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Dynamic super-resolution in particle
tracking problems *

Ping Liu' Habib Ammari'

Particle tracking in a live cell environment is concerned with reconstructing
the trajectories, locations, or velocities of the targeting particles, which holds
the promise of revealing important new biological insights. The standard ap-
proach of particle tracking consists of two steps: first reconstructing statically
the source locations in each time step, and second applying tracking techniques
to obtain the trajectories and velocities. In contrast to the standard approach,
the dynamic reconstruction seeks to simultaneously recover the source locations
and velocities from all frames, which enjoys certain advantages. In this paper, we
provide a rigorous mathematical analysis for the resolution limit of reconstructing
source number, locations, and velocities by general dynamical reconstruction in
particle tracking problems, by which we demonstrate the possibility of achiev-
ing super-resolution for the dynamic reconstruction. We show that when the
location-velocity pairs of the particles are separated beyond certain distances
(the resolution limits), the number of particles and the location-velocity pair can
be stably recovered. The resolution limits are related to the cut-off frequency
of the imaging system, signal-to-noise ratio, and the sparsity of the source. By
these estimates we also derive a stability result for a sparsity-promoting dynamic
reconstruction. In addition, we further show that the reconstruction of velocities
has a better resolution limit which improves constantly as the particles moving.
This result is derived by a crucial observation that the inherent cut-off frequency
for the velocity recovery can be viewed as the total observation time multiplies
the cut-off frequency of the imaging system, which may lead to a better resolution
limit as compared to the one for each diffraction-limited frame. It is anticipated
that this crucial observation can inspire many new reconstruction algorithms that
significantly improve the resolution of particle tracking in practice. In addition, we
propose super-resolution algorithms for recovering the number and values of the
velocities in the tracking problem and demonstrate theoretically or numerically
their super-resolution capability.

*This work was supported in part by the Swiss National Science Foundation grant number 200021-200307.
TDepartment of Mathematics, ETH Ziirich, Réamistrasse 101, CH-8092 Ziirich, Switzerland
(ping.liu@sam.math.ethz.ch, habib.ammari@math.ethz.ch).



1 INTRODUCTION

The problem of particle tracking is of particular importance in many modern imaging experi-
ments such as visualization of cell migration and subcellular dynamics [28,37,42,54]. It is also
utilized in ultrafast ultrasound localization microscopy to super-resolve structures of vascular
and velocities of blood flow [17,22]. The conventional tracking methods in above applications
generally consist of two main image processing steps: 1) particle detection, and 2) particle
linking. The former refers to determining the locations of particles in each frame and the later
refers to linking particles between consecutive frames. However, this static reconstruction
strategy suffers from two major issues. The first key issue is that the particles are not well-
separated in some of the frames which results in unstable recovery of the source locations or
abandon of a large amount of frames where particles are closely-spaced. The second issue is
the ambiguities and heavy computational burden in linking particles with high densities and
velocities [37,38,45]. To fix these issues, in [4], the authors consider a model where the particles
move with constant velocities (in a short period) and propose a new dynamic reconstruction
method to simultaneously recover the source locations and velocities from measurements of
all the frames. However, theoretically the algorithm still requires that the point sources should
be separated beyond Rayleigh limit in each frame for a stable recovery, which hampered
its application in the case when sources are closely-spaced in some of the frames. In this
paper, in order to understand the super-resolution capability of the tracking problem, we
aim to analyze the resolution limit for super-resolving the source number, location-velocity
pairs, and velocities in the tracking problem . We also provide super-resolution algorithms
for reconstructing the velocities of moving particles which are able to super-resolve velocities
even when static reconstruction completely fails.

1.1 OUR MODEL AND CONTRIBUTIONS

Let us first introduce our model and main contributions. We consider the same model for
reconstructing dynamic point sources (or particles) as the one in [4]. We remark that we
will use bold symbols for vectors, matrices and some functions, and ordinary ones for scalar
values in our models and discussions throughout the paper. To be specific, we consider a
cluster of point sources that are moving constantly, represented by a time-varying measures
s, where t € [0,1] with 7 > 0 being the observation window. Since 7 is expected to be small,
the dynamics of each point can be linearly approximated. Thus each point is modeled as a
particle moving with a constant velocity:
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wherey; € R are the initial source locations and v i€ R are the velocities. The 7t,t=0,---, T
is the time step in [0, 7] at which we observe the samples. We remark that in the applications
of measuring the velocity of blood flow [17,22] and particle tracking velocimetry [15], we may
have alarger observation window 1 and our model is much more applicable. The measurement



at each time step is a noisy Fourier data in a bounded domain,

" c T T
Yiw) =Y aj eVt s W (w), weRY @l <Q, £=0,--+,T, (1.1)
j=1

where T denotes the transpose, Q is the cut-off frequency of the imaging system, W; is an
additive noise with |W;(w)| < o and o being the noise level. We denote
Mmin := min |a;l|.
Jj= 1,,n

For the tracking problem in R%, we are interested in reconstructing the amplitude, location,

and velocity pair set
n

{(aj’yf’wj)}jzl’
from the measurements Y,’s.

In [4], the authors proposed a fully dynamical method to reconstruct simultaneously the
source locations and velocities. They cast the inverse problem as a total variation optimization
problem satisfying the measurement constraints and showed that under certain conditions,
the optimization is able to reconstruct the amplitudes, locations and velocities of source from
noiseless measurements with infinite precision. However, for the noisy case, theoretically, to
stably recover the source, the point sources are required to be separated beyond Rayleigh limit
in each frame, which is definitely not super-resolution. Thus the superiority of the dynamic
reconstruction over the static recovery in the tracking problem is still unclear. Since when the
spikes are separated beyond Rayleigh limit, the static reconstruction is also able to recover
stably all the p;’s.

In this paper, in contrast to [4], we consider the locations and velocities of point sources
to be closely-spaced in sub-Rayleigh regimes respectively, and explore the ability of super-
resolution of the dynamic reconstruction in the tracking problem. More precisely, we analyze
the resolution limit for recovering the number, locations, and velocities of the source from the
measurement constraint. We prove that when
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where C;(d, n) is an explicit constant only related to space dimensionality d and source
number 7 (so do the following constants C»(d, n), C3(d, n), C4(d, n)), then we can recover the
source number 7 in the dynamic reconstruction. When
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then we can stably recover the source locations and velocities. The estimate demonstrates that
the dynamic reconstruction could resolve the location-velocity pairs in sub-Rayleigh regimes
for sufficiently large signal-to-noise ratio. It also indicates that the dynamic reconstruction
could recover source locations and velocities even when static reconstruction fails in some of
the frames, which demonstrates its superiority.



Moreover, by above results, we also show that any algorithms targeting at the sparselzst
solution satisfying measurement constraint could achieve the resolution CZ%’”) (mme) o
which demonstrates the favorable performance and the superiority of sparsity-promoting
dynamic reconstruction as compared to the static reconstruction methods. This is consistent
with the numerical results in [4] for comparison between reconstructions by TV minimization
and static method.

In some applications, the recovery of the velocities of the particles is more interesting than
the location recovery. For instance, in the ultrafast ultrasound localization microscopy based
non-invasive super-resolution vascular imaging [17, 22], the velocities of the blood flow with a
large dynamic range can be extracted by reconstructing the velocities of microbubbles inside.
We also note that the particle tracking is a common method in velocimetry [15] which seeks to
measure accurate velocities of fluid. We thus further consider the reconstruction of individual
velocities. By some projection methods, we demonstrate super-resolution for resolving the
number of point sources and value of velocities. More precisely, when the minimum separation

distance of velocities satisfies

Csd,n)( o )ﬁ
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we can stably recover the number of point sources. When

Cy(d,n) ( o )2,%_1,
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we can stably reconstruct all the velocities. The results are derived by a crucial observation that
the inherent cut-off frequency for recovering velocities 7v;’s can be viewed as T, by which
we obtain better resolution limits. We hope this observation could inspire new algorithms
for super-resolving velocities in the tracking problem. For fixed dimensionality d and source
number n, all the above theoretical results for the resolution limits are optimal in the sense
that at the same separation order there are counter examples in the worst-case scenario.

We also propose super-resolution algorithms for resolving the source number and velocities
respectively. They are demonstrated theoretically or numerically to achieve the same order of
the resolution limits that derived above. We also demonstrate numerically their superiority
over the static reconstruction.

1.2 RELATED WORKS

The main motivations of our work are ultrasound localization microscopy (ULM) [13, 14,
17,19, 22] and the dynamic reconstruction algorithm proposed in [4]. The concept of ULM
is drawing increasing research interest in recent years, due to its ability to solve the trade-
off between spatial resolution, penetration depth, and acquisition time when incorporating
with ultrasound contrast agents and ultrafast imaging [17, 22], by which the conventional
ultrasound imaging and other non-invasive medical imaging methods for living organs are
usually limited. Specifically, based on the diffraction theory, the resolution of conventional
ultrasound imaging is limited by half of the wavelength of the ultrasound waves which is of the



order of 300um. Thus the blood vessels separated below 300um is unable to be distinguished
by the conventional ultrasound imaging. But the ultrasound localization microscopy focus on
localizing some targeting particles (such as microbubbles) inside the blood vessels, giving rise
to a particle tracking problem [22] where both the locations and velocities are of interest. By
this innovative method, tenfold increase in resolution is achieved as compared to conventional
ultrasound imaging. Moreover, the ultrafast ultrasound imaging techniques also significantly
reduce the acquisition time of ULM imaging [22].

However, the tracking approach in [22] relies on static reconstruction of point sources in
each frame which suffers from some drawbacks. Among them the key issue is that a lot of
data are discarded whenever static reconstruction cannot be performed as particles being too
close. To solve these issues, in [4] the authors proposed a new method for the tracking problem
based on a fully dynamical inversion scheme, in which the locations and velocities of the point
sources are reconstructed simultaneously. To be specific, assuming the targeting particles
are moving at constant velocities and considering similar measurement constraint as (1.1),
they reconstruct source locations and velocities by a total variation optimization problem.
They majorly demonstrate that, for the noiseless measurement, if in more than three time
steps the point sources are well-separated to satisfy certain static dual certificates and the
configuration does not admit any "ghost particles" defined there, then the TV optimization
successfully recover the source locations and velocities. However, for recovering from the
noisy measurement, the point sources are required to be separated by more than Rayleigh
limit in each frame to ensure a stable recovery of the locations and velocities. Although the
super-resolution ability of the algorithm isn’t exhibited in the above theoretical result, but it is
confirmed by the numerical experiments there. Motivated by this, in this paper we provide
a rigorous analysis for the resolution limit of the dynamic reconstruction in the tracking
problems and theoretically demonstrate the advantages of dynamic reconstruction over the
static reconstruction methods.

On the other hand, the resolution analysis in this paper also follows the line of the au-
thors’ previous researches on exploring the super-resolution capability for different imaging
configurations [32-35]. Specifically, to analyze the resolution for recovering multiple point
sources from a single measurement, in [33-35] the authors defined "computational resolution
limits" which characterize the minimum required distance between point sources so that their
number and locations can be stably resolved under certain noise level. Based on a new ap-
proximation theory in a so-called Vandermonde space, they derived bounds for the resolution
limits of one- and multi- dimensional super-resolution problems [33-35]. In particular, they
showed that the computational resolution limit for number and location recovery should be
respectively C“““‘—(d")( g ) = and M( g ) T where Chum (d, 1), Csupp(d,n) are certain
constants dependlng on space d1mens10na11ty 'd and source number 7. In addition to the
single measurement case, the stability for sparsity-promoting super-resolution algorithms in
multi-illumination imaging was also derived [32].

There were also many mathematical theories for estimating the stability of super-resolution
from the perceptive of minimax error estimation. In [20], Donoho considered a grid setting
where a discrete measure is supported on a lattice (spacing by A) and regularized by a so-called
"Rayleigh index" b. He demonstrated that the minimax error for the amplitude reconstruction



is bounded from below and above by SRF??~!g and SRF?"*1¢ respectively with o being the
noise level and the super-resolution factor SRF = 1/(Q2A). More recently, inspired by the huge
success of new super-resolution modalities [8, 25, 26,44, 50] and the popularity of researches
for super-resolution algorithms [5,9,18,21,40,41,49], the study of super-resolution capability
of imaging problems also becomes popular in applied mathematics. In [16], the authors
considered n-sparse point sources supported on a grid and obtained sharper lower and upper
bounds (both SRF?"*"1¢) for the minimax error of amplitude recovery than those in [20]. The
case of multi-clustered point sources was considered in [6, 30] and similar minimax error
estimations were derived. In [3, 7], the authors considered the minimax error for recovering
off-the-grid point sources. Based on an analysis of the "prony-type system", they derived
bounds for both amplitude and location reconstructions of the point sources. More precisely,
they showed that for o $ (SRF) ~2P*1 where p is the number of point sources in a cluster, the
minimax error for the amplitude and the location recoveries scale respectively as (SRF)?P 1o,
(SRF)?P~2g/Q, while for the isolated non-clustered source, the corresponding minimax error
for the amplitude and the location recoveries scale respectively as o and o /. We also refer
the readers to [10, 39] for understanding the resolution limit from the perceptive of sample
complexity.

1.3 ORGANIZATION OF THE PAPER

The rest of the paper is organized in the following way. In Section 2, we present the main
results about the stability of location-velocity pair reconstruction in the tracking problem.
More precisely, in Section 2.1, we state the results for the stability of number recovery of the
point sources, and in Section 2.2 those for the stability of the recovery of the location-velocity
pairs. In Section 2.3, we present the stability estimate for a sparsity-promoting algorithm in
the tracking problem. In Section 3, we demonstrate better resolutions for the number and
value reconstruction of velocities. In Section 4 and Section 5, we propose projection-based
super-resolution algorithms for the number and value recovery of the velocities respectively.
Numerical experiments are also conducted to demonstrate their efficiency. Section 6 is devoted
to some concluding remarks and future works. In Section 7 and Section 8, we prove our main
results in this paper.

2 MAIN RESULTS ABOUT THE RECOVERY OF LOCATION-VELOCITY PAIRS

In this section, we present the results for the stability of the dynamic reconstruction in the
tracking problem. Suppose that a series of images is generated by n d-dimensional point
sources located aty;’s with amplitudes a;’s and velocities v;’s. The inverse problem we are
concerned with is to reconstruct the number and location-velocity pairs of the point sources.
To be more specific, we consider the set of parameters {(a;,y v i)} ;.1:1 and denote the vectors
of locations and velocities as
;= ( yj )
TV]'

We first consider the stability of reconstructing the number and value of the location-velocity
pairs a;’s. Because we are interested in the capability of super-resolution, we consider recov-



ering point sources with close y; and 7v;’s. We define

Bg”(x) = {y’ye R™, lly—xIl2 <6},

and assume that a; € B§'(0),j = 1,---,n, for certain § > 0. On the other hand, in order
to analyze the stability of the reconstruction, below we first need to define a o-admissible
parameter set of Y,’s. In the following sections, we shall consider recovering the number and
value of location-velocity pairs from all the o-admissible parameter sets.

Definition 2.1. Given measurementY,’s in (1.1), we say that{(a;,y, ﬁ/j)}j?zl is a o -admissible
parameter set of Y s if

k T aT
’Z djel(yf”w/’)“’—Yt(w) <o, llwll,<Q, forallt=0,1,---,T.
j=1

Definition 2.2. We say a parameter set is a n-sparse parameter set if it contains exactly n
different elements.
2.1 STABILITY OF NUMBER RECOVERY IN THE TRACKING PROBLEM
In this subsection, we present our main results for recovering the number of point sources in
the tracking problem. Define
Yk 1 k=1,
¢y =4 /=1 .1
0, k=0.

We have the following theorem for the recovery of source number in the d-dimensional
tracking problem. Its proof is given is Section 7.

Theorem 2.1. Letn=2and T = @ Let the measurementY; € R t=0,---,T,in (1.1) be

generated by a n-sparse parameter set {(aj,yj,rvj)};?zl withaj := (ryw;]) € B‘?‘ZIDQ (0). Assume

that the following separation condition is satisfied

(d-1)
B.8en?\ /(A0 4 12y (mtn )¢ o
2n-2
5 (=—)"% 2

Mmin

min
p#j1sp,j<n

a,—-a;l| =
p ]Hz

whereé(d —1) is defined as in (2.1). Then there does not exist any o -admissible parameter set of
Y, 's with less than n elements.

Remark 2.1. We remark that the condition a € B%4_ (0) in the above theorem and similar
(n+1)Q

conditions in the rest of the paper can be straightforwardly extended to a ; € B%*l, (%) fora
(n+DHQ

non-zero vector x. Also, they can be easily extended to aj € Béd(O) for a larger & with a slight
modification of the results.




Theorem 2.1 reveals that, for fixed space dimensionality d and source number n, when

min;, H( ¥j ) ( )H > O( (m )2n—2 z) it is possible to reconstruct the exact source num-
T Tvp ‘min

ber in the tracking problem. We remark that since the space dimensionality of interest is
usually small (d = 1,2,3), the amplification factor in (2.2) due to the space dimensionality is
not large.

We next show that in the worst-case scenario, the order O( (5.2 )zn 2) is optimal without
further information on the velocities. This is shown by Proposmon 2 2. We first present a result
for the d-dimensional static super-resolution problem which helps to derive Propositions 2.2
and 2.3.

Proposition 2.1. For given 0 < 0 < mmin and integer n = 2, there exist aj € C,y; € RY,j =
1,---,n,and a;€C,§; €R?, j=1,---,n—1 such that

Zae 1|<a, lwl.<0.
Moreover, ,
e e
min |a;| = Mpyin, min V|| =—— .
15y 4 Thmine BEYP Y, Q  \mmin
Proof. See Proposition 2.4 in [33]. O

Proposition 2.2. For given 0 < 0 < mpin and integer n = 2, there exist a n-sparse parameter
set{(aj, y],rv])}] pYj€ R4 Vi€ RY, and a(n—1)- -sparse parameter set {(d;, y],rv])}] 1,§r]

Rd,v] e R, such that

Za PG+ w Za PO HITV] )w)<0 lwll,<Q, t=0,---,T.
j=1

Moreover,

3

ail = . || || 0.816_5( o )ﬁ
min |a;| = Mmin, min|la,-a;|| = ———
e i min oy p i, Q ,

Mmin

where aj = (Ty‘; )
J

Proof. Let aj,§;,aj,y;'s be the ones in Proposition 2.1. Then we have

Zae Zae | o, ||w||25(2,w€[RZd.

When \‘/j =v; =V, we also have

= A i+ Y iyl +tvhw
eV N g VIt <o) ol =Q, £=0,---, T
j=1 j=1

The other parts of the proposition are easy to verify. O



Proposition 2.2 holds for the case when all 7v;’s are equal or very close to each other. If the
velocities are not close to each other, we next have Proposition 2.3, which shows that the order
of the resolution of number recovery in Theorem 2.1 is nearly optimal for the reconstruction
with a short time period (i.e., when T is small). For a tracking problem with long time period,
we expect that the resolution for recovering the number of different velocities is of order

O(% ( m(rfnin s ). This will be demonstrated by results in Section 3.

Proposition 2.3. For given 0 < 0 < mpin and integer n = 2, there exist a n-sparse parameter set
{(ajy;, TVJ')}7=1 with differentv;’s, and a (n - 1)-sparse parameter set {(dj,?j,ﬁlj)};l:‘ll, such
that

A i@l i(y] +iTv]
ajel(y]+[Tv])w—Zajel(y] Vo <o, |lwl<Q, t=0,---,T.
j=1

n—1 n
j=1 j=

Moreover,

_0.81v2e (-2 )ﬁ

min |a;i| = mpj min”a —a~H =
J m S P T T (r+1)Q

l<j<n

(2.3)

Mmin

where aj = (Ty‘; )
J

_3 —
Proof. LetA=1281e2 (mme) “"* _ For the one-dimensional case, as in the proof in [33] or [34],

Proposition 2.1 holds when the n —1 and n point sources are located at
_(n - l)Ar _(n_z)A, ) 0; A) (n - ]-)A)

with certain intensities d;, a;’s. More specifically, let £; = —jA,x; = (j— DA, j=1,---,n, we
have

n—1 n—1
Y ajeNi?-3 ajeMi?l <o, |wl=Q, (2.4)
j=1 j=1

with certain d;,a;’s. We consider in the proposition the above d;,a;’s and the following
Vi1V TV,

G2 Yot @)= AL 00y
YI’I_T+1\/E””’Y"’”_ T+1 va =~ "
and

(yl,7v{)=(0,0,---,0), (y4 rvﬁ:ii(l 1-,1), -

1) 1 Yy » y 2v 2 T-f—l\/a y Ly ) y y

+ 1. (m=DA 1

, - (1,1,---,1).

(V) TV,) 1 \/E( )

Note that (2.3) is satisfied. On the other hand, for any ||lw|l, < Q,w € R%, ¢t =0,---, T, let



w
w;= ( ),we have
tw

(= i(§] +e79] & i(y! T n-l T oT n T T
djel(Yj +T¥ ) _ Z ajet(yj +TV] )w‘ _ ’Z djel(yf TV o Z d]'el(yj TV,

j=1 i=1 1 ~

S §;79] iy, rv’ 1+
=| L aje !B TI ) Z “jel(yj S (U+v= o u=—— (1, )7, jol<Qu'v= 0)

j=1 j=1 2v/d

-1
_|3 4.l T _ Z aj 0] TV
=2 4

j=1 j=1

n—1 n
= L ix
- - aje'™

j=1 j=1
where

N AT T (1+T) T . (1+T) . '

x-:(Y',TV) (1,1,---,1) :—]A,x (Y; ) 1,1,--,1) =(]_].)A,

and ol
+
'(D| = ) w‘ <Q.
T+1
Furthermore, by (2.4), we thus have
— +t'rv Jw & i(yT+tTvT)w
Z !5+ TD0 Y ;!0 <o, lwlly <Q, 120, T

O

2.2 STABILITY OF LOCATION AND VELOCITY RECOVERY IN THE TRACKING PROBLEM

In this subsection, we present our main results for recovering the locations and velocities of
point sources in the d-dimensional tracking problem. We have the following theorem whose
proof is given in Section 7.

Theorem 2.2. Letn=2and T = "2“) Let the measurementY;,t =0,---, T, in (1.1) be gen-

(0). Assume

(n-Dxm
n(n+2)Q

&(d-1)
117607/ (2522 14971 (n + 2) (n+ 1) /2) o L

Q ( Mmin ) " '
(2.5)

where¢(d—1) is defined as in (2.1). If a n-sparse parameter set{(a;,§ ;, ﬁ/j)};.lzl withd@j:= (ry\; )
J

erated by a n-sparse parameter set {(aj,yj,rvj)};.l:1 with aj := (Ty‘i ) e B%d
J

that

dmin:=minHa —a~” >
iy 10P T %],

supported on B*¢ onx (0) is a o -admissible parameter set of Y,’s, then after reordering the &;’s,
n(n+2)Q

we have

A

) ) dmin
(X]—(X] 2< .

2

10



Moreover, we have

SRF*"2—_ 1<j<n, (2.6)

where SRF is the super-resolution factor defined by dmj;[nQ and

2n-1

+1 21 _
n(n—))2+l) T (4T (n+2) (n+ 1) /2)8@D )P ppin=2 2n gy

Cd,n) = \/5(271)2"‘2((

Theorem 2.2 demonstrates that for fixed dimensionality d and source number n, when

N ANAT 1o yah) itis possi
min;jx, H(TV]) (Tvp) ‘ ‘2 = O( a2 ), it is possible to stably reconstruct both the source

locations and velocities in the tracking problem. It also indicates that even when in some
of the frames, the point sources are spaced so close that are unable to be stably resolved,
but the dynamic reconstruction can still stably resolve the source locations and velocities. It
demonstrates the superiority of dynamic reconstruction over the static reconstruction method.
In addition, by the following results, we shall see that the order O(é ( m‘;n 71) i optimal in the
worst-case scenario without further information on the velocities. We first recall the following
result on the location recovery in the static super-resolution problem.

Proposition 2.4. For given 0 < 0 < mpin and integer n =2, let

1

=0.4S()2e_g( o )27_,

2.7)
Mmin

Then thereexistaj € C,j =1,---,nandy;’s at{(-A,0,---,0)T,(=24,0,---,0)T, (~=nA,0,---,0) T}
and another 4; € C,j =1,---,n and§;’s ar{(0,0,---,00",(A,0,---,0)7, (n = 1)A,0,---,0) '} such
that

n T n T
A Iy W ly.

Y ;%03 a;e™ | <o, flwl<0, (2.8)

= =

and either mini < j<p|a;| = Mmin 0rminy<j<, @l = Mmin.
Proof. See Proposition 2.8 in [33]. O
As a direct consequence of Proposition 2.4, we have the following result.

Proposition 2.5. For given 0 < o < mnin and integer n = 2, let

049e—3( o )#
A=—C " 2T,

Q (2.9

Mmin
Then there exist n-sparse pammeterset{(aj,yj,ij)};.l:l s withvj =v,j=1,--,nand
y1=(=A0,--,007,y, = (=2A,0,---,0) 7, .-+ y, = (=nA,---,0) T,

and n-sparse pammeterset{(dj,frj,ﬁrj)};‘zl Sswith¥j=v,j=1,---,n and

$,=0,-,00",9, = (A,0,---,0)",---,§, = (n—DA,---,0) "

11



such that

SN i§+t19))w = iyl +trvhew
Y ajeVitIe N q VT <0, lwll2<Q, £=0,--, T,
j=1 j=1

and either mini<j<nla;j| = Mmin Ormini<j<p|d;| = Mmin.

This result holds for the case when all Tv;’s are equal or very close to each other with respect
to T. Thus, theoretically the resolution of y;’s in the worst-case is expected to be of order

If the velocities are not close to each other, we next have Proposition 2.6, which shows that
the order of the resolution in Theorem 2.2 is nearly optimal for the reconstruction problem
with short time period (i.e., when T is small). For a tracking problem with long time period,
we expect the resolution for the velocities to be of order O(%( O )z ). This will also be

Mmin
demonstrated by results in Section 3.
Proposition 2.6. For given 0 < 0 < mpin and integer n =2, let
3
A= 0.49e" 2 ( o )2,1%1 (2.10)
(T+DQ Ymy) '

Then there exist n-sparse parameter set {(&j,frj,ﬁ/j)};‘zl s with (§11T,\‘/1 ) = _\/Aﬁ(l"" 1), e,
VAR _\n/_% 1,-++,1), and n-sparse parameter set{(a;,y , TVj)};.l:l swith (y] ,v) = (0,0,-+-,0),

(Y;,V;) = \/Aa(l) ’1))"' » (Y;,V;) = %(1»"' ) 1) SUCh th(lt

S i@ +119Nw ¢ iyl +trvlw
Y. 4Tty ;YT <o, lwlla <Q, 120,04, T,
j=1 j=1
and either mini < j<p|a;jl = Mmin Orminy<j<p|d;l = Mmin.

1

_3 N ~
Proof. LetA = wTez(L)znfl. Let ;=—jA,xj=(j—-DA,j=1,---,n, by Proposition 2.4 for

Mmin

the one-dimensional case we have

n n—1
Z&]e”cf‘”— Z a.eiv <o, |wl=Q, (2.11)
j=1 j=1

for certain aj, a;’s. We consider the above @, a;’s and the following §;,79;,y;,7v;’s,

-A —nA

F,79]) = ﬁ“"" 1), e, @1 = ﬁ(l,m,l),
and
A (n—1A
(y;,7v]) = (0,---,0), (y5,TV,) = ﬁ”""'”’ ey TV = T(l,---,l).
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For any |lwl|l» =Q,t=0,---, T, we obtain that

n

n n i
A Gt e iyT+rvDo| _ s i§T N T e
Zd]e J j Za]e j j Z aje'iTvie Zd]e Trv]
m = = j=1
n N aT _aT n LT T (]+t)w
=2 a;e! T T Y a; Y (utv=wpu= (1, D el s QuT v =0
j€ i V/_
5 = 2vd
n T n .
= Z ajez(yj TV u _ Z ajel(yi TV )u’
j=1 j=1
L ..n o
= q:e'tiv LiXi@®
=) aje™i® =3 ajei?,
j=1 j=1
L. 1+7) e DT =—iA x: = 1+7) DT = (i DA e
where £; = (§],79] )Z\F( 1) jAxj =@,V )zf 1,---, )" =@ -DA and‘w|

+1
T+1

w| < Q. Furthermore, by (2.11), we thus have

S i@ +t79)w - iyl +trv])w
Y aj T HTIe N g /YT <o ol <Q, =0, T.
j=1 j=1

2.3 STABILITY FOR SPARSITY-PROMOTING DYNAMIC RECONSTRUCTION

Sparsity-based modeling and optimization is a common way in super-resolution that seeks
to accelerate the resolving process or reduce the number of measurements. In [4], a sparsity-
promoting algorithm is proposed to super-resolve source locations and velocities in the
tracking problem, where the authors’ aim is to find an admissible 2d-dimensional source with
minimum total variation norm. There, the theoretical stability result for the optimization
requires the point sources to be separated by more than a Rayleigh length in each time step ¢,
which is inadequate for demonstrating its super-resolution capability.

As a corollary of the results in Subsections 2.1 and 2.2, we can derive a stability result for a
sparsity-promoting dynamic reconstruction in the tracking problem, which demonstrates the
possibility of achieving super-resolution for the sparsity-promoting dynamic reconstructions.
We consider a sparsity-promoting dynamic tracking problem which seeks to find the sparest
solution satisfying the measurement constraints. The optimization problem is

min #((a;,9,,79))} subjectto | F[p @) -Yr@) <o, 1=0,--, T, llwll, < Q,
1(a;,9;,79)},§] 19)) Te0

(2.12)

. We have the following theo-

i (§'IT»+ tﬁro)w

where p; = 27 a](?y 1T and Z [p;](w) = Z”
rem for the stablllty of the minimization problem (2 12).

Theorem 2.3. letn=2,T = @, and 0 < Mmin. Let the measurementY;,t=0,---,T, in

(1.1) be generated by a n-sparse parameter set{(aj.yj,rvj)};lzl with aj := (Tyf ) € B, (0).

] n(n+2)Q

13



Assume that

¢(k-1)
11.76en2/ (2522 + 1451 (n+2)(n+ 1) 12 R

)™

Q Mmin .
(2.13)

LetG in (2.12) be Bz(‘,’f,l),, (0), then the solution to (2.12) contains exactly n elements. If a n-sparse

nn+2)Q
parameter set {(a;,y ;, TV;)} ;‘:1 is the solution, after reordering the &’s, we have

dminzzminHa —a~|| >
pri 107l

&-—a-H < %nin
J J 2 2 *
Moreover, we have
Cld,n 5 O
@j-aj] < @ sppen2 7 1<jsn, (2.14)
2 Q Mmin
where SRF := dm?nﬂ and
nn+1 -l _

c, n):\/Gn(Zn)zn_z((¥)2+1) T (44N (n+2)(n+ 1) 12)8 @)D ppan=2 2ng =g

Proof. Note that by 0 < mpn, (2.13) is greater than (2.2). Thus by Theorem 2.1, the solution to
(2.12) contains n elements. Then by Theorem 2.2, we prove the desired result. O

Theorem 2.3 reveals that sparsity promoting over admissible solutions satisfying the mea-
surements of all the frames could resolve the location-velocity pairs to the resolution limit
order. It provides an insight that theoretically sparsity-promoting dynamic reconstruction
algorithms would have favorable performances on the tracking problem. Especially, under the
separation condition 2.13, any tractable sparsity-promoting algorithms (such as TV minimiza-
tion) rendering the sparsest solution could stably reconstruct all the location-velocity pairs.
Theorem 2.3 also indicates that even when the static reconstruction fails in some of the frames,
the sparsity-promoting dynamic reconstruction could also resolve the location-velocity pairs,
which is consistent with the numerical results in [4].

3 MAIN RESULTS FOR VELOCITY RECOVERY

In this section, we present the results for the stability of velocity recovery in the tracking
problems. We shall first introduce better resolution estimates for recovering the number
and values of velocities and then present a stability result for a sparsity-promoting velocity
reconstruction algorithm.

3.1 BETTER RESOLUTION ESTIMATES FOR RECOVERING THE NUMBER AND VALUES OF
VELOCITIES

In this subsection, we shall derive better resolution estimates for recovering the number
of sources and the values of velocities in the tracking problem. We first have the following
theorem for the reconstruction of the number of sources.

14



Theorem 3.1. Letn=2 and T =2n—2. Let the measurementY;,t = , T, in (1.1) be gener-
ated by a n-sparse parameter set {(a; Yo Tv])}].:1 withtv; € Bfi 1r (O) Assume that

Ed-1)
8.8ne(n/2)d_1(n(n - 1)/n)‘

Mmin

l’l’lll’l||TV —TV; || =
p#j p J

Then there does not exist any o -admissible parameter set of Y;'s with less than n elements.

Theorem 3. 1 reveals that when the minimum difference between velocities is greater than
O(+ 7 (2 )22 z-2), then the number of point sources can be exactly reconstructed in the tracking
problem By Proposition 2.3, we note that this order is optimal. In the following theorem, we
further develop a better estimate for the resolution of the velocity reconstruction.

Theorem 3.2. Letn=2 and T =2n- 1. Let the measurementY,t=0,---, T, in (1.1) be gener-
ated by a n-sparse parameter set {(a;,y IV i)} ;?: 1 withtv; € Bfi 1r (0). Assume that

éa-
11.76em4%"1((n+2)(n + 1)/2) ”

1
2n-1, 3.2
o) (mmin) 3.2)

dmin::minHTv —rv-” >
oy p I,

If a n-sparse parameter set {(Ezj,ifj, T\Alj)};.’: with TV;’s supported on B oz (0) is a o-admissible
TQ

parameter set of Y. 's, then after reordering the¥V;’s, we have

dmin

||TVj —‘L'V]'H2 <
Moreover, we have

Cdn) gppen2_ 9y _icp 3.3)

||T\7j—rvj|| <
2 TQ Mmin

where SRF is the super-resolution factor defined by m and

Cd,n) = (497 (n+2)(n+1)/2)$@ D)7 pobn=32ny—;

Theorem 3.2 reveals that when the minimum difference between the velocities is greater
than O( m( )2n 2), then the velocities can be stably reconstructed in the tracking problem.
By Proposmon 2. 6, we note that this order is optimal.

In Sections 4 and 5, we will propose super-resolution algorithms for reconstructing re-
spectively the number of sources and the values of the velocities, which are demonstrated
theoretically or numerically to lead to the optimal resolution orders that are shown above.

We remark that both Theorems 3.1 and 3.2 are derived by a crucial observation that the
measurements at point w = Qv are

n - T
Y, vQ) =Y a;e %I o wW,vQ), =0, T. (3.4)
j=1

15



T
Letbj=a je’yf' V2 and Vi= TVJT.V and W(z) = W,;(vQ)), the measurement can be written as

n .
Y()=) bje VM +W() t=0,--,T.
j=1

Thus the inherent cut-off frequency for recovering 7v;’s can be viewed as T, which results in
a much better resolution limit -5 compared to the one § for each frame. Because recovering
objects separated larger than Rayleigh limit is stable even for imaging system with low signal-to-
noise ratio, our observation indicates that, by some dynamic reconstruction algorithms, we are
very likely able to achieve better resolution for velocities than that of the static reconstruction.
This will be confirmed by numerical algorithms in Section 5. For other examples, by applying
the algorithms in [9, 49] which are provable to resolve point sources with a separation distance
of Rayleigh limit order to several measurements like (3.4), we are able to recover the velocities
with resolution of order O(%). We anticipate the above observation can inspire many new
reconstruction algorithms that enhance significantly the resolution of the tracking problem in
practice.

3.2 STABILITY FOR A SPARSITY-PROMOTING VELOCITY RECONSTRUCTION

As a corollary of the results in the above subsection, we can derive a stability result for velocity
recovery by the sparsity-promoting dynamic reconstruction algorithm (2.12), by which we
demonstrate that the sparsity-promoting dynamic reconstruction attains the optimal super-
resolution capability for the velocity recovery. Specifically, we have the following theorem.

Theorem 3.3. Letn=2,T=2n-1, and o < Mpin. Let the measurementY;, t =0,---, T, in (1.1)
be generated by a n-sparse parameter set {(aj,y v j)};.l:1 withtv; € B4 \ (0). Assume that

n-1)n

(
T

i £d-1)
11.76em4 ((n+2)(n+1)/2) .
dmin::minHTvp—ijH > ( )2n-T1, (3.5)
p#j 2 TQ Mmin

Let@ in (2.12) be Bﬁl,m (0), then the solution to (2.12) contains exactly n elements. If a n-sparse

TQ
parameter set{(a;,§;,7V;)} 7:1 is the solution, after reordering the & ;’s, we have

||T\7-—Tv-H <dmin
IS
Moreover, we have
Cld,n 5 O .
[9; - 7vi]|, < @1 sppen2 7 y<j<n, (3.6)
2 Q Mmin

where SRF := dmm% and

Cld,n) = (447 (n+2)(n+1)12)8 @ D)1 pgbn=3 2nz =5
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4 PROJECTION-BASED VELOCITY NUMBER DETECTION ALGORITHM

By the projection methods we use in Section 8, we propose in this section and next section
new algorithms for super-resolving the velocities. The strength of our algorithms is that they
are able to resolve the number of sources and reconstruct the values of the velocities at the
resolution limit orders, i.e., O(75 (=2 1

1 .
) 2) and O(T—IQ( m‘;n)m), respectively. Therefore, as
the number of time steps increases, the resolution improves as well.

In this section, we propose a projection-based sweeping singular-value-thresholding num-
ber detection algorithm for the tracking problem in two dimensions. The extension to higher

dimensions is straightforward.

4.1 ONE-DIMENSIONAL SWEEPING SINGULAR-VALUE-THRESHOLDING NUMBER
DETECTION ALGORITHM

In this subsection, we review the sweeping singular-value-thresholding number detection
algorithm in dimension one [34] for the static super-resolution problem. We refer to [1, 2,
11,23,24,29,43,47,51,52] and the references therein for other interesting algorithms in one
dimension.

We consider a model that is tuned for our velocity recovery problem. Especially, we consider
the measurement Y generated by u = 2721 ajby;, yjERas

n .
Y1) =) ajeV ™ +W(), t=0,---,T, (4.1)
j=1

with [W(7)| < o and min; |a;| = mmin. We choose measurements at the sample points gr, g =
0,---,2s with s = n and r, g being integer satisfying T+ 1 =2sr + g,0 < g <2s:
n .
Y(gr) =) ajeV ™ +W(qr), 0<q=<2s.
j=1

We then form the following Hankel matrix:

Y(0) Y(r) ‘e Y(sr)
Y(r) Y(2r) -+ Y((s+1r)

H(s) = . : (4.2)
Y(sr) Y((s+1r) --- Y(2sr)

and consider the singular value decomposition of H(s)
H(s) = ULU*,

where £ = diag(d1,-+,0n,0n+1, "+, 0s+1) with the singular values 67, 1 < j < s+1, ordered in
a decreasing manner. We then determine the source number by thresholding on these singular
values with a properly chosen threshold based on Theorem 4.1 below. To derive Theorem 4.1,
we first introduce the notation

ps(x) = (1,x,--,x%), (4.3)
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k=12 kisodd,
((k):{ (,E 2 k_)z so (4.4)

5)!(7)!, k is even,

and the following auxiliary lemma.

Lemma 4.1. Letk 22 and -5 < 0y <0 <--- <0 < 7. Let Omin = miny;10, - 0;| and
Vielk—1) = (pr_1(€0), -+, pr_1(e'%%)) with ¢r_1 (x) defined as in (4.3). Then

k-1
-1
IVik(k—1)" o < m,
where (k) is defined in (4.4).
Proof. See Lemma 3 in [34]. O
Theorem 4.1. Lets=>n and u= Z 140y, withy; € [= (n ””, n_ 1)”] 1< j < n. We have

0j<(s+lo, j=n+1,--,s+1 (4.5)

Moreover, if the following separation condition is satisfied

min’ ~ _|>2n(s+1)(2n(s+1) o )ﬁ (4.6)
p#j Yo=Y TQ ((n)?  mmin ’ ’
where {(n) is defined as in (4.4), then

6p,>(+1)o. 4.7)

Proof. Step 1. Note that H(s) has adecomposition that H(s) = DAD"+Awhere A = diag(a,,---
D = (ps(e™127), -+, ps(eVn7)) with ¢s(w) being defined in (4.3) and A is the matrix from the
noise W. We first consider the case when W(#) = 0, in which H(s) = DAD". Denoting o, as the

n-th singular value of H(s). Note that o, is the minimum nonzero singular value of DADT.

Let ker(D ") be the kernel space of DT and kert (D7) be its orthogonal complement, we have

On= min ||DADT||2 2 Umin(DA)Uﬂ(DT) = O'min (D)0 min (A)Omin (D).
l1x|l,=1,xeker* (DT)

Let Omin = min,z; |y,rQ—y;rQ|. Since s = n, yjrQ e [, 2] for y; e [ - &0z (U] gy

Lemma 4.1, we have

1 1 1 {(mer!
= > — ,
Van=D"Yl2 ~ VallVa(n-1)"Yls n a1t

where V,,(n—1) = (gbn_l(eiylgr), ,gbn_l(eiy"Qr)). It follows that

Omin(D) =

1 (O™ 12 mminl(n)?6%-2
O'nZO'mm(A)( N “1““) > “”:MZn i (4.8)

Step 2. We now prove the theorem. Since ||W||. < g, for A in Step 1 we have ||All2 < ||Allg <
(s +1)o. By Weyl’s theorem, we have |6 — 0o ;| < [|All2,j = 1,---,s+ 1, where g is the j-th

18
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singular value of DADT. Note thato;=0,n+1<j<s+1,weget|d;|<[|Alz=<(s+1)o,n+1=
j < s+ 1. This proves (4.5).

Since yj [ (n—-1nm (n 1)7r

o 1o ) by the relation between r, s, T, we have Omin € [— 2, 2] and

2n(s+1)r(2n(s+1) o )ﬁ> (2n(3+1) o )ﬁ
T C(n)z Mmin ((n)z Mmin '

where we have used the separation condition (4.6). By (4.8), we have

2p2n—-2
MminG (1) Hm’zn

Omin = erin|y —y4| >
p#j p J

on= >2(s+1)o. (4.9)

nln—2
Similarly, by Weyl’s theorem, |6, — o ,| < [|All2. Thus, 6, >2(s+1)o —||All2 = (s + 1)o. Conclu-
sion (4.7) then follows. O

The reconstruction procedure is summarized in Algorithm 1 below. Note that in Algorithm
1, itis required that the input integer s is greater than the source number zn. However, a suitable
sis not easy to estimate and large s may yield a deterioration of resolution. To remediate this
issue, we propose a sweeping singular-value-thresholding number detection algorithm which
allows us to find the minimum (or sparsest) source number from admissible measurements;
see Algorlthm 2 below. We remark that since when s = n the separation distance in (4.6) is
near TQ( )Zn 2 for a small constant c, the resolution of Algorithm 2 attains the optimal
resolution order derived in [34].

Algorithm 1: Singular-value-thresholding number detection algorithm

Input: Number s, noise level o;

Input: Measurement: Y = (Y(0),---,Y( T))T;

1:7=T+1 mod2s, e = (Y(0),Y(r), -, Y(w2s) '

2: Formulate the (s + 1) x (s + 1) Hankel matrix H(s) from Y., and compute the singular
values of H(s) as 61, -+, 041 distributed in a decreasing manner;

4: Determine nby 6, > (s+1)oand 6 <(s+1)o,j=n+1,---,s+1;

Return: n

Algorithm 2: Sweeping singular-value-thresholding number detection algorithm

Input: Noise level o, measurement: Y = (Y(0), - -- YY)
Input: 1,4, =0;
fors=1: L%J do
Input s,0,Y to Algorithm 1, save the output of Algorithm 1 as 7,¢coper;

if nrecover > Nimax then
L Pmax = Nrecover

Return 71,4

4.2 TWO-DIMENSIONAL SWEEPING SINGULAR-VALUE-THRESHOLDING NUMBER
DETECTION ALGORITHMS

We now derive the two-dimensional sweeping singular-value-thresholding number detection
algorithm for recovering the number of sources. The strategy is considering the measure-
ment at some proper sample points. To be specific, let the parameter set of the source be
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a;j€Cy; €R?v; € R* and Y;(w) in (1.1) be the associated measurement. We
n+1)

first choose the following 2 vectors
v(0y) = (cos@q,sineq)T eR? g=1,--, @, (4.10)
where 0, = m For each ¢, the measurement at Qv(0,) is
Y, (Qv(0y) = i aj 1Y VOQ HiTvivO Q1 +W,(v(0,)Q), t=0,--,T.
j=1
This can be viewed as Y(#) = ¥7_ bje ivO0IQU Wi f = , T with b; = eViVOP2 ang

W(1) = Wi (v(04)Q). Thus we can form the Hankel matrix Hq(s) in the same way as in (4.2)
from the above measurements. Denote 6 4 ; the j-th singular value of H,(s), we can detect
the exact source number by thresholding on 6 4, ;’s under a suitable separation condition, as
shown in Theorem 4.2 below. We first present a result which is needed in the proof of Theorem
4.2.

Lemma 4.2. For 1vy,---,7v, € R%,n = 2, let dmin := ming.;|lTvy — 1vjll2. Let v(04),q =
1,--- M be the ones in (4.10) and S;’s be the one-dimensional spaces spanned by v(0,)'s.
There exlsts qg* so that

dmin
nn+1)

min 1P . (Tvp) = Ps,. (TV])H
p#j,1sp,jsn

Proof. 1t is clear there are at most @ different u,; = 7v, —7v;,1 < p < j < n. Denote

v(0) = (cosB,sin@) " and A = 7o5m- We observe that if V(@) "u| < |Jull2sinA, 0 € [2A, 7],
then [v(0*) Tu| = [|ul|, sinA, for |8* — 0| = 2A,0* € [2A, 7]. Define N(u,A) = {vlv € R, ||v||, =
1,1v ul < [[ullzsin A} Ifv(8,,) € N(ap, j,, A) forsome 1 < py, jo < 1, thenv(0,) & N, o, A), V. #
do,q = 1,---, 221 Since we have “"*1) different g’s and only 21
some v(04+) € up<],15],pan(up],A) Hence,

uy;’s, there must be

. , 2A
min _ |[|Ps . (vp) = Ps . (Vj)ll2 = dmin SINA = dmin—,
p#j,1=p,j=n b/

whence the lemma follows. O

Theorem 4.2. Let n = 2,s = n and consider the parameter set {(aj,yj,rvj)};?:1 with tv; €
B2_,.(0),1< j < n. For the singular values of Hy(s), we have
TQ
N . nn+1)
Ggj=(s+Do, j=n+tl-,s+l, g=1- —0—. 4.11)

Moreover, if the following separation condition is satisfied

as+D)nn+) ns+l) o Vs
Amin := min||rvp—rvj|| > ( Jn( )( ( 2) )2 : (4.12)
p#j 2 2TQ ((n)* Mmin
then there exists q* so that
Ogn>(s+1)o. (4.13)
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(n—-1m

Proof. Note that for each v(6,) in (4.10), the Tv;’s satisfy that ITVJTV(Bq)I <“Z5J=1-,n
By applying Theorem 4.1 on the Hankel matrix H,(s) formulated from the measurements
Y:(Qv(8y)), for £ =0,---, T, we immediately get (4.11). Moreover, when the separation condi-
tion (4.12) holds, by Lemma 4.2, there is some g* so that

2dmin >ﬂ(s+1)(2n(s+1) o )ﬁ

i @ * _@ * ] =
min Sq (Vp) Sq (V]) nn+1) TQ ((M)?  Mmin

p#jlsp,j<n

Applying Theorem 4.1 again, we get 6 4+, > (s + 1)0. O

The above theorem shows that for point sources that are well-separated, we can determine
the source number n by thresholding on the singular values of the Hankel matrices H,(s)’s.
We note that the number of required unit vectors v(8) is not available since n is unknown. In
practice, we can choose a large enough N, say N = % We summarize our algorithm as
below.

Algorithm 3: Two-dimensional sweeping singular-value-thresholding number detec-
tion algorithm

Input: Noise level o, measurement: Y(w),w € R? |lwl|» < Q, and Nmax =0

Input: A large enough N, and corresponding N unit vectors

v(04) = (cosO4,sinb,) 7,0, = 1,32, -7

for0, = %,ZW”,--- ,mdo
Input o and Y;(Qv(04)),t=0,---, T to Algorithm 2, save the output of Algorithm 2
as Nyrecover;
if nrecover > Nimax then

L Pmax = RNrecover

Return 72,4

4.3 NUMERICAL EXPERIMENTS

In this subsection, we conduct some numerical experiments to demonstrate the super-
resolution ability of our number detection algorithm and the superiority of our algorithm over
the static reconstruction method.

We present an example which shows that our algorithm can recover the source number even
when it is impossible to recover the source number by the static reconstruction in any frame.
For simplicity, we consider Q = 1, 7 = 0.2, 0 = 1072 and the measurements at 5 time steps.
We construct an example where two point sources with O(1) intensities are located aty,; =
(0,0.27),y, = (0.20,0.17) moving respectively at the velocities v; = (0.14,0.51), v, = (0.45,0.17).
At each of the 5 time steps, the locations of the two point sources are,

(0,0.27), (0.20,0.17), attimestep =0,

(0.028,0.372), (0.29,0.204), attimestept=1,
(0.056,0.474), (0.38,0.238), attimestep t=2,
(0.084,0.576), (0.47,0.272), attimestep t=3,
(0.112,0.678), (0.56,0.306), attime step ¢ =4.
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Note that at each time step, the point sources are separated by a distance which is much lower
than the Rayleigh limit. Thus the conventional static reconstruction cannot recover the source
number and locations in each frame. However, by Algorithm 3 we recover the number of point
sources. This demonstrates the superiority of our algorithm over the static reconstructions for
recovering correctly the source number.

In addition, in the above example the resolution is near z||v; — v2||2 = 0.1, which is much
better than the Rayleigh limit () of the imaging system. The reason is that we take 7' =5 and
the resolution limit in Theorem 3.2 which of order O(% ( m‘;in)zfz) indicates that a very good
resolution for number detection can be achieved when we have multiple observations.

5 PROJECTION-BASED VELOCITY RECOVERY ALGORITHMS

In this section, we propose a projection-based velocity recovery algorithm in two dimensions.
The algorithm can be easily extended to higher dimensions.
5.1 REVIEW OF ONE-DIMENSIONAL MUSIC ALGORITHM

In this subsection, we review the one-dimensional MUSIC algorithm [31, 36, 46,48]. In a
standard MUSIC algorithm for solving the inverse problem (4.1), one first assembles the
Hankel matrix H(s) as in (4.2), where

.

then performs the singular value decomposition of H(s),

even T,

(5.1)
L oddT,

" D!

l\’|

H(s)=USU* = (01 U,)diag(61,62,,6 1,641, 6 5, )01 Ual,

where (71 =0W,---,0mn), UZ =0m+1), -, UWN+1)) with n being the estimated source
number (model order). The source number n can be detected by many algorithms such as
those in [1, 11, 23, 24, 34, 47, 51, 52]. Denote the orthogonal projection to the space Ug by
Prx= Uz(Uz* x). For a test vector ®(w) = (1,e'%,-.- e/ T one defines the MUSIC imaging
functional

5 Pl [Pz

Jw)=— = — .
1520@)ll2 105 @)l

The local maximizer of J(w) indicates the location of the point sources. In practice, one can test
evenly spaced points in a specified region and plot the discrete imaging functional and then
determine the source locations by detecting the peaks. A peak selection algorithm Algorithm
5 is given below. Finally, we summarize the standard MUSIC algorithm in Algorithm 4 below.
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Algorithm 4: Standard MUSIC algorithm

Input: Noise level o, source number 7;
Input: Measurements: Y = (Y(0),Y(1),---,Y(T)T;
Input: Region of test points [T'S, TE] and spacing of test points TPS;
1: Determine s by (5.1), formulate the (s + 1) x (s + 1) Hankel matrix H(s) as (4.2) from Y;
2: Compute the singular vectors of H(s) as UQ1),02),---,U(s+1) and formulate the
noise space U, = (U(n+1),---,U(s+1));
3: For test points x in [TS, TE] evenly spaced by T PS, construct the test vector
D (w) = (LeiQw, . eisQw)T;
4: Plot the MUSIC imaging functional J(w) =

I1P@ll .
10y @)’

5: Select the peak locations y;’s in the J(x) by Algorithm 5;
Return j;’s.

Algorithm 5: Peak selection algorithm
Input: Image IMG = (f (w1),-*, f(wm);
Input: Peak compare range PCR, differential compare range DCR, differential compare
threshold DCT;
1: Initialize the local maximum points LM P =[], peak points PP =[1];
2: Differentiate the image IMG to get the DIMG = (f'(w1),-+, f'(wm));
3:forj=1:Mdo
if f(w;) =max(f(w;j-pcr), f(Wj-pcr+1), ", f(Wj+pcr)) then
t LMP appends wj;

4:for w; in LMP do
if max(|f'(w;-pcr)l,|f'@j-pcr+D)l,-+,|f (@j+pcr)l) = DCT then
t PP appends wj;
L Return: PP.

5.2 PROJECTION-BASED MUSIC ALGORITHM FOR SUPER-RESOLVING VELOCITIES

In this subsection we propose a projection-based MUSIC algorithm for super-resolving the
velocities in two dimensions. As indicated by the proof of Theorem 3.2, when the velocities are
well-separated in R?, there exist two unit vectors so that the projection of the velocities in two
one-dimensional subspaces spanned by these unit vectors can be stably recovered. We can

then find the original two-dimensional velocities from their projections. More precisely, let
N = (n+2)(n+1) and
2

_ LT men
v(¢) = (cos ¢, sine) T, (pE{N’N’ ,n}. (5.2)

For each v(¢p), we denote the space spanned by v(¢) as S(¢) and call the (v]TV(d)))v((b) 's the
projected velocities in S(¢p). We consider the measurement at Qv(¢) that

n , .
Y (Qv@) = Y a;eV VOV LW v(0,)Q), £=0,-,T. (5.3)
=1
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We then recover the projected velocities in each of those one-dimensional subspaces using
the one-dimensional MUSIC algorithm fed with an estimated source number. We then only
consider those subspaces S(¢)’s where n peaks appear, i.e., n projected velocities are recon-
structed. We further choose two vectors from the v(¢)’s, denoted by v(¢,),v(¢2), so that the
recovered velocities in S(¢1), S(¢2) have respectively the largest and second largest minimum
separation distance. We remark that, when N is large, one can require additionally that v(¢;) is
not too much correlated to v(¢,), say [v(¢1) " v(¢h)| < ¢ for some constant 0 < ¢ < 1, to ensure
that the reconstruction of two-dimensional velocities from their projections on v(¢;), v(¢,) is
stable.

We next construct the original velocities from their projections on S(¢;) and S(¢p,). This is
usually called the pair matching in the problem of direction of arrival, where ad hoc schemes
[12,27,53,55] were derived to associate the estimated azimuth and elevation angles. In our
paper, this can be done in the following manner. From the recovered projected velocities in
S(¢p1) and S(¢p,), we first form a grid of n? points, say z; 1,212, -+ ,Zp . It can be shown that
the original velocities are close to these grid points. These grid points reduce the off-the-grid
recovery problem to an on-the-grid one. We then employ an enumeration method to recover
the source velocities from these grid points. To be more specific, we define

T T T
Gy, 1 2Zn j,) = (P11 P, pr(e™n" P, o prenn¥ DY), (5.4

where ¢ (x) is defined as in (4.3), and solve the following optimization problem by enumera-
tion,

ney(n)

min (%mﬁinHG(p(sz,--- ,zn,ﬂn)a—Y(v@))Hz), (5.5)

where Y(V(¢)) = (Yo(V($)Q), -+, Yr(v(¢p)Q)) T, and y (n) is the set of all permutations of {1,- -, }.
We note that the computational complexity of the enumeration is low when 7 is not large. We
summarize the algorithm in Algorithm 6 below.

Remark5.1. We remark that since in each one-dimensional space, the MUSIC algorithm attains
nearly the optimal order of the resolution, say O(T—lg(mzm)zT—l), as demonstrated in [30, 31]
numerically, our Algorithm 6 achieves the optimal order of the resolution that is derived in

Theorem 3.2.

Remark 5.2. We remark that the range of the recovered velocities is confined by the sampling
ratein (5.3). Suppose we have a large range of velocities, one way to recover them is to consider all
the possible projected velocities in a large range in one-dimensional space and construct a large
grid. Then we recover the correct velocities in a similar way as (5.5) with more measurements in
Y.
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Algorithm 6: Two-dimensional projection-based velocity recovery algorithm

Input: Noise level o, source number n;
Input: Measurement: Y;(w),w € R?, |[|w|l, < Q,t=0,---,T;
Input: Region of test points [T'S, TE] and spacing of test points TPS;

Input: A large enough N, and corresponding N unit vectors v(¢) in (5.2), ¢ € {%, e ,n}

1:f0r<,b€{” 2n --,n}do

NN
Input o and Y;(v(¢p)Q), £ =0,---, T to Algorithm 2 to recover the projected source
number 7;
Inputo,Y;(v()Q2),t=0,---,T, 71, [TS, TE] and TPS to Algorithm 4, save the output
as bl)"' )bq;

The recovered projected velocities are P, = byv(¢), - yPg = bgv(eh);

2: Choose two vectors v(¢ ), v(¢2), from those v(¢)’s so that n projected velocities were
recovered in each of the spaces S(¢)), S(¢>) and the recovered projected velocities
P;(v(¢1))’s, pj(v2(¢2))'s have respectively the largest and second largest minimum
separation distance;

3:Construct the n? grid points z1 1,212, -+, Zn,, by considering the intersection points of
lines p,(v(¢p;)) + Ag(pj), A€R, g=1,---,n, j=1,2, where g(¢;) is the unit vector that
is perpendicular to v(¢;);

4: Solve the following optimization problem by enumeration,

where G is defined by (5.4), Y(v(¢p)) = (Yo (v(¢)Q),- -~ ,YT(V((p)Q))T, and y(n) is the set
of all permutations of {1,---, n};

5: The minimizer z; 5 ,---,z5,5,’s are the recovered velocities V1, -+, TVy;

Return tvy,---,TV;,.

5.3 NUMERICAL EXPERIMENTS

In this subsection, we conduct some numerical experiments to demonstrate the super-
resolution ability of our velocity recovery algorithm and the superiority of our algorithm
over the static reconstruction method.

We present an example which shows that our algorithm can super-resolve the velocities
even when it is impossible to recover stably any locations and velocities by the static recon-
struction. For simplicity, we consider Q=1,7=1,0 = 10~2 and the measurements at 5 time
steps. We construct an example where two point sources with O(1) intensities are located
aty, =(0.22,0.08),y, = (0.05,0.08) moving respectively at the velocities vi = (0.47,0.11),v, =
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(0.58,0.56). At each of the 5 time steps, the locations of the two point sources are,

(0.22,0.08), (0.05,0.08), attimestept=0,
(0.69,0.19), (0.63,0.64), attimestept=1,
(1.16,0.30), (1.21,1.20), attimestep =2,
(1.63,0.41), (1.79,1.76), attimestep =3,
(2.10,0.52), (2.37,2.32), attime step t=4.

Note that at each time step, the point sources are separated by a distance below the Rayleigh
limit. Thus the conventional static reconstruction cannot stably recover any of the locations or
velocities. Since the point sources are so close in each frame, the super-resolution algorithms
such as MUSIC algorithm even cannot resolve the locations. However, by Algorithm 6 we
recover stably the velocities: ¥; = (0.442,0.120),V, = (0.558,0.570). This demonstrates the
superiority of our algorithm over the static reconstructions for recovering the velocities.

In addition, in the above example the resolution for the velocities is near 0.4, which is
much better than the Rayleigh limit (i) of the imaging system. The reason is that we take 5
times observations and the resolution limit in Theorem 3.2 which of order O(% ( m‘[’nm)ﬁ)
indicates a very good resolution for velocity recovery can be achieved when we have multiple
observations. On the other hand, as is indicated by measurement (5.3), the cut-off frequency
for the velocity recovery can be viewed as TQ rather than the Q, the inherent Rayleigh limit
for the velocity recovery should be 5. The resolution in the example 0.4 is near the inherent
Rayleigh limit 7. It is also indicated that even if the signal-to-noise ratio becomes worse, we
anticipate that our algorithm or any other super-resolution algorithm for velocity recovery
can resolve the velocities stably when they are separated by a distance beyond 7. For our
algorithm, this is demonstrated by the following one-dimensional example.

We consider Q =1, 7 =1, 0 = 0.3, and the measurements are taken at 5 time steps. We con-
struct an example where two point sources with O(1) intensities are located at y; = 0.296,y, =
0.038 moving respectively at the velocities v; = 0.2,v, = 1.1. Note that the signal-to-noise ratio
is small. However, we can still stably recover the velocities by the one-dimensional velocity
recovery algorithm (analogously to Algorithm 6) that yields ¥; = 0.14,¥, = 1.11.

Note that we use a one-dimensional example because the resolution of our two-dimensional
algorithm is also related to the projections.

6 CONCLUSIONS AND FUTURE WORKS

In this paper, we have explored the resolution limits for recovering the number and value
of location-velocity pairs in the dynamic reconstruction of the tracking problem. We have
also derived sharp and better resolution limits for reconstructing the number and values of
velocities in the dynamic reconstruction. Also, two projection-based algorithms have been
introduced to super-resolve respectively the number and values of velocities. By these results,
we have demonstrated certain advantages of the dynamic reconstruction in the tracking
problem over the conventional static reconstructions.
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Besides our research findings, our work is also a start of many new topics. Especially, from
the crucial observation of measurement (5.3), many new algorithms can be inspired to obtain
much better resolution for the velocity recovery over the static reconstruction method. In
practice, the point spread function may be approximated by other different functions, such
as Gaussian functions, and a large amount of point sources may be clustered together in a
single image [14], which hampered the application of subspace methods. In this case, the
convex optimization based algorithms are great surrogates for resolving the point sources.
Applying convex optimization to (5.3) or its variant may enhance significantly the resolution
in the practical tracking problem. In addition, developing efficient algorithms for exploring
the amplitudes and the locations of point sources when the velocities are known is also an
interesting topic. Note that when the velocities are stably recovered, we can reconstruct the
a;,¥;’s by solving the minimization problem

n AT ., AT
min|| Y a;e® e -V @)|| ol <0120, T.
apyitlj=1 2
The aim is to develop a tractable algorithm in order to recover stably the 4;,¥ ;'s for the above
minimization problem or its variants.

7 PROOFS OF THEOREMS 2.1 AND 2.2

7.1 THE GEOMETRY OF THE PROBLEM

i(yj+trvj)Tw,|

For each time step, the noiseless measurement ) ;.’:1 aje lw||2 < Q, can be written

as
< ialw
Y aje'™®, (7.1)
j=1

where & = (Yj ),wt= (w), t=0,---,7T, [lwll2 = Q. Define the spaces
‘L'Vj

S?:z{(;)‘veﬂ%d}, £=0,1,-. (7.2)

Then the measurement Y;(w) can also be written as

. ) T
l‘@sf(“!) oy

n
Yw,) =) aje +Wwy), ol <V1+2Q, (7.3)

j=1

with |W(w;)| < 0. Note that S‘t’l 's are d-dimensional spaces. For each ¢, the above (7.3) is
equivalent to a d-dimensional super-resolution problem in [33]; see Section 7.2 as well. Hence,
now the tacking problem can be viewed as reconstructing the 2d-dimensional vectors a;’s
from the measurements (or super-resolution problems) in several d-dimensional subspaces
(Sf’s) of R??. By the same projection idea as the one in [33], we can estimate the stability of
the recovery. We prove our main results by analyzing some geometrical properties of these
subspaces S%’s.
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We first consider the case when d = 1 and estimate the angle between adjacent lines in

{(w, t(u)T}lf o @ €R. Note that

utv
arctan(u)iarctan(v):arctan( — ) ( modm), uv#l,
1Fuv

and
3

arctan(x) = x — ?

Thus for £ = 1 we have

1 ) 1 1

> - > . (74
1+¢t(t-1) 2—t+1 3(2-t+1)3 £2+1 (7.4)

arctan(z) —arctan(z—1) = arctan(

We denote the unit vector in S!’s as q, = ﬁ(l, 0. Define Z(q,,q ;) the angle between
vectors q,,q; that

-
q; qj
Z(q;,q;) = arccos [ ———|.
409 (||qt||z||qj||z)
By the above observation, we have
d 1
Z(q,,q;) = arctan(s) —arctan(j) > )_ L j<t. (7.5)

k=j+1
We first estimate the projection to these one-dimensional subspaces S'’s.

Lemma?7.l. Fort=0,1,--- andaue R?, if

|75 ]|, < Il

1
27(1+ 12)
then for0 < j < t, we have

|2 ||, = 7 lullo

1
2n(1+]

Proof. We first prove the lemma for j = ¢ — 1. By (7.5), we have

. /4
241 <Z(QpQqsy) = 1 (7.6)
Smce 1251 (W)]]2 < >1izllull; and |q/ul = [[ullz|cos(Z(q,, )|, we have [cos(£(q,,w)| <
m. Thus %I -Z(q;u)| = |sm( - Z(q;,w)| =|cos(ZL(q;,w)| < Zn(th) , and consequently,
/4 1 1 /4 1 n 1
- </(q, </, L
2 41+ 1?) (q’u)<2 W+ T2 T Y S T T iy

Without loss of generality, we only consider the first case. Together with (7.6), we have

3 T

0</ , - or—+—"
< 2@ < 2 10+ 2 1a+m "

Z(q_p,w) <71
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Thus,

. 3
12s,., @l = sin (- Jlull.

By sin(x) > 2X and we then show that

>—
1+t2'— 1+(r=1)2’

1
1P, 2= —

————lull>.
S STITEN
For j <t-1,since 2(q;,9,) > X_,, T7z» We have
t—1 1 3
Ps. ()]]2 = sin
15, llz zsin( Y. —+ “Hﬂwuu

k=j+1

Thus

1
]2)

- 3 1
@ = - .
O ﬂ(; “%24u+ﬁqu
L
2

It is clear that 2 (Z k=j+1 whence the lemma is proved. O

1+k2*_4(1+ﬁ))
We now consider the general Sf ’s.
Lemma 7.2. Foranyq; € S’t’l andq; € S?,j <t satisfyingthqj =0, we have
4 1 T
—— < Z(q;,9;) < —.
2 1+ k2 @,9))=

k=j+1

Proof. Let §, and §; be two unit vectors in R? with (]IT(A] ;> 0. Then we have

ol (&) (o)) = (&) (OG-

Thus, introducing q, = (tqqt ) andq; = (] qf ) yields

1+1¢j

NGEYOESD)

0 =< cos(£(q,,q;)) <

Letq=q,—q;. Then, it follows that

liqll2 = \/Ilqt|I§+ llq;115 - 2llq,ll2llq;|l2cos(£(q,,q,)) = t - ]

Hence, by considering the two-dimensional space spanned by q;,q; and using the same idea
as the one in proving (7.4) and (7.5), we show that for any q, € Sf andq; € S;l,j < t, we have

Xf: 1
kg1 L+ K2

7
<4(qt,qj)s§.
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We now extend Lemma 7.1 to the multi-dimensional case.

Lemma7.3. Fort=0,1,--- andue R, if

1254 (Wl < 2 [lull2,

1
x(1+1?)
then for0 < j < t, we have

Pa)]a = ulls.
I 5}1( )2 5 [lall2

1
(1+ j2)
Proof. For afixed u e R?%, let
q, = Pga(W/[|PgaW@)ll2,

and
q] = ,@S;j (ll)/”z@s;i (ll)||2,

if qu iz 0. Otherwise, set q ;= —?}”5}1 (w/| |9*7’5}1 (w)]]2. Under the condition stated in the lemma,

we have Iuthl < [[al|,. Also, by Lemma 7.2 we get

1
2n(1+1%)

t

>/(q,,9;) > >
k=j+1

SR

Considering the two-dimensional space spanned by q;,q;, similarly to proof of Lemma 7.1,

we obtain

T

u q] 2) ||u||2)

>——
2n(1+]

which implies that || P« Wll2 = 75777 1ull2- O
We next present two auxiliary lemmas that are used in the proof of main results.

Lemma 7.4. For a vectoru € R?, and two unit vectors q,,q, € R? satisfying 0 < Iqquzl < cos#,
we have

IqITuI2 + quul2 >(1 —cos(Q))IIuII%. (7.7)
Proof. We have
) TP n(ar) WP e 2 (9] 2 B 2
@ w awT][, =[G ull, = ohua( g pirwite = 1 - ooz, @9
q
where the last inequality follows from calculating amin(( 1T)) O
2

Lemma 7.5. For a vectoru € R?, and for spaces s, S?,j < t, we have

ool o]z -comoa

1

—y!
where0 = Zk:j+1 e
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Proof. We first construct the basis of ¢ and S? . Let

1 0 0
1 0

e =1.] €e=|.], = €q:=
0 0 1

It is easy to verify that the vectors

1 e 1 () 1 €4
€1,r:= y €21 1= )yt g i= y
V1+ 2 \er V1+ 2 \te2 V1+ 2 \teq

form an orthonormal basis of S¢. In the same manner, the vectors

. .._;(el) ST ez) e .._;(ed)
W A el T g ee) T T iy 2 ea)”

form an orthonormal basis of S;.i . Also, we have

T t
|Z(epeq) =5, p# 4, and >

T
< l(eq,[,eq’j) < - (7.9)
k=j+1 2

1+ k2

where the second inequality is from Lemma 7.2. Thus, if we denote by V;; the two-dimensional
space spanned by {e; ;, e, j}, then the Vs are orthogonal to each other. Moreover, we have

2 2 T 2 T 2 T 2 T 2
[zl [|7sreal], = Tene]" o fuTea ]+ uTens| v fuTes |

2 2 2 2 2 2
:(|uTe1't| +|uTe1']-| )+(|uTe2,t’ +’uTe2,]~| )+---+(|uTed1t| +|uTed,j’ )
d

2(1 —cos (ki 1 +1k2)) Zl ) )Q”Vq (u)||z (by Lemma 7.4 and (7.9))
=j+ q=
:(1 - cos( Xt: . +1k2 ))Ilullg (since Vy's are orthogonal to each other).
k=j+1

7.2 RESULTS FOR THE STATIC SUPER-RESOLUTION PROBLEM

In this subsection, we review and restate the stability results in [33] for the static super-
resolution problem in multi-dimensional spaces. These results are useful to prove stability
results for the dynamic super-resolution problem.

In the super-resolution problem of single snapshot case, the source is the discrete measure
U= Z;?zl aj5yj,yj € R* with min;<;j<,|a@;| = Mmpin > 0. The measurementY is the noisy Fourier
data of p in a bounded domain:

n )
Yw) =Y a;eV®+Ww), llol,<QweRk, (7.10)
=1
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with [W(w)| < . The inverse problem is to recover the discrete measure from the set of
o-admissible measures of Y defined below.

Definition 7.1. Given the measurementY, we say that =7y 1;21 aj 5§,j,§7 i€ R* is a o -admissible
measure of Y if

k
|Z 1 _Y(w)| <0, llwll, < Q.

From [33], we have the following stability results for the recovery of source number and
locations.

Theorem 7.1. Let the measurementY in (7.10) be generated by a n-sparse measure |1 =y ;’:1 ajdy;,y; €
BE

rz 1)7[

(0). Let n = 2 and assume that the following separation condition is satisfied

min
p#jlsp,jsn

(7.11)

|| o Adme @2 Y nn-1)/n)"* D o 55
Yp—Ysz - Q ( ) '

Mmin

where & (k —1) is defined by (2.1). Then there does not exist any o -admissible measures of Y with
less than n supports.

Theorem 7.2. Letn = 2. Let the measurementY in (7.10) be generated by a n-sparse measure

U= Z XJi y],y] € B”‘zé)” (0) in the k-dimensional space. Assume that

E(k-1)
5.88ne4k—1((n +2)(n+ 1)/2) )

5 ( g )ﬁ (7.12)

Mmin

nin =i,y =

where(k—1) isdefined as in (2.1). If i = 27:1 @by, supported on B{“n,m (0) is a o -admissible

2Q

measure of Y, then after reordering the y;'s, we have

dmln .
y]” s ]_1’...’n.
Moreover, we have
C(k n) on—y O .
y]|| SRF?2_ 2 1<jsn, (7.13)
Mmin

where SRF := dm?nﬂ is the super—resolution factor and

Clk,n) = (45 ((n+2)(n+1)12)5 kD)2 ppin=2 2ny =3

Remark 7.1. Note that here we have (n+2)(n+1)/2 as a factor in the separation condition (7.12),
which is different from the one in [33]. This is due to a minor error in [33] where (n+2)(n—1)/2
is used instead of (n+2)(n+1)/2.
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7.3 PROOF OF THEOREM 2.1

Proof. Note that there are at most w different vectors of the formu,,; = @y —ay,p<q

with @), = (T):;’ ) Because we have

p

d —m1n||u H —min||a -« ”

min - pitq |[VPa g 1157 ||,

_ 7.14
8.8en*\/(LS5)2 +1(m/2) Y (n(n - 1)/m*@D o L (714
- )™
Q Mmin

we also have,

8.8em*V 12+ 1(/2)4 (n(n—1)/m)*@-D ( o )2%—2’ Vi< w (7.15)

min||uy,q||, >
pq Q

p#q Mmin

g 1
Let A = Mentr/2(n-DIMT0 (Lo} We define that N(uyg,A) i= {S¢|S{ € (7.2),1 =

Mmin
1
o,--- || Pa (Upg)l2 <

mA}. If S¢ € N(upq,A), by (7.15) we have 1P a (upg)ll2 <

2n(1+t2) [lupgll2. By Lemma 7.3 and (7.15), we have, for j < 1,

[

1 1
— >——A
Tt el 2

Thus if S‘f € N(upq,A), for j <t, Sd ¢ N(upg4,A). Now we start by considering ¢ = W If for

(n=-n l)n

some Uy, q,, Sfln ya 18I0 N (up,gq, A), then other Sd v J < are allnotin N (up0 g0 A). If there
2

We can continue the process for £ = #=1% —1,... ¢+ =0. Since we have 1 + W different S%’s

Aforallupy's.

is no such u,, ¢, so that $%,_ 1 € N(up,q,,A), then H,@sd (upg) ||
2

and at most w different u,,’s, and

nn-1 nn-1
LG O (Gl VO
2 2

by the above process, we can find at least one S? so that

1
Poyg)||, = =1 (7.16)
) ) S[ pa 2 \/ t2 +1
for allup,’s. We consider this specific 7 in the following argument. In the space S%, we have
the noisy measurement that

n . T
iPga) w
Z aje st +W(wy),

where ||w;||> < V1 + t2Q. On the other hand, since a;e B24d_ (0), we have

(n+1)Q

T _ (n—-Dn - (n—-1n
(n+1)Q  (n-Dn+DQ " 21+ 20

1Pgatall < llacjllz <
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n(n 1) | S 1
and 2V1+r2 T 1+(n(nz—1))z (n 1)(n+1) Also, by

where the last inequality is because ¢ <

(7.16) we have

44en(n/2) (n(n-1/m)*@D o
min| |y (@p) - Py (eg)||, = (rf2)” (ntn - DIm"7 9y
p#q ! ! 2 Vi2+1Q Mmin
Thus now we can apply Theorem 7.1. By Theorem 7.1, there is no (n — 1) vectors & € S? and
(n—1) a;’s so that

n—1 n T

19’ (@) w;
Za] Z ST T A W) <o, Nwdlz < V2 +1Q.
j:] :

Based on (7.3) for measurements Y;’s, the above argument proves that there is no such (n —1)-
sparse o-admissible parameter set {(4;, ¥ Y ])} of Y,’s. O
7.4 PROOF OF THEOREM 2.2
Proof. Note that there are at most % different vectors of the formuy; = a, - a4 p<q

with &), = (TS:;’ ) Since
p

Ami —m1n||u || —min”a -a ||
4 7.17
= ( )an1,
Q Mmin
we also obtain that for all ¢ < 0",

11.76em®VZ + 149 Y (n+2)(n+ 1)/2)5@-D 5

mlnHu H —minHa —a'H = ( )2n1,
prq Il P pq 117 P "2 Q Mmin
(7.18)
d-1 &= =
Let A = 280emt (el (mim)z ', We define N(up,, A) as {SdISd €(7.2),=0,..-, 0

||<@Sd(upq)||2 < \/17 } IfS € N(upg4,A), by (7.18) we have ||@Sd(upq)||2 < 2n(1+[2) llapgll2.
By Lemma 7.3 and (7.18), we have for j <1,

o= A

1 1
——|lu z—
Tt el 2

Thus if S € N(uyg, ), for j < 1, Sd ¢ N(upg,A). Again, we start by considering ¢ = D2 1f

n(n+1)

for some up, S‘fn+21 isin N(upg, A) then other Sd,] <=5 areall notin N(upg4,A). If there

is no such a4 so that S(,Hl)” € N(upgq,A), then ||97’S (u,[,q)H2 = WA for all up,’s.

1

n+ (n+Dn
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We can continue the discussion for ¢ = ”("T“) —1,---,t=0. Since we have 1 + w different

S%s and at most @ differentup4’s, and

nn+l) nn-1)
+ 5 - =

n+1l,

by the above process, we can find at least n + 1 different S‘f’s so that

250, 2 \/%A (7.19)

for allu,,’s. We only consider these ¢’s in the sequel.
In the space S‘f, we have the noisy measurement given by

+W(w,),

n . AT
ez(@s?(aj) oy
j=1

w .
where w; = (tw)’”wtnz < V1+ £2Q. On the other hand, since a; € BZ(‘Z,D,, (0), we have
n(n+2)Q

(n-1n - (n-1n
nn+2)Q " 21+ 2Q’

1Psat@llz < llatjllz <

n(n+1)
2

1 1 1
B Nemne = iz - Thus now
we can apply Theorem 7.2. By Theorem 7.2, when (7.19) holds, i.e.,

and

where the last inequality is because ¢ <

5.88em4% L ((n+2)(n+1)/2)¢@-D ( o
Vi2+1Q

we can conclude that for each ¢, we have a permutation 7, of {1, -+, n} so that

1
. 2n-1

Mmin

A dr .
Hgbsf(an(j))‘QZS?(“f)Hz = \/C;(Z—Jrrll)g(dmin,t\/nt2+19)2 I
C(d,n) ( 1 )2}1-2( o

B V2 +1Q'5.88e44- 1 ((n+2)(n+1)/2)5@d-1

where C(d, n) = (4d_1 (n+2)(n+ 1)/2)5(‘1_1))(2"_1) n24n=2¢2n =3 Note that, for fixed jin (7.20),
we have 7+ 1 7,(j)’s (since (7.19) holds for at least n+ 1 $%’s), while &),’s take at most n values.
Therefore, by the pigeonhole principle, for each fixed & ;, we can find two different ¢’s, say,
f and 1p, such that @, (j = @r,,(j = &), for some p;. Suppose t; > 1, by (7.20) for #,, 1, and
Lemma 7.5 we have

(7.20)

2n-1 .
) , 1=j=mn,
Mmin

1 1
H& a.H < 71 g C(d,n)( 1 )Zn—z( o )ﬁ
S " Q  \5.88e4d-1((n+2)(n+1)/2)5d-D —
1—cos(2‘ L)
k=t+1 k2+1
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1

. . . 2 .
Using the inequality 1 — cosx > - x“, we further obtain

1
. - va t2+1 Z+1 C(d, n) 1 2n=2( 0 \m7
H“Pf_“f”z— Q (588 49-1((n+2 +1/2f(d—1)) (m : ) '
Zk fh+1 k2+1 -00€ (n+2)(n+1)/2) min
Since
£2+1
m*g 1 +1 2
V62 +1),
Zk Hh+1 k2+1 (= 12)
and f; < @, we have

Vor /(M52 +1C(d, n)

A

“Pf_“szS

( 1 2n 2( g 2n-1
5.88e49-1((n+2)(n + 1)/2)5(4—1>) mmm)
(7.21)

for 1 < j < n. We next claim that

) (7.22)

where dpp is defined in (7.17). Indeed, by C(d, n) = (4471 ((n+2)(n+1) /2)’5(‘1‘1))(2"_1) n2in-2g2n,—;
and a direct calculation, we can verify that

n(n D, 1 2n-2
NG 1C(d,
i ")(5.88e4d—1((n+2)(n+1)/2)f<d—1))

1 [nn+1 £(d-1)
<511.76en2 (%)Mlﬂ‘l(mw)(ml)/z) ,

whence (7.22) follows.

So far, we have proved that for each a j, there exists a point a pi satisfying || & p—&j ]2 < %.
Thus for each a; there exists only one such @ p; € {&1,---,a@y,} . We can reorder the index so
that

d-—a-” < Fmin
U P
and
VBr@m2r (M2 L 1) 5 Cd,n) o yen-2 o .
1l,= (o) 1sisn
Q AdminQ Mmin
which follows from (7.21) and (7.17). O
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8 PROOFS OF THEOREMS 3.1 AND 3.2

8.1 LEMMAS FOR PROJECTION

In this subsection, we present some lemmas for projection in multi-dimensional spaces, which
will help us to prove Theorems 3.1 and 3.2.

For a v e R¥, we denote by v* the (k — 1)-dimensional orthogonal complement space of the
one-dimensional space spanned by v. We consider the unit sphere in R* and the following
spherical coordinates:

x1(®) = cos(¢y),
X2 (®) = sin(¢p1) cos(¢p),

(8.1)
Xj—1 (D) =sin(¢1) - - - sin(Pg—2) cos(Pg-1),
X (®) =sin(¢h) - - - sin(Pg—2) sin(Pg—1),
where @ = (¢py,-+-,Pr_1) € [0, 771572 x [0,27). For0< 0 < zand N = |35], we let
Vit = (0 @ryory )y, Xk @ryr, ), 1<7, <N, (8.2)

where @, ..., , = (110, ,7(-10). It is obvious that ®,,...,,_, €0, %]k‘l and vy,..c,_ #Vp,pi,
if (t1,-+-,7k-1) #(p1,--+, Px—1)- There are N*-1 different unit vectors of the form (8.2).

Lemma 8.1. For two different vectorsvy,...;,_, #Vp,..p,_, in (8.2), we have
0=V gy "Vpyop, < COS0. (8.3)
Proof. See Lemma 6.3 in [33]. O

Lemma 8.2. For a vectoru € R¥, suppose || 2, (IPRS sin(g)llullz With vy, ...r,_, defined in
1 Tk-1

(8.2), we have|| Py, Wiz sin(§)11ullz forvp,.pey # Vr,oorp -
Proof. See Lemma 6.4 in [33]. O

Lemma8.3. Let k = 2. Fora vectoru € R¥, and two unit vectorsvy, v, € R* satisfying0 < vy -vy <
cos(0), we have
121 I3+ 112, (W13 = (1~ cos(@))]ul3. (8.4)

Proof. See Lemma 3.3 in [33]. O

Lemma 8.4. Suppose we have w differentuy, € R, then there exists a one-dimensional
space S so that for allu,g’s we have

’

u T ¢(k-1)
- Il pq||2( )s

Hg‘g(u”q)Hz T @21\ n(n-1)

where(k—1) is defined as in (2.1).
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Proof. Let Si._; be the unit sphere in R¥. For a subspace S of R and v € S, we denote by v (S)
the orthogonal complement space of vin S. For each u € R¥, we let

N(w,8) = {v]ve S 1, 19,0 gy Wl < [lullpsinA . 8.5)

1

Define area(A) as the area of set A and let Ay = (ﬁ) E, we have

n(n—1) 2area(Si-2) , 1 B marea(Sy_o)
2 k-1 ke m k-1

area (UpgN(upq, Ap)) < <area(Sk_1),

where the first inequality is from Lemma 6.1 in [33] and the last one is from Lemma 6.2 in [33].
On the other hand, U,4N(up4,Ag) is an open setin Si_1. Thus Si_1 \ UpgN(upg, Ag) is not
empty. By the definition of N(uy4, A), there exists a unit vector vy € R* such that

||llpq||2( /4 )m

||'@vi(u@k)(upq)H22 ||upq||25inAk2 /2 nn—-1)

foralluy,’s. Note that 22, vi k) (Upg) are at most n(n—1) different vectors in a (k—1)-dimensional
space vi(le). Applying similar arguments as above to vl(le) and &, VL (RE) (upg4)’s, we can show

that there exists a unit vector vi_j € vi (R¥) such that for all Upg's,
1

[ i (oo, = s ) s )

On the other hand, since vi_, (vi (R)) is a subspace of v;- (RX), we further obtain

|upq||2( n )ﬁ+ﬁ

H'@vi_l(vi(ﬂ%k» (“P‘f)Hz B | Pt v @) ('@ ¥ ®9) (u"’"))H (m/2)? \n(n-1)

klk

Continuing the above arguments from dimension (k —2) to dimension 2, we can find a unit
vector v; so that

’

|upq||2( T )f(k—l)

& |, >
H vievi i ®e) (Upg) ~ @/ nn-1)

for all up,’s. If we define S in the lemma as the one-dimensional space v1 (- 1(vé (IRk))),
then the proof is completed. O

Lemma8.5. Suppose we have M differentuy, € RX, then there exist n+1 (k-1)-dimensional

spaces S}C‘l = v]%,j =1,--,n+1 with0 <v,v; < cos( (m)k 1) p # j, so that for all

uy, s we have

||upq||2( 2 )ﬁ

H‘@S?‘I(“P‘?)sz 4 \(m+DH(n+2)

1
Proof. For k=2, let Ay = —(m) “! and 0y = 2Ag. First, we consider the vectors (8.2)
in R with 6 = 6 and N = Nj = |2 ]. We denote N(u,A) = {v)ve R, |1vll2 = 1,112 W)l <
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[lall, sinA}. Thus, by Lemma 8.2, each N(up4, Ax) contains at most one unit vector in (8.2).

T

207~ 1. Since

Next recall that there are N,’C“1 different vectors in (8.2), where N, = Lﬁj >
n 2 =i
0 =2A=—|————|",
k= ek 4((n+1)(n+2))
we have

Nl,cc_lz( /4 _l)k—l:(2((n+1)(n+2))ﬁ_l)k—12(((n+1)(n+2))ﬁ)k—1: (n+1)(n+2)'

20 2 2 2

Note that (”“)2('”2) - "(”2_1) > n+1, we can at least find (n + 1) vectors v;’s in (8.2) so that
|21 (pg)ll2 = [lupgll2 sin Ay for all uy,’s. Thus we have
J

2||upq||2z( 2 )ﬁ_ ||upq||2( 2 )ﬁ

H‘@‘#(“p")HzZ T 8\(n+1(n+2) 4 \n+D(n+2)

_1
for all upg’s. On the other hand, by Lemma 8.1 we have 0 < v;vj < cos (%((nmzw) k—l) for
pP#j-

Lemma 8.6. Define

11.76med* 1 (n+2)(n+1)/2)¢*-b ( o )2—11

dmin, k= TO

Mmin
For a vectoru € R, suppose we can find two (k — 1)-dimensional spaces Sj?‘l = vj*,j =1,2 with

1
T /4 2 k-1
OSV1 V2§COS(Z(m) ) so that

1 .
Hg’s}ﬂ(“)Hz < zdmin,k—l, J=12,

and

C(k—l,n)(d 7T )2n—2 o

P k- uH <
H se (Wi, TQ min k-1 TQ

» j=1;27

Mmin
where 1
Clk—1,n) = (4 2((n+2)(n+1)/2) k-2 1= yp6n=3 2n 7 =3

Then we have
1
o, <

and

’

lll, = < a) "

ul| =

2 TQ dmin, kTQ Mmin

where 1
Clk, ) = (4571 ((n+2) (n+ 1) 12)8E=D) 1=V ppbn=3 g2ny =3
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1

Proof. Letf=7% (m) e By condition for vy, vy in the lemma and Lemma 8.3, we have

12, (WII; + 1121 W13 = (1~ cosO)ull. (8.6)

Thus

ally < V2 C(k—l,n)( i1 )2n—20
2=
d

V1-cosf TQ min, k—11Q

Using the inequality 1 - cosf = 562 =

Mmin

2
1 2 1 :
8 (m) k=1 , We further obtain

H“H _A(n+2)(n+ 1)/2)F1Ck - l,n)( n )Zn—z o
27 d

, 1l<sj=sn. (8.7)
rQ min, k-1 TQ Mmin
We next claim that
ol < 5+
ul| < )
2 2
Indeed, by a direct calculation, we can verify that
4((n+2)(n+1)/2)1 Clk -1, m) ! )2"-2
n n -1 -1,n i
11.76e4k=2((n+2)(n+1)/2)s*k-2)

1
<511.767re4(k_1)((n +2)(n+1)/2)5&D,

On the other hand, we have

( T op_o O <( 1 )271—2( o )ﬁ
Amin k-1 TQ Mmin ~ \11.76e452((n +2)(n+1)/2)sk-2) '

Mmin

Therefore, we have

4((n+2)(n+1)/2)k11C(k—l,n)( n )Zn—z o

TQ Aupin k-1 TQ

<l11.767re4k‘1((n+2)(n+1)/2)‘5(’“‘1)( o )2‘—1
TQ :

Mmin

Mmin

This is ||u‘ |2 < % dipin k- Moreover, we have

(4((n+2)(n+1)/2)k1—1)2”_1C(k—1,n)( T )zn—z o
d

Il = |

? ro min,k T Mimin

which follows from (8.7) and the equation that dpip k-1 = iin, . This completes the
4((n+2)(n+1)/2) k-1

proof. -
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8.2 THEOREMS ON SOURCE NUMBER AND LOCATION RECOVERY FOR THE
ONE-DIMENSIONAL STATIC SUPER-RESOLUTION PROBLEM

The idea to prove Theorems 3.1 and 3.2 is to reduce the stability of a high-dimensional tracking
problem to many one-dimensional super-resolution problems. Thus in this subsection we
present results (Theorems 8.3 and 8.4) for the source number and location recovery in a one-
dimensional static super-resolution problem that is tuned to subsequent proofs of stability
of the velocity reconstruction. The results are slightly different from the ones in [34] and
therefore, we present their detailed proofs here for the sake of completeness.

We first introduce some lemmas and theorems from [35]. We denote for integer k = 1,

1
9 k: 1,
((k)_{ T, pisodd Bk = it kisodd, k=3 8.8)
(5)1(52), kiseven, P , k=3, .
T k is even.

We also define for positive integers p, g, and z1,--, zp, 21, *, 24 € C, the following vector in R”

[(z1 = 21| 1(21 — Z4)I
. . [(z2 = 21)] -+ (22 — Z¢)

np,q(zl»"' )Zpyzl"" »Zq) = . . (8~9)
|(Zp_21)|"'|(zp_2q)|

For a complex matrix A, we denote by A* its conjugate transpose. For integer s and z € C, we
define the complex Vandermonde-vector

Gs(2)=1,2,-+,2% . (8.10)

Lemma 8.7. For—% <01<0,<---<0r< % andél,éz,m ,ék € [—%,%], suppose

. . " 2 ) 4€
Ik k(e ek, 01 ... eiiy|| o, < (;)ke, and Bmin =min|fq —6;1 = (m) 5
whereny i is defined by (8.9) and
1, k=2,
A(k)—{ Bk—2), k=3. (8.11)
Then after reordering 0 j's, we have
10,-0;1 < 2™ a1, -0, < e =1,k (8.12)
= L T L L '
Proof. See Corollary 9 in [34]. O

Theorem 8.1. Let k > 1. Assume that0; € [3F,5],1 <
lajl = Mmin,1 < j < k+1. Let Opin = mingx;|60, — 6
a=(a,,ar.) " and

j < k+1 arek+1 distinct points, and
il. Forq <k, leta(q) = (a1,--+,aq)",

A(q) = ((PZk(eiél )RR ’(ka(eiéq))’ A= ((ka(eiel IR (/)216(91.916+1 ))’
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where ¢, (z) is defined as in (8.10). Then

. (k + 1) B(k) Mmin62k
_min ”«mmm—Aq(zc ﬁkammm.
apeC,0,€R,p=1,,q 2 T
Proof. See Theorem 4 in [34]. O

Theorem 8.2. Let k = 2. Assume that 01,---,0) € [_7”, g] are k different points and |a;| =

Mmin, 1 < j < k. Define Omin = min,»; 160, —0;. Let k distinct points 0,,--- 0y € (£, 5] satisfy
l|Aa— Aall, < o,

where 4= (a1,--+,ar) ", a= (a1, -,ar)" and

A= (¢2k—1(eié1)y e ,¢zk—1(eiék)), A= (pox-1 ey, ... okt (eiek)),

Then bl
. . A A 2% o
ki (e, 0%, e, )]l < ———=——.
Mk oo C(k)@ﬁ;& Mmin
Proof. See Theorem 5 in [34]. O
Lemma 8.8. Let({(n), B(n) and A(n) be defined in (8.8) and (8.11), respectively. For n =2, we
have
2V2n-1 55 44
( Ven—2 )2 2 22 (8.13)
{(mp(n-1) 2n-1
8v2 1 5.88
()T s 25 (8.14)
((m)A(n) 2n
and s
2n-3
@M E g3 gengt (8.15)
((n)(n-2)!
Proof. See the appendix in [34]. O

We define a discrete measure as g = Z}’zl a;jb ¥ and the vector of its Fourier transform at
0,Q,2Q,---,TQ as
(1] = (F [ 0), Ful(Q), -, Ful(TWD) T,

where F[u](x) = Z;l:l a jeiyfx . We have the following theorems for the source number and
location recovery in a one-dimensional static super-resolution problem.

Theorem 8.3. Letn=2 and T =2n - 2. Suppose that the measurement is
n

YO =Y aje V™M +W(), t=0,-,T,
j=1
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with \W(t)| <o, y; e [-Z2Z ) gpq

1
dinin 3= min IE ngr ( miﬁn) " (8.16)
Then thereis no f1 = 27:1 a;j6y; with k < n so that
1A - Ylleo < 0.
Proof. Step 1. We write
T+1=02n-1r+gq, (8.17)

where r, g are integers with r > 1and 0 < g <2n—1. We denote by 0; = y;rQ, j=1,---,n. For

yj e [-Zr oD in view of (8.17), it s clear that

- 7 .
HjZYJrQE[T’E]' ]:1’...,;1_ (818)
For [i= le?zl &j6)7j with k < n, note that
(0] - [yl = (F1A10), FIRQ), -, FIAITY) - (FIul©), Flul(Q),---, Ful(TQ) .

Using only the partial measurement at grQ,0 < g <2n -2, we have

(Z00), Fa0rQ),--, FUCn-2rQ) - (Fu©), FurQ), -, Fu(@n-2)rQ))' =Ba-Ba,

where @ = (41,---,4;) ", a=(ay,---,a,) " and
B=(dan-2(e), -+, pon_2(e’)), 819
B =(pan-2(e"), -, pan_2(e'™),
with 6 = yer,éj = y;jrQ. Itis clear that
min LA = (oo = min IBa—Ballo
aeCk,y;eR,j=1,,k aeCk,y;eR,j=1,k
1 . (8.20)
> min ||Ba— Bally.
V2n—1 aeCkjieR, j=1,-,k 2
In view of (8.18), we can apply Theorem 8.1 to get
. Mmind (1) B(1 = 1) Omin)>"* 2
aeCk,yieR,j=1,,k e
where Opyin = minj, [0 —6,]. Combining the above estimate with (8.20), we get
Mmind (1) B(1 = 1) (Omin) > 2
min ”[/:t] _ [H]Hoo > mln(( ),6( )( mln) . 8.21)
aeCk, iR, j=1,--,k V2n—1m2n-2
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Step 2. Recall that dimin = minjx,|y; — ypl. Using the relation 8; = y;rQ and (8.17), we can

show that O IO
r

Omin = rQdmin = dmin =
min = I'$20min 2n-Dr+1D min 22n-1)

Then the separation condition (8.16) implies

Amin. (r > 1)

. >4.47re( o )ﬁ>( 2V2n-1 o )ﬁ
Y | Mmin B ((n)B(n—1) Mpin '

where we have used (8.13) for the last inequality above. Therefore (8.21) implies that

min 1A = [pllleo = 20.
aeCk,yieR,j=1,-k
It follows that
AT =Yoo = AT — 1] = Wlleo
2[4l = [Elloo = IWlloo = 1[A] = [l —0 = 0,
which shows that [|[{] — Y| < 0 is impossible. This completes the proof. O

Theorem 8.4. Letn=2 and T =2n— 1. Suppose that the measurement is

n .
YO =) aje V™M +W(), t=0,-,T,
j=1

with \W(t)| <o, y; € [-Z2Z DT gng

11.766n( o )ﬁ (8.22)

A ::min’ - ‘2
min gt Yp—Yq O

Mmin

_m-DHr (n-ln

For a measure fi = Z;?:l dj(Syj with y;j € [ 1 and ||[f] —Ylloo < 0, we can reorder

Vj’s so that " "
|97 -i| < i,
2
and
yj_Yj'SCS()n)(TQ]; R
min min

1
where C(n) = n2%" 32772,

Proof. Step 1. We first write

T+1=2nr+gq, (8.23)
where r, g are integers with r > 1 and 0 < g <2n. Since y;, yj € [~ (”;3”, %], we have
-T 7 A N -T T .
Hj:=yer€[7,§], Gp::yprQ(—:[?,z],lS],pSn. (8.24)
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Also, by (8.23),

‘Hj —Gp‘ = rQ‘yj —yp’ = % = Z—g‘yj —yp‘, (since r= 1) (8.25)
and O
eminzzx};igjej—ep’ = - dumin. (8.26)

Similar to Step 1 in the proof of Theorem 8.3, we consider

(Z1010), Z1p(rQ), -, Fal(2n - l)rQ))T
—(F W), Flu(rQ),---, Ful(2n - 1)FQ))T =Ba- Ba,

where a=(ay,--,a,) ", a=(ai,---,a,) ", and
B = (h2n 1), pon1(e), B= (P2 10", an1(€), (8.27)
with 0 = yer,éj = y;rQ. Itis clear that
1Ba— Balloo < 1] = [1lco-

On the other hand, since [|[{] — Y|loo < 0, we have ||[] — [¢]llco < 20. It follows that l|Ba-
Ballw < 20, whence we get

l|1Ba—-Ball, < V2n||Ba - Balls < 2V2n0. (8.28)

In view of (8.24), we can apply Theorem 8.2 to get

. . A . /2n2n+1ﬂn—1 o
||T’I’l,n(elel’ et relgny elel; cee ’elgn)

|°° ¢(n) (emin)n_1 mmin.

(8.29)

2V2nn? g

Step 2. We apply Lemma 8.7 to estimate |0 ;-0 |'sand |- y;|’s. Todo so, lete = 700 O™ T

Itis clear that |7, ]l < (%) e and we only need to check the following condition

1
u 4
(m) g , Or equivalently (Hmin)" = r(;l) (830)

Gmin =

Indeed, by (8.26) and the separation condition (8.22),

11.767re( o )2,:—,1>n( 8v2n o )ﬁ

4n A(m){ (1) Mmin (631

Qmin =
Mmin

where we have used (8.14) in the last inequality. Then

72n1g2n o
A1) Mmin’

(emin)zn_1 =
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whence we get (8.30). Therefore, we can apply Lemma 8.7 to get that, after reordering 0 'S

” Oi
|8j _9j| < mm’
2 (8.32)
V2n2tg?n-1 o ’

6:-0; ,J1<j=<n.
‘ J ]|<C(I’l)(n—2)!(0min)2n_2 Mmin =/=n

Finally, we estimate 6'3

hand, by (8.25)

j/j—yj|. Since |9j—9]-‘ < =& it is clear that |j/j—yj‘ < @. On the other

A

6;-0)|

’J’) i— Vi | < 4_n

J J TQ
Using (8.32), (8.26), and (8.15), a direct calculation shows that
. C(n) 7T

R 2n-2_ O
Vi J/]’ - TQ (TQdmin) Mmin

’

where C(n) = n26n-3¢27 =3 This completes the proof. O

8.3 PROOF OF THEOREM 3.1

Proof. Note that for the n different v;’s, we have at most @ differentuyg =1V, —TV4, p < q.
By Lemma 8.4, we can find a one-dimensional subspace S so that

u d—1 _1
- Il pq”Z( b4 )f( )>8.8en( o )2,,,2,

HQDS(U’”’)Hz T @24 '\nn-1) TQ

Mmin
where the last inequality is by the separation condition in the theorem. Thus we can find a
unit vector v € R4, so that

88enm[ 0 \z5
< )

TQ
We consider the measurements at w = Qv that

(8.33)

Mmin
L i(yT. +tTv!)vVQ

Y (vQ) =) aje’™ T AW (vQ), £=0,000, T
j=1

T
Letbj=aje" V2 and y = Tv]T.v and W(t) = W, (vQ)), the measurement can be written as

n .
Y(O)=) bje VM +W(1) t=0,--,T,
j=1

with [W(1)| < . Note also that (8.33) implies min, 4|y, — y4l = W”( o

TQ Mmin
B¢_ . (0) implies y; € [— (”;g”, %]. Thus by Theorem 8.3, there isno k < n y;’s so that

TQ

b=
) " and 1v; €

n A
1Y bje i —Y(n)| <o, t=0,,T.
j=1

This implies there does not exist any o-admissible parameter set of Y,’s with less than n
elements. O
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8.4 PROOF OF THEOREM 3.2

Proof. Step 1. Note that we have at most w differentu,, = 7v,—7vg4, p < q. The separation
condition in this theorem means
d-1 &d-1)
11.76em44~1((n+2)(n + 1/2) U

1
IIllIlHll H > ( )2n-1,
p<q Pq TQ Mmin

For a subspace S of R and v € S, we denote v (S) the orthogonal complement space of vin S.
Let

T 2 l
gk (m) k 1 d—l,

11.76me4* 1 ((n+2)(n+1)/2)* =D T
e ((nTQ)(n )/2) ( o )z 1,k=1,"',d—1- (8.34)

dmin,k =
Mmin

By Lemma 8.5, in R we can construct n+1 (d — 1)-dimensional spaces S?dj RY), ja-1 =

]dl

1,---,n+1with0 < vpd Vig =€08(04-1), Pa-1 # ja-1, so that for allu,,’s we have
deo &d-2)
[ ) 1 1176ema® 2 ((n+2)(n+ 1)/2) .
[Pt wpg], = ( e (——)z.
Ja-1 2 4 (n+1)(n+2) TQ Mmin

Since each Sd_} is a (d — 1)-dimensional space, applying Lemma 8.5 again for Sd_1 and

Psa1 (Upg)'s, for each Sd 1 we can construct n + 1 (d — 2)-dimensional subspaces S;j f]d =
Ja-1 ’

1 gd-1 —1 .. -
Vidoja 1( Ja- 1) Ja-2=1, ’n+1W1th0 Vpd 2

for alluy,,’s we have

jusViazzja < €080a-2), Pa-2 # ja—2, s0 that

1

)H - ”uquZ( 2 )ﬁ*m
42 (n+1)(n+2)
d-3)

7z, Coll, =l (51 0m

11.76em44- 3((n +2)(n+ 1)/2)

o 1
= ( )2nt,
TQ Mmin
where the first equality is because Sd_2 it is a subspace of S;’.ld_ll. We can continue the pro-
cdo2 d-3 Y ;
cess and construct n + 1 subspaces of S e S iamia ’sz,js,--~,jd_1’ respectively. For

each two dimensional space 82 , we can construct n + 1 one-dimensional subspaces

J2rJ3rsja-

1 —yl 52 o L
Judeidsja-r jlij;];Sr"'vjd (]2]3 S Jd- 1)’]1_1’ yn+1with0 < vl’ V2, ]d71v11'f2""»]d—1SCOS(QI)»pl#
J1, so that for all u,,’s we have
[lapgllz 2 &d-1y  11.76em [ O \zo
195, = e e
J1d2ed3eia—1 2 44-1 \(n+1)(n+2) TQ Mmin

Thus for each {j2, -+, ja-1}, we can find n + 1 unit vectors q;’s with 0 < Iq;qjl <cos(01),p# ],
so that

11.7667'[( o )ﬁ

—Tq (8.35)

T T
Pq (upq) =q; Upg, and |qj upq| >

St oz “Jd- Mmin
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We consider these q;’s in Step 2.
Step 2. Without loss of generality, we first consider q;. We consider the measurements at
w =Qq, that

LG T T
Yz((hQ) — Z ajet(yj+trvj)qlﬂ +Wt(q19)’ t=0-- T
j=1

T
Lethj=a;ei 9% y; = TV]qu and W(r) = W,(q,Q), the measurement can be written as
n .
Y(t) =) bV +W(), t=0,---,T,
=1

with [W(#)| < 0. By (8.35) we have

. ‘ ’ - 11.76en( o )2,,%,
min|y, — y4| = ———— .
p#q Y=V Q) Mmin

On the other hand, the measurement constraint

n coT L oT
Z d]el(yj +tTV]- )qlﬂ _Y[(qlg)| < o,
=

can be written as

n A
Y bjeh' Y1) <o,
=1

AT
h: = 4.2 1 n. =707 T (n-Drn oT (n-Dm
where b; = aje”?7™" and y; = 7V;q;. Note that |TV]. q| =75~ and 1TV; q| = =5~ since

TV, TV € Bff%)ﬂ (0). By Theorem 8.4, we have after reordering y;’s,

A~

1
7i-i]

< Edmin,ly

where dpin,1 is defined as in (8.34), and

A

yj—yj(f

’

C(1,n) ( 7 )2n—2 o
TrQ dmin,l TQ Mmin
where C(1, n) = n26"3¢2"7~2. Because we have n + 1 q;’s, we have n+1 permutations 7;’s of
{1,---,n} so that
. 1 _
)T"rTj(p)qj ‘T";‘lj| <gdmin1, j=1-,ntl,

and

C(l,n)( T )211—2 o

(=1, nt 1.
TQ \dpini TQ 4

AT T |
v i—TV,q;| < ,
| ;9 = TVpa; P
Since we have n+1 q;’s but only n V,’s, by the pigeonhole principle, for each vy, there exist
Vi (p) = V1, (p) = Vp' SO that

1
< —dmin1, t=1,2,
2 min,1

aT T
|Tvp’qjt ~TVp4j,
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and

AT T C(l, n) /3 2n-2 g
|Tvp,qjt—rqujt =< ( ) , 1=1,2.
TQ dmin,l TQ Mmin
Thuswe havetwo S} . . | r=1,2,sothat
Jip ]2 ]d-1
» (9 )| < L i, £=1,2
TV, — TV —dmin1, £=1,2,
S}lplév"‘vjdq P P 2 min,1
and cm -
N b4 n-2 g
Pg (T —Tvp)| < ( ) , t=1,2.
Jpj2ria-1 TQ dmin,l TQ Mmin
; : 1 _ ol 2 _
From the results obtained in Step 1, S].1 o = Vit jassresjaor (Sj2yj3v“'vjd—l ), t =1,2, are both

one-dimensional subspaces of Si )

T L. .
. and 0 < Vi e jus Vitsdrjan < cos(f1). By Lemma
8.6, we have

")jd—

c2,n ( b4 )2n—2 o

@
H 8. TQ \dmin2TQ

A 1 v
I T N &

) ) )
“do1 “Jd-1 Mmin

where 1
C(2,n) = (4((n+2)(n+1)/2)$D)#7D yobn=3g2n 7 =3

Since we do not specify the {jo, -, jq—1}, for fixed {js, -, j4—1}, the above results hold for all

{j2, J3»**» ja-1} j2 = 1,---,n+1 with that the p’ is related to j». Again from Step 1, for fixed
. . 2 _ J_ 3 . . T

{j3,++, ja—1} we have sz,jsr--,jd_l =V b (Sjs.--~,jd-1)’ Jjo=1,---,n+1with0=sv

cos(02), p2 # j». Similar to the above arguments, since we have n+1 j»’s while only n Vs, by

the pigeonhole principle, for each v, we can find ¥, so that

“ 1
125,,...c. 780 =70 < g
Cc2,n T 2n-2 0o
H‘@SZ . (T‘A,p’_TVP)H = ( )( ) ) = 1r2)
J2pid-1 2 TQ dminyg TQ Mmin

where X
C(2,n) = (4((n+2)(n +1)/2)5 D)1 pbn=3 2ny =5

By Lemma 8.6, we have

C@3,n) ( T )211—2 o

1
a@p W,y —T || < —dmin3, HQZ W,y —T H <
H S gy PO T TVP)||, < 5 min3 Sty TP TIPS Amins TQ

: : ’
vid “ld- Mmin

where X
C(3,n) = (42((n+2)(n+1)/2)°@) "=V ppbn=32nz =3

Thus, by continuing the process, there exists ¥, so that

)

C(d,n)(d T )Zn—z o

1
TV, — TV H < =dm;i ||T\7/—TV || <
|| p Pll» 2 min,d» p Pll, TO min,dTQ

Mmin
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Parjar,fa-1 V2 ds s =



where 1
C(d,n) = (477 (n+2) (n+1)/2)747D) 21D pobin=3g2ny =3

Since miny x4 IV —Vg4ll2 = dmin 4, for each v, there exists one and only one V,, satisfying the
above condition. Thus after reordering ¥,,’s we have

R ld R <C(d,n) 7 2n-2 ¢ -
et~ < e e v = 2
This completes the proof. O
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