions. It only needs several measurements at w = 0 and ||w||, = Q which is nearly
the minimum requirement for determining the resolution;

(vi) Algorithmically attainable. There are some algorithms that achieve or nearly achieve the
optimal resolution.

1.2. HISTORY OF THE CLASSICAL DIFFRACTION LIMIT

In 1873, Abbe published his theory of resolution [1, 53], which was historically one of the
first ways to quantify the resolution limit [9]. Later in 1879, Lord Rayleigh [42] proposed
a criterion to assess the two-point resolution limit for resolving two positive sources with
identical intensities, which is still in wide use today. Rayleigh’s choice of resolution limit
is based on the presumed resolving ability of human visual system and considers mostly
the simplicity and the sufficient accuracy of the formula for quantifying the resolution. The
Rayleigh limit results in an ~ 20% dip in intensity between the two peaks of Airy disks [11, 49].
Schuster pointed out in 1904 [45] that the dip in intensity necessary to indicate resolution
is a physiological phenomenon and there are other forms of spectroscopic investigation
besides that of eye observation. In 1916, Carroll Sparrow gave similar arguments about
Rayleigh’s criterion [49] and proposed a new criterion for the resolution limit which is more
mathematically rigorous. The Sparrow resolution limit is defined as the distance between
two point sources where the images no longer have a dip between the central peaks of each
Airy disk. However, the Sparrow resolution is less relevant to practical use [7, 11] because it
is very signal-to-noise dependent and has no easy comparison to a readily measured value
in real images. In 1927, Houston [25] proposed a criterion according to which the two point
sources are regarded as resolved if the distance between the central maxima of the intensity
distribution equals the full width at half-maximum of the diffraction pattern of either point
sources. The resulted resolution limit, i.e., the full width at half maximum (FWHM), is one



of the most popular resolution limits in practical use [11]. There are still many other criteria
and discussions for the resolution limit of different imaging systems [5, 34, 35, 20, 39] and the
debates over the diffraction limit are still on going today [11]. We refer the readers to [7, 9, 13]
for more details on the history and debates of the classical two-point resolution limit.

1.3. MATHEMATICALLY RIGOROUS DIFFRACTION LIMIT

The classical resolution criteria mentioned above deal with images that are described by a
known and exact mathematical model of intensity distribution, which were categorized as
calculated images in [43]. However, if one has perfect access to the intensity profile of the
diffraction image of two point sources, one could locate the exact sources despite the diffrac-
tion. There would be no resolution limit for the reconstruction [13, 7]. Thus all the classical
resolution limits are not mathematically rigorous, despite how complex their derivation and
how thoroughly they were discussed. These facts were noticed by many physicists and opticists
(15, 13, 19, 7]. On the other hand, imaging models constructed without any aberration or
irregularity are not practical, because the shape of the point-spread function is never known
exactly and a measurement noise is inevitable [43, 13]. Therefore, a rigorous and practically
meaningful diffraction limit could only be set when taking into account the aberrations and
measurement noises [43, 19]. In particular, these images (detected by detectors in practice)
were categorized as detected images by Ronchi [43] and their resolution was advocated to be
more important to investigate than the resolution defined by those classical criteria. Inspired
by this, many researchers have analyzed the two-point resolution from the perspective of
statistical inference [22, 23, 33, 32, 12, 19, 46, 47, 48]. In these papers, the authors have derived
quasi-explicit formulas or estimations for the minimum SNR that is required to discriminate
two point sources or for the possibility of a correct decision. Although the resolutions (or the re-
quirement) in this respect were thoroughly explored in these works which spanned the course
of several decades, these results are rarely (even never) utilized in the practical applications.
This is mainly because the derived resolution formulas are complicated and the results highly
depend on the statistical model of the noise, which prohibits their applicability. Especially, the
inevitable aberrations in the modeling will not satisfy these statistical assumptions. Overall,
despite many efforts made from the 19th century to date, in practice, our understanding of
when exactly two point sources can or cannot be resolved has rarely risen above heuristic
arguments. In the present paper, as mentioned above, one of our major contributions is the
theoretical and rigorous derivation of the two-point diffraction limit in imaging under only an
assumption on the noise level. The diffraction limit is given by a simple and exact formula
(1.2) and demonstrates that super-resolution is definitely possible when SNR > 2, which is
far beyond common sense. Compared to the former results on the two-point resolution, our
formula is simple, effective and widely applicable due to the extremely general assumption on
the noise and the imaging model.

1.4. SUPER-RESOLUTION OF MULTIPLE SOURCES

For the mathematical theory of super-resolving n point sources or infinity point sources, to
the best of our knowledge, the first result was derived by Donoho in 1992 [16]. He developed



a theory from the optimal recovery point of view to explain the possibility and difficulties
of super-resolution via sparsity constraint. He considered measures supported on a lattice
{kA};Z _, and regularized by a so-called “Rayleigh index” R. The available measurement is
the noisy Fourier data of the discrete measure with frequency cutoff Q. He showed that the
minimax error E* for the amplitude recovery with noise level o was bounded as

2R-1 4R+1
ﬁl(R»Q)(K) o<E" sﬁz(R,Q)(K) o

for certain small A. His results emphasize the importance of sparsity in the super-resolution.
In recent years, due to the impressive development of super-resolution modalities in bio-
logical imaging [21, 54, 24, 4, 44] and super-resolution algorithms in applied mathematics
(6, 17, 40, 52, 51, 38, 37, 14], the inherent super-resolving capacity of the imaging problem
becomes increasingly popular and the one-dimensional case was well-studied. In [10], the
authors considered resolving the amplitudes of n-sparse point sources supported on a grid
and improved the results of Donoho. Concretely, they showed that the scaling of the noise
level for the minimax error should be SRF2"! where SRF := ﬁ is the super-resolution factor.
Similar results for multi-clumps cases were also derived in [2, 26]. Recently in [3], the authors
derived sharp minimax errors for the location and the amplitude recovery of off-the-grid
sources. They showed that for o < (SRF)~2P*!, where p is the number of nodes that form
a cluster of certain type, the minimax error rate for reconstruction of the clustered nodes is
of the order (SRF)?P~2Z, while for recovering the corresponding amplitudes the rate is of
the order (SRF)?P~'o. Moreover, the corresponding minimax rates for the recovery of the
non-clustered nodes and amplitudes are & and o respectively. We also refer the readers to
[36, 7] for understanding the resolution limit from the perceptive of sample complexity and to
(50, 8] for the resolving limit of some algorithms.

On the other hand, in order to characterize the exact resolution rather than the minimax
error in recovering multiple point sources, in the earlier works [31, 30, 29, 27] we have defined
the so-called "computational resolution limits", which characterize the minimum required
distance between point sources so that their number and locations can be stably resolved
under certain noise level. By developing a nonlinear approximation theory in so-called Van-
dermonde spaces, we have derived sharp bounds for computational resolution limits in the
one-dimensional super-resolution problem. In particular, we have showed in [30] that the
computational resolution limits for the number and location recoveries should be bounded

1 1

. 2n-2 2n-1 .

above by respectively 4:2¢% (mL) " and % (mL) """, By these works, we raise our under-
min min

standing of the stability of the super-resolution above only heuristic arguments. In the present
paper, as mentioned, we substantially improve these estimates to have practical significance.

1.5. ORGANIZATION OF THE PAPER

The paper is organized in the following way. In Section 2, we present the theory of location-
amplitude identities. In Section 3, we derive stability results for recovering the number,
locations, and amplitudes of sources in the one-dimensional super-resolution problem. In
Section 4, we derive the exact formula of the two-point resolution limit and, in Section 5, we



devise algorithms achieving exactly the optimal resolution in distinguishing images from one
and two sources. The Appendix consists of some useful inequalities.

2. LOCATION-AMPLITUDE-IDENTITIES

In this section, we intend to derive two location-amplitude identities that characterize the
relations between source locations and amplitudes in the super-resolution problem. We start
from the following elementary model:

Zjl(w) = F[plw) +w(w), wel0,Q], 2.1)

where (i, 4 are discrete measures, | f] = fR elye f(»)dy denotes the Fourier transform, w
represents the noise or the aberration, and Q is the cutoff frequency of the imaging system.
To be more specific, we set y = Z;lzl ajéyj and 1 = Z;.Czl djﬁyj with a;, a; being the source
amplitudes and y}, y; the source locations.

2.1. STATEMENT OF THE IDENTITIES
Based on the above model, we have the following location-amplitude identities.

Theorem 2.1. [Location-amplitude identities] Consider the model
Fpl(w) =F[pl(w) +ww), wel0,Q],

where [i = Z§:1 a;j6y; with distinct y;’s and 1 = Z;lzl a;jby; with distinct y;’s. Forany y;, let y
be the one in the set of the ;s that is the closest to y;. Denote by S the set containing exactly
Ypl<ps<np#j, and those §;,1 # j',1 = 1,---, k, that are not equal to any y,. Then for
any0 < w* < 5L such that eVi®" 9" q € S are still pairwise distinct, we have the following

) #5
relations:
eij/jrw* — elqw” WIV
aill eSS— - =4aj+ — —. (2.2)
RS piyjw* _ piqw 1 Myes(eVi®" —eid”)
Moreover, for any0 < w* < % such that e?Vi®" | eld®” q € S are still pairwise distinct, we have
iyiw* T
e, (e i Wl—Wz) v
(elyj’w — elij )a] = (23)

Mges(eVi®" — eido™)’
Here, w; = (W(0),w(w*),--- , W(#s)w*) T, ws = (W(1),w(w*), - ,w(#s+ Dw*) " and the vector
v is given by

T

((_1)#8 Z elqlw .“eiq#sw ,(_1)#8—1 Z elqlw “.eiq#s,lw Lo ’(_1) Z elqlu) ’1 ,
(q1,+,G4s)ESss (G1,+,Grs-1)€Sps-1 (q1)€8

Wheresj::{(611»"‘,61j)|6h€5,15 t<j,qc# qr fort# t’}, Jj=1- #S.



Theorem 2.1 reveals in depth the essence of the super-resolution problem. From (2.2), we

observe that

T
w, v

qus(eiij* —elqu™)

élj/g—aj: (2.4)
for a certain g that is close to 1 when ;- and y; are close to each other. This shows the relation
between the amplitudes of the underlying sources and the recovered sources. Note that the
quantity wlTv in the RHS of (2.4) is from the noise or the aberration and is of order of the noise

level. Thus the stability of the amplitude recovery is obviously determined by m,
qes(e —eti

which is further determined by the distribution of the locations of the underlying sources
and the recovered ones. As there are around 2n — 2 sources in S for a stable recovery, the

2n-2
noise amplification factor is thus around (%) with dpin being the minimum separation

2n-2
distance between the sources. This is why the factors (d#) ) (%

2n-1

mm) " frequently appear
in the stability analysis of the amplitude and the location (by (2.3)) recoveries [3, 30] even
when the problem is explored by methods different from those introduced here. Transforming

the stability of the amplitude recovery into a simpler problem of analyzing W
gesle —etdv

under certain conditions, enables us to derive a stability result for the amplitude recovery in
Section 3.3 in a rather straightforward manner.

On the other hand, identity (2.3) reveals directly the relation between the locations of the
underlying sources and the recovered ones. It is rather obvious now that the stability of

location recovery is exactly determined by W with o representing the noise level.
gesle —e'dv
By this understanding, we prove in Sections 3.1 and 3.2 respectively the stability of the number

detection and location recovery in the super-resolution problem.

For the convenience of the applications of our location-amplitude identities, we derive the
following corollary, as a direct consequence of Theorem 2.1.

Corollary 2.1. Consider the model
Fal(w) =F[plw) +ww), wel0,Q],

where [I = Z§:1 a6y, with distinct y;'s and p = Z;’zl a;jby; with distinct y;'s and assume that
lww)| < o,w€e[0,Q]. Foranyyj, let y; be the one in the set of the y;'s that is the closest to y;.
Denote by S the set containing exactly yp,1<p<n,p # j, and those y;,1 # j',1=1,---, k, that
are not equal to any y),. Then for any0 < w* < % such that e'Vi®" ,e!9" g € S are still pairwise
distinct, we have

- elyj/w* — elqw” 2#S 5 25
ajllges—————— —aj| < — —. .
RS Giyjw* _ piqu 1 Myes |ely]w —elqw
Moreover, for any0 < w* < % such that e'i®",e!9"  q € S are still pairwise distinct,
. - 2#S+lo.
‘(elyjrw —elvio )aj| < . (2.6)

Mges |eViv” — elae




Proof. Thisis a direct consequence of Theorem 2.1 in view of

wlvi<2®a, 17wy —wy) Tv] <2755,

2.2. PROOF OF THEOREM 2.1
Proof. Before starting the proof, we first introduce some notation and lemmas. Denote by
— (4P §p+1 T
Gpq) = (P, P, 1) @.7)

The following lemma on the inverse of the Vandermonde matrix is standard.

Lemma 2.2. Let V. be the Vandermonde matrix ((/)0, k—-1(11), -+, o, k—l(tk))- Then its inverse
Vi 1 = B can be specified as follows:

lem1<...<mk,qsk tml "'tmk,q

_1\k—q My,..,Mi_g# j
= = M<m<k (= 1m) ’ l<qg<k,
Bjg= s
. qg==k.

M<ms=k(ti=tn)’
m#j
The following lemma can be deduced from the inverse of the Vandermonde matrix and the
readers can check Lemma 5 in [30] for a simple proof, although the numbers there are real
numbers.

Lemma2.3. Letty,---, t, be k different complex numbers. For t € C, we have
t—1
1 q
(Vk ﬂbO,k—l(t))j =<g<kqzj —
lj=1q

where V. := ((PO,k—l (1), o, k-1 (tk)) with ¢g -1 () being defined by (2.7).

Now we start the main proof. We only prove the theorem for w* < #SQ—H. The case when

w* < £ for (2.2) is obvious afterwards. From (2.1), we can write

= %S
Ada=Aa+Ww 2.8)
where a= (4, ap) ", a=(ay, -, an) ", W= w(0), -, w#S+1))T and
A = (¢0,#S+l(eiylw*), (l)o'#s_'_l (eij/Zw*), e ¢0,#5+1(eif”‘w*)) ,
A= (¢O,#S+1(€iy'w*), ¢0,#S+1(eiyzw*), - ¢0,#S+1(eiy"w*)),
with0 < w* < _#5%1 . We further decompose (2.8) into the following two equations:
aj’(Po,#s(eiyf"”*) =Bib+wy, djr(b1,#s+1(eiyf’“’*) =Byb+w, (2.9)

10



where w; = (W(0),---,w#S) ", wo = (w(1),---, w#S+1)) " and

B = (Qbo,#s(elylw ), e, Poxs (@YY ), bous (€Y ), o ys (€' irsi1-n® )),

By = (¢1,#S+1(€ly1w ) P1as+1(@7 ), b1 psi1 (€N ), oy psr (@ isr1-n® ))

with the j/jq 's being contained in S. Thus the b = (b1, -, bgs+1) in (2.9) should be

aj, I=j,
p =] @—dq, 1=l=nl#jandy; =y, forcertain q;,
! a, I<lsn/l#jandy #95q9=1, Kk,
aj._, [>n.

Note that the fact that b; = a;, [ = j is because y; is the pointin y4’s that is the closest to y;,
there is no other j, equals to y;. Observe that

By = Bydiag (e, en® oo e Tisant ) s (€71) = 61 o s (€M),
we rewrite (2.9) as

ajrposs(e’) = Byb+ Wy,
ijaw* s iyiw* . iy w* iypw* iy o* iy; w* (2.10)
eI ajoys(e’ ):Bldlag(e W e et In® et e etV estion )b+W2.

Since e/?i®" and all the points ¢/7” for ¢ in S are pairwise distinct according to the setting
of the theorem, B is a regular matrix. We multiply both sides of the above equations by the
inverse of B; to get from Lemma 2.3 that

eij/j/w* _eiqw* 1
4 Mges Sy giqar ~ 41+ B W (2.11)
i90" A elTy@” _ plqo” iy -1
e’ aj/l'[qesmze 7 aj+(Bl )sz, (2.12)
e —e

where (B; L jisthe j-throwof B L By Lemma 2.2, it follows that

o L5 (WY VPP L pesis, €7 @00 ) 2 wis)
(B;)jwy = . (2.13)

qus(J’j - 6])

*
j/w

This proves (2.2). Furthermore, equation (2.11) times ey minus (2.12) yields

(eiyj/w _ eiij )aj — (Bl_l)j (eiyj/a) w; —Wz) )

Similarly, further expanding (B} 1y j (ei T wy — wz) explicitly by Lemma 2.2 yields (2.3). This
completes the proof. O

11



3. STABILITY OF SUPER-RESOLUTION

In this section, based on our Location-Amplitude Identities, we analyze the super-resolution
capability of the reconstruction of the numbers, locations, and amplitudes of the off-grid
sources in the super-resolution problem. Note that these problems have been analyzed in
[30, 3] from different perspectives but the proofs are over several tens of pages. Now, by
our method, we have a direct and clear picture of all these problems, which allows us to
prove them in a unified way and in less than ten pages. In particular, this new method
improves the estimation of computational resolution bounds in our previous work [30] to an
unprecedented level to have practical meanings. This is also the ultimate goal of our definition
of computational resolution limits.

We consider only the one-dimensional super-resolution problem since the generalization to
multi-dimensions is straightforward by the method in [29]. Let us introduce the model setting.
We consider the collection of point sources as a discrete measure y = 27:1 a j5 v where
Vi €R,j=1,---,n, represent the location of the point sources and the a;’s their amplitudes.
Noting that the y;’s are the supports of the Dirac masses in . Throughout the paper, we will
use the supports recovery for a substitution of the location reconstruction.

We denote by

mmin=jgignlajl, dmin:r;li?|Yp_)/j|- (3.1)
The measurement is the noisy Fourier data of u in a bounded interval, that is,
n .
Y(w) = Fulw)+Ww) = Z aje’yfw +Ww), wel-Q,Q], (3.2)
j=1
with W(w) being the noise and Q the cutoff frequency of the imaging system. We assume that
W(w)| <o, we[-Q,Q],

with o being the noise level. Note that although we consider the absolute bound here, our
estimates can be extended to other kinds of bounds of the noise.

Since we focus on the resolution limit case, we consider the case when the point sources are
tightly spaced and form a cluster. To be more specific, we define the interval

[n,Q) = (_ (n— l)ny (n- l)n)’

2Q) 2Q)
which is of the length of several Rayleigh limits and assume that y; € I(n,Q),1 < j < n. This
assumption is a common assumption for super-resolving the off-the-grid sources [30, 3] and
is necessary for the analysis. Since we are interested in resolving closely-spaced sources, it is
also reasonable.

The reconstruction process is usually targeting at some specific solutions in a so-called
admissible set, which comprises discrete measures whose Fourier data are sufficiently close to
Y. In general, every admissible measure is possibly the ground truth and it is impossible to
distinguish which one is closer to the ground truth without any additional prior information.
In our problem, we introduce the following concept of o-admissible discrete measures. For
simplicity, we also call them o-admissible measures.

12



Definition 3.1. Given the measurementY, i = Z?Zl ajbd 2 is said to be a o -admissible discrete
measure of Y if
|Z (@) -Yw)| <o, wel-Q,Q]

3.1. STABILITY OF NUMBER DETECTION

In this section, we estimate the super-resolving capability of number detection in the super-
resolution problem. We introduce the concept of computational resolution limit for number
detection [31, 30, 29] and present a sharp bound for it. We improve the estimate substantially
and make it have some practical meaning.

Note the set of o-admissible measures of Y characterizes all possible solutions to our super-
resolution problem with the given measurement Y. Detecting the source number 7 is possible
only if all of the admissible measures have at least n supports, otherwise, it is impossible to
detect the correct source number without additional a prior information. Thus, following
definitions similar to those in [30, 31, 29], we define the computational resolution limit for the
number detection problem as follows.

Definition 3.2. The computational resolution limit to the number detection problem in the
super-resolution of one-dimensional source is defined as the smallest nonnegative number D nym
such that for all n-sparse measure ). ;l:l aj 0 v Vi€ I(n,Q) and the associated measurement’Y
in (3.2), if

min|y; - ypl = Dnum,

vij V1P

then there does not exist any o -admissible measure of Y with less than n supports.

The definition of “computational resolution limit” emphasizes the essential impossibility
of correctly detecting the number of very close sources by any means, in contrast to the
Rayleigh limit, which only concerns the visual capacity of human eyes. Moreover, it depends
crucially on the signal-to-noise ratio and the sparsity of the sources, which is fundamentally
different from all the classical resolution limits [1, 53, 42, 45, 49] that depend only on the cutoff
frequency. We now present a sharp upper bound for it.

Theorem 3.1. LetY be a measurement generated by a measure (L = Z;’zl a;by; which is sup-
ported on 1(n,Q). Let n = 2 and assume that the following separation condition is satisfied

2em( O L
)

Q

min|y, — yi (3.3)
p#j Y=Y Mmin

where My is defined in (3.1). Then there does not exist any o -admissible measures of Y with
less than n supports. Moreover, for the cases whenn=2 andn =3, if

1
. 2
2 arcsin (2 ( mim) )
min

Q T p#j

=

2_

Q

min

27 ( 8o
p#j

1
) ‘ respectively,

Yp—VYj Yp=Jj

Mmin

then there does not exist any o -admissible measures of Y with only n—1 supports.
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Theorem 3.1 gives a better upper bound for the computational resolution limit 2,,,,,, com-
pared to the one in [30]. By the new estimate (3.1), it is already possible to surpass the Rayleigh
limit Z in detecting source number when —2& > (2e)2"~2. Moreover, this upper bound is
shown to be sharp by a lower bound provided in [28]. Thus, we can conclude that

-1 1
2 ) <2
In particular, for the case when n = 2, our estimate demonstrates that when the signal-to-
noise ratio SNR > 4, then the resolution is definitely better than the Rayleigh limit and the
super-resolution can be exactly achieved. This result is already practically important. As we

will see later, our estimate is very sharp and very close to the true diffraction limit.

Zen( o )ﬁ

Mmin Mmin

Remark 3.1. Note that the resolution estimate in Theorem 3.1 for the case when n = 2 holds
in general dimensional spaces. We will discuss the extension in Section 4 and give an exact
two-point resolution there. It is also easy to generalize the estimates in Theorem 3.1 to high-
dimensions by the methods in [29, 27], whereby we can obtain that

Ci(k,n) Co(k, n)( o )ﬁ
Q Q
with the constants Cy (k, n), C2(k, n) having explicit forms, for the computational resolution

limit D, num defined in the k-dimensional space. This is out of scope of the current paper and
we leave these further estimates to a future work.

1
O \zm2
( ) < @k,num =

Mmin Mmin

Remark 3.2. We remark that our new techniques also provide a way to analyze the stability
of number detection for sources with multi-cluster patterns. Our former method (also the only
one we know of) for analyzing the stability of number detection cannot handle such cases. The
technique here is the first known method that can tackle the issue. But since the current paper
focuses on understanding the resolution limits in the super-resolution, the multi-cluster case is
out of scope and we leave it as a future work.

We now present the proof of Theorem 3.1. The problem being essentially a nonlinear
approximation problem where we have to optimize the approximation over the coupled
factors: source number k, source locations y;’s and amplitudes a;’s. This is indeed a very
complicated problem. In [30], we have analyzed for the first time its stability by developing
an approximation theory in the Vandermonde space at the cost of many efforts. Here, taking
advantage of the location-amplitude identities, we can prove it in a rather simple and direct
way. It takes only three pages, while the previous proof in [30] extends over several tens of
pages in different papers. This shows the power of the location-amplitude identities. Moreover,
since it is a simple method, revealing what happened in the number detection problem, the
bound here is nearly optimal for the super-resolution problem (difficult to be substantially
improved). This also means the result of [30] is also very good and that the method used there
does not invoke much amplification in the estimation, even if it looks complex.

In order to prove Theorem 3.1, we denote for an integer k = 1,

l) ‘szl,
((k)_{ e, ksodd c(k) = —(%ﬁ%l ifki;odd k=3 (3.4)
E)kz2), if kis even, 4, kisodd k=3 .

&= if k is even.
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We also define for positive integers p, q, and z1,--, 2, 21, , 24 € C, the following vector in R”

[(z1 = 2|+ 1(21 — 24)I
. . [(z2 — Z21)| -+ 1(22 — Z4)|

np,q(zl»"' )Zpyzl"" »Zq) = . . (35)
(2 - 20)] -+ 1(2p — 29)]

We recall the following useful lemmas.

Lemma3.1. Let -5 <01 <0, <--- <0 <7 withminyy;|0, —0;| = Omin. We have the estimate

i0; _ i, i) [20min e ,

HlSpSk,p#j)e —-e 2(( ) - 7]_1r"') ’

where { (k) is defined in (3.4).

Proof. Note that
) . 2 T T
0; _elfr| =210 - forall @ -= = .
e e 271'9] 6|, fora Bj,Hpe[ 2,2] (3.6)

Then we have

. . 2 k—l ngln k—l
Hlspsk,p¢j|el6j —e'%| = (;) HlSPSk»p;éj'Qj _9P| = ((k) ( . ) .
O
Lemma3.2. Let—% <01 <0 <--- <01 < 7. Assume thatminy; |0, — 0| = Omin. Then for
any8y,---,0; € R, we have the following estimate:
i0 i0ps1 i0 i6 20min | *
an-#l,k(e 1"”»8 k+l»e 1)"'re k) Zf(k) - ’
S b4
where .1 i is defined as in (3.5).
Proof. See Corollary 7 in [30]. O

Proof. We are now ready to prove Theorem 3.1. Suppose that i = Z?:l aj6y;,k=n—1isan
admissible measure of Y. The model problem (3.2) reads

Fpl(w) =ZF () +Wi(w), wel[-Q,Q]

for some W; with [W; (w)| < 20. Note that by adding some point sources in f, from above we

~ —1 A
can actually construct {1 = 27:1 @;6y,; such that

F () =F[uw) +We(w), we[-Q,Q],

15



for some W, with |W»(w)| < 20. For ease of exposition, we consider in the following that the
measure fI is with n — 1 point sources. On the other hand, the above equation implies that

p= 7:_11 e 71465, and p = DI e ¥i%a;6, satisfy

Fpl(w) = F[plw) +W3(w), wel0,2Q], 3.7
for some W3 with [W3(w)| < 20,w € [0,2Q]. For any Vj, let yj: be the one in y;’s that is the

closest to y; and S be the set containing exactly y,,1 < p < n,p # j, and those J;,1 # j’ that
are not equal to any y,. Let 0™ = 2,21—532 Since (3.7) holds, by (2.6) we obtain that

2#S+20.

(elyj/w _elij )a]| < . _ : -
Hq€5|e”’f‘” —elquw

We first consider the following case:

none of e7i®" is equal to some el (3.8)

Hence, #S = 2n — 3 and above relation gives

. 22n—la
< |(ei)7j/w* _ eiij*)ﬂj|nqes |eiij* — eiqw*
3 1 22n—10.
- |(eij/jrw* _ eiij*)|1-[q€s |eiij* — elqw*| Mmin
1 2211—10.

Hq:ly...’nyq¢j |(eiij* - e"J’ff“'*)|Hq:1,...,n_1 |eiyf“’* —elVa¥" | Mpin

Therefore, it follows that

. 1 1 22n-1g
1< min —— — — ———
JELen D gay e pygej| (€197 — V0®") | gy, pot |€7V1€" — €1749" | Mimin
1 1 22n-1g 59
< max —————————— min — .
JELn T gay e pygej | (€997 — V0@ | j=Lin T oy po | €57 — 17497 | Mimin
Denote y 0™ by 04 and Omin = ming4 |0, —04|. Since the y;’s are in I(n,Q) and w* = %,
we have that the 0;’s are in (—%, %). Thus, by Lemma 3.1, we get
1 1 n \*!
_max — ——— < . (3.10)
JELen ey, pygej | (€Y1 — € Va@") | {(n) 20min

Moreover, using Lemma 3.2 yields

, 1 1 n \"!
“min — —— < . (3.11)
j=1,n Hq:l,..._n_1|ely/w —elVa? | ¢(n—1) \ 20min

Combining the above two estimates, it follows that

1 T 2n-2 22”—10_
(3.12)

1<
{(n)é(n—1) \20min

Mmin
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Thus,

1 1

e =
T mEm -1 Mmin)

and consequently,

(3.13)

dmin =

Hmin<(2n—2)n( 2 )zz( o )zz<@( o )zz
w* 20 {(mén-1) N '

Q \Mmin
where dmin 1= minyz4|yp — ¥4l and the last inequality is from Lemma A.1.

Mmin

Therefore, if dmin = % (mL) m, then there is no o-admissible measure of Y with less than
n supports y; satisfying (3.8). On the other hand, under the same separation condition, for
the case when the y;’s do not satisfy (3.8), if fi = Z?:l &jéf,]., k < n is a o-admissible measure
of Y, then the measure p = Z;?: 146 iter k < n for very small € is also a 0-admissible measure

of Y and satisfies (3.8) together with the same minimum separation condition. This is a

1
contradiction. Thus, if dpin = Z”Te (mme) "2 then there is no o-admissible measure of Y with
less than n supports.

The last part consists in proving the cases when n = 2,3. When n = 3, the result is enhanced
by noting that m =81in (3.13). When n = 2, the result is enhanced by improving the
estimates (3.10) and (3.11). For (3.10), we now have

1 - 1
iyw* _ piyow*| — . .
|etn el2o’| o ain (9.12“)

)

where Opin = |y10* — y20*| and w* = Q. For (3.11), we have

1

P )
man:1)2|e’y1‘” —elhw | zsin(emin)

Thus, similarly to (3.12), we obtain that

Lo 1 1 20 _ 1 1 250 1 40
2sin (9"21—1“) 2sin (0‘2‘“ ) Mmin  2sin (9112““ ) sin (e’gin ) Mmin  gin (annn ) Mmin
It then follows that )
2arcsin (2 ( P ) 2 )
d ) _ Hmln min
min o* Q ’
which completes the proof. O

Remark 3.3. Some comments on the previous proof are in order. Note that the only parts in the
proof that will amplify the estimate of the resolution are the noise amplification in Corollary
2.1 and equation (3.9). This shows that our estimate is in fact very sharp and that is difficult
to improve it substantially. In addition, it indicates the path on which we can improve the
estimate, which is also an interesting problem with practical importance. In particular, by
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further improving the estimate of Il zes |eiyf“'* —elqv” | and the amplification of noise to O(c) in
Corollary 2.1, it seems that the estimate in (3.9) can at most be improved to

1 7 "2 o

<C 3 ( ) ,
((n—1))% \ 20min Mmin

for certain C and thus we expect to improve at most the requirement of dmin, to around

1
emn g 2n-2

dmin = — ( ) .
2Q \ Mpin

This is very close to the real limit. As for the case when n = 2, indicated by Section 4, we should
expect

Ven( o =)
dmin = — ( ) .
Q  \ Mmin

3.2. STABILITY OF LOCATION RECONSTRUCTION

We now consider the location (support) recovery problem in the one-dimensional super-
resolution. We first introduce the following concept of §-neighborhood of a discrete measure.

Definition 3.3. Let u = 27:1 a;jby,; be a discrete measure and let 0 < § be such that the n
intervals (yi—9, yr+96),1 < k < n are pairwise disjoint. We say that fi = 2721 a;by, iswithinaé-
neighborhood of i if each y j is contained in one and only one of the n intervals (yy—0, yi+96),1 <
k=<n.

According to the above definition, a measure in a §-neighborhood preserves the inner struc-
ture of the true set of sources. For any stable support recovery algorithm, the output should
be a measure in some §-neighborhood, otherwise it is impossible to distinguish which is the
reconstructed location of some y;’s. We now introduce the computational resolution limit for
stable support recoveries. For ease of exposition, we only consider measures supported in
I(n,Q), where n is the number of sources.

Definition 3.4. The computational resolution limit to the stable support recovery problem in
the super-resolution of one-dimensional source is defined as the smallest nonnegative number
Dsupp such that for all n-sparse measure Z;’:l a;jby;,yj € 1(n,Q) and the associated measure-
mentY in (3.2), if

i P — >9 ,
I;}l]?bﬁ J’p| supp

then there exists 6 > 0 such that any o -admissible measure forY with n supports in I(n,Q) is
within a 6 -neighborhood of .

To state the results on the resolution limit to stable support recovery, we introduce the
super-resolution factor which is defined as the ratio between Rayleigh limit and the minimum
separation distance of sources:

SRF := R
Qdmin

where dmin = minyx; |y, — y;l. Leveraging the location-amplitude identities, we derive the
following theorem for stably recovering the source locations.
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Theorem 3.2. Let n =2, assume that the measure |1 = Z}Ll a;by, is supported on 1(n, <)) and
that

2.36en( o )zlﬁ (3.14)

dmin::%l;?lyp_yﬂz Q

Mmin
Ifa=Y% 7: 1@j6y,; supportedon1(n,Q) is ao -admissible measure for the measurement generated

by u, then [i is within the % -neighborhood of u. After reordering the y;’s, we have

C
’ﬁj-w|<%SRPzn_2L, 1<jsn, (3.15)

Mmin

. _1
whereC(n) = 22”_% e2n-1 (max(\/ n-2, l)n) . Moreover, for the case when n = 2, the minimum
separation can be improved to

3 . g 3
Amin = — arcsin | 2 .
Q Mmin

Theorem 3.2 gives an upper bound for the computational resolution limit P, that is
better than the one in [30]. It shows that surpassing the Rayleigh limit in the location recovery
is definitely possible when @ > (2.36e)?""!. This upper bound is shown to be sharp by a
lower bound provided in [28], by which we can conclude now that

2l o
o

d 2.36en( o )2,,%1

Zn-1
) <Dsupp < Q

Mmin Mmin

Especially, for the case when n = 2, our estimate demonstrates that when the signal-to-
noise ratio SNR > 12.5, then the resolution is definitely better than the Rayleigh limit and the
super-resolution can be exactly achieved. This result is already of practical importance.

Remark 3.4. Note that the resolution estimate in Theorem 3.2 for the case when n = 2 holds
in general dimensional spaces. It is also easy to generalize the estimates in Theorem 3.2 to
high-dimensions by the methods of [29, 27], whereby we can obtain that

Cs(k, n)( o

k, =3
: Ca( n)( o ) ’

2n-1
) <@k,supp = o)

Mmin Mmin

where C3(k, n), C4(k, n) are constants of explicit forms and Dy, s, denotes the computational
resolution limit in the k-dimensional space. Since this is out of scope of the current paper, we
leave such further estimates to a future work.

Remark 3.5. We remark that similar to results in Section 2.1 of [28], by Theorems 3.1 and 3.2,
we can directly show that when

in| B 236em( O \m

min|yp = yj| = ( ) )

p#j P Q Mmin

targeting at a sparest solution in the o -admissible measure set will give a solution comprising
exactly n sources and the recovered locations are stable.
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We now present the proof of Theorem 3.2. It follows in a straightforward manner after
employing the location-amplitude identities.

Proof. We first recall the following auxiliary lemma.

Lemma 3.3. For—% <01<0,<---<0r< g and 6,05, ,ék € [—%,%], if

, . .4 A 2 k € \+
i0, .. ,i0r ,i0y . ik “ =i _n. B L
an,k(e oo, ek el eE) oo<(ﬂ) €, and Omin ftl;l;?Wq GJIZ(MC)) )
whereny i is defined by (3.5) and A(k) is given by
1, k=2,
)L(k)—{ fk-2), k=3, (3.16)
with &(-) being defined in (3.4), then after reordering 0 s, we have
R 0 . R zk—l
16;-0,] < 220 and |6, -0;] < . j=1k (3.17)
2 (k—z)!(emin)k_l
Proof. See Corollary 9 in [30]. O

Now we start the proof. Since i = Z;‘l:1 a;j6y,;,¥; € 1(n,Q) is an admissible measure of Y,

from the model (3.2) we have

F () = F[ul(w) +Wi(w), wel-Q,Q],
for some W, with |W; (w)| < 20, w € [-Q,Q]. This implies that p = 27;11 e V%465 and p =
27:1 e ¥i%a;6,, satisfy

Fplw) = F[pl(w) + W (w), wEel0,2Q], (3.18)
for some W with [W>(w)| < 20,w € [0,2Q)]. For any y;, let y; be the one in y;’s that is the
closest to y; and let S be the set containing exactly y,,1 < p<n, p # j, and those J;,1 # j' that

are not equal to any y,. Let w* = 2’21?1. Since (3.18) holds, by (2.6) we have
. . X B 2#S+20.
(/71" — eV )ay| < ML A— (3.19)
quS |elij —eiquw
We first consider the following case:
none of e7i%" is equal to some el Vre” (3.20)

Hence, #S = 2n — 2 and above relation gives
22ng

1<
‘(ezyjrw* _ e’yf‘”*)aj‘qus |ezij* — elqu*

1 225

=
‘(e”’f"“* - ezij*)|1‘[q€s |e!i@" — gfqw” | Mmin

_ 1 220

Mytomgrs | @57 — )| gy [0 — €4 | Mg

20



Therefore,

) 1 1 22n g
1< min — —
j=1n qul,...'n,q¢j|(elyf‘“ —elVa? )| qul,...,n|e’yf‘“ —etVa® | Mmin
1 1 221
< max

— ——— min — — .
j=L-,n qulymyn’q#”(elij —etVa¥ )l j=L-,n qul,...yn|€ly/w —elVa® | Mmin

It then follows that

e e 1 22y
“max quly.“,n)e’yﬂ” —elVa® ‘< “max s .
Jj=1,+,n Jj=L-n Hq:I,n-,n,q#j |(e Vi — elVa )| Mmin

Denote y 0™, J,0* by respectively Hq,éq and Opmin = miny 410, —04l. Since y;’s in I(n,Q) and
20

w* = 5%, we have Hj,éj’s in (—%, %) By Lemma 3.1 we further get

eiij* _ eiy,,w*

‘max Myoy.. (3.21)

1 ( T )"‘1 22N g
j=1,,n

{(n) \ 20min

We then utilize Lemma 3.3 to estimate the recovery of the locations. For this purpose, let
2n-1

Mmin

— 2 . .
€= m 7. Then (3.21) is equivalent to
. . P P 2
‘ nﬂ,n(eIGI) T elen; 6191, T elen) ’ < (_)I’le.
o T
We thus only need to check the following condition:
4e \x ) a . 4e
Omin = (m) , orequivalently (Omin)” = m (3.22)

Indeed, by the separation condition (3.14),

. 2.36716( o )ﬁzn( 4 20 )ﬁ (3.23)

Omin = dminw™ = —_—
i i n-— % Mmin A(n)¢(n) Mmin
where we have used Lemma A.2 in the last inequality. Then

4r2n-l 2g

Bmin an-1 Z T,
( ) A (n) mmin

whence we get (3.22). Therefore, we can apply Lemma 3.3 to get that, after reordering 0 'S

6;-6,] < 2,

2
R 2nn2n—1 o (3.24)
0;i-0j|< ,1<j<n.
\ ! ]| {(n)(n—2)!(Omin)?"2 Mmin /
Finally, we estimate |; — y;|. Since |0; —0;| < % itis clear that |§; - y;| < %min. Thus @ is

within the @-neighborhood of p. On the other hand,

|_2n—1
20

A

Vi 0;-6j], j=1-,n.
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Using (3.24) and Lemma A.3, a direct calculation shows that

A~ | < C(n) ( T )211—2 o (3.25)
Vit ¥ Q \Qdmin Mmin ’ '

-1
where C(n) = 222 ¢2"1 (max(vn—2,1)71) 2.
1

Therefore, if diin = % (L) 7 for any o-admissible measure f1 of Y with n supports

Mmin

yj’sin I(n,Q) satisfying (3.20), fisin a d‘é““ -neighborhood of u. Under the same separation
condition, when fI = Z}’zl a j5 9 is a o0-admissible measure but y;’s do not satisfy (3.20), then

the source p = 27:1 a;jo Ji+e for very small € is also a o-admissible measure of Y and satisfies

(3.20) and the same minimum separation condition. p is thus in a @-neighborhood of u.

Since € can be arbitrary close to 0, {1 is thus in a dg“" -neighborhood of u. In the same manner,
(3.25) holds as well.
The last part is to prove the case when n = 2. When n = 2, by (3.19) we have

2#S+20.

(e — e )aj| = |eine” — ely:0”|[eine” — gifew”|”

Denote w*|y; — y2| = Omin. Note that |§; — y1| < |72 — y1| by the assumption on j;. Thus, if
71— nlw* = 9‘“7‘“, then we have |7, — y1|lw* = 9“2“—1“ and

O o L, 240
ZSin( mm)mminsl(em‘” —e!Nv )aj‘< 5 R
Zsin( gi“)ZSin( 2‘“)
This yields
. (gmin ) < 230'
Sin Mmin .
2 3 Qmin 3 emin
sm( 2 )sm( 2 )
It then follows that
3
Omin < 2arcsin ( )
Mmin
and X
Omi 3 o \3
dminziin<—arcsin 2( ) ,
Q Mmin
where we have set w* = % Therefore, if
1
3 . o \3
dmin = — arcsin |2 )
Q Mmin
then we must have |j; — y1|0* < % and consequently, |; — y1] < @. In the same manner,
we also have |j, — y»| < d‘;”‘. This completes the proof. O
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3.3. STABILITY OF AMPLITUDE RECONSTRUCTION

We now consider the stability of the amplitude reconstruction. Note that for the off-the-
grid case, it takes several tens pages in [3] to prove the stability of the reconstruction of
each amplitude a;. Here we can take one page to have even stronger understanding for the
amplitude reconstruction.

Theorem 3.3. Let n =2 and let the measurementY be generated from any y = Z;.lzl ajby;,yj€
I(n,Q) satisfying the separation condition

C( g )2171 (3.26)

(et
for some constant C to ensure a stable location recovery. For any o -admissible measure of Y,
= Z;’Zl a;6y,,y;j € 1(n,Q), we have

|aj—aj| < Ci(mSRF*" o, (3.27)
for a certain constant Cy(n). Moreover, if ; = y, we have

|aj—aj| < C,(mSRF*"?g, (3.28)

for a certain constant C,(n).

Proof. Inthe same manner as for proving Theorem 3.2, we can show that when the separation

1
distance dpip = %(mL) ! for a certain large enough constant C, | Vi—yil< d"?ji“, j=1-,n

Hence, naturally j; is the point in the the set of y;’s that s the closest to y;. We write y; = J;+€;
with 0 < |€j| < %. Since fi = Z;lzl dj5yj,37j € I(n,Q) is an admissible measure of Y, from the
model (3.2) we have

Fll(w) =F[pl(w)+ Wi (w), wel0,Q],

for some W; with [W; (@)] < 20,0 € [0,Q]. Let 0* = 52— By (2.5), it follows that

- eij/ja)* _ eiqw* 2#S 5 (3.29)
a; — 4| < - " —. .
Jaes elyiv” — piqu® / ges |e’yf'“’ —elquw

Equivalently, we have

A - eiij* _ eiqw* . 2#80. 3.30)
ai—ailljes———F—— ——, .
J J g€ eldjw* _ piqu HqES |elij — eiqw

We rewrite its LHS as

. elyiw” _ pijjo”
aj—ajllges S giqer )‘, (3.31)
and expand that
eiij* _ eij/jw* ) i .
Hges W + 1) =1+ (eVi?¥ —e!Vi® )g(€j, S, ﬁj,yj,w*) (3.32)
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where

1 eiyja)* _ eij/jw* eiij* _ eij/jw*
(3.33)

€,S, 91, Vi,w*)=— —
g( NIINAIMAL ) VIO _ gifw"

eI _piqo”’ 7 i§j0" _ pigquo”
with f being a polynomial and g3, -+, gx € S. Thus combining (3.30), (3.31), and (3.32) yields
that

2#5g

Mges |eiv” — elqe” |’

;- aj < |ajte” — P (e, 8, 7, yjp0")| +

Now we estimate the two terms in the RHS of the above equation and hence provide the
estimate of the stability of the amplitude recovery. First, by (2.6), we have

2#S+10.

)aj(elij _elij )| < . . i -
Mges |eVio” - elqw

Second, based on the estimate | y; — y;| < d“g‘“, it is easy to prove that
o C3(n)o
iyjw* igw* = 32n—2 (3.34)
Mges |e e —et dmin

holds for some constant C3(n). The only item left is to bound g(e}, S, 7, yj,*). Itis not hard
iij*

—ei” ,£=1,---,kin (3.33) are bounded by 1 since |y, — yp| < %,p= L, n.

ij/]-tu* —eiqiw*

Thus the value of f(---) in (3.33) is bounded by Cj (n) for some constant C;(n). This yields

to see that &
e

Cy(n)

dmin

|g(€;, S, 7j,yj0")| =
for certain constant C4(n). Combining all the above estimates yields
Cs(n)

dZn—l o
min

laj—aj| <

for some constant C5(n). Now we consider the case when j; = y;. This time, by (3.29), we have

2#Sg
|ﬁj—(lj|< — — .
Myes | — eidw
Further, by (3.34), we demonstrate (3.28). This completes the proof. O

4. TWO-POINT RESOLUTION

Now we have understood the stability of super-resolving multiple point sources. In particular,
we have demonstrated that when the SNR > 4, we can definitely achieve super-resolution
when resolving two point sources. This answers a long-standing puzzle of the super-resolution
and indicates that super-resolution is indeed possible from a single snapshot. But we are
still not satisfied with only estimation, we want to figure out the exact resolution limit for
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distinguishing two point sources. In this section, we will derive the exact formula for the
resolution limit and the well-known diffraction limit.
We consider sources in general spaces R¥ and consider the model as follows. The source is

2
H= Z aj6Yj’
j=1

where 6 denotes Dirac’s 6-distribution in R, y; € R, j = 1,2, represent the location of the
point sources and a; € C, j = 1,2, their amplitudes. We denote by

The available measurement is the noisy Fourier data of ¢t in a bounded region, that is,

n .
Y(@) = Z[pl@) +Ww) = ) a;e™ ™ +Ww), w R, [lwll2<Q, (4.2)
j=1

where & [u] denotes the Fourier transform of p in the k-dimensional space, Q is the cut-off
frequency, and W is the noise. We assume that

W)l <o, weRF, o], <Q,

with o being the noise level. Similarly to the one-dimensional case, we define the o-admissible
measure and the positive o-admissible measure as follows.

Definition 4.1. Given the measurementY, [i = Z’;Zl ajby ;1S said to be a o -admissible discrete
measure of Y if
|Z (@) -Yw)| <o, llwl,<Q.

Iffurther aj >0, j=1,---,k, then [l is said to be a positive o -admissible discrete measure of Y.

4.1. EXACT DIFFRACTION LIMIT

We first consider the exact diffraction limit problem. Note that by the discussions in the intro-
duction, the classic diffraction limit problem considers distinguishing two positive sources
with identical intensity. To rigorously set the diffraction limit, we introduce the following
diffraction limit which is related to the noise level.

Definition 4.2. The fwo-point diffraction limit is defined as the largest nonnegative number %
such that for all measures |1 = Z?zl ajéyj witha; =ap >0, if

[y -¥2l|, <2,

then for some imageY in the model (4.2) it is impossible to determine whether the imageY is
generated from one or two sources from the o -admissible measures defined in (4.1). In other
words, there exists a o -admissible measure of someY with only one point source.
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By the definition, when ||y, —y,||, = %, one can definitely distinguish two points with
identical amplitudes from their image, and conversely, if the separation condition fails to hold,
in some cases it is impossible to determine if the image is generated from one or two sources.

Note that Theorem 3.1 already gives an estimate for %, that is,

2arcsin (2 ( —Z )é)

min

R <
Q

This is already a very accurate estimate compared to the real diffraction limit, but there are
still some small amplifications in the estimates that cannot be reduced trivially, such as the
noise amplification in (2.6). To derive the exact resolution limit, we attack the problem in a
more direct way and establish the following theorem.

Theorem 4.1 (Two-point diffraction limit). Let mme < % The two-point diffraction limit Z in
a space of general dimensionality is given by

1
. o )2
4 arcsin ((%) )

Q ’

R =

where Mpin = a1 = a,. When —*— > é, no matter what the separation distance is, there are
l'Illl’l

always some o -admissible measures of some image Y with only one point source.

Note that Theorem 4.1 resolves the puzzle and debate about the diffraction limit in very
general circumstances. It is important that Theorem 4.1 holds even when one has only two
measurements at o = 0,Q. Also, when —*— < , the diffraction limit is already less than the
Rayleigh limit, which is far beyond common sense Now the formula only holds for the case
when a; = a, which may prohibit its applications. In the next two sections, we will generalize
it to more general cases and find that the resolution limit in these cases is still the diffraction
limit.

Now we introduce the proof.

Proof. Step 1. We first prove the one-dimensional case. Let u = Z§:1 ajby; and i = ady. A
crucial relation is

Zjl(w) = Z[pl(w) + Wi (), w1 (w)] <20, we [-Q,Q]. 4.3)

Note that if (4.3) holds, [i can be a o-admissible measure of some Y generated by model (4.2).
This time, resolving two point sources is impossible. Conversely, if (4.3) does not hold,
cannot be any o-admissible measure of some Y generated by u as in model (4.2). Thus the
resolution limit % is the constant such that (4.3) holds when |y; — 2| < £ and fails to hold in
the opposite case. Instead of considering all the w € [-Q, Q] directly, we consider

ZF[(l(w) = Ful(w) +wi (), |w (w)| <20, e [0,Q]. (4.4)
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In the sequel, we intend to find % so that (4.4) holds when |y; — 2| < % and doe not hold in
the opposite case. Afterward, we will show that (4.3) holds as well under some circumstances
when |y, — 2| < Z.

Step 2. In the setting of diffraction limit, a; = a» = mni,. Note that for the general source
locations y1, y», shifting them by x and get that

F il (w)e™® = Ful(w)e™ +wy (w)e'™, Iw()e'™| <20, we [-Q,Q],

we can transform the problem into the case when y; = —y,. Thus we consider that the
underlying source is g = mMpindy, + Mmind y, with y; >0, y; = —y». The measure fi is ad; with
a and j to be determined.

From (4.4), we get that

w1 () = ae’’ — mpmin (e + €'72) = ae'’V’ — 2mypin cos (y10).

We denote dpin := |y1 — y2| and first consider the case when 0 < dpjin < % Note that for two
non-negative values x, y, we have

0 2

. 2
‘xe’ —y| = (xcos0 — y)% + x%sin® = x* + y* — 2xycosf = (x — )?

and the equality is attained when 6 = 0. Since 0 < diin < 5 (0 < y1 < 55, we have cos(y,w) =
0,w € [0,Q]. Thus for every w,

w1 ()] = [|al = 2mmin cos (y10)]

and the minimum is attained when j = 0 and a is a positive number. We now try to find the
condition on y; so that there exists a satisfying

|lal = 2mumin cos (y10)| <20, w€10,Q].
This is equivalent to

,max |2mmin (cos (y1w) — cos (y1e'))| < 40. (4.5)

If dmin =2y1 < §, then 0 < y10 < 7, w € [0,Q]. Then problem (4.5) becomes

2Mmin <40.

d .
1 —cos(ﬂﬂ)
2

Thus, 4sin (%2)” < 42 and equivalent!
us, 4sin| == < =, and equivalently

D=

4arcsin ((L)

Mmin

|

dmin <
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1
4arcsin((ml‘;m)2) Mmin~+ Mmin COS(y1 Q)
Note that when dmin < ——5——, choosing a = ——"3 N2 and 7 =0makes |w; (w)| <

20, w € [0,Q] according to the above discussions. As wj (w) = wj (—w) this time, the solution
also makes

lw; (w)]| <20, we [-0,0].

Thus this is exactly the diffraction limit 2 when 0 < dmin < Q, and meanwhile T < 5. Now,

we consider the case when dpin > 5 and m—_ > 5. We choose the specific case where a = mpyjn
min
and y = y;. Then

w1 (@) = Mpine " — Mmin (' + e2”) = mpine'?”, we[-Q,Ql.

ope o 1 ..
Condition > 7 gives
lwy (w)| < 20.

Thus the case when *— > l is meaningless. Indeed, there are always some o-admissible

measures for some 1mages \Nlth only one point source.
Step 3. Now we consider the case when the sources y;’s are in R*. We still consider the
crucial relation that

Z ] (w) = F[ul(w) +wi (W), [wi (w)] <20, |lw]lz < Q. (4.6)

By a similar argument as the one in step 1, we know that the resolution limit & is the constant
such that (4.6) holds when ||y1 -Ys | | 2 <R and fails to hold in the opposite case. Note that
by choosing suitable axes or transforming the problem, we can make y; = (y1,0,-+-,0)",y, =
(¥2,0,-- ,0)T. Consider a= aé‘g,,il € R* with a and y to be determined. We now have

oA A 2 .
F i) - Fp @) = ae'¥ Z aje1 = aer kel = 3 a;elV,

Thus analyzing when (4.6) holds can be reduced to the one-dimensional case and it is not hard
to see the result for the one-dimensional space still holds for multi-dimensional spaces.
O

4.2. RESOLUTION LIMIT FOR DETECTING TWO SOURCES

Although we have the exact formula for the diffraction limit now, the specific setting actually
prohibits its applicability. To fully understand the resolution limit in resolving two point
sources and to have strong practical applications, we still want to know the exact value of our
computational resolution limit.

4.2.1. RESOLUTION LIMIT FOR DETECTING TWO POSITIVE SOURCES

We first consider resolving positive sources. We define the computational resolution limit for
resolving positive sources as follows.
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Definition 4.3. The computational resolution limit to the number detection problem in the
super-resolution of positive sources in general space R¥ is defined as the smallest nonnegative

+ ) n . . k
number@kynum such that for all positive n-sparse measure ijl ajéyj, aj>0,y; €R" and the
associated measurementY in (4.2), if

min||y; - =9
o HY] yPHZ k,num
then there does not exist any positive o -admissible measure of Y with less than n supports.

We have the following theorem which shows that the resolution limit is the same as the one
in Theorem 4.1.

o 1 . .. + . .. . k
The'orem 4.2. For 5 — <3, the resolution limit 9 konum for resolving two positive sources in R
is given by
1
. o )2
4arcsin (( - ) )
+ _
k,num — Q :

It can be attained if a; = a,. When mL > %, no matter what the separation distance is, there

are always some o -admissible measures of someY with only one point source.

Importantly, when —>— < %, the two-point resolution is already less than the Rayleigh limit
in any dimensional spaces that

T
+
@k,num < 5’

which far exceeds all expectations. This indicates that, in contrast to what was commonly
supposed, super-resolution from a single snapshot is in fact very possible.

Now we introduce the proof and it is highly non-trivial.

Proof. Step 1. We only need to consider the case when mme < %, as the case when mme > %
is trivial. Also, we only consider the one-dimensional case since the treatment for multi-
dimensional spaces is similar to the one in the proof of Theorem 4.1.

Similarly to step 1 in the proof of Theorem 4.1, the resolution limit 2; should be the

k,num
constant such that the following
F[pl(w) = F[ul(w) +wz (), w2 (w)] <20, w € [-Q,Q], 4.7)
holds when |y; — y2| <9, and fails to hold in the opposite case. Choosing a suitable axis,
we assume that the underlying source is g = Mmin@6 y, + Mmindy, with y1 = —y», a = 1. We
consider {1 = aé j with a >0 and j to be determined. We shall prove that if

1
4arcsin ((m”_ ) 2)
Q )
then (4.7) doesn’t hold for any i consisting of only one positive source. On the opposite case,
Theorem 4.1 already ensures the existence of such i making

ly1—y2| =

lwa(w)| < 20, w e [-Q,Ql.
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By the above two results, we prove the theorem.
From (4.7), we have that

ws () = ae'V” — muyin (aeiy1w+e_iyw’). (4.8)

In the following proof, we will find a necessary condition for mingso,q=1,jer W2 ()| < 20,0 €

[—Q,Q]. We only consider dpin < %, which corresponds to the case when mU' < % The other

cases (% > %) are trivial.
Step 2. We analyze a necessary condition, that is,

min  |[wy(Q)|+ w2 (0)| < 40. 4.9)
a>0,a=1,yeR
We thus consider
min ae'7 — myin (aeiy19+e_iy19)’+|a—mmin (a+1)]. (4.10)
a>0,a=1,j€R

Let @ =1+ h, h = 0, and rewrite the above formula as

min

50 -
~|ae'* — hmpine' —meincos(le)’+|a—(2mmm+hmmin)|.
a>0,h=0,yeR

A key observation is that if 2mpyn cos(y1Q) + himpin < @ < 2Mpin + hMnin, then we have

min  |ae’? - hmpine™? = 2Mmin cos(le)| +|a— (2Mmin + hMmin)|
a>0,h=0,yeR
> min ae’? — hmpine™® — 2Mmin cos(le)) +|a— (2Mmin + hMmin)|
a>0,h=0,€R,XeR

= min_ |a— hmumin — 2Mimin cos(y1 Q)| + 1@ — (2Mmin + hMmin)|
a>0,n=

= min |b—2mmincos(y1(2)| + |2mmin — bl
DER, 2Mipin cos(y; Q) <b<2mupin

=2Mmin — 2Mmin €OS(¥1£2), (4.11)

where the second equality is because a = 2y, cos(y1 Q)+ hmimin, hMmin = 0 and 2mpyiy cos(y1Q2) =
2Mimin 08(4.Q) > 0 by diin < Z.
On the other hand, letting & = 0, = 0, we obtain that

min

ni aeij/ﬂ - h”lmineiyIQ — 2Mmin COS(J’IQ)) +|a— 2mmin + hMmin) |

=min |a—2mmin cos(1Q)| + |a— 2 Min|
= 1(111>i61(a = 2Mmin €08(y1Q)) + 2Mmin —a  (choose 2Mmin cos(y1Q) < a < 2Min)
=2Mmin — 2Mpmin COS(y1£2).

Together with (4.11), this yields

min _ ae’? — hmpine”? - 2mpmin cos(y19)| +|a— CmMmin + hMmin) |
a>0,h=0,yeR

=2Mmin — 2Mmin cOs(y1Q2)
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in the case when 2nipiy cos(y1Q) + Ampin < a < 2Mmpin + AMpmin.
Now we consider the case when a < 2mpin cos(y1Q) + hmnmin. In this case, we have
min ae’t — himmine™'? = 2mpin cos(11Q) | + 1@ — @ Mmin + hMimin) |
a>0,h=0,a<2Mmin cos(y1Q)+hMmin, JER

> min |a— 2Mmin + RMmin) |
a>0,h=0,a<2Mmpyin cos(y; Q)+ hmmin

= min 2Mmin + RMmin — a
a>0,h=0,a<2Mpyin cos(y; Q)+ hmmin

>2Mmin — 2Mmin COS(Y1€2).

Last, we consider the case when a > 2min + hmpin. This time, we have

min ae'’? — hmpine'? = 2mpmin cos(ylﬂ)‘ +|a— 2Mmin + hmmin) |
a>0,h=0,a>2Myin+hMpyin, JER
> min
a>0,h=0,a>2Mmin+hMpin, JER

ae’? — hmpine”* = 2mpmin cos(le)|

> min a— hMpmin — 2Mmin cos(y1Q)
a>0,h=0,a>2Mmin+hMmin

>2 Mmin — 2Mpmin €0s(y12).

Therefore, combining the above discussions yields

min
a=0,h=0,ycR

aein - ]/ln'lmineiyIQ = 2Mmin COS(J’IQ)‘ +|a— (2Mmin + hmmin)|
=2 Mmin — 2Mmin COS(Y1L2),
andi.e.,

min
a=0,a=1,eR

ae?® — mpin (oce’yIQ + e_ly‘Q)| +la— Mpin (@ +1)|
=2Mmin — 2Mmin COS(¥12).

Thus, (4.9) is equivalent to
2Mmin — 2Mmin €0s(112) < 40.

]

Q )

Similarly to the proof of Theorem 4.1, this shows that

Mmin

4arcsin (( L)

Amin <
and completes the proof. O

4.2.2. RESOLUTION LIMIT FOR DETECTING TWO COMPLEX SOURCES

Now we consider super-resolving complex sources. We first define the computational resolu-
tion limit in R¥.
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Definition 4.4. The computational resolution limit to the number detection problem in the
super-resolution of sources in general space R* is defined as the smallest nonnegative num-
ber Dy num such that for all n-sparse measures 27:1 ajéyj, aje C,yj € R¥ and the associated
measurementY in (4.2), if

min||y~—y || = 9,
p¢] J p 2 nunm»

then there does not exist any o -admissible measure of Y with less than n supports.

We have the following theorem.

Theorem 4.3. For ~— -<3 2, the resolution limit Dy, ,,m for resolving two sources in Rk is given
by
1
4arcsin((m"_ )2)
Dk, num = q . (4.12)

It can be attained if a, = a. When = > %, no matter what the separation distance is, there

are always some o -admissible measures of someY with only one point source.

Theorem 4.3 demonstrates that when —*— < 5, the two-point resolution for distinguishing
general sources is already better than the Raylelgh limit.

We now prove the theorem.

Proof. Step 1. We only need to analyze the case when T <3 2, as the case when T > Z
is trivial. Also, we only consider the one-dimensional case since the treatment for multi-
dimensional spaces is similar to the one in the proof of Theorem 4.1.

Similarly to step 1 in the proof of Theorem 4.1, the resolution limit 9y, ,,,,;, should be the

constant such that the following estimate:
Fl(w) = F[pl(w) + w2 (), w2 ()| <20, w € [-Q,Q], (4.13)

holds when |y; — y2| < Dk num and fails to hold in the opposite case.
Step 2. Without loss of generality, we assume the underlying source is

—i i
U= Mpinae ﬁéyl + Mmine ﬁ6y2

with y1 = -y,,0< y1 < 55, a=1and 0 < § < 7. Itis not hard to see that the other cases can
all be transformed to the above setting. We cons1der a= ae’76 with a > 0, y and J to be
determined. We shall prove that if
1
4arcsin((m‘7, )2)

Q

’

ly1—y2| =

then (4.13) does not hold for any i consisting of only one source. On the opposite case,
Theorem 4.1 already ensures the existence of such f that makes

lwa(w)| < 20, w e [-Q,Ql.
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By the two results, we prove the theorem.
From (4.13), we have

ws () = ae'’ eV — mpyin (ae‘iﬁeiyl‘” + eiﬁe_iyl‘“) .
We rewrite it as
wy(w) = ae'’ e’ — mupin (ae”y“”_ﬁ) + e’(ﬂ_y“”)) . (4.14)

We then analyze w; by considering the two cases: (1) 1Q = ; (2) y1Q < B.

Part1: (y;Q=p)

In the first case, when y;Q = 3, we define w* = b

€ [0,Q]. Considering

W3 (@) := Wy (0 + 0*) =ae’’ eV @) (aei(ylw_ﬁ+J’1“’*) + ei(ﬁ_J’1“’*_y‘w))
=qe VIV gl _py (ae””“” + ei(_J’1“’)) , (4.15)
[ws (w)| < 20,w € [-Q,Q] is equivalent to
w3 ()] = |ae! 7 el _ 0 (aei(yl‘“) + ei(_yl“’))| <20, wel-Q-0*,Q-w"].

Note that this reduces the problem to a case similar to the one for positive sources. Since the
interval [-Q —w*,Q — w*] includes the interval [-(, 0], in the same fashion as the proof for
positive sources, we consider the necessary condition that

min w3 (—Q)| + |w3(0)| < 40. (4.16)
a>0,a=1,yeR,jeR,w*€[0,Q]

Note that minimizing over 0 < § < y,Q is now equivalent to minimizing over 0 < w* < Q. We
thus consider

min ‘ae””"” e I i (ae"le + e‘le)’ + ’ae’”y“' — Mumin (@ + 1)’ )
a>0,a=1,yeR,JeR,w*€[0,Q]

Leta =1+ h, h =0, and rewrite the above formula as

min |ae”’+y‘” e hmpine” Y = 2mpmin cos(ylﬂ)‘
a>0,h=0,yeR, yeR,w*€[0,Q]

+ |ae’7+j""* — 2Mmin + hMmin)
A key observation is that if 2myin cos(y1Q) + Ammin < @ < 2Mmin + AMpin, we have

min ‘ae’”y‘” e hmpine” ' = 2mimin cos(ylﬂ)’
a>0,h=0,yeR,jeR,w*€[0,Q]

+ |aeW+y‘” — (2Mmin + hMmin)
> mi

-iyQ —i%Q '
> n  |ae"" —hmpine™ " —meincos(ylﬂ)) +|ae'’ — Cmmin + hMmin)|
a>0,h=0,yeR, JeR,XeR

= min |a— hMmin — 2Mmin c08(1Q)| +1a — 2Mmin + AMmin)|
a>0,h=0

= mi |b = 2mimin cos(y1Q)| + [2Mmin — bl
DER, 2Mpyin cos(y1Q)<b<2Mpin

=2Mmin — 2Mmin COS(Y12), 4.17)
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where the second equality is because 2mpyin coS(y1Q) + hMmin < @ < 2Mpmin + hMpin and

2 Mmin €08(¥1Q) = 2Mmin cos(”l"z‘in Q) 2 0 by dmin < 3.

On the other hand, letting k=0, 7 =0,y =0,0* =0, we have

min
a>0

aelVV0 e o em N oy cos(le)| + ‘aei”y‘” — 2Mmin + hMmin)

=min |a—2mmin cos(y12)| +1a— (2min + ~mmin)|

= mig(a — 2Mmin €08(y1Q)) + 2Mmin —a  (choose 2mmin cos(y1Q) < a < 2Mumin)
a>

=2Mmin — 2Mmin COS(y1£2).

Together with (4.17), this yields

min ‘ae”’ﬂ’“’ e _ hmmine™ " = 2mmin cos(y1Q)
a>0,h=0,yeR,jeR,w*€[0,Q]

+ |ae”+yw — (2mmpin + hMmin)

=2Mmin — 2Mmin COS(y1£2),

in the case when 2 mipin cos(y1Q) + hfimin < a@ < 2Mpmin + hMmin.
Now, we consider the case when a < 2mpin c0s(y1Q) + hmpin. In this case, we have

min

) |ae”’+y‘” e _ hmpine” 1 — 2mupin cos(y,Q)
a>0,h=0,yeR,jeR,w*€[0,Q]

+ |ae”’+y‘” — (2mmin + hMmpin)
> min lae'" " — (2mmin + hMmin)|
a>0,h=0,yeR,w*€[0,Q],a<2mpin cos(y, Q)+ hMmin

>

> min la— 2Mmin + hMmin)|
a>0,h=0,a<2 My, cos(y; Q) +hmmin

= min 2Mmin + RMpin — a
a>0,h=0,a<2 My, cos(y; Q) +hmmin

>2Mmin — 2Mpin €0s(y12).
Finally, we consider the case when a > 2mpin + hmpin. In this case, we have

min |ae”’+y‘” e hmmine™ " = 2mmin cos(y1Q)
a>0,h=0,yeR, yeR,w*€[0,Q]

+ ‘ae”’“"” — (2Mmin + hMmin)
> min
6l>0,h20y}’€RyﬁERyw*E[OyQ]:a>2mmin+hmmin

= min
a>0,h=0,a>2Mmin+hMmin

ae" I e _ pmine” Y~ 2min cos (11 Q)
a— (2Mmin cos(y1Q) + hmmin)

>2Mmin — 2Mpmin €0s(y12).
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Therefore, combining all the above discussions, we arrive at

min |ae”’+y‘” e hmpine™ " — 2mimin cos(y1Q)
a>0,h=0,yeR,jeR,w*€[0,Q]

+ ‘ae‘“y‘” — (2Mmin + BMmin)

=2Myin — 2Mmin C0S(y1£2),
or equivalently,

min |ael7+y‘” e 7 min (oce_”’IQ + e”’lQ)| + |ae’Y+y‘” — Mmin (@ +1)
a>0,a=1,yeR,JeR,w*€[0,Q]
=2Mmin — 2Mmin COs(¥1L2).
Thus (4.16) is equivalent to

2Mmin — 2Mmin €0s(11Q2) < 40.

é)'

Similar to the proof of Theorem 4.1, this yields

4arcsin ((L)

Mmin

dmin <

Part2: (y;Q < )
In part 2, because y;Q < , the trick used in the former proof doesn’'t work now. We utilize
4arcsin(( m:ﬂn )%)
another finding for the proof. Suppose dmin = ——5——— and there exist some measure
A= aby so that

I Z () -Yw) <o, wel[-QQ].

Then, this is in contradiction with (5.3) and (5.4) in Theorem 5.1. Thus we have proved that

1
. o 2
4arcsm((mmin) )

Q

Note that this new finding can also be used to prove the first part, but we keep the first part
for a better understanding of the optimization problem and its underlying difficulty. The
new finding comes from an optimal algorithm described in the next section. Now we have
completed the proof. O

dmin <

4.3. TWO-POINT RESOLUTION FOR VERY GENERAL IMAGING MODELS

The two-point resolution estimate in previous sections can actually be generalize to very
general imaging problems as we shall discuss next. We assume that the available measurement
is

Y() = (@) (FW(@) +Ww) = Y ajy@e” ™+ yWw), weR, ol <Q, (4.18)
j=1
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where y(w) =0or 1, ¥(0) =1 and y(w) =1, ||w||> = Q. Moreover, the noise W is assumed to be
bounded:
Ww)| <o, llwll=<Q.

For the imaging model (4.18), consider similar definitions to the previous ones for o-
admissible measures and the computational resolution limit. It is not hard to see that the
estimates in the previous sections still hold and we have the following theorem.

Theorem 4.4. Consider the imaging model (4.18). For mme < %, all of the resolution limits

%’@;num’gk,num for resolving two sources in R* are
1
. s )z
4 arcsin ((m_mm) )
Q ' (4.19)

These resolution limits can be attained if a; = a,. When # > %, no matter what the separation

n
distance is, there are always some o -admissible measures of someY corresponding to one point
source.

Compared to (4.2), the model (4.18) is more general, for instance, super-resolution from
discrete measurements can be modeled by (4.18). Thus Theorem 4.4 can be applied directly
to super-resolution in practice and line spectral estimations in array processing. Moreover,
by the inverse filtering methods, our results can be applied to imaging problems with very
general optical transfer functions, such as the one shown in Figure 4.1. We believe that this will
inspire new understandings for the resolution of a number of imaging modalities. We remark
that it is more appropriate to apply Theorem 4.4 to imaging problems where the noise level at
0 and ||w]|» = Q are close or comparable after modifying the model to (4.18). When the noise
levels at these sample points are not comparable, we suggest to use the same idea as the one
introduced in the previous sections in order to derive more accurate estimates.

In fact, Theorem 4.4 reveals the fact that the two-point resolution is actually not that related
to the continuous band of frequencies but rather mostly determined by the boundary points.
In particular, in the one-dimensional case, if we have only measurements in [-Q +€,Q —¢] for
€ > 0, then the resolution in (4.19) does not hold anymore. In the multi-dimensional cases,
similar conclusions hold as well. Thus the condition ||w||; = Q is nearly a necessary condition
for Theorem 4.4 to hold.

5. OPTIMAL ALGORITHMS

We now have the exact resolution limit for determining whether the image is generated by
one or two sources. This is a new benchmark for super-resolution and model order detection
algorithms. A natural question is whether we can find the optimal algorithm to distinguish
between one and two sources in the image. Note that, according to our theoretical results,
when the two sources are separated by more than
2
4arcsin (( m‘;n ) )

|y1—J/2|2 Q )
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Figure 4.1: Optical transfer function.

any algorithm targeting certain solutions in the set of admissible measures provides a solution
with more than one source. But we still cannot confirm that there is more than one source
inside. Only by considering the sparest solution in the set of admissible measures can we
confirm this fact. However, since I minimization is intractable, this direction is still unrealistic
and we resort to other means. In [30], a simple singular value thresholding-based algorithm
was proposed to detect the source number. In this section, we consider a variant of it and
theoretically demonstrate that the algorithm exactly attains the resolution limit.

5.1. AN OPTIMAL ALGORITHM FOR DETECTING TWO SOURCES IN DIMENSION ONE

In [30], the authors proposed a number detection algorithm called sweeping singular value
thresholding number detection algorithm. It determines the number of sources by threshold-
ing the singular value of a Hankel matrix formulated from the measurement data. Here we
consider a simple variant of it.
To be more specific, we first assemble the following Hankel matrix from the measurements
(4.2), that is,
Y(-Q) Y(0)
H ‘( YO0 Y(Q) ) &b

We denote the singular value decomposition of H as

A A A

H=UXU",

where £ = diag(61,62) with the singular values 61,6 ordered in a decreasing manner. We
then determine the source number by a thresholding of the singular values. We derive the
following Theorem 5.1 for the threshold and the resolution of the algorithm.

Theorem 5.1. Consider 1 = Z§:1 a j6 v Vi€ R and the measurementY in (4.2) that is generated
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from u. If the following separation condition is satisfied

1
. o )2
4arcsm((mmin) )

Q ’

ly1—y2| 2 (5.2)

then we have
00>20 (5.3)

for 6, being the minimum singular value of the matrix H in (5.1). On the other hand, if there
exists [l consisting of only one source being a o -admissible measure of Y, then

6'2 <20. (5.4)
Proof. Observe that H has the decomposition
H=DAD' +A, (5.5)

where A = diag(e™"1%a;, e72%a,) and D = (¢p; (€1, ¢y (€'72?)) with ¢ (w) being defined as
(1,w) " and
A= W(-Q) W(0)

wW0O) WwQ) )’

We denote the singular values of DADT by o1,05.
We first estimate ||A]|,. We have

.
Jnax [[ae ),

= max \/(x1W(—Q) + X, W(0))2 + (xW(0) + X, W(Q))?
1

2 2 _
X7 +x2—

= max \/W(O)2 +2x1 0, W(0) (W(—Q) + W(Q)) + x2W(— Q)2 + x2W(Q)?

2, 2_
x7+x5=1

< max 02 +402%x1 X2 + (x§ + x5) 02 (by the condition on the noise)
xy+x5=1

=20.
Thus we have ||Al||> < 20. By Weyl’s theorem, we have
6;~0jl<IAllz<20,j=1,2. (5.6)

Now we estimate the minimum singular value of DADT in the presence of two sources.
Denote 0 min (M) and Apin (M) as respectively the minimum singular value and eigenvalue of
matrix M. We have

— 2
Omin(DADT) = Mipin0min (D) = Minin Amin(DD) = 4mminsin | 222 |

4

Therefore, when (5.2) holds, o0min(DADT) = 4¢. Thisis 0, = 40. Similarly, by Weyl’s theorem,
|62 — 02| <||All2. Thus, 62 =40 —||All2 > 20. Conclusion (5.3) follows.
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On the other hand, note that if there exists {i = 4;6, consisting of one source being a o-
admissible measure of Y, we can substitute the D in (5.5) by ((/)1 (el lQ)) with the W and A
being modified. Now we have o = 0 and also [|A||2 < 20. Thus by (5.6) we get |G2| < ||All2 < 20
and prove (5.4). O

We summarize the algorithm in the following Algorithm 1. Note that in practical applications
one can estimate a noise level although not tight and utilize our algorithm to detect the source
number. By Theorem 5.1, for all estimated o’s less than 4, our algorithm can achieve
super-resolution.

Algorithm 1: Singular-value-thresholding number detection algorithm

Input: Noise level o;
Input: Measurement: Y(w),w € [-Q,Q];
1: Formulate the Hankel matrix

H_(Y(—Q) Y(O))
R (O (9)

from measurement Y(w);

2: Compute the singular value of H as 61,6 distributed in a decreasing manner;

3:If 6, = 20, determine source number n = 2 and otherwise, determine n = 1;

Return: 7.

Numerical experiments:

We conduct many numerical experiments to elucidate the performance of Algorithm 1. We
consider Q = 1 and measurements Y generated by two sources. The noise level is o and the
minimum separation distance between sources is dpin. We first perform 100000 random
experiments (the randomness is in the choice of (dmin, 0, ¥, @;)) and the results were shown in
Figure 5.1 (a)-(c). The green points and red points represent respectively the cases of successful
detection and failed detection. It is indicated that in many cases, our Algorithm 1 can surpass
the diffraction limit. We also conduct 100000 experiments for the worst-case scenario; see
results in Figure 5.1 (d)-(f). As shown numerically, our algorithm successfully detects the
source number when dpyj, is above the diffraction limit and failed in exactly the opposite
cases. Last, we consider the worst cases when detecting the source number is impossible when
m‘;m > % The results were presented in Figure 5.1 (g)-(i) and there is no successful case when
mme > % Note that the failed cases when mme < % and d,i, above the diffraction limit is due
to the fact that [e’1? — ¢/¥2¢?| becomes small when |y; — y»|Q approaching 27.

We also conduct several experiments to illustrate that our algorithm can detect the correct
source number even if it seems very unlikely to distinguish the two sources by other methods.
We consider 5 cases where the source number is correctly detected by our algorithm; see
Figure 5.2 (a). However, as shown by Figure 5.2 (b)-(f), their MUSIC images only have one

peak.
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(d) detection results (e) detection success (f) detection fail

Numbor Detection Success (worst case) Number Detection Fai (orst case)

(g) detection results (h) detection success (i) detection fail

Figure 5.1: Plots of the successful and the unsuccessful number detections by Algorithm 1
depending on the relation between —*— and dmin. The green points and red points
represent respectively the cases of successful detection and failed detection. The
black line is the diffraction limit derived in Theorem 4.1.

5.2. AN OPTIMAL ALGORITHM FOR DETECTING TWO SOURCES IN MULTI-DIMENSIONAL
SPACES

For detecting two sources in multi-dimensional spaces, we can first apply Algorithm 1 to
the measurement in several one-dimensional subspaces V;’s and save the outputs, then
determine the source number as the maximum value among these outputs. If some of the V;’s
are sufficiently close to the space spanned byy, —y,, it actually achieves similar resolution to
the one in Theorem 5.1.

To be specific, let p = Z§:1 aj6yj,yj € RF and Y(w), w € R¥, |||, < Q be the associated

measurement in (4.2). We choose N unit vectors v;’s in R* and formulate the corresponding
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(a) detection results (b) MUSIC image (c) MUSIC image

(d) MUSIC image (e) MUSIC image (f) MUSIC image

Figure 5.2: Plot (a) is the relation between mme and dpin for several cases. Plots (b)-(f) are
MUSIC images of these cases. Note that it is impossible to detect the correct source

number from these MUSIC images.

Hankel matrices H,'s as

_( Y(-Qvg)  Y(0)

Ho=| yvo' wiavy ) 970N (5.7)

Denoting 6 4 ; the j-th singular value of H;, we can detect the source number by thresholding
on g 4, j's. Moreover, we have the following theorem on the resolution and the threshold.

Theorem 5.2. Consider = Z?Zl a jé‘yj,yj € R* and the measurementY in (4.2) that is generated
from . If

min, min (| 2y =¥z, V)|, 7~ | 201 ~¥2,Vq)]) = Omin (5.8)

with Z(-,-) denoting the angle between vectors, and the following separation condition is satisfied

1
. o )2
4 arcsin (( - ) )

_ > , 5.9
||Y1 Y2||2 Q080 (5.9)
then we have
max 6q,2 >20 (5.10)
q:l,...yN

for 6 42 being the minimum singular value of the Hankel matrix H, that defined in (5.7). On
the other hand, if there exists [1 consisting of only one source being the a o -admissible measure
of Y, then

Gg2<20, q=1,--,N. (5.11)
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Proof. By (5.8), there exists v+ such that

1
. o 2
4 arcsin (( - ) )

Q

|Y1 Vg Yo Vgr| = COSHminHYl _YZHZ =

Hence, similar to the proof of Theorem 5.1, we can show that ¢4+ » > 20. This proves (5.9).
Also, we can show (5.11) in the same way as the one in the proof of Theorem 5.1. O

We summarize the algorithm as the following Algorithm 2.

Algorithm 2: Multi-dimensional singular-value-thresholding number detection algo-
rithm

Input: Noise level o, measurement: Y(w),w € R, llwlls < Q;
Input: N unit vectors v,’s;

forg=1,---,Ndo

Formulate the Hankel matrix:

o[ YQvg) YO
771 YO  YQvy )

Compute the singular value of Has 61,5, distributed in a decreasing manner;

if 6, =20 then
L Returnn=2.

R;turn n=1.

Numerical experiments:
We consider detecting two sources in two-dimensional spaces. For large enough N, we
consider
ary (AT 2
vq:(cos(—),sm(—)) eRs, g=1,---,N. (5.12)
N N

Inputv,’s to Algorithm 2, we then determine the source number by Algorithm 2 from mea-
surements Y(w). By Theorem 5.2, we can determine the correct number when

1
. o 2
4 arcsin (( - ) )

Qcos(ﬁv)

||y1 - ¥2l], =

This indicates that we already have an excellent resolution by leveraging only a few v,’s. We
use N = 10 unit vectors in the experiments and conduct 100000 random experiments for both
the general and worst cases. As shown in Figure 5.3 (a) and (c), our algorithm successfully
detects the source number when dp,;y, is above nearly the diffraction limit and fails to detect
the source number on some cases when dp;, is below the diffraction limit. A very interesting
phenomenon is that, as shown in Figure 5.3 (b), there are many cases in which our algorithm
detects the correct source number even when dp,i, is much lower than the diffraction limit.
This indicates that the tolerance of the noise of the algorithm is in fact excellent. The reason is
that the worst cases or nearly worst cases actually only happen when the noise satisfies certain
patterns. Because we use the measurements in N one-dimensional subspaces, it becomes
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more difficult for the noises in all the subspaces to satisfy these patterns. Thus the noise
tolerance becomes better in the two-dimensional case.

Note that our theoretical results and algorithms are potentially of great importance in
practical applications. We will examine the super-resolving ability of our algorithm in practical
examples in a future work.

(a) detection results (b) detection success (c) detection fail

Figure 5.3: Plots of the successful and the unsuccessful number detections by Algorithm 2
depending on the relation between —>— and dmin. The green points and red points
represent respectively the cases of successful detection and failed detection. The
black line is the diffraction limit derived in Theorem 4.1.

A. SOME INEQUALITIES

In this Appendix, we present some inequalities that are used in this paper. We first recall the
following Stirling approximation of factorial

V2rn"tie "< nl<en™ze ", (A.1)
which will be used frequently in the subsequent derivations.
LemmaA.l. Let{(n) and{(n—1) be defined as in (3.4). For n = 2, we have
( 2 )ﬁ - 2e .
((n)§(n-1) n-1

Proof. For n=2,3,4, itis easy to check that the above inequality holds. Using (A.1), we have
forodd n=5,
-1 = ! > n n 2n-4)
(men-1)=(—="—, () () e
2,n-1 -3\n—2 ,—(2n-4
(I’l )n(n2 )n e ( n )

(l’l 1)n—2
zez(” 1)27‘[ Z(n 3)}1 2
2e (n—-2)n-2

2n-2
2 2(n-1 .
>0.2971°¢ (2—) (smce n25)
e
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and for even n = 6,

2 (A1)
{(mEn - 1)—(")'(” 7

)!
ntl N — 2 _4)7’!7—36_(2"_4)

>n( At i )”‘1(—

2
2l n—2yn-1,n—4y%3 —(2n-4)
:(n-1)2"2”” (Z52)n-1(1sd) 5 gm(en
(n_l)Zn—Z
, o (n=1\"2 0" (n-2)"" (n-4)"7
e 22
2e (n-1)
_1\2n-2
>n2(” 1)
2e

Therefore, for all n =5,

2 2n1—2 2 2 2”1_2 2
(((n)f(n—l)) = ( ) St
O

Lemma A.2. Let{(n) and A(n) be defined as in (3.4) and (3.16), respectively. For n = 2, we have
( 8 )2,1%1 - 2.368.
{(mA(n) -3

Proof. For n=2,3,4,5, the inequality follows from direct calculation. By the Stirling approxi-
mation (A.1), we have for even n = 6,

) (n 4|)2
((MA(n) ={(mé(n— 2)—( )'(—)' 1
o (n)Lﬂ(n Z)Ll(n 4)n_3e_(2n_5)
=(n- l)Zn—l ”2(2)7 (nT_Z)%I(nT%)n_%_(Z"_m

2 (n_z)Zn—l

_(n—% py 2€422 0T (n=2)"7 (n-4)"3
 2e (n_%)z (n_%)Zn—s
> % oot AT
T 2e (n—-12’
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and forodd n=7,

—1 ., (5352

CWAM) = {(M)E(n—2) = (-1

2 4
o N—=1 , n=3 n2 N—=5 n4 o, 5
= 5 -
( 2 ) 5 ) > )
— _ n-2 _ n-4 B
o Lon PR T () e
=(n——

2 (n_%)Zn—l
o2 22 (=)0 =3)F (1-5)'F
o 2e (n—13)? (n—1zn-3

_1 )
>(—_2)2n-1 47T1 ‘
2e (n_z)z

Therefore, for all n =6,

2.36e
1
n—3

=

( 8 )ﬁ( 2e ((n—%)zs)znll

{(MA(n) Cn- % 472

Lemma A.3. Let((n) be defined as in (3.4). For n = 2, we have
(n—1y2n-2 on-3 g2n-1
2 <

((M(n-2)!" (y/m)3max(vVn-2,1)

Proof: By the Stirling approximation formula (A.1), when 7 is odd and »n = 3, we have

(n— %)Zn—Z (n— %)Zn—z
(-2 (E12(n-2)
- (n— %)Zn—z
(V2mP () (n-2)" 2 2 e @nD)
2N 21 (n-— %)Zn—Z on—3 g2n-1

< < '
(ev2m3vn—2 (n-1)"n-2)""2" (/m3vn-2

When 7 is even and n = 4, we have

(n— %)271—2 ~ (n—- %)2’1—2
(m(n-2)! B2 (n-2)!
(n— %)271—2
S n+l n-1 1
(V23T (52T (n-2)"2r2e-Cnd)
on g2n (n- %)Zn—z 2n—%eZn—l

= 1 n-1 = .
(eV2m)3Vn-2n"t (n-2)"7 (n-2)"2  (VmivVn-2

For n = 2, the inequality follows from a direct calculation.
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