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A STABLE AND JUMP-AWARE PROJECTION ONTO A DISCRETE
MULTI-TRACE SPACE.

MARTIN AVERSENG*

Abstract. This work is concerned with boundary element methods on singular geometries,
specifically, those falling in the framework of “multi-screens” by Claeys and Hiptmair. We construct
a stable quasi-interpolant which preserves piecewise linear jumps on the multi-trace space. This
operator is the boundary element analog of the Scott-Zhang quasi-interpolant used in the analysis of
finite-element methods. More precisely, let I" be a multi-screen resolved by a triangulation (Mr 3),
and let V,(T") be the space of continuous piecewise-linear multi-traces on I". We construct a linear
operator ITj, : H/2(T") — V,,(T") with the following properties: (i) IThullgi2 < Ch ||u||H1/2(F) for all
w € HY/2(T), (ii) Mpup = uy, for up, € Vi (T) and, (iii) [IT,u] = 0 for every single trace u € H/2([T)).
The stability constant C}, only depends on the aspect ratio of the elements of Mgq j, where Mgq j, is
a tetrahedral mesh of Q2 extending Mr ;. We deduce uniform bounds for the stability of the discrete

jump lifting, and the equivalence of the H/2 norm with a discrete quotient norm.
Key words. Boundary Element Methods, Singularities, Interpolation

MSC codes. 65N12, 65N38

1. Introduction. The motivation for this work is the numerical analysis of
boundary element methods for applications involving geometric singularities. Inte-
gral equations, and their resolution by the boundary element methods, are by now
well developed on Lipschitz domains, see e.g. [27, 31]. In the past 30 years, a lot
of effort has been dedicated to extend the range of geometries that one may tackle,
both theoretically and numerically. Initially “screens” and “cracks” were considered,
[10, 35, 37] and more complex geometries were studied in recent works [12, 16, 17].
For a selection of real-life studies using such complex geometric models in various
types of applications, see [2, 13, 21, 23, 26, 33, 38] and references therein.

The numerical analysis of boundary element methods in such singular geometries
involves at least three main challenges, compared to the case of a Lipschitz regular
obstacle. First, at the theory level, one has to give a suitable definition for the function
spaces in which the boundary integral operators naturally act. For instance, when the
obstacle T is an infinitely thin screen, the spaces H/?(I") and H~'/?(T) are no longer
dual to each other, and the weakly singular operator (resp. hypersingular operator)
act in H~Y/2(T) (resp. HY/2(I')). We refer to [11] for a survey on Sobolev spaces on
“rough” (possibly fractal) sets. The second challenge, which is connected to the first
one, is that second-kind formulations are difficult to design for singular obstacles, and,
when it comes to first-kind integral equations, the known preconditioning methods,
with Calderén preconditioning as a prominent example [14, 34], must be adapted to
take the singularity into account [3, 4, 8, 9, 25, 29]. Finally, for the a priori analysis
and convergence theory, one must develop a good understanding of the singularity
of the solutions of the scattering problems (see e.g. [20, 24]). This knowledge is
important in order to choose the proper mesh refinement method (e.g. h-p refinement
[7, 36]), and to quantify the order of convergence of the numerical solutions.

In this work, we make a step in addressing those challenges for a class of sin-
gular geometric models called “multi-screens” [16, 17]. Essentially, multi-screens are
arrangements of two-dimensional surfaces in R3, which may intersect each other in
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2 M. AVERSENG

complex ways. In particular, they combine two types of singularities: sharp edges (the
boundary of the screen) and junction lines and points. Because of the latter, a multi-
screen may fail to be a manifold at some locations. For such geometries, an adapted
functional framework has been recently established by Claeys and Hiptmair [16, 17],
and was applied with a lot of success in the context of domain decomposition methods
[18]. In parallel, the first numerical implementation of a first-kind boundary element
method for multi-screens has recently appeared in [15], and ideas for corresponding
preconditioners are emerging [5, 19].

The aim of this paper is to construct a stable quasi-interpolant which preserves
piecewise linear jumps on the multi-trace space. The properties of the operator that
we construct are completely analogous to those of the celebrated Scott-Zhang quasi-
interpolant of [32] (see also the recent work [22] on a related interpolant for discrete
differential forms). The Scott-Zhang operator has a tremendous importance for the
numerical analysis of strongly elliptic equations in Lipschitz domains. Its main use
is to analyze the approximation of functions by piecewise polynomials (see [1, Thm
1.1]). Tt can also be used to derive uniform bounds on discrete jump liftings, see e.g.
[28, Lemma 1.56], which are commonly used in domain decomposition methods. The
operator we construct here (restricted to piecewise linear functions, and not general
polynomial order as in [32]) similarly implies uniform bounds for a discrete jump
lifting on the jump space fIl/Q([F]). Its properties are used to analyze some new
preconditioners for the boundary element methods on multi-screens in [5, 19]. We
also expect that it will be useful for the a priori analysis of the convergence of the
boundary element solution to the true solution.

The remainder of this work is organized as follows. In Section 2, we introduce the
necessary notation to state our main result. The construction of the quasi-interpolant
involves a (primal) basis of the discrete multi-trace space, which is introduced in
Section 4. This allows to give the definition of the quasi-interpolant II; and prove
its properties in Section 5. A central role in those proofs is played by a set of “dual”
basis functions, whose construction is presented in Section 6. This construction is the
main novelty of this work.

2. Notations and main result.

Simplices and meshes. An n-simplex (n = 2 for a triangle or 3 for a tetrahedron)
is the closed convex hull of n + 1 affinely independent points in R? called its vertices.
A face of a simplex S is a (n — 1)-simplex spanned by n vertices of S.

A n-dimensional mesh M is a finite set of n-simplices such that if K, K’ € M,
then the intersection K N K’ is either empty, or equal to a common subsimplex (i.e.
a vertex, edge, or face) of both K and K’. The set of faces of a mesh M, denoted
by F(M), is the set of faces of the simplices of M. The boundary OM of an n-
dimensional mesh M is defined as the subset of F(M) whose elements are the face
of exactly one n-simplex in M. The geometry of M, denoted by | M|, is the union of
all of its elements, i.e.

M= | K.
KeM
Given v > 0, we say that a mesh M is y-shape-regular if it satisfies

h

K >q VKeM,

PK
where h is the diameter of K and pg is the radius of the largest ball contained in K.
A mesh M is regular if its geometry is an n-dimensional (piecewise linear) manifold.
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In what follows, we fix a Lipschitz polyhedron © C R3, that is, a connected open
set such that there holds 2 = |Mgq| , for some regular tetrahedral mesh Mgq. We also
fix a set I' = | M|, where Mr is a triangular mesh satisfying

MF C ]:(MQ) \ 8./\/19 .

We do not require Mr to be regular, however, we impose that I be a multi-screen,
in the sense of Claeys and Hiptmair [16]. For instance, Mr may be as in Figure 2.1.

FIGURE 2.1. Possible choice of mesh Mr.

Function spaces. For an open set U, let C°(U) be the set of real-valued functions
u that are infinitely differentiable and compactly supported on U. We denote by
H(U) the Sobolev space of real-valued functions v which are square-integrable on U
and such that there exists a square-integrable vector field p € (L?(U))? satisfying

[utive=- [ p-o. voe(czw),
U U
Writing Vu := p the weak gradient of u on U, a norm on H(U) is defined by

2 2 2
lullzr oy = Nullz2 @y + VUl @y -

Let Hg () be the closure of C2°(Q\T) in H'(Q2). The multi-trace space H'/?(T")
(see [16]) is the Hilbert space defined by the quotient

H'/(T) = H'(Q\T)/Hip(Q).

Let mp : H'(Q\T) the corresponding canonical surjection, and H'/2([T']) the single-
trace space, which is the closed subspace of H'/ 2(T) defined by

HY(ID)) = mp (H' (@)
In turn, the jump space HY 2(T) is the Hilbert space defined by the quotient
H'(T) = H"Y*(T)/H>([T]),

and [-] will denote the corresponding canonical surjection.
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Finite-dimensional subspaces. If Mg, and Mp 5, are meshes of Q and I' (possibly
different from Mg and Mr), we say that the pair (Mg p, Mr 1) is trace-compatible if
Mrp C F(Maqp)\OMaq . Given a trace-compatible pair (Mg p, Mr 1), let V3, (Q\I)
be the finite-dimensional subspace of H*(2\T) consisting of piecewise linear functions
on Mg, that is,

Vi(Q\T) := {u e H(Q\T) | ux is affine VK € Mg} .

Finally, define _
Vi(T) :=7mp(Va(Q\T)), Vi) := [Vi(T)].

Main result. The goal of this work is to prove the following result.

THEOREM 2.1. For each vo > 0, there exists a constant C (7o) > 0 such that the
following holds. Suppose that (Mg, Mry) is a trace-compatible pair of meshes of
Q and I', and assume that Mgq , and Mr p, are vo-shape-regular. Then there exists a
linear operator 11, : HY/2(T') — V,,(T) such that

(i) w2 < C(o) lullg /2 for all w e HY2(T),

(i) Tpup = uy, for all up, € Vi (), that is, I, is a projection,

(i4i) w € HY?([[]) = Mu € HY?([T).

Notice the analogy with [32]: H'/2(T") plays the role of H'(Q), and jumps play the
role of boundary values. The definition of II;, is given in Definition 5.1. The proof of
Theorem 2.1 is also inspired by [32], but the essential difficulty is the construction of
suitable “dual basis functions”.

Remark 2.2. The stability constant depends on the aspect ratio of the elements
of the mesh Mg p,, and not just Mr p. Although our proof requires this condition, we
conjecture that the result still holds if we only assume that Mr j, is yo-shape-regular
and that its elements are sufficiently small.

3. Applications. Theorem 2.1 has the following important consequences. First,
it gives a uniform bound for the stability of the discrete jump lifting @y, : V,(I') —
Vi (T), defined by

Dy, : [wh] = Up,

where uy, is the unique minimizer of the H'/2 norm over the set of wy, + H'/2([T]) N
Vi (T).

COROLLARY 3.1 (Uniform bound for the discrete jump lifting). Let the assump-
tions of Theorem 2.1 be satisfied. Then there holds

(3.1) 1@1Pnllzi2 < C(0) 1Bl gie s YR € Va(T).

Proof. By definition of the quotient norm on H'/2(T'), and due to the Hilbert
structure on this space, there exists a continuous harmonic lifting ®, that is, an

isometr
' & : H'/2(I') = HY?(D)

such that [®@] = ¢ and
19Bll/2 = 1Bl a2, VE € HYA(T).

We claim that the operator ¥y, : V,(I') — H'/2(T), defined by W, := II;, o ®, satisfies
the property

(3.2) Von € Vi), [¥adn] = @n-
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In other words, U}, is a right-inverse of the jump operator on V;,(I'). Provided that this
holds, we have by the minimization property of ®;, and using Theorem 2.1 property

(i):
V&n € Va(D), 1 rPnllp/zry < [1Vh@nllg /e
< C(0) 190nllg/2 = COyo) [|@nll /2 -
It remains to show the property eq.(3.2). For this, fix &, € V4(T') and let
v = VR

Furthermore, pick wy, € V(T') such that [wy] = @p. Since [P@y — wp] = 0, it follows
by Theorem 2.1 (ii) and (iii) that

0 = [MIn(Ppn — wn)] = [Hp(Pon) — Mpwp] = [vn] — [wa] = [vn] — @n -

This shows that [v,] = @5, concluding the proof. d

Theorem 2.1 can also be used to prove the equivalence on ‘N/h(l" ) of the H'/2 norm
and the discrete quotient norm Ny, defined by

Y& € Vu(T),  Nu(@n) = inf {|[unllgz | un € V() s.t. [un] = @n} -

COROLLARY 3.2. Let the assumptions of Theorem 2.1 be satisfied. Then for all
@n € Vi(T), there holds

inf {{|vnllg/2 | vn € V(L) s.t. [on] = @n}
< C(yo) inf {|lvll1/2

v e HY2(D) sit. [u] = @h} ,

or in other words, one has the norm equivalence

1

(3.3) )

Ni(pn) < |onll g1z < Ni(@n) -

Proof. The right inequality in eq. (3.3) follows from the definition of the quotient
norm on H'/2(T). Reciprocally, if 35 € V;,(T'), then by Corollary 3.1, we have

inf{”vhHHl/Z(l") ‘ vn € V(') s.t. [vp] = {5;1} < N®renllg /2y < Cnll@nllgse »

giving the left inequality. ]

The rest of this work is dedicated to prove Theorem 2.1. From now on, we fix a
constant 9 > 0 and a yp-regular pair of trace-compatible meshes Mr ; and Mgq .
The dependence in h will be omitted from some of the notation. We shall also use
the letter C' to denote a generic positive constants which only depends on I', Q and
Y0, but is, in particular, independent on the size of the elements of Mp ; and Mgq .

4. Basis of the discrete multi-trace space. In order to construct the operator
I}, of Theorem 2.1, we first construct a basis of V;(I'). The main ideas are from [6].
Let us denote by {x1,...,zn} be the vertices of Mg ; with the common vertices
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of Mg and Mr, given by ®1,...,xa. Let V3, (Q) be the space of functions in
Vi (2\ T'), which are continuous. Notice that

Vi(Q) = HY(Q) N VR(Q\T).

Let {¢i}1<i<n be the nodal basis of V,(€2), that is, the set of elements of V;,(Q2)
defined by
¢i(xir) =80, 1<i i <N.

For each i € {1,..., N}, the star of x;, denoted by st(x;, Mg ), is the set of tetra-
hedra K € Mg containing x, as a vertex. We define a graph G(x;) with
e Nodes: The elements of st(x;, Mq )
e Edges: The pairs {K, K’} C st(x;, Mg) such that K and K’ share a face
not contained in Mr.

Let ¥;.1,..-,%.,q be the connected components of G(x;), and let
sl = J K.
Kevi,;

Let us write
H(Q) :={(i,j) EN*|1<i< N, 1<j<gq}.

For (i,7) € H(Q), we denote by ¢; ; the split basis function of V3, (2\T) on ~; j,
which is defined by

_ Jéi(z) for x € int(|v;
$ealw) = {0 otherwise.

where int(|y; ;|) is the interior of |y; ;.

)

LEMMA 4.1. The split basis functions {d; ;} . j)en() form a basis of Vi, (Q\T).
Proof. Suppose that there exist real coefficients A; ; such that

(41) Vo € Q, Z )\i,j¢i’j(iL‘) =0.
(4,5)EH()

Fix (io,jo) € H(2) and let K € v; ;. Let (y,,)nen be a sequence of points in the
interior of K, such that
Jin v, =

It is easy to show that lim, oo @i ;(¥,) — 0i,i,0;,j,- Therefore, applying eq. (4.1)
to y,, and passing to the limit, we conclude that A;, ;, = 0. This proves that the
functions ¢; ; are linearly independent.

Next, we consider up € V,(2\I'). For each (i,7) € H(f2), we fix a tetrahedron
K;; € v, ; and a sequence (y%7),en converging to x; from K;;, as above. Let
i = limy, o0 up( 7). We prove that

(4.2) up, = Z AijDij s
(1,5)€H(2)

by showing that this equality holds on the interior of each tetrahedron K € Mgqp.
Suppose that the vertices of K are x;,, ..., x;,, and for each p € {0,...,3}, let j, be
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such that K € v;,;,. Let y¥ be a sequence of points in the interior of K converging
to x;,. We claim that

(43) hm ¢i,j (yfl) = 6i,ip5j,jp 5 nhm uh(yfl) = )‘ip,jp .

n—oo — 00

As before, the first limit can be shown easily. The second one is obvious if K = K; ;.
If K shares a face F' ¢ Mr with Kj, ; , then it is a consequence of the well-known
property that for v € H*(Q\T), the traces of u of F from K and K, ; must
agree. Otherwise, by definition of G(x;), one can consider a face-connected path of
tetrahedra from K to K;, ;,, and the desired limit is established by repeating the
previous argument for each pair of consecutive tetrahedra in this path.

Having shown the property (4.3), we conclude that the linear functions defined
on K by each side of eq. (4.2) have a common limit at 4 affinely independent points,
thus they are equal on K. This concludes the proof of the lemma. 0

For up € V5 (2\T'), we will denote by wup(7;,;) the coefficient of u; on the split basis
function ¢; ;. On V(2 \T), we introduce the discrete [? scalar product

N g
V(u,v) € VR(Q\T) x VR(Q\T),  [w,0)2 =D > ul(vi)v(iy),

i=1 j=1

Let Y, (2) be the [+, ];2 orthogonal complement of V(). Let

Hi=A{(,7) e H(Q) [ ¢i > 1 and j < ¢; — 1},

and for (i,7) € H, define
Gij = Pij — Pig; -
Using that {¢; }1<i<n is a basis of V},(£2), together with the property

qi
Gi=> ij,
=1

and Lemma 4.1, a simple algebraic reasoning shows that {&Fiyj}(ij)eﬁ is a basis of
Y3,(€2). Define

n =7mp(Pi), Wiy = WD(&LJ’)'

Let Vi ([[]) := V,, n HY2([T]) and Y, (T) := 7p(Y4(R2)). In summary, we have the
following result:

LEMMA 4.2. There holds
Vi (L) = Vi([T]) @ Ya(T).

Moreover, {n;}1<i<m is a basis of Vi ([I']) and {ﬁi7j}(ij)eﬁ is a basis of Yp(T').

5. Definition of the quasi-interpolant. We now define the quasi-interpolant
I, : HY/2(T) — V,(T), much in the same way as in [32]. We refer to [16] for the
definition of the space H~!/2(T") and the duality pairing (-, -) : HY?(T) x H~'/2(I") —
R. Also recall the operator 7y : H(div,Q\ T) — H~/2(T).
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DEFINITION 5.1. Let ITj, : H'/2(T') — V,,(T) be the operator defined by

M
Yu € Hl/z(I‘) , pu = Z«U SYR)e + Z (s aby ;)70 -
k=1 (i,5)EH

where ), = Tn(wy), P, ; = Tn(wi ;), and the vector fields wy and w; j are given in
Proposition 5.2.

PROPOSITION 5.2 (Dual basis functions). There exists two sets of vector fields
{wri<k<n and {wi=j}(ij)eﬁ satisfying the following properties:

wy € H(le,Q\P), w;,; € H(diV,Q),
supp(wy) C [st(zr, Man)| ,  supp(w; ;) C [st(zi, Man)l ,
lwello < Ch?,  |diva|lo, < Chi?,
wijll, <Ch?,  [[divew; ;|| < Chi?,

and the orthogonality relations

(5.1)
Vo - wi + ¢ divwyy = dg s, / Vg@j cWi + ¢ divwg =0
o\l O\l
V¢5k CWi g + ¢k div Wy jr = 0, V(;iyj CWq + gi,j div w4 = 61’,1”5]',]'/
o\l O\T

for all (k,K') € {1,...,N}* and ((i,5),(7',j')) € H2, where h; is the diameter of
|St(:)3i,./\/lg)h)|.

The proof of this proposition is the object of the next section. From the relations
(5.1), it follows that

{«nk S ) = Sy (g ) =0,
<<’7i,j P ) =0, <<77w 71/’i/,j'>> = 0;,i05,j'

which implies that IIj, is indeed a projection on Vj(I'). Moreover, since w;; €
H(div,(), we have v, ; € H~/?(']) (where H~/%([T']) is the Neumann single trace
space, cf. [16]), ensuring that the property

Vue HYA([T]), Tuu e Vi([T]),

is satisfied, due to the polarity of H'/2([T']) and H~'/2([T']) [16, Prop. 6.3]. This
proves properties (ii) and (iii) of Theorem 2.1, so it remains to prove the uniform
H'/2 stability of II;,. For this, we mostly follow the method of [32]. We consider
another projection Zj, : HY(Q\ T') — V,,(Q2\ I') with the property that

(5.2) mpoZy =1lomp.

We shall need yet another set of dual basis functions (v;) p4+1<i<n, which are defined
as in [32]. Namely, for each i € {M+1,..., N}, we pick a tetrahedron K; such that x;
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is a vertex of K;. Then, 1); is defined as the L? dual affine function on K; associated
to ;. Let

M ~
Z0f = ( | e )i ) 6t Yo Wb+ X (wnlh) i)
1=M+1 =1

(i,j)eH

It is immediate that Zj, is a projection and that eq. (5.2) is satisfied. For a tetrahedron
K € Mgq,p, we denote by st(K, Mq p,) the set of tetrahedra of Mg j, sharing at least
a vertex with K. The estimate of [32, Thm 3.1] carries over for Z; with minor
modifications as we show now.

LEMMA 5.3. For f € HY(Q\T) and K € Mq, there holds

IZnf gy <€ (hz_(l 11225,y + HVme(sK)) ;

where Sk = |st(K, Mqp)|\T.

Proof. We focus on the case K NT' # (), because K NT = { is settled by [32, Thm.
3.1]. Given a tetrahedron K incident to a face F' of Mr 4, we can write
120 f 1l xe) < Z

/ Yi(z) f(x)dx
i=M+1
+Z '/TD , TN w1)>>| ||¢z||H1(K)

+ Z (1) (i) |

(i,j)EH

il s )

Gi,j

HY(K)

by the triangular inequality. The first line of the right hand side is estimated as in
[32, Thm. 3.1]. We furthermore recall the classical inequality

1 2
16ill 71 10y < Chil

using the shape regularity assumption. A similar estimate holds for (Ei’j, since ¢; ; is
either equal to 0 or ¢; on K. On the other hand, by definition of {-,-)), we have the
expression

<<7TD(f),¢i>>=/9Vf-wi+div(wi)f: ) Vf-w; + div(w;)f

since w; is zero outside st(x;, Mq ) C Sk. By the previous estimates on w;, using
the shape-regularity of Mgq ; and some elementary inequalities, this leads to

B2 —1/2
[ mn (i)l < C (W19 oy + b 1 liags,e) -
The coeflicients involving w; ; are treated similarly. The rest of the proof follows is
as in [32, Thm. 3.1]. o0

Using now exactly the same arguments as in [32, Thm 4.1] and [32, Cor 4.1], we
deduce

(5.3) 1Z0f g r) < C Ml -
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Remark 5.4. The main tool, to derive (5.3) from Lemma 5.3, is a Bramble-Hilbert
inequality in domains U consisting of face-connected and shape-regular unions of
tetrahedra. To apply this result, a crucial requirement is that the restrictions of
elements V;, (2 \ T') to each tetrahedron K € Mg span all polynomial functions of
degree 1 in K.

COROLLARY b5.5. There exists a constant C > 0 only depending on shape-regularity
such that
Vu e HYA(T),  [Hyullgs < C lulhps

Proof. Fix f € H'(Q\T) such that u = mp(f). Then we have u = 7p(Zyf).
Therefore, it holds that [[IIpulgi 2y < |20 f i1 o\ by definition of the H'/2 norm.
By the previous lemma, this gives

[Mpullgre < Clfllgr@yry -

This holds for any f € H'(Q\TI") such that 7p(f) = u. Hence, passing to the infimum,
we conclude

Vu e HY2(T),  [[Thullg/ < Cllullg
which proves the claim. ]
We address the construction of the “dual basis functions” wy, and w; ; of Propo-

sition 5.2 in the next section.

6. Construction of the dual basis functions. The main tool for constructing
the required vector fields is the set of bridge functions that we define now. Let
ie{l,...,N}and 1 < j, k < ¢;. Wesay that {j, k}, with j # k, is a bridge around x;
if there exist two tetrahedra K € v, j, K’ € 7, i such that K and K’ have a common
face F' € Mp . The set of bridges around x; is denoted by B(%).

LEMMA 6.1 (Bridge functions). For each bridge {j,k} € B(i) with j < k, there
exists a vector field b; ¢y € H(div,$Q) such that

supp(b; (j,ry) C [st(zi, Man)l ,

(6.1) [0i iy || < CR72, ||divdy gy || < ChP,

and
(62) Vuh S Vh(Q \ P) 5 / bi,{j,k}vuh + diV(bL{j,k}) Up = uh(’yi’j) — Uh(’)/i,k) .
O\

Proof. Given a tetrahedron K, a face F' of K and an affine function ¢ defined on
F', we define the vector field bg g on K by

1

bK,F,w(y) = m Z d)(wm)/\m(y)(mm - :133) , YyeK,
’ m=0

where {xg,x1,x2} are the vertices of F' and )\, is the barycentric coordinate of K
associated to x,,, and h(K, F) is the height of K from F. Given a face F’ of K, we
denote by nk s the outward pointing normal vector on F’. With this definition, we
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have h(K,F) = ng p - (€, — @3), where m is any number in {0, 1,2} and x5 is the
vertex of K opposite to F'. One can check that

v fF =F

br ry MK F =
S ’ 0 otherwise

If K € Mg, , we denote the extension of by ry by 0 outside K again by by r . By
what precedes, by pp € H(div,Q\T) if F € Mrp .

Fix a bridge {j,k} € B(i), and let K; € 7, ; and Kj € ;, be two tetrahedra
sharing a face Fj, € Mrp ). The face Fjj;, contains the vertex x;. Following [32], we
define an affine function v such that, for any affine function p,

/ U(y)p(y) dy = p(z;) -
Using pullback and scaling arguments (cf. [32, Lemma 3.1]), one has

. <
(6.3) [nax [W(y)| < Chi’

where hp is the diameter of Fj;. With this choice of function v, let

bi ik} = bk, Fyp — by Fyp -

This time, b; (;ry € H(div,Q). It is also clear that supp(b; ¢;.x1) C [st(i, Man)|-
The estimate of the L> norm of b; (;} in eq. (6.1) is obtained from the bound on
|¥| (6.3), the bound vy on the aspect ratio of K; and K}, together with the simple
estimate |A,,|, < 1. The bound on Hdiv (bi,{j’k})Hm follows from the previous one,
since b; ¢; ) is linear on each tetrahedron K; and Kj (using again the control over
the aspect ratio of K; and Kjy).

Fix up, € V3 (Q\T'). We have

(6.4)
/Q\F bi,{j,k}Vuh + diV(biy{mk}) U

= Z Uh('Yi’,j/)/ br; Fy Vi jr + div(be, Fjp ) i g

(i3 EH(R) K
- > Uh(%",j’)/ b, Vi + div(be, 5y 0) Girjr -
(1,5 EH(S) K

Let (7/,7") € H(Q) and let r;s j» be the trace of ¢, j» on Fj; from K;. There holds
/ wa Jk,qubzl 3! + le(bKJ, Fjk (bl’ = / lb ’I“Z )dy = T‘i/,j/(ﬂﬁi).
]k
If ¢/ # 4, then 7y j(x;) = 0. On the other hand, if ¢ = i but j° # j, then ¢, j/ is

identically 0 on 7; ;, and in particular on K. Finally, if ¢ = ¢’ and j = j’, one has
rij(x;) = 1. In summary,

/ bK NPT ¢V¢z/j’ +d1V(bK Fk,’L/J) (bz N 51 l/(sjj
K,

J
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and by the same reasoning,
/ brc, eV Oir g0+ div(bi, 7y ) Girjr = 0iir O jr -
Ky,

The identity (6.2) follows by injecting the two relations above in eq. (6.4). d

If ¢; = 2, there is a unique bridge function b;; at x;, and one can immediately
see that w; 1 := b; 1 fulfills the requirements of Proposition 5.2. In general, the idea
is that one can construct the vector fields w; ; of Proposition 5.2 as a suitable linear
combination of the bridge functions at x;. To see this, we fix i € {1,..., N} and
introduce the vector spaces

Fy:=Span({¢i;h1<j<qi-1),  Gi=Span({bi k) }jkresn)) -

Note that G; C H(div, ). Let F}* be the dual of F}, i.e. the set of linear forms on F;
and define the operator A : G; — F} by

V(b,up) € G; x F;,  (Ab)(up) == Vup -b+updivb.
Q\l
LEMMA 6.2. The operator A : G; — F} is surjective.

Proof. We start by introducing the graph G*(x;) defined by
e Nodes: the numbers 1,...,q;,
e Edges: the bridges {k, k'}.
The key point is that G*(x;) is connected (see e.g. [6, Lemma 1.5]). By [30, Lemma
3.9], to prove the lemma, it suffices to show that if u;, € F; is such that

(6.5) (Ab; (jry)un =0 Y{j,k} € B(i),

then up = 0. Every element vy, of F; satisfies

qi
th(%j) =0.
j=1

Hence, it remains to show that for 1 < j, k < N,

(6.6) un(Vi,5) = un(Vik) -

When {j, k} € B(i), this relation is a consequence of the assumption (6.5). In general,
we see that (6.6) holds by considering a path from j to k in G*(x;). d

Let {w],;}1<j<q,—1 be the basis of I defined by the relations

w; (i) = 0540 -

By the previous lemma, there exists an element w; ; € G; such that A(w; ;) = w; ;.
One has the properties

w; ; € H(div,Q), supp(w; ;) C |st(x;, Man)| ,

by linearity since those properties hold for all bridge functions at x;. The same
argument allows to check that for all i/ € {1,..., N} and (i",j"”) € H with i’ # 4,
there holds

V(bi/ c Wi, + ¢i’ div w; ;= 0, V(bi”,j” c Wi + (bi”,j” div w; ; = 0.
Q\I O\
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Finally, we have

(6.7) vgi,j’ Cwi g+ 51‘,3‘/ divw; ; = d;,5:,
Q\T

by construction. This proves the relations (5.1) for w; ;, and it remains to estimate its
L norm as well as that of its divergence. This is addressed in the following lemma.

LEMMA 6.3. One can choose w; ; such that
lwijll, < Ch72,  |divwiyll,, < Chi®.

Proof. First, we remark that the number ¢; is bounded independently of the
meshes Mgq j and Mr . Indeed, one can check that g; is equal to the number of
connected components of B \ I', where B is a small enough ball centered at x;. We
shall not prove this assertion in detail, for the sake of conciseness. Let us denote by
Q@ an upper bound for ¢; — 1.

Next, since A is surjective and since dim(F;*) = dim(F;) = ¢; — 1, one can find
a set of pairs {{J,, kp} }1<p<q,—1 such that {Ab; (; &} }1<p<q;—1 is a basis of F". In
this basis, wy ; is expressed by

q;—1

wij =Y Ap(Abi 5, k) -

p=1

The coefficients A, are found by solving the linear system

A1
A = €5,
)‘ql'*l

where e; is the j-th vector of the canonical basis of R%~! and the matrix coefficients

(A)pp = Gipr (Vig,) — bipr (isk,)

are integer between —2 and 2. The set Sg of invertible square matrices A of size at
most @ with coefficients in {—2,—1,0, 1,2} is finite. Therefore, we can write

(6.8) Mol < sup [[[A7 [l WpE{L,... 05— 1},
AecSg

where, for an element v of R” and a square r X r matrix M, we have denoted

[Mv]|
[vllo 7= max |vg| , [|[M][[oc := sup :

l=qsr verr V]l
The bound (6.8) only depends on Mr (through the number Q). The proof is concluded

by using the triangular inequality and the bounds (6.1) from Lemma 6.1. d

The construction of the vector fields {wy }1<k<as of Proposition 5.2 is easier; we
present this now. For each (i,5) € H(f2), one can construct a vector field ¢;; €

H(div,Q\T) such that

Yup, € Vi (Q\T), Vaup, - ¢;j +up div(e; ;) = un(7i,5) -
o\r
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With the notation of the proof of Lemma 6.1, it suffices to pick any tetrahedron K in
vi,; with a face F' in Mr . We then let ¢; ; := bx ., where 1) is again the L? dual
linear function associated to @;. Then, for k € {1,... , M}, we set

1 qk
Wi ‘= — E Ck,l
L —

and this definition fulfills the requirements of Proposition 5.2.

We have thus constructed the vector fields w; and w;; and shown that they

satisfy the properties stated in Proposition 5.2, and hence the proof of Theorem 2.1
is concluded.

REFERENCES

M. AINSWORTH AND J. T. ODEN, A posteriori error estimation in finite element analysis,
Computer methods in applied mechanics and engineering, 142 (1997), pp. 1-88.

R. H. ALaD AND S. B. CHAKRABARTY, Capacitance and surface charge distribution computa-
tions for a satellite modeled as a rectangular cuboid and two plates, Journal of Electro-
statics, 71 (2013), pp. 1005-1010.

F. ALOUGES AND M. AVERSENG, New preconditioners for the Laplace and Helmholtz integral
equations on open curves: analytical framework and numerical results, Numer. Math., 148
(2021), pp. 255-292.

F. ALOUGES AND M. AVERSENG, Quasi-local and frequency robust preconditioners for the
helmholtz first-kind integral equations on the disk, SAM Research Report, 2022 (2022).

M. AVERSENG, X. CLAEYS, AND R. HIPTMAIR, Domain decomposition for a hypersingular
boundary element method on multi-screens, In preparation, (2022).

M. AVERSENG, X. CLAEYS, AND R. HIPTMAIR, Fractured meshes, FINEL, (2022).

I. BABUSKA, B. Q. Guo, AND E. P. STEPHAN, The hp version of the boundary element method
with geometric mesh on polygonal domains, Computer methods in applied mechanics and
engineering, 80 (1990), pp. 319-325.

O. P. BrRunO AND S. K. LINTNER, Second-kind integral solvers for te and tm problems of
diffraction by open arcs, Radio Science, 47 (2012), pp. 1-13.

O. P. BRUNO AND S. K. LINTNER, A high-order integral solver for scalar problems of diffraction
by screens and apertures in three-dimensional space, J. Comput. Phys., 252 (2013), pp. 250
274.

A. BUFFA AND S. H. CHRISTIANSEN, The electric field integral equation on Lipschitz screens:
definitions and numerical approzimation, Numer. Math., 94 (2003), pp. 229-267.

S. N. CHANDLER-WILDE, D. P. HEWETT, AND A. MOIOLA, Sobolev spaces on mon-Lipschitz
subsets of R™ with application to boundary integral equations on fractal screens, Integral
Equations Operator Theory, 87 (2017), pp. 179-224.

S. N. CHANDLER-WILDE, D. P. HEWETT, A. MoioLA, AND J. BESSON, Boundary element
methods for acoustic scattering by fractal screens, Numer. Math., 147 (2021), pp. 785-837.

C.-C. CHEN, Transmission through a conducting screen perforated periodically with apertures,
IEEE Transactions on Microwave Theory and Techniques, 18 (1970), pp. 627-632.

S. H. CHRISTIANSEN AND J.-C. NEDELEC, A preconditioner for the electric field integral equation
based on Calderon formulas, SIAM J. Numer. Anal., 40 (2002), pp. 1100-1135.

X. CLAEYS, L. GiacoMEL, R. HiPTMAIR, AND C. URzUA-TORRES, Quotient-space boundary
element methods for scattering at complex screens, BIT, 61 (2021), pp. 1193-1221.

X. CLAEYS AND R. HIPTMAIR, Integral equations on multi-screens, Integral Equations Operator
Theory, 77 (2013), pp. 167-197.

X. CLAEYS AND R. HIPTMAIR, Integral equations for electromagnetic scattering at multi-screens,
Integral Equations Operator Theory, 84 (2016), pp. 33-68.

X. CLAEYS AND E. PAROLIN, Robust treatment of cross-points in optimized Schwarz methods,
Numer. Math., 151 (2022), pp. 405-442.

K. CooLs AND C. URzUA-TORRES, Preconditioners for multi-screen scattering, in 2022 Inter-
national Conference on Electromagnetics in Advanced Applications (ICEAA), IEEE, 2022,
pp. 172-173.

M. CoOSTABEL, M. DAUGE, AND R. DUDUCHAVA, Asymptotics without logarithmic terms for
crack problems, Comm. Partial Differential Equations, 28 (2003), pp. 869-926.



21]

22]

23]

27]

(28]

29]
(30]

31]

32]
(33]

34]

A STABLE AND JUMP-AWARE PROJECTION ONTO DISCRETE MULTI-TRACES 15

H. Fan, S. L1, X.-T. FENG, AND X. ZHU, A high-efficiency 3d boundary element method for
estimating the stress/displacement field induced by complex fracture networks, Journal of
Petroleum Science and Engineering, 187 (2020), p. 106815.

E. GawLik, M. J. HoLsT, AND M. W. LICHT, Local finite element approximation of Sobolev
differential forms, ESAIM Math. Model. Numer. Anal., 55 (2021), pp. 2075-2099.

A. W. GLISSON AND D. WILTON, Simple and efficient numerical methods for problems of
electromagnetic radiation and scattering from surfaces, IEEE Transactions on Antennas
and Propagation, 28 (1980), pp. 593-603.

P. GRISVARD, Elliptic problems in nonsmooth domains, vol. 69 of Classics in Applied Mathe-
matics, Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2011.
Reprint of the 1985 original [ MR0775683], With a foreword by Susanne C. Brenner.

. HiprMAIR, C. JEREZ-HANCKES, AND C. URzUA-TORRES, Optimal operator preconditioning
for Galerkin boundary element methods on 3-dimensional screens, SIAM J. Numer. Anal.,
58 (2020), pp. 834-857.

V. LENTI AND C. FIDELIBUS, A BEM solution of steady-state flow problems in discrete fracture
networks with minimization of core storage, Computers & geosciences, 29 (2003), pp. 1183—
1190.

W. McLEAN, Strongly elliptic systems and boundary integral equations, Cambridge University
Press, Cambridge, 2000.

C. PECHSTEIN, Finite and boundary element tearing and interconnecting solvers for multiscale
problems, vol. 90 of Lecture Notes in Computational Science and Engineering, Springer,
Heidelberg, 2013.

P. RamacioTTi AND J.-C. NEDELEC, About some boundary integral operators on the unit disk
related to the Laplace equation, SIAM J. Numer. Anal., 55 (2017), pp. 1892-1914.

W. RUDIN, PFunctional analysis, International Series in Pure and Applied Mathematics,
McGraw-Hill, Inc., New York, second ed., 1991.

S. A. SAUTER AND C. SCHWAB, Boundary element methods, vol. 39 of Springer Series in Com-
putational Mathematics, Springer-Verlag, Berlin, 2011. Translated and expanded from the
2004 German original.

L. R. SCOTT AND S. ZHANG, Finite element interpolation of nonsmooth functions satisfying
boundary conditions, Math. Comp., 54 (1990), pp. 483-493.

V. SLADEK, J. SLADEK, AND M. TANAKA, Nonsingular bem formulations for thin-walled struc-
tures and elastostatic crack problems, Acta mechanica, 99 (1993), pp. 173-190.

O. STEINBACH AND W. L. WENDLAND, The construction of some efficient preconditioners in
the boundary element method, vol. 9, 1998, pp. 191-216. Numerical treatment of boundary
integral equations.

E. P. STEPHAN, Boundary integral equations for screen problems in R3, Integral Equations
Operator Theory, 10 (1987), pp. 236-257.

E. P. STEPHAN, The h-p boundary element method for solving 2- and 3-dimensional problems,
Comput. Methods Appl. Mech. Engrg., 133 (1996), pp. 183-208.

W. L. WENDLAND AND E. P. STEPHAN, A hypersingular boundary integral method for two-
dimensional screen and crack problems, Arch. Rational Mech. Anal., 112 (1990), pp. 363~
390.

Y. Zuao, Y. Liu, H.-J. L1, AND A.-T. CHANG, Iterative dual bem solution for water wave scat-
tering by breakwaters having perforated thin plates, Engineering Analysis with Boundary
Elements, 120 (2020), pp. 95-106.

=]



	Introduction
	Notations and main result
	Applications
	Basis of the discrete multi-trace space
	Definition of the quasi-interpolant
	Construction of the dual basis functions
	References

