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Abstract

In an open, bounded Lipschitz polygon Q C R?, we establish weighted analytic regularity for a
semilinear, elliptic PDE with analytic nonlinearity and subject to a source term f which is analytic
in Q. The boundary conditions on each edge of 02 are either homogeneous Dirichlet or homogeneous
Neumann BCs.

The presently established weighted analytic regularity of solutions implies exponential convergence
of various approximation schemes: hp-Finite Elements, Reduced Order Models via Kolmogorov n-
widths of solution sets in H' (), quantized tensor formats and certain deep neural networks.

1 Introduction

The efficient numerical approximation of solutions of elliptic PDEs in corner domains has received much
attention in the past decades. It was motivated by many applications in engineering and the sciences,
by the development of the Finite Element Methods (FEM) and their analysis, and by the advance of
elliptic regularity theory in corner domains. As is well known by now (see, e.g., [8, 19] and the references
there), mathematical statements of high regularity of solutions in Sobolev spaces require either the use
of the corner weights (as in [8, 19]) or the use of Besov-Triebel-Lizorkin spaces with summability indices
0 < p < 1 as developed e.g. in [10] and the references there. The former regularity results facilitate the
development of optimal order FEM approximations on so-called graded meshes whereas the latter are at
the core of approximation classes for adaptive FEM (AFEM). See, e.g., [21] and the references there.

These developments pertained to the so-called h-FEM, which achieves convergence by (possibly adap-
tive) mesh refinement, at fixed polynomial order of the elements. An alternative concept is furnished
by the more general, so-called hp-FEM. There, mesh refinements and polynomial degree increase are
combined. It has been proved in 80ies in a number of landmark papers by I. Babuska and B.Q. Guo
that hp-FEM can achieve exponential rates of convergence for linear elliptic PDEs in polygonal domains,
with analytic data (source term and inhomogeneous boundary data). A key ingredient in the theory is
the weighted analytic reqularity of solutions. Regularity results of this type in corner domains for linear
elliptic PDEs appeared also in the 80ies. We mention only [5, 9, 2].

While analyticity of solutions of nonlinear, elliptic PDEs with analytic data (coefficients, nonlinearity,
domain) are classical (e.g. [20, Chap. 5.8] and the references there), results on analytic regularity for
nonlinear elliptic PDE in corner domains and with singular nonlinearity appeared recently in [15, 16, 18,
11]. In particular, in [16] weighted, analytic regularity of solutions to nonlinear Schrodinger eigenvalue
problems with cubic nonlinearity and with singular potential exhibiting a point singularity at the origin
was established. This problem arises in models of electron structure in atoms. In [16], analytic regularity
is quantified in term of weightfunctions being given as powers of the distance to the origin, which is
assumed to coincide with the position of nucleus.

To establish weighted analytic regularity and exponential convergence of hp-FE discretizations for a
class of semilinear, scalar elliptic PDEs in a polygon 2 with analytic nonlinearity, and subject to analytic
data, is the topic of the present paper. This is achieved by localization of the PDE near corners of €.
As in [16], a scale of corner-weighted Sobolev spaces with radial weight functions, being powers of the



distance to the corners of €2, is employed. The bootstrapping argument which quantifies the derivative
bounds on the weak solution of the semilinear boundary value problem is an adaptation of the arguments
in [16], with particular modifications to handle arbitrary, polynomial growth at infinity of the nonlinear
term. A novel combinatorial identity is used in the inductive bootstrapping argument to maintain tight,
analytic, bounds on the corner-weighted norms of weak solutions with respect to the differentiation order.

The layout of the present paper is as follows. In Sections 1.1-1.2 we provide a variational formulation of
the semilinear elliptic boundary value problem, recapitulate notation and, in Section 1.3, definitions and
basic properties of corner-weighted function spaces of Sobolev type. In Section 2, we recapitulate corner-
weighted regularity shift results for the linear Poisson equation. Section 3 then contains the proof of the
main result of the present paper: weighted analytic regularity for the weak solutions of the semilinear
elliptic PDE with analytic in the polygon Q forcing. The final Section 4 then addresses some direct
consequences from the analytic regularity results: exponential approximability of the weak solution by
hp-Finite Element Methods, and exponential bounds on Kolomogorov n-widths of the (nonlinear) solution
manifold. Appendix A contains some auxiliary results supporting the proof of the main result.

1.1 Problem Formulation

Let  C R? be a polygon with n > 3 vertices ¢; and n straight open edges I';. We assume vertices and
edges to be enumerated in clockwise order, with indexing modulo n, i.e. ¢; = ¢;y,, for all ¢ € Z.

For 1 <i <n, T; connects ¢; and ¢;41 so that T'; = {c¢;, ¢;+1}. We denote by w; € (0,27) the internal
angle at ¢;. In particular, then, the polygon Q has a Lipschitz boundary T = 99 [8].

We study the analytic regularity of solutions of the following semilinear elliptic PDE in 2

—Au+ Pt =f in Q. (1.1)

Here, A > 0 and k € Ny, with the case A = 0 corresponding to the linear Poisson equation, which was
studied in [2] and the case k = 0,\ > 0 corresponding to a linear, reaction-diffusion boundary value
problem.

The PDE (1.1) is completed by boundary conditions: on edge I';, we impose either homogeneous
Dirichlet or homogeneous Neumann BCs.

Yo(u) =0 or y(u)=0 on T;. (1.2)

Here, 79 and ~; are the weak trace and normal derivative operators, respectively. We denote the BCs in
(1.2) abstractly as B(u) = 0, with the boundary operator B|r, € {70, 71} depending on whether I'; is a
Dirichlet or Neumann edge. We collect the indices i € {1, ...,n} corresponding to Dirichlet edges in the
index set D, and the remaining indices in A (with membership in D or N again understood modulo n),
so that D and N are a partition of {1,...,n}, and B|p, = 7o for i € D. We assume throughout D # 0), i.e.

there is at least one edge I'; where yo(u) =0 . (1.3)
With these conventions, we set
HLH(Q) ={ve H(Q):v(v) =00onT,,ic D}. (1.4)

Due to (1.3), _,cp [T'i| > 0, and there holds the Poincaré inequality: there exists a constant C' > 0 such
that

Yv € H})(Q) : ||UHL2(Q) < C”V’U”Lz(g) . (].5)
In particular, therefore, on HJ, (), the expression ||Vo||r2(q) is a norm.

We will show that given data f in a corner-weighted, analytic space Bj(2) N L*(52), any generalized
solution u € H, () to (1.1) will be contained in a corresponding analytic space B3(Q2). Here, the corner-
weighted analytic function classes Bg and Bg will be introduced later in Section 1.3.1 and the notion
“generalized solution” refers to variational solutions which are defined as follows.



Given f € L?(2), we seek u € H5 () such that
Yo e HH(Q) : / Vu - Vo + Mty de = / fvde. (1.6)
Q Q

It can be shown by following the proof of [23, Proposition 27.21] and using the property that the nonlinear
term u?f*! is strictly monotone (see, e.g., [23, Example 25.5]) that for every f € L?(f2) there exists a
unique generalized solution u € H5 () of (1.6).

The proof that u € B3(Q) for f € Bg (2) N L?(Q) will be based on a local regularity-shift result in a

sector obtained for the linear Poisson pr(i)lem in [2] and a corner-weighted L?-estimate of (the derivatives
of) the nonlinearity Au2++1.

1.2 Notation
We denote N = {1,2,3,...} the natural numbers, and Ny = NU {0} = {0,1,2,...}. For any multi-

index a = (a1, as) € NZ, we write 9% = 01092, D* = 0210y* and |a| = a1 + ap. Factorials !
are defined as a! = aqlas! with the convention 0! := 1. We denote with an underline n-dimensional
tuples 8 = (B1,...,8,) € R". We suppose that for multi-indices and n-dimensional tuples, arithmetic

operations and inequalities such as v < (3 are understood component-wise: e.g., 8+k = (f1+k, ..., Bn+k)
for all k& € N; furthermore, we indicate, e.g., 3 > 0 if 8; > 0 for all i € {1,...,n}. For a € R,
we denote its nonnegative real part as [a], = max(0,a). For a nonnegative integer k, we denote by
Nogr={neN:n>k}and by N>y ={neN:n >k}

For any a,y € N} or i,j € N, we denote by d, - or §; ; the Kronecker function which equals 1 if the
two parameters are identical and which vanishes otherwise.

Given an angle w € (0,27) and a radius 0 € (0,+00], we define the sector Q5. with vertex at the
origin

Qs = {(r,0) e R?|r € (0,6),0 € (0,w)}. (1.7)
For any corner ¢; and a radius § € (O,min(i min; jeq1,2,.-- n},i2j d(ci, ¢;), 1)), we set
Q5,wi (Cl) =c+ {(7‘, 9) € ]R2|T € (07 6)’9 € (Oawl>} (18)

Here the polar coordinate system is assumed to be such that the half line ¢; + {# = 0} contains T';_; (so
that ¢; + {6 = w;} contains T;).
1.3 Function spaces

For x € Q and for i € {1,...,n}, let r;(z) := dist(x, ¢;). We recall from [2] the n-tuple of corner-weight
exponents 3 = (81, ..., n) € (0,1)" and the corresponding corner weight function

Pp(x) = Hrzﬁi(z), zel.
i=1

1.3.1 Weighted spaces in the whole domain (2
For any k,! € Ny with k > [ and for any 8 € (0,1)", we introduce corner-weighted norms ||'UHHk,l(Q) by
- B

k
012100 = NollEosgay + D 1@atja1-1070l3a(ey, (1.9)

la|=l1
where the term Hv||§{,_l(m is dropped if [ = 0. See [2, Sec.1.2].
We also define the following weighted analytic function classes

BL(Q) = {v e (VHF'(Q):3C,A> 05 t. @y 1a)-10°V] L2(e) < CA ! (Ja]-1)!, V]a| > z}. (1.10)

k>0



1.3.2 Weighted spaces in a sector

In a sector Q)s,,, we define, for all £ € Ny and 5 € R, the corner-weighted space W;;(Q&w) of functions v
with finite norm ||U||W[;(Q,; ) given by

1ol sy = 22 P77 D0llEa g, - (1.11)
la] <k
For k,l € Ny with k£ > [ and for g € R, Hg’l(Q(;,w) denote the space of functions with finite norm
HU||§'[§’L(Q5,W) = ||U||§{L_1(Q6,u) + Z ||Ta1+ﬁ7lDaUH%2(Q5,w),
1<]a|<k

where the first term is omitted if [ = 0.
For [ € Ny and g8 € R, the weighted analytic class in polar coordinates is defined by

Bh(Qsw) = qv e[ VHE (Qsw) : IC, A > 0s. t. [r* TP7D%| 12, ) < CAY (|| = 1)1, V]a| > 1
k,l

(112)
The definition of the spaces HE’I(Q(;,W) and BlB(Q(gw) follows from replacing ®g )~ in (1.9) and

(1.10) with rAtlel=L,
We require the following two lemmas regarding the relation between those spaces in Qs .

Lemma 1.1. Let 0 < § < 1, w € (0,27), B € (0,1). Then the following equivalence relations hold for
any l € {0,1,2} and Ng 2 k > 1:

v e H§7Z(Q6,w) sSove Hg’l(Qa,w), vE BlB(Qé,w) sSove Blﬁ(Qﬁ,w), vE Hé’l(Q&w) & v e W5(Qsw)-
For a proof we refer to [2, Theorem 1.1, Theorem 2.1, Lemma A.2].

Lemma 1.2. Let 0 < d <1, w € (0,27), B € (0,1). Then the following imbedding relations hold:
1. W3(Qsw) C Hy*(Qs.) C C%(Qs)-
2. If ve Hy*(Qs.) and v((0,0)) =0, then v € W3(Qs.)-

For the proof of this lemma, see [2, Lemma 1.1, Lemma A.1, Lemma A.2] and [3, Section 2].

2 Poisson problem in a sector

The inductive proof of weighted, analytic regularity will require a Wg-regularity shift for the linear
principal part of the differential operator in the problem (1.1). By localization, this regularity shift
estimate is only required locally, in the vicinity of each corner. Consider thus functions w which satisfy
the following Poisson problem in any finite sector (s, with 0 < § < oo,

—Au=f in Qsw, B(u)=0 ondQs, \{r=>7d} (2.1)
Following the proofs of [2, Lemma 2.2-2.8, Theorem 2.1] item by item, we have the following result.

Proposition 2.1. Let 8 € (0,1) such that § > 1 — T for either Dirichlet or Neumann BCs, i.e. if
Blags .\ {r=5} € 170,71} and assume that 3 > 1—5- for mived boundary conditions, i.e. if Blag, ,n{o=0} =
Yo and Blaqs.,nio=v} = V1. Furthermore, in (2.1) assume f € Lp(Qs.)-

Then there exists a constant Csee > 1 such that any u which satisfies (2.1) weakly satisfies u €
H§’2(Q5,w) and there holds the a-priori estimate

lw = u(0,0)lwz(@s/5.0) < CseclllfllLs@sw) + Ul a1(@s5.0Q52.0))- (2.2)



3 Weighted analytic regularity of the solution

2k+1

Applying [20, Lemma 5.8.6, Lemma 5.8.6’] we derive the analyticity of u and of Au in the interior of

Q and up to analytic parts of the boundary 9.

Proposition 3.1. For any 0 < § < imini’j€{1’27,.. n}izj d(ci, cj), any solution u to (1.1) and, for this
u, M+ for k € N are analytic in Q\ (U1 Q52,0 (ci))-

By the Sobolev embedding H*(2) < L9(Q) valid for any q € (1, 4+o00) and by the Hélder inequality,
one obtains that for any u € H'(Q) and any 3 € (0,1)", Au***! € L*(Q) C Lg(Q2). Therefore, we can

move \u?**1! to the right-hand side in (1.1) and consider in
—Au=f—- *"inQ, B(u)=00ndN. (3.1)
Now Lemma 1.2 and Proposition 2.1 imply

Lemma 3.2. Let 6§ € (0, 1 min, je(1,2,... n},izj d(ci, ;) and let f € Lp(§2) where B € (0,1)" satisfies that
foranyie {1,2,--- n}, B; >1— oo if{fi—1,i}CcDor{i—1,i} CN and B; >1— o Otherwise.

Then any solution w € H$(Q) to (1.1) satisfies Ul Qs (i) € ”H;’f(Q&wi (c;)) C CYUQs.w;(ci)) for
i€ {1,2,---,n}. '

3.1 Analytic estimates on the nonlinearity

In this subsection we examine the estimate on derivatives of Au?**1. For this purpose we study D (Au?++1).

The case k = 0 is straightforward. If & > 0, then by Generalized Faa di Bruno formula[6, 14], the
derivatives of u will take a complicated form. To describe it, we introduce the concept of decomposition
of a multi-index o € Ng. We say that a € N2 is decomposed into a finite number s of nonzero parts
pl,---,p® € N2 with multiplicities my,--- ,m, € N if

S
a=>Y mp
i=1

holds and all p* are distinct. Set P = (p!,...,p*) and M = {my,...,ms}, we call the triple (s, P, M) a
decomposition of . The total multiplicity of M is m = ;_, m;.
The generalized Faa di Bruno formula states that for any o € NZ and, for any function g(-) : R — R

and for any u = u(r, §) with sufficient smoothness, D*g(u) takes the form

D% (u) = Z Cis,p,M) d"g(u) H('Dpiu)mi. (3.2)

du™
(s,P,M)€PDq i=1

Here 2, is the set of all possible decompositions of o and

101,
m(ﬁ) ) >0,

S

C(S,B,M) =al H(
i=1
which depends only on the specific triple (s, P, M).
In the presently considered case g(u) = Au?*!, so it suffices to consider decompositions satisfying

m < 2k + 1.
Lemma 3.2 implies L*°-boundedness of dmdf,:“ for any m € N in Qs (¢c;) for i € {1,...,n}. To
estimate the weighted-L? norm of D*(A\u?**1) based on (3.2) near each corner, we bound all individual

terms [];_; (PP u)™ and the combinatorial constants C(s p ar). For the first step, we need the following
two lemmas which provide weighted interpolation estimates in a sector. The proofs of these lemmas are
along the lines proposed in [11, Lemma 4.2}, and are based on dyadic decomposition of the sector and
scaling of an interpolation inequality in domains satisfying a cone condition(see [1]). These techniques
are useful in treating singularities in a corner.



Lemma 3.3. Assume given 6 € (0,+00), w € (0,2n], k € N and g € (0,1). Then, there exists a
constant Cipt = Cint(6,w, k, B) > 0 such that for any function ¢ : Qs — R for which there exists a € N%
satisfying, for anyl € N with 2 <1 <2k +1,

ﬁl\i)i ||TB*2+Q1+’”DO‘+’7¢||Lz(QM) < o0,

there holds the following bound

) B 1
lr T+ DG|| 215 ) < Clnellr® 2 DGl 2o,

-1 [N -1
(X D g T D )
[n|<1

The proof of this lemma is given in Appendix A.

Lemma 3.4. Let 6 € (0,+00), w € (0,27], k € N and 8 € (0,1).
Then there exists a constant C, = Cy(d,w,k,B3) > 1 such that for all ¢ € 7—[[25’2(Q5,w) with ||¢ —
#(0, O)ng(QM) < 1 and such that there exist A, E > 1 and i € N satisfying

||Tﬁ_2+alpa¢”[‘2(Qéyw) < Alal_QEa"‘(\a| —-2)l, Vae N(Q) :2< |a] <i+1,
it holds for any 1 < |a| <i and any 2 <1 <2k + 1 that,
[P DAG|| Lo, ) < CLAIMITIE T (Ja| — 1)1,

Proof. We fix §,w, k, 8 and any ¢ satisfying the conditions in this lemma with some A, ¥ > 1 and ¢ € N.
By lemma 3.3, there exists Cj,; > 0 depending on §,w, k, 8 such that for any 1 < |a] < ¢ and any

2<1<2%k+1,

B4y o —2tar a4 T
I T DG 21y ) < Cimtllr? Dl 2,

-1 -1 -1

. (Z ||7ﬁ_2+al+mDa+n¢||Lé(Q5,w) +ay’ ||7~6—2+(11D01¢HL£(Q6'M))

In|<1

1 =1
1

< Oy max ((AY72E22(Ja| — 2)1,1) 7 - (3(AlI= Bt (o — D)7 + max (All=2Ee2(ja — 1)1,1) 7))

< AC Al Boet (o) — 1)1
This implies that C; := 4C},,; satisfies all conditions of this lemma. O

We investigate the constant C(, p ar) in (3.2). In the estimation of higher-order derivatives of the
quadratic nonlinearity (u - V)u for the Navier-Stokes equation in [11, Lemma 4.5], another kind of
combinatorial constant (‘;) for o, € N2 appears in the expansion of higher-order derivatives. Their
control with respect to the differentiation order is achieved in [11] using a combinatorial identity.

Here, however, we do not derive a particular combinatorial identity that is best suited to bound the
nonlinearity in problem (1.1). Instead, the following lemma provides sufficient control of C(, p ary. Its
statement needs the introduction of the following auxiliary variable: Given a multi-index o € N3 and
A, E > 0, we define

S

liaam) = > Clo.p.nn) [ J(AP 1B (Jpf] — 1)), (3.3)
(8,P,M)E Do ,m<2k+1 i=1

Then the following estimate holds.
Lemma 3.5. Let A > E > 0. Then for any |a] > 1 and any |n| =1,

I[a—i—v],A,E] < (|Ol‘ + ].)AEnzI[a’A,E].



See Appendix A for the proof.
We are ready to present the following corner-weighted regularity estimate on the nonlinearity.

Lemma 3.6 (weighted regularity estimate on the nonlinearity).
Fiz § € (0,1), we (0,27], A€ R, k € Ny and 5 € (0,1).

There exists a constant Cron = Chron(d,w, 8, A\, k) > 0 such that for any ¢ € HE’Z(Q(;M) with
HQS”H?ﬁ(Qa,M <1 and|¢— ¢(O,O)||W§(QM) < 1 for which there exist i € N and constants A > E > 1

such that, for 2 <|a| <i+ 1, hold the bounds
||7,572+a1'Da¢”L2(Q6,w) < A|a|f2Ea2(‘a| . 2)| ,
there holds, for 1 < |a| <1,
[P DAY || 12(5.) < Cron Al E*2 o)l (3.4)
We remark that due to Lemma 1.2, the value of ¢ at the point {r = 0} is well-defined.
Proof. Without loss of generality we assume that A > 0. With the condition H¢||H,23’2(Q5 L < 1land
99 p2h+1

Lemma 1.2 we may assume maxo<;j<ar+1 || “5gr— 2= (q;.) < K for some K = K(4,w, 3,k) > 0. The

assumptions § < 1 and [|¢ — (b(O,O)HWg(QJ‘w) < 1 imply, for any 1 < |a| <i+1,

PP DYAD) 12050y < MIrP 2D 12(q, ) < Amax(AlY72E* (Ja|-2)!,1) < AT E*2F (|a|-1)!,

so the case k = 0 is verified for any C,on > A.
Consider the case k > 0. By (3.2), the generalized Hoélder inequality and Lemma 3.4, for any 1 <
|a| < i we have,

[T DA | 12,

am¢2k+1 S g . ;
<Al ) O(S,B,M)W L1 9™l 2,
(s,P,M)€ Do, ,m<2k+1 i=1
S
B i 7 m;
<AK Z Cs.p.on | H(rmﬂnpp &)™ |l L2(@s.)
($,P,M)EPDq ,m<2k+1 i=1
2 B i @ m;
<MK > Cropany [LIr7 D" 6750,
(8,P,M)€D o, m<2k+1 i=1
SAKCHHE 3T Chpan [JAPT B (] - 1y
(8,P,M)€E Do, m<2k+1 i=1
= AKC* ' o 4 -

Tt suffices to show that there exists a constant C,,,, > 0 such that for any 1 < |a] < i
AKCH 1 4 ) < Cron Al B2 . (3.5)

It is easy to verify that the only possible decomposition for a with |a| = 1is a = 1-aand C(y {a},{1}) =
1: it holds D¥¢?k+1 = %ﬁ;ﬂ - D*. Therefore, for |a| = 1 and for any Cpp > AKC2FHL

AKCPM M g a,5) =AKCEIC 10y, 1) APETH0) = AKCPFT BT < Clhp E*2 T

We show now that for any C,,pn > /\KC'E’H'I, (3.5) holds for 1 < |a| < i. The case |a] = 1 is already
checked from the above equality and we consider all « such that 1 < |«| <4 by mathematical induction.



Assume now that (3.5) is true for 1 < |a| < j < i. For any |a| = j + 1, we select || = 1 such that
a —n € N2. Then Lemma 3.5 implies that
AKCP" M Iy a5 S AKCPM T (j 4+ 1) AE™ 1oy 4.1
< (j+1)AE™AKCE gy a,8)
< (j4+1)AE™ x CpopAJ Ele2712)1 51
< Cron AV BT (- 1)L,
Therefore (3.5) holds for |a| = j + 1. Repeating this step validates (3.5) for 1 < |a| < 4. Summarizing

the case k > 0 and k = 0 shows that we could set Ch,opn := Amax(KC?**1 1) to satisfy the requirement
of this lemma. O

3.2 Weighted analytic regularity near corners
By Lemma 1.2 and Lemma 3.2, we may fix § € (0, min( min; je(1,2... n},iz; d(ci,c;),1)) such that
llu — U(Ci)ng(Qg,w.(ci)) < 1 at each corner.

We are now in position to prove local weighted analytic regularity estimates near all corners. The
inductive claim used here is similar to the one shown in the proof of [11, Lemma 4.7].

Lemma 3.7. Let § € (0,1)" such that that for any i € {1,2,--- ,n}, B; > 1— = if {i —1,i} C D or

{i —Li} C N and B; > 1 — 37 otherwise. Furthermore, let u € HL() be the weak solution to (1.1)
with right hand side f € Bg(ﬂ) N L2(%).
Then there exists Au,EZ > 1 such that for alli € {1,2,--- ,n},

||r/3i—2+a1Dau”L2(Q6/2M ) < ALaI—ZE[ozz—Q,OH(‘M —2)! Ya € Ng . |a| > 2.

Proof. In each sector Qs,(c;), we rewrite (1.1), (1.2) as
1 1
— (02 + ;& + ﬁag)u = f =2 in Qs (), B(u)=0 onT}y, (3.6)

where ['; = 0Qs5.w,(c;) N O, f € Bg (). Lemma 1.1 and Proposition 3.1 then imply that there exists
A; > 1 (depending on \) such that for any o € N2,

||rBi+a1Da()\u2k+1)HLz(Qd‘wi (Ci)\QJ/Z,wi (ci)) S Al].a‘|a"7 (373')
P2 =2 D (12 f) | L@y o, () < AF !, (3.7b)
and, for all j € Ny, o _
177 00| 11(Qs.0, (c)\ @5 2,0, (e0)) < AL (3.7¢)
Define the constants
Ay = max(4Csec A1, 108(CisecCron + 1), 162C 00 )- (3.82a)
and
E, = 18, (3.8b)

Our proof will be based on the following induction assumption.

Induction assumption For j; € N>y and j» € N with jo < ji, we say Hj, ;, holds if

1,J2
||rﬁ"'_2+°‘1D°‘u||L2(Q5/2)wi () < ALQ‘_QEL“2_2’0]+(|0¢| —-2)! Vace Ng : or (3.9)

|Oé| = j1 and (5] S jg.

Here A, and E, are the constants in (3.8a) and (3.8b).
Then Hj 2 holds since |lu — U(Ci)ng,(Q,;,w.(ci)) <1.



Strategy of the proof The proof consists of two steps:
1. We will show that for any j € N>o,

Hj,j — Hj+1)2. (310)
2. We show
Vj S Nzg, VieN,2<] <j: Hj’l — Hj,l+1. (3.11)
Combining (3.10) and (3.11), we obtain that
Hjj = Hjt1j+1, (3.12)
We infer from (3.12) that H; ; is verified for all j € N>o. This will conclude the proof.
Step 1: verification of (3.10) We will show equivalently that for any j € N,
Hjy1j01 = Hjp20.
If k > 1, then by Lemma 3.6 there exists Cy,on, > 1 such that for any o € N with |a| < j
74 D )t . ) € Cron A EGT
and if kK = 1, then
PP D 12y g o ey < TP 2D U 12y ey € ALTPEL TG < Cron AT B

Define v = r797u. Then v solves the boundary value problem

—(0% + %ar + r%@g)v = rI7200(r3(f — MuPkth)) in Qs (i), (3.13)
Bv) = 0 on I;. '

Proposition 2.1 and (3.7a)-(3.7¢) now imply
> [P 2D M| L2y ey S 0 — (0,0 w2 (@52, (e))
In|=2
< Coee(|[r" 200 (f = M N L2 ae, (e0) + 1V HY (@50, (0N 20, (e1))
< Caee([IP" 72002 )| 12(@s 2.0, (e + PP DL ) | L2004 0. ey + G IPP IO AP ) L2004 0 (e
+ 50 = DI 202 O Y L2 Qs jann (e0) 1011 (@5 0 (000 2.0, (e0)))
< Cuee A{j!+ 3Chon AL Eujl + A1)
< Csee(2A15! + 3Chnon AL Eujl).
For all n € N3 with |n| = 2, it holds

D =1 9I DM + nujr? T oI TR u + [ — 1) 4i(5 — 1)r 20w
Therefore, for all n € N2 with |n| = 2,
||7’Bi72+j+mDnaﬁUHL?(QS/ZM ()
< Z [P 2D L2y - (o)) + 20 PP TETITAIEN T U L2, L (e)
Inl=2
+350 = DI 0l 12, . (e)
< Cuee(247 5! + 3Con A2 E,G!) + 3477151
< 2CsecAlj! + (3CsecCron + 3) AL Euj!
< Al

which validates (3.10).



Step 2: proof of (3.11) We now fix [ € {2,...,j — 1} and assume that H;; holds true. This implies,
as before, that for any 1 < |a| < j —2

‘|Tﬁi+a1Da()\u2k+1)HL2(Q5/21W(61‘)) < CnonALa|_1E32+1|Ol|!-
So we have

‘|T5i72+(jfl—1)agflflaé—1(TzAu2k+1)||L2(QS/2M (e))

< ||Tﬁi+(jfl71)azflfla(l9—1()\u2k+1)HL2(QM2’Wi (e +20 — 1 — 1)||r5i+(]'7l72)87j:7l728é—1(/\u2k+1)||L2(Q6/27wi )

+ (= 1= 1) = 1= 2)lrP Ao Y |20y, ()
< 3C,onATT3EL (5 —2)1.

Multiply the first equation of (3.6) by 72 and differentiate the product by 87 ~'~*9}~* to obtain

— (P2 2 — 1 - 1) T - (1 - 1)(j— 1 —2)ai
+rol O + (G — L= )OI o + 0l T oy yu = 001 o (P (F — (WM,
This is equivalent to
ag—l—laéJrlu _
— (PTG 12—l - 1) T (-1 -1 (§ — 1 —2)9i oLt
+rol 0y 4 (G — 1= 107205 u = 817 oy (P (f — ().
Therefore

i — j—1— j—1—15]
HTﬁ 2+ l)ag" : 180+1UHL2(Q6/2,ui(ci))

< 2O ) 12 (0, (o) + 200 = L= DIIPH O8I0 12, - (o))

+ (=1 =1 =1 =2 DA | 2y ey 17PN O L2 (4 ()
+G-1- 1)HTﬁi72+(j7l71)3g7l713é_1u||L2(Q5/2M (i) + ||Tﬂﬁﬂ(]‘*l*l)aﬁ*l*l%_l(Tzf)HL2(Q5/2,wi(ci))

+ HTﬂi*ﬂ(j*l*l)aﬁ*l*laé_l(>\T2U2k+1)||L2(Q5/2,wi(ci))

< ARS8k (o) 4 2498 B (- 2)1 - ATTAEIS (5 - ) ATTB RIS (5 - 3))

+ AITAELT (= 3) 4+ A2 () — 2)! 4 3Chon ALTPEL (G — 2)!

< 6AITZEIS (j — 2+ AT (5 — 2)! 4 3Chon AL EL (5 — 2)!

SATPETNG -2t = ATPE (- 2)

Therefore (3.11) holds true. The proof is completed by applying the strategy to show (3.12). O

3.3 Weighted analytic regularity in the polygon

The main result of this paper is now a straightforward consequence of the corner-weighted, analytic
estimates of solutions and classical results on interior and boundary regularity.

Theorem 3.8. Let 3 € (0,1)" such that that for any i € {1,2,--- ,n}, B; > 1 — oo if {i—1,i} CD or
{i —1,i} CN and B; > 1 — 5~ otherwise. Furthermore, let u € H$(Q) be the weak solution to (1.1)
with right hand side f € B3(Q) N L*(Q). Then u € B3(S).

Proof. We have analyticity of w in the interior and up to analytic parts of the boundary. In addition,
Lemma 3.2 and Lemma 3.7 show that v € B%(Qg/zwi (ci)) at each corner ¢;. Using Lemma 1.1 and
combining these two claims we conclude the proof. O
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4 Exponential approximability

The weighted, analytic regularity of solutions in Theorem 3.8 implies, via well-known results on approx-
imation properties of hp-FEM in [9, 22, 7] ezponential approximability by finite-dimensional spaces of
continuous, piecewise polynomial functions of the solution u of (1.1) with data f € Bj(Q) N L*(Q).
Exponential approximability also holds for several other approximation methods: for Reduced Basis and
for Model Order Reduction methods, as the Kolmogorov n-width in H'(£2) of the solution set of (1.1),
(1.2) for data f € BJ(Q2) N L*(Q2) decreases exponentially as n — oo. It also implies corresponding

exponential expressivity of solution sets by certain deep neural networks [17] and tensor-rank bounds for
tensor-structured approximation schemes [13].

Theorem 4.1. Assume that Q is a polygon with n > 3 straight sides. Consider the nonlinear, elliptic
PDE (1.1), (1.2) for analytic data

feA={feBYR)NIAQ) : |l < 1),

with the corner-weight parameters 8; as in Theorem 3.8. Denote by S the solution map of (1.1), (1.2).
Then, there exists a sequence {Vp},>1 of so-called hp-Finite Element subspaces of continuous, piece-
wise polynomial functions v, of total degree at most p on a sequence {Tp}p>1 of nested, regular, partitions
Tp of Q into triangles T which are obtained from O(p) steps of geometric mesh refinement towards the
corners of ), such that there holds, for certain constants b,C > 0 depending on A,
Vue S(A):  inf [lu—vpllgi) < C exp(—b(dimV,)/?) .
vp €Vp
Furthermore, for every n € N, the Kolmogorov n-width d,, of the solution set S(A) in H*(S)) is exponen-

tially small: there holds
d (S(A); H'(Q)) < Cexp(—bn'/?) .

In addition, for each u € S(A), there exists a collection of feedforward neural networks {®. ,}. with ReLU
activation that can represent solutions u € S(A) of (1.1) with data f € BY(Q2) N L*(2) with exponential

expressivity in terms of the neural network size M (®. ) and depth L(®. ) to accuracy € > 0 in H' (),
i.e. their function-realizations R(®. ,,) satisfy

lu = R(®@eu)llmr (o) <& M(Pe,u) < Cllog(e)’, L(®eu) < C|log(e) log(| log(e)])]-

Proof. By Theorem 3.8, S(A) C Bj(). Then, there exists a sequence {V,}p>1 of hp-Finite Element

spaces of continuous, piecewise polynomial functions vy, of total degree at most p on a sequence {7,},>1
of nested, regular, simplicial partitions 7, of {) which are geometrically refined towards the corners of €
such that there exists a constant ¢ > 0 so that for all p € N holds

(1) #(Tp) < cp,
(ii) np = dim(V}) < cp?,
(iii) supepinfy,ev, IS(f) — vpllar () < cexp(—bp) .
We refer, e.g., to [7] for a self-contained proof. This proves the first assertion.
With this (hp-FEM convergence) result in hand, we may bound the Kolmogorov n-width of the set
S(A) cc HY(Q) as

dn(S(A),Hl(Q)) = sup inf Hu—vnHHl(Q)

inf
W, CH(Q):dim(W,)=n ueS(A) v €Vp

IN

sup inf [lu —v,||g1(0) < Cexp(—bp) .
ueS(A) VrEVp

Here, the infimum in the definition of d,, is taken over all subspaces of H}(f2) of finite dimension not
larger than n, and we used that S(A) C BE (), and property (iii) of the hp-FEM.

11



The assertion then follows with property (ii) of the hp-FEM.
The final statement on the expression rates of deep ReLU neural networks follows once more from
the inclusion S(A) C B3(Q) with [17, Theorem 5.6]. O

The exponential bound on the Kolmogorov n-width in H'(Q) of the solution manifold S(A) implies
corresponding convergence rates of so-called reduced basis approximations which are generated by greedy
searches. We refer to [12] and to the references there.

5 Conclusion

We summarize the main results of the present work, and indication directions for further research. Given
analytic data f and g in (1.1), we established the analytic regularity of the solution u for the semilinear
elliptic equation (1.1) in a polygon with homogeneous Dirichlet and Neumann boundary conditions. The
analytic regularity shifts are shown in scales of corner-weighted spaces of Kondrat’ev type.

The analysis developed here is also capable of dealing with other similar semilinear elliptic problems.
As an example, it is possible to study the analytic regularity of the solution to (1.1) with Au?**! replaced
by any polynomial g(u). For this we only need to modify Lemma 3.6 and the corresponding proof so that
they are suitable for any polynomial g(¢) rather than A¢2**1. Another possibility would be studying
the solution of (1.1) in a curvilinear domain or with —Awu replaced by a general linear, divergence form
second order elliptic operator L(-) defined by L(u) = —V - (A(z)Vu) + b(z) - Vu with analytic in Q
coefficient matrix A(z) and advection field b(x). The analytic regularity of the solution u also reveals
the potential to develop exponentially convergent numerical approximation methods such as hp-FEM, or
reduced basis approximations based on subspace sequences obtained via greedy algorithms [4]. It also
implies the exponential convergence of quantized, tensor-formatted approximations [13].

A Proof of Lemma 3.3
We firstly set § = 1. Consider the dyadic partition given by the sets
STi={r€Qu 277 <r(x) <277}, j € No,

and denote the linear maps ¥; : $7 — SO representing homothetic scaling. Denote g/b\j = ngo\I/j_1 180 5 R

and write D for derivation with respect to polar coordinates (r,#) in S°. Then, by scaling, for any
q € [1,00) and any v € R,

||7,“/+a1 Da¢”La(SJ‘) — 9—i(v+2/9) Hrvﬂn ﬁa(g”Lq(SO). (A1)

Furthermore, the following interpolation inequality holds in S° [1, Theorem 3]: there exists Cy > 0
depending on k,w such that for any 2 <1 < 2k 4 1, it holds that

1-1/1 1/1
Vv e Hl(SO) : ||v||L2l(SO) < CO||U||H1({§0)HU||L/2(SO) . (A.2)
Moreover, there also holds for all v € H'(S?),
[0l 1 (s0) < 2v3 (0]l z2(50) + 100l £2(s0) + [180]| L2 (50)) - (A.3)
To check this inequality, we have, by elementary Calculus,
in 0 0
By, = cos00, — 2200y By, = sin0d, + 20 9.
r r

These relations yield the following bounds:

sin 0
HaanU”LQ(SO) < || COSQ@TUHLQ(SO) + ||Tag’UHL2(SO) < ||8T’UHL2(SO) + 2||8gv||L2(50),
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and

. cos 0
Haw2v||L2(50) < Sln@@TUHLz(SO) + ||789UHL2(SO) < ||8T'UHL2(SO) + 2||89U||L2(30).
Therefore,

HU”%P(SO) < ||U||%2(50) + ||3zlv||%2(30) + ||3zQUH%2(SO)
< vllZ2 g0y + (100l L2(s0) + 2/|8pv]l L2(s0y)” + (180 L2 50y + 2[00 L2 (50))?
< wll72(s0y + 2018r0]F 250y + 8109|7250y + 8l|rv] L2 (s0) - 10| L2(50)
< wll72(50y + 6118r0]1F 250y + 12]10pv]|72 50y
< 12()l0]| z2(soy + 10,vll 2 (s0) + [[Fpvll2(s0)) .

Taking the square root on both sides leads to (A.3). Combining (A.2) and (A.3) and choosing v = r*1 D¢
give

7 DY@|| L2t (s0)
1-1/1

<124 Collr D6} 0, Z [P (D) |2 sv)
n|<1

1-1/1
1 —
S 12ZCO||TO(1D&¢H2/2Z(SO) Z ||7'a1Da+n¢||L2(SO) + 061||Ta1 1Da¢”L2(SO)
n|<1
Therefore, using the bound 2~1¢1 < r(z)* < 214l valid for all € S° and all a € R,
[P D ot g0y < 227127 P125 G| |rP -2 DG i o
1-1/1

% Z ||Tﬂ—2+a1+mDa+n¢”L2(SO) + a1||r6—2+alpa¢”m(so)
[n|<1

Set Cy := 2(8=2)/(2k+1)+2-6.123.C. Scaling back to S/ and using (A.1), we arrive at

« o —ji(2 arpazy
”Tﬁ/z+ 1D| ot 59y = 2 J(Hrl/l)Hrﬁ/lJr 1DYP|| L2t 50y
< 2 BN Gy |2 Hen Do ]

L2(59)
1-1/1
X Z ‘|T5—2+a1+n1pa+n¢”LZ(SO) + a1||rﬂ_2+alpa¢HL?(SO)
In]<1
R
1/2—1/21
X Z \|7”5_2+a1+mﬁaM@gHQB(SO) +04%||7"B_2+alﬁa$||i2(30)
[n]<1
< I B/HI=(E=2 g0y | -2rerpag)| L
1/2—1/21

x | D0 (It De g2, oy + af [ TP DY
[n|<1
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Setting Cy := (f+ 1)/l —(8—2+1) > 1 — >0, we have

D I D P s
j€No

1 —
< T (0D Y 7 D e
J€ENo

x> | D et mDetng) g, g+ of [l TP DG s g
J€No \|n|<1

1

< e (401)2lHrﬁ_2+alDa¢||%2(Q1,w(c))

-1

< | STUS pmrrempatglz, 4 a2t Deg)2, )
JeNo |n|<1

1

< T O I DBl e 0, e

X Z [P =2t DG o, ey T AN TNDN 2, o))
In|<1

1

< T O I D6l e g, (o)

> Z ||r6—2+a1+mDa+n¢||2L2(Qm(C)) +a%HTﬁ_HalDa¢||2L2(Q1,w(c))
[nl<1
1 2l,.8—2+« o 2
< T O "DYl12(Qu (o))

21
i

=1 —1 _ =1
% Z ||Tﬁ—2+a1+mDa+n¢HLé(QW(C))+alz ||r5 2+01D0¢HL12(Q1M(C))
[n|<1

Here we used the fact that ||-||;» < ||-||;2 for any p > 1 where ||-||;» denotes the IP-norm of a sequence. Tak-
ing 2I-th root on both sides concludes the proof of the bound in Q1 . (¢) with Cipne = (T}M)i (4Ch).
To deal with the case § # 1, we define ®; : Qs — Q1w(c) as a homothetic mapping, denote

¢ = ¢po <I>g1 ¢ Q1w(c) — R and write D as the differentiation with respect to polar coordinates
(r,0) in Qs. We observe that, for any ¢ : Qs — R, 2 <1< 2k+1 and any o € NZ,

B B4 1 B ~No 1
Ir T DGl 21,y = 07 TP T T DY L2t ()

and L D%
[P~ DYG| 2@,y = 0P 2T PP 2D 120, (o))

By applying the scaling to ¢ and using our result for § = 1, we have, for general 9,

B B _ _ 1
||T 7 +Q1DQ¢HL21(Q5,&,) < Cint .87 5+2”Tﬁ 2+Q1DQ¢H[[,2

(Qs,w)
=1 [N -1
S TR DAY F g,y FonT P TN DS g, ).
[n|<1
Therefore we could choose Cj,; = 6%_B+2<1_2—1m)2%(401) to complete the proof. |
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B Proof of Lemma 3.5

We fix o and 7. There exists a polynomial v (r,0) of at most order |a| + |n| such that for any |y| > 1
with y < a+17n
DY4(0,0) = AMTLER (4] — 1), (B.1)

and there exists a polynomial g(¢) of at most order 2k + 1 such that

i $=1(0,0)

for any 0 < ¢ < 2k + 1. The construction of above polynomials is based on Hermite interpolation: we
take 1 (r,0) as an example to explain it.
For any v < a + 7, the following polynomial of order |v]

1
,l/] 7’,9 = 77’71972
’Y( ) ,Y!
satisfies for any « € N%,
Da¢(0a 0) = 6‘%"/'

Therefore

b= Y APEERH(g - Dy,

y<a+n,|v|>1

will be a satisfactory choice for the required polynomial.
The identity (3.2) yields

S

DW)leo=00 = S Clpan [ B (] = D) = T s .
(5,P,M)EDo,m<2k+1 i=1
and
Da+”g(¢)|(r,0):(0’o) = Z C(S,B,M) H(A\pl\—lEp;Jrl('pq _ 1)!)77%: I[a+n,A7E]-
(5,P,M)€E Doty m<2k+1 i=1

Now we examine D**"g(1))|(r.9)=(0,0) in a different way: Note that
Dg(1h)|(r.0)=(0.0) = D"(D* (1)) (r.0)=(0.0)

= > Clo.pany (D" T[ (D 9)™)

(r,0)=(0,0)
(s,P,M)EDs,m<2k+1 i=1
+ Z Cs.p.a) D"l (r0)=(0,0) - H(’Dplw|(r,9)=(0,0))mi
(8,P,M)€ Do, m<2k—+1 i=1
= > Cis.pany Y_(mi [ [P ¢liro)=(0,0))" 7 - D" " (1.1 ~(0,0)
(s,P,M)€ED,m<2k+1 i=1 j=1
+ > Cla.2 ) D" (r0)=(0,0) - | [ (PP ¢lr.0)=(0,0))™
(s,P,M)ED o ,m<2k+1 i=1
S S k3
i m. DP Ty
= > Cis.pnn O (mi [ [P ¥ r0)=(0,0)™ - (W)krﬁ):(o,m)
(s,P,M)EDy m<2k+1 i=1 j=1
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S

+ Z Cs.p.am) D" (r0)=(0,0) - H(’Dplw|(r,9)=(0,0))mi

(8,P,M)ED o ,m<2k+1 i=1
A O DP'+1q)
= Z Cs,p,m) H(Dp Yl (r0)=(0,0))" Z(mi : (W)krﬁ):(o,o))
(8,P,M)EDy,m<2k+1 j=1 i=1
+ > Cls.2 ) D" (r0)=(0,0) - | [ (PP ¥ r0)=(0,0))™ -
(s,P,M)ED s ,m<2k+1 i=1

Therefore, by using (B.1) and noting that A > F > 1 we have:

D g(¥)] (r,0)=(0,0)

= Z AE™ Z(mi|pi|)0(s,£,M) H(DPZW(T,@):(O,O))W
(8,P,M)€Do ,m<2k+1 i=1 j=1

S

+ Z E" 1 C poay H(D”M(r,e):(o,m)m"
(8,P,M)EDq,m<2k+1 j=1

S

= (lajAE™ + E™T) Z C(s,p, M) H(Dpliﬁl(r,e):(om)mi
(8,P,M)€ Do, m<2k+1 j=1

< (la| +1)AE™ Z Cis,p, M) H(D#W(r,e):(o,o))mi

($,P,M)EDs,m<2k+1 j=1
= (la| + 1)AE™ I|o 4,5).

which is exactly what we want to prove. O
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