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SUBWAVELENGTH RESONANT ACOUSTIC SCATTERING
IN FAST TIME-MODULATED MEDIA
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! Department of Mathematics, ETH Ziirich, Switzerland.

ABSTRACT. This article provides a rigorous mathematical analysis of acoustic wave scattering induced by a
high-contrast subwavelength resonator whose material density is periodically modulated in time, and with a
modulation frequency that is much larger than the one of the incident wave. We find that in general, the effect
of the fast modulation is averaged over time and that the system behaves as an unmodulated resonator with
an apparent effective density. However, under a suitable tuning of the modulation, which achieves a matching
between temporal Sturm-Liouville and spatial Neumann eigenvalues, the low frequency incident wave becomes
suddenly able to excite high frequency modes in the resonator. This phenomenon leads to the generation
of scattered waves carrying high frequency components in the far field, and to the existence of exponentially
growing outgoing modes. From these findings, it is expected that such time-modulated system could serve as a
spontaneously radiating device, or as a high harmonic generator.
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1. INTRODUCTION

Time-modulated metamaterials [94, 28, 27] have been receiving a lot of attention for the promising appli-
cations they offer in the design of wave devices. Modulating in time the physical parameters of a medium
allows indeed to perform a variety of wave operations, such as temporal dispersion or frequency conversion
[92, 85, 84, 81, 53], signal amplification [49, 76], signal compression [35], spacetime cloaking [70], and non-
reciprocal propagation [34, 78]. On the other hand, subwavelength resonators are known to be ideal constituents
of spatial metamaterials or metasurfaces [68, 66, 69]: these can be achieved through high contrast inclusions
which have the property of resonating with incident wavelengths much larger than the size of the resonators,
thereby allowing to manipulate waves at subwavelength scales [88, 69, 37, 89]. High-contrast metamaterials
obtained by filling a homogeneous medium with many of such inclusions enable to achieve a variety of applica-
tions in photonics and phononics, such as negative index scattering [13], spatial cloaking [5, 60], superfocusing
[65, 10], guiding [75, 16, 9], sensing [35, 7] or superresolution imaging [56, 57, 20].

Quite many works have been proposed for modelling and understanding time-modulated media from physical
or numerical studies, e.g. [29, 28, 30, 41, 50, 49, 55, 62, 76, 77, 82, 85, 83, 94, 80, 93]. There exist, however and
to the best of our knowledge, very few works proposing a systematic mathematical analysis of wave propagation
in temporal media. We can mention the work of Koutserimpas and Fleury [61, 62] who propose an approach for
understanding wave amplification, in periodic media only. Quite recently, Ammari and Hiltunen [15] proposed
an analysis for predicting the arising of subwavelength resonances in high contrast time-modulated phononic
crystals, with the motivation of achieving non-reciprocal wave propagation [3]. The authors assumed the
frequency of the modulation to be small-of the same order of the propagating wave frequency-leading to band
gaps asymmetric with respect to the origin, w—gaps and folding effects. Still, the rigorous characterization of
the resonances in this regime is delicate, and the derivation proposed in this work remains formal. In this case
also, the authors assume that the medium is extended periodically and infinitely in the three space directions,
which allows for simplifications thanks to the Floquet transform on the coordinate variables. Apart from
these contributions, we are not aware of any work investigating wave scattering in an open medium due to a
time-modulated obstacle.

In this work, we propose a rigorous mathematical analysis of wave scattering induced by a subwavelength
resonator subjected to a fast periodic time-modulation of one of the physical parameters. By fast, we mean
that the time modulation has a significantly larger frequency compared to the incident frequency. Although a
fast time-modulation may be challenging to realize in a practical physical system, this setting is mathematically
more amenable to a rigorous analysis than to the case where the time modulation has a frequency of the same
order of the incident wave. Furthermore, it leads to interesting physical effects. More specifically, we consider
the following acoustic scattering problem in a three-dimensional homogeneous medium, with a time-modulated
and highly contrasted resonator D:

1 8%u 1 -
— Y . Au=0inRxRX\D
o 012 0 u In K X \ )
2
i%f 1 Au=0in R x D,
Ry atQ p(t)pr (]_ 1)
1 1 ‘
Loup_ L _Oul  RxoD, 1<i<N,
o on + Prﬂ(t) on|_
u|+ = u|_ on RxaD,
U — Uiy is outgoing,

where n is the outward normal to D. The parameters pg and kg denote respectively the density and bulk
modulus of the homogeneous background medium. The resonator D is a simply connected, smooth bounded
domain; it is characterized by its bulk modulus , and a time-modulated density p,p(t). The modulation
t — p(t) is a T—periodic function whose frequency is denoted by

_ 27
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We assume that wu;, is an incident plane wave, which is a time-harmonic solution to the wave equation in the
free-space R? propagating with a given frequency w > 0:

Q

Uin(t, ) = ﬁin(x)e_i“t, (1.2)
where 3, is solution to the Helmholtz equation:
w2
(A + 2) Gin = 0 in R®. (1.3)
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In what follows, we denote by vy and v, the wave speeds

. l{/O . HT
Vo =4 —, Vp 1= 4] —,
Po Pr

and by ¢ the ratio between the densities of both media:

§.= P
Po

We consider the scattering problem (1.1) in the subwavelength and high contrast regimes:
w—0and d — 0. (1.4)

On the other hand, the frequency € of the modulation p(t) is kept constant, so that € is large compared to the
incident frequency (w < €2), which corresponds to the fast modulation setting. In Section 4.3, we show that
the solution w(t,z) to (1.1) is fully determined by considering a suitable outgoing radiation condition, where
“outgoing” means that v — u;, should be a function of ¢ — |z|/vp at infinity.

When there is no time-modulation, i.e. p(t) = 1, the system (1.1) models the scattering of sound waves by a
small bubble in water. It is then known that the high contrast regime 6 — 0 leads to the arising of subwavelength
or the so-called Minnaert resonances [73, 11], corresponding to a strong amplification of the scattered field for
incident frequencies close to the resonances. In the present study, we consider, for the simplicity of the derivation,
only the case where only the density of the medium is modulated. The modulation of the parameter &, could
be taken into account up to a small adaptation described in Remark 4.1.

Given this context, the purpose of this article is to show the arising of a special kind of subwavelength
resonances under some exceptional-yet feasible—conditions on the time modulation p(¢). In general, the effect
of the modulation is averaged over time and the system behaves as if the time-dependent physical parameter
1/p(t) were replaced with its average % fOT ﬁdt in (1.1), thereby yielding no particularly visible effect on
the scattered field at first order (Section 5.1.3). However, when a set of explicit conditions are fulfilled, a
strong coupling between the low frequency incident field and the high frequency modulation arises, leading the
resonator D to generate pulsed scattered waves with high frequency components (we illustrate this phenomenon
on Figure 1). Furthermore, we find the existence of modes exponentially growing in time, which suggests that
such a tuned system could serve as a spontaneously radiating device or for high harmonic generation [91, 79, 33].
One possible application of such metamaterial could be the design of acoustic insulators, due to its potentiality
in converting large (audible) wavelength into tiny (inaudible) ones, which could then be more easily absorbed
by more classical materials adapted to small wavelengths. If these properties are expected to arise in time-
modulated metamaterials [76, 49, 61], our work is the first, to the best of our knowledge, to propose a rigorous
mathematical analysis of such phenomena in open systems, and high-frequency time-modulated metamaterials.
A significant advance is also to account for modulations p which can be arbitrarily rough (we assume only
1/p € LS, ((0,T))), while [15] assumed that p has a finite number of Fourier modes.

per

Uin (t, ) us(t, )

p(t)

FI1GURE 1. High frequency coupling between a low frequency incident field and a subwavelength
resonator D modulated by a high-frequency time modulation p(¢). Upon a strong coupling
between the resonator and the modulation (namely when A # {(0,0)}, where A is given by
(1.7)), the scattered field us = u — u;, carries high frequency components in the far field.

The conditions under which the exceptional resonant coupling arise can be formulated in terms of two
eigenvalue problems naturally associated to (1.1). First, let us denote by 0 = A\g < A1 < A2 < ... and by
(é1)1en the eigenvalues and eigenvectors of the Laplace operator with Neumann boundary conditions on 9D:

—A¢; = Ny in D,
l e N. 1.5
% =0 on 90D, (1:3)
on
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Second, consider the Sturm-Liouville eigenvalue problem associated to the modulation 1/p(t) with eigenvalues
0=po < p <pz <...and eigenvectors (pm)men:

a2 (t) = Hm (t)
aePm = p(t)pm ’ m € N. (1.6)
Pm is T—periodic,

Let us finally denote by A the set of indices associated to the eigenvalues A; and p,, which are proportional by
a factor 1/v2:

A::{(m,l)eNxNMl:T;}. (1.7)
T

Since A\g = /v = 0 (these eigenvalues are associated to constant functions in D and on (0,7')), the set A is
not empty and contains the tuple (0,0). It is reasonable to believe that generically, the coincidence of further
eigenvalues is exceptional and that in most situations, A = {(0,0)}. In that case, we show that the tuple (0,0)
is associated to the existence of a single subwavelength resonant mode that is approximately constant in time
and space in the resonator D, which generates scattered waves devoid of high frequency components at first
order.

However, under an appropriate tuning of the modulation p(t), the set A may contain a non-trivial pair of
indices (m,l) # (0,0). This can be achieved, for instance, upon a magnification of p(¢) by a suitable constant
multiplicative factor, since this would result in the same magnification for the eigenvalues (fi, )men. Then, this
configuration leads to the arising of as many additional subwavelength resonant modes as the size of the set
A, which are approximately equal to linear combinations of the functions (p,,(t)¢:(x)),m)ea inside D. More
precisely, the result of Proposition 5.3 shows that there are 2#A resonant frequencies whose leading order
asymptotics are given by

WEO) ~ 20,0802, 1<i < #A, (1.8)

1
where #A denotes the number of elements of the set A, and where (A;)1<;<#a are the eigenvalues of the following
generalized eigenvalue problem with eigenvectors (@;)1<i<#Aa:

Tai + /\iGa,- =0.

The matrix T ~ (Tont,m1') (m,1),(m’,iryen is determined by the Dirichlet-to-Neumann operator of the (time-
modulated) acoustic scattering problem (defined in (5.11)). The matrix G = diag(ym)i<m<#a is a diagonal
matrix of coefficients (Vm)i<m<#a (equation (5.10)). In the exceptional coupling case A # {(0,0)}, both
matrices have no distinguished signs, so that the eigenvalues \; are complex in all generality. Then, we find

in Proposition 5.5 that at least in the case where D is the disk, one of the complex square roots :I:)\i% in (1.8)
must have a strictly positive imaginary part, which is associated to the existence of some exponentially growing
outgoing mode (i.e. a non-trivial solution to (1.1) with uy, = 0).

Besides the analysis of these resonant phenomena, we identify in Corollary 5.1 a leading order approximation
for the far field pattern of the scattered wave. After suitable rescalings and a Foldy-Lax approximation argument
inspired from [21, 43], this allows us to discuss, at least at a formal level, the arising of an effective medium for
the temporal metamaterial which would be constituted of many tiny copies of such time-modulated resonator
D.

The paper outlines as follows. After describing our notation conventions in Section 2, our work starts in
Section 3 with the introduction of a novel mathematical method for the study of subwavelength resonances in
open media. Our approach relies on a variational formulation of (1.1) and the Dirichlet-to-Neumann operator
associated to the Helmholtz equation in exterior domains. We expose our method on the unmodulated version of
(1.1) in which p(t) = 1, which allows us to verify that we retrieve all the results of [11, 8, 45, 21, 43] concerned
with this setting, namely the leading asymptotic of the subwavelength resonant frequencies, point scatterer
approximations, and a formal derivation of an effective medium theory for a system constituted of many small
subwavelength resonators. Our novel approach leads to slightly simpler derivations because we do not rely on
a layer potential representation, but is also more flexible in the sense that it could easily be applied in other
dimensions (d = 1 or d = 2, left for a future work), and to the time-modulated case which is the object of the
remainder of the paper.

We then focus on the scattering problem (1.1) with the time-dependent coefficient p(t). The formulation
of an associated outgoing radiation condition for such time-dependent problem is non-standard and requires a
particular study, which is the object of Section 4. We formulate an outgoing radiation condition which ensures
the existence and uniqueness of a quasi-periodic, outgoing solution to the scattering problem (1.1). We define the
Dirichlet-to-Neumann operator associated with such radiating solutions and we describe its main properties.
We mention the existence of an associated time-modulated fundamental solution and of an associated layer
potential theory which has resemblances with retarded potentials [87], and which enables us to compute far
field asymptotic expansions for time-modulated outgoing waves.
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In Section 5, we establish the arising of subwavelength resonances and we identify the leading order asymp-
totics of resonant frequencies for the time-modulated system (1.1), using the Dirichlet-to-Neumann approach
introduced in Section 3. We show that there are exactly as many (complex) subwavelength resonant frequencies
as twice the size of the set A. Assuming that the modulation is tuned in such a way that A = {(0,0), ([, m)}
for some (I,m) # (0,0), we show how the nature of these resonances can be determined by the sign of the
parameter 7,, and a matrix (Tim im’)(1,m),@/,m")ea of coefficients determined by the Dirichlet-to-Neumann op-
erator. Then, we derive a far field pattern approximation of the scattered field in the strong coupling tuning
for which A = {(0,0), (I,m)}, and we discuss the arising of an effective medium theory for a temporal meta-
material that would be constituted of many small identical time-modulated resonators. We find that under
some assumptions on the size and number of the resonators, the effective medium is governed by an integral
equation of the second-kind with a direction and time-dependent kernel. In general, let us mention that the
arising of high frequency scattered waves makes difficult the identification of a homogenized equation for the
complete scattered field, but such homogenization can be achieved for the low frequency part of the scattered
field; in that case we retrieve the possibility of achieving negative index refraction or strong absorption as in
the unmodulated setting. However, we believe that the true originality brought by the exceptional coupling lies
in the generation of high frequency scattered waves.

A final Appendix A gathers the definition and properties of the Bloch and Floquet transforms of tempered
distributions, which would be the appropriate setting for studying time-modulated wave scattering induced by
not necessarily time harmonic incident fields. These transforms are usually defined on L? spaces and are applied
in the spatial domain to solution fields decaying at infinity. This setting is too restrictive for treating periodicity
in the time-domain, hence our motivation for extending the Bloch and Floquet transform on the larger space
of tempered distributions.

2. GENERAL SETTING AND NOTATION CONVENTIONS

In all what follows, D C R3 is a simply connected, smooth bounded domain. Its characteristic function is
written 1p, whose values are defined by
lifxe D,
1p(x) = (2.1)

0 if x € R3\D.

2.1. Functional spaces

We write H*(D) and H?(0D) the usual space of complex-valued functions with Sobolev exponent s € R.
For a given Hilbert space W, we denote by HS..((0,T), W) the space of functions (¢,z) — u(t,z) which are

per

T-periodic with respect to the variable ¢ (u(t+T,-) = u(t,-)) with u(t,-) € W for almost every ¢t € R, and such
that

D (1403 ||l < oo,
neE”Z

where || - ||w is the norm of W and (i )nez denote the Fourier trigonometric coefficients of u:

. 1 T )
u(t,z) = Z ﬂneﬂnﬂt with 4, := T/ U(t,x)emm dt.
nez 0

In a similar manner, we consider L2 ((0,7), W) (resp. C2.((0,T),W)) the space of bounded (resp. smooth)

per per
periodic functions with values in W.

Throughout the paper, we consider the Hilbert space H := L2_.((0,T),L*(D)), equipped with the inner
product induced by the modulation p:

e 1 _
(u,v) g := T/o /D mu(t,x)v(t,x) dz dt, (2.2)

and the Hilbert space
V:=H! ((0,T),L*(D))NL2.((0,T), H (D)) (2.3)

per per

equipped with the inner product

s ([ fwarar) ([ [ rasat) o [ [ [uvos o] arae.

1 1
We denote by ||u||z := (u,u)} and ||u|v := (u, u){ the associated norms.
5



2.2. Layer potentials

For a given real number £ € R, S g and IC’B* denote respectively the single layer potential and the adjoint of
the Neumann-Poincaré operator on D: for any ¢ € H™2 (0D),

Shld)(x) = /a M@)ol doly). e R (2.5)
Kyl = [ V.o —y) n@)ot) doty).  a €D, (2.6)

where ikl
I*(z) := ~ e (2.7)

is the fundamental solution to the Helmholtz equation and do is the surface measure of 9D. We recall that
when k is not a Dirichlet eigenvalue of D, SF is an invertible operator from H~2(0D) to Hz(dD), whose
inverse is denoted by (S%)~! : H2(dD) — H~2(dD) [18]. The purely imaginary number is denoted by (a
straight) i.
Finally, we denote by ® the solution to the exterior problem

—~Ad =0 in R*\D,

®=1ondD, (2.8)

d(z) = O(|z| 1) as x| — +oo,

and we recall the definition of the capacity of D:

cap(D) := — - ?T;Iz) do,

where n is the outward normal to D. We denote by |D| the volume of D.

3. A DIRICHLET-TO-NEUMANN APPROACH TO SUBWAVELENGTH RESONANCES IN THE UNMODULATED CASE

In this section, we introduce a novel approach for analyzing subwavelength resonances based on the weak
formulation of the wave scattering problem and the Dirichlet-to-Neumann operator. We illustrate this method
by retrieving well-established results for the static version of (1.1) in which the modulation is kept constant;
namely p(t) = 1 for all ¢ € R. This procedure will then be extended to the time-modulated system (1.1) in the
subsequent Sections 4 and 5.

Since we assume the time harmonic regime (1.2) for the incident field, the solution to (1.1) is itself time-
harmonic and is given by

u(t,z) = a(x)e (3.1)
where @ solves the following system of coupled Helmholtz equations:
2
A+ i =0 in R®\D,
Yo
w2
v’l"
u|, = u|_ on 0D, (3.2)
8—u =4 @ on 0D,
on|_ on "
iw\ .. 9
0| — - (4 — Gin) = O(|x|77) as x| = +oo.
0

The last equality is the outgoing Sommerfeld radiation condition, which ensures the uniqueness of the solution
and that the scattered wave is outgoing [71]. The analysis of the amplitude response to (3.2) in the high-contrast
regime § — 0 by using integral representations of the solution is now quite established [11, 6, 45]. The object of
this section is to propose a slightly simpler characterization of the subwavelength resonances, by reformulating
(3.2) in the domain D in terms of the Dirichlet-to-Neumann map associated to the Helmholtz equation in
R3\D. This approach turns out to be quite flexible, and it can be generalized naturally for the analysis of the
time-modulated system (1.1).

This section is organized in four parts. We first recall the definition of the Dirichlet-to-Neumann map in
Section 3.1 and we rewrite the scattering problem (3.2) in terms of this operator. We then provide an explicit
characterization of the subwavelength resonances in Section 3.2 based on a variational formulation posed in the
bounded domain D, and we compute their leading order asymptotic. Then, we explain how to retrieve a modal
decomposition and a point scatterer approximation formula in Section 3.3. Finally, we outline in Section 3.4
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the Foldy-Lax approximation argument which allows to derive an effective medium theory for a heterogeneous
medium filled with many rescaled copies of such resonators.

3.1. Formulation of the scattering problem in terms of the Dirichlet-to-Neumann map
We start by recalling the definition of the Dirichlet-to-Neumann map [36, 63, 74, 71].

Definition 3.1. The Dirichlet-to-Neumann map with wave number k € R is the operator denoted by 7% :
Hz (D) — H2(AD) and defined by
Aws + k*wy =0 in RA\D,
Trf = B where wy = f on dD, (3.3)
* (0 — ik) wy(z) = O(|z|~?) as |z| — +oc.
Throughout this section, we assume that k = w/vg with w — 0. We have the following well-known result

regarding the analyticity of T with respect to w in a neighborhood of zero, in three dimensions (see e.g.
[19, 12, 17], and also the proof of Proposition 4.7 below for the analyticity on the whole real line).

Proposition 3.1. The operator T : H: (0D) — H 2 (0D) is analytic with respect to w € C in a neighborhood
of zero. In other words, there exist operators (Tp)nen such that Tvo can be decomposed as the following
convergent power series in the space of operators H2 (0D) — H~2(dD):

+oo
T% =3 2T, (3.4)

n=0

Furthermore, the leading order asymptotic of T reads, as w — 0:

T (8] = Tolo) + ( ‘9‘1’¢da>3‘1’+0<w2>,

4dmvg \Jop On on

where @ is the solution to the exterior problem (2.8).

Proof. Tt is well-known that the Dirichlet-to-Neumann map can be expressed in terms of the single layer potential
and the Neumann-Poincaré operator (see [12, 17]):

w

w 1 ok e
T = <21+/cgo >(s[’;°)1. (3.5)

The analyticity of T follows because the operators S g and ICJ”;O* are analytic in w and S f? is invertible for
small values of w € C. We can then compute the expansion of the Dirichlet-to-Neumann operator thanks to a
Neumann series:

2
=75 = —ToSpaSp' +0(?),
0

w 1
T = (1 + K5+ 0(w2)) (le - vﬁs];lsmSgl + O(wz))
0

where Sp 1 is the operator Sp 1[¢] := fﬁ faD ¢ do (see e.g [45, Proposition 3.1]). Therefore, we find that
w iw _
T o [¢] = To[o] + 1 ( Sple] da) To[lp] + O(w?).
TV 8D
The result follows since Sp' is self-adjoint and S;'[1sp] = 92. O

Classically, the scattering problem (3.2) can be rewritten in terms of 77 as a PDE posed on the bounded

domain D:

w?

Ad+ —4=01in D,
v
5A i (3.6)
U W Uin
i vo [4 — Uiy D.
o T v [a u]—|—5an on d
It can equivalently be rewritten as the following variational formulation: find @& € H'(D) such that for any
ve HYD),
N _ w2 o~ WL (917,111 W _
Vi Vo — —av ) dz — 6 Tvolavde =46 — T o [ty | Tdo. (3.7
D Uy oD op \ On

The system (3.6) fully determines @ inside D, while the value of & outside D can be obtained by solving an
exterior Helmholtz problem. In the regime w — 0, we have for instance the representation

@ = tin + S [(Sp°) " Hiyap — tinjap]] in R*\D, (3.8)

where the trace 4pp is determined by (3.6).



The goal of this section is to analyse the arising of the resonances of (3.6), which are defined as the poles of
the scattering operator.

Definition 3.2. We call subwavelength “resonance” a complex frequency w = w(d) € C satisfying w(d) — 0 as
§ — 0 and such that (3.6) admits a non-zero solution u(w,d) € H'(D) for a zero right-hand side i, = 0:

2
Au(w,d) + %u(w,é) =0in D,

g 5 (3.9)

% ST [ulw, 8)].
Equation (3.9) is an instance of a nonlinear eigenvalue problem [72] in w € C. Setting § = 0 in (3.6), we
see that w = 0 is a resonant frequency associated to the constant function «(0,0) := 1p, where 1p is the

characteristic function (2.1) of D. By using a continuation argument as in [45] or Gohberg-Sigal theory, [12], we
find that it is possible to construct two resonant frequencies wt (8) and w™(8) of order O(62) upon a suitable
perturbation u(w, ) of «(0,0). The problem of characterizing the resonances is therefore reduced to the analysis
of the perturbation and the splitting of the nonlinear eigenvalue w = 0 with respect to the parameter § = 0.

It is possible thanks to a simple calculation to predict the leading order of the resonance and its connexion with
the capacity of D (assumed here to have a single connected component for simplicity), based on an argument
inspired from [88]. Setting v = 1p in (3.7) for a zero right-hand side ;, = 0 and 4 = u(w,d) ~ u(0,0) = 1p,
we obtain in the regime §,w — 0:

OJ2 w w2
0~—=|D|—=6 [ Twllppldo~—=|D|-6 [ T°[1sp]do. (3.10)
vy oD Uy oD
Since by the definition (3.3) of 79, it holds
cap(D) = — T [1sp] do,

oD

we can predict from (3.10) that there are two resonant frequencies w™ () and w™(§) satisfying

cap(D) ;4
I

wE(8) ~ +v,

which is the result derived in [11, 6, 45]. In the next subsections, we make this argument more systematic and
we express the leading order asymptotic of the solution @ to (3.6) for a positive real frequency w close to the
resonant value w™ ().

3.2. Characterization of the resonances
In what follows, we introduce the bilinear form a,, 5 defined for u,v € H*(D) by
2
a5 (U, v) ::/ Vu - Vodz —|—/ udx/ vdx — w—z/ wodr — 6 T o [u]vdo.
D D D vr Jp aD

The bilinear form ay, s is obtained by adding the rank-one bilinear form (u,v) — [, udz [, 7dz to the left-hand
side of (3.7). It is an analytic perturbation in w and ¢ of the bilinear form ag o defined by

aoo(u, v) ::/ Vu~V6dx+/ udx/ v dz,
D D D

which is continuous coercive on H*(D) owing to the Poincaré-Wirtinger inequality.

From standard perturbation theory, it is clear that a,, s remains coercive for sufficiently small complex values
of 6,w. Hence, for any right hand-side f € H~!(D), there exists a unique Lax-Milgram solution u¢(w, §) to the
problem

aw,é(uf(w75)7v) = <f7’U>H*1(D),H1(D)7 (311)
which is analytic in w and ¢ (see e.g. [42]). In the context of (3.7), we shall consider

Olin

(f,v) (D), H-1(D) =0 - ( o T vo [uin]> vdo.

We now show that subwavelength resonant frequencies w®(§) are the root of a single well-determined scalar
equation.
8



Lemma 3.1. Let w € C and 6 € R belong to a neighborhood of zero. For any f € H~Y(D), the variational
problem

find uw € H(D) such that Vv € H'(D),

2
/ (Vu -Vv — wzuv) dx — 9§ Tvo[ulvdo = (f,v)g-1(py,u1 (D), (3.12)
D Uy oD

admits a unique solution u if and only if
/ up(w,d)de # 1, (3.13)
D

where ui(w,8) € HY(D) is the unique solution to the variational problem
aw,6(u1(w,0)) = (1p,v) y-1(p),H1 (D) =/ vdz. (3.14)
D

When (3.13) is satisfied, the solution to (3.12) reads

Jpug(w,d)dz

w=ulw,0) =up(w,0) + o S e

uy (w, ), (3.15)

where ug(w,d) is the solution to (3.11). When (3.13) is not satisfied, then ui(w,d) is a non-zero solution to
(3.12) with f =0 and w = w(0) is a subwavelength resonant frequency.

Proof. Clearly, (3.12) is equivalent to

awyg(u,v)f/ udx/ vdx = <f7v>H*1(Q),H1(Q)
D D

& g, 5(u,v) = ay s(up(w,d),v) + (/D udm) g, 5(u1(w,0),v),

which implies

u=up(w,6) + (/Dud:z:> 1 (w, 8).

Integrating on D, this equation has a solution given by (3.15) if and only if (3.13) is satisfied. O

In other words, subwavelength resonances w = w(J) are characterized by the equation

/ up(w,d)de =1, (3.16)
D

where u; (w, ) is the solution to (3.14), which also reads in strong form

2
—Auy (w,d) — w—zul(w,& + (/ ul(wﬁ)dx) 1p=1p in D,
v D

Ouy (w, d)
on

The existence of the complex resonant frequencies w = w(J) such that (3.16) is then guaranteed by applying the
analytic implicit function theorem (see [59, Chapter 0]) to (3.16) as in [45]. In order to obtain an asymptotic
expansion of w(d), we start by computing the leading order term in the asymptotic expansion of u;(w,d) as
w—0and é — 0.

(3.17)
= 0T % [uy (w, 8)] on &D.

Proposition 3.2. The solution ui(w,d) to (3.17) has the following asymptotic behavior as w,d — 0:

1 w? cap(D) . iwé cap(D)>? iw cap(D)
)= — - 1 R 2 et
w1 (w,9) <|D| 2D T TP irooDP )P 1rvg

) Stp1 + O(w? +6)%,  (3.18)

where the remainder is estimated with the H'(D)-norm. The function g1 is the solution to the following
Laplace problem:

—AﬂOJ = |D|2 m D,
Oup 1 1 0%
= = oD 3.19
on |D| on on o (3.19)
/ ﬂO,l = 07
D

where ® is the solution to (2.8).



Proof. Since ui(w,d) is analytic in w and J, there exist functions (up x)p x>0 such that the following series is
convergent in H(D):
—+o0
ur(w,d) = Z wP*u, .. (3.20)
p,k=0
Inserting (3.4) into (3.14) and identifying powers of § and w, we obtain the following cascade of equations
characterizing the functions (up k)p k>0

1
—Auy,  + </ Up k d.%') 1p = ﬁupfg’k + 1p6p=0dk=0 in D,
D

T
p

Tk = 3 Tl
where we assume that u, ; = 0 for negative indices p and k. It is easily obtained by induction that
1p
Uzp.0 = W and ugp41,0 =0, for any p > 0.

Then, for p =0 and k = 1, we find that ug ; satisfies, for any v € H*(D):

- _ 1p | _ 1 0P _
Vuo, -Vvda:+/ U, dx/ vdx:/ 7o []vda: —7vdo.
/D " o b on " LID] D[ Jop 0n

Setting v = 1p, we find that [, ug; dz = —CT%(I?) and
cap(D ~
Ug,1 = — D(|3 )1D + uo,1,

where g 1 is the solution to the Laplace problem (3.19). Let us finally compute u4 1, that is the solution to

fAul,l + </ U1,1 dﬂﬁ) 1p =0in D,
D

5;;,1 = Tolui,0] + %7—1[“0,0] = ﬁﬂ[lD]'
Using the result of Proposition 3.1, we find Ti[1p] = *i%i(l))%’ and then
icap(D) icap(D)? icap(D) -
Y11= _Wuo’l - 4mvg| D3 b 47y o.1-
Substituting these results in (3.20) yields the expansion (3.18). O

Corollary 3.1. We have the following asymptotic expansion for the equation (3.16) characterizing the resonant
frequencies:
w? cap(D) . iwé cap(D)?
0= 0)de—1= — 5+ +Ow? +96)2.
s =1 = S = Spe - T 0 )
Consequently, there exist two subwavelength resonant frequencies w(8) and w™(8) which are analytic functions
of 82 and whose leading asymptotic expansions are given by

v, cap(D)z . iv2 cap(D)?

- §+0(57). 3.21
|D|2 8mvg| D] (6%) (3.21)

wE(d) =+

The asymptotic (3.21) coincides with the result derived from layer potential representations in [11, 45].

3.3. Modal decomposition and point scatterer approximation

We now show how a modal decomposition and a point-scatterer approximation can be derived for the solution
4 to (3.2) based on this Dirichlet-to-Neumann approach, which we shall reproduce later in Section 5.2 on the
time-modulated system (1.1). In this part, we assume that the resonator D is centered around the origin.

We first need an asymptotic expansion of the solution u¢(w, d) to the variational problem (3.11), which reads
in strong form
2

—Aug(w, o) + (/ us(w,0) dx) 1p — W—Quf(w,é) =01in D,
D Uy

Ous(w,0) . Oy,
“on — 6T us(w,8)] =0 on
10

(3.22)

— 8T %0 [fign] on D.



Proposition 3.3. The function uys(w,d) solution to (3.22) satisfies at the leading order:
cap(D)

uf(w,0) =46 D]

'&in(o)lD — 5ﬁin(0)|D|ﬂ071 + O(wd), (323)

where g 1 is the solution to (3.19).

Proof. Since the incident field solves the homogeneous Helmholtz equation (1.3) in R?, its Fourier transform is
supported in the sphere of radius w/vg. Therefore, there exists a function a : S — C such that

fin(z) = /S a(6)e 5" do(6).

From this expression, it is clear that we can expand the incident field in powers of w as follows:

) = 3 [ o0 5 057 0000) = 0

where we remark that the functions uiy,, satisfy
|
WPUip p(x) = vaum(O) ~xP, Vi (z Zw Vtin,p(2
: p>1

Substituting i, into (3.22), we write an ansatz ug(w,0) =3 54 j>; wPd*v,, 1, which yields the following cascade
of equations for (vp x)p>0,k>1:

1
7Avp7k + </ Up.k dx) 1p = —Up—2,k in D,
D v

T
p

Ovp 1 L 1
78‘:1 = TLZ:O @%[Up,n’k,ﬂ + (Vuin,p “n — Z Tn[um,p n]) 0k=1 on OD,

v,
n=0 0

where we assume that v, = 0 for £ < 0 and p < 0 by convention. Therefore, we find by using an integration

by parts on D for k =1 and p = 0 that

o
/ vo,1dz = —/ Uin (0) = do = cap(D)n(0),
D aD on
and hence vg; can be decomposed as
cap(D) . . ~
vo,1 = |plg| )Uin(o)lD + 4in (0)00,1,

with vp,1 being the unique solution to

cap(D)

—Aﬁ()’l = — 1D in D,
|D|
001 od
~ = —— on dD,
on an "

/ 50’1 =0.

D

Remembering the definition (3.19), we find that o1 = —|D|uo,1 and the result follows. O

Coming back to the formula (3.15), we obtain the following modal approximation of the solution # inside the
domain D.

Corollary 3.2. For real values of the frequency w satisfying w = 0(6%), the solution 4 to (3.12) has the
following asymptotic expansion in H*(D):

~ ~ ’ELIH 0 1
= a(w,d) = — (m))cap(D) (14 0(67))1p,
wM 1+ 4mvg
where
D) 1
war =y Ca}}gl J5t. (3.24)

Proof. Inserting (3.18) and (3.23) into (3.15), we obtain:
duin (0) cap(D) + O(ow)

w cap(D iwd cap(D
s =SB+ MEREE + O((w? +6)2)

i=0(5) -

(1p + O(w? + 5)),

which yields the result after using [45, Lemma 4.3] for bounding the error induced by approximating the
denominator. (]
11



Coming back to the representation (3.8) outside the resonator D, we obtain that D behaves in the far field as a
point source with a resonant amplification coefficient. The following result was obtained in [45, Proposition 5.5]
and in a slightly different form in [11].

Corollary 3.3. The following far field approximation holds for the scattered field in the regime where w is real
and w = O(62):

A N _ ﬂin(o)

U,(J?) - ’uin(x) = Lj 14 iwsz;ﬁD)

cap(D)(1 4+ 0(57) + O(|lz|~"))L% (z) as |z — +o0, (3.25)

where we recall that T is the fundamental solution (2.7) to the Helmholtz equation in the background medium
with wave number w/vy.

Proof. Let us recall the following far field approximation for the single layer potential in the low frequency
regime:

S = ([ 6d7) (140) +0(al NI o)
The result follows from (3.8) with
% len(O)

v, —17~ ~
¢ = (SD ) [u|3D - uin\@D] == L; 1 iw cap(D)

wi, 4o

(1+0(52))(Sp) " [1p] + O(1).

3.4. Dilute regime and effective medium theory for high-contrast metamaterial

The point scatterer approximation (3.25) is a key ingredient for deriving an effective medium theory for
a medium constituted of many small copies of the resonator D. In this part, we sketch the derivation of

e @) NN
.7 O N
Q, o N
/ o O \\
/ yl O \
// © O OO \\
/ Y3
I STO o \\
©)
| 3 ©
\ O ] I
\ O 4 Ui )
' ¥2 o YN L ) D
- 7
cns O IR
AN \\ e} %o (@] WAMAM
A v A
Uin N e} @) //UN,S
. o o o
~ 00 -
Dn,s = UL (yi + sD) - Lo

FIGURE 2. Scattering of an incident wave u;, by a cloud of N copies of a high-contrast subwave-
length resonator D rescaled by a small size factor s > 0 and located around centers (y;)1<i<n-
The highly-contrasted medium is denoted by Dy s and is filling a bounded domain (2.

the homogenized equation for a medium containing N resonators rescaled by a factor s, based on [21]. Our
motivation is later to adapt this procedure in Section 5.2 in order to obtain, under some conditions, an effective
medium theory for the time-modulated system. The procedure outlined in this article remains formal and is
based on the well-established Foldy-Lax approximation of the effective medium [48, 47, 21]; we refer the reader
to our recent work [43] for a rigorous justification with quantitative error estimates.

The setting is depicted on Figure 2: we consider a set Dy s of N copies of the inclusions D, rescaled by a
small factor s > 0 and translated in the vicinity of centers (y;)1<i<n:

Dy, = U (yi + sD).
1<i<N

The centers (y;)1<i<n are randomly and independently distributed in a bounded domain  C R3 according to
a probability density V da (this density satisfies V € L>(Q2), V > 0 and [, V da = 1). In particular, the law of
12



large number asserts that we have the convergence of the empirical measure in the sense of distributions:

N
1
Nzéyi — Vdx as N — +oo0.
i=1
We denote by @y s the solution to the scattering problem in the medium Dy g:
2
. w* .3
Ay s+ ?ug\;,S =01in R°\Dn s,
0
w2
A/LALN,S + ﬁﬁN,s =0in DN,57
T

ﬂN,s 4+ = UN,3|, on aDN,s, (326)
Dty s Dl «

un, = un, on 0Dy s,

on on |, ’

<5w| - ZZ) (iin,s — i) = O(|z[2) as |z] = +oo.

Recalling that

cap(sD) = scap(D), |sD| = 3| D], (3.27)
we find that the subwavelength resonant frequency wys (equation (3.24)) scales as
cap(D) 2
Wyp = Uy —.
" Dl s

Hence, we assume that there exists some constant « > 0 such that the size factor s scales as

s~ ad %,
so that wy; converges to a determined frequency that is of order one. Then, the Foldy-Lax approximation
states that in the medium Dy s, if the centers y; are “sufficiently far” from one another, then the resonators
behave as a system of N distant point sources. Furthermore, the field scattered at the point y; should match

the contribution of the other point sources according to the law given by point scatterer approximation formula
(3.25). Using the rescaling (3.27), we expect therefore un s(y;) >~ zn; where (zn,;)1<i<n satisfies

N ZN,j L .
2N — Uin(Yi) = Z sz’J 15C3P(D)F"° (i — ¥5), 1<i<N.

J#i W?u

The latter equation is an algebraic system of N equations for the N unknowns (zn;)1<i<n, called Foldy-Lax
system [46, 4]. Using a law of large number result from [44], we can show the convergence of the solution
(zn,i)1<i<n as N — 400 to the values of the solution (@(y;))1<i<n of the integral equation

a(y) — sN Cﬁp(Di / 0 (y — )iy )V (y') dy’ = iin(y).
lew - Q

Left-multiplying this equation by the operator A + w?/v3, we finally obtain the following equation for the
homogenized wave field @ in the effective medium Q:

2 D ,
Adt | = el i\/lQ u=0in R?,
[} w

2
0 Wi (3.28)

(630 - 15:) (G — fin) (z) = O(Jz|72) as |z| — +oo.

Observe that the resonant denominator w?/w2, — 1 can take negative or positive values depending on whether
w < wpr or w > wyy. The heterogeneous medium behaves then respectively as a highly dispersive or a highly
dissipative medium. We refer the reader to [43] for a formal analysis and a statement of assumptions on s — 0,
N — 400 and § — 0 for which there is a rigorous convergence result iy,s — .

4. OUTGOING WAVES IN A PERIODICALLY TIME-MODULATED MEDIUM

In the remainder of this paper, we consider the time-modulated scattering problem (1.1) with a non-constant
time-modulation p € Lgoer((O,T),R). The goal of this section is to give a precise sense to “outgoing” for the
scattered wave generated by the time-modulated resonator D. Inspired from the Floquet-Bloch decomposition

[64, 1, 15], it is natural to seek a solution to (1.1) of the form

u(t, ) = e “ta(t, ), (4.1)
13



where the function (¢,2) — a(t,z) is T—periodic in time. The ansatz (4.1) generalizes the time-harmonic
regime (3.1) to the periodically modulated case; this form is peculiar to the time-harmonic assumption (1.2)
on the incident field but it would generalize to arbitrary incident waves by using an appropriate Floquet-
Bloch decomposition in time (see the Appendix A for a mathematical setting and Appendix A.4 for a formal
justification of the ansatz (4.1) based on the Bloch transform). Inserting (4.1) into (1.1) leads us to consider
the following time-dependent Helmholtz equation for (t,x):

% (—iw + 8, a(t, ) — Aa(t,z) = 0, (t,z) € R x R¥\D,

Yo

1 - I
2 (—iw + 9y)" a(t,x) — mAu(t,x) =0, (t,z) e Rx D,

L gt goultba)) e Rx oD, (4.2)

o0 on | om |,

ﬁ|+(t,f£) = ﬁ|_(t,33), (t,iL’) €eR x 90D,
t — G(t, x) is T—periodic,
)

e Wt a(t, x) — Gy (t, ) is outgoing,
where we now need to clarify the meaning of the word “outgoing” in the last line of (4.2).

This section is organized as follows. Section 4.1 starts by stating the set of assumptions on the geometry of
the resonator D and on the modulation p(t) which are considered in our analysis. In Section 4.2, we show that
a suitable definition of “outgoing” for (4.2) is to require that all the Fourier modes of the T-periodic scattered
wave be outgoing (in the usual sense), which translates into the following radiation condition for the modulated
amplitude @(¢, x):

(% - 1&) u(t,x) = O(J| 2) as o] - +oc. (4.3)
Vo Vo

This outgoing radiation condition is associated to a time-perodic Dirichlet-to-Neumann operator 77,, for which
we state the main properties. Relying on Fredholm’s theory, we propose a well-posedness theory for the time-
modulated wave equation (4.2) subjected to the radiation condition (4.3) in Section 4.3, in the regime where
both the incident frequency w and the contrast parameter § > 0 are small. Finally, the last Section 4.4 defines

periodic layer potentials Sp ., and K%* ., from a suitable T-periodic Green function I'y,, (¢, z) satisfying the

outgoing radiation condition (4.3). We prove a number of properties which we use in the subsequent Section 5.2.

4.1. Assumptions on the geometry of the resonator D and on the modulation p

In order to establish the well-posedness of the problem (4.2), we assume a set of conditions on the geometry
of the resonator D and on the modulation p(t).

4.1.1. Nontrapping assumption on D and explicit high frequency bounds

The remainder of our analysis requires frequency explicit bounds on the exterior Dirichlet-to-Neumann map
T* of the Helmholtz equation on the domain R3\ D (Definition 3.1). We therefore assume the following hypoth-
esis which brings substantial simplifications.

(H1) The resonator D is a smooth nontrapping set, in the sense of [54, Definition 1.1].

The “nontrapping” condition physically states that incident rays illuminating and reflecting on D according
to the law of geometric optics exit any bounded set in finite time, which is the case for instance if D is convex.
This property implies the following convenient result obtained in [52].

Proposition 4.1. For any sufficiently large R > 0 and f € H%((?D), the solution wy j to the problem
(k% = A)wyy =0 in R¥\D,
wyr = f on 0D, (4.4)
(Oa) — ik) wy g = O(|x| %) as |z] = +oo,
satisfies the bound
(4.5)

IVwrkllzzo,.m0\0) + Kl [[wrkllz2so,rnD) < ClIFI L1 op):

with a constant C independent of k € R and f.

This result also entails that the Dirichlet-to-Neumann map 7% of (3.3) is linearly bounded with respect to
the frequency k € R (see [32, Lemma 4.2]).
14



Proposition 4.2. Assume (H1). The Dirichlet-to-Neumann map T* of Definition 3.1 satisfies the following
frequency dependent bound:

k
TN - 4 oy < CORII 200y + 1113 ) (46)
for a constant C > 0 independent of f € HE(()D) and k.
4.1.2. Non-coincidence of Dirichlet eigenvalues with the harmonic frequencies n§2/vg

We consider the following non-degeneracy condition in Section 4.4 when examining the invertibility of a
periodic single layer potential:

(H2) infycoy,(—a)nez |5 \f‘ > 0 where o4;;(—A) is the Dirichlet spectrum of —A.

w+nQ
This assumption implies in particular that the single layer potential S, : H ~2(0D) — Hz(dD) is an
invertible operator for any n € Z and w sufficiently small.

4.1.3. Assumptions on the modulation p: coincidence of a finite number of Sturm-Liouville and Neumann
eigenvalues

We now list the assumptions on the modulation p which we consider in all the remainder of this paper, and in
particular in our well-posedness analysis of the time-modulated reduced wave equation (4.2). First, we assume
that the modulation is T—periodic (p(t + T') = p(¢) for almost any ¢t € R), and is such that % is a bounded
function, positively bounded from below:

1
((0,7),R) and o0 > ¢ for a.e. t € R, for a constant ¢ > 0.
P
In addition, we make some hypothesis on the kernel of the time-modulated wave operator with periodic and
Neumann boundary conditions on (0,7) x dD. Let us first introduce an analytic family of relevant Sturm-
Liouville eigenvalues and eigenvectors which extend those of the problem (1.6).

per

1
- e L3
p

Proposition 4.3. There exist a sequence of eigenfunctions (pm(+;w))men and eigenvalues (fm (w))men param-
eterized by w € (—Q/2,8/2) solving the eigenvalue problem

— (—u,u + jt) pm(t w) u;L((t)) m(t;w)v

P (;w) is T—periodic,

(4.7)

and which satisfy the following properties:
(i) the eigenvalues (pm(w)) are non-negative and ordered increasingly at w = 0:
0= po(0) < p1(0) < p2(0) .. .5

(i) the sequence (pm(-;w))men s an orthonormal basis of HJ ., ((0,T)) with respect to the weighted inner
product induced by 1/p:

—/ pm (t;W)pmy (t;w) At = Spyme for any m,m’ € N; (4.8)

(iii) the eigenvalues (pm(w)) and the orthonormal sequence (pm(-;w)) are analytic functions of w.

Proof. This proposition is the consequence of classical perturbation theory for the analytic self-adjoint operator
w i —(—iw + d/dt), see [58, 25]. O

By convention, we assume that p,,(t) = p,,(¢;0) and pm, = pn(0) where we recall the definition (1.6) for
the Sturm-Liouville eigenfunctions (p,, (t))men and eigenvalues (tm )men. Let us also recall the definition (1.5)
of the Neumann eigenfunctions (¢;);eny and eigenvalues (A\;(x));en. The following proposition motivates the
consideration of the set A introduced in (1.7).

Proposition 4.4. The non-zero solutions v € H).((0,T), H'(D)) to the problem

1 1
<U%8tt_p(t)A>v_0’ (t,(E) eR x _D7
1 ov
—— =0 t R x 0D
s an = (t,z) € R x 9D,
t — v(t,x) is T-periodic

are the functions of the form

U(tvx) = pm(t)(bl(x)v with (mvl) €A,
15



where A is the set defined by (1.7), that is the set of tuples (m,l) associated to a Sturm-Liouville eigenvalue piy,
and a Neumann eigenvalue satisfying N\ = iy, /v2.

Proof. Decomposing v(t,z) := Y n Pm(t)um(z), we find that

,Um — Au,, =0,

v2
ou
—" =0 on dD,
on
which shows that u,, is a Neumann eigenvector of —A with eigenvalue g, /v2. O

Throughout our analysis of the reduced T—periodic wave equation (4.2), we assume the following assumptions
on the modulation p.

(H3) The set A defined by (1.7) is finite and all the eigenvalues i, or \; with (m,l) € A are simple. Further-
more, there exists a constant ¢ > 0 such that

. fm (W)
f - 0 4.9
(m,l)érl\lIxN\A, A\ v2 =5 (4.9)
lw|<e

where pi,(w) is the Sturm-Liouville eigenvalue of (4.7).

The bound (4.9) requires that the Sturm-Liouville eigenvalues (i, (w)) and the Neumann eigenvalues (A;(w));en
remain well separated for (m,l) ¢ A and for |w| < ¢. For instance, there are no subsequences (im, )nen
and (A1, )nen such that the difference |u,,, /v2 — A, | becomes arbitrarily small for subsequences of integers
ln, my — +00. We expect that this assumption of non coincidence of more than a finite number of eigenvalues
is generically satisfied: in fact, in general, we expect that A is reduced to the singleton {(0,0)}.

Remark 4.1. Tt is possible to adapt the above hypotheses in order to take into account a time-modulated bulk-
modulus &k, = k,.k(t) with k(t + T) = k(). The Sturm-Liouville eigenvalue problem (4.7) would need to be

changed into
(8 [y (- =5

Pm(;w) is T—periodic.

4.2. Time-dependent Dirichlet-to-Neumann map and outgoing periodic waves

We now discriminate a suitable outgoing radiation condition for the reduced T—periodic wave equation (4.2),
before introducing an associated Dirichlet-to-Neumann map which characterize time-modulated waves in the
background medium R3\ D.

4.2.1. A time-periodic outgoing radiation condition
For a T-periodic boundary datum f € L2((0,T), H2(dD)) and w € (—/2,Q/2), we consider the following
time-dependent Helmholtz problem in the exterior domain R3\ D:
1 _
o (—iw + 8,)* wy(t, ) — Awys(t,z) =0, (t,x) € R x R3\D,
0
we(t,z;w) = f(t, x), (t,z) e R x 9D, (4.10)

t — wy(t, z;w) is T—periodic.
We denote by ( fn)nez the Fourier coefficients of f, namely

_ £ —inQt 2 2
= SR B, o omy = Wl o, < F

per

The following lemma shows that one can discriminate an outgoing solution to (4.15) by requiring all the Fourier
modes of wy to be outgoing.

Lemma 4.1. Assume (H1). For any f € L2..((0,T), Hz(dD)), there exists a unique solution

wy € Hyo((0,7), L (R1\D)) N Ly ((0,T), Hye(R*\D))

per
to (4.15) whose Fourier expansion reads

_ Z wn(x)efinﬂt’ (411)

nez
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and which is determined by the following cascade of Helmholtz equations for the coefficients w,, :

1 —
— = (w+ nQ)*d, — A, = 0 in R*\D,
Yo

Wy, = fn on 0D, (4.12)

Vo

(8m| - 1(w—|—nQ)) W, = O(|z|™2) as |z| — +oo, for any n € Z.

Owing to the Sommerfeld radiation condition, wy is the unique solution such that b, (z)e"*e=%t js outgoing
for any n € Z, and it further satisfies the following continuity estimate on any ball B(0, R) of radius R > 0:

wa”ngr( 0,7),L2(B(0,R)) T ||wf‘|Lger((0 ),1 (BO,R)) < C||f]l (4.13)

L2,,((0,T),H? (9D))’

for a constant C > 0 independent of f. Going back to the temporal domain, the cascade of radiation conditions
of (4.12) can be rewritten in the following radiation condition for the solution w¢(t,x) to (4.15):

iw
(3x| - —+ 8t) wy(t,z) = O(|z|~2) as || — +oo. (4.14)
Proof. The fact that wy is a solution to (4.15) is clear by decomposing wy on its Fourier modes. The continuity

estimate (4.13) is a consequence of the assumption (H1) and the bound (4.5), which implies that for any R > 0,
there exists a constant C' > 0 such that

_ 2Y11,5 (12 2 2
||w||Hger ((0,T),L2(B(0,R)) — Eez(l tn )HwnHLZ(B(O,R)) <C EEZanHH }oD) < C||f|\ ((0.1),HE 0D))’
and similarly,
_ 5112 2 2
||"WHL}2ET((0 T),H'(B(0,R)) — E HwnHHl(B(o,R)) <C E ||fn||H 5 oD) < C||f|| (0.7),HE (D))"

neZ ne”Z

4.2.2. Time-periodic Dirichlet-to-Neumann map and its main properties

Definition 4.1 (Time-periodic Dirichlet-to-Neumann map). Assume (H1). The Dirichlet-to-Neumann map
associated to the time-dependent Helmholtz equation (4.15) is the operator 72, : Lf)er((O,T),H%(aD)) —
((0,T), H=2 (D)) defined by

pm
w 8uy 1
Toulfl =25 forany f e L3 ((0,7), HZ(9D)),
where wy is the unique solution to (4.15) equipped with the radiation condition (4.14):
1 —
~ (—iw + 8,)* wy(t, ) — Aws(t, z) = 0, (t,z) € R x R3\D,
0
w(t,3w) = £(t,2), (t,) € R x OD,
t — wy(t, z;w) is T-periodic, (4.15)
(8x| _ Xy (%) wy(x) (|z|72) as |z| = 400

In the next propositions, we establish a number of useful properties of the T—periodic Dirichlet-to-Neumann
map 7;“&.

Proposition 4.5. Assume (H1). The periodic Dirichlet-to-Neumann map Toer admits the following trigono-
metric series expansion for any f € L2..((0,T), H2(8D)):

per

Tealf] = ST 50 [fule 0, (4.16)

neZ

~ w+n
where (fn)nez are the Fourier coefficients of f, and T *o s the exterior Dirichlet-to-Neumann operator of
the Helmholtz equation with wave number (w + n€d) /vy defined in (3.3).

Proof. This is a direct consequence of the Fourier expansion (4.11). O

The following property plays an important role in the well-posedness analysis of (4.2) in Section 4.3 below.
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Proposition 4.6. The periodic Dirichlet-to-Neumann Ty, is a continuous operator from L2((0,7), Hz 07))N

Hz((0,T), L2(dD)) into its dual: there exists a uniform constant C > 0 such that for any f € L2((0,T), Hz (8T))N
H%((0,T), L*(9D)),

/ | Talngaoa

Proof. Using the Plancherel identity and the bound (4.6), we obtain:

//7};;r |gdo dt| = TZ/ T [fa]g, do

< ClIfll, ol
(0.7, H3 (@D)N L (0.T),L2(0D)) | 3 (0.7),L2(0D))’

< TCE:Z 7 (1 fnll220m) + ||fn||H%(6D))H§A]nHL2(3D)
ne
<C
(||f\| b o 8D))Hg||Hp2€r((O - 1122 (0.0y.01% opy 191122 (0.7).L20D)) )
O
Remark 4.2. If (H2) holds, then T # can be rewritten for any w € R sufficiently small and n € Z as
wtnQ 1 wth * wth 1
T o —<2+ICD° >(SD0 )
The next proposition will be needed in the analysis of resonances in Section 5
Proposition 4.7. Assume (H1). Toer @8 an analytic operator for w in a neighborhood of zero: there exist
operators (Tr)ken of L2,.((0,T), H 2(OD)) — H5((0,T), H~2(dD)) such that
+00 wk
T = — Toer k- (4.17)
k=0 0

In fact, in view of (4.16), the operators Ther i are given by

nQ

Toerwlf] = Y T, [fale™™,
nez

nQ w4nQ

where (ﬁﬁ)keN denote the coefficients of the asymptotic expansion T vo ZkeN ”0 of the Dirichlet-
to-Neumann operator of the Helmholtz equation with wave number (w + nd)/vg.

Proof. Tt is a classical fact that the exterior Dirichlet-to-Neumann map 7% is analytic with respect to any wave
number k € R in dimension 3; for instance, 7% can be expressed in terms of the inverse of the combined field
layer potential, see [31, Equation (2.85)]. This implies the analyticity of T5% o , hence of 7% O

per*
The first term Thero = T
time-reversal.

Proposition 4.8. Assume (H1) and (H2). Let f,g € Lper((O,T),H%(aD)). It holds

of the asymptotic expansion (4.17) of 7y, exhibits a symmetry property upon

[ [ madsgaoa= [ [ ormierlasar (118)
o Jop o Jap
where T(t) = —t is the time-reversal operation. In particular, 7;3% is a hermitian operator when restricted to

T —periodic functions which are invariant by time-reversal.

Proof. Denote by (f,)nez and (jn)nez the Fourier coefficients of f and g. From (4.16) and (4.17), the following
trigonometric expansion holds for 73, [f] = Tper,olf]:

1 711170* e qyrp —in
Tl = X (G145 ) )l ter e oD
nez
Therefore, the Plancherel and the Calderdn identity imply

//T flpaorat =13 [ (G4x )5 g =1 [ Ryt (5457 ) Bulao

ne”Z nez

_TZ/ ( +/c_“7>ﬂ*) (850 ) 1[G da—TZ/ ( LK )(sgg)l[gn]do

ne”Z nez

T
= / foTTherolg o 7]dodt,
o Jop
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where we have used that (f n)nez and (§—n)nez are the Fourier coefficients of f o7 and go 7. O
We conclude this part by stating a positivity property for 7;)Oer in the case of a spherical resonator D.

Proposition 4.9. Assume (H1) and that D is a ball: D = B(0,R) for some R > 0. Then there exists a
1 1 1
constant C > 0 such that for any f € L2,.((0,T), H2(8D)) N Hge((0,T), H2 (0D)),

— % (/0 AD Tp?er[f]fdadt> Z C||f||%2((O,T),L2(8D))' (419)

Proof. Let us recall the uniform negativity of the real part of the exterior Dirichlet-to-Neumann map 7% with
wave number k € R on the ball, also known as the capacity operator: [74, Theorem 2.6.4] implies the existence
of a constant C' > 0 independent of k such that

T J—

Using the Plancherel identity, we therefore obtain

T p—
—R (/0 /6D7;°er[f]fdodt> :—TZ%R(/ Tonlfnl fnda> >TCY | falli20m

neZ nez
2
>0 / /w\f(t,:c)l do(z) dt

4.3. Well-posedness of the time-periodic reduced wave equation

Based on the properties of the time-periodic Dirichlet-to-Neumann operator 737, established in the previous
Section 4.2.2, we now provide an existence and uniqueness theory for the time-periodic reduced wave equation
(4.2). Following Section 3, the system (4.2) can be rewritten as a partial differential equation posed on the
bounded domain (0,7") x D:

1 1
5 (iw+ A alt,x) — mmz(t, z) =0, (t,z) € R x D,
aﬁin

~ T fate)] =5 (G - Tafinl) . (0) €Rx 0D,
t — 4(t, z) is T—periodic.

We recall the definition of the space V = H} ((0,T),L?(D)) N L?,.((0,T), H'(D)) (see Section 2.1) and we

per per
consider the following variational formulation for (4.21):

1 ou(t,x)

p(t) On

(4.21)

Ollin

on

T
find u € V such that Yo € V,  a(u,v) = (5/ / ( - Eﬁr[ﬁino vdo dt, (4.22)
oD

where a(u,v) is defined for any u,v € V by

a(u,v) / / [ Vu - Vo — vlr [(—iw + O))u] {( iw + O )v ] dz dt — 6/ /aD ulvdodt.  (4.23)

In order to prove that (4.21) is well-posed, we resort to Fredholm’s theory [71]. For this purpose, we introduce
ao,0 the bilinear form

T 1 T
ap,o(u, v) ::/0 /D <p(t)Vu.Vv atu&gv) drdt + Z Uy P 1) 1V, D P1) 1 (4.24)

(m,l)eA

where we recall the definition (2.2) of the inner product on H = L2 ((0,T), L?>(D)), and where the assumption

(H3) ensures that the set A is finite.

per

Remark that any v € V can be decomposed as the convergent sum
= Y wppm(di(@) with [[ul[f = Juool* + D (s + M), (4.25)
m,lEN m,lEN
where we have denoted t,,; := (u, pm@;) . In what follows, we denote by T : H — H the operator defined by

1ift>0

to_ : _ >0,

Yu € H, u' := g 51gn()\l lift<o
m,lEN

T

Obviously, the operator T is an isometry of H and V, and it holds (u!)’ = u for any u € H.
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Proposition 4.10. Assume (H3). There exists a uniform constant ¢ > 0 such that the following coercivity
inequality holds:
Yu €V, ago(u,ul) > c|lull?. (4.26)

Proof. By the definition of f{, it holds

ag,o(u,u’) = Z Al — &; |t |* + Z |t ]?
(m,l)eENxXN r (m,l)EA
_ 1 Hm 2 2 1 2
= Z ﬁ Al — ) (>\l + ,Um)|uml| + |u0,0 + Z ﬁo\l + Mm)|uml‘ .
(m,))eENxN\A " fm r (mDeAV[(0,0)} Hom
Since
1 S 1 g, 1
min | —, — |,
/\l + tm 2 max()\l, /,Lm) o 2)\l , 2,Um
we have the lower bound
1 1 1 2
= =B s e min (-] 2 Awr g > ¢,
A+ v2 2 (m,l)ENxXN\A A2 702 |

for a constant ¢ > 0 which is inferred from (H3). Then, we obtain

1

T > . .
ao,0(u, u") = min (C’ (mDEAT(0.0)) AL + fimn

] D SRR I B

(m,l)ENXN
and the result follows from (4.25). O
The property (4.26) entails that the bilinear form a satisfies a Garding’s inequality for 6 > 0.

Lemma 4.2. Assume (H1) and (H3). For any § € R in small neighborhood of zero, there exist constants
a, B > 0 such that the bilinear form a of (4.23) satisfies the following Garding’s inequality:

vu €V, |a(u,ul)| = aflul[} — Bllullf;- (4.27)

Proof. First, it is a classical fact that the trace of a function v € V = H]}.((0,T), L*(D)) N L2.((0,T), H' (D))
1

is an element of Hge:((0,7T),L*(8D)) N Lger((O,T),H%(aD)) (see [67, Theorem 2.1]). Therefore, owing to the

Proposition 4.6, the bilinear form a is continuous on V. Then, one can rewrite a(u,u’) in terms of ag o(u,u')
as follows:

R (a(u,uh)) = aoo(w,u’) = D7 [(u,pmér)ul’

(m,l)eA
1 [T T

- —2/ / (wua’ —iwudpu' + iwdpua') dadt — 6/ / %ﬁr[u]ﬂT dodt. (4.28)
vrJo JD o Jop

This yields (4.27) by using the Haussdorff-Young inequality (Jab| < (ea®+e~1b?)/2) and the continuity property
of 752, (Proposition 4.6). O

Relying on Fredholm’s theory, we obtain the following existence and uniqueness result.

Proposition 4.11. Assume (H1) and (H3) and that 6 € R is sufficiently small for (4.27) to hold. For any
6 > 0, the wave problem (4.2), admits a unique solution u € H}..((0,T), L*(D)) N L2,.((0,T), H (D)) for any
real w satisfying |w| < ¢ with ¢ being the constant of (H3).

Proof. Due to the Garding’s inequality (4.27), we infer that the operator A : V — V' defined by
(Au, v)vr v = alu,v)

is Fredholm. Therefore, (4.23) admits a unique solution in V' if and only if A is injective. In order to obtain
the injectivity of A, it is enough to show that a(u,v) = 0 for any v € V implies v = 0. Assuming therefore
a(u,v) = 0 for any v € V, let us denote by

u(t,x) = Z Ty () e 7Y, teR, ze D,
neZ

the Fourier decomposition of w in L2 ((0,T), H'(D)). Taking the imaginary part of a(u,u,e™) = 0 for a
given n € Z yields
w+nQ
0=—0T [ T5% Jin]an do.
oD
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This equality implies from the Rellich’s uniqueness theorem [36] that @, = 0 on 9D for any n € N, and hence
u(t,z) = 0 for any ¢t € R and « € 9D. Decompose now u(t, z) on the Sturm-Liouville and Neumann eigenvectors
Pm (t;w) and ¢;(x) defined in (4.7):

)= > Uppm(tiw)di(x), (4.29)

m,lEZ

where this series is convergent in V. Computing a(u(t, z), pm(-;w)é;) = 0, we find that for any (m,l) € N x N,

U] <>\z — Mn;(;d)) =0.

Therefore, either wu,,; = 0 or \; = g, (w)/v2, however (H3) implies that the latter equality is possible only
for (m,l) € A. Consequently, the sum (4.29) is finite and involves indices (m,l) € A. Then, u(t,z) = 0 for
any t € R and = € 9D, and if u(¢, x) is not identically zero on D, then one of the Neumann eigenfunctions ¢,
must satisfy ¢; = 0 on 9D. However, this is not possible, because the only function solving the overdetermined
problem

—A¢p = N¢in D,
¢ =0on 0D,
% =0on 0D,

is ¢ = 0 (this can be seen using the layer potential representation ¢ = Dgrl [[u]] — S‘,@ [ ?TZH] ). Consequently,
u(t,x) = 0 for any ¢ € R and x € D, which completes the proof. O

4.4. Time-periodic layer potentials

In this last part, we give the expression of the outgoing fundamental solution to the exterior T—periodic
Helmholtz equation (4.15). We then introduce associated periodic layer potentials and we state their main
properties.

4.4.1. Outgoing fundamental solution

The radiation condition (4.14) is related to the choice of a particular Green function for (4.15). We define
the periodic outgoing fundamental solution I', (¢, z) to be the unique T—periodic distribution solution to the
time-dependent Helmholtz equation

per(

1
F(—iw +0y)? — } per( Z d(t —nT)o (t,z) € R x R3, (4.30)
0 ne’

satisfying the radiation condition of (4.15).

Proposition 4.12. The distribution

"’0 wtnﬂ 71th
I (t,z) = 47T|x| Z (t ) > T , (4.31)

neE”Z

is the unique fundamental solution to (4.30) satisfying the outgoing radiation condition

iw 1 _
<8|I| o + voo%) [ (t,2) = O(|z] %) as x| — +o0.

Proof. Let us solve (4.30) using Fourier series: we represent '}, o, as
E —m,Qt
per 1_‘per n .

neL

Using the Poisson summation formula, we find

Z(;tf’ﬂT Zé(n);zew”t;ﬂzelnﬂt

ne”Z neEZ ne”Z ne”z
Inserting into (4.30), we find that F;}er » 18 solution to the Helmholtz equation
= = (w+nQ)’T AT L5 in 3
w+n — = —§in R".
UO pcr n per,n T
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jwtn@ |,
e v,

—i(w+n)t _
47T |z|

The only solution Fper a(@)e that is outgoing is G¥(x) = . Consequently, using the Poisson

summation formula, we find

UO inQ(& \x\ t) e o |.’17|
per(6:) 47rT|:z:| Z AnT]z| % <T (vo

4:\x| 2.0 (‘t‘ T)'

4.4.2. Periodic retarded layer potentials

We now define the single and double layer potential associated to the periodic Green function (4.31). We
first define these potentials on functions smooth with respect to time, before extending them to T—periodic
distributions. In what follows, let us denote by D}.((0,T), W’) the space of T-periodic distributions with
values in the dual W’ of a Hilbert space W. We recall that any T' € D, ((0,7), W’) can be decomposed as a
trigonometric Fourier expansion

T = ZTne_i"m, with 7, € W’ for any n € Z,
ne”Z

where the Fourier coefficients grow at most polynomially: ||7},||w < C|n|? for some constant C' > 0 and a
polynomial exponent p € N (see [40]). Then, T' € Dy, (W’) defines a distribution of C3g,.(W) from the duality
pairing

(T, é)py. (0, 1),W7) = Z< s ¢n>W' w, for any ¢ € Coe, ((0,7), W) with ¢(¢, z) Z Gre " (4.32)
nez nezZ

In particular, if T € L2,.((0,T), W), it holds

1

T J—
(T, 9)pr_(0.1),w) = T/o (T, ¢)w dt. (4.33)

per

Accordingly, for a given function ¢(t,z) € C2,((0,T), H~2(0D)) which is T—periodic in ¢ and for z € dD, we

per
pose

SPperB(t, @) == TPer(t = 2 =)o (-, ))py (12(0D)), (4.34)
which, from the identification (4.32) of the duality pairing and (4.31), leads to the following definition.

Definition 4.2. We denote by S5 .+ C5e,((0,7), H=2(dD)) — C2.((0,T), H.(R?)) the single layer poten-

per per

tial defined for ¢ € C35,((0,7), H~2(0D)) by

SBpuldllte) = [ T80 (- T2y ) doty), (435

where we recall the definition (2.7) for the fundamental solution T'"o of the (static) Helmholtz equation.

Remark 4.3. The operator S ., can be called a “retarded” potential, following the terminology of the works
[38, 90, 23, 22, 87] considering scattering problems for the wave equation in the time-domain.

One could think from the definition (4.35) that ¢ requires some smoothness in the variable ¢ for (4.35) to be

well-defined. In fact, this is not the case as the periodic layer potential Sj) ., can be extended as an operator

8% per * Doer((0,T), H2(ID)) — Dl ((0,T), Hi, (R?)).

per

Indeed, we have the following characterization.

Lemma 4.3. The periodic single layer potential S can be extended to periodic distributions by setting

D,per
w+n N inQ)

Spperl@l(tx) =D S5 [dnle ", (4.36)

nez

for any ¢ € D,.((0,T), H~2(D)) with Fourier coefficients (n)nez, where for k € R, S is the “usual” single
layer potential as defined in (2.5). The operator Sp, ., thus defined is a mapping from D! ..((0,T), H’%(BD))

into Dpe,((0,T), Hb, (B?).

per

per
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Proof. Expanding ¢ € C32.((0,T), H™= (0D)) in Fourier series, we obtain

per
w w inQ(‘wiyl—t)’\
Spparldltx) => [ Two(z—y)e™ V0 g, (y)do(y)
nenJop
i€ wtnQ ~ win@ it
=Y e [ e 8w o) = X8, Bl
nez oD neZ
which shows that the identity (4.36) holds for functions ¢ € Cg‘;r((O,T), H*%(()D)). Now, let us assume that
¢ € D}, ((0,T), H~2(0D)). In order to show that (4.36) defines a periodic distribution of D}, ((0,T), Hz(0D)),

it is sufficient to show that the Fourier coefficients of Sp .., [¢] are polynomially bounded with respect to the
norm of Hz(AD). This holds because there exists a constant C' > 0 independent of n such that

w+nQ

5 1

1S5 -3 oy oy < O Togm, (4.37)

for a smooth domain D (see [51]), and the Fourier coefficients (¢ )nez) grow also polynomially. Finally, the
uniform estimate of (4.5) implies that Sp . [¢] defines also a distribution of Dj,((0,7), HE _(R?)). O

Remark 4.4. The bound (4.37) implies that S§ ., maps Hy..((0,T), H~2(dD)) into H;;%_E((O, T), Hz(dD))
for any € > 0.

4.4.3. Neumann-Poincaré operator and jump relations

We define the adjoint of the Neumann-Poincaré operator by a definition similar to (4.34); we pose for any

¢ € Cp2((0,7), H™2(9D)):
%fper[d)](tax) = <n(x) : vmr;}er(t - 5T = )(b(v )>D
which leads to the following definition.

Definition 4.3. We denote by K%', : C2%.((0,T), H2(9D)) — C%,((0,T), H~3(9D)) the operator defined
by

Faaldl(t.a) = [ o) Va0 o (1= 20

Vo

((0,1),L2(0D))»

’
per

! x_vaué(x—y)@m(t—lx;)y,y)] do(y), xe€dD. (4.38)

vo @ — |
The first term of (4.38) is analogous to the standard Neumann-Poincaré operator and features a singular

kernel. The second part of the integral is non-singular, but features partial derivative with respect to time.

Similarly, 7" ., can be extended into an operator

e+ Dher((0, 1), H™%(8D)) — D}, ((0,T), H™%(dD)).

per

Lemma 4.4. The operator K%' .. can be extended to periodic distributions by setting

D,per
w«y#nﬂ* —~ it
Broarldl(t2) =D Kp™  [bale ™,
nez
for any T-periodic distribution ¢ € D, ((0,T), H~2(dD)) with Fourier coefficients (¢n)nez, where for k € R,

Kk is the “usual” adjoint of the Neumann-Poincaré operator defined by (2.6). The operator KD per defines a
mapping from D.,..((0,T), H=2(0D)) into itself.

per

Proof. The result is obtained similarly as in the proof of Lemma 4.3, using the wave number explicit bound

wtnﬂ* 1
D™ -3 oy - oy < O o, (439)
which holds for smooth domains D (see the appendix of [54]). O

Remark 4.5. The bound (4.39) implies that K%, maps Hy,((0,T), H~2(8D)) into Him? ~((0.T), H—*(8D))
for any € > 0.

Due to standard properties of singular kernels [71], we have the following result.

Proposition 4.13. The time-periodic single layer potential Sf),pcr satisfies the following jump relation:

ISP per|?]
on

1
= (iQI + “f)fper) (4], where I is the identity mapping.
+
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4.4.4. Invertibility of the single layer potential
is invertible as a mapping H?,.((0,T), H~2 (D))

It seems difficult, if not unfeasible, to show that S% ber

;per
1
into Hper? “((0,T), H2 (OD)) for some s > 0 and e > 0. However, it is fairly easy to state an invertibility result

when considering S7) ., as an operator acting on 7-periodic distributions.

Proposition 4.14. Assume (H1) and (H2). For any w € R in a small neighborhood of zero, the single layer
potential S§, .. is an invertible operator from D; ((0,T),H=2(8D)) — D...((0,T),Hz((0,T),dD)), whose

per per
inverse reads:
w+nQ

(S5 per) 11 = 3285 ) [fule N, (4.40)
nez
where (fn)nez denote the Fourier coefficients of a given f € D}, ((0,T), H%(GD)).

w+n
Proof. Assumption (H2) ensures that S,,*° is invertible for any n € N and w sufficiently small. Owing to the

Fourier series expansion (4.36), it is necessary that (4.40) be the inverse of 8§ ., if this operator is invertible.

Therefore, the only point to verify is that (4.40) defines a periodic distribution of D;er((O,T),H’%(é)D)), ie.
that the coefficients of the trigonometric series (4.40) grow polynomially with respect to n. For this, we need a
w+nQ

wave number explicit bound on the operator norm (S,"° )~!. From the jump relation, we infer that

w%nﬂ wtnQ w+n
(Sp™ )'=T v T, (4.41)
w+nQ
where 7_ "°  denotes the interior Dirichlet-to-Neumann map of the Helmholtz operator A + (w+n)?/vZ, and
wHnQ win

T o is the exterior one (Definition 3.1). By standard variational estimates, the mapping 7_ *° satisfies the
following bound for any ¢ € Hz (0D):

w+n C
1T 180y oy <

(4.42)

lanEUdir(—A)JLEZ Vg

1el13 oy
<n9+w)2 o )\‘ Hz(0D)

for an independent constant C' > 0. Since for w € R sufficiently small,

Q 2

<n + w> Y
Vo

the bound (4.42) together with (H2) imply that for w sufficiently small, the operator norm of 7" is uniformly

bounded in n and w. Therefore, (4.41) and the asumption (H1) imply the existence of a constant C' > 0
independent of n such that

nQ) +w
Vo

nQ) +w
Vo

nfd
Vo

inf A

AEoGir,NEZL

)

E

+ )\‘ >C inf
A€oair(—A),nEZ

w+n
wing
NSp™ ) M -1 opy— ko < €l (4.43)
so that (4.40) defines an element of D], ((0,7), Hz(dD)). O

Remark 4.6. The wave number explicit bound (4.43) implies that (S3 .,)~" maps H},,((0,T), H~2(8D)) into
_ 1
H3oH(0,T), H2(9D)).
Finally, it is possible to express the periodic Dirichlet-to-Neumann operator 7, in terms of the potentials
SP per and KH' .., generalizing the identity (3.5).

Proposition 4.15. Assume (H1) and (H2). The periodic Dirichlet-to-Neumann map T2, of (4.15) can be
extended to periodic distributions by setting

T8 =S T [fale ",

nez

for any ¢ € D! ((O,T),H%(GD)). Then, the operator

Ty« Dher((0,T), H(ID)) — Dl ((0,T), H2 (D))

per

thus defined admits the following representation:

w 1 W * w —
7;)91‘ - <21 + ICD,per) (SD,per) 1'
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5. SUBWAVELENGTH RESONANCES IN FAST TIME-MODULATED MEDIA

This last section is dedicated to the study of scattering resonances in the fast time-modulated medium (1.1),
for time-harmonic incident fields (1.2) and in the subwavelength and high-contrast regimes (1.4). Our analysis
is based on the Dirichlet-to-Neumann approach introduced in Section 3, where the considered Dirichlet-to-
Neumann map is the one associated to outgoing time-periodic outgoing waves studied in Section 4. Throughout
this part, we assume that the assumptions (H1) to (H3) are fulfilled.

We start in Section 5.1 by characterizing the behavior of the solution operator of the reduced time-modulated
wave equation (4.2) for small w and §. This allows us to determine the leading order asymptotics of the
subwavelength resonant frequencies which arise due to the scattering with the time-modulated resonator D. We
find that in the exceptional situation where A # {(0,0)}, resonant frequencies with positive imaginary parts
may exist, leading to the arising of exponentially growing outgoing modes.

Assuming that the modulation is tuned in order to ensure that the exceptional coupling occurs, we determine
a modal decomposition for the scattered field in (5.2) which is shown to oscillate like p,,(t)¢;(z) inside the
resonator D. We then identify a far field expansion for the scattered wave.

Finally, we consider a metamaterial constituted of N time-modulated resonators rescaled by a factor s in
Section 5.3. We show how to formally identify an effective medium theory for such an heterogeneous medium
in the subcritical regime sN — 0, and we find that effective scattered waves carry high-frequency components.
In the critical regime where sIN converges to a positive constant, higher order reflections involve high frequency
scattered waves which cannot be easily described by an effective medium theory. Following [14], we content
ourselves to provide a homogenized equation for the low frequency truncation of the total wave field.

5.1. Asymptotics of the subwavelength resonant frequencies

In what follows, we consider the reformulation of (4.2) in terms of the Dirichlet-to-Neumann map 72,
given by (4.21), or equivalently by the variational formulation (4.22). Following the Definition 3.2, we call
“subwavelength resonance” a complex frequency w = w(d) € C satisfying w(d) — 0 as § — 0 and such that
(4.21) admits a non-zero solution u(w, d) for a zero right-hand side @, = 0. According to the well-posedness
result of Proposition 4.11, such frequencies must necessarily have a non-zero imaginary part.

5.1.1. Characterization of the inverse of the scattering operator

In this part, we characterize the inverse of the solution operator to (4.21), whose poles are the resonant
frequencies.

Following Section 3.2, we introduce the bilinear form a,, s defined for u,v € V by

T T
w5 (u,v) == ag,0(u,v) — 11712/0 /D(inat + w?)uvdr — 5/0 /D Toerlu]v do,

where we recall the definition (4.24) of the bilinear form ag ¢ and the definition (2.3) of the space V. Since ag
satisfies the coercivity property (4.26), the perturbed bilinear form a,, s is also coercive for small w and § > 0.
By using Fredholm’s theory as in Proposition 4.11, we obtain for any f € V' the existence and uniqueness of a
solution uf(w,d) to the variational problem

aw,5(uf(w76)7v) = <f>U>V’,V; Yo eV (51)
Let us, in particular, denote by w,;(w, d) the unique solution to the problem
aw,é(uml(w76)?v) = <pm¢lvv>H7 (52)

where we recall the definition (2.2) of the inner product (-, ).
Let us finally recall that the solution 4(t, x) to the time-periodic reduced wave problem (4.22) satisfies
a(ﬁ,v) = <f7v>V',V7 Vo € ‘/7

with f being the linear form

T aAin ~
(f,0)y v ;:5/0 /8D < 8“” —7;;r[um]> do dt. (5.3)

The following proposition is the counterpart of Lemma 3.1 in the time-modulated setting.

Proposition 5.1. For a given right-hand side f € V', the variational problem

a(u,v) = {f, 0)vr v, for anyv €V, (5.4)
admits a unique solution u € V if and only if the linear system
(I -C(w,0)x=F (5.5)
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has a unique solution T = x(w,0) = (Tmi(w,6))(m,er, where C(w,d) and F are the matriz and column vectors
given by

C(w75) = (<um"l'(°‘}’5)7pm¢l>H)(m,l),(m',l')eAxA7 F = (<uf(wa5)7pm¢l>H)(m7l)eA~ (56)

When it is the case, the solution u = u(w, ) to (5.4) reads
w(w,d) = uf(w, o) + Z Tt (W, 8) U (w, ), (5.7)

(m,l)EA

with wy(w,d) and umi(w,d) defined by (5.1) and (5.2).

Proof. The variational problem (5.4) can be equivalently written as

a(u,0) = @y 5(u(w,8),v) = Y (w(w, ), pmdi) (v, D) = (fv)vrv

(m,l)eA
g aw,5(u(w7 5)) U) - Z <u(w, 5)apm¢l>Ha'w,5 (u’rnl (w7 5)7 U) = Gy, (Uf (wv 5)7 U)
(m,l)EA
& u(w,d) — Z (u(w, ), Pmd1) HUumi(w, 6) = uyp(w,d).

(m,l)EA
Integrating against p,,¢;/p, we find that this linear system has a solution if and only if
(W(w,0), pmd) e — Y (o 10 (w, 8), 1) 1 (w(w, 6), Prr 1) 11 = (4 (w, 8), pmhi) i1
(m/,l")EA

This system is equivalent to (5.5) with @, (w,d) == (u(w,d), pm¢1) z and admits (5.7) as a solution. O

5.1.2. Asymptotic expansion of the subwavelength resonances

The Proposition 5.1 reduces the study of the resonances of the infinite dimensional problem (5.4) to the
one of the finite-dimensional problem (5.5): the subwavelength resonant frequencies of (5.4) are the complex
numbers (w(d)) for which the matrix I — C(w(J),d) is not invertible. To characterize these numbers, we write
an asymptotic expansion for I — C'(w,d), which is obtained from an asymptotic expansion of w,;(w, 9).

Proposition 5.2. The solution um,;(w,d) to (5.2) has the following asymptotic expansion as w,d — 0:

ot (6, 6)(,2) = P (D)80() + i, (D)) + (’V”;pmu) n pmt)) o)

v
+0 Z Tm’l/,mlpm’ (t)¢l’ (Jf) + 5wml(ta '17) + O(w3 + 0w + 52)7
(m/,l")eEA
where for any (m,l) € A:

e p., is the eigenvector of the Sturm-Liouville problem (1.6), and pl, and p2, are the unique T—periodic
solutions to

S dpm &®ph  pm o, dpn Ym Pm
- 2 Pm = — 9 - 2 pm = — Pm + = 9
dt p(t) dt dt p(t) dt T p(¢)
pr, is T-periodic, p2, is T-periodic, (5.9)
B T
| ptommdi=o, | oo =o,
o P o P~

o Wy (t,x) is a function satisfying (Wmi, pmP1) = 0 for all (m,l) € A,
® 7., is the real number

.—/T 2 o ()2 dt—/T _ |14
TYm = o dtpmpm Pm = o dtpm

o T = (Tont,m'1) (m,1),(m 1)) eAxA 05 the real matriz

2

Hm 12 2
+ o0 |+ [P ()] ) dt, (5.10)

T
Tyt = /0 /8 Tl 0o (01() dtdo @) (5.11)

where T2

per 18 the time-periodic Dirichlet-to-Neumann map of Definition 4.1 with frequency w = 0.
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Proof. To simplify the notation, let us write w(w, 6) := umi(w, ) in this proof. The strong form of (5.2) reads

1 11 1. o 11
v—%aﬁw Aw + ;@ W, P S17) HT P () (z) — @(mwat +w)w = 0] P () 1(z)
1 ow y B

Since this system is invertible for any values of w and ¢ small enough, w = w(w, §) is analytic in w and § and
we can write the asymptotic expansion
+oo

k
w = g wP 6 wp i,

p,k=0

Inserting this ansatz in the above equation yields the following cascade of equations determining (wp ) p k>0

1 1 1
— Opw A ! P17 ) H = —— Dot P1
2 Lt Wp & ( Wy, k+ (m§e/\ Wp k> Pm/ Pl >HTp(t)p ]
11 1
= fmpm(t)@(ﬂﬂ) p=00k=0 + 5 (210pwp 1k + wp—2.k), (5.12)
1 ow k
p t p Z 7;>er n wp n,k— 1]

where we define w,, ,, = 0 for negative p, k < 0 by convention. Let us now compute the first terms of this cascade
of equation. In what follows, we consider two indices (m/,l') € A.

e p=0, k=0 yields wo,o = pmo1;
e p=1, k=0. Integrating (5.12) against v = p,,,» ¢y yields

2i (T d
<w1 05 Pm/ ¢l’ = 1)2 A / dtpm d)l( )pm ( )¢l’( )dl‘ dt = 0=y bm=m’ — 7}% A apm(t)pm(t) dt = 0.

Therefore, w; o is the solution to

1 1 21 d
@@twl,o - mAwl,O =2 dtpm( (),
1 dwio
p(t) On
We deduce that wq o(t, z) = ipk, (t)¢i(x) where pl, (t) satisfies
14, N, 24d &, pm d
g =2 S, e —ph Al 2.5y
vz daetm T i Pm T 2@ arzPm = oy Pm at?

According to the Fredholm’s alternative, this equation has a unique T—periodic solution p!, which satisfies

T 1
/0 PPt =0.

e p=2 k=0. Integrating (5.12) against v = p,, ¢y yields

T T
(wa,0, P/ OV )i = vi? <21 X i/o /D %Pin(t)fﬁz(x)Pm/(t)éf’l/(z) dx dt+/0 /me(t)sbz(I)Pm/(t)%(I) dz dt)

6m=m’ 5l=l’ r d r 2
S ) m m .
2 < /O dtpmp dt + /0 lpm ()] dt

Therefore, we obtain ws g = 15 pp, (t)di(x) + Wao(t, ), where ws o(t, x) is the unique solution to

1 - 1 - 1 Ym 1
— Ouiing — ——Ading = — (20, + P — L2 ——p ) 61,
U,% ttW2,0 p(t) w20 U72_ ( tpm+p T p(t)p >¢l
_1 9o _ 0
p(t) om 7

(Wa,0, Py Q1) = 0 for all (m/, 1) € A.

Similarly, we find wa o(t, z) = p2,(t)¢i(z) with p2,(t) being the unique solution to (5.9).
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e p =0, k= 1. Integrating (5.12) against v = p,, ¢y yields

T
(wo,1, P 1) 1 = /0 /8 . ToexPm@)pme (8) v (2) dt do(x) = Tyt -

Therefore, wg,1 = E(m, e Tt miPms G + Wini, Where Wy, is the unique solution to

1 1 11
78ttﬁ;ml - 7Aﬁ;ml = - § Tml m’l’*ipm’(bl’a
2 )
o7 p(t) (mi TreA T p(t)
O (5.13)

(Wrnts P P ) =0 for all (m’,1') € A.
The asymptotic (5.8) follows. O
Inserting this expansion into the definition (5.6) of C(w, §) yields the following characterization of the resonances.

Proposition 5.3. The asymptotic expansion of the matriz C(w,d) defined in (5.6) reads at the leading order:
2
Clw,8) =1+ % diag(Ym) (m.yen + 6T + O(w? + 6w + 6%), (5.14)

T
where (Ym)(m,yea and the matriz T are given by (5.10) and (5.11). Consequently, the problem (4.2) admits
exactly 24#A subwavelength resonances (wii(é))lgig#/\ whose leading asymptotic expansions are given by:

+ L3
wi(0) ~ £u,.02 A7, (5.15)
where (\;)1<i<za are the (complex) eigenvalues of the generalized eigenvalue problem
Ta; + \iGa; =0, G= diag(’ym)(mvl)e,\. (5.16)

Proof. Integrating (5.8) against the function p,,(t)¢i(x)/p(t) yields the following asymptotic expansion for
C(w,9):
2
w .
C(w, 5)ml,m’l/ = Om=m'O1=t' + Uﬁ’)’m(;m:m/(sl:l’ + 5Tml,m/l/ + O((-tf3 + dw + 52),

which coincides with (5.14). Resorting to the generalized Rouché theorem [12] or to the implicit function
theorem as in [45] (this would require the eigenvalues of T' to be simple), we obtain the existence of exactly
24N subwavelength resonances (wi(8))1<i<ga for which I — C(w(8),d) is not invertible, and these can be
approximated at first order by those of the following nonlinear eigenvalue problem in w:

2
w—zG:c + 6Tz =0,

r

which yields the expansion (5.15). O

The matrix T plays a role analogous to the capacity cap(D) involved in (3.18), or to the capacitance matrix
in the context of subwavelength resonances induced by several simply connected resonators (see [45]). The next
proposition lists a few properties of the matrix T'.

Proposition 5.4. Let us denote by (Pm n)nez the Fourier coefficients of the Sturm-Liouville eigenvector py,:
pm(t) — Zﬁm,ne_inﬂt~
neZ

(i) The coefficients (Tint,m!17) (m,1),(m’ 1"yeAx A @re Teal and are also given by

Tml,m’l’ =T me’,npm,n/ T o [¢l’]¢l do.
nez oD
(i) The matriz T is symmetric if p is invariant by time reversal: p(t) = p(—t). If further, D is a ball, then
T is symmetric negative definite.

cap(D
(ZZZ) T00700 = —Tp% fg| )

and vy = Tpi where

1 (71 -
Do = (T/o p(t)dt> . (5.17)

1, 0P
To0,mi = Tmi,o0 = T|D]| 2popm,o/ 8741)1 do,
ap on

(iv) For any (m,l) € A,

where ® is the solution to the exterior problem (2.8).
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Proof. (i) Decomposing p,,¢; into Fourier modes, we find

7;0er[l?m/¢z'] = Zﬁm',ﬂ'% [(bl,]e—inﬁt’

neZ

and consequently,

T
_— ne
Tyt = / / Tolpm d0)pmdrdo dt = TS P B / T (6v]d dor
0 oD oD

nez

_nQ
o0

Using the property T% (o) =T [#1], and the fact that p,, is real, we find that T}, 1 1s real.
(i) If p(t) = p(—t), then the simplicity assumption (H3) of the eigenvector p,, implies that p,, (t) = pm (—t).
The symmetry of T is then a consequence of Proposition 4.8. If further D is the sphere, then the bound
of Proposition 4.9 implies the negative definiteness of the matrix T'.
(iii)-(iv) It is easy to compute Tpg e for (m,l) € A, because it is associated with the constant, normalized
Sturm-Liouville and Neumann eigenmodes py and ¢¢ given by

1 /T :
po(t) = <T/0 p(t)dt> ) oo(x) = D)

Hence, po,, = (% fOT ﬁ dt) o Son and the result follows.

—_
o)
—~
8
~

M

]

In the next subsections, we discuss the nature of the subwavelength resonances depending on the set A
introduced in (1.7), the constant -, and the matrix 7" of (5.10) and (5.11).

5.1.3. Absence of exceptional subwavelength resonances in the generic case A = {(0,0)}

In the generic case where the modulation p(t) and the resonator D are not “tuned”, it can be expected that
A = {(0,0)}, i.e. only the zero eigenvalues jo/v? and \g coincide. In this situation, we find that the matrix
C(w,0) of (5.14) is reduced to a constant, which has the following asymptotic expansion:

—1 —1

1 7o w? 1 7o cap(D)
Cw,8)=1+T —/ —dt| =-T f/ —dt 5+ O(w? + dw + 6%).
(,8) (T e > 2 (T e ) o T )

Computing the zeros of C(w, §) — I, we retrieve two subwavelength resonances which coincide at first order with
the classical “Minnaert resonance” w*(§) of (3.21):

cap(D)
D]

wE(8) ~ v, 52,

This resonant frequency is associated to a resonant mode that is approximately constant inside the resonator
D in both time and space. Owing to the properties of the time-periodic Dirichlet-to-Neumann map 7., the
associated scattered field does not propagate high-frequency components in the exterior domain R3\D. One
can then verify that everything happens at first order as in the unmodulated case, with the modulation p(t)

-1
being replaced with its harmonic average (% fOT % dt) .

5.1.4. Subwavelength resonances in the exceptional coupling situation A = {(0,0), (m,1)}

We now consider the more interesting case where the modulation p(t) is tuned in such a way there exists
another pair of coinciding eigenvalues ji,, /v2 = A, # 0 with (m,[) # (0,0):

A = {(0,0), (m, D)},

From the point (iii) of Proposition 5.4, the constant vy is positive, but the constant -, defined in (5.10) does
not have a clear sign. In fact, we conjecture from numerical experiments that the modulation p(¢) can be tuned
in such a way both cases v,, > 0 and ~,, < 0 are possible. The following proposition shows that complex
resonances with positive imaginary parts generally arise.

Proposition 5.5. Assume that D is a disk and that the modulation is invariant by time-reversal: p(t) = p(—t).
Let us denote by P(&) the second order polynomial
P(&) := Y0Ym&> + (T00,00Ym + Tt mi0) € + (T00,00Tomitmi — ngl,oo)v (5.18)
and by A its discriminant:
A = (Tp0,00%m — Trmt,mi170)> + 490%m Timi 00- (5.19)

Then, the three following situations are possible depending on the sign of v, and A:
29



o if v, > 0, then the four subwavelength resonances of (4.2) are real at the leading order and satisfy

1 1
wE(8) ~ +E20,07, 1<i<2,

7

where the eigenvalues (&;)i=1,2 of (5.16) are the real positive numbers given by
~T00,00Ym — TrmimiYo — VA —T160,00Ym — Tmi,miYo + \/E'
290 m 270 Ym ’

o if ym < 0 and A > 0, then the reduced wave problem (4.2) admits exactly two resonances w (8) which
are purely imaginary at first order, and two resonances in(é) which are purely real at first order:

1
Wit (8) ~ :I:i\/—flvréé, Wi (6) ~ +£2 0,02,
where the eigenvalues & and & of (5.20) are respectively negative and positive;

o if v, <0 and A < 0, then the four resonances of (4.2) are complex at the order in 0(5%), and their
leading asymptotics are given by

wi(d) = +0,07Va +ib and wi () = +0,62a — ib, (5.21)
where a and b are the positive numbers
_ 7T00,00'7m — Lmi,mlY0 b— vV—A
2%0Ym ’ 270Ym

and where /- is a determination of the square root in C.

&= ; &= (5.20)

Proof. In this context, the matrix of the eigenvalue problem (5.16) reads, for a given £ € C:

§v0 + 100,00 T00,mi
Tri,00 EYm + Tontymi-

T+¢G =

This matrix is not invertible when P(§) = 0. Recalling that T' is a symmetric negative definite matrix due to
the symmetry assumption on D and p, which implies that To0,00Tmi,mi — T2 oo = 0. The result follows by

m ’

discussing the complex nature of the root of the polynomial (5.18) depending on the sign of 7, and A. O

This proposition shows that at least if 7, < 0 and in the most symmetric case where D is a ball and p is
symmetric upon time-reversal, there exist outgoing nonzero solutions to the time-modulated scattering problem
(1.1), which grow exponentially in time and with a growth rate of order O(d %).

5.2. Modal decomposition and point scatterer approximation of the scattered field

We now follow the lines of Section 3.3 to obtain a modal decomposition and a far field approximation
for the scattered solution @ — 4, based on the formula (5.7). In the remainder of this section, we consider
the “exceptional” coupling situation where there are two pairs of coinciding Sturm-Liouville and Neumann
eigenvalues:

A ={(0,0), (m,1)} for some (m,l) € N x N\{(0,0)}. (5.22)
5.2.1. Modal decomposition of the scattered field in the exceptional coupling

In order to obtain a modal decomposition of us(w,d) based on (5.7), we first need an approximation of the
function uy(w, &) solution to (5.1) where f € V' is the linear form (5.3).

Proposition 5.6. The function uy(w,d) solution to (5.1) with f given by (5.3) reads at first order

uf(w,d) = —6ﬁin(0)pal\D\% Z T00,miPm @1 + Woo | + O(w), (5.23)
(m,l)eA

where wog 18 the function of the Proposition 5.2 satisfying

(Woo, pm®1) g = 0 for all (m,l) € A.
Proof. The problem (5.1) reads in strong form
1

1 1 L. 2
Eattuf - @Auf + ( ZZ)€A<uf’pm¢l>HTp(t)pm(t>¢l(x) - v—%(QwJ@t +wiuy =0, (t,z) eRx D,

1 (9uf .y 8111\11
o(t) on on
uy is T—periodic.

- nﬁr[m) () €R x D,
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Following the proof of Proposition 3.3, we find that
8ain W T ~ ~ _ 1
o~ Toerltin] = =i (0) T3 [1p] + O(w) = i (0)pg HD|E T lpodo) + O(w).

Hence, us(w,d) = 6(up,1 + Uo,1) + O(wd), where

N T
um@@%®MﬂM2§:(Am@j&M%mde@@%m@M@

(m,l)eA

= —t(0)p ' [DIF Y Toomipm (Deu(x),

(m,l)eEA
and u,; is the unique solution to
1 1 1 11
—Onllp1 — —AUy 1 = uin(0 _1D§ T 1 —=——pm (t) 01 ,
02 440, 1 o0 tp,1 = uin(0)pg | D] (m%;e/\ 00,m/1 Tp(t)p v (t)pr ()
1 Oug, . 1yl
— — = —Uin(0 Dz T2 R
p(t) on u ( )pO ‘ ‘ per[p()¢0]
(ﬂo,l,pmqu =0 for all (m,l) (S A,
up,1 is T—periodic.
Comparing with (5.13), we obtain the result with ug, = —am(())p51|D|%aoo. O

The next proposition establishes a “modal decomposition”in the exceptional coupling situation (5.22). For
simplicity, we consider only the “least favourable” case where both resonant frequencies are complex at first
order, that is the situation of (5.21). This case is the “least favourable” in the sense that the resonances are
damped and there is no amplification of the input wave field (a resonance which is purely real at first order
would result in an amplification of the incident field by a factor O(6~2)). However, we find that the scattered
field has an amplitude of the same order of the incident wave field and contains high frequency components
generated by the mode p,,(t)¢;(x). In the other cases, one observes an amplification of the scattered field near
the real part of the resonant frequency.

Proposition 5.7. Assume that the determinant A of (5.19) is negative and A = {(0,0), (m,l)}. Then, for a
real subwavelength frequency w = 0(5%), we have the following modal decomposition for the wave field u(t,x)
solution to (4.2) for x € D:

i (0)pg ' D] 2
w? )a
P ()
(5.24)

where P(§) is the second order polynomial of (5.18), which is negative and bounded from below by a constant
independent of w and 6.

w? w?
Km’}’mToo,oo + Tont,miTo0,00 — T()Qo,ml> po(t)go(x) + mVoToo,mlpm(t)@(m) +0(o

Nl

a(t,x) =

Proof. We use the exact formula (5.7). In order to have an approximation of the coefficients x,,;(w, d), we need
to compute the right-hand side F = (Fyg, Fini). By integrating (5.23) against p,,/ ¢y /p, we obtain

Fotr = =80 (0)py ' D] 2 Too.mr + O(wd) for (m!,1') € {(0,0), (m,1)}.
Then, computing explicitly the inverse of the matrix (I — C(w,d)) yields

w722 m+5Tm m —0T, m 3 2
(Iic(c‘%d))_l = ! UT’Y Lml 00,ml ( w +5w+5 )

—det((l — C(w,0))) —0T .00 %'YO + 0T50.00 det((I — C(w,9)))

For a real frequency w = O(62) in the regime where the polynomial P of (5.18) has no real roots (A < 0), the
determinant can be approximated by

w2

v2d

Therefore, the coefficients 2;,;(w,d) of (5.7) read

i (O)pg D]} [(

00 = w? v2§

P (%) '

in (095 '1DI} [( 2

Tml = 0N |\ 028

P(s) B

which yields the result. O
31

2

) +O0(W° + 6w’ + §%w) = 6P (“ ) (1+0(5%)) .

2
v2o

det((I — C(w,d))) = 62P (

1
TYm + T’ml,ml) TOO,OO - T(?le:l + 0(52 )a

Yo + Too,oo) T00,mi — TOO,mlTOO.,OO:| +0(62),



Remark 5.1. The expansion (5.24) still holds the other situations in which A > 0 and where P(\) has a real
root up to a correction of the approximation error O(d %): in that case P (1‘}%) becomes a resonant denominator

which vanishes as w becomes closer to the resonant frequency. A more precise approximation would be obtained
by using a higher order expansion of det ((I — C(w, ¢))), which would capture the leading order of the imaginary
parts of the resonances, expected to be of order O(d) (see e.g. [45, Section 4.3]).

Remark 5.2. In this situation where the resonances are complex at the leading order in O(82), (5.24) shows that
these “resonances” are damped to the point where there is no significant amplification of the incident field in
the regime w = O(J %). However, we still find an order one high-frequency response which periodically oscillates
in time at the “fast” frequency 2.

5.2.2. Far field expansion of the scattered field in the exceptional coupling situation

We now determine a far field approximation for the scattered field. The scattered field . —;, can be rewritten
thanks to the periodic single layer potential Sﬁper. Using the inversion property of Proposition 4.14, we can
indeed write the following representation formula for 4 in R3\ D, assuming (H3):

(O ﬂin = Sf),per[(sg,per)_l[am[) - ain“ in RS\D (525)

In what follows, we denote by ¢, : S* — R the functions defined for any 6 in the unit sphere S? by

(@)= [ RS ) doty) (5.26)

where ¢; is the Neumann eigenmode of (1.5). From the functions (& »)nez, we construct for any (m,l) € Nx N
a T-periodic distribution G,,,; : R x S? by the formula

Gt (£,0) =Y Pl (0)e ", (5.27)

nez

where we recall that (Pm,.n)nen denote the Fourier coefficients of the Sturm-Liouville eigenmode p,,(t). The
functions G,,,; allow to obtain the far field patterns generated by the modes p,, (t)$;(z) as shown in the following
lemma.

Lemma 5.1. The following far field expansions hold in the regimes w — 0 and |x| — 400 and for (m,l) € NxN:

55 1 oel(S5 o) Pmt]l () = G (t lz] g |)<1+0<|x| ) £ O(wW)T ().

w+nQ

Proof. For a given ¢ € H _%(8D), the far-field expansion of the single layer potential S,," [¢](x) reads

w+nQ wnQ

505 [gl(a) = ( | e da<y>) (14 O(l] ™)) + O@)r =52 (@),

By using (H3), we have the asymptotic expansion

w+nQ n

(§ 0 ) =(Sp°) " +Ow).

Consequently, we obtain that for any (m,l) € N x N,

u.)+"n.(2 wtnQ )
S8 per (8B per) P (1) = DmaSp™ [(Sp™ ) erlle
neL
—jn&,. ”Q _ 1 +"Q —inQt
= hmo / (S M) doty) ) (14 0(w) + O(el NI @e . (5.29)
nez
. wing —inQ oy —ing(t-1) .
Using T' o (z)e ™ =T (z)e v/, we obtain the result. O

Remark 5.3. 1t is easy to verify that G is the constant function given by
Goo(t,0) = Goo = —po|D| "7 cap(D),  V(t,0) € R x S%. (5.29)

Remark 5.4. Far field expansions of retarded potentials featuring such a function G,,; depending on the prop-
agation direction x/|z| are classical, see e.g. [26, Lemma 4.3].

Using this result and the modal decomposition (5.24), we obtain the far field expansion of the scattered field,
assuming the exceptional coupling situation (5.22).
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Corollary 5.1. Assume that the determinant A of (5.19) is negative, and that the exceptional coupling situation
(5.22) is satisfied. The scattered field generated by the time modulated resonator admits the following far field
expansion as |x| — +oo and w = O(82):

2

(@) — fiin () = fiin (0) (A (;”25) B (“25) G (t _ lal ‘”)) (1+0(6%) + O(lz|~))T% (z),  (5.30)

)
Uy Vo |1‘|

where the constant coefficients A (§) and B (§) are given by

EvmT00,00 + Tt miT00,00 — Ty i pol D2
- ot ) ey = BB g e, (5.31)

P (&) G

where P is the second order polynomial of (5.18).

A () := cap(D) <1

Proof. This result is obtained by inserting (5.24) into the layer potential representation formula (5.25). Using
Lemma 5.1 and remembering that @, = uin(O)p51|D|é + O(w) on 9D yields:

2

Uin (0 ]f1 Dz w
n(Opo_IDIZ %’YmToo,oo + Toat,miT00,00 — Ty, mi | Goo

P (%)

w? x| w R _ 1 _ w
0 Tonni o (1= 21, 2 )] 05 0) = 0 015 D1 G+ O ™) + O 0). (532

oz
v ||

w(x) — G (x) =

The result follows by substituting Gop with (5.30). O

Remark 5.5. Using the Fourier expansion of G,,;, we can also write @(z) — @iy (2) as a superposition of spherical
waves with wave numbers (w 4+ n€2)/vg for all n € Z:

2 2
~ ~ ~ 1 _ w W w “ N x w+nQ .
(@)~ tin(7) = 1 (0)(1+0(62)+O (2] ™) | A 55 | T () + B ( 3= | D Pranin | | T 0 (2)e ).
v2d 024 ||
ne”Z

Remark 5.6. The point scatterer approximation (5.30) appeals to two remarks: first, the scattered field propa-
gates outgoing waves with high frequency components, more precisely with wave numbers % for any n € Z.
Second, these high frequency waves propagate with an amplitude which depends on the space direction é—‘
This suggests that a suitable tuning of the geometry of the resonator D could be used for confining the energy
of the scattered high frequency pulse to a desired spatial direction.

5.3. Effective medium theory for fast time-modulated high-contrast metamaterials

In this conclusive part, we consider a metamaterial obtained by filling a bounded domain Q with N time-
modulated high-contrast resonators D around centers (y,)i1<n<n and rescaled by a factor s: we assume the
homogenization setting of Section 3.4 which is also illustrated on Figure 2. In this dilute regime where s — 0
and N — 400, the incident frequency is of order one (w = O(1)) while the modulation frequency is rescaled by a
factor 1/s; we assume that the modulation is sT—periodic and is of the form p(-/s) for a T—periodic modulation
p. These rescalings can be summarized as follows:

Q
D — sD, T — T, Q- —, p— p(-/s). (5.33)
s

Therefore, the modulation frequency is still much larger than the incident frequency: € > w. Then, we
assume that the size factor is of order s = O(62). Finally, we still assume that the modulation p is tuned
to the “exceptional” coupling situation (5.22) featuring two pairs of coinciding Sturm-Liouville and Neumann
eigenvalues.

In this part, we denote by iy s the solution to the scattering problem in the time-modulated, heterogeneous
medium Dy 4:

1 .
— (—iw + &) iy ,s(t, z) — Al =0, (t,r) € R x R¥\Dy 4,

Yo
1 1
— (—1i U St, — ——Ad s — Y, t7 RxD s
vf( iw+ ) un s(t, ) /5 Un, 0 (t,x) € R x Dy,
1 Oln.s OUpN s
- A : D
o(t/s) o an |, on 0D, (5.34)

'&N7S|+ = ﬂN,S‘J’_ on aD]V’,s;

t — Uy (¢, x) is sT—periodic,

i 1
<a|w ¥ at> (in.s — @in) = O(|z]72) as |z| — +o.
Vo Vo
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5.3.1. Rescalings of the point-scatterer approximation formula

In what follows, we reproduce the Foldy-Lax approximation argument of Section 3.4 in order to formally derive
a homogenized equation for the heterogeneous system (5.34). To do so, we rewrite the far field approximation
formula (5.30) in this dilute setting.

First, the Neumann eigenvectors and eigenvalues of (1.7), and the Sturm-Liouville eigenvectors and eigenval-
ues of (1.6) must be replaced according to the dilute regime (5.33) as follows:

_3 A P
¢l_>3 2(]5[(-/8), )\l_>872[7 pm%pm('/s)v Nm_>372~

We verify that the obtained eigenvectors are normalized since

Lot 2, 1 [T 1 2 34 _ -3 29, _ 2 4, —
S—T/O Mpm(t/s) dtff/o wpm(t) dt =1 and /SDS |oi(x/s)] dxf/D\gbl\ dz = 1.

Now, we observe that the set A of (1.7) remains invariant by the rescaling (5.33) since

A m -~
A:{(mJ)ENxNISé:(:;W}:{(m,l)eNpr\l:‘;}_

The next lemma summarizes how the different quantities occuring in the point-scatterer approximation formula
(5.30) are affected by the rescaling.

Lemma 5.2. The coefficients (Ym)m.yeas (Tmim!t') (m,1),(m/,1yeaxa, the polynomial P of (5.24), the coefficients
cin(0) of (5.26) and the functions (Gmi)m.yea of (5.27) are changed as follows after the rescaling (5.33):
(i) Ym = $Ym
(”) Tml,m/l/ — Silel,m’l’;
(iii) P(£) = s72P(s%),
(iv) é1.0(0) = 57 2¢,(0),
(v) Gi(t,0) = s72Go(t,6),
(vi) A (%) — sA (Sjé‘;) and B (%) — s3B (Sjé*f

Proof. Changing p(t) in p(t/s), we find that the function pl, of (5.9) needs to be changed according to the

transformation pl, — spk (-/s), from where the point (i) follows. Then one can verify that the sT-periodic
Dirichlet-to-Neumann map 7}, ., associated to the dilute domain Dy , verifies

TSOD,per[ m(/S)QSz(/S)] = 57176,D[pm,¢l]('/5; '/5)7

which implies that the transformation (ii) for the matrix (Tonim17)(m.1),(m’,1)eaxa- The point (iii) follows by
inserting the rescalings (i) and (ii) in (5.18). Then, the rescaling of the coefficients & ,(0) of (5.26) can be
computed from the integral

[ e (i) o () doty) = 5 [ (sf) o) doty),

which yields the updates (iv)-(v). The result (vi) is a consequence of (i)-(iii). O

The rescaling rules of Lemma 5.2 yields the following point-scatterer approximation formula for a single
rescaled resonator sD centered at zero and modulated by the sT—periodic function p(-/s):

X R R w?s? w?s? t |z| = w |z|
Ut ) — fin(x) = st (0) (A (6) B <5> G ( -5 m)) @) as oo (5.39)

Assuming now the setting of Figure 2 where we consider N time-modulated resonators located at the centers
(yi)1<i<n, the resonator located at y; receives the incident source field and N — 1 scattered waves coming from
the other centers (yj)lgj#SN. If s is sufficiently small in the sense that the scatterers located at (y;)1<;i<n
behave as point sources for the center y;, we can expect that the total field 4y s of (5.34) can be approximated
by the contribution of 4;, and these scattered fields:

X X w?s? w?v? t -yl Y-y o X
UN,s(Yi) — Gin(yi) =~ s Z [A (1}2(5) + B <6> G <s | j|, . )} Lo (yi — y;)tin (y;).

1<j£i<N SV lvi — 4

(5.36)
Based on this formula, we can discuss the formulation of an effective medium theory following the Foldy-Lax
argument of Section 3.4.
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5.3.2. Effective medium theory for the time-modulated medium in a subcritical regime
Using the law of large numbers, we deduce that 4y s can be approximated by
o o "
i) = (o) o [ i (= 2T 2 05 iV )
Q Vo ly — vl
where K (t,6) is the sT-periodic integral kernel defined for any ¢t € R and 6 € S? by

w?s? w?s? t y—1y
K(t0)=A —= Bl—|Gu!|-,——],
o= (%) +2 (5 ) o (2 3=)

and where A and B are the coefficients defined by (5.31). When sN — 0, this equation can be seen as the first
“Born” approximation of the solution g to an effective integral equation.

Corollary 5.2. Assume that the Foldy-Lax approzimation (5.36) is valid and the “subcritical” regime sN — 0.
Then we can expect the convergence of the total wave field iy s to an effective wave field Gi.g solution to the
integral equation

o o "
du(t.9) — 5N [ [K(t—'yvoy,Z_jmrvo<y—y’>aeﬂ<t,y'>V<y’>dy':am@), yeq,  (537)

where V dx is the probability distribution of the centers (y;)1<i<n-

Therefore, in the regime where sN — 0, the effective medium is governed by the integral equation (5.37),
which further emphasizes that the output signal carries a high frequency component in the far field. This
“subcritical” regime corresponds to the one in which higher-order reflections, which correspond to those coming
from subsequent interactions between the high-frequency components of (5.36) and the resonators themselves,
can be neglected: indeed, (5.36) shows that these reflections are of order O((sN)?). Nevertheless, the scattered
field remains small in this situation (of order O(sN)), and it seems that it would be more relevant to consider
the case where sV converges to a constant.

Unfortunately, it does not seem clear that one can write a homogenization theory for (5.34) in the “critical”
regime sN — « for some o > 0. Indeed, the higher order reflections induce scattered waves with arbitrarily
small wavelengths (equal to wi’;{é’ Ve for any n € Z), which can resolve the lower order reflections entirely on a
“small” resonator y; + sD. Hence, these rescaled resonators y; + sD can neither be considered “small” by the
higher order reflecting waves nor be approximated by point sources. Hence, a different analysis (for instance, a
high frequency homogenization approach in the spirit of [39]) is needed to derive a homogenized medium in the

regime sN = O(1), left for a future work.

However, it is still possible to write a homogenized equation for the low frequency component of the scattered
field in the regime sN = O(1), following the ideas of [14]. Let us introduce the time-averaging operator P defined
by

per per loc

Poi= /T@(t, -y dt for any o € L2, ((0,T), HL.(R*) N H! ((0,T), L% .(R?)).
T Jo

Then, (5.35) and (5.27) imply that the far field of P@ generated by a single rescaled resonator sD is

2.2

. A . w?s w?s?\ | _1 o ||
Pty x) — Gin(x) =~ sty (0) <A (1}3(5) - B (1)2(;) DPm,o|D| ™2 cap(D)) I'vo (z) as e ~+00.

Repeating the Foldy-Lax approximation argument, one can expect that Pu(t,x) converges to the solution @
to the following Lippmann-Schwinger equation with varying refractive index:

w? w?s? .
[A + (v% —sNC (1)%5 ) V19>} Uig =0,

where C'(§) = (A (&) — B (&) Pm,o D|2 cap(D)), with A(§) and B(§) defined in (5.31). This equation has
properties similar to those of the effective equation (3.28) obtained in the unmodulated case, namely the
possibility to achieve negative index wave propagation and amplification close to the resonance frequency.
Therefore, the true interest of the time-modulated medium lies in the generation of high frequency scattered
waves.

APPENDIX A. BLOCH TRANSFORM OF TEMPERED DISTRIBUTIONS

The Bloch transform (or its variant, the Floquet transform), is a classical mathematical tool in nanophotonics
and condensed matter theory; it allows to study the properties of periodic crystals, which are lattice structures
featuring a periodically repeated pattern in the three directions of space R3. Its most importance property is
the invariance with respect to the multiplication by a periodic function (see Appendix A.3), which allows to
reduce a spectral posed in H'(R?) into a parameterized family of elliptic problems posed on the unit-cell of the
periodic lattice with periodic boundary conditions. The Bloch transform is in most textbooks [64, 2] taken to
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be L?(R?), because wave packets which propagate in such structures decay at infinity. We are only aware of
[24] regarding the definition of the Bloch transform of L? functions with a general p > 1.

In the context of scattering due to a time-modulated media, where the periodicity affects the time variable
rather than the space variable, it is not physically relevant to assume that the wave fields decay at infinite times,
due to the energy conservation. Hence, there is a need for introducing a Bloch transform on a larger space of
functions, which do not necessary decay at infinity.

In this appendix, we propose a definition of the Bloch transform of tempered distributions. Our construction
is quite classical: we transpose the ideas that are considered for defining the Fourier transform of tempered
distribution. Namely, we start by defining the Bloch transform B in the Schwartz space of smooth rapidly
decaying functions in Appendix A.1. We also define the Floquet transform U/, which is its counterpart in the
Fourier space. Then, in Appendix A.2, we extend B to tempered distributions by duality. We show that the
main properties of this extension of the Bloch transform remain true, namely the fact that the Bloch transform
of a distribution is equal, up to a multiplicative constant, to the Floquet transform of its Fourier transform. In
Appendix A.3, we show an extension of the invariance property of the Bloch transform, namely Blpf] = pBf
for a periodic smooth function p and a tempered distribution f. In fact, this invariance property holds for
periodic distributions p, whenever the multiplication pf makes sense (see Definition A.3). Finally, we compute
the Bloch transform of a time-harmonic function t — e~“! for w € R in Appendix A.4, and we highlight how
we can retrieve from this formalism the time harmonic ansatz (4.1) for the solution to the time-modulated wave
equation (1.1).

In what follows, we denote by S(R) the Schwartz space S(R) of smooth rapidly decaying functions (see e.g. [86]):
S(R) := {f € C®(R) | sup [o» oS
z€R dx?

We denote by S’(R) the space of tempered distributions 7', which are linear forms on S(R) satisfying the
continuity property

< 400, foranyp,qu}.

(T, flss < C A

s ’ < su l’ —_

s 78 meg dxj
0<4,j<p

for some integer p € N and independent constant C' > 0.
A.1. The Bloch and Floquet transforms on the Schwartz space

We start by introducing a variant of the Floquet transform for functions defined in the Fourier space. For
any f € S(R), we consider the transformed function ¢ f defined by the formula

Uf(t, o)=Y fla+pQe ™ V(t,a) eR xR (A1)
pEZ

Since f € S (R), this series and all its derivatives converge normally, which implies that fe V(R x R) where
V(R x R) is the space of C*° functions ¢(¢, &) which are T—periodic in the first variable and Q quasi-periodic in
the second variable:

V(R xR):={p € C®°(R x R) |Vt €R, Va € R, ¢(t + T, ) = ¢(t,a) and ¢(t,a + Q) = ¢(t, )’ }.

Lemma A.1. The transform U is an isomorphism from S(R) to V(R x R), whose inverse is the mapping
Ut VR xR) = S(R) given by

U () = % /0 o(t, a)dt. (A.2)

Proof. Tt is straightforward to see that f = Z/Fl(uf) with U ~! given by (A.2), which proves that U is injective.
In order to prove that U is also surjective, it is enough to show that & ~*¢ € S(R) for any ¢ € V(R x R), because
the Fourier inversion formula for trigonometric series yields U (U ~'¢) = ¢. For an arbitrary n € N, we have:

d4 ar [T al [T
U P(a) = 7/ 0Lp(t, o) dt = 7/ ALp(t, o0 — nQ +n) dt
T 0 T 0

p T )
- / 0lo(t,a — nQ)el™* dt,
T Jo

where we use the fact that for any ¢ € N, 04¢ is 2-quasi-periodic in the second variable. Using p+ 1 integration
by parts with n := |a/Q], we obtain
44
@ o) =

dat

aP(—1 p+1
T(inf2) p‘H

/ LT B(t, a — n)e™H dt
(A.3)

|af? 1
= C|a|p+l teﬂzugen@ 0507 p(t, )
e
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for some constant C' > 0 independent of . This shows that U ~'¢ € S(R). g

For a given function f € S(R) defined in the time domain, the Bloch transform of f is the C*°(R x R) function
Bf defined by

Bf(t,a) = Z f(t —nT)et—nT), (t,a) e R x R. (A.4)

ne”Z

The following lemma relates the Bloch transform B in the time-domain and the Floquet transform ¢ in the
Fourier space.

Lemma A.2. We have
Bf(t,a) = fo (t, ) Z o+ pQ)e” P,

PEZL

) /Z f(t)eltde.

Proof. Let us compute the trigonometric coefficients of B(f, «): for any p € N, we find

where f is the Fourier transform of f:

(n—1)T

i/ Bf t O( IPQt dt = Z / f t— nT ia(t—nT) pot dt = Z / 1atein(t+nT) dt

nez nez -

+OO 1 .
7/ 1(a+pﬂ dt = Tf(a + pQ)

By using the properties of the Floquet transform U/, we obtain the following result.

Corollary A.1. The Bloch transform is an isomorphism from S(R) to V(R x R), and the following inversion
formula holds true:

ft) = a Li Bf(t,oz)e*i‘” de, for any f € S(R). (A.5)

2

We have also the following inversion formula for the Fourier transform of f € S(R):

a):/OTBf(t,a)dt

We now state the well-known Plancherel identities which hold for the Floquet and Bloch transforms.

Proposition A.1. The following Plancherel identities hold for any f,g € S(R):

vy
% /R FOF() dt = % /0 B (t,a)Bg(t,) dad, (A.6)

T2

f/f )ola 7// UF(t, ) UG, o) dadt. (A7)

Proof. This classical property is an easy consequence of the result of Lemma A.2. Using the usual Plancherel
identity for the Fourier transforms f and g of f and g, we write

_ 1 [t - 1 (z+p)2  _
[ swawar= 5 [ i@ e - 5 b o f@@ o

Q

T ry -
Z/ fla+pQ)gla+ pQ) do % i [ UF(t, a)Uj(t, o) dadt

Q
pEZ 2

Q
TQ// BftaBgtadtda——// Bf(t,a)Bg(t, o) dadt.
T oarT
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A.2. Bloch transform of tempered distributions

We now use the Plancherel identities of Proposition A.1 to extend B to tempered distributions by duality.
Let us introduce the space of distributions V(R x R) on V(R x R).

Definition A.1. We call ® a distribution on V(R x R) a linear form on V(R x R) for which there exist an
integer p € N and an independent constant C' > 0 such that

(@, ¢)v v < C sup [9;9%6(a,t)| for all ¢ € V(R x R).
,a€R
OtSi,Je'Sp
We denote by V(R x R) the corresponding space of such distributions.
Any function (¢, ) — ¢(t, @) integrable on (0,T") x (—%, £) can be identified to a distribution ®4 € V'(R xR)
by defining

1 [T r% _
(Py, YY)y p = g/o /_Q/2 o(t, )(t, ) dt dey, for all ¥ € V(R x R),

where we choose 2 = QT as the normalisation constant. We can now define the Bloch transform of a tempered
distribution by mimicking the duality identity (A.4).

Definition A.2. For a given tempered distribution f € S§’(R), the Bloch transform of f is the distribution
Bf € V'(R x R) defined by the formula

(Bf. o) = 7 ([, Bd)ss,  forany 6 € V(E x B). (48)

For a given tempered distribution f € S(R), the Floquet transform of f is the distribution U f € V(R x R)
defined by the formula

UF Oy = (FU )5, for any 6 € V(E X R) (4.9)

Remark A.1. The fact that & maps S'(R) to V(R x R) is a direct consequence of the inequality (A.3), and
similarly for B.

In what follows, we still write (A.1) and (A.4) for Bf and U f, remembering that these mean (A.8) and (A.9)
in the distributional sense. Clearly, the property of Lemma A.2 remains true for f € S'(R).

Proposition A.2. The following properties hold:

(i) the Bloch transform B and Floguet transform U of (A.8) and (A.9) are bijective mappings from S'(R)
onto V'(R x R) whose reciprocal map are the transform denoted by B~ : V(R x R) — S’(R) and
UL V(R X R) — S'(R) defined for any ¢ € V'(R x R) by

<B_1¢7 f>5/,3 = T<¢7Bf>v’,Va Vf S S(R)v

U, frsis =UpUf )y,  VfeSR);
(i) for any f € S'(R), it holds Bf = %Z/[f, where f is the Fourier transform of the tempered distribution f.

Proof. (i) is a straightforward consequence of the definition and the inverse mapping properties of B and U
defined on the Schwartz class. The point (ii) is obtained as follows: using the Definition A.2, we find, for any
¢ € V(R xR):

Q

(BF6) = £, B70) = 5 U6) = - WUF.6) = (7] 0).

A.3. Invariance property by multiplication with a periodic distribution

We now extend one the main properties of the Bloch transform, which is its invariance by multiplication by
a smooth periodic function (or by a L* periodic function for the Bloch transform in L?).

An important observation is to remark that, although the multiplication of two distributions is in general
not well determined, the product of a tempered distribution by a T—periodic distribution p can be defined
upon a certain condition. We recall that a T—periodic distribution can be written in the form of an arbitrary
trigonometric series ZpEZ ppe” P with coefficients (pp)pez growing at most polynomially as p — oo, see e.g.
[86, 40].

Definition A.3. Let p be a T—periodic distribution and denote by (pp)pen the Fourier coefficients of p:
p(t) =3 ppe . (A.10)

PEZ
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Let f € S'(R) be a tempered distribution. Whenever the series >° ., pp(fe~ P is convergent in S’, we say
that the “product” of p and f is well-defined and we write

pf = prfefipﬂ' € §'(R). (A.11)
PEZL

Remark A.2. The definition (A.11) makes sense thanks to two remarks. First, the product of the tempered
distribution f € S’(R) with the smooth bounded function ¢ + e~"P is a well-defined tempered distribution.
This series converges in §'(R) if and only if the series > ., pp(fe P ¢)s s converges for any ¢ € S(R).
When this is the case, the Banach-Steinhaus theorem implies that the linear form pf defined by

(pf.0):= lim Z< Pl fe P s

belongs automatically to S’'(R).
Similarly, we can define the product of a T—periodic distribution with a distribution ¢ € V'(R x R).

Definition A.4. Let p be a T—periodic distribution whose Fourier series can be written as (A.10). Whenever
the series > pp(PeIP") converges in V(R x R), we say that the product p® is well-defined and we write

p® = prq)e_mp‘.
pEL
We can now extend the classical invariance result B(pf) = pBf, which is obvious for f € S and p €

C.((0,T),R) a smooth T—periodic function.

per

Proposition A.3. Let f € §'(R) and p be a T—periodic distribution. If pf is well-defined (in the sense of
Definition A.3), then the product pBf is also well-defined (in the sense of Definition A.4) and it holds

B(pf) = pBf.
Proof. For any ¢ € V(R x R), we have by using the Definition A.2:
(B(oh), 6wy = 5 (pf B 0505 = 7 3 oyl ™ B )srs
pEL
It is clear from Corollary A.1 that for qﬁ € V(R x R), e % B71p = B~ (e~ ¥ ¢). Therefore, we arrive at
(B(pf), d)v,v = pr BN e ) s s =D (Bf,e s s

pGZ pEZ
From the Definition A.4, we obtain that the product pBf is well-defined, and that

(B(pf), d)vi,v = (pBf, o)y v
O

Remark A.3. One can verify that if p € L2, ((0,T),R) and f € L?(R), then the tempered distribution pf
of (A.11) is well-defined and coincides with the “usual” product pf. Therefore, we retrieve the well-known
invariance property B(pf) = pBf which holds on these spaces.

A.4. The Bloch transform of time-harmonic functions

We conclude this appendix by computing the Bloch transform of time-harmonic functions t — e~ '“¢, w € R.
These functions do not belong to L?(R) but they are tempered distributions.

Lemma A.3. Let w € R. The Bloch transform of t — et is the distribution

) 1 [T
Bt oy = [ otwd,  sev. (A12)
0
which can also formally be written as
Ble ™ =0 do(w— o — pQ)e P, (A.13)
pEL

Proof. Using Proposition A.2 and the fact that the Fourier transform of e is a + 276o(w — ), we find

) 2 2
Be % (t,a) = = [Us(w — )](t, &) = — T 6w —a—p2)e v, (A.14)
T
pEZ
which is the result (A.13). The distributional sense (A.12) is a consequence of (A.9), which states that
2m 27

TS )], v = gy (30 = U ¢S's—*/ o(t.w)d
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As an application, we can use Lemma A.3 to formally deduce that the solution w(¢,x) to (1.1) must be in
the time-harmonic form (4.1). Due to Lemma A.3, the Bloch transform of the incident field w;, (¢, z) of (1.2) is
equal to

Buin (t, ;) = Q Zﬁin(x)é(w —a — pQ)e P (A.15)
PEL
where we observe some separability between the variable o and w. Then, if 1/p(t)u is well-defined, the Bloch
transform Bu solves the following set of partial differential equations:

2
L (ia + 3) Bu(t, z; ) — iAl’j’u(t,x; a) =0, (t,z) € R x R3\D,
Ko ot L0

1 a\? 1

PR _ . R R = <1<

. ( o+ 8t> Bu(t, z; «) o ABu(t, z;a) =0, (t,z) e R x D, 1<i<N,
1 OBu(t,z; ) _ 1 OBu(t, z; o) ’ (o) ERxOD, 1<i<N,
Po on + prp(t) on +

Bu(t,z; ) = Bu_(t, z; ), (t,z) € R x 9D,
t — Bu(t, z;«) is T-periodic,
e (Bu(t, z; ) — Bug(t, ;) is outgoing.

(A.16)
Using the decomposition (A.15), we expect that

Bu(t,z; ) = Q Z 8(w — a — pQ)a(t, x)e P,
pEZ

where 4(t, x) is the solution to (4.2), because the solution to the problem (4.2) with right-hand side i, (2)d(w —
a — pQ)e P s G(t, )5 (w — a — pQ)e P2, Then, the inverse Bloch transform yields

u(t,r;w) =B~ [Q Z S(w—a — pQ)a(t, z)e P | =4t z)B~! |Q Z S(w—a —pQ)e P | = e Wt 1),
pEZL pEZ

which is the time-harmonic decomposition (4.1).
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