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MULTILEVEL DOMAIN UNCERTAINTY QUANTIFICATION
IN COMPUTATIONAL ELECTROMAGNETICS

RUBEN AYLWIN, CARLOS JEREZ-HANCKES, CHRISTOPH SCHWAB, AND JAKOB ZECH

ABsTrACT. We continue our study [Domain Uncertainty Quantification in Computational Elec-
tromagnetics, JUQ (2020), 8:301-341] of the numerical approximation of time-harmonic elec-
tromagnetic fields for the Maxwell lossy cavity problem for uncertain geometries. We adopt the
same affine-parametric shape parametrization framework, mapping the physical domains to a
nominal polygonal domain with piecewise smooth maps. The regularity of the pullback solutions
on the nominal domain is characterized in piecewise Sobolev spaces. We prove error conver-
gence rates and optimize the algorithmic steering of parameters for edge-element discretizations
in the nominal domain combined with: (a) multilevel Monte Carlo sampling, and (b) multilevel,
sparse-grid quadrature for computing the expectation of the solutions with respect to uncertain
domain ensembles. In addition, we analyze sparse-grid interpolation to compute surrogates of
the domain-to-solution mappings. All calculations are performed on the polyhedral nominal do-
main, which enables the use of standard simplicial finite element meshes. We provide a rigorous
fully discrete error analysis and show, in all cases, that dimension-independent algebraic con-
vergence is achieved. For the multilevel sparse-grid quadrature methods, we prove higher order
convergence rates which are free from the so-called curse of dimensionality, i.e. independent of
the number of parameters used to parametrize the admissible shapes. Numerical experiments
confirm our theoretical results and verify the superiority of the sparse-grid methods.

1. INTRODUCTION

In recent years, computational uncertainty quantification (computational UQ for short) has
emerged as a sub-discipline of computational science and engineering. A broad theme within com-
putational UQ is the efficient numerical analysis of parametric partial differential equation models
in science and engineering. They are usually based on parametric families of domains which are
homeomorphic, in particular, to one fixed nominal reference domain via parametric families of
diffeomorphisms. In the common case that the parametric dependence involves possibly infinitely
many parameters, the solution families become likewise infinite-parametric. The numerical ap-
proximation of such parametric solution sets is costly due to the usually large number of numerical
approximations of parametric solutions that must be generated to approximate the entire para-
metric solution family. In the presently considered time-harmonic Maxwell equation model, the
physical domain is necessarily three-dimensional, which is an additional source of computational
complexity.

The present paper addresses the formulation and error analysis of multilevel Monte-Carlo
(MLMC) Finite Element (FE) schemes for efficient computational domain uncertainty quantifica-
tion of time-harmonic, electromagnetic scattering from parametric families of lossy cavities in a
bounded domain in three-dimensional space.

1.1. Previous work. The question of shape recovery in time-harmonic acoustic and electromag-
netic scattering subject to noisy measurements of far-fields has received increasing attention in
recent years. Classical shape calculus suggests that under certain conditions, the dependence of the
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forward-map from scatterer shape to far-field is continuous and differentiable in suitable topolo-
gies (cf. [17] and references therein). This continuous dependence implies strong measurability of
solution families corresponding to random ensembles of admissible domains, thereby justifying the
use of Monte-Carlo sampling to explore the solution manifold.

In the discipline of computational uncertainty quantification, one is interested in numerically ap-
proximating parametric solution families corresponding to parametric representations of admissible
shapes, e.g., by Fourier-, wavelet- or Karhtnen-Loéve -expansions. Naturally, many-parametric
representations of shapes will imply many-parametric solution families, thereby mandating sam-
pling and interpolation of parametric solutions in high-dimensional parameter domains. A broad
class of forward data-to-solution maps which arise in shape uncertainty quantification have been
shown to be holomorphic as maps between—possibly complexified—Banach spaces. We refer to
[24, 26, 15] and the references there for proofs of this so-called Shape Holomorphy of PDEs. This
property has been used in [2]| for the numerical analysis of UQ in the time-harmonic propagation
of electromagnetic waves in lossy cavities in R?. In this last reference, we developed a single-
level algorithm whose convergence properties were analyzed; in particular, dimension-independent
convergence rates of suitable sparse-grid interpolation and approximation algorithms for the many-
parametric dependence were shown. Moreover, we showed that these algorithms outperform the
corresponding Monte-Carlo sampling considerably, also for many-parametric shape representa-
tions.

The present paper develops the corresponding multilevel algorithms and their error analysis.
As is well-known from previous work, e.g., [4, 14], for scalar, parametric PDEs, the analysis of
the multilevel FE algorithms does require additional regularity of the parametric solution families.
Specifically, we require holomorphy of the parametric, time-harmonic solutions for a Maxwell-like,
non-homogeneous problem on a so-called mominal—reference—domain, with non-homogeneous
coeflicients resulting from the pullback of the parametric, physical domain to this nominal domain.
The requited regularity results for solutions of Maxwell-like equations in the nominal domain,
for non-constant coefficients of low differentiability, were recently obtained in [1]. The shape
holomorphy results required for the error analysis of the multilevel Smolyak quadrature algorithms
is developed in the present paper.

1.2. Paper Layout. The structure of this text is as follows. In Section 2, we present the governing
equations and the problem formulation of Maxwell’s equations on a lossy cavity in three space
dimensions. Specifically, we focus on the parametric model of the cavity’s uncertain shape, and of
the variational form of the governing equations. We set in particular notation, and recapitulate
basic or known results on the unique solvability of the forward model; particular attention is paid
to a priori bounds which are uniform over all realizations of domains. The presented approach opts
for the so-called domain-mapping formulation, whereby all realizations of domains which occur in
numerical simulation are mathematically formulated on one fixed, so-called nominal domain. As
we show here, these entails the need to numerically solve a potentially large number of Maxwell-like
PDEs with variable, metric-dependent coefficients in the nominal domain.

Section 3 addresses the discretization of the parametric forward problem, in particular edge-
elements in the nominal domain (cf. Section 3.2). Section 4 describes the mathematical setting of
regularity of the parametric solution families. In comparison to the error analysis of the single-level
Smolyak quadrature algorithms in [2], stronger parametric regularity results are required. Sec-
tion 5.1 recapitulates the MLMC algorithm, and Section 5.2 the corresponding multilevel Smolyak
quadrature one. Finally, Section 6 contains several numerical experiments to illustrate our the-
oretical results, confirming in particular the superior accuracy versus cost performance of the
multilevel version compared to the single-level algorithms from [2].

1.3. General notation. Let m € Ny := {0} UN and let D C R¢ be an open and bounded
Lipschitz domain, then C™(D) and C™(D; C) denote the set of m-times continuously differentiable
functions with real and complex values in D, respectively. Furthermore, C*°(D) denotes the space
of infinitely differentiable functions in D and we write CJ*(D) for the set of elements of C™(D)
with compact support on D—analogous definitions apply for C*°(D; C) and CJ"(D;C).
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For k € Ny, we write P, (D;C?) the space of functions from D to C¢, such that each of their
d components is a polynomial with complex coefficients of total degree k or smaller. @k(D; C9)
represents the space of functions in Py (D; C%) which have polynomials of degree exactly k on each
component.

The set of all bounded antilinear mappings from a Banach space X to C is written as X™* and
is referred to as the dual space of X. The norm and duality product of a Banach space shall
be denoted by the use of subscript (|| - [|x and (-,-)xxx=, respectively). For a pair of Banach
spaces X and Y, the set of all linear mappings from X to Y is denoted £(X;Y). For s > 0 and
p > 1, LP(D) denotes the Banach space of p-integrable functions over D, while W*?(D) denotes
the standard Sobolev spaces of order s as defined in [29, Chap. 3], where we use the convention
WOr(D) = LP(D). If p = 2, we shall use the standard notation H*(D) = W*2(D). Furthermore,
the norm and semi-norm of H*(D) are denoted as || - ||s,p and | - |s,p, respectively.

Let p > 1 and let (Q,F,v) be a probability space, where we take  to be a sample space, §F
a o-algebra on ) and v a probability measure. Given a separable Hilbert space X, we say that
a function f : @ — X is measurable (or a random variable) if for every Borel set B C X there
holds that {¢ € Q : f(¢) € B} € §, we say that f is strongly measurable if it is the pointwise
limit of a sequence of simple functions {f,}nen, and we say that f is Bochner integrable if it
is strongly measurable and lim, o [, [I/(¢) — fu(¢)]lx dv(¢) = 0. Moreover, if f : Q@ — X is
Bochner integrable, its integral over  is defined as [, f(¢) dv(¢) := limp—o0 [, fn(¢) dVv((). We
denote the Bochner space of p integrable, measurable mappings in (2, §,v) with values in X as
LP(Q,F,v; X). When the o-algebra on 2 and the probability measure are clear from the context,
we will denote the norm of ¢ € LP(Q,F,v; X) as |4 rr(:x). For further details we refer to
[16, 18, 25].

In general, boldface symbols will be used to differentiate the vector-valued counterparts of scalar
functions and functional spaces, e.g., L?(D) denotes the functional space of vector-valued functions
with each of its d-components in L?(D). In particular, the L?(D)-inner product is denoted (-, -)p.
Functional spaces built of tensor quantities are to be identified by indicating the range of the
elements it contains, eg., L?(D; C?*4) represents the space of tensor-valued functions with each of
their d? entries belonging to L?(D).

Euclidean norms in R? are denoted by || - [|ga, while the induced matrix norm is denoted by
|| - ||gaxa with analogous versions when in C¢ and C?*9. The Jacobian of a differentiable function
U :D — C%is written as dU : D — C%?. For a general square matrix A € C**¢ we write the
transpose matrix of A as AT, its determinant as det(A) and its inverse as A~!, when it exists.
Finally, the overline notation will be used to represent complex conjugation as well as the closure
of a set.

2. MAXWELL’S EQUATIONS ON A LOSSY CAVITY

We begin this section by stating the time-harmonic Maxwell’s lossy cavity problem and its
functional framework.

2.1. Functional spaces for Maxwell’s equations. Let D be an open and bounded Lipschitz
domain in R? with simply connected boundary 9D, exterior D¢ := R? \ D and with exterior unit
normal vector n—pointing from D to D¢. We recall the standard functional spaces required to
formulate Maxwell problems:

H(curl;D) := {U € L*(D) : curlU ¢ L?(D)},
H(curlcurl;D) := {U € H(curl;D) : curlU € H(curl;D)},
H(div;D) := {U € L*(D) : divU € L*(D)},

and introduce, for m € Ny and p > 1, extensions of H(curl;D) and H(div;D) to spaces with
additional regularity and arbitrary integrability,

W™P(curl;D) := {U € W™P(D) : curlU €¢ W™P(D)}, H™(curl;D):= W"?(curl;D),
W™P(div;D) := {U € W™P(D) : divU € W™P(D)}, H™(div;D) := W™?(div; D),
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with associated norms

1
”UHW""«T’(curl;D) = (HU”{)}Vm,p(D) + H CurlUHII))Vm,P(D))pv
1

10 wosaivimy = (U1 + 14V Ul)
for p € [1,00) and the usual modification for p = co. We point out that W%2(curl;D) =
H(curl; D) and W%2(div; D) = H(div; D).

Definition 2.1. For U € C*°(D) we define the following trace operators:
U :=nx (Uxn)lsgp, 75U:=mxU)lspp and ~nyU:=(n x curlU)|sp,
as the Dirichlet trace, flipped Dirichlet trace and Neumann trace operators, respectively.

The trace operators in Definition 2.1 may be extended to continuous linear functionals from
H(curl; D) and H(curlcurl; D) to subsets of H~2(dD) := H=(dD) . Specifically, we consider
the following trace spaces (cf. [6, 8]):

H,?(0D) := {U € (n x (H*(dD) x n))* : divop U € H~#(9D)},
H_*(dD) := {U € (H*(D) x n)* : curlyp U € H#(3D)},

curl

where divgp and curlgp are, respectively, the surface divergence and surface scalar curl operators
_ _1 *
and H_2(0D) = H,;2(0D) (cf. [7, Thm. 2] and [30, Rmk. 3.32]). Then, the operators in

curl
Definition 2.1 may be continuously extended as

1
2

~p :H(curl; D) S H®

curl

(0D),

v :H(curl,D)  — Hyp2(dD),

v~ :H(curlcurl;D) — deé (0D).
We also introduce the space of functions with well defined curl and null flipped Dirichlet trace:

H(curl;D) := {U € H(curl;D) : vJU =0 on dD},
which is a closed subspace of H(curl;D). Finally, for U and V € H(curl;D) there holds the
following integration by parts formula [6, Eq. (27)]:
(U,curlV)p — (curl U, V)p = —(75 U, V)ap (2.1)

_1 1
where (-, -)sp denotes the duality between H 2 (0D) and H_ >

curl(aD)'

2.2. Lossy cavity problem. We consider the EM cavity problem for a time-harmonic dependence
e™?! with circular frequency w > 0 and 22 = —1 on D. The electric permittivity is denoted
e(x) € L>*(D;C3*3) and the magnetic permeability is denoted as u(x) € L% (D;C3*3), where
losses are represented by their respective imaginary parts. With the current density J € L?(D),
Maxwell’s equations in D read

curlE +wprH =0 in D,

weE —curlH= —-J in D. (2.2)

Assuming the pointwise inverse y=! € L°°(D; C3*3) to be well defined, the system in (2.2) can be
reduced to

curl ! curlE — w?*¢E = —1w] in D. (2.3)
We further impose perfect electric conductor (PEC) boundary conditions on 9D,
E =0 on dD. (2.4)

Remark 2.2. Under the assumption that the pointwise inverse p~' : D — C3*3 belongs to
L*>(D;C3*3), any weak solution E, H € H(curl; D) of (2.2) gives a weak solution of (2.3) and
viceversa by setting

H:= iufl curl E.
w
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2.3. Existence and uniqueness of solutions. By multiplying (2.3) by a test function V €
H(curl; D) and integrating by parts, using (2.1), one derives the usual weak formulation of the
Maxwell lossy cavity problem (2.3)—(2.4).

Problem 2.3 (Maxwell cavity problem). We seek E € H,(curl; D) such that, with
a(U,V) = / pleurlU- curl Vde — / w?eU - Vde,
D D
(2.5)
F(V):= —zw/ J-Vde,
D
for all U, V € H,(curl; D), it holds that
a(E,V)=F(V) V'V € Hy(curl; D).

We will work under a positivity assumption for the parameters defining a(-,-) (cf. [2, 21]).

Proposition 2.4. Assume that J € L?(D), thate, p=! € L>(D;C3*3) and that there exist § € R
and o > 0 such that

T 20 -1~ _ T 20, ,2 o~
inf essinf min{Re(C c MQ(:B) C), Re(¢ e 2w z—:(m)()} > a, (2.6)
0#¢€C3 zeD ||CH<C% ||C||(c3
holds. Then, Problem 2.3 has a unique solution E € H,(curl;D) and
1
Bl curp) < —[1F e, (curtin)« (2.7)

for F in (2.5) and o > 0 as in (2.6).

Proof. Under our assumptions, the sesquilinear form e*?a(-,-) is coercive and continuous on the
space H(curl; D), i.e.,

Re(e’a(U, U)) > aHUH%I(curl;D)

Re(ea(U, V) < Ol e micsxs) + ez oics5) U] ax(eurtio IV | ez eurtio).

1

for all U, V in H(curl; D), and with a constant C' > 0 independent of the parameters p~* and

. The complex Lax-Milgram lemma (see, e.g., [34, Chap. VI, Thm. 1.4]) implies
E — ¢“a(E, ) : Hy(curl;D) — H,(curl; D)*
to be an isomorphism, so that
E— a(E, ) : Hy(curl;D) — H,(curl;D)*

is an isomorphism as well. Additionally, the Lax-Milgram lemma gives the a priori bound on the
solution in (2.7). O

1

Due to Remark 2.2, we may recover the magnetic field as H := -~ curl E, from where the

pair E and H belong to H(curl; D) and solve (2.2).

2.4. Domain perturbations. We consider Maxwell’s lossy cavity problem (Problem 2.3) on a
family of domains given as perturbations of D c R3, an open and bounded Lipschitz domain
henceforth referred to as the nominal domain. The set of admissible domain perturbations is ¥
and we set Dp := T(ﬁ) for every T € T. In order to consider Maxwell’s equations on the family
of domains {Dt}Tex, we will require suitable extensions of the data ¢, 4 and J to every perturbed
domain, as well as assumptions on ¥. Furthermore, in order to prove uniform convergence rates of
finite element solutions of Maxwell’s equations on these perturbed domains we enforce smoothness

conditions on D C R3, the perturbations T € T and the data e, u and J.

Assumption 2.5. Fix N € N, ¢ > 3,9 € (0,1), 0 € R and o, a5 > 0. We assume the existence of
an open, convex and bounded domain Dy C R? such that Dy := T(D) C Dy for all T € T and
assume that the following conditions hold:

(i) the nominal domain D C R3 is a bounded and path connected domain of class CV:1,
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(i) the set of admissible domain perturbations T is a compact subset of C**!(D) such that
every T € T is bijective and such that T-' € CV'*(Dy), det(dT) > 0 everywhere on D
and

9 < detdTll 5y IdetdT e m) I Tleonsy [T leosmm <975 (28)
(iii) the magnetic permeability is invertible everywhere on Dy and there holds that e, u and

p~1 belong to WH:>°(Dy; C3*?), and that J belongs to W¥4(div; Dg),
(iv) € and p~! satisfy

(2.9)
0#£4¢€C? z€Dy

Re(¢ e p(x)~¢) —Re(CTe”w%(w)C)} .
€112 ’ €11 7

inf essinf min{
(v) € and p satisfy

inf essinf min
0#£¢€C3 xzeDy

{Re(CTu(fB)C) Re(CTS(fE)C)} _—
[[q /"N, (4 -

Remark 2.6. Note that item (iv) in Assumption 2.5 implies a rotated positivity property on
the permittivity u that could be used to replace item (v) in the same assumption. We choose,
however, to include both conditions for brevity and simplicity, since they will be required for
different purposes. Item (iv) allows us to ensure existence and uniqueness of Maxwell’s equations
on each one of the uncertain domains (cf. Proposition 2.4), while item (v) is required in [1] to ensure
the unique solvability of an auxiliary problem and in order to prove the smoothness properties of
solutions to Maxwell’s equations (c¢f. Theorem 2.15 below).

Remark 2.7. We recall the identity, CV'*(D) = WN+1(D) (cf. [17, Sec. 2.6.4]), since we will often
employ Sobolev norms of the transformations T € ¥.

We can then consider the following family of T-dependent problems.

Problem 2.8 (Maxwell cavity problem on perturbed domains). For each T € ¥, we seek Et €
H(curl; D) such that, with

ar(U, V) := / pteurlU - curl V — w?eU - Ve,
Dt

Fr(V) = fzw/ J. Ve,
Dt
for all U, V € Hy(curl;Dr), it holds that
at(Er, V) =Fr(V) V'V e Hy(curl;Dr).

Under Assumption 2.5, and arguing as in Section 2.3, there exists a unique solution Ex €
H(curl;Dt) to Problem 2.8 for each T € ¥ satisfying an a priori bound.

Proposition 2.9. Under Assumption 2.5 and for each T € T, Problem 2.8 has a unique solution
Et € Hy(curl;Dr) satisfying

w

BTl meuripn < I lz2mor), (2.10)
for a >0 as in (2.9).
Proof. The uniqueness and existence of a solution to Problem 2.8 follows from Assumption 2.5
and the Lax-Milgram lemma as in the proof of Proposition 2.4. Furthermore, the reasoning in the
proof of Proposition 2.4 also yields

1
|ET|| 2 (curt;Dp) < a||FJ,THHO(cur1;DT)*~

The estimate (2.10) then follows from

1 E3. 7l £, (curt;Dr)s < w[[Jlz2Do)

since J € L?(D) by assumption. O
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2.5. Pullback to the nominal domain. As in [2, 26|, rather than considering Maxwell’s equa-
tions on each domain {DT}Tes, we pull back Problem 2.8 to a family of variational problems set

on D through an appropriate curl-conforming pullback given, for any T € ¥, as the extension to
H(curl;Dt) of

dp(U):=dT"(UoT) (2.11)
for U € C*(Dr;C3).

Lemma 2.10 (Lemma 2.2 in [26]). Under Assumption 2.5, for each T € ¥ the mapping in
(2.11) can be extended to an isomorphism @1 : H(curl;Dt) — H(curl;D). In addition, O :
H(curl;Dt) — H(curl;D) is an isomorphism. Furthermore, for U € H(curl;Dt), it holds
that

curl &1 (U) = det(dT)dT ' curlUo T
in L*(D).
We introduce the following family of T-dependent problems over H(curl; f))

Problem 2.11 (Nominal Maxwell cavity problem). For each T € T, we seek Ex € H(curl; D)
such that, with

~ o~ -lsT ~ = ~ =
ar(U,V) := / B _°~ 4TecurlU-dT curl V — w?(c 0 T) det(dT) dT~ U - T~ V| d,
5 Ldet(dT)
B (2.12)
Fr(V) = —w /A det(dT)(J o T) -dT~ 'V dz,
D
for all ﬁ, Ve H(curl; ]/j)7 it holds that

ar(Er, V) = Fr(V) V V€ Hy(curl;D). (2.13)

Remark 2.12. Note that the sesquilinear and antilinear forms in (2.12) may be written as
dT(IAI,\Af) = /A {u}l curl U - curl V — wlerU -V dz,
b
Pr(V) = —zw[ IV dz,
b

where

pr = det(dT)dT ! (o T)dT T,

er = det(dT)dT ! (eo T)dT ™,

Jp :=det(dT)dT ' (JoT).
Also, Lemma 3.59 in [30] yields,

divJt = det(dT)div(J o T),

whenever J € H(div;Dp).

Due to Lemma 2.10, Problem 2.11 is equivalent to Problem 2.8, in the sense that, for a fixed
T € T, Er € Hy(curl; D) is a solution to Problem 2.11 if and only if ®3.'(Ex) € Hy(curl; D)
is a solution to Problem 2.8; we refer to [2, 26] for more details.

Theorem 2.13. Under Assumption 2.5 and for all T € T, Problem 2.11 has a unique solution
Er € H,(curl; D) satisfying

~ w
1B 1 ourtBy < Ol 220, (2.14)

where a > 0 is as in (2.9) and the constant C > 0 is independent of T € F.
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Proof. Under our assumptions, Proposition 2.11 in [2] ensures that

Re(ear (0, 0)) 2 at®|012, sy and |#2(0, V)] < ClOl g a1V | prceuntd)
for all U, V € H(curl; ]3) and all T € ¥, where the positive continuity constant C' depends on ¢
but is independent of T € €. The complex Lax-Milgram Lemma then ensures the existence and
uniqueness of the solution to Problem 2.11 for each T € ¥ and the a priori bound

~ CaW
HET”H(CUH;]S) <9 3&||JTHL2(]3)a
where JT is as in Remark 2.12. Assumption 2.5 and a change of variables yield,
||JT||L2(]5) < 1972”*] °© T”LZ(]S) <93 192 (D) (2.15)
and (2.14) follows. O

Remark 2.14. Note that we have not yet made use of the smoothness properties of the domain D
nor of the parameters €, 1 and J nor of the transformations T € ¥ specified in Assumption 2.5.
In fact, all of the results in Sections 2.4 and 2.5 hold with N = 0 in Assumption 2.5.

2.6. Spatial regularity. We continue by recalling a regularity statement for the solution of (2.2)
from [1] (also, see |28, 35| for earlier but less sharp results establishing H!-regularity).

Theorem 2.15 (Theorem 9 in [1]). Fiz N € N, ¢ > 3 and as > 0 and let D C R3 be an open and
bounded domain of class CN''. Assume the parameters €, 1 and J to satisfy
e, pe WD, C3*3), JeWN-Li(div; D),
{Re(CTM(Sﬂ)C) Re(CTa(SC)C)} S
2 ) 2 Z g,

and that the imaginary parts of € and p are symmetric and let R > 0 be such that

inf essinf min
0£¢eC? xeD

R > max(|[e|lw~.a(picaxsy, [ ullwram,csxs)).

Then, there exists a positive constant C' depending on R, w, q, as and D such that any weak
solution pair E, H € H(curl;D) of (2.2) belong to WN-4(D) and satisfy

IE[lw~.amy + [[Hl[wr.apy < C(|El L2y + [H| 220y + [T [wr-1.0(diviD))-

Remark 2.16. The fact that the constant C' in Theorem 2.15 depends on p and € only through
R > 0 is not explicitly stated in [1], but follows from the proof of [1, Thm. 9] and the references
therein.

We now adapt Theorem 2.15 to our setting and prove, under Assumption 2.5, a uniform (on
T € ) smoothness result for the solution of Problem 2.11.

Theorem 2.17. Let Assumption 2.5 hold. Then, for each T € ¥, the solution ET € H(curl; ]5)
to Problem 2.11 belongs to W-4(curl; D), with the bound

1Bty woourtt) < CITIwasa(aivimn:
where the constant C' > 0 depends on T but is independent of T € X.

Proof. Theorem 2.13 yields the existence and uniqueness of a solution Ep € Ho(curl;ﬁ) to
Problem 2.11 for each T € . Due to Remark 2.2 and recalling the notation therein introduced,
we have

ﬁT = @w_lur}l curl ET,
then ET and ﬁT are weak solution pair to the system:
curl ET + zquﬁT =0 in ]3,

zwaTET — curl HT = 7JT in D.
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The product rule then yields

T HM o THwN,q(f)y

)

el ~.am) < C(T)le o Tllyy o),
)
)

||MT||WN D) = < O(
C(

HJTHWN La(H) = C(T HJ °T||WN_1,q(]3),
e

(2.16)

T

| div ||y v L \divJTOTHWN_M(ﬁ),

where the constant C'(T) > 0 depends continuously on T € T & CN’I(]S). Repeated application
of the chain rule (¢f. [11, Lemma 1] and [12, Lemma 3]) yields,

N 1
le o Tllwsapy < C (14 I Tlhwseqs)) 1det@D) 7 o llellwrama

N 1
<O (141 Tlhyros)) Idet@D) 7 o lelwsam,,  (217)

where the constant C' > 0 is independent of T € T. Analogously,

N 1
1120 Tllyynasy < C (1+ I Tllyyne ) Hdet(dT)*lnq oyl o)

N—
190 Tl vasy < C (14 Tlhynoey) At @D) 2 S Tl wsa g (218)

L>=(D)

N—-1 1
1div T o Tl w1005 c(1+||T||WN,1,m(6)) | det(dT) 1|7 _ || divI|lwy—ta(py).

The combination of the estimates in (2.16) with those in (2.17) and (2.18) imply that
er, pr € WNI(D;C**%),  Jp € WN—L4(div; D).
Furthermore, for every ¢ € C3 and Z € D we have, due to Assumption 2.5, that

¢T (@T ! (£ T) AT T) @)C] = 0yl AT~ T (@)C)2 (2.19)
> o, [ dT(@)l|cs €12 > casd?(IC12s,
with an analogous computation for ‘CT(dT’luo TdT’T)(/w\)d, where the constant ¢ > 0 fol-

lows from the equivalence of norms over finite dimensional spaces and is independent of T € ¥.
Therefore, there holds that

inf essinf min
0#£¢eC3 xcD

Re(¢ " pr(2)C) Re(CT€T(55)C)} o9
{ T3 T i

where the additional power in ¥ follows from the bound for det(T) in Assumption 2.5. Theorem
2.15 then ensures that Er and Ht belong to W#:4(D) together with the bound

HETHWN,q(f)) + ||HTHWN,q(f>) < C(HETHLz(f)) + ||HT||L2(15) + ||JT||WN71,q(div;]5))a (2.20)

where the constant C' > 0 depends on R > max([lelyyv.qB.coxsys 14T v (Bicoxs))s ws €5 s, 9
and D. The product rule and the previous estimates for pr (2.16) then yield

| CurlET”WN.,q(ﬁ) = W”NTHTHWN,q(]S) < C(T)”HT”WN,q(ﬁ)v (2.21)
||HT||L2(13) =w g CurlETHm(ﬁ) < ¢(T)]| curl ET||L2(]3)v
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where the constants C(T) > 0 and ¢(T) > 0 depend on p € WN:4(Dy; C3*3) and, continuously,
on T € T € V(D). A combination of the estimates in (2.20), (2.21) and (2.14) then yields

IBrllyya sy + | curl Brlly v, s,
< 1+ C(T) (Bl apy + 1Erll v s )
< C(1+C(T) (1Bl ooy + 1Frll ooy + 19Tllws o))

< C(+ ()1 +C(T)) (1Bl g5, + | curl Brll o ) + 132w o i)

SO +«T)(1+C(T))(A + CJ(T))@”J”WN La(diviDr) (2.22)
where the constant C' > 0is as in (2.20), C(T) > 0 and ¢(T) > 0 are as in (2.21), Cy > 0 and a > 0
are as in (2.14), with the dependence on w > 0 has been absorbed by the constant C. C3(T) > 0
follows from combining the estimates for Jt and divJy in (2.16) and (2.18). The compactness
of T in CN’I(]/D\) together with the continuous dependence of the constants on T € CN’l(ﬁ) then
ensures a uniform bound on T € ¥ in (2.22). O

Theorem 2.17 will ensure a uniform bound on the convergence rates of finite element approxima-
tions of the fields ET and will allow for the design of multilevel algorithms in the approximation of
the expectation of the mapping T — ET. We continue our analysis by studying the approximation
of solutions to Problem 2.11 by the finite element method.

3. DISCRETE SOLUTION

To compute a discrete finite element approximation to the solution of Problem 2.11, the test and
trial space Hy(curl;D) in (2.13) is to be replaced with a finite dimensional subspace. Since the
PDE coefficients defining ar(-,-) and F‘T() in Problem 2.11 are not constant, the corresponding
stiffness matrix must itself be approximated by means of numerical quadrature on each element
of the mesh, which introduces a further source of error. Following [2, 3], in this section we discuss
existence, uniqueness and the approximation properties of such a discrete solution. However, first
we provide a framework to accommodate non-polyhedral domains.

3.1. Pullback to a polyhedral domain. The regularity result in Theorem 2.17 requires the
domain D C R3 to possess a CV''-boundary for some N € N, which precludes polyhedral domains
and the usage of standard tetrahedral meshes. We circumvent this problem by pulling back the
respective Maxwell problems to a polyhedral domain, henceforth referred to as the computational
domain, satisfying the following assumption.

Assumption 3.1. Let D C R3 be a polyhedral domain, referred to as the computational domain.
There exists a bijective bi- Llpschltz map T mapping I D onto D. For n € N, there are two sets of
pairwise disjoint subsets of D and D, {D }7-, and {D jy =y

{Dj }7_, are polyhedral, the domains {DJ }7_1 are Lipschitz, and it holds that

respectively, such that the domains

D =int UE , = int U
j=1 j=1
Tlg, : D; = Dy, T\ﬁjecN»l(Dj), g, €M vie{l,...,n},

where N € N is as in Assumption 2.5.
For each T € ¥, we introduce the mapping
’i‘:zTO’/I\‘:f)—>DT7

and the set of admissible computational perturbations T := {T : T := To T VT € T}. Figure 1
illustrates the setting of Assumption 3.1.
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D D Dt
~ ~ /_\
Ds Dy

TcX

>H>

FIGURE 1. Setting for domam transformatlons The domains D and D as well
as the transformation T : D — D are considered fixed. For a famlly of domain
transformations %, the phys1cal domams are glven as D = T(D) for T € §, or
equivalently as T( ) for T=ToTeT:=ToT. The pullback solution on the
smooth nominal domain D can be shown to belong to a certain regularity class.
This allows to deduce convergence rates for finite element approximations of the
pullback solutions computed on the polyhedral domain D.

Definition 3.2. Let D be as in Assumption 3.1. For m € N and p € [1, 00, we introduce
Wyr(D) := {U € L(D) : Ul € W™4(D;) ¥j € {1,...,n}}
with

(S I— Z 1015, Py, |

if p < co and the usual adjustment in case p = co.
Definition 3.3. Let D be as in Assumption 3.1. For m € N and p € [1, 00|, we introduce

WiLP (curl; D) == {U € W P(D) : curlU € W TP (D)},
with :

10w eurty = (IO, + I eurlOIE )
if p < co and the usual adjustment in case p = co. Furthermore, for any m € N, we set

m ) — m,2 D
H (curl; D) := W L*(curl; D).

Remark 3.4. Under Assumptions 2.5 and 3.1, compactness of T € CV 1(A) and continuity of T —
ToT:cV'(D) = W, 12°(D) imply the compactness of T={ToT:Te3I}C Wi (D).

Lemma 3.5. Let Assumptions 3.1 hold and let U € Ho(curl'ﬁ) N Wmvp(curl;ﬁ) form e N
with m < N, where N € N is as in Assumption 3.1, and p > 1. Then, with T : D — D as in
Assumption 3.1 and P4 Ho(curl D) — Ho(curl D) as in (2.11) and Lemma 2.10, it holds that

®4U belongs to H, (curl7 D)N WGP (curl; D), with
”(b'fU”W;"}V‘p(curl;ﬁ) < C”UHWm,p(cur];ﬁ), (3.1)
where the constant C > 0 is independent of U € Hy(curl, ]5) N Wm™P(curl; ]5)
Proof. Take an arbitrary U € H,(curl, 13) N W™P(curl; 13) Lemma 2.10 gives,
?:U=dT ' UoT and curl®sU =det(dT)dT 'curlUoT,

and ®;U € HO(curl;]S). Fix j € {1,...,n}. By Assumption 3.1, Te WN+1’°°(]5j), according
to [11, Lemma 1]—also see [12, Lemma 3]—it holds that U|f)j oT, cur1U|f)j oT € W™P(D;).
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Repeatedly applying the chain rule—as in the proof of Theorem 2.17—yields the existence of
C > 0, independent of U € H(curl; D), such that

||U o T”Wm,p(ﬁ].) S C (1 + HTHW];’&'OO(6)> H det(dT) 1||L(X>(D)||U||Wm’p(6j)7

| eurlU o Ty s,y < C (14 [Tl ) Hdet(dT)’1||”oo 5, eur Uy -
Furthermore dT € WNOO( ;C3%3) and therefore @ U|D e Wmr(D ;) for all j € {1,...,n}.

Analogously, we have that det(dT) AT e W °°( (C?’X?’) (upon recalling that det(dT) dT-!
is the cofactor matrix of dT) and therefore curl @, U|D € WmP(D,) for all j € {1,...,n}. The
estimate (3.1) then follows by the product rule. O

Problem 3.6 (Computational Maxwell cavity problem). For each T € T, we seek Ex € H,(curl; D)
such that with

at(U,V) ::/N [u%l curlﬁ-curlé—w%iﬂfj.\? dz
)
Fr(V) = —zw/NJTVda,
)

for all INJ, Ve H(curl; f)), it holds that
ar(Et,V) = Fr(V) VV e Hy(curl;D),
where T := T o ’T‘, T:D - Disasin Assumption 3.1 and p5, €5 and J5 are as in Remark 2.12.

Theorem 3.7. Let Assumptions 2.5 and 3.1 hold. Then, for each T € T, there is_a unique
solution Ex € Hy(curl; D) to Problem 3.6 that satisfies Ex € Hy(curl; D) N WX:4(D), where
N € N and g > 3 are as in Assumption 2.5, with the bound

1l curtidy < CITlws - aqann): (3:2)
where the constant C > 0 depends on T but is independent of T € .

Proof. Under our assumptions, we may repeat our analysis in Sections 2.4 through 2.6 on D

instead of on D, so that for each T € T there is a - unique Er € Ho(curl D) that solves Problem
3.6. Moreover, as before, it holds that Et = o~ ET, where T : D — D is as in Assumption 3.1,
o5 Ho(curl,D) — Hy(curl; D) is as in Lemma 2.10 and Er e Ho(curl,D) is the solution of

Problem 2.11 (¢f. [2, 26] for more details). Then, Theorem 2.17 yields Ex € W4(curl; D) with
the bound

Bl vy v ety < ClIINw - 1odivi )
where the positive constant C' depends on T but is independent of T € T. Lemma 3.5 then yields
a positive constant C such that,
”(I)'/I\‘ET”W;X;“(curl;f)) = C”ET”Wqu(curl;ﬁ)’
for each T € ¥, so that the result then follows from the equivalence ET = @TET. O

3.2. Finite elements. We now introduce discretization spaces for Problem 3.6. We shall consider
a sequence of affine meshes {73, };en, indexed by their positive mesh-sizes, on the computational
domain D.

Assumption 3.8. Let D be as in Assumption 3.1. There exist constants s € (0,1), C; >0, Cy >0
and a sequence of meshes {73, };en such that for all i € N the following conditions hold:

(i) 7h, is a set of pairwise disjoint tetrahedrons generally denoted K such that

D = int U K|,
Kern,
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(ii) there exists a partition of 7, = U;.Lzl Th,,; such that,

f)j =int U F s
KET}Li i
for all j € {1,...,n},
(iii) 75, is a shape-regular and quasi-uniform mesh (¢f. [20, Chap. 1]),
(iv)

We denote an arbitrary mesh on the sequence {7, }ien as 7,. Note that condition (iv) in
Assumption 3.8 implies lim;_ .o h; = 0.

Remark 3.9. Equation (3.3) ensures that the cardinality |73, | of the mesh 7, increases. Specifically,
it holds that

C 357" < dim(Pg(m,)) < Csas™ ™, (3.4)

for a second pair of positive constants C; 3 and C; 4. This will be relevant for the multilevel results
presented in Section 5.

In the following, we assume given a reference tetrahedron K C R3 such that for every K € 1,
there is an affine bijective map Tk : K — K. For an arbitrary tetrahedron K, we shall make use
of the following space of polynomial functions of degree k € N,

P{(K) =Py (K;C*) @ {peP;(K,C :a plx)=0 VacK}
The curl-conforming edge finite element (FE) on a tetrahedron K is given by the triple
(K, Pg(K), X;(K)),

where X% is a set of uni-solvent linear functionals over Pg(K) (c¢f. [30, Sec. 5.5]). The curl-
conforming FE space—satisfying the PEC boundary condition (2.4)—on an affine mesh 7, €
{7h, }ien is then built as follows

Pi(mh) :={V € Hy(curl;D) : V|g € P{(K) VK €7}

For the sake of brevity, we avoid specifying all properties satisfied by the mappings T as well as
those satisfied by the space Pf(r;,) (see [20] and [30] and references therein).

3.3. Discrete problem, Quadrature error and Strang’s Lemma. We continue by stating
the fully discrete version of Problem 2.11 and briefly comment on the conditions required of the
quadrature rules used to approximate the integrals defining ar(-,-) and Frp(-) in Problem 3.6 to
ensure convergence rates of the solution to the fully discrete problem. For a more detailed analysis
we refer to [2, 3].

3.3.1. Numerical quadrature. On the fixed reference tetrahedron K, we define a quadrature rule
Q :C°(K;C) — C as

L
Q(f) :=>_wif(b),
=1
for certain quadrature nodes (b))%, C K and quadrature weights (i;)~, C R\{0}. Given a

(nondegenerate) tetrahedron K and the affine bijective element map Tk : K — K we obtain a
transformed quadrature rule Qk : C(K;C) — C on K via

L
QK(f) = Zwl,Kf(bl,K) where wy K = |det(dTK)| W, b k= TK(El). (3.5)
=1



14 R. AYLWIN, C. JEREZ-HANCKES, CH. SCHWAB, AND J. ZECH

3.3.2. Discrete variational formulation. Approximating all the integrals in Problem 3.6 with quad-
ratures Q% as in (3.5)—on each element K of the mesh 7;,—leads to the following sesquilinear
and antilinear forms:

anr(Un, Vi) = Y Qk ( ~eurl Uy, - cuerh) - w’Q% (5TUh Vh) (3.6)
Kery,
and

Far(Vi) i= —w Y Qk (35 Vi), (3.7)

Kery,

for all INJh, \N/'h € P{(my,), where we have used the same notation as in the statement of Problem
3.6, Q} and Q2% are two different quadrature rules on each K € 75, constructed from two different
quadrature rules Q' and Q2 over K as indicated in equation (3.5). Since the quadrature rules
require pointwise function evaluations to be well-defined, here ! : Dy — C3*3, £ : D — C3*3
and J : Dy — C3 are required to be continuous in each element K € 73,. Function evaluations on
the boundary of an element K are understood with respect to the interior limit on the element
K. With the previous definitions at hand, we arrive at the fully discrete variational problem.

Problem 3.10 (Fully discrete computational Maxwell cavity problem). For each T € T, we seek
Erj € P (1) such that
anr(Brp, Vi) = Fur (Vi) ¥V Vi € Pi(m). (3.8)

Theorem 3.11. Let Assumptions 2.5, 3.1 and 3.8 hold and assume that the weights of the quadra-
tures Q, Q% are positive and at least one of the following two conditions:

(i) The nodes defining Q* and Q2 are Pr_1(K;C) and Py(K; C)-unisolvent, respectively.
(ii) Q' and Q? are exact on Poy,_o(K;C) and Py (K;C), respectively.

Then, there exists a unique solution ET,h € P¢(m,) of Problem 3.10 and it holds that
=~ w
1Bl ety < O I3z, (3.9)

where a > 0 is as in (2.9) and the constant C' > 0 is independent of the mesh-size and of T € T,
but depends on 9 in (2.8).

Proof. The discrete coercivity

‘ah;T(th,ﬁh)‘ > Ca|[ U2, VU, € PS(m),

(curl;D)

where & > 0 is as in (2.9) and C' > 0 is independent of both the mesh-size and T € ¥, but depends
on ¥ in (2.8), was shown in [2, Thm. 3.13]. The continuity

‘&h;T(Uhvvh)' < C”Uh||H(Cur1;f))||VhHH(CUr1;f)) VUhv V€ POC(Th)a

on the other hand, follows from [2, Lem. 3.12], where C' > 0 is as before and not necessarily the
same in each appearance. Moreover, by an application of [2, Lem. 3.12 (i)] we have that

w Y Qk (Jf‘?h)

Kery,

‘Fh;T({,h)‘ = < Cw Z ||JT||L2(K)||{7h||L2(K) V{/h S POC(Th)7

Ker,

for C' > 0 as before. Together with our assumptions, the Cauchy-Schwartz inequality and (2.15),
the complex Lax-Milgram Lemma then ensures the existence and uniqueness of the solution to
Problem 3.10 for each T € T and the a priori bound in (3.9). O

Remark 3.12. Much like the results in Sections 2.4 and 2.5, Theorem 3.11 makes no use of the
smoothness of D, the parameters €, p and J or of the transformations T € ¥, and still hold true
when N = 0 in Assumption 2.5.
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3.3.3. Discretization error. The discretization error |[Ex — ET,hHH( may be bounded with

curl;D
the help of Strang’s Lemma. The following results—studied first in [2, Seé.)3] and later generalized
in [3]— will give sufficient conditions on the quadrature rules defining ap.x(-,-) and Fj.(-) to
ensure bounds on the discretization error with respect to the mesh-size. We begin by stating
Strang’s Lemma (cf. [13]).

For U € H(curl; 15) and arbitrary ¢ € N and T € T, set

|ar(Un,, Vi) — anr(Un,, Vi)

Al,T,i(U) = _ inf ||U — Uhi H(curl;D) + _ sup = R
Un, €P((7h;) Vi, €PZ(Th;) ||Vh1 H(curl;ﬁ)
Vi, #0
Fr(Vy,) — Frr(Vy,
Aomii=  sup [Fr (Vi) = Frr (Vi) |
vhi EPZ(Th;) HV}M ||H(cur1;]5)
Vi, #0

Lemma 3.13. Under the assumptions of Theorems 2.15 and 3.11, there exist unique solutions
Er € Hy(curl;D) and Ex p, € P{(m,,) of Problems 3.6 and 3.10, respectively, and ¢ > 0 inde-
pendent of the mesh-size and of T € T such that

|Ep — ET,hj ||H(Cur1;]5) < C(Al,T,i(ET) + Az i),
holds for everyi € N and T € ¥.

We continue by stating relevant consistency error estimates that will permit a later application
of Strang’s Lemma. They correspond to adaptations to our context of Theorems 2 and 3 in [3]
(¢f. Lemmas 3.15 and 3.16 in [2]).

Lemma 3.14. Let Assumptions 2.5, 3.1 and 3.8 hold. If the quadrature rule Q% on K is ezact
on polynomials of degree k+ N —1, where N € N is as in Assumption 2.5, then, for any sequence
{Vh, tien with Vi, € P¢(mh,) for alli € N, it holds that

[Fr (Vi) = Frr (Vi) < CRY DI |3 lwva o [ Vallo 5

for each T € X, where q > 3 is as in Assumption 2.5 and the constant C > 0 is independent of
i1€Nand T € %.

Proof. Fix i € N and T € ¥ and recall T:=ToTfor T:D — Dasin Assumption 3.1. An
application of the chain and product rules as in the proof of Theorem 2.17 yields, together with
Assumption 3.1, for any j € {1,...,n} with n € N as in Assumption 3.1, that

||JT‘||WN,q(f)j) < C”J”WN,q(T(]Sj))-

The constant C' may be chosen independently of T € T, so that Jz € Wlfvw’q(D) and
Iz lwrem) < ClIllwyor) < ClIlwryama), (3.10)

for C' > 0 not necessarily the same in each appearance. Then, and for any Vhi € P¢(m,,), Lemma
7 in [3] yields

~ ~ ~ ~ 1_1 <7
‘FT(Vhi)—Fh;T(Vhi)‘ <ChY > KT [Tz lwre oV,
KEThi

0,K 5 (3.11)

where the positive constant is independent of i € N and T € T. Then, using that J7 € Wlfvw’p (]5)
with p > 2 and Assumption 3.8, Holder’s inequality yields

1_1 ~
Z |K|2 7 [Tz llwa ) [ Vi,
K€Thi

. _
0.8 < PETIgllywne ) I Vallos- (3.12)

Combining the estimates in (3.10), (3.11) and (3.12) yields the required result. O
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Lemma 3.15. Let Assumptions 2.5, 3.1 and 3.8 hold. If the quadrature rules Q' and Q? on K
are exact on polynomials of degree k + N —2 and k+ N — 1, respectively, where N € N is as in

Assumption 2.5, then, for any pair of sequences {Uh bien and {Vh bien with Uh , Vh € P (th,)
for all i € N, it holds that

|laT(Uh,, Vi,) = aner(On,, Vi,)| <

H(curl;D)’
for each T € X, where the constant C > 0 is independent of t € N and T € ¥.

Proof. An analogous reasoning as that in the proof of Lemma 3.14 shows that there exists a
constant C' > 0 such that

||/’(‘%1HWN,OO(E)J.;C3X3) < CH,U/_l||WN,oc(T(]5j);(C3><3))
Hg’i‘HWN,oo(f)j;Ciix\'S) < C||€||WN,OC(T(f)j);(C3><3)7
for any T € T and j € {1,...,n}—n € N is as in Assumption 3.1. Therefore, we have that
£5 /,L%l € Wé\va’o"(D;(C?’X3)7 with
||U%1||W}f\\{;°°(ﬁ;@3><3 < C”,U'il”WN’OO(DT-(C?'X?’)v (3 13)
||ET||WI§V“;°°(D 3x3) = < COllellw oo (Dpie3xs)s
for C' > 0 as before. L
Fix i € Nand T € €. For any pair Uy,, V;, € P{(7,) [3, Lemma 6]—also [3, Thm. 2]—yields

ar(Un,, Vi,) — anyr (O, Vi)

< Chfv E CE,F,K”U}M”N,KH Vm”o,K + CIL:17K|| curl Uh,-HN,KH curl Vm”o,K, (3.14)
T
Kerp,

where, for each K € 7, we have defined
2 BT
CET,K =w Hgff‘”WNv“’(K) and CM;’K = ||/i:f HWNvOO(K)v

and the constant C' > 0 is independent of ¢,y € WM >°(Dy;C3*3), i € N and T € T. Since
€ H%l € WL,>°(D; C**3), we have that

> Corn klUn, v kI Viillo.x + Ozt eurlUp, [y [ eurl Vi, Jlo.x

Kery,

=t > leurl Uy, || n k|| curl Vi, flo
T

Kety, Kety,
<max(Cep, Comt) > [On vkl Vi llox + [ curl Uy, || n k|| curl Vi, [lo
T Kemy,
< maX(C&F, Oﬂ_}l) Z ||Uh1 ||HN(cur1;K) HVh/z ”H(curl;K)
Kemy,
< maX(CErf’ Cy;l ) ||Uhl HHI{\(N(curl;ﬁ) ”Vm HH(curl;ﬁ)a (3-15)
where
Cep = lelwyy and ot i= 05 Iy~ co)-
Combining the estimates in (3.13), (3.14) and (3.15) yields the required result. O

In virtue of the requirements of Lemmas 3.14 and 3.15, we continue under the next assumption
on the data e, u and J as well as on the quadrature rules used to construct the sesquilinear and
antilinear forms in (3.6) and (3.7).

Assumption 3.16. Recall k € N as the polynomial degree of the finite element spaces P¢(7,) and
let N € N be as in Assumption 2.5. We assume that £ < N, that the weights of the quadratures
Q" and Q? are positive, that Q! and Q? are exact on polynomials of degree k+N —2 and k+N —1,
respectively, and at least one of the following two conditions is satisfied
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(i) The nodes defining Q' and Q? are IP’k_l(IV(; C) and Py, (IV(, C)-unisolvent, respectively.
(i) Q' and Q? are exact on Pgj,_o(K;C) and Py (K; C), respectively.

The combination of Lemmas 3.14 and 3.15 together with Strang’s Lemma (Lemma 3.13) yields
the following estimate for the convergence rate of ET n to ET, solutions to Problems 3.10 and 3.6,
respectively.

Theorem 3.17. Let Assumptions 2.5, 3.1, 3.8 and 3.16 hold. Then, for any T € T, there exists
a unique solution of Problem 8.10, Er 1, € Pg(1h,), which satisfies

B — Exp, 5) < Chi T llwamy),

where ET € Ho(curl;ﬁ) 1s the solution of Problem 3.6, N € N and q > 3 are as in Assumption
3.16 and the constant C > 0 is independent of i € N and T € ¥.

Proof. Fix i € N and T € T. Theorems 3.7 and 3.11 ensure the existence of unique solutions Et
and Er p, for each i € N of Problems 3.6 and 3.10, respectively. Furthermore, Theorem 3.7 also

states the piecewise smoothness of the solution of Problem 3.6, i.e., ET € Wlfvwzq(curl; ]5), with
the bound

1Bl cartsd) < CIT - (v (3.16)

where the constant C' > 0 is independent of T € T. Note that our assumption that J € W:4(Dy)
in Assumption 3.16 implies that J € WN~14(div;Dp). Moreover, since ¢ > 3 we have that
Er € H) (curl; D) with

HET”HTIXN(CUI‘I;]S) < OHETHWS\\;}'J(CUI‘I;]S)’ (317)

for C > 0 independent of T € ¥. Now, let Z} : HY(curl;D) — P¢(ry,,) be the canonical
curl-conforming interpolation operator (cf. [30, Sec. 5.5]), which is a bounded operator in the
H (curl; D)-norm in Pg(r,,) for any N € N (see [30, Lemma 5.38]). Lemmas 3.13 (Strang’s
Lemma), 3.14 and 3.15 then yield,

|Er — E

(curl'ﬁ)

(3.18)
<C [HET = B ety + 1 (1B s (et + 1D 13w )|
where C' > 0 may be chosen to be independent of both ¢ € N and T € ¥. Since the approximation
and continuity properties of Z{ hold on each mesh element K € 75, (cf. [30, Lem. 5.48, Thm. 5.41
& Rmk. 5.42]), they also hold on D, for each j € {1,...,n} by virtue of Assumption 3.1, so that

[Er — Zi (Er)

< [ Bl gy

||H(Cur1;f)) -, (curl;D)”

s _ (3.19)
||II(5(ET)‘|H}J)\(,V(cur1;]5) < CHETHI‘Ié\f,‘,(<3ll‘f‘1;]5)7

where ¢ > 0 is, once again, independent of ¢ € N and T € T. A combination of the estimates in
(3.16), (3.17), (3.18) and (3.19) yields,

|Er — Ex.p,

(curl;D)
ke N =~ ~,i_1
< C [WE 1Bl eurtdy + 1Y (1B pry euntsy + D5 13 wna o) )|
=, 1_1 k
< C(1+ DIl )

where the constant C' > 0 is not necessarily the same in each appearance but is always independent
ofieNand T € ¥. O
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4. PARAMETRIC SOLUTIONS

We now introduce a rigorous framework to treat domain uncertainties described by infinite-
dimensional parametrizations of admissible perturbations ¥. Proving convergence rates for the
approximation of the parametric solution will require smoothness results with respect to the pa-
rameters. In particular, we recall shape holomorphy results [26] and also discuss higher-order
spatial regularity of these extensions. As such, the current section serves as preparation for the
subsequent convergence results.

4.1. Admissible parameters. We shall allow the perturbations T &€ ¥ to be given through a
random variable with values in the compact set T € CV ’1(D) (see Assumption 2.5). Let, in the
following,

n = CN(D; C?), (4.1)
and
Z = Cc%Y(D; C?). (4.2)

Note that we have continuous embedding Zy <— Z. Throughout, elements of Zy will always
additionally be interpreted to belong to Z without distinction in the notation. Moreover, and as
in [2], we will also require the data ¢, p and J to possess holomorphic extensions to an open set in
C3 containing the hold-all domain Dy. We shall work under the following assumption on T and
on the data.

Assumption 4.1. There exists an open set Op,, C C3, such that Dy C Op,,, and holomorphic
extensions of ¢, u and J (for which we use the same notation) to Op,, satisfying, for some 6 € R,
a > 0 and a; > 0, the following bounds:

inf essinf min

>«
04£CEC3 T€0D

{Re(cTeMac)—lc) —Re(¢Tewe(a )4)}

€112 ’ I1€112
Re(¢T pu(z)C) Re(@e(as)@} -

1Kz I<l2s -

4.2. Holomorphic extension in Ho(curl;ﬁ). We now show that the solution map possesses
certain holomorphic extensions. The term solution map here refers to the function mapping each
perturbation T € ¥ to the solution of either Problem 3.6 or 3.10. By holomorphic we mean that
this map is complex Fréchet differentiable as a function between two complex Banach spaces.

Before proceeding, we rewrite the T € T-dependent quantities in the sesquilinear and antilinear
forms defining Problems 3.6 and 3.10 so that the dependence on T € ¥ is made explicit. Then,
with the notation introduced in Remark 2.12; it holds that

inf essinf min
0#¢€C3 z€O0D

piq = det(dT) AT det(dT o T)(dT o T) (o T o T)(dT o T)~TdT T,
ez = det(dT)dT ' det(dT o T)(dT o T) (¢ 0 To T)(dT o T)~ " dT ™', (4.3)
Jz = det(dT) dT " det(dT o T)(dT o T) "' (J o T o T).

The structure of the coefficients in (4.3) is only slightly different from the structure of the
coeflicients considered in [2 Sec. 4]. Spemﬁcally, the coefficients only differ by the composition with
the fixed transformation T : D — D and by the product with T- depending quantities. Therefore,
the proofs of Theorems 4.2 and 4.3, establishing holomorphic extensions of the continuous and

discrete solution maps. Indeed, mapping each T € ¥ to the solutions of Problems 3.6 and 3.10
are only slight variations of the proofs of Theorems 4.5 and 4.8 in [2] and are omitted for brevity.

4.2.1. Ezact solution.

Theorem 4.2. Let Assumptions 2.5, 3.1 and 4.1 hold. Then, there exists an open set Oz C Z,
with T C O<, and a holomorphic function € : Ox — H(curl; D) such that, for every T € Ox,
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there exists a unique solution Ex € Ho(curl;ﬁ) of Problem 3.6 and Ex = &(T). Moreover, it
holds that

sup || €(T)|| gy (eur,py < O©- (4.4)
TeO

The bound in (4.4) is not stated explicitly in [2, Thm. 4.5], but can be achieved by choosing
the open superset O< of the compact set ¥ small enough (as in [2, Thm. 4.8]).

4.2.2. Discrete solution. Using the discrete holomorphy result [2, Thm. 4.8], we obtain a discrete
version of Theorem 4.2. Recall that k denotes the fixed polynomial degree of our approximation
spaces introduced in Section 3.2.

Theorem 4.3 (Theorem 4.8 in [2]). Let the assumptions of Theorem 4.2, as well as Assumptions
3.8 and 3.16 hold. Then, there exists an open set Ox C Z independent of the mesh 1, € {7, }ien,

with T C O<, and holomorphic functions Efﬁh : Oz — Pg(m,) such that, for every T € Og, there
exists a unique solution Ev j, € PZ(1y,) of Problem 3.10 and Ev j, = €,(T). Moreover,

sup ||€h(T)HH(curl;f)) < 00.
TeOx

Remark 4.4. The fact that we may take the open set Oz as a subset of Z in Theorems 4.2 and
4.3 follows from Remarks 2.14 and 3.12.

4.3. Extension in Wpf\va’q(curl;ﬁ). In addition to establishing existence of holomorphic exten-

sions in Ho(curl;ﬁ) with quantified bounds on the size of the holomorphy domains, proving
dimension-independent convergence rate bounds of multilevel algorithms requires higher order
spatial regularity. For our analysis it will suffice that the solution map allows an extension as a
mapping to WIf\V(;q(curl; ]5), but we shall not require holomorphy with respect to this topology.

4.3.1. Ezact Solution.

Proposition 4.5. Let Assumptions 2.5, 3.1 and 4.1 hold. Then, with Oz C Z and ¢ as in
Theorem 4.2, there exists an open set Oy s C Zy with T C Ong C Og such that for every

T € Oy it holds that &(T) € Wlf\ch(curl;]/j), where N € N and g > 3 are as in Assumption
3.16. In addition, one has

sup ||€(T)||Wpf\‘i;q(curl;]5) < 0. (4.5)
TEON,T

Proof. In the proof of Theorem 2.17 (see (2.19)), we showed that for every T € T and € Dy
there holds that

Re(¢Ter(x)¢) > aul|dT™ T (@)¢|2s > aull dT(@)l|csslICZs > casd?(IC]Es,
Re(¢ T pr(2)¢) > aul|[ AT~ ()¢|12s > aul| AT (@)l|csslIC 2 > casd?(IC)Es,

for all T € ¥ and « € Dpy, where a; > 0 is as in Assumption 4.1, 9 € (0,1) as in Assumption 2.5,
and ¢ > 0 is a constant independent of T € ¥. An analogous computation shows that

—Re(¢Teer(@)C) = of AT~ (2)¢)IEs > all dT(@)||cds I€112s = cad?(|¢]|2,
Re(¢" e up! (x)¢) > al AT T (@)¢|2s > af dT(2)|calICl2s > cod®|I€]I2s,

where a@ > 0 and 6 € R are as in Assumption 4.1 and ¥ € (0,1) and ¢ > 0 are as before. Under
our assumptions, we can find a bounded open set around each T € ¥, denoted N, such that,

{Re(ﬁe%@)lo Re@ez%L@)o} S 5. ca??
fq|F" ’ 1112 = 27
(CIEE CaR) , 5 o
([ (1< " A
where, for L € N, pur, and ep, are as in Remark 2.12. The compactness of ¥ implies that we

can cover ¥ by a finite number of such sets N, whose union yields an open and bounded set
denoted Oy, x on which there hold the uniform coercivity conditions in (4.6). Decreasing the open

Linj\f[’ ;élf@ essinf min
€ 0#¢€Ct D
B =€ (4.6)

inf inf essinf min
LENT 0£CEC?  2eD
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set O, if necessary, together with an application of Theorem 3.7 yields the uniform bound in
(4.5) (cf. Theorem 2.17 for the dependence of the constant C' > 0 in (3.2) on T € %. O

4.3.2. Discrete Solution. For the discrete solution, Proposition 4.5 and Theorem 3.17 imply the
following uniform approximation result. Its proof results from arguments analogous to those in
the proof of Proposition 4.5.

Proposition 4.6. Let Asiumptions 2.5 through 4.1 hold. Then, with the holomorphic mappings
€: T — Hy(curl;D) and &, : T — P{(13) introduced in Theorems 4.2 and 4.3, respectively, there
holds that

sup [ €(T) = €n,(T)|| gy eurpy < CBw,w.ahf,
TeON,x

with
B = &(T =
N,T,J TGSBEE [&( )||H[ng(cur1;D) + ||JHCN(ODH)>

for each i € N, where N € N and q > 3 are as in Assumption 2.5, k < N is as in Assumption
3.16, On,s C Zn s as in Proposition 4.5 and the constant C > 0 is independent of the mesh-size.

4.4. Parameter discretization. Numerical computations require to suitably discretize the pa-
rameter set T in Assumption 4.1. To this end, set U := [—~1,1]N and assume that

{Tj }ieno € Zn

is a summable sequence in Zy (see (4.1)), i.e.,

{IT;ll 2y Yjen, € €' (No)-
For y € U, as in [2] we define

o(y):=To+ Y yT, € Zn = 2, (4.7)
jeN
and we consider the set of admissible domain perturbations to be given as
T={oy) : yeU}. (4.8)

The continuity of ¢ : U — ¥ and the compactness of U, with the product topology (see [31,
Sec. 12.2]) yields the compactness of T in Zy. Hence, for every y € U, o(y) € T is an expansion
of a perturbation T € Zy in terms of the sequence y. Throughout what follows, we interpret
item (ii) in Assumption 2.5 as an Assumption on the sequence {||’i‘] | zy }ien, 1-€., we assume that
{||’i‘j\|ZN }jen, is such that item (ii) in Assumption 2.5 holds. Moreover, introducing the infinite
product probability measure p = ®j€N%, where X\ denotes the Lebesgue measure on [—1,1], we
can consider o in (4.7) as a random variable on the probability space (U, B, 1), where 9B is the
infinite product Borel g-algebra on U. Under Assumption 4.1, Problem 3.6 has a unique solution
for each y € U, which we shall denote by E(y) € H(curl; ]3), more precisely, with the solution
map ¢ from Theorem 4.2,

E(y) := €(o(y)) € Hy(curl; D). (4.9)
Similarly, the discrete problem (Problem 3.10) possesses a unique solution
En(y) := €u(0(y)) € P{(mn), (4.10)

where @h is as in Theorem 4.3. Thus, our goal is to approximate the expected values of the
mappings E:U— Ho(curl;ﬁ) and Ej, : U — Pg(y,).

Furthermore, Theorems 4.2 and 4.3, together with the continuity of o : U — ¥ in (4.7) and the
compactness of U with the product topology (cf. [31, Sec. 12.2]) yield the following result.

Proposition 4.7. Let Assumptions 2.5 through 4.1 hold. Further assume that, for o : U — Zn as
in (4.7), it holds that {||T;| zy }jen belongs to *(N). Then, the mappings E and Ej, in (4.9) and
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(4.10), respectively, are such that E € L?(U,B, w; Hy(curl; ]5)) and E, € L2(U,B, w; P¢(1h)).
Moreover, under the assumptions of Proposition 4.6, there holds that

|IE(E — Ej,) < CBn.x.sht,
|En,., — Ep,

i+1

HH(curl;f))

k
L2(U;H (curl;D)) < CBns 3hits,

for each i € N, where the constant C' > 0 is independent of the mesh-size, N € N, ¢ > 3 and
k < N are as in Assumption 3.16, and On,s C Zy is as in Proposition 4.5.

Proof From our assumption that {||T,| 2, }jen belongs to £!(N) there follows that the mapping

: U — Zn is continuous, while Theorems 4.2 and 4.3 imply the continuity of the mappings
E‘E T — Hy(curl;D) and €, : T — P¢(7y,), respectively. Since, the composition E and E;, are
defined as the compositions of ¢ and @h, respectively, with the continuous mapping o, there holds
that they are continuous as well. An application of Corollary A.2.3 in [36] then gives the Bochner
integrability of E : U — H,(curl; D) and E,: U — P¢(m,), with

2 ~
([ B0 By ) < s [EDl o) <

TeOx

. ~
([ 1By ) W) < 500 18Dl <

where Ox C Z is as in Theorems 4.2 and 4.3. Moreover, by an application of Proposition 4.6 and
for each ¢ € N, we have that

IEE ~ Bl g1 eurts3) < /U IE() — En, ()| s geurtsny AR(Y) < CByxahl,
and, for each i € N,

1By — En, HL?(U H(curl;D)) = HE Eh»ﬂ ||L2(U;H(curl;f))) + |E - Ep, ||L2(U-,H(cur1;15))
< CByx3(hi1 +h)

Cs
<CBnz3 (1 + el ) hE

where Oy, C Zy is as in Proposition 4.5, N € N is as in Assumptions 2.5 and 3.1, ¢ > 3 is as in
Assumption 3.16, C' > 0 is as in Proposition 4.6 and 0 < C; < Cs are as in Assumption 3.8. [

5. MULTILEVEL APPROXIMATION

5.1. Multilevel Monte Carlo. To present the Multilevel Monte Carlo (MLMC) method, we
briefly recall some useful definitions and results. For further details, we refer to [4, 14, 22] and the
references therein.

5.1.1. Single level Monte Carlo method. Let X be a separable Hilbert space. For a Bochner
integrable random variable f : U — X, the Monte Carlo (MC) method attempts to approximate
the expected value of f by its mean over a finite set of A/ € N independent and identically
distributed sample evaluations over U,

1 N

Q%/C(f) = N Zf(y(i))7
i=1

where {y(i)}fil are independent uniform random variables on a probability space (Q,§,Vv) with
values in U (so that QN(f) : @ — X is, in itself, a random variable on (€2, §,v) with values in
X). If f belongs to L?(U,B, u; X), then the following convergence estimate for the MC method
holds (¢f. [4, Lemma 4.1]),

IQNC(f) = E(f) | r2(xy < N 72| f ]l 2w

Moreover, if each evaluation f(y(;)(¢)), for ¢ € Q, cannot be computed exactly but can only
be approximated by a numerical method yielding an approximation to the random variable f,
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denoted f,—where the subindex h signifies, as before, the precision of the method—, then it holds
that (cf. [14, Section 2.1])

QN (fr) — E(N)llz2ix) < QN (fr) = E(fn)llL2esx) + IB(fn — PllL2esx)
SN2 | fullewix) + 1B — -

The previous estimate implies that the number of samples A/ needs to be chosen proportional to
IE(fn — f)|lx*—assuming || f4|z2(,x) remains bounded—to balance the error contributions in
the upper bound.

5.1.2. Multilevel Monte Carlo method. The MLMC method differs from the standard single level
MC Galerkin discretization in that it employs simultaneously different discretization levels of the
random variable f, namely {fp, };2; for L € N, to approximate E(f):

QYME(f) ZQNM — i), (5.1)

where {N7,;}£ , C N corresponds to the number of samples at each level, f;, = 0 and we assume
that ||E(fn, — f)|lx decreases as the sub-index ¢ increases, i.e. the precision of the method increases
with ¢. Then, under the same assumptions as before,

QL™ (f) = E(N) z2@ix)

L
<[QY™C() = Y E(fn, — fri-Dllz2(ix) + 1B(fay, — Hll2@ix)

<ZNL 1 Fne = Froa l2@sx) + IE(fry — F)lix- (5.2)

5.1.3. Multilevel Monte Carlo for Problem 2.11. We now return to our specific setting and compute
convergence estimates for the approximation, via the MLMC method, of the expected value of
E : U — Hy(curl;D), as in (4.9), through the approximations given by E, : U — P () as
n (4.10). Under its respective assumptions, Proposition 4.7 ensures that both E(y) and Ej(y)
belong to L?(U, B, u; Hy(curl; f))) as well as the error estimates required to effectively bound the
MLMC error. The number of samples N7, ; (5.2) of each level will be chosen so that the convergence
rate of the MLMC method is the same as that of the FE approximation of E namely h*. To
estimate the total work of the method, we see that the computation of the MLMC estimator
at level L requires us to solve for Eh — Eh at N ; random points in U, corresponding to
[dim (P (13, )) + dim(P¢ (1h, , ))JNL,i degrees of freedoml. Hence, we define the following quantity
as an estimate of the computational complexity of the method

work (Q}MC) ZNLZ dim(Pg(,)) + dim(PgE (s, _,))] - (5.3)

Theorem 5.1. Let Assumptions 2.5 through 4.1 hold and let E : U — H,(curl; D) be as in (4.9).
Then, tere is a choice of {N1;}L | for each L € N, such that

||QMLMC( ) — E(E”'L?(Q;H(Curl;ﬁ)) < CBN,i,Jhlz> (5.4)

where the constant C' > 0 is independent of L—hence, of the mesh-size—and N € N, g > 3 and
k < N are as in Assumption 3.16. Furthermore, the total work is bounded by

O (dim(P(rs, )) log (dim(Pg(ry, ))***) if k=1,

MLMCy _
o dim(P,g(ThL))%k) ifk> 1,

work(

for any & > 0.

Here, we take Eho = 0 and dim(Pg(p,)) = 0, as before.
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Proof. From (5.2) and Proposition 4.7 it follows that

QY™ C(E) = B(B) | 12 (0 11 (curtsB))

L
~ o~ 1~ ~
= ”E(E - EhL)HH(curl;fj) + § :'/\[L,i2 ”E}h - Ehifl ”LQ(U;H(curl;]S))
=1

<CBNTJ (hL—FZNLzhk)
=1

where C' > 0 is as in Proposition 4.7. We take, for each L € N and ¢ € {1,...,L}, N, =
O((hi/hz)?*i2%2%) for arbitrary § > 0, so that

L L
Soag i< onky i,
i=1 =1

where C' > 0 is independent of L € N, and (5.4) follows upon noticing that the last sum is bounded
for all L € N and 6 > 0. We continue with the bounding the total work of the MLMC method.
From (5.3) and Remark 3.9, it follows that

L
work(QYTMC) < €, 4(1+ %) ZNLﬂvs*?’i,

i=1

where s € (0, 1) is as in Assumption 3.8. Recalling item (iv) from Assumption 3.8, we may express
our choice for Ny ; as N ; = O(s2F0~1)2+20) 50 that

L
work(QMMC) < €y 4 (1 + 5%) Zi2+2582k(i7L)73i
i=1

7C54(1+S —2kL ZZQ+25 (2k— 3)1
i=1

If £ > 1, then 2k — 3 > 0—recall k¥ € N—and the claimed bound on the total work follows from
(34). If k=1,

Work( MLMC) < 054 1-|—S —2kLZ 2+25 (2k—3)1

—C, 4(1+S —SLZZ2+26 (3—2k)(L—1)

i=1
< C§4 1+ S 73L Z 2+26 (3 2k)j
L—-1
< Cs 4(1 4 SB)S—SLL2+26 Z 8(3_2k)j,
7=0

where the last sum is bounded for all L € N and the bound on the total work follows, again, from
(3.4). O

We may then use Theorem 5.1 to bound the approximation error of the MLMC method with
respect to the total required work.

Corollary 5.2. Under the assumptions of Theorem 5.1, there is a choice of {Np;}E , such that

||QMLMC( ) — E(E)HH(U;H(curl;ﬁ)) < CBN,‘I,JU)OHC(Q%LMC)_NUC)’
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where k € N is the corresponding convergence rate in Proposition 4.6, C' > 0 is as in Theorem
5.1, and

o) = { T8 TE=1,
z if k> 1,

for arbitrary § > 0.

5.2. Multilevel Smolyak. The Smolyak algorithm provides a method for multi-dimensional
polynomial interpolation of functions on sparse-grids. Recalling the well-known construction re-
quires to introduce some standard notation first. The set of finitely supported multi-indices is
denoted by

F={v=(vj)jen €Ng : |v] < o0},

where [v] =}, yv;. For two multi-indices v = (v})jen, p = (k;)jen € F we will write p < v if
p; <wvjforall j € N Aset A CF will be called downward closed if

(veAand p<v) = peA

and it will be called finite in case it is of finite cardinality.

5.2.1. Smolyak interpolation and quadrature. Let (x;);en, be asequence of so-called R-Leja points,
as constructed for example in [10]. In particular, the (x;);jen, are distinct and x; € [—1,1]
for all j € Nyg. These points will represent, in the following, one-dimensional interpolation and
quadrature points. In principle, other points could also be used, however this sequence has a
known construction and the favourable property that the Lebesgue constant of {x; }?:0 grows at
most polynomially as n — oo (see [10]).

For n € Ny let I,, : C°([—1,1]) — P, be the polynomial interpolation operator interpolating a
function in (x;)j—o, i-e.

n

(1) (v) foJHy Xy el-1,1],

i—0 X5 — Xi
i#£j

where empty products are understood to equal to one. For a multi-index v € F, we set [,
®J€N I, meaning that

Zf Xu;)jen H H /(Xu; = Xi),

p<v JENiF£p;

for every y = (y;)jen € U. For a finite downward closed set A C F the Smolyak interpolant
A :CO(U) — CO(U) is defined with the so-called combination formula as

IAf Z CAv u CAv = Z (_1)|e\'
veF {ec{0,1}N:v+ecA}
This interpolation operator satisfies I f = f for all f € span{y” : v € A} (¢f. [36, Lemma 1.3.3]).
Similarly, with the numerical integration Q. f := fU I, f, we set
Qnf = canQu(y),

veF

which gives a quadrature rule for which Qxf = fU y)du(y) for all f € span{y” : v € A}.
For more details about the construction and the propertleb of Iy and QA we refer for example to
[5, 27, 9, 36].
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5.2.2. Multilevel algorithm. To define a multilevel algorithm, we first associate to every multi-
index v a work level w,, or for short w = (w,)pecr. With (73, )ien as in Assumption 3.8, we shall
assume for all v € F that

wy € {dim(Pg(mp,)) : i € N} U{0},

so that w, corresponds to the dimension of a FEM space. Furthermore |w| := )" rw, < ooc.
For every ¢ € N this then yields a finite multi-index set
Fj(w):={veF : w,>dim(P;(r,))} (5.5)
The multilevel interpolation operator is defined as
IME =" It (w)(En, —En_,) (5.6)
JEN

and the multilevel quadrature operator as

Q%LE = Z C21171('11)) (Em - Ehjil)V (57)
JEN
where Ehj € Pg(my,), as earlier, is the discrete solution of (3.8). Here it is assumed that I';(w)
is downward closed for every j € N, so that I, () and Qr,(w) are well defined. Furthermore, we
point out again our convention f}o =0.
As a measure of the work required to compute IML]:] and Q%LE we consider the total number of
degrees of freedom of all required function approximations. For example, computing ij(w)ﬁhj —

Ehj,l) or Qr, (w) (f)hj - Eh%]) requires to evaluate both approximations Ehj :U — Pg(my,;) and
]:]hjf1 U = Pi(th,_,) to E: U — H,(curl; D), at IT';(w)| points in U. This corresponds to
(dim(Pg (1n,)) + dim(Pg (7, _,)))|T'j(w)| degrees of freedom. In total

work(w) := Z(dim(P,s(Thj)) + dim(Py; (1, _,))) [T (w)] (5.8)
jEN
counts the degrees of freedom of all FE approximations required for the computation of the mul-
tilevel interpolant /quadrature.

5.2.3. Abstract convergence theory. We now recall an approximation result for multilevel Smolyak
interpolation and quadrature from [36], also see [37]. It provides a statement about the algebraic
convergence rate that is achievable in terms of work(w) in (5.8). Implementing the method
requires to determine the work levels w = (w,),ecx a priori. We comment on possible choices
when presenting numerical experiments in Section 6. We first recall the assumptions under which
the subsequent convergence results are valid.

Assumption 5.3. The spaces X, Z and Zy are complex Banach spaces and there holds the continu-
ous embedding Zy < Z. For a summable sequence (¢;);jen C Zn denote o(y) = ZjeN Y € Z
for y € U and set P := {o(y) : y € U} C Z. There exists a constant M > 0, two summability
exponents p € (0,1), px € [p,1) and a FE method convergence rate o > 0 such that, with (75, ) en
as in Assumption 3.8, the following is satisfied

(1) (I¥5llz)jen, € £7(No) and (||1hj [l zy )jen, € €7~ (No), B
(ii) there exists an open set Op C Z and a Fréchet differentiable function € : Op — X such
that P C Op and supgco,, [|€()[x < M,

(iii) there exists an open set Op v C Zy and Fréchet differentiable functions @hj :0p > X
for every j € N such that P C Op n and for every j € N

sup [|€(6) — €4, (§)x <M and sup | €(€) — €, (&) x < Mdim(Pf ().
£eOp £€0p, N

The functions E : U — X and Ehj : U — X are given by E(y) = &(o(y)) and Ehj (y) = @:hj (o(y))
for all y € U and j € N.
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The following theorem follows [36, Thm. 3.2.11] and [36, Thm. 3.2.12]. These bounds rely on
the fact that the sequence (dim(Pg(7p;))) en of FE degrees of freedom increases exponentially in
the sense of Remark 3.9.

Theorem 5.4. Let (1p,;)jen satisfy Assumption 3.8. Let p € (0,1), pny € [p,1) and o > 0 be such
that E and (Em)megn satisfy Assumption 5.3. Then, there exists C' < oo and

(i) a sequence (wy)nen of sequences of work levels, such that |w,| — co as n — oo and

- ~ 1)
E _ IMLE ) < C k n —7’17 = 1 , Ol(p— ,
| w, Elleow;x) < Cwork(wy) Tro=ming o atpl_pyt

(ii) a sequence (wy,)nen of sequences of work levels, such that |w,| — 0o as n — oo and

‘ a(2p~! —1) 1 }

"a+2p7t —2pN—
Moreover, in both cases I'j(w,,) in (5.5) is finite and downward closed for all j € N and alln € N.

/ E(y) du(y) — QMSEH < Cwork(w,,)™"?, rq := min {a
U

X

5.2.4. Multilevel Interpolation. Applying Thm. 5.4 in our setting we obtain the following theorem
for sparse-grid approximation.

Theorem 5.5. Fix N € N and q > 3. Let k € N be less or equal to N where k denotes the
polynomial degree of the FEM ansatz space. For some p € (0,1), py € [p,1) let (cp. (4.1), (4.2))

(ITj112)jem0 € #(No), (Tl 2y )sene € €7 (No).

Suppose that with T = {o(y) : y € U} as in (4.7)-(4.8), Assumptions 2.5 through 4.1 are
satisfied. Then, there exists C < oo and a sequence (Wy)nen of sequences of work levels, such
that, |wy| — 00 as n — oo and for all n € N, the solution E(y) := E, () of Problem 3.6 satisfies

= ML . k E(pil —1)
IE() = (L, E)()llcow;x) < Cwork(w,,)™""  with r; = min 3 m ;
and where I&/I};E in (5.6) is defined with the discrete solutions Ehj € P¢(mn;) of (3.8). Moreover,
L;(wy) in (5.5) is finite and downward closed for all j € N and all n € N.

Proof. We need to verify that Assumption 5.3 holds with a := g and the spaces

X := Hy(curl; D), Z = C%Y(D; C?) and Zy = CNVY(D;C?).

Then the statement is an immediate consequence of Thm. 5.4. In the following we choose the
constant k € N equal to N.

Assumption 5.3 (i) holds by assumption. The existence of an open set Oz C Z containing ¥
and a bounded holomorphic function € : Ox — X such that E(y) = (o (y)) for all y € U follows
by Theorem 4.2. This shows Assumption 5.3 (ii). Finally, Prop. 4.6 implies the existence of a
suitable open set On s C Zy containing ¥, and constant M, and bounded holomorphic maps
¢ Oz — X such that

sup ||€(£) - thj (f)”HO(curl;]S) < M
£€0s

and

wla

S 1€(€) = €1, ()l ot (eums) < ChE < Cdim(PE(75,)) 5
€Op N

This shows that Assumption 5.3 (iii) is satisfied. O
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5.2.5. Multilevel Quadrature. In the same fashion, we obtain a result for multilevel quadrature.

Theorem 5.6. Let the assumptions of Theorem 5.5 be satisfied. Then there exists C' < co and a
sequence (Wy)nen of sequences of work levels, such that |w,| — co as n — oo and for alln € N

the solution E(y) of Problem 3.6 satisfies

3 a+2p~t —2py?

- - Ep=t -1
H]E(E()) - (Qi\u/ITIjE)(')HHO(Cur];]S) < Cwork(wn)_rQ where rQ = min {k 3( b ) } )

where Q%fﬁ) in (5.7) is defined with the discrete solutions Ehj € Pg(mn,;) of (3.8). Moreover
T,(wy,) in (5.5) is finite and downward closed for all j € N and all n € N.

Proof. Assumption 5.3 holds by the same arguments as in the proof of Thm. 5.5. The statement
thus follows by Thm. 5.4. O
6. NUMERICAL EXPERIMENTS

We now present a numerical experiment in order to confirm our results in Theorems 5.1, 5.4,
5.5 and 5.6. Our numerical implementation of Problem 2.11 was carried out through the open
source softwares GetDP [19] and GMSH [23].

6.1. Problem Setting. For N, € N, we consider D := [~1,1]® and parametric transformations
given by,
Ne
o(y):=To+0Y yT;, To=I T,;=;" 'agsin2rjz)és,
j=1

where © € (0, %) is a scale parameter and p > 1 determines the decay properties of the sequences
(1Tl z)jen, and (||Tj]lzy)jen,- Specifically, with Zy and N € N as in (4.1) and p > N, we

impose

1
(ITllz)jen, €67, ¥Y1>p> >

(”TjHZN)jENo eepNv V1>PN> p—N
We fix the current J as a polynomial of first degree on Dy := [~2,2]3 and choose € and u as
factors of the identity matrix. The quadratures Q}( and Qi“{ used to build the sesquilinear and
antilinear forms in (3.6) and (3.7), respectively, are 5-points Gaussian quadrature rules—exact on
polynomials of degree 3— and we consider only first order Nédélec elements for the discretization of
H(curl; ]5), i.e., k = 1in Section 3.2. Theorem 3.17 then requires N > 1 to ensure a convergence
rate up to p = 1 with respect to the mesh-size h—or 1 with respect to the dimension of Pf(7y).

Numerical experiments—for brevity, not presented here—verify the convergence rate of order
N = 1 with respect to the mesh size. Moreover, for linear functionals of the electric fields G €
H(curl; D)* we may prove, through Theorem 4.2.14 in [32], that G(&,(T)) converges to G(&(T))
at twice the rate with respect to the mesh-size (p = 2 in our context) at which &, (T) converges
to &(T). We choose @ as

for all U € H(curl;D), where g is chosen as a polynomial in Py(Dg; R3). Hence, for any U €
Pf (1), we may compute G(Up) exactly through the use of appropriate Gaussian quadrature
rules. Henceforth, we concern ourselves only with the approximation of G (E(y)) for y € U and of
its expected value over U. Moreover, for a fair comparison between the MLMC method and the
multilevel Smolyak algorithm, we truncate the dimension of the sample space, so that we consider
U:=[-1,1]>.
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6.2. Number of samples for the MLMC method. For our multilevel algorithms, we employ
five meshes of the domain D, with 323, 3'208, 16'009, 117’370 and 707'141 degrees of freedom.
Table 1 indicates the number of samples taken on each mesh for the multilevel Monte Carlo method.
The expected value of the squared error is then computed as the average over 6 realizations of the
method.

DoF |L=1|L=2|L=3|L=4|L=5

323 1 9 69 1025 | 11271
3’208 - 2 13 203 2273
16’009 - - 4 48 937
1177370 - - - 6 69
707’141 - - - - 9

TABLE 1. Number of samples per mesh (identified with their corresponding de-
grees of freedom) used in each realization of the MLMC method. We remark that
these do not correspond to the {Ny;}£ , in (5.1), but to the total number of
computations carried on each mesh (e g for L = 3 we take N3 1 = 60, N3 =9
and N373 = 4)

6.3. Interpolation and quadrature results. Figure 2 displays the interpolation error:

IG(E()) — (L, G(E))()lleow,0): (6.1)
with respect to the total work of the Smolyak algorithm (as in (5.8)), where the supremum in the
computation of the C°(U)-norm in (6.1) is approximated by taking the maximum of G(E(y)) —

(NG (E))(y) on random points in U. Figure 3, on the other hand, displays the quadrature errors
of the multilevel Smolyak algorithm

|@sie® £ (c®)|
against the total work of the algorithm (as in (5.8)), and of the MLMC method,

|QMCGE) - E (GE)) @),

L2(Q,C)

against its corresponding total work (as in (5.3)), where E(G(E)) is estimated through an overkill
computation of the multilevel Smolyak algorithm. The figures display only the results computed
with the first four meshes, so that the comparison against the overkill computation shows both the
meshing error—coming from the finite element discretization—and the quadrature error—arising
from both algorithms.

For p = 2, we have that for p € (1/2,1)

(1Tl z)jen, € €.

However, we cannot prove a summability property of (||T;||z);en, (recall N = 1). Considering,
however, p = 2 4 ¢ for small € > 0 yields,

(ITill2)jen, €6°, Y1>p> e

(IT5llzy )jen, € PN, YV 1>pn >

14¢€’

and the convergence rate of the multilevel Smolyak interpolation operator is given by (cf. Theorem

5.4),
2 2 -1 2 3(1 Le 2 1
miny{ —, 5 (+ 2¢ )1 = min w =14+ Z¢]).
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FI1GURE 3. Quadrature error. Theoretical asymptotic convergence rates are % for
MLMC and % for ML, Smolyak quadrature.

On the other hand, the convergence rate for the multilevel Smolyak quadrature will be given by
(cf. Theorem 5.6),

(2 2d4e-1) . [2 2(3+¢) (23 1 2
min< —, 5 =ming -, p=ming -, | 1 + ¢ =—.
3 3+4+e—2—c¢ 3 3 34 3 3
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An analogous computation for the case p = 3 yields the convergence rate of kK = % for both the
multilevel Smolyak interpolation and quadrature operators.

7. CONCLUSIONS AND FUTURE WORK

We have extended our original work [2] concerning shape UQ for Maxwell’s lossy cavity problem
to multilevel versions of MC and Smolyak quadrature and interpolation. Theoretically, regularity
results for pullback solutions on the nominal domain are required in suitable Sobolev spaces.
Algorithmically, we have then shown much better convergence rates and computational costs
of parametric implementations of edge FE in the nominal domain. Our numerical experiments
confirm our theoretical findings and pave the way for other EM applications or other approximation
methods for the approximation of parametric solution manifolds such as deep neural networks, see
e.g. [33].
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