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BOUNDARY INTEGRAL EXTERIOR CALCULUS*

ERICK SCHULZ', RALF HIPTMAIR! , AND STEFAN KURZ?!

Abstract. We develop first-kind boundary integral equations for Hodge-Dirac and Hodge—
Laplace operators associated with de Rham Hilbert complexes on compact Riemannian manifolds
and Euclidean space. We show that the first-kind boundary integral operators associated with
Hodge-Dirac and Hodge-Laplace boundary value problems posed on submanifolds with Lipschitz
boundaries are Hodge—Dirac and Hodge—Laplace operators as well, but associated with a trace de
Rham Hilbert complex on the boundary whose spaces are equipped with non-local inner products
defined through boundary potentials. The correspondence is to some extent structure-preserving in
the sense that zero-order perturbations are also formally reproduced at the level of integral equations.
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1. Introduction. Let M be either a smooth orientable compact Riemannian
N-dimensional manifold without boundary or Euclidean space RY, cf. [1, Chap. 3
and 7] and [19, Chap. 6]. Assume that Q@ = Q= C M is a submanifold of the same
dimension with a compatibly oriented Lipschitz boundary I := 99, cf. [23, Chap. 3],
[25, sect. 2], [28, App. 1], [39, sect. 1] and [41, sect. 1]. Define QT = M\IntQ and
write ¢ : I' = QF for the inclusion maps. If M = R, we suppose for simplicity
that € is bounded to avoid explicitly handling the necessary complications introduced
by the need for decay or radiation conditions at infinity, cf. [11, sect. 3.3], [14], [23,
Chap. 7] and [35, sect. 4.4].

1.1. Overview. Our goal is to understand the structural properties of first-kind
boundary integral operators (BIOs) associated with boundary value problems (BVPs)
for the Hodge—Dirac and Hodge-Laplace operators

D=d+é and —Ay=dp_10p + §p11dy, 0</<N,

cf. [11, 13, 23, 32] and [35]. We will find that the obtained first-kind BIOs are Hodge—
Dirac and Hodge-Laplace operators themselves, but associated with trace de Rham
complexes whose spaces are equipped with non-local inner products defined through
boundary potentials. This discovery promotes the adequacy of the trace de Rham
complex to study related BVPs in general.

An unavoidable difficulty arise at the outset of our program. In Euclidean space,
both the Hodge-Dirac operator and the Hodge—Laplacian admit two-sided inverses
in the sense of distributions when suitable decay conditions are imposed. However,
there are topological obstructions on compact manifolds that prevent the existence of
fundamental solutions. To recover the crucial feature, we regularize the Hodge—Dirac
and Hodge-Laplace operators by adding zero-order terms when they have non-trivial
kernels on M. Our main intent being to display the structure-preserving power of
first-kind boundary integral equations (BIEs), it will be sufficient motivation to focus
on the simplest type of perturbation.
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2 E. SCHULZ, R. HIPTMAIR, AND S. KURZ

In that regard, the simplest option is to work with modified Hodge-Dirac and
Hodge—Yukawa operators of the form

D+ ik, k € R\{0}, and —Ap+ A, A >0,
which are related by the identity
(1.1) (D —ik) (D +ik) = —A + K%

1.2. Related work. We draw on a previous article by Schulz and Hiptmair in
which the correspondence between domain and boundary Hodge—Dirac operators was
initially discovered [35]. Inspired by [11] and [12], where first-kind boundary inte-
gral equations for Hodge-Helmholtz operators were studied, only three-dimensional
Euclidean space M = R3 is studied in [35]. The investigation was solely based on
classical vector calculus. The idea was to emphasize that although the Hodge-Dirac
operator is only first-order, there is a close formal relationship between our arguments
and the well-known theory of first-kind boundary integral equations for second-order
elliptic operators in Euclidean space. Our goal now is to generalize these results
to arbitrary dimensions by translating [11] and [35] into the language of differential
forms. In doing so, the theory naturally extends to Riemannian manifolds and hidden
structures behind the integral equations are revealed.

We owe to a rich literature on boundary integral equations formulated in the
framework of Grassman algebras. Most notably, D. Mitrea, I. Mitrea, M. Mitrea
and Taylor extensively studied second-kind boundary integral equations related to
the Hodge-Laplacian on compact manifolds [26, 28]. Auchmann and Kurz also used
exterior algebra to study boundary integral equations for Maxwell-type problems [20].

The important results of D. Mitrea, M. Mitrea, Shaw [27] and Weck [41] on
the existence and properties of surjective trace operators for the relevant spaces of
differential forms allow the development of boundary integral exterior calculus on
boundaries of mere Lipschitz regularity. Abstract trace complexes are also studied in
[18], where an alternative proof than that given in [27] is provided for the compactness
property of the trace de Rham complex.

1.3. Exterior Calculus. Subspaces of the space of differential forms of order
£ on M characterized by coefficient-based regularity properties will be denoted by
LXAY(M), L2AY (M), H5AY(M) and so forth, cf. [27] and [41]. Similar notation
is used for submanifolds. Following [16, Chap. 3], we will shorthand £/(M) =
C®A (M) and DY(M) = C5°AY(M) for spaces of test functions. Their topological
duals will be written Dj(M) and &;(M). Primes always refer to dual spaces or dual
maps, e.g. HTAY(Q) = (HIAY(Q)). We write in a bold font, e.g. U = (Uy)g, the
elements of full Grassman algebras such as L2A(M) = @, L2A*(M). For convenience,
we let £ € Z run over all integers, but identify forms of rank ¢ < 0 and ¢ > n with
zZero.

The Hodge star x, : L2A*(M) — L2AN=Y(M) is induced by the Riemannian
metric on M. The symmetric pairing

(1.2) <Ug, ‘/[>Q = / Up N *,Vy, YU, Vy € Ler(Q),
Q

is distinguished from the Hermitian inner product (U, Vy)o = (U, Vi), where the
overline indicates complex conjugation of the coefficients.
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The codifferential dp11 = (—1)“"! %, " dy—_¢—1 %¢41 is formally adjoint to the ex-
terior derivative. We adopt the view that d, : L2A(Q) — L2A‘TY(Q) and &y :
L2AL(Q) — L2A%(Q) are the closed densely defined unbounded linear operators
giving rise to the Fredholm Hilbert cochain and chain complexes

(1.3a) dLL) HAZ(d,Q) ﬂ) HA”l(d7Q) det1

and

(1.3b) o i—— HAY(8,Q) «— HAY(8,9Q) — ...
= de Set1

satisfying the compactness property, cf. [2, Chap. 4 and 6], [4], [25] and [31].

The corresponding diffuse Fredholm-nilpotent operators d : L2A(2) — L2A(Q)
and & : L2A(Q) — L?A(Q) are formally adjoint under the Hermitian inner product
(U,V)q = (U,V)q defined through the symmetric pairing

(U V)a=) (U,Vi)a, VU,V e L?AQ),
4

cf. [21, sect. 3 and 5] and [5, sect. 3]. As operator matrices acting on vectors
of differential forms of the form U = (Uy,...,Un) ", the full exterior derivative and
codifferential read

0 o0 o 0 06 0 ... 0
d 0 0 0 0 0 & 0
(1 4) d= 0 dy 0 0 and J = 0 0 0 0
0 0 0 dyg O L

o
o
o
o
o

Similarly, the full Hodge star is represented by

0 N
*N-1 .. O

*0

*N

We find it convenient to write the duality pairings that extend symmetric L2-type
pairings of the form (1.2) using double angular brackets, e.g. -, ).
For later use, we define the Sobolev spaces of ¢-forms

HAY(d5,9) = {U@ € HAY(5,9) | 6,Us € HAH(d,Q)} :
HAY(5d, Q) = {Uz € HAYA, Q) | doUy € HA”l(cS,Q)} :

HAY(A,Q) = HAY(dS, Q) N HAY(6d,Q),
XAYQ) = HA(d, Q) N HAY(5,9),

equipped with graph inner products.
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Because @, X A(Q) will be the domain of the Hodge-Dirac operator, we introduce
the notation

HA(D,Q) = HA(d, Q)N HA(S,9Q)
for that space of full forms.

1.4. Trace spaces. We will impose boundary conditions via trace operators.
We briefly review their definition and mapping properties, cf. [9, 18, 27, 41]. In
accordance with standard practice, we repurpose the notation from Subsection 1.3 for
operators on the boundary, but point out that the indices must account for the change
in dimension when passing to a submanifold. In particular, notice that the Hodge
star associated with the induced metric on the boundary is a continuous mapping
xp 0 L2AY(D) — L2AN=Y(), cf. [27, 41].

1.4.1. Traces of differential forms. Relevant traces for Hy,.Af(d,QF) and
Hyoc AY(6,QF) are obtained by extending the pullback and “rotated” pullback of dif-
ferential forms, also called tangential and normal traces. They are defined for all
smooth forms U, € D*(M) by

(1.6) ty U =1%Us and nfU =%, 1% % Up.
Adopting the notation of [20], we define the dual spaces

HOAAUT) = (HEAYD)Y and  HOEAUT) = (HEACD)Y,

where the regular trace spaces are given by
1 1
HEAYD) ==t H'AY(QTF) and H?AYD) = nf H'ATT(QF).

They generalize the well-known space of Dirichlet traces H=z A°(T).
On the boundary, we view the exterior derivative and the codifferential as the

closed densely defined unbounded linear operators dy : HI%AE (T) — HI%AZH(F)
1 1
and o : H 2ANT) — H, 2A*~YT) giving rise to the Fredholm Hilbert complexes

(1.7a) dz_’l> HI%AK—l((LF) d_e> HI%Ae(d,F) deta1

and

(17b) - Hf%Affl((s’ F) «— H7%A5(5’F) -
dp—1 ” ) H 5l+1

associated with the domain complexes (1.3a) and (1.3b), cf. [18, 27, 41].
It is the content of the trace theorems studied in [9, 18, 27, 41] that the operators

(1.8) tzF : HYAL M) — Hl‘%Aé(I‘) and nj: HAS (M) — H%Az_l(I‘)

loc loc

extend to continuous and surjective mappings

L) £F 1 HiooAY(d, QF) — H2AY(d,T)
' N ¢ HiocA (85, 0F) — H, *A1(5,T)
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such that the integration by parts formula
(1.10) (de Up, Vey1)ox = (Ue, 041 Vig1)ox = (t7 U, nf Vi1 )r
holds for all U, € HA(d, QF) and V1 € HAL(5,QF).

On the right-hand side of (1.10), the duality pairing on the boundary extends the

_1 _1

L2AY(T)-pairing. That is, it puts H| 2A%(d,T) in duality with H” 2A=1(6,T) using
L?AY(T) as a pivot space.

In a similar notation to [2, Thm. 6.5],

o  graf
HAY,Q) = Do)

o 4
HA(5,Q) = D) ™ Y = kerng n HAY(5, Q).

= kert, N HA(d, Q)

Despite I' being merely Lipschitz regular, the usual commutative relations
(1.11) tfod;=dsot] and nj,00,=—04_10n],

also hold at the level of trace spaces. In particular, the second identity can be obtained
from the first:

Ne—100 = %, 51" o1 ((—1)€ *, L dez*e)
= —(—1)“1 Kp_o Adn_g1 Ky
= _ ((—1)“1 *0_9 dN_g*g_l) x, ' "% = =61 onf.

We use a bold font to denote traces acting on the full algebra of forms, i.e.
(1.12) tTU =2U and nTV =x1to V.
Then, applying the integration by parts formula (1.10) order-wise yields
(1.13) (dU,V)gs =(U,6 V)gs = {(tTU,nTV )
foral U € HA(d, ) and V € HA(J, Q).

1.4.2. Lifting maps. The purpose of this section is twofold. Firstly, it is im-
mediate by surjectivity that the traces in (1.9) admit continuous right inverses into
HA(d, ) and HAY(5,Q), respectively. We want to show in particular that these
right inverses can be designed to lift the boundary data into the more regular space
HAY(A, Q). Secondly, we also build lifting maps for the continuous traces

tF 080t HAYS,Q) = H PA1(d,T),
N,y 0dg : HAY(6d, ) — H P A%(5,D),

that will be used to impose boundary conditions for the Hodge-Laplacian.
With the next two lemmas, we generalize to differential forms the results of [11,
Sec. 2.5].

LEMMA 1.1. There exist continuous operators Ef : HI_%AZ(d,F) — HAY(AQ)
_1
and £ : H| A6, T) — HAY(A, Q) such that

te & g0 = ge and ne&) he—1=he—1

for all g € H *A“(A,T) and he—y € H, *A1(5,T).
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Proof. Given gy € HI%Ae(d,F)7 let £;(ge) be the unique element in HA(d, )
defined by

55(9@): arg min ||V12||HM(d,Q)-
Vee HA(d,Q),
teVe=ge

This minimization problem is equivalent to satisfying the Euler equations

(de E5(ge), de Vi) + (EE(ge), Vi) = 0

for all V; € HA*(d,Q). Testing with suitable choices of test functions shows that
_1
E:H,? AY(d,T) — HA*(d,Q) is a continuous operator satisfying the equations

(1.14&) 5g+1dg 5}9@ + 5}9@ =0 in Q,,
(114b) tggzgg =3gr on I'.

In particular, (1.14a) not only reveals that Efg, € HA(dd, ©2), but also that 6, Efge = 0
in 2. We conclude that £ exhibits the claimed regularity and (1.14b) confirms that
the defined map is a right-inverse for the tangential trace.

The map &) can be defined similarly using a minimization problem involving the
normal trace. ]

_1
LEMMA 1.2. There exist continuous operators RY : H, 2 A"1(d,T') — HA(A, Q)

and R} : H”_%Aé(é, I) — HAY(A,Q) such that

tr—10/Ry go—1 = go—1 and Ne+1deRy he = hy
for all g1 € HI%AZ’l(d,I‘) and hy € HH_%AZ(& ).

Proof. Given boundary data h, € H”_%Ae(é, I'), we define R} (he) as the unique
element of HA*(d, ) such that

(de R} (he), de Viya + (Ry(he), Viya = (he, teVi)r

for all V; € HA*(d, Q). Lax-Milgram lemma guarantees that R} is well-defined and
1
continuous as a map Ry : H| AN, T) — HAM(, Q).
Routine verification using suitable test functions and the integration by parts
formula (1.10) shows that it satisfies the equations

(1.15a) Op41de Ry (he) + Ry(he) =0 in Q,
(115b> ng+1ng2 he = hg on I'.

Similarly as in the proof of Lemma 1.1, we obtain from (1.15a) that Rj(he) €
HAY(6d, ) and 6,R%he = 0 in Q, i.e. Rbhy € HAY(A,Q). Then, (1.15b) confirms
that R} is a right-inverse for the trace nyy1d,.

The analogous result for t;,_1J, is obtained similarly by defining R} (h¢) using the
graph inner product on HAY(5, Q). |

Before moving on, we want to verify that the lifting operators from Lemma 1.1
and Lemma 1.2 can be used to construct right-inverses for the compound traces of
the Hodge—-Laplacian.
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Recalling Subsection 1.4, the traces defined for all U, € D*(M) by

te—10,U,

. B n o ngUg
(1.16) TAUe = ( tU, ) and TAU, = (ng+1deU€>

are continuous as mappings
T« HAY(ds, Q) N HA(d, Q) — HL(D),
T : HA'(5,Q) N HA'(6d, Q) — HA(D),

where the product of trace spaces are given by
HY(T) = H ?A"1(d,T) x H] *AYd,T),
AY(S,T).

1
2

HA(D) = H *A"'(6,T) x H|

l
We want to show that their restriction to HA*(A,Q) are surjective and admit con-
tinuous lifting operators.

LEMMA 1.3. There exist continuous operators L% : HY(I') — HAY(A,Q) and
Ly : HA(T) — HAYA,Q) such that

t pt(9e—1\ _ [Ge—1 nopn (Pe—1 _ (hea
me()=05) m o ma(h)= (%)
for all (go—1,90)" € HY(T) and (he—1,he)" € HR(T).

Proof. We prove the result for T\. The proof is similar for T%. The trick is to
define the lifting for all (hy_1,he)T € HA(T') by

Ly <h2€1> = EPho—1 + Ry — dp—1R)_; (ngR}he).
The first two terms are immediately seen to belong in HA*(A,Q) thanks to the
mapping results of Lemma 1.1 and Lemma 1.2. To confirm that the third term also
displays the same regularity, we dig deeper into the proof of Lemma 1.2 and simply
recall (1.15a).

By construction, dgo &) = 0. Indeed, the analogous result for the tangential trace
in the proof of Lemma 1.1 was that d,0&" = 0. Hence, using the established properties
of the lifting operators and the fact that d2 = 0, we compute

Tro (hzl> _ neEhoe—1 4+ ngRyhy —nede—1R}_; (ngR}he)
¢ hy ng+1dg8£hg_1 + n@_;,_ldﬂ?,?hg — ng+1dgdg_1R2_1(ngR2hg)

_ he_1+ n[thg — n[RZhg _ he_1
ng+1dg722hg h@ ’

which shows that £} is a right-inverse for T’X . ad

2. Boundary value problems. In this section, we formulate the BVPs of in-
terest in this article. We begin with the Hodge-Dirac operator before moving on
to the Hodge-Laplacian. In Subsection 2.1.1, readers might notice that because the
Hodge star operators

xe s XAYQ) = XANTHQ)  and  wer H) PAYA,T) = Hy FANTAET)
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are isometric isomorphisms [41, Lem. 5], the two boundary value problems stated for
the Hodge—Dirac operator are, at the abstract level of Hilbert complexes, equivalent
in terms of solvability. One corresponds to the Hodge—Dirac operator associated with
the cochain complex (1.3a), while the other corresponds to the Hodge-Dirac operator
associated with the chain complex (1.3b). Each of these problems can be turned
into the other, cf. [11, Rmk. 3.3] and [35, Rmk. 5.1]. A similar observation can
be made for the two BVPs involving the Hodge-Laplacian that will be presented
in Subsection 2.2.1. The reason we insist on formulating each of them explicitly and
independently is to highlight the formal difference in the expressions of the self-adjoint
operators behind them. It turns out that it is those expressions that we will recognize
in the formulas of the associated first-kind BIOs.

2.1. Hodge—Dirac operators. We take HA(D, ) to be the domain of the
Hodge-Dirac operator

(2.1) D=06+d: HA(D,Q) — L*A(Q)
on which we want to impose boundary conditions.

2.1.1. BVPs for Hodge—Dirac operators. In light of Subsection 1.4, the

1 _1
duality between the trace spaces H  2A(d,I") and H, 2A(4,T) involved in the inte-
gration by parts formula (1.13) points towards two types of boundary conditions. For
K € R, we consider the BVPs

D+ik)U=0 inQ

—1
tU=g onodQ ’ g € H,*Ad,T),

(2.20) Ue HA®D,Q): { (

and

®@+ik)U=0 in

(22b) UEHA(@,Q) : { nU=h onoQ) ’

he H, *A(,T).
The self-adjoint operators underlying (2.2a) and (2.2b) are

(2.3a) Do =6+ 6 : HA(S,Q) N HA(d, Q) — L2A(Q),
(2.3b) Dp=d+d*: HA(8,9Q) N HA(d, Q) — L2A(9),

respectively. These are the Hodge—Dirac operators associated with the nilpotent op-
erators d and d arising from the Hilbert complexes (1.3a) and (1.3b), respectively; cf.
[21, Sec. 2], [35, Sec. 3].

We notice that the null-spaces

(2.4a) e =ker(Dy) = {U € HA(D,Q) : dU =0, 6U =0, tU =0},

(2.4b) Hn =ker(D,) = {U € HA(D,Q) : dU =0, 6U =0, nU =0},

are direct sums of harmonic spaces of all orders, cf. [2], [21, sect. 2], [35, sect. 3] and
[39, Prop. 5.1]. In particular, when M = RY and x = 0, the Hodge Dirac operators
have non-trivial finite dimensional kernels. Nevertheless, the BVPs (2.2a) and (2.2b)
are well-posed on the orthogonal complements of ker(®;) and ker(D,) if we impose
the following compatibility conditions on the boundary data:

(2.5a) (g, nV)r =0 VYV € ker(D,),

(2.5b) (h,tV)r =0 VYV €ker(Dy),
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respectively, cf. [21] and [35].

Otherwise, if k # 0, recall that the inclusion map spawns compact embeddings
dom(®Dy) — L?A(Q) and dom(D,) < L2A(Q), and so Dy + ik and D, + ik are
Fredholm operators of index zero [18, Lem. 7.2], [31, Lem. 4.1]. Because Lemma 1.1
offers continuous lifting maps from the trace spaces to the domain of the Hodge—
Dirac operator HA(D, ), well-posedness of the boundary value problems (2.2a) and
(2.2b) thus follow by injectivity, which is evidently guaranteed because the zero-order
perturbations are purely imaginary.

2.1.2. Variational formulations for Hodge—Dirac BVPs. As discussed in
[35, Sec. 3], a key feature of the Hodge-Dirac operator is that it admits the two
distinct fundamental symmetric bilinear forms

(2.6a) As(U, V) := (8U, V) + (U,6V)q, VU,V € HA(5,9)
(2.6b) Aa(U,V) = (AU, V)q + (U,dV)q, VU,V € HA(d, ),

that rest on an equal footing. They arise in first-order analogs of Green’s identities

(2.7a) ®U,V)q=As5(U,V)+ {(tU,nV)r,
(2.7b) ®U,V)q=A4(U,V) — (nU,tV)r,

which hold for allU,V € HA(D, Q). They lead to two variational problems associated
with (2.2a) and (2.2b), respectively:

(2.8a) U e HA(,Q): As(U,V)+in(U,V)g=—(g,nV)r, VYV € HA(J,Q),
(2.8b) U € HA(A,Q): Aq(U,V)+is(U,V)g = (h,tV)pr, VYV € HA(d,Q).

It is a simple exercise in integration by parts to verify using suitable test functions
that the variational problems (2.8a) and (2.8b) are equivalent with the strong formu-
lations (2.2a) and (2.2b), respectively. Nevertheless, the analysis of the Hodge—Dirac
operator is not as common as that of the Hodge—Laplacian. Because of the importance
of inf-sup inequalities for the analysis of Galerkin discretization, we thus find mean-
ingful to also cover solvability of the variational problems directly without assuming
prior knowledge of the Hodge—Dirac operator’s properties and take the opportunity
to point at important references.

If k = 0, solvability of the variational problems (2.8a) and (2.8b) is covered by the
theory for the abstract Hodge-Dirac operator provided in [21, Sec. 2]. Specifically,
the bilinear forms associated with each of the variational problems

(2.92) As(U,V)+ (P, V)qg =—{(g,nV)r, YV € HA(S,Q),
' (U, W)qa=0 YW € $,

and

(2.90) AaU,V)+(Q,V)q ={(h,nV)r, YV € HA(d, Q),
’ (U,W)q=0 VW € $H,,

satisfy inf-sup inequalities [21, Thm. 6]. The compatibility conditions (2.5b) and
(2.5a) ensure compatibility of the right-hand sides and thus well-posedness.

We now show that when x # 0, generalized Garding inequalities hold for the
bilinear forms associated with the variational problems (2.8a) and (2.8b), cf. [10,
Thm. 4], [7, Chap. 11.4].
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LEMMA 2.1. Let & # 0. The bilinear forms associated with the variational prob-
lems (2.8a) and (2.8b) are T-coercive. In other words, there exist positive con-
stants Cy,Cy > 0, isomorphisms =y : HA(6,Q) — HA(S,Q) and =, : HA(d, Q) —
HA(4d,Q), and compact operators Ky : HA(8,Q) — HA(5,Q) and K, : HA(d, Q) —
HA(d, ), such that

(2.10a) HUHiIA(d,Q) < G

Aa(U,E0) + in(U, 50V + (KU, U)g ]

(2.10b) IVIlza@e) < Cn

As(V,EV) +in(U,EV)a + KV, Vg ’

for allU € HA(d,Q) and V € HA(S,9).

Proof. By duality, it is sufficient to focus on (2.10a). The isomorphism =, is
designed based on the L2A()-orthogonal Hodge decomposition

(2.11) HA(d,Q) =B ®H, ® 3",

where B = range(d) and 3 = ker(d). The intent is to exploit that the identity map
spawns compact embeddings 3+ < L2A(Q) and $, < L?A(Q), cf. [3], [4], [30, Sec.
2], [31]. According to (2.11), any element U € HA(d, ) can be uniquely written as
U=Uy+Ug, +Us..

Recall that ds. = d’ L 231 =B is a bounded isomorphism, because d has
closed range (Fredholm property). Therefore, it has a continuous inverse dgi B —

3+, We define =, : HA(d, Q) — HA(d, ) by
(2.12) EnU = adUs. —ikaUsp + Us, +d51Us,

where 0 < o < 1/k2. Tt is easy to see that =, is bounded.

We claim that =, is injective. Indeed, if we suppose that =,U = 0, then by
orthogonality |[Ug, || = Hdgi Uyl =0, and thus Ug = Uy, = 0. We are left with the
identity 0 = dU3. = d3.Us+, from which once again Uz. = 0.

To see that E, is surjective, we simply verify that

Zn (AU31 + Uy, +a7'd5! Us +inUs. )
—ad (0 'd3 Uy +ixUs. ) — ikadUss + Uy, +d”'dUs.
= ddgiUsB +Ug, +Usz. =Ugp +Uy, + Uz =U.

Now, let us indicate by a hat inequalities and identities that hold up to compact
perturbation, e.g. = and >. Due to orthogonality, we find that

(2.13a) (AU, Z.0)g = a||dUs. ||* + ika (dUs:, Us),, ,
(2.13b) (Us,dZ,0)q =||Us |,
(2.13¢) iK(U,Z,0)q = — 2al|Us || + ixa (Us, dUs. ), ,

where compact terms involving Us. and Uy, were dropped. Summing the contribu-
tions of (2.13a) to (2.13c), we obtain

Aa(U,Z,0) +ir(U,Z,0)0 = a||dUs. |* + (1 — £%)|Us|* + ira(v + ),
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where v = (Ugp,dUs51)q. Since the initial choice of parameter o guarantees that
1 — k%a > 0 and the last term is purely imaginary, we conclude that

Aa(U,E,0) + in(U, Z,0)q ‘ e, ( |dUs. || +||U93||2)

for C = min{a, 1 — k%a}, which concludes the proof. d
COROLLARY 2.2. The variational problems (2.8a) and (2.8b) are well-posed.

Proof. Based on Lemma 2.1, the operators associated with the variational prob-
lems (2.8a) and (2.8b) are Fredholm of index 0. We thus only need to show that they
are injective. We focus on (2.8b).

Suppose that U € HA(d, ) is such that

AU, V) +ic{U,V)q =0
for all V € HA(d,Q). Testing with V' = U, we find that
wlU G +w+@ =0,

where w = (dU,U)gq. As in the proof of Lemma 2.1, w 4+ @ is a real number, so
HU||?2 = 0, from which we conclude that U = 0. |

The ability to introduce two distinct bilinear forms associated with (2.2a) and
(2.2b) for the Hodge-Dirac operator is crucially rooted in the fact that both the
cochain and chain perspective of the de Rham complex can be adopted in formulating
BVPs for the Hodge-Dirac operator. Notably, it points to the symmetry between
the BVPs (2.2a) and (2.2b) as discussed in the introduction of Subsection 2.1 and
emphasizes for k = 0 the necessity of imposing the compatibility conditions (2.5a)
and (2.5b) on the boundary data. For example, we could alternatively formulate
(2.2a) as the variational problem of finding a full form U € HA(d, Q) with tU = g
such that

(2.14) Ad(U, V) +ir{U, Vg = (h,tV)r, YV € HAYd, Q).

Recall that in a formulation such as (2.14), we lift the boundary data and solve

W e HANA,Q):  AdW,V)+in(W, Vg =Fy(V), VYV e HA,Q),

where Fg(V) = —A4(E'g, V) — ik(€'g,V)q. This is the mainstream perspective
adopted in the literature of finite element exterior calculus. We depart from this
standard because, as opposed to ©; and D, in (2.3a) and (2.3b), the self-adjoint
operator behind (2.14) is

where . . 5
d: HA(d,Q) —» HA(d, Q)

is obtained by restricting the exterior derivative to the kernel of the tangential trace.
For the goal of this article, this approach is inconvinient because it modifies the
exterior derivative such that it is no longer the one which enters the definition of the
Hodge-Dirac operator introduced in (2.1) that leads to the BVPs (2.2a) and (2.2b).
It is the mazimal Hodge-Dirac operator ® = & +d : HA(D,Q) — L2A(Q) involving
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the exterior derivative d : HA(d, Q) — HA(d, Q) that appears in the representation
formula given in Subsection 4.1.1 from which BIEs are derived. Indeed, the BVPs
(2.2a) and (2.2b) lead to four variational problems: to each one of the two BVPs is
associated both a variational problem featuring natural boundary conditions (such
as in (2.8a)) and a variational problem with essential boundary conditions imposed
on the domain of the operator (such as in (2.14)). As we will see, it is the structure
of the variational problems with natural boundary conditions— and accordingly the
expressions of the self-adjoint operators (2.3a) and (2.3b)—that is reproduced at the
level of the trace de Rham complex in the first-kind BIOs.

2.2. Hodge—Laplace operators. We now turn to the Hodge-Laplacian and
zero-order perturbations involving a non-negative constant A > 0 (non-negative when
M = R¥ and striclty positive when M is a compact manifold). We will be interested
in both strong and mized formulations of the operator. While equivalent from the
point of view of solvability, the formal distinction in their structure is important
in revealing the connection we seek with first-kind BIOs. It is a straightforward
exercise in integration by parts to show that all the formulations presented below are
indeed equivalent. Since well-posedness of BVPs for the Hodge—Laplacian has been
extensively studied and is very well-known, we omit the details and refer to standard
references such as [2, Chap. 4].

2.2.1. BVPs for the Hodge—Laplacian. Our starting point is the strong for-
mulation

(2.15) —Ap+ X HA(=Ay, Q) — L2AY(Q).

Suitable boundary conditions for this operator can be imposed using the surjective
compound traces introduced in Subsection 1.4.2. Recall that the traces

£ _ (te—10:Us Ny neUy
(216) TA Ug = ( tZUZ > and A Ug = (ng+1nge

are continuous and surjective as mappings

TY © HAY(d6, Q) N HAY(d, Q) — H4(T),
T : HAY(5,Q) N HAY(6d, Q) — HA(T),

where the product of trace spaces are given by

HY(T) = H ?AYd,T) x H *A"(d,T),
HA(T) = H, *A*"1(8,T) x H, *A(5,T).

The significance of these traces for the Hodge-Laplacian as long been recognized
in related literature. They are covered extensively in [26, Sec.1.1] and [28, Chap. 5].
Imposing boundary conditions using these traces was shown in [36, Sec. 1.6] to render
the Hodge—Laplacian elliptic in the sense of Sapiro—Lopatinski. In [11, 12], [15, Sec.
1.c], [17] and [35, 33], these traces are seen to appear naturally in variational problems
from identities obtained using integration by parts. In particular, our derivation of
a representation formula will use the fact that they give rise to a generalization of
Green’s second formula to differential forms.
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For 0 < /¢ < N, we consider the BVPs

(7Ag+/\)Ug:0 in g
14 . -1 t
(2.17a) Uy e HA' (A, Q) : T U, = (gggel on 9 < a0 ) e HL (),
and
(7Ag+>\)Ug:0 in Q h
J4 . -1 n
(2.17b) U, € HA®(A,Q) : ™ U, - (h}il) on 99 ( hy ) € HA(T).
4

We will derive BIEs for the BVPs (2.17a) and (2.17b) using the strong formulation
of the Hodge—Laplacian in Subsection 4.2.1. However, as mentioned in the closing
discussing of Subsection 1.1, if a Hodge—Laplace operator is to appear in the trace de
Rham complex, it has to be in mixed form, because the boundary data lies in product
spaces. With this guiding principle, we now introduce mixed formulations for (2.17a)
and (2.17b). We will later recognize their structure in the first-kind BIOs.

Introducing an auxiliary variable U,_y = §,U; € HAe_l(d,Q), we obtain the
mized-order formulation

0Up —Up_y =0,
Opr1deUp +dp_1Up—1 + AUy = 0.

()-()

where the perturbed Hodge-Laplacian in mixed form

More succinctly,

M : dom(M) = HA~(d, Q) x (HA"(éd, Q) N HAY, Q)) 5 L2AHT) x L2AY(T)
can be represented by the operator matrix

—1Id by
2.18 M = .
(2.18) (de_l erde + A)

By substituting the auxiliary variable Uy_; in the traces (2.16) for Hodge-Laplace
operators in strong formulation, we obtain the pair of traces

¢ (U1 (te—1Upra n (U1 neUp
(2.19) TM(UZ = ("o and T () = (o)

which are continuous as mappings

T4t HA1(d, Q) x HAY(d, Q) — HL (D) = HY (D),

T, : L2A(Q) x (HAf(a, Q) N HAY(5d, Q)) — HO(T) = HA(D),
The associated boundary value problems read, respectively:

(2.20a)
U m U[¢]1> = 8) in Q
< ;]_1> € dom(M) : ¢

¢ Up—1 ge—1
Tt = o0
A Up ) ge ) on

ge

(71 e mrs(m)
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(2.20Db)
. m <U51> - (8) in Q .
1) € dom(M) : ¢ ) ) e HA(D).
Ue o (Ue=1) _ (hes on 99 he
mA U he
Starting from the BVPs (2.17a) and (2.17b) in strong form, we could have al-

ternatively opted for an auxiliary variable Uy, ; = d,U, € HAY(5,Q) to obtain the
equivalent mixed-order formulation

041U p1 +de—16,Ug + AU, = 0,
deUp — Upy1 =0,

or in short,

Uy 0
R = ,
(i) = ()
where this time the perturbed Hodge-Laplacian in mixed form is a continuous map
9 dom(R) = HATT(5,Q) x HAY(dS, Q) N HAY(d, Q) — L*AY(T) x LEATH(T)

whose operator matrix representation reads

_ (deg1be+ A e
(2.21) N = ( o ).
We then reach instead the BVPs
(2.22a)
U\ (0 .
Us R Us1) 0) n ge—1 t
€ dom(fR) : , € Hy (),
Urtr Tt U\ _ 9@—1) on 99 ge
A\ Ups1 ge
(2.22b)
. % (UUf ) _ (8) i 0 ,
( ¢ ) € dom(R) : g : ( “) € Hy(T),
U Tn Ue \ _ (hea on 99 he
R\ Ups1 he

involving the continuous and surjective traces

U te—10.Up Uy neUp
2.23 TS = and T = .
(2.23) 7 <Ue+1) ( teUy n R\ U1 Ne+1Uep1
2.3. Variational formulations for Hodge—Laplace BVPs. In line with our
goal, it is sufficient for our purposes to present only two variational problems equiva-
lent to the BVPs (2.17a), (2.17b), (2.20a), (2.20b), (2.22a) and (2.22b). We focus on

those two because they are the only variational formulations obtained by integration
by parts sharing the two following characteristics:



BOUNDARY INTEGRAL EXTERIOR CALCULUS 15

e They are in mixed formulation. Therefore, they involve product spaces of
differential forms of order ¢ — 1 and /¢, or ¢ and ¢ 4 1, analogous to the
structure of the trace spaces T', and T'\ for the Hodge-Laplacian.

e The boundary conditions are natural, so that no restriction is needed on the
domain of the featured exterior derivative or codifferential.

Integrating by parts using (1.10), we find the analog of Green’s first identities for
Hodge-Laplace operators in mixed formulation:

(%) (%)),
221 - () ()) = () v (%)),

() (1),
(2.24b) =Bs <<UIZ1> ’ <V21>> " «Tg“ <Ugj1> T (VZjl) »r

where the fundamental bilinear forms associated with 93t and fR are

Uy_ Vi
(2.25) Bq (( ;]él> ) < ‘Z/el)> = (deUs, de Vi) + A (Ue, Vi) + (de—1Up—1, Vi)

+ (U, deVie1)g — (Ue—1, V1) g

Upia Vet

(2.26) Bs (( v )( v >> = (0eU,60Vi) g + A (Ue, Vi) + (0041Ur41, Ve)

+ (U, 0041Ver1) g — (Ues1, Vir1)q -

They lead to two variational problems. In the first, we suppose that the boundary
data (he—1,he) T € T (T) is given and we seek (Up—1,Up) T € HA*71(d, Q) x HA*(d, Q)
such that

e () (50) =) (%)),

for all (V,—1,V2)T € HA'1(d, Q) x HA%(d, Q). In the second, (g¢, ge+1) " € HE(T) is
given and we seek (Uy, Uy 1) € HAY(S,Q) x HA*1(8,9Q) such that

e ((8)(0) ()= ()

for all (Vy, V1) T € HAY(S,Q) x HA(5,9).

The variational problem (2.27a) is an equivalent reformulation of the problems
(2.20b) and (2.17b) where the trace data T\ Uy is known, while (2.27D) is a variational
formulation for (2.22a) and (2.17a) where T4 U, is known.
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The self-adjoint operators behind these BVPs and associated with the bilinear
forms in the analogs of Green’s first formulas are

(2.28a)

= —Id dz . -1 ° ¢ ° Y, 9
M, = (dg_l dng—l—)\) tHATH(d, Q) x (HA (6,Q) N HA®(6d,Q) | — LZA(Q),

(2.28D)

oy —Id

R, = <5€ Or + A 5"“) : (fmf(d, Q) N HAY(dS, Q)) x HA(6,Q) = L2A(Q),
41

where similarly as for (2.3a) and (2.3b), the traces vanish on

HA'(8d,9) = HAY(5d, Q) N ker ngsde,
HAY(d6, Q) = HAL(d6, ) Nkerto_ 6.

3. Calculus of boundary potentials. Our main tool in deriving BIEs for
Hodge—Dirac and Hodge—Laplace operators is a calculus of atomic boundary poten-
tials. We call atomic the two boundary potentials defined in this section, because
all the other layer potentials in this work are obtained from them by differentiation.
We hope to convey that the commutation identities and jump relations that they sat-
isfy involving the exterior derivative and codifferential are valuable instruments that
greatly simplify derivations and in that sense viewing these potentials as elementary
building blocks unlocks the power of exterior calculus as a framework for calculations.
Moreover, these atomic potentials are the crucial components in the definitions of
the non-local inner products on the spaces of the trace de Rham complex where the
claimed correspondence between the operators entering the BVPs of Section 2 and
the first-kind BIOs studied in Section 4 is revealed.

3.1. Newtonian potential. For M = RY a fundamental solution ®} for the
scalar differential operator —A, + A satisfying suitable decay conditions at infinity
exists for all A > 0, cf.[22, Eq. 4.1], [23, Chap. 8 and 9]. Denote by Z, the identity
double form of bi-degree (¢,¢) on RY x RY and for x # y let

(3.1) Gy (x,y) = @5 (|2 — y]) Ze(z,y)
be the singular kernel of the symmetric integral transformation

(32)  N}Ux) = lim (GNw, ), Ue()amp.o  Us € DURY),

where B.(z) is the N-dimensional ball of radius € > 0 centered at x. The extension
Np : E(RN) — D) (RYN) to distributions via the dual mapping is a two-sided inverse
of —Ay+ X in the sense of distributions, cf. [16, Chap. 12 and 16], [20, sect. 2.2 and
2.3], [23, Chap. 6], [32, Chap. 3] and [40, sect. 3].

On a compact boundaryless manifold, not only the Hodge-Laplacian is not in-
vertible, we must also be wary of its non-trivial eigenspaces. Thankfully though,
—A+ X HAY(M) — H7LAY(M) is invertible for at least all A > 0, in which case
the Schwartz kernel of its continuous inverse is available, cf. [26, Chap. 3] and [28].

To keep our exposition simple, we thus settle for imposing on A > 0 the condition
that A > 0 whenever M is compact.
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Assumption A. If M =RY, we allow x € R and X\ > 0, but we impose k > 0 and
A >0 when M is a compact manifold without boundary.

Under Assumption A, we can always assume that a Newtonian potential
(3.3) Np : H b AY M) = HIAY M) N E) — HE A (M) N Hipe AY(A, M)

comp

for the Hodge—Yukawa operator exists whose integrable kernel satisfies

(34) dZ,:v g?(x, y) = 5£+1,y g5)\+1(m7 y) and 52,&0 gl%\ (l’, y) = dlfl,y gz\fl(mv y)

for © # y, cf. [20, Lem. 3] and [26, eq. 3.1.44]. Moreover,

A A A
(3.5) *,y *e,2 97 = *e0,z %0,y 99 = Gn_ygs

cf. [26, 3.1.23] and [20, Lem. 1]. At the level of the full Grassman algebra of
differential forms, the identities in (3.4) translate for G\ = (G}') to

(36) dx g)\ = (sy gA and 6z g)\ == dy g)\,
while property (3.5) implies that
dy Ky GA = *5 %y, Gy = G

3.2. Atomic boundary potentials. Consider the bounded operators

t: H PANT) = Hb A (M) and njs Hy PATHD) = H L AY(M),

comp comp

dual to the trace mappings in (1.8). As previously stated, the atomic boundary
potentials

. S§ = N)t) : Hy *AYT) — H, AL (M),
DS = NP njy + Hy *ASH(I) — HLA(M),

take center stage throughout this article, cf. [11], [13] and [35].
If u, € L'AY(), it follows by symmetry of the fundamental solution that for
x ¢ T', they admit the integral representations

(3.8)  Spue(w) = (ug,te Gz, ))r  and  Djug_1(x) = (we—1,neG) (. ))r,

of. [23, Thm. 6.10] and [32, Thm. 3.1.6].
Since *¢ is an isometry, we observe using (3.5) that for « ¢ T,

g (e we(), tv—e—1 G g1 (@, )1 = (ue(-), %y vt o1 Giya (2, )1
¢)
= <Ug(')7 n€+1gg\+1(xa )>F
Therefore, a density argument eventually shows that
(3.9) *, ' SN_pxe—1 = D} and * 1Sy % =Dy,

where a bold font denote the boundary potentials Sy = (S}), and Dy = (D}), acting
on the full algebra of differential forms.

LEMMA 3.1. For all v, € H; *A'(8,T) and uy € H; *AY(d,T),

5g S?(Ug) = S?_l((;g ’Uz) and dg+1 D?+1(Ug) = 7D?+2(dg ’U,z).
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Proof. We refer to [20, Lem. 3] and [26, Eq. 3.2.41] for the first identity. The
second then follows as a consequence of (3.9), but can also be verified directly using
(3.4) and integration by parts as follows.

Let up € L°AYT) N H | 2A%(d,T) be the tangential trace of a smooth ¢-form on
M. Then, for z ¢ T', we can evaluate directly using the integral representation of the
boundary potential that

o107y ue () = / we(y) Ay v %041y dogre Gt e (@, y) dy

Iy
(3.10) = /F we(y) Ny 1y %41,y et2,y Givo o (2,y) dy
(3.11) = (-1 /1" we(y) Ny dn—e—2.y 1ty %042,y g?+2,£+2($a y)dy
(3.12) = —(-D(=1? /r ey ue(y) Ny 1y %42,y Gieo o (2,9) dy

A
= —(deug,ne2G7 0 p0)T,

where (3.10) is obtained using (3.4), (3.11) holds because the exterior derivative com-
mutes with pullbacks, and (3.12) follows by integration by parts. 0

COROLLARY 3.2. For allv € Hy *A(8.T) andu € H, *A(d,T),

Sy (v) = Sy (dv) and dD)(u) = —D(du).

LeEmMA 3.3. The boundary potentials restrict to continuous mappings
S§: H *AY(6,T) — HbA(M) N HA (A, Q),
DA B2 ANA,T) — Hb ALY (M) N HAP (- A, Q),
satisfying, in the sense of distributions,

(3.13) (—Ag + )\) S?(U() =0, and (—Ag+1 + )\) D?+1(wg) =0,

for all up € Hl‘féAe_l(cS7 ) and wy € HI%AZ(d,F).

Proof. For the first identity in (3.13), we refer to [26, Eq. 3.2.5] and [20, Lem.
3 (ii)]. The second is obtained as a corollary using (3.9), because the Hodge star
commutes with the Hodge-Laplacian [26, Lem. 2.8]. O

Denote the jump of a trace across I by [e] = e+ — e~ where @ =t or n.

LEMMA 3.4. We have the jump relations

(3.14a) [te] S; =0, [tes1d] Sy =0, [te—18¢] S} = 0,
(3.14b) [nJ Sy =0, [nes1de] S) = —1d, [ne—16¢] S =0,
(3.14c) [t D} =0, [tes1ds] D} =0, [te—16,] Dy =1d,
(3.14d) [n] D} =0, [nes1de] DY =0, [ne_18,] D} = 0.
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Proof. We appeal to continuity and [20, Lem. 10], which already gives us
[t]S? =0, [ter1de] S7 =0, [t] D7 =0,
[[nzﬂ Sé‘ = 0, [[ng+1dg]] 52‘ = —Id, [[ng]] D? =0.

Based on these jump identities, the commutative relations for the trace operators
in (1.11) and for the boundary potentials given in Lemma 3.1 immediately yields

[te-16¢]S; =0, [te+1de] D} =0, [ne-16,] D} =0,
[ne—18]S7 = 0, [ne+1de] D = 0.

It only remains to verify that [ty—16,] D} = Id. Using (3.9), we expand the
definition of the codifferential to get

A 4 —1 -1
ty_10p D[ = (71) to—1 %, dy_s *¢ *, SN—Z *p_1
4 -1 A
= (71) tr—1 %, dy_¢ SN—E *p_1 -

It is a tedious but straightforward calculation to invert the domain and boundary
Hodge star operators to further conclude that

tr—100 D7 = (=1)(= 1) to1 *n_pp1 dn—e SN_p *Np = te1®,

where we have recognized the double layer potential

D= —xn_p+1dN_eSN_g*Ns
studied in [20] and for which we know from [20, Lem. 10] that [t,—;] ® = Id. O

3.3. Trace de Rham complex with non-local inner products. The trace de
Rham complexes introduced in (1.7a) and (1.7b) are the canvas on which the theory in
this article is drawn. Ultimately, it is by formulating the first-kind boundary integral
equations for the Hodge—Dirac and Hodge—Laplace operators as variational problems
in the trace de Rham complex that their structure is revealed with the most clarity.

We generalize to differential forms of any degree and to arbitrary dimension the
theory presented in [35, Sec. 8]. It should be compared with [18] and [27].

The key observation is that the continuous bilinear forms

(3.15&) (UZ,UZ),%y)\’t = <<UZ7th?(5g)>>p, Ug, Vy € HH_iAZ(F),

_1
(3.15b) (’wg, Zé),%’)\’n = <<’U)g, ne+1D?(§g>»F, Wy, 2p € HJ_ 2AZ(F),

1 _1
define non-local inner products on the spaces H 2AYT) and H | 2AYT).
In the following results, it is a convenient notation to write

1T xne(ary = MU FI1deUell g +I18eTell VU, € XA (M),
where we allow A = 0. Evidently, M can be replaced by Q7.
LEMMA 3.5. For all hy € HH_%AZ(I‘) and ge € HI%AZ(I‘), we have

. 2
(3.164) hel 3 e = (e teSH@e))e = [SPhel | o

2

2 _
(3.16D) loel®  x = (e neSHo))e = [Oar]||
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Proof. For convenience, let us shorthand ¥ = S}h,. Integrating by parts the first
term on the right-hand side of

2 2 2
1IN xaecy =IPIN xacon0-) FIYIN xacon04) >
we obtain
2 2
IV aer0-) = (deW, deW) o + (0¥, 00¥) - + Al W[y
(AWt (e, T — (00,0 T + A5
= {n 1 de¥, t, Uhr — (t, 16V, n, Uhr,

where we have used the fact that ¥ satisfies the equation —A¥Y = —A¥ in Q7 i.e.
(AT, V). =NV, ¥)o- = H\IJH?z, We find similarly in QT that

5 _ _
115 xac0r) =~ de @, 7 Thr + (61609, 0 T)hr
Summing these contributions and using the jump relations from Lemma 3.4 yields

1113 xarny = (= [necaded O t8)r = (R, tSFuehr = [[hel® s 5 0

The next result generalizes [8, Thm. 4] to arbitrary dimensions. We indicate
inequalities that hold up to a positive constant multiple depending on 2 using <.

THEOREM 3.6. Under Assumption A, we have

2 1
||h[HH_%AZ(F) 5 (h’@h@)f%,)\’t) th S HH 2AZ(F)’
I
_1
||9@H27%M(F) S (96,90 1 A Yw, € H| > AYT).
L

Proof. We focus on the first inequality. The second can be obtained using analo-
gous arguments.
In the first step, we use two ingredients:
1
e Recall from Subsection 1.4 that the tangential trace t, : H'A*(Q) — H AY(D)
is a surjective operator admitting a bounded right-inverse

th 2 HEAY(T) — H'AY(Q),

Le HtTngHlAe(Q) S/ ”gZHHH%AE (F) and ty o tng = gy for all gy € HHEAE(F)

e According to [27, prop. 3.1], there exists a continuous extension operator
E: H'AY(Q) — H'A*(M)

such that (E Ug)|Q = U, for all U, € H*A(Q).

_1
Given hy € H” >AYT), we can introduce these operators in the definition of
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_1
H, >AY(T") to obtain the estimate

el S (72 1 [(he, tetigehr|
2AZ(F) EHQAI(F)Hg ||H2AZ(F) ggEHH%AE(F) HtfgeHHlAe(Q)
= [ (e, teWer| < |( e, te EWe)r|

~

woemiac@) Wellgiaey ™ woerrae@) IEWell grane
he, teW,

(3.17) < sup M

weerm At ) [Well graae )

In the second step, we recognize in the numerator the definition of the atomic
boundary potential. Recall that S} = N} ot} = (—=A,; + Ald)~! o t). In other words,
S} hy satisfies the variational equation
(3.18)

(désj\gé,dZW)Q + (525?9&5(‘/@)(2 +A (52\9z, VZ)Q = (tohe, Vehr = (he, teVe)r
for all V; € H'AY(Q). Hence, we arrive at the identify
3.19 he, teVe)r| =|(Sthe, Vi
(3.19) |(he, teVe)r| '( ohe, Z)A,XA@(M)’
and plug it into (3.17) to obtain

‘(Sghf’ Vl),\,XAZ(M)’

(3.20) el sup

Ho Al S viemiac vy IVellaeom

In the third step, we simply appeal a Gaffney inequality (the easy direction),
which states that

(3.21) 1Vell rsaecay ~ Vel xaecan

for all V; € HYA*(Q), cf. [37], [29, Thm. 7.2.6], [6]. Going back to (3.20) and applying
the Cauchy-Schwartz inequality yields

|(Sthe. V)

A,XA[(M)‘ —Hskh

(3.22) kel sup o he

H™2AY(T) viexarm) Vel xaeonm AXAE M)

Finally, using Lemma 3.5, we arrive at

el -3 ey SR g

4. Boundary integral equations. In this section, we exploit the results of
Section 3 to derive boundary integral equations for the BVPs of Section 2. We follow
the same recipe for every operator. The approach has a long history. Standard
references for scalar-valued BVPs in Euclidean space are [24, 32] and [38]. We also
particularly recommend [13]. We refer to [10] for classical electromagnetism, where
the perspective is also prominently adopted. As mentioned in the introduction—and
directly relevant to this work—the abstract procedure was used to derive BIEs for the



22 E. SCHULZ, R. HIPTMAIR, AND S. KURZ

Hodge-Dirac and Hodge-Helmholtz operators using vector calculus in [12] and [35]
under the hypothesis that M = R3. An overview similar to what follows is given in
Let £ stand for any one of the operators introduced in Section 2: ® +ik, —Ap+ A,
I or R.
1. We confirm that the operator satisfies an identity of the form

resembling Green’s second formula and identify a “Newton potential opera-
tor” N[1], i.e. an inverse of £ in the sense of distributions. Together, these
two ingredients enable us to find a representation formula of the form

(4.2) U = N[2JU — SL[€] ([TaUT) + DLIE] ([Ts0U]) .

where SL[£] and DL[£] are potential operators playing roles analogous to the
single and double layer potentials in the classical theory of BIEs for scalar
Laplace problems or electromagnetic scattering.

2. We apply average traces {T8} = (T%~ + T%1)/2 to the obtained boundary
potentials SL[£] and DL[£] to define four BIOs:

VIE] = {Te}SLIL] : Hy(T) — Hg(T),

€]
K[g] = {Te}DL[E] : Hy(T') — Hy(T),
Alg] = {Te}SLIE] s Hg (') — Hg(T),
W[g] = {T%}DL[E] : H&(T') — H(T).
3. We verify that the jump relations
[TelSLIE] =0, [TeIDLIE] = 1d,
[TL]SL[L] = —1d, [TL]DLIL] =0,

hold in the trace spaces T and T§. Applying average traces on both sides
of the representation formula and appealing to these jump relations lead to
a Calderén operator

sId+Kg Ve
(4.3) Cle] = ( _W[Q% | 11d —[A][£]>

whose kernel fully characterizes the space of valid Cauchy data. In other
words, boundary data (g,h)" € T&(I') x T2(T) satisfies C[€](g,h)" = 0 if
and only if there exists U € dom(£) such that £U = 0 with TLU = g and
TLU = h.

4. We extract two first-kind BIEs:

(44a)  heTy(D):  V[gh= (%Id LKE)g,  geTLI),
(44b)  ge HLT):  Wiglg = (%Id CAlE)h,  heHAD).

It suffices to take duality pairing on both sides of these equations to obtain
the equivalent variational problems

(450 (Vigh o) = (G +KIEgmhr, Vo e THD),

(450)  (Wglg.Thr = (31~ AlEDR ), Ve e THD).
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We will show that the first-kind BIOs operators V[£] and W[£] associated
with the bilinear forms on the left-hand side of these variational problems are
Hodge—Dirac and Hodge—Laplace operators in variational form in the trace
de Rham complex with non-local inner products presented in Subsection 3.3.

Remark 4.1. The signs in (4.3), and thus accordingly in (4.4a) and (4.4b), were
chosen as per convention to mimic well-known theory for the scalar Laplacian. This
choice is somewhat arbitrary and the equations can be altered to avoid some sign flips
that occur in the next sections. We restrain ourselves from doing so as we do not
believe there is much to gain so far by departing from classical sign conventions.

4.1. BIEs for Hodge—Dirac BVPs. In this section, the abstract theory is
instantiated according to the following table.

e dom(£) | TL | Th | HL(T) H

23S

()

D tin | HA®.Q) | t | n | H *AWT) | H *AG,T)
Integration by parts reveals that the Hodge—Dirac operator satisfies an identity
such as (4.1):

(4.6) (DU, V)qz =(U,DV)oz £ (tU,nV)r F(tV,nU)r
forall U,V € HA(D,Q)

Remark 4.2. Tt is remarkable that an identity resembling Green’s second formula
is available despite the operator being only first-order. Evidently, this is due to
its symmetric structure. The Hodge-Dirac operator is a sum of two operators that
are formally adjoint to each other. Thanks to that, a representation by boundary
potentials can be derived using the approach promoted by Costabel for second order
elliptic operators, cf. [11, sect. 4.2], [13], [35, sect. 4.4] and [33, Sec. 2.4].

4.1.1. Representation formula for Hodge—Dirac operators. This section
generalizes [35, Sec. 4]. It follows immediately from (3.6) that

D61 =9,0,.

Integrating by parts after using the commutative relations (3.6) eventually verifies
that

(4.7) Ny D = DN,
in the sense of distributions. Going back to (1.1) with A = k2, we find that
(D —ik) Ny (D +ik) = (—A + £%)Ny = Id.

In other words,
N[D] = (D —ik)Ny =N, (D —ik)

is a fundamental solution for the perturbed Hodge-Dirac operator (D + ik).

PROPOSITION 4.3. If U € L2A(M) is compactly supported and there exists
F € L2A(M) such that Flg = (D +ix)Ulq and Flg+ = (D +ix)U|q+, then

(4.8) U = (D —ir) (NAF — Sy[nU] + D,[tU]) .
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Proof. According to (4.6), we have

(@+in) U, V)am = (U, (D +ix)V)g + (U, (D +ir)V)a+
=(F,V)g+(t V,n U)r—(t"U,n V)r
+(F, V)gr — (t"V,n" U)r + (" U, n"V))r
= (F.V)m = (V. [n[U)r + ([t]U. nV)r

for all V- € D(M). The regularity assumption on U guarantees that the traces are
well-defined. We have used the fact that V' is smooth across the boundary to obtain
the last equality, because smoothness guarantees that t*V =t~V and ntV =n"V,
i.e. the jumps vanish on I'. Hence, in the sense of distributions,

@D +ik)U =F —t' [nU] +n'[tU].

Since U has compact support, it can be interpreted as a continuous linear func-
tional on £(M). With the definitions of the atomic boundary potentials from (3.7)
at hand, applying the Newton potential operator N on both sides of this equation
yields

(4.9) NA(D +ik) U = NAF — Nxt' [nU] + Nan' [t U]
' ZN,\F—S)\[[HU]]—‘rD)\[[tU]].

Since (D + i) U is square-integrable, the mapping properties of the Newton
potential provided in (3.3) ensures that the left-hand side of this identity lies in
the domain of the Hodge-Dirac operator, since it is in fact component-wise weakly
differentiable. Moreover, that the images of the atomic boundary potentials belong
to H. . A(M) was the result of Lemma 3.3. Therefore, we can apply ® — ix on both
sides of (4.9) and use the commutation relation (4.7) to reach (4.8). 0

We are tempted to call single and double layer potentials for the Hodge—Dirac
operator the boundary potentials

(4.102) SL[D] = (D —ir) Sy : Hy *A*"'(8,T) — HA(D,9),
(4.10b) DL[D] = (® — ix) Dy : H, *A‘(d,T) —s HA(D,Q),

respectively. However, while this nomenclature is a convenient way to highlight the
similarities between our development and the classical theory of boundary integral
equations for second-order elliptic operators, we stress that it may also be misleading.
Both traces in (1.6) rest on an equal footing in that none involves a differential op-
erator. We saw in (3.9) that the two boundary potentials are not only isometrically
isomorphic, but also symmetric in the sense of Hodge duality.

It follows immediately from Lemma 3.4 that these boundary potentials satisfy the
abstract jump relations stated above. For example,

[T3ISLID] = [n] (® — ix) Sy = [nd]Sx + [n8]Sx — ix[n]S» = —Id.

The other relations are computed similarly.

4.1.2. BIOs for Hodge—Dirac operators. Since the boundary potentials may
jump across ', we resort as per convention to the average traces {o} = (= + o7)/2,
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where @ =t or n. In particular, we let

VD] = {t} (D —ix

K[D] = {t} (D — ix

A[D] = {n} (D —ix
(

D — ik

_1 1
)Sa: HH A6, T) — H 2A(d,T),
)Dy i H{2A(d,T) — H] *A(d,T),
1 1
)Sx: H” 2A(6,T) — HH 2A(8,T),
1 1
)Dx:H ?A(d,T) — HH 2A(8,T).
As a consequence of the jump relations, these boundary integral operators enter
a Calderdén operator C[®] such as (4.3) whose kernel fully characterize the space of
valid Cauchy data. This last property is a consequence of three ingredients: the jump
relations, the representation formula and the lifting maps from Subsection 1.4.2.
From the jump relations, V(D] =t (D —ix)S,, i.e. the average of the traces is

equal to taking a single-sided trace. Using Corollary 3.2, it follows by integration by
parts and (1.11) that

(V[®]h,w )r = (tdSxh,w )r + (tdSrh, W )r — ir(tS\h, w)r
« tSA6h7ﬁ »I‘ + << tS)\h, ow >>p — ilﬁ:<<t5>\h,ﬁ>>p
= (6h’ w)—%,)\,t =+ (h7 6w)—%,>\,t - i’{(hﬂ w)—%,k,t'

(4.11)

for all h,w € H; *A(8,T).

Similarly, we can also compute

(W[D]g,v)r = (ndDxg,v )r + {(ndDig, v )r — ir(nDrg, D)r
(4.12) = —(nDxdg, v )r — {nDxg,dv )r — ir{nDig, v)r
= _(dgav)fé,)\,n - (gadw)fé,)\,n - in(gvv)fé,)\,nv

for all g,v € H_ *A(d,T).
We urge the reader to compare these bilinear forms on the boundary with the

bilinear forms 45 and A4 that appear in the variational problems (2.8a) and (2.8b)
for the Hodge—Dirac operator in the domain 2.

We conclude from (4.11) and (4.12) that the first-kind boundary integral
operators V[®] and W[D] associated with the direct first-kind boundary inte-
gral equations (4.4a) and (4.4b) are zero-order perturbations of Hodge-Dirac
operators in the trace de Rham complexes of Subsection 3.3. More precisely,

(4.13a) VD] =0+0" — ik,
(4.13b) W[D] = —(d+d") —ix,

where the closed densely defined unbounded operators
8% Hy *A(T) — H, *A(D),
a*: H*AT) — H*A(T),
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are the Hilbert space adjoint of the closed densely defined unbounded operators
§: Hy *A(8,T) C Hy *A(T) — H) *A(D),
d: H?A(d,T) ¢ H*A(T) — H]*A(T),

introduced in Subsection 1.4, but where the spaces H”_%A(I‘) and HI%A(I‘)

are equipped with the non-local inner products defined in Subsection 3.3.

As in Subsection 2.1, it follows immediately from the abstract theory for the
Hodge—Dirac operator in Hilbert complexes that V[®] and W[D] are invertible
for k # 0. They are Fredholm operators of index zero when x = 0, in which
case the dimension of their finite dimensional kernel is the sum of the Betti
numbers of the boundary I'.

The expressions (4.13a) and (4.13b) should be compared with the self-adjoint
operators (2.3a) and (2.3b).

unknown | nU
boundary data | tU
self-adjoint op. in Q | Dy +ixk = + 0* + ik
first-kind BIO | V[®] =48 + 6* — ik
bilinear form on I' | (V[D]h, W )r = (6h,w)_1 5+ + (h,0w)_1 5,

7’L'I£(h, wa)_ 1t

217

bilinear form in | As(U,V) +ix(U,V)q = (6U,V ), + (U,0V),

+in (U, V),

Fi1G. 1. Table of relations for the BVPs (2.2a) and (2.8a).

4.2. BIEs for Hodge—Laplace BVPs. In Subsection 2.2, the notation was
kept consistent with the abstract overview given at the beginning of Section 4, so we
can jump straight into calculations. It is routine to verify that Green’s second formulas
such as (4.1) hold for the Hodge-Laplacian in both strong and mixed formulations,
cf. [11, 12, 33, 34]. For the mixed formulations, this can be seen directly from the
fact the bilinear forms in Subsection 2.3 are symmetric.

Remark 4.4. Tt is worth noting that the strong form of the Hodge—Laplace oper-
ator fails to admit an identity akin to Green’s first formula:

(=AU, Vi # Ba(Ue, Vi) = (TAUe, TAUc)r,

where Ba (U, Vi) = (deUs, Vi) + (60Us, 0¢Ve)q is the fundamental bilinear form
associated with —A,. When it comes to the use of BIEs in scattering and transmission
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unknown | tU
boundary data | nU
self-adjoint op. in Q | ®, =d +d* +ix
first-kind BIO | W[®] = —-d —d* — ik
bilinear form on I' | {W[D]g,v )r = —(dg,v)_1 xn — (g, dw)_1
—ir(g, 1’)7% An

s

bilinear form in Q | Aq(U,V) +ik(U,V)q = (dU, V), + (U,dV),

+ik (U, V),

F1a. 2. Table of relations for the BVPs (2.2b) and (2.8b).

problems, this can be a serious drawback. The perfect match between the boundary
term that arises in domain variational problems for the mixed Hodge-Laplacian and
the product space of traces on which first-kind BIEs are defined was crucial in [34] to
establish variational formulations which coupled the two.

4.2.1. Representation formula for the strong Hodge—Laplacian. We have
already seen in Subsection 3.1 that a Newton operator N[A] = N} is available for the
Hodge-Laplacian in strong second-order formulation.

PROPOSITION 4.5. IfU, € L?A*(M) is compactly supported and there exists
Fy € L2A*(M) such that Fylg = (—A¢+ AUl and Fylg+ = (=A¢ + N\ Usla+,
then

Sy_1[neUs] D) [te—16¢U¢]
+ <Id 5g+1>

Uy =N} Fp — (de_1 Id)
D?+1[[t£UE]]

Sp[nes1deUe]

Proof. Details of the argument are similar to those in the proof of (4.3), so we
proceed faster through the derivation. From Green’s second formula,

((=A¢ + NA)Up, Vi) = (Up, (=A¢ + NA) Vi) + (Us, (—A¢ + Nd)Ve)o+
= (Fo, Vo)a- = (TA, Ue, TX, Vedr + (Tx, Ue, TR, Ve)r
+ (Fo, Vidar + (T2, Ue, TR Vedr — (TR Ue, TR, Vidr
= (Fp, Vo) p + ([T, Uel, TA, Vedr — ([TA, Ul T, Vehr

for all V; € D*(M). Hence, in the sense of distributions, we have

! !
Up = NM(=Ag + MA)Up = N2 F, + N (T"Ae) [T, Ul — N (Tgé) [T, Ui
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Explicitly, we appeal to the integral representations provided in (3.8) to evaluate

N7 (TtAz>l (hes hee1) " = Qhe1(y)ste1y00y G2 (2, 9) )1 + (e, oGy )

=de—1,2(he-1, te—1G2 1 )r + (e, teG )r
= dg,lSﬁ,l(hg,l) + S?(hé)v

and
N7 (TnAg) (g6, 9-1) " = (ge—1,1eG )1 + (9¢(y), neg1,ydey G2 (. ) )1

= (ge—1,neG )1 + Se41,0(ges nex1Goy1 )T
D} (ge-1) + 60410741 (ge),

where we have used the identities stated in (3.4) to proceed.
We have arrived at the representation formula

Up = N} Fy — de—1S)_ 1 [neUe] — S [nes1deUe] + D [te—160Uc] + 641Dy 1 [teUe]. O
In the representation formula of Proposition 4.5, the boundary potentials
SL[A] : TR (T) — HAY(A, Q) and DL[A] : TS (T) — HAY(A,Q)
defined by

SL[AJ(he—1, o) = de1S)1 (he—1) + SP (he),
DL[A](gfflv gZ)T = Dz\(glfl) + 5Z+1D2\+1(gf)7

play the roles of single and double layer for the Hodge-Laplacian in strong form.

Once again, the jump relations for these potentials are obtained from those of
the atomic potentials stated in Lemma 3.4. However, unlike for the Hodge—Dirac
operator, for which the calculations were direct, we now need to appeal to Lemma 3.3.
For example,

[[Tn HSL[A](I’L h )T [[né]]dé—ls?il(h[_l) + [[nd]Sj‘(h@) h@—l
A —1, ¢ = _

[ner1de]de—1S7 4 (he—1) + [nes1de] S (he) he

simply follows from Lemma 3.4 because d? = 0, but we must evaluate in

[te—16e]de—1Sy 1 (Re—1) + [te—18e]S) (he)
[TYISLIA](he—1, he)" =
[telde—1S3y (he-1) + [te]S7 (he)
the jump [[tg_15gﬂd@_152‘71, which we haven’t encountered before. To show that it

vanishes, we use the fact that the atomic potential satisfies the equation in the interior
and exterior domains to compute

[te—16¢]de—1S) 1 = —de—a[te—16,-1]SP_1 — A[te—1]S;_; = 0.

The other jump relations are obtained similarly.
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4.2.2. BIOs for the strong formulation of the Hodge—Laplacian. We
want to find explicit expressions for the first-kind BIOs

V[A] = {TA}SLIA] : HA(T) — HA(T),
WIA] = {TAIDL[A] : HA(T) — HA(T).

Once again, we work under the duality pairings on the left of the variational problems
(4.5a) and (4.5b), which allows us to combine the “integration by parts trick” with
the commutative relations of Lemma 3.1. Starting with V[A], we evaluate using
Lemma 3.1 (terms in green and blue), Lemma 3.3 (terms in blue) and (1.11) (terms
in red) that

TYSL[A](he_1, he)"
to—16ede—1S7 1 he—1 + te—100S) hy

tede—1S)_ 1 he—1 + teSphe

—dy_ote—2S} o0e—1he—1 — At—1S} he—1+te—1S) 1 0che

dgtg,152\7] he_1 4+ ‘tgsg‘hg
from which we can further obtain
(TASLIA](he—1, he) ", (We—1, W) " Hr
= —(tr—2S}_50e—1he—1, 60— 1We—1 ) — A{(te—1S7_1he—1,We—1)r
+(te—1S)_10che, W1 )r + (te—1S7_1he—1, 66 )r

(4.14) +{(teS7 e, Wehr

=- (5e—1he—175@—1@@1),%,” - A (hl—lywl—l),%)\,t
+ (5zhz,we—1),%,,\’t + (he—175éwe),%7,\,t
+ (he,we) g 5

using integration by parts.
Similarly for W[A], evaluating

N, DL [A](ge-1, g0)7
neD}ge—1 + neder1D}y 1 g0

ne41deDPge—1 4 nep1deder 1Dy, go

neD}ge—1—0eme11D}, 1 g0

A A A
—np1 D3 de—1ge—1—ng410042de11D7 190 — Ane1DL g0
+ + +

A A
neDyge—1—0ene 11D 1 g0

A A A
—ng1D7y  de1g01—001ne42D7 o dege — Ang 1Dy ge
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eventually leads to

(T2, DLY[A](he—1, he) T, (Te—1, To) ")
= (g£7170£*1)7%, n_ (ghdfflvffl),%’)\yn

(4.15) ’

A
— (de—1ge-1,00) 1 5 0 — (dege, deve) 1 5

= A(ge,v0) 1 -

We conclude from (4.14) and (4.15) that the first-kind boundary integral
operators V[A] and W[A] associated with the direct first-kind boundary inte-
gral equations (4.4a) and (4.4b) are zero-order perturbations of Hodge—Laplace
operators in the trace de Rham complexes equipped with the non-local inner

products introduced in Subsection 3.3. More precisely, in the same sense as
(4.13a) and (4.13b), we have

—6% 61— AId 6,
(4.16a) V[A] = :
5t Id
1d —d
(4.16b) W[A] =
—dy_y  —did, — AId

The results of the abstract theory of Hodge-Laplace operators in Hilbert
complexes is therefore available to analyze the BIOS. When A > 0, V[A] and
WIA] are invertible. They are Fredholm operators of index zero when A = 0, in
which case the dimension of their finite dimensional kernel is the same as the
Betti number of corresponding order on the boundary.

The expressions (4.16a) and (4.16b) should be compared with the self-adjoint
operators (2.28a) and (2.28b), while the bilinear forms (4.14) and (4.15) should be
compared with the bilinear forms (2.25) and (2.26).

4.2.3. Representation formula for the mixed-order Hodge—Laplacian.
Similarly as for the Hodge—Dirac operator, we can build a fundamental solution for
the mixed-order Hodge—Laplacian using the one available for the Hodge-Laplacian in
strong formulation. Notice that

—dyg_96p1 — AId &y —dy_o6p_1 — AId &y —Id oy
m fr—
de_1 1d dyp_1 Id dy_1 5@.,.1(1@ + A1d
—Ay+ AIld 0
0 —Ayp + Ad
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Moreover, integrating by parts after using the commutative relations (3.4) verifies
that the commutation property

—dy 961 —Ald & | [N}, 0O NY, 0 ) [—dradry—Ad &

de_1 Id 0 Ng‘ 0 N? dy_1 Id
holds in the sense of distributions. We conclude that

—dy 961 —AId & | [N}, O
N[R] =

de_q Id 0 Ny

is a fundamental solution for the Hodge—Laplacian 9% in mixed formulation.

A similar fundamental solution can be designed for R, but since the following
development is mirrored for the mixed formulation involving R, we will focus our
attention on M.

PROPOSITION 4.6. If (Up_1,Up) T € L2A*"1 (M) x L2A*(M) is compactly
supported and there exists (Fy_1,Fy)T € L2A*"Y(M) x L2AY(M) such that
(Fe—1,Fo) o = M(Ue-1,Ur) "o and (Fy—1, Fy) "o+ = M(Ue—1,Ue) " |q+, then

U1 —dg—20p—1 — Ald 9y ( N} Frq
Uy Aoy Id N)F,
0 S} 1 [neUs] )
- +
Dy [te—1Ue—1] + 6¢11D3 ; [teUs] S} [ne+1deU]

Proof. As before, it follows from Green’s second formula that

Uiy —dg—20p—1 — Ald 9y ( N} Foq
Us de—q Id N Fy
N‘?\—l 0 n o\ Tt T
- (Ton) [Ton(Ue—1,U) ' |
0 N
N;‘\_l 0 t \/ n T
+ (Tgﬂ) [[TW(UZ*17U£) ]] .
0 N
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Explicitly, we evaluate

N>‘_ 0 gr—1 0
I ) -
0 N ge (ge—1,neGM)r + (9o, e 1deG) Y
0
D?gé—l + 41 D?ng

and
Né\fl 0 (Tgﬁ)/ he—1 _ «hf—laté—lgz)\ﬂ»l“ _ S?ﬂhé—l ' 0
0 N} he (e, teG hr Sthe
In the representation formula of Proposition 4.6, the potentials
SL9N] : Hy(T) — dom(9M) and DL[9M] : HER(T) — dom(9M)
defined by
he—1 —dg_20,—1 — Ald  d, S} he—1
hy dy_1 Id S?hg
N ge—1 —dg_26p—1 — Ald  dy 0
ge de—1 Id D} ge—1 + 6¢41D7 1 9¢
6D} ge—1
D} ge—1 + 6041D7, 1 g0

play the roles of single and double layer potentials for the Hodge—Laplace operator in
mixed form 9.

Jump relations for these boundary potentials are obtained using the same tech-
niques as in the previous sections.

4.2.4. Boundary integral operators for the mixed Hodge—Laplacian. We
now derive explicit expressions for the first-kind BIOs

VM) = {Ton }SLIM] : Hey(T) — Hop(T),
W] = {T5y }DL[M] : Hon(T') — Hyy(T).
After evaluating

{Ton }SLIM (R, he)
—dy—oty—2Se—200_1he—1 — Aty—1S) [he—1 +to1S) 6oy

(1(_1tg_1sz\71h/_1 + thg\hg
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we find that

(V] (P, he) T, (@e—r, @) " )r
= — (Bemthem1, 0 1Te-1)_y 5y~ A(he—1,we1)_y 5
+ (d¢he, weq)_%,u + (he—1, 5zwe)_%7,\,t
+ (hz,’lU¢)7%7>\7t.

(4.17)

Similarly, evaluating

n A T n SZD?gg_l
Ton DLy [M](ge-1,9¢) = Ton
D} ge—1 + 604107, 190
ngD)‘ + 1)) D/\ 1
090—1 T NeOe+1V% 1 Ge
ne+1deDge—1 4 nep1deder 1Dy, ge
neD}ge—1 — Gene41D) 1

A A A
—np1D7 1 dem1g0-1 + nep10e12D7 5 dege — Ane1 D7 g0

A A
neDyge—1 — dene11D7, 190

A A A
—ng1 D7 de 190 1—0041ne42D3 o dege — Ang 1Dy ge

leads to

(W (ge-1,9¢) " (We—1,7¢) " Yr

=9e—-1,Ve—1)_1 xn —\Ge, Ae—1Ve—1)_1 »
e ( )—ian — (90,4 )_1a,
. — (de—1ge-1,00) _1 5 0 — (dege, deve) g 5

= A(96,00) _1 30 -

We conclude from (4.17) and (4.18) that the first-kind boundary integral
operators V[9] and W[N] associated with the direct first-kind boundary inte-
gral equations (4.4a) and (4.4b) are zero-order perturbations of Hodge—Laplace
operators in the trace de Rham complexes equipped with the non-local inner
products introduced in Subsection 3.3. More precisely, in the same sense as
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(4.13a), (4.13b), (4.16a) and (4.16b) we have

8 01— Ad 4
(4.19a) VM| = )
5 Id
Id —d;
(4.19b) W] =
—dgoy —didy — AId

The results of the abstract theory of Hodge—Laplace operators in Hilbert
complexes is therefore available to analyze the BIOS. When A > 0, V[A] and
WIA] are invertible. They are Fredholm operators of index zero when A = 0, in
which case the dimension of their finite dimensional kernel is the same as the
Betti number of corresponding order on the boundary.

Importantly, we have unveiled that

V|20,
W[A] = W[2D].

Notice that in the mixed formulation, the tangential trace was relieved of dif-
ferential operators, but these were account for in the factor

—dg_26p—1 — AId &
de—1 Id

appearing in the fundamental solution, which should be compared with (4.19a)
and the mixed Hodge-Laplacian *R.

5. Conclusion. We have seen in Subsection 4.2 that while the correspondence
between the BVPs for the Hodge—Dirac operator in Q and its first-kind BIOs on T’
displays a striking simplicity and elegance, the correspondence claimed in the intro-
duction for the Hodge—Laplacian hid that the first-kind BIOs on I'" turn out to be
Hodge-Laplace operators in mized formulation. However, far from undermining the
relevance of the connections revealed by boundary integral exterior calculus, this in-
teresting complication sheds new light on the structure of the so-called “compound”
traces for the Hodge—Laplacian, which appear naturally from integration by parts.
In mixed formulation, the Hodge-Laplacian in {2 can be represented by an operator
matrix acting on a product space. The associated BIOs are then also Hodge—Laplace
operators in mixed formulation acting on products of trace spaces. But it is clear
that such a correspondence cannot materialize for the second-order strong formula-
tion of the Hodge-Laplacian: we cannot expect to obtain an Hodge—Laplacian on
the boundary in strong formulation, because such an operator only acts on forms of
a given order. In fact, if the BIOs associated with the strong formulation are to be
Hodge-Laplace operators at all, then they must be in mixed formulation, because they
operate on boundary data that lives in product spaces. It turns out that first-kind
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unknown o T Tir
boundary data | T%,Th,, Th

560+ A e

self-adjoint operator in | R, =

5, -l
—0;_100—1 — Ald 0

first-kind BIOs | V[IN] = V][A] =

5; Id

bilinear form on T' | (V[O](he_1,he) ", (We_1,w¢) ")

= —(0¢—1ho—1, 554@‘5*1)—%,)\; —A (hg,l,wg,l)_%%t
+ ((Sehg, wf—l)fé)\,t + (hg_l, (5@’(1)@)7%,)\’t
+ (hlawf)_%)\,t

bilinear form in Q | Bs ((Ug7 Upir) T, (Va, W+1)T)

= (60U¢,00Ve) g + A (U, Vi) + (8e41Ue 41, Vi)

+ Uy 6041Ver1)g — (Ues1, Vera)g

F1G. 3. Table of relations for the BVPs (2.17a), (2.20a), (2.22a) and (2.27b).

BIOs for the Hodge-Laplacian in strong form and the first-kind BIOs for the Hodge-
Laplacian in mixed form are the same! The difference in meaning of the solutions of
the BIEs is accounted for on the right hand sides.

As a by product of our study, an exterior calculus of boundary potentials was
described that eases calculations. Recognizing the structure of the BIOs as operators
in trace de Rham complexes also enables us to harness a rich and powerful literature
on Hilbert complexes for their analysis.
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