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EXPONENTIAL CONVERGENCE OF DEEP OPERATOR NETWORKS
FOR ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

CARLO MARCATI* AND CHRISTOPH SCHWAB*

Abstract. We construct and analyze approximation rates of deep operator networks (ONets) between infinite-dimen-
sional spaces that emulate with an exponential rate of convergence the coefficient-to-solution map of elliptic second-order
partial differential equations. In particular, we consider problems set in d-dimensional periodic domains, d = 1,2, ..., and
with analytic right-hand sides and coefficients. Our analysis covers linear, elliptic second order divergence-form PDEs as,
e.g., diffusion-reaction problems, parametric diffusion equations, and elliptic systems such as linear isotropic elastostatics
in heterogeneous materials.

We leverage the exponential convergence of spectral collocation methods for boundary value problems whose solutions
are analytic. In the present periodic and analytic setting, this follows from classical elliptic regularity. Within the ONet
branch and trunk construction of Chen and Chen [4] and of Lu et al. [18], we show the existence of deep ONets which
emulate the coefficient-to-solution map to a desired accuracy in the H I norm, uniformly over the coefficient set. We prove
that the neural networks in the ONet have size O(|log(¢)|"), where € > 0 is the approximation accuracy, for some x > 0
depending on the physical space dimension.
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1. Introduction. The application of numerical surrogates of solution operators to partial dif-
ferential equations (PDEs) via algorithms of deep learning has recently received considerable at-
tention. See, e.g., [2, 17, 19, 16] and the references there. Also, expression and approximation
rate bounds for such computable operator surrogates have appeared in various settings, see, e.g.
[13, 8, 7], and the references there. In the present paper, we construct deep operator network
(ONet) emulations of coefficient-to-solution maps for boundary value problems with linear, sec-
ond order elliptic divergence-form operators. In particular, we consider operator networks with
rectified linear unit (ReLU) activation and problems formulated in domains without boundary
and with analytic right-hand sides and coefficients. In this setting, we construct operator net-
works that approximate the (nonlinear) coefficient-to-solution map with exponential accuracy in
the corresponding function spaces. We bound—poly-logarithmically with respect to the energy
norm of the error—both the size of the approximating network and the number of sampling points
where the coefficient is queried.

1.1. Existing Results. Deep neural networks (DNN) have been employed increasingly in re-
cent years in the numerical solution of differential equations in science and engineering. We refer
to the survey [2] for uses and successes of DNN based numerical simulations in computational
fluid mechanics, and to [27] for their use in computational finance and computational option pric-
ing. First uses of DNNs in numerical PDE solution in engineering and the sciences focused on
leveraging DNNs for “mesh-free” solution approximation and representation (see, e.g., [26, 9]),
with good success explained, to some extent, by approximation properties of DNNSs in function spaces
(see, e.g., [24, 22,23, 20, 28, 10]) in particular overcoming the so-called Curse-of-Dimensionality
(CoD) in high-dimensional approximation of PDE solution manifolds [28, 11], of parametric PDEs
and of PDEs on high-dimensional state spaces, as arising, e.g., in computational finance (see [27, 1]
and the references therein).

Reference [15] addressed the expression rate of ReLU NN for the solution maps of paramet-
ric PDEs. The analysis in that paper proceeds through the DNN emulation of reduced bases for the
approximation of solutions of the PDEs. The expression rate bounds obtained in [15] are subject to
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2 C. MARCATI AND CH. SCHWAB

strong hypotheses on the DNN expressivity of reduced bases for the PDEs of interest. The param-
eter sets (i.e., the domains of the solution operator) considered in [15] are finite-dimensional; this
paper mostly concerns instead the approximation of solution maps between infinite dimensional
spaces. We nonetheless show how expression rates for finitely-parametric PDEs also follow from
our main results, see Theorem 5.12 and Remark 5.14.

DNNs have been leveraged in [8, 18, 16] for the DNN emulation of data-to-solution operators
for PDEs. See also the review [19]. Here, previous investigations have focused on universality of
NN for operator approximation. The pioneering work [4] established this for a certain type of
NNs with a “branch and trunk” architecture, which will also be used in the present work. While
[4] imposed strong compactness assumptions, more recently [16] extended these results to certain
settings without the compactness assumptions of [4]. In these papers, focus has been on emulating
nonlinear maps, such as domain-to-solution, or coefficient-to-solution maps. For well-posed PDE
problems, continuous dependence on the problem data implies that these maps are continuous,
in the appropriate topologies on the data and the solution space. We refer to [14, 18] and the
references therein. In these references, some theory explaining some of the numerically observed
performances of NN emulation of nonlinear operators has been developed (see, e.g., [16, 8, 7]).
We also mention the analysis of [13] for Fourier Neural Operators, a different kind of operator
networks, introduced in [17].

The convergence rate estimates proved in these references indicate that a) DNNs are capable of
parsimonious numerical representations of the nonlinear, smooth data-to-solution maps for PDEs,
and b) they are not prone to the CoD in connection with the countable number of parameters due,
e.g., to series representations of inputs in separable Banach spaces of possibly infinite dimension.

1.2. Contributions. We construct DNN approximations of data-to-solution maps, so-called
“Operator Networks” for linear, second order divergence-form elliptic PDEs with non-homoge-
neous coefficients and source terms. We establish exponential expression rates for these coefficient-
to-solution operators for elliptic PDEs.

Our argument relies on analytic regularity for elliptic PDEs with analytic coefficients, on the
a priori analysis of periodic spectral approximation of PDEs, and on the error analysis of numer-
ical quadrature in fully discrete spectral methods. We consider linear second order divergence-
form elliptic boundary value problems with analytic, periodic coefficients, and (uniformly) an-
alytic solutions, whose inputs and solutions admit exponentially convergent spectral collocation
approximations from spaces of high-degree, periodically extendable polynomials. Our results
show that neural networks can emulate accurately the (nonlinear) data-to-solution operator of
Galerkin methods for the elliptic PDEs mentioned above with numerical integration. The opera-
tor networks we construct are composed of encoding, approximation, and reconstruction operators.
In the encoding step, the input datum is queried on collocation points in the physical domain.
The approximation and reconstruction parts of the operator networks are composed of two neural
networks, one that approximates a polynomial basis, while the other maps point evaluations of
the diffusion coefficient to coefficients over the basis.

Our proof is constructive, based on “NN emulation” of (building blocks of) a spectral method.
Our focus is on providing an upper bound on the expression rate of the Operator Network approx-
imation of the coefficient-to-solution maps, rather than to suggest a concrete algorithm to actually
construct those networks. Actual applications may be able to perform the numerical Operator
Network construction more efficiently.

For the sake of clarity of exposition, we develop this strategy for model, linear second or-
der elliptic PDEs in divergence form, with inhomogeneous coefficients. We then show, using the
compositionality of NNs, how to include problems with parametric diffusion, typically arising in
computational uncertainty quantification. Finally, we mention the minor modifications required
for PDEs with reaction coefficients and discuss in some detail ONet emulation of the coefficient-
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to-solution map for linear elasticity.

The exponential expression of data-to-solution maps proved in this manuscript is the first re-
sult of this kind for operator networks. It is based on exponential compression rates of encoders
and decoders which are based on spectral approximations to leverage analyticity of input and out-
put of the data-to-solution maps. Here, analyticity of the solution is a consequence of classical
elliptic regularity. The strong compression of spectral encoders and decoders facilitated by analyt-
icity allows to compose ONets from approximate neural network inversion of small, but generally
dense spectral Galerkin matrices. ONet constructions for finite regularity input and output pairs
with considerably different input encoder and output decoder maps differs substantially from the
present construction. They are considered in [12]. The approximation of data-to-solution maps for
similar elliptic PDEs has been analyzed with different techniques in [8] under weaker regularity
assumptions on the coefficients. These lines of argument yield lower expression rate bounds.

1.3. Structure of this paper. To fix a setting for developing our results, we introduce in Sec-
tion 2 a scalar, elliptic, isotropic diffusion equation. The coefficient-to-solution operator that will be
the main target of approximation by neural networks is also introduced in this section. Then, in
Section 3, we define feed forward neural networks (with ReLU activation) and operator networks
with the branch and trunk architecture of [4, 18], that approximate maps between infinite dimen-
sional spaces. We conclude the section by defining some operations on networks that will then
be used for the approximation analysis. In Section 4, we gather (classical) results on the polyno-
mial approximation of solutions to the elliptic problem. The main results of this paper are then
proved in Section 5. In Theorem 5.7, we show the exponential convergence of the operator net
approximation of the coefficient-to-solution map for the elliptic isotropic diffusion problem. We
extend the analysis to parametric diffusion coefficients in Theorem 5.12. Finally, in Section 6 we
extend our ONet approximation to further second order problems comprising reaction-diffusion
with nonzero reaction coefficients and linear elastostatics.

1.4. Notation. We use standard notation and symbols: N denotes the set of positive natural
numbers N = {1,2,3,...} and Ny = {0} UN. We write vectors in lowercase boldface characters
and matrices in uppercase boldface characters. We denote by ||a||2 the £2-norm of a vector a, while
for any matrix A, we denote ||A[|2 = sup|,,=1 [[Az|2 its operator norm. By [|A[o and [|lz[o we
denote, respectively, the number of nonzero elements of a matrix A and a vector «. The spectrum
of a matrix A is written o(A). For n € N, Id,, is the n x n identity matrix, while 0,, is a vector of
zeros of size n. When used between matrices, we denote by @ the Kronecker product: given two
matrices A € R™*" and B € RP*?, then C = A ® B € R™P*" such that

AnB - A;B
C=| :
A,B -+ A,.B

Given two functions vy, v2, we instead denote by v; ® vy the function such that (v ® vs)(z1,22) =
v1(x1)ve(z2). We denote by [a;]. .. |a,] the matrix with columns ay, .. ., a,,. We indicate by vec :
R™*™ — R™" and matr : R™” — R™*" the vectorization and matricization operators, such that
matr(vec(A)) = A for any matrix A. All results are independent of the ordering of the vectoriza-
tion operation; the dimensions of the matricization operation will be clear from the context. We
denote by R{I" the space of symmetric matrices of size n x n. Given two matrices A, B € R™*",
we write A : B =31, A;;By;.

Letd € N. For k € Ny, p € [1, ], and a domain D C R?, we indicate by WkP(D) the classical
Sobolev spaces. VVIIZf(Rd) indicates functions that are in W*?(D) for any bounded subset D of R%.

In the Hilbertian case p = 2, we write H*(D); in addition, L?(D) = W%?(D) and L?(D) = H°(D).



4 C. MARCATT AND CH. SCHWAB
Given @ = (0,1)? and Q = (R/Z)¢, we denote , for all k € Ny and p € [1, 0],

WhEP(Q) = WEP(Q) = {U|Q NS W{Z’p(Rd) and v is Q-periodic} ,

per C

i.e., the restriction to ) of all functions in Wﬁf(Rd) that are Q-periodic. We denote by (-, -) the L?
scalar product in Q.

For C > 0, define Hol(Q; C) as the set of functions v that are real analytic in R, periodic with
period one in all coordinate directions, and such that

(1.1) [vllweee @) < C*TR!, Wk € No.

Define furthermore the set of all real analytic functions in Q as Hol(2) = (-, Hol(Q2; C). By the
Arzela-Ascoli theorem, the set Hol(€2; C') is compact in L>°(2).

2. Problem formulation. We introduce the set of admissible diffusion coefficient data D: for
each coefficient a € D we assume ellipticity in the form that there exist constants amin, Gmax > 0
such that

(2.1) Ve € Q,Va €D amin < a(x) < amax -

We also assume that all ¢ € D are real analytic and @Q-periodic, with uniform bounds on the radius
of convergence of the Taylor series: there exists a constant Ap > 0 such that

(2.2) D C Hol(Q; Ap).

As it will be useful in the sequel, we define the Poincaré constant C,; > 0 such that

1
(23) lo — LQI/QU”LQ(Q) < Cpoil Vollz2iq), Vo€ HY(Q) = Hp,(Q)-

The ellipticity hypotheses (2.1) and the Poincaré inequality (2.3) imply that for every f € L?({2)
such that [, o =0, and for each a € D, the elliptic boundary value problem

(24) —V-(aVu*) = finQ

admits a unique solution

u € X = {v € HY(Q): /Qu = o} ~ H}..(Q)/R.

It satisfies the variational formulation: given a € D, find u € X such that
(2.5) b (u,v) = (f,v) YvelX.
Here, for a given a € Hol((2), the bilinear form b%(-,-) : H}(Q) x H'(2) — R is given by

b (w, v) = /Q (aVw - Vo).

In what follows, we assume the fixed source term f € Hol(2) N X to be given and, for any a € D,
we denote by u® the unique solution of (2.5) for this choice of f.

We denote (still keeping the source term f in (2.5) fixed) by S the data-to-solution operator
a — u®in (2.5). We let i = S(D) the set of solutions of (2.5) corresponding to inputs from D.
As shown in Lemma B.1 in Appendix B, for fixed right source term f in (2.5), the data-to-solution
map S : L>(Q) — H'(Q) is Lipschitz continuous. Furthermore, standard elliptic regularity (see
[21, 5] and Lemma 4.1 below) implies S(D) C Hol((2).
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3. Neural operator networks. Our goal is to derive bounds for the approximation of the so-
lution operator S : D — X C H 1(Q), defined in Section 2, by an operator network. To define
operator networks, we recall the definition of classical feed forward neural networks with ReLU
activation

ReLU : R — R, z — max{0, z}.

3.1. Feed forward neural network.

DeriNtTION 3.1 ([24, Definition 2.1]). Let d, L € N. A neural network ® with input dimension
d and L layers is a sequence of matrix-vector tuples

® = ((A1,b1), (Ag,ba), ..., (AL, br)),

where Ny .= d and Ny, ..., Ny, € N, and where Ay € RN*Ne-1 gnd b, € RN for 0 =1, ..., L.
For a NN @, we define the associated realization of the NN & as

R(®) : RY = RV 2+ &, = R(®)(x),
where the output x;, € RNt results from

g =T,
(31) €Ty = ReLU(Az:Eg_l +bz), fOT’fZ 1,...,L—1,
xr, =Arpx,_1+bp.

Here ReLU is understood to act component-wise on vector-valued inputs, i.e., for y = (yh,...,y™) €R™,
ReLU(y) := (ReLU(y'),...,ReLU(y™)). We call N(®) = d + Zle N; the number of neurons
of the NN @, L(®) := L the number of layers or depth, M;(®) = || 4,|lo + ||bj]0 the number of
nonzero weights in the j-th layer, and M(®) = Z;‘:l M;(®) the number of nonzero weights of ,
also referred to as its size. We refer to Ny, as the dimension of the output layer of .

3.2. Operator networks. The operator network approximating the solution operator S can be

seen as the composition R o A o & of three mappings:

e Encoding £ : D — R"”, forn € N,

e Approximation A : R — R™, form € N,

e Reconstruction R : R™ — H(Q),
see the diagram in Figure 1. We refer the reader to [16, 14] for a broader view on and thorough
discussion of operator networks between infinite dimensional spaces. In our analysis, the encoding
step will map functions a € D to the vector a € R" of their point evaluations, i.e.

a = g{wl,.“,wn}(a) = [a(wl)’ SERE) a(wn)]—r >

for suitable collection of points @1, ..., z, € Q. The approximation and reconstruction steps in-

volve feed-forward neural networks that we will, respectively, denote ®P*21<h and @trunk, Specifi-
cally, the approximate solution operator A is realized as

Agbrancn (@) = R(®PT20) (@),
For the reconstruction step R, for all ¢ € R™ and x € Q, we define

Rypuunc(c)(x) = (R(O"™)(z)) - c.
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D - . > H1()
Encoding Reconstruction
a—a=la(z1),...,a(T,)] c—ufy =2 Gt
n — R™
Approximation
arc=|c1,...,Cn]

Fig. 1: Diagram of operator network between infinite dimensional spaces

Fig. 2: Structure of the branch and trunk network; u$y (z) == R(®"ra2h) (@) - R(PT11K) ().

This constructs the operator network mapping from D to H'(Q), defined by

Repsruntc © Aginanch © Efay .,} 1 0 uli (1) = (R(ST)()) - RO (€, .., (a))

see Figure 2. For the precise definition of the branch and trunk networks used to approximate the
solution operator of (2.4) we refer the reader to Sections 5.1 and 5.2.

We aim for operator networks that approximate, for all a € D, solutions u® of (2.4) in the
H'(Q)-norm, uniformly over the input space D, i.e., such that

sup [[u® —upn a1 (@) < e
acD

The main result of this paper consists in proofs for upper bounds on n, m, and on the sizes of
Pirunk and gbranch a5 functions of the error e.

3.3. Operations on neural networks. We introduce and recall some operations on neural net-
works that will be necessary for the construction of the branch and trunk networks.

3.3.1. Concatenation and sparse concatenation.
DeriNttion 3.2 (NN concatenation, [24, Definition 2.2]). Let L1, Lo € N and let

o' = ((ALby),..., (AL, bL)), 2= ((ALb]),...,(AL,.b1,))

be two neural networks such that the input layer of ® has the same dimension as the output layer of ®>.
Then, ®'e ®2 denotes the following Ly + Lo — 1 layer network:

Ole®? = ((A7,b7),.... (AL, 1,b], 1) (A{A], Ajb], +b1), (A3, b)), (AL, bL)).
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We call ®'e &2 the concatenation of ®! and ®2.

Prorosition 3.3 (NN sparse concatenation, [24, Remark 2.6]). Let L1, Ly € N, and let ', d?
be two NN of respective depths Ly and Ly such that Ny = N7_ =: d, i.e., the input layer of ®* has the
same dimension as the output layer of ®>.

Then, there exists a NN ®! @ ®2, called the sparse concatenation of ®! and ®2, such that ' © @2
has Ly + Ly layers, R(®* ® ®?) = R(®') o R(®?) and M (@ © %) < 2M (91) + 2 M (9?).

3.3.2. Emulation of matrix inversion. Dense matrix inversion can be approximated by suit-
able ReLU NNs. We recall the following result from [15] where, for Z € Ry and N € N,

K% = {vec(A): A e RV*N ||A|l, < Z}.

Tueorem 3.4. [15, Theorem 3.8] Fore,d € (0,1) define

_[log(0.5¢9)
e )= |t 5 |

There exists a universal constant Cyy,, > 0 such that for every N € N, e € (0,1/4) and every § € (0,1)
there exists a NN >~ with N2-dimensional input, N2-dimensional output and the following properties:

inv,e

L L (®[52Y) < Ciny (1+log (m(e,8))) - (log (1/2) + log (m(=,6)) + log(N),

2. M (@iln;f;N) < Chayml(e, 8) (1+ log?(m(z, 5))) N* - (log (1€) + log (m(z, 8)) + log(N)),
(Idy — A)™" — matr (R (@1_5’N) (vec(A))) H2 <e,

inv;e

3. Supvec(A)eK}\,_‘S
4. for any vec(A) € K ° we have
1-5,N -1 1 1
o < - < < Z.
Hmatr (R ((I)mv;e ) (Vec(A))> H2 <e+ H(IdN A) H2 Set oo AL = €t

Remark 3.5. The bounds on the depth and size of the network of Theorem 3.4 are slightly
modified compared to those in [15], since some instances of log(m(e, ¢)) have been replaced by
1 + log(m(e,d)). Indeed, for all § € [2/(2 + €), 1), with fixed € > 0, m(e,d) = 1. In this case, the
unmodified estimates would give a degenerate bound on the depth and size of the network. This
modification is mathematically inconsequential, the relevant case for the approximation estimates
being € | 0.

4. Regularity and polynomial approximation. We shall exploit the classical fact that the an-
alyticity of the coefficient a and of the source term f in 2 combined with periodicity implies an-
alyticity of the solution u® of (2.4). This, in turn, will imply exponential convergence of tensor
product polynomial (spectral) approximations of a and u?, which will be the basis of the NN
approximation developed in Section 5 ahead.

4.1. Regularity. The following result follows from [5, Remark 1.6.5 and Theorem 1.7.1].

Lemma 4.1. There exists Ay > 0 such that S(D) C Hol(€; Ay).

Proof. From [5, Theorem 1.7.1], it follows that S(D) C Hol(f2) and, for each u € S(D), there
exists A, > 0 such that

k—2

1 1
alilr @ < ALY ﬁmHj(Q) + lullgr@)) |- Vk € No.
=0



8 C. MARCATI AND CH. SCHWAB
Furthermore, from [5, Remark 1.6.5], inspecting the proof of [5, Theorem 1.7.1], and from (2.2),
the proof is completed since it follows that
0
Ay = sup A, < oo.
ueS(D)

4.2. Polynomial basis and quadrature. Consider the univariate Legendre polynomials Ly,
Ly, ... such that L; € Q;((0,1)), normalized with L;(1) = 1. Define then, for all i € N,

1d 1d 1d
" = Lo, 0251 = Lai, 0o = Lojt1 — L.

These functions satisfy, for all i € Ny, ¢}9(0) = }4(1). It follows that, for all p € N,

span(¢1, - .., ¢p) = Qp+1((0,1)) N {’U c H'(R/Z) : /(0 1)1) = 0} :

We can then introduce, for all integer p > 2,
(41> Pir+pis+-+pi=Ltiq = <p111d®@zlld®®@zlf’ (ilw":id) € {07---717— 1}d'

Then, as shown in Lemma D.1 in the appendix, for all integer p > 2, denoting ny, = pt—1,

(42) X, =span({©1,...,¥n,}) = {v €Q,(Q) : /QU =0andv € Hl(Q)} =Q,(Q)NX.

The restriction to polynomials of degree p > 2 is without loss of generality, as the periodicity and
vanishing average constraints imply Q;(Q) N X = {0}.
For a quadrature order parameter ¢ > 2, denoting nq = ¢%, we consider the Gauss-Lobatto

quadrature rule with weights {w{?}"¢, and points {\?}7* | C @ such that

/Qg =S w@y(z?),  VgeQus(Q).
k=1

There exist constants cquad,1, Cquad,2 > 0 such that

(p+1)¢
“+1 —+1
(43)  cquaaillvla) < D wF ()2 < cquaaallvliag), Vo€ Qu(Q), ¥p €N,
k=1

see [3, Equation (6.4.52)]. We remark that the constants cquada,1 and cquad,2 are independent of p,
but depend in general exponentially on the dimension d. We may assume, without loss of general-
ity, that cquad,1 < 1 and cquad,2 > 1. We introduce furthermore the bilinear form with quadrature

b
00 (u,0) = > wiPa(zi)Vu(@?)  Vo(z\?),  VuveCl(Q)
k=1

Eventually, here u, v shall be tensor product polynomials in Q.
For each a € D, we introduce the symmetric matrices

(A% ]

G =0 ne) (Al =B ene), ) e (L)
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Let A} be the matrix obtained with ¢ = 1in Q. Let ¢ > p + 1: for all nonzero x € R, there

np,n

exists v eanb\{O} such that, foralla € D,
(44) wTAZb)nqw = by, (v,0) >0,

due to the equivalence of norms (4.3) and to the Poincaré inequality (2.3). Hence, the matrices
A? and Al are invertible. Denote then

nb,nq nb,nq

a _( 1 )—1 a
Nb,Ng Np,Ng Nb,Ng "

We also introduce the right-hand side vector ¢y,,, € R™ such that
(45) epmli= [ fon i€ (L),
Q

The Cauchy-Schwarz inequality and

1/(2i +3) if 7 is odd .
2 < Vi e N,
leillz2(q) < {1/(2¢+3) +1/3 ifiiseven, '

hence ||| 12(g) < 1, imply that

ny

(4.6) ez < IFI172(0) Z Ieill72c0) < mollFlIZ2q)-
i=1

Finally, let

~ 1 -1
Cfiny, = (Anb,nq) Cfiny, -
and

(4.7) cl = (A% ) leqn,

U;Np,Ng Nb,Nq

Here and in the sequel, for all ¢ € N, with ny = q%, we will denote a,, € R" the vector with
entries

[an,], = a@®),  Vke{l,...,ng}.

The following two statements concern the norms of the matrices introduced, and will be nec-
essary for later estimates.

Lemma 4.2. There exist Ceoer, Ceont > 0 such that forall a € D, all p € N, and all integer ¢ > p+ 1,
(48) J(:&a ) C [Ccoera Ccont]; U((:&a )_1) C [1/Ccont7 1/Ccoer] 9

Npb,Nq Nb,Nq
with ny, = p? — 1and ny = ¢°.
Proof. For all x € R">,

TAl
T < Qpax® Anb’nqw.

z<x A?

TAl
Amin® A Np,Ng

nb,nq

Since the matrices Al and A? are symmetric and positive definite, see (4.4), this implies,

Np,Nq Np,Nq

by Lemma C.1 in the Appendix,

U((Al )_1Aa ) C [aminyamax]-

Nb,Ng Nb,Ng

The assertion follows with Ceoer = amin and Ceont = Gmax- O
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We assume, for ease of notation, that Cioer < 1 and Cyon > 1.

LemMma 4.3. There exists a constant Cn > 0 such that, for all p € N, and for all integer ¢ > p + 1,

(A, ) 2 € Canw,

Nb,Ng
with ny, = p? — 1 and ny = ¢°.
Proof. From (4.3), (2.3), the symmetry of the bilinear form, and Lemma D.2, it follows that

x Al x (D) by (v,v
Amin (A,lib o )= min A= inf T Znong® > inf M
q )\EU(A,Lb nq) xER™b H:L'HQ vEXn, CL2anv||L2(Q)
43) €2 aan HVU||2L2(Q) 23)  CAadn
Chanp veXn, [[Vl72q) — CpoiCiemb
This concludes the proof, since ||(A;,, | ng) Y2 = 1/Amin (A}, | ng)- 0

5. NN approximation. We detail the structure of the branch and trunk networks (see Fig. 2)
and state and prove their convergence rate bounds.

5.1. Branch network.

5.1.1. Input layer. Forall k € {1,...,nq}, let D,, (w,gq)) denote the matrix with entries
D (m(Q)) _ w(Q)V ,(m(Q)) v 4(:1:(Q)) (i,5) € {1 n }2
np k i k PilLy, ©j k) yJ gy by

The following statement follows from this definition.
Lemma 5.1. Forall o € R, the one-layer NN

e, = ((~a [vee®@, @) .. | vee(D,, (@) 0,2 ))
satisfies M(®2-< ) < n¥ng and is such that

Np,Nq

(5.1) matr (R(@A @ )(anq)) — —aA®

np,Nn. nb,nq

Proof. We have

R (225,) (an,)] = —az [vea(B(a{?)] a(a®).

hence the equality after matricization. The size bound follows from the fact that
D, (i) llo < nf, k€ {1, na}
Lemma 5.2. Forall o € R, the two-layer NN
(52) ot = (T, @ (AL, )" vee(ld,,)) ) © B45,
is such that
matr (R(<I>A 1d, a)(anq)) = —aAl, . +1d,,

np,n

and M(®,10) < 20y, (1 + npng + ni).
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Proof. For all m,n,l € Nand all A € R™*" and X € R"*!, vec(AX) = (Id; ® A) vec(X).
Hence,

R(@19) ) (14, @ (AL, ) HR@L?, ) + vec(Id,,)
W _a(d,, ® (AL, )7} vec(AL )+ vec(Id,,)
=—a vec((A}Lb’nq)*lAzb)nq) + vec(Id,,).

Finally, by Proposition 3.3,

M(@150) < 2M(@05,) +2 (ITdn, © (AL, )7 o + [Xday b)) < 2M(@755, ) + 2008 + mp). 0

nb,nq nb,nq nb,nq

The following statement is a consequence of Lemmas 4.2 and 5.2.

Lemma 5.3. Let Ceont, Ceoer be the constants introduced in Lemma 4.2. For all a € D, forall p € N,
for all integer ¢ > p+ 1, and for all « € (0,1/Creont),

| matr (R(@‘Z’Id’a)(anq)) o <1 aCeer = 1 — 6,

Npb,MNq

with ny, = p? — 1 and ny = ¢°.

Proof. By Lemma 5.2, matr (R(@gvldv"‘) (a,nq)) =1d,, —aA? . . DuetoLemma 4.2 and since

Nh,Mg Np,Ng

& < 1/Cont, this matrix is symmetric positive definite and

Aa T Aa . TAa
ny = ny = 1= > 1= coers
IId,, — aA Il2 sup «' (Id,, — A Je=1—a inf x A}  x<1-aC

Np,Ng Np,Ng N ,MN,

R™b rCcR™P
falla=1 fallo=1
where the last inequality follows from Lemma 4.2. 0

Thanks to Theorem 3.4 we can construct the network that approximates the inversion of the “pre-

conditioned” Galerkin-Numerical Integration matrix A7, ., (more precisely, the network that em-

ulates the map a,,, — (A%, )71).

Nb,Nqg
ProprosiTION 5.4. Let Ceoer, Ceont be defined as in Lemma 4.2. There exists a constant Ciyy a4 > 0
such that for all ny, € Nand for all ey € (0,1), writing o = 1/(Ceoer + Coont), § = aCooer, Nq = np+1,
and denoting

A ) 1-4, Ald,
(53> q)inv;s;m,,nb = ((aIdnb’ Onb)) ° (I)inv; E?gv © (I)nbl,nqav
we have
- A
Slelg H(A’ratb,nq) t— matr(R((I)inv;ainv,nb))(a"lq)H2 < €inv,
a

and
L((I)f?:v;ei,,v,nb) < C(i!fl\',A [1 + 1Og(1 + |10g Einv‘) + 1Og(”b)]
X [1+ [log einy| + log(ny,) + log(1 + |log giny|)]

_ ) 9
M(¢§1V;Einv,nb) < CiHV,Anﬁ [1 + |10g 6in\"] [1 + log(l =+ |10g 6iHVD + ]Og(nb)}
X [1 + |log €iny| + log(ny) + log(1 + |log Einvm .
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Proof. We start by estimating the approximation error. By Lemma 5.3,
I matr(R(®77 (an,))ll2 < 1 0.

We temporarily restrict i,y € (0, a/4). Then, we have, forall a € D,

I(AZ, )7t~ matr(R(®1,... .))(an,)2
D a)eAs, )t - matr(R(®, "2 © &110)) (an, )
"= al(0As,,,) "t - matr(R(® T ) (—avec(AS ) + vee(Tdy, )
TSM QEZV = Einv-

We now have to bound the depth and size of @év;eim’nb. First, we remark that
_ lOg (Ccoerginv/2)
m(Einy/a,6) = ’710gﬂ5) )

where m(-,-) is defined in Theorem 3.4. Now, we use the fact that there exists C; > 1 such that,
for all g5,y € (0,1),

| 1Og(c'coer@'finv/2)| < Cl(l + | log Einv|)~

Furthermore, there exists C; > 1 such that forallny, € N, § > C, *. Remark then that [log(1 — y)| >
y forall y € (0, 1), hence |log(1 — )| < Cy. We infer that for all &;,, € (0,1) and for all n}, € N,

m(Einyv/,0) < C1C2(2 + | log giny]) -

Therefore, from Theorem 3.4 we obtain that there exist constants C4,C5 > 0 dependent only on
Ceoers Ceont, and d such that

L (@31;‘?!;;) < Cy (1 +log(1 + [logeiny|) + log(nn)) - (1 4 |log ginv| + log(np,) + log(1 + |log &invl))

and
M (<I>11n_v5£i’v) < C5(1+ |log giny|)nd [1 + log(1 + | log &iny|) + log(nb)]2

X [1 + | log einy| + log(ny,) + log(1 + | log sinv\)}.

We can now drop the restriction ¢;,, < «/4, adjusting the constants Cy and Cs. Since, in addition,

L@Mdey — o M@ < Cgnd,

Np,Nq nh,Ng
for Cs > 0 independent of ny,, we obtain the bounds on the depth and size of @év;eim,nb. 0

5.1.2. Computation of the coefficients.

Prorosrition 5.5. There exists a constant C., > 0 such that for all ny, € N and for all ¢, € (0,1),
writing ng = ny, + 1 and

e = (€}, ®1dy,,0,,)) © 02

inview /(| Il 2y 7y 2Ca)mr’
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where C is the constant from Lemma 4.3, we have

sup [|e;, —R(®2: ) (@ny)ll2 < eu

oD U;ND,Ng Eu,Nb
and
L(@gz’nb) <C., [1 + log(1 + |loge,| + logny,) + log(nb)]
x [1+ [logey| + log(ny,) + log(1 + |log £, | 4 log ny,)]
M(@gz’nb) < Ccun%[l + |log5u|} [1 + log(1 + |loge,| + logny,) + log(nb)]2
x [1+ |log | + log(ny) + log(1 + [log e, ])] -
Proof. Forall m,n,l € N, let B € R™*" and C € R"*!. Then

vec(BC) = (C" ®1d,,) vec(B).
This identity implies

(54) (], ®1d,,)R(@4 )(an,)

inview /(| Fll 2 0yny > Ca)smn

— matr (R(@A )(anq)> Cfin,-

inview /(£ L2y Ca)imn

We assume that n‘z/ 2Callfll r2(Q) = 1; if this does not hold, it is sufficient to temporarily restrict

€y < ni/ 2Callfll £2(@) and drop this restriction at the end of the proof by adjusting the constants.
Therefore, for all a € D,

||cz;nb,nq - R((I)gz,nb)(anq) HQ

(4.7) ~ _ e -
D) (A, - maer (Ro] TR A E

inview /(1 fll L2 ()™

~ _ A” ~
<RG0 —matr (RS, ) el
P54 £ _
< (AL ) el

ny “Callfllz2 @)

(4.6) u

- 3/2
n2Callfll o)
L.43 €u

1AL ) vl fl 2oy
—CAnb f 2 = Eu,
Canol gy CAamelllzz @

where in the last three steps we have used Proposition 5.4, bound (4.6), and Lemma 4.3. To derive
the bounds on the size and depth of ®4

first remark that
inview /(11 L2y >Ca) s

||E}r;nb ® IdanO S 77/12)

Then, defining ¢,y = €,/ (ni/ 2 [ fllz2(@)Ca), there exists C1 > 0 such that for all n;, € N and for
alle, € (0,1),

llog einv| < C1 (1 + [loge,| + logny) -
Inserting this bound in Proposition 5.4 and applying Proposition 5.4 concludes the proof. O
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5.2. Trunk network. The following emulation rates for the approximation of the polynomial
basis are a direct consequence of [23, Proposition 2.13].

ProrosiTiON 5.6. There exists Cy, > 0 such that, for all ey, € (0,1) and all ny, € N, there exists a NN
@  such that R(®> , ):R? — R"™,

€b,Mb €b,Mb

max |l¢; — [R(®, )], 1) < b,

i€{l,...,np}
and
L(‘I)‘E’bmb) < Oy (14 logep| + n,la/d> (1+logny,)
M((I)Eb,nb) < Oy ni/d + ntl)/d [logep| + n, (1 + logny, + |log 5b|)) .

5.3. Operator network expression rates. Combining the results from Sections 5.1 and 5.2,
we obtain the main result on the operator network approximation of (2.4). The structure of the
operator network is schematically represented in Figures 1 and 2.

Tueorem 5.7. There exists C > 0 such that, for all ¢ € (0,1), for all a € D with u® = S(a) and
solution operator S as defined in Section 2, there exist

(a) np,ng €N,

(b) aset of points ey = {x1,...Tn,} C Q,

(c) two NNs ®° and &' with R(®P) : R™a — R™ and R(OY) : Q — R™,
such that

(i) np,ng < C(1 + [loge|?),

(i) the following error bound holds:

sup [[u® — (Raw o Ager 0 g, )(a)|m1(q) <,
a€eD

(iii) ase ] 0,
L(®") = O (lloge] (log [logel)) .~ M(@F") = O (lloge**** (1og Jlog =))?)
and
L) = O (loge| (log [log ), M(0%) = O (floge|**") .

Proof. Due to Lemma A.2, there exist constants Cg, bg, Cq > 0 such that for all nj, € N, there
exists nq < Cqny, such that

1/d
sug [lu® — uflb’anHl(Q) < Cg exp(—bgnb/ ),
ac
where uy, = Sy {chb,nq} pi € Xp, is the fully discrete Galerkin projection of v* onto X,

us € Xy, : by (up v) = (f,v), Yo e X,,.

Nb,Ng nh,Nq’
We assume, without loss of generality and for ease of notation, that C¢ > 1. Fix now

[log(e/3)| + log Cq
ba

(5.5) p(e) = { -‘ +1, np(e) = p(e)? -1, nq(e) = np(e) + 1.

Then, we observe that (5.5) implies the existence of a constant C}, > 0 such that, for all € € (0, 1),
we have ny, (), ng(e) < Cp(1 + |log e|?), i.e., item (i) of the statement of the theorem.
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We also define Cj,o1 > 0 as a constant such that, for all p € N,

(5.6) IVallz2 @) < CoaP’lldllzzq), V€ Qu(Q).

This inverse inequality follows straightforwardly from the classical Markov inequality in (0, 1),
with a tensorization argument (which yields that C ~ v/d). With ny,(¢) as in (5.5) define

g e -
3nb(€)(2 + SUP,ep HUGHU(Q))’ Ey = 3(1 n Cgolnb(s)‘l/d)l/znb(g)l/z’ Eq = —.

(5.7) ep=

We assume that € € (0,1) implies e, &,, € (0, 1). If this is not the case, it is sufficient to restrict ¢
to values such that ey, e, € (0,1); the restriction can be dropped at the end of the proof. Due to
(5.5),

(5.8) sup [u® = ug, () a0l H1 (@) < €G-

Define then

YT = o and O =

Eu,Mb(€) €b,nb(€)?

where the NNs ¢ ) and <I>§b7nb(8) are defined in Propositions 5.5 and 5.6, respectively.

Error estimate. Forall a € D,

[u® — (R(PL")(@n,)) - R(PE)| m (@)
< lu® = ug, (o) mqe) 1@ + 1Un, (0)mge) — (R(®)(an,)) - R(®N) | a1(q) = (1) + ().

We have already established that (I) < eq = ¢/3.
Consider term (I7). We have

np 8)

(1) = Z ([ Cuuin (&) nq(e):| pi— [R(‘I’zz,nb(g))(anq)}i {R(‘I)Eb,nb(a))}i) 1 (@)

np 6)

< Z ([ Crriny (2) nq(e):|i - [R(fbifg,nb(s))(anq)]i) ©illa1 ()

Ny, ()

> R@z )] (0= [RE@E 0] ) i@

(I1a) + (ITb).
Denote, foralli € {1,...,np(e)},
M= [ @nao)], = RO ) (@n,)] -

Using the Cauchy-Schwarz inequality, the bound ||¢;|.2(g) < 1, the polynomial inverse inequality
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(5.6) and Proposition 5.5, we obtain

ny (€) n, (€) 2 np () 2
(I1a)* < || Y migillin o /Q Z Nipi / Z Vi
=1
cs (O \ me
<X Y (leilzeg + IVeiliZag)
=1 =1
(r‘-’<6 _ R (I)Cu 2 1 CQ 4/d
|| unb(a) nq(e) ( Eu,nb(g))(anq)”Q + polnb(E) ’I’Lb(E)
P.5.5
< 53 (1 + Cﬁolnb(e)”d) 1, ()
(G7) sen2
< (3)
3

Next, we estimate

IR(®Z ) (@n)ll2 S NR(RZ ) (@ng) = €y () ma(e) 12 T €00 (0) ma o) 2
P.55,(D.1)
< 14 Cronn(e)Pul, om0 ll22(@)

(59) 1/2 a 1/2),,a
<14 Crenn(e) " lun, @) mqae) = v lliz2@) + Cromn(e) “llullL2q)
(5.8)
< (2 + ||ua||L2(Q)) CLz’I’Lb(E)l/Q.

Then,

ny, (&)

C-S
(Ilb)2 < HR((I)EZJ“)(E) a'nq ||2 Z ||‘Pz |: ab,nb(s)):|i H%Il(Q)

< np(e) || R(DL" nb(g))(anq)Hz

P.5.6,(5.9) o )
< mp(e)(2+ [luallr2(@)) " CLamn(€)ey

(57) e 2
< (3
3

We can conclude that

i R @b :| 2
ie{1 },n’nb(s)}HSO |: ( sb,nb(s)) 7,||H1(Q)

lu® = (R(@2")(@n,)) - R(®D)|lar1(@) < (1) + (Ia) + (I1b) < &

Depth and size bounds. Using (5.5) and the definitions (5.7), we obtain that there exists a
constant C; > 0 such that, forall e € (0, 1),

1+ max (|logey|, [logeg|, [logey|) < Ci(1 + |logel).

We infer then, from Proposition 5.5, that there exists C; > 0 such that, for alle € (0, 1),

L(‘I)c“ ) < C, (1 + log(l + |log€|d)> (1 + |10g5|)

cusnp (€)

and

3 2
M@, o) < Ca (1+ ogel!)” (1 + floge))? (1 + log(1 + flog=l"))

Eu,nb(€)
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Furthermore, from Proposition 5.6, we have that there exists C3 > 0 such that for all ¢ € (0,1)

L(®Y . ) < Ca(1+[loge]) (1 +log(1 + |10g5\d))

€b,Nb
and
M(élsab,nb(s)) < C3(1 + |10g€|d+1)'
Using the definition of ®'* and ®* gives Item (iii) and concludes the proof. 0

Remark 5.8. The implicit constants in the size bounds of the operator networks in Theorem 5.7
and in the theorems of the upcoming sections depend, in general, exponentially on the dimension
d.

Remark 5.9. In Theorem 5.7, we have considered the data-to-solution map a — u* for a fixed,
given right-hand side f. The present analysis may be extended to the operator S : (a,c, f) — u
where u is the solution to the reaction-diffusion equation

—~V - (aVu) +cu= f in Q

with (analytic in @ and Q-periodic) positive diffusion coefficient function a, nonnegative reaction
coefficient function cand source-term f. This requires a straightforward modification of the branch
network so that
1. it takes the point evaluations of f at x.y. as input and outputs an exponentially consistent
numerical quadrature approximation of ¢y, in (4.5);
2. the approximation of ¢y, is then passed to a network approximating matrix-vector mul-
tiplication (see [15, Proposition 3.7]) with the output of the network of Proposition 5.4.
The construction of the remaining parts of the operator network follows along the same lines.

5.4. Parametric diffusion coefficient. In many applications, for example in uncertainty quan-
tification, one is interested in the case where the diffusion coefficient in (2.4) is parametric. This is
naturally accommodated for by composition with solution operator networks and we briefly de-
tail this here. Specifically, suppose that there exists d;, € N and a compact parameter set P C R%
such that a : P — Hol(2) and that there exist constants amin, Cp, bp, op, Ap, Ay > 0, and functions
;i Q —Randa; : P — R, i €N, such that

1 inf inf 2 Amin;
(5.10) nf, Inf) a(y)(z) > a
that
(5.11) Vi €N, sup la(y) = 3 ai (@il 1) < Coexp(—bong?).
ye i=1
with
(5.12) VieN, o €Hol(QAy),  a; €Hol(P;Ay),
and that
(5.13) sup > Jai(y)| < Ap.
yeP

Here, we use the same constant A, in the second hypothesis in (5.12) and in (5.13) only to simplify
notation. For all y € P, we denote u,, € X the solution to

(5.14) =V (a(y)Vuy) = f,  in.
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Remark 5.10. Diffusion coefficient functions that can be written in Fourier series as

a(y)(®) = Y (an(y) + ibe(y))e>™®,

kezd

where ay, b, € Hol(P, A,) are chosen so that a is a real function for all y, with exponential decrease
of sup,ep(|ax(y)| + |bk(y)|) with respect to | k[, and such that a is uniformly bounded from below
by a positive constant in the sense that (5.10) holds for its real part, fulfill conditions (5.11), (5.12)
and (5.13).

Lemma 5.11. There exists C' > 0 such that for all n, € Nand for all ¢ € (0, 1), there exists a NN
@g;czef with input dimension dy, and output dimension n,, such that

n

(5.15) max o = [R@252)] () <
and that L(D°) < C(1 + [loge|)(1 + log [log e]) and M(D%52f) < C(1 + [loge| "+ )ny,.
Proof. The statement follows from a parallelization of the network of [23, Theorem 3.6]. 0O
Tueorem 5.12. Let di, € N and let a and u,, be defined as above. There exists C' > 0 such that, for all
€ € (0,1), there exist
(a) ny €N,
(b) two NNs ®* and ®F with R(®L") : R% — R™ and R(®Y) : Q — R™,
such that
(i) np < C(1+ |logel?),
(i) the following error estimate holds:

sup luy — (R(22)(y)) - R(®) (@) < ¢,
Yy

(iii) ase ] 0,
L(®2") = O (|log e (log [logel) ,
M(®Pr) =0 (|10g»5|3d+2 (log [loge|)? + |10g5|1+d"+1/%) ,
and
L(®Y) = O (|loge| (log [log ), M(@%) = O (Jlog|"™").

Proof. The proof proceeds in several steps. We first prove a consistency bound, then detail the
construction of the ONet, and conclude with verification of the asserted bounds on the depth and
size of the ONet.

Let C, > 0 be the constant such that, given a;, a; € L>(Q2) such that

(5.16) 0< azi“ < a; < max(amax, (1 + 4,)4y),  a.e.inQandfori=1,2,
and u; = S(a;),7 = 1,2, then

lur —u2llg1(@) < CLllar — a2l = (),

see Lemma B.1. We suppose, without loss of generality and for ease of notation, that A, > 1 and
Cr, > 1. Let now ny, be the smallest integer such that

ap . € Qmin
(5.17) CuCpexp(—byn) < min (5,75,
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This implies that there exists a constant C; > 0 (depending only on Cy,, Cp, by, @min) such that

np < C1(1 + [loge|"/*?)

and that, due to (5.10), (5.11), (5.12), and (5.13),

. . - Amin
(5.18) iof il > a@ii(e) > =5= swl| Zal Yill (@) < ApAy.
Let also
1 e a i
— . min a, coef .
(5.19) ep = — min (3CL7 1 > , z:: { (@ ] i,

where the network @“pcoef is defined in Lemma 5.11. We now show that a fulfills conditions like
(2.1) and (2.2) (with updated values of the constants amin, @max, Ap), uniformly with respect to
np and . From (5.15) and (5.18), it follows that, for all £ € Ny,

sy SR IEIwe=) <sup2(|az - [RE@zN®)] 1+ lai@)l) [¥illwe o)

< (npep + Ap) AR < (1+ Ap) AT EL

Furthermore, forally € Pand all z € Q,

)@ > Y ([RELN@)] - aw) i) + Y aii@)
i=1 1=1
(5.21) > Clm% e Ay,
> Gmin
- 4

Here we have used (5.13), (5.15), (5.18), and the definition of ¢, in (5.19).
Construction of the operator network and error estimate. For ¢ € N, ny = g%, we introduce
the matrix V,,_ , € R"a*"» with entries

(5.22) [Vigme)i; = U@ o), =1, ng j=1,... 0,
where :cgq) :c%qq) are the quadrature nodes introduced in Section 4.2. Then the NN
(5.23) @gp oy = (Vingmp, On,)) © @0

has realization such that

R(®E, 1, ) (y) =

Let u, € X denote, for each y € P, the solution to

-V - (a(y)Vuy) = f inQ.
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Thanks to (5.20), (5.21), and to Theorem 5.7, there exists a constant C5 independent of ¢, nq € N
such that nq < Ca(1 + |loge|), and networks @E;S and CIJZT/S such that

- = o ~ir €
vyeP: iy, — (R oR@E,, ) ) RE@) i@ < 5.
Furthermore, for all y € P, a(y) and a(y) satisfy the conditions in (5.16), hence for all y € P

[ty — iyl 1 (@) < Crllay) — a(y)ll=(q)
<y <|a<y> =Y ailli= @ + 1Y (aily) - [RE@ESN )] ) winmo@))
=1 =1 )

< g + CrnpepAy

< gg

<35

where we have used (5.11), (5.15), (5.17), and (5.19) in the third inequality and (5.19) in the last
one. We deduce that

up [y — (R(2L5) o R(E,.,,.0,)) (9) - R@) (o) <
Yy

which is Item (ii), with

O =B 002, L, O =Bl

Depth and size bounds. The bounds on the depth and size of ®'* can be inferred directly from
Theorem 5.7. To compute bounds on the size and depth of <I>‘E’r, note that, by Lemma 5.11, there
exist C'3, C4, Cs, Cg independent of € such that

(524)  L(®E) < Cy(1+ [log e, |)(1 + log log epl) < Cu(1 + [log ])(1 + log [log <)

and

(5:25) M(®250) < Cs(1+ logep| ™ )mp < C(1 + [loge| ¥/,

Furthermore, there exists Cr independent of ¢ such that

(5.26) [Vamo llo < nping < Cr(1+ [loge[" /7).

From (5.25) and (5.26) it follows that

(527) L(®, ) < Cs(1+[logel)(1 +loglogel),  M(@F,,, ) < Co(l+ [loge| /),

for constants Cs, Cy independent of e. Combining the bounds in (5.27) with the bounds on the
depth and size of (I)E;g coming from Theorem 5.7 concludes the proof. 0

Remark 5.13. If each function a; does not depend on all the parameters but only on a subset of
them, the size bound of Theorem 5.12 results in an overestimation. Specifically, for all i € N,
let P; be the domain of a; and denote d,; = dim(P;). Then, modifying Lemma 5.11 so that
the subnetworks approximating each of the a; only take a d, ;-dimensional input, we obtain in
Theorem 5.12 that there exists a constant ¢ > 0 independent of ¢ such that for ¢ | 0,

clloge|t/p
M(®P") = O | |loge** (log [loge|)? + Z log e| +

i=1

Clearly, setting d,, ; = dj, for all ¢ in the equation above gives the estimate in Theorem 5.12.
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Remark 5.14. Similar results to Theorem 5.12 can be obtained through the technique in [15], by
using the exponential convergence of polynomial approximations to the functions in the solution
manifold M = {u(y) : y € P} to derive an upper bound on the n-width of M.

6. Generalizations. All steps of the analysis of ONet emulation rates for the coefficient-to-
solution map of (2.4) directly generalize to other, structurally similar, linear divergence-form ellip-
tic PDEs. We illustrate the extension of the preceding result by two of these: anisotropic diffusion-
reaction equations and linear elastostatics.

6.1. Linear anisotropic diffusion-reaction equations.

6.1.1. Definition of the problem. We consider again the torus Q = (R/Z)?. For a constant
Apra > 0, introduce the set of admissible data

D' € Hol(€; Apra)?*¢ x Hol(Q; Apra)

of pairs (A, ¢) and suppose there exist Qo C @, Gmin, Cmin > 0 such that for all (A, ¢) € prd,
e A is symmetric and is uniformly positive definite, i.e., A;; = A;; and

Vx € Q, V£ € Rd, fTA(w)f > amin|€|2 )

e () > Cpin forall ¢ € Q.
Forall (A, ¢) € D', the bilinear form b(*)(-,-) : H'(Q) x H'(Q) = H}..(Q) x H},.(Q) — R given
by

b(A) (w,v) = / ((AVw) - Vv + cuw)
Q

is coercive, i.e., there exists a constant p > 0 independent of (A, ¢) such that

Yo e H'Y(Q), ™9 (0,0) > aollvllt g, -

The continuity of the form b(4:)(.,.) on H'(Q) x H'(Q) — R being evident, the Lax-Milgram
Lemma implies that for every f € Hol(Q2) there exists a unique solution

we HY(Q): 6B (u,0) = (f,v) Yoe HY(Q) = ngr(Q).
For given, fixed f € Hol(2), the coefficient-to-solution map
S (A e) = u
is analytic. Furthermore, there exists A;;xa > 0 such that

S*(D ) ¢ Hol(Q; Ayyra),

which can be proven as in Lemma 4.1.
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6.1.2. Operator network approximation. We introduce, for alln € Nsuch thatq := nl/ ‘eN,
the encoding operator 5! - C(Q)™*? x C(Q) — R%’natna such that

vec(A(z{"))

grd

Zenc

29
(A,C) — E “q))
1

i)

where ¢, = :cg[” wgqu) are the points from Section 4.2. Theorem 5.7 can then be extended to

this class of reaction- dlffusmn equations.

Tueorem 6.1. Theorem 5.7 holds with a € D replaced by (A, c) € D™, S(a) replaced by S (A, ¢c),
and &, (a) replaced by £ (A, c).

For the proof, for all p € N, writing 71, = p?, consider the basis functions {<p,} v, of Q,(Q)
such that
B}ty = {pidiy U{Lo® - ® Lo},

where Ly = 1 is the constant, unit function in (0, 1). Define further

Xu, =span({Br,..., &5, }) € X = H'(Q) = H,.(Q).

In order to prove Theorem 6.1, we have to replace the input layer network introduced in
Lemma 5.1 with an input layer adapted for anisotropic diffusion-reaction problems, as introduced

in Lemma 6.2 below. For k € {1, ...,nq}, we introduce f)(ac,(cq)) such that

Diin(@) = w00, 8) @) 0, ) (@), (@) € {1, Tt (mom) € {1, d}
Furthermore, let v : N> — N be the reordering such that for any matrix A,

(6.1) vec(A)y( A

i.j) = g

We introduce the operation vec : R 7 xdxd _, g7t xd*
vee(D(@))ugyotm.n) = Dy (27):
Finally, define

M )

M, () = w2 ?) @ (x?).

LemMa 6.2. Forall o € R the one-layer NN

A0 ((—a [va(ﬁ(xgq>))| .| vee(D(z))| vec(M(@ V)] ... \vec(ﬁ(mg@))} 0~))

Np,Nq

is such that

matr (R(OE) (€5 (A,0))) = -ab®9(3;,5)

ij
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and M(D70) < (d + 1)iigng .
Proof. We have

R (200 €3, (A, 0)

0(i,5)

Ng d
= —a} w” ( > (00,300, 80)] (@) + [05;5] <w§:'>>>
k=1 m,n=1

Ng

= a3 wi? (I(AV5) - (V8)] @) + [7:5] (1))
k=1
hence the equality after matricization. The size bound follows from the fact that

D)o < Rz, [IM(z\?)]o < 7,

forallk € {1,...,nq}. 0
We can now prove Theorem 6.1.

Proof of Theorem 6.1. The proof follows along the same lines as the proof of Theorem 5.7. In

particular, in the construction of ®2*, the input network /% and Lemma 5.1 are replaced by the
210q
)

network @%ﬁjflq and Lemma 6.2. Then, the spaces X and X,,, are replaced by X and X5,. The
basis {¢1,...,¢x, } is equal to {1, ..., ¢y, } with the addition of a constant function, which can
be emulated exactly by deep ReLU neural networks. Hence, Proposition 5.6 can be extended to
this case. Finally, the matrices A}, and A}Lb’nq used in the proof of Theorem 5.7 are replaced,
respectively, by the matrices with entries

bg;:C)(&w@Z) and b'(nl(:id’l)(@jagz'% (27]) € {1a'-'7ﬁb}23

where
62 (u,v) == > wi?) (M) Vu(a()) - Vo(al?) + 3 wff c(@®)u(z(”yo(=(),
k=1 k=1

for all u,v € C*(Q). Since the bilinear form b(4:¢) is coercive and continuous on H'(), results
equivalent to Lemmas 4.2 and 4.3 with the new matrices can be proven directly. The rest of the
proof is the same as the proof of Theorem 5.7. 0

6.2. Linear Elastostatics.

6.2.1. Definition of the problem. We assume d = 2,3. Small, linear elastic deformation of
a body occupying Q@ = (0,1)? with periodic boundary conditions and subject to a prescribed,
periodic body force f : = R?/Z? — R? can be described by the displacement field u : 2 — R?
which satisfies the equilibrium of stress

(6.2) divelu]+ f=0 inQ.

Here ofu] : Q — ngxn‘f is symmetric matrix function, the so-called stress tensor. It depends on the

displacement field u via the (linearized) strain tensor e[u] : Q@ — REX? which is given by

sym

63)  eful = » (gradu + (gradw)T), (e[u]),»j::%(ajuﬁaiuj), =1, d.

N | =
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In the linearized theory, the tensors o and € in (6.2), (6.3) are related by the linear constitutive
stress-strain relation (“Hooke’s law”)

(6.4) o= Ae.

In (6.4), Ais a fourth order tensor field, i.e. A = {A;;; : 4, J,k,l = 1, ..., d}, with certain symmetries:
the d* component functions A, 5 (x) are assumed analytic in [0, 1]¢ and 1-periodic with respect to
each coordinate, and satisfy for every = € €,

(6.5) vr e R A(z)T € RS and V7,0 € R (A(z)T):0 = (A(z)o) : T .

sym? sym sym ?
Key assumption on A is coercivity: there exists a constant ami, > 0 such that

(6.6) V€ Q, Vr € R4 (A(z)T) : T > amin||7'||§ .

sym?

see, e.g., [30] for details. Inserting (6.4) into (6.2), integrating by parts and noting the periodic
boundary conditions, the so-called “primal variational formulation” of (6.2) reads: find u* €
[H'(2)/R]? such that

6.7) b (uh, ) = /Q ev] : (Aeut]) = /Q Fov  Vue H'(Q)/R!.

Unique solvability of (6.7) is implied by the Lax-Milgram Lemma with (6.6) and Korn's inequality
upon noticing that the space X¢ = [H'(2)/R]¢ does not contain rigid body motions: rigid body
rotations are eliminated due to the periodicity of the present setting, and rigid body translations
with the factoring of constants in each component. The Korn inequality and the Poincaré inequality
(2.3) imply existence of a positive constant ¢ such that

Yv € Xd : bA(’U,’U) > caminH’L’Hzl(Q) .

For given, fixed, Q-periodic f € [Hol(2)/R], there exists a unique solution of (6.7). Furthermore,

the coefficient-to-solution map S : A~ u? is analytic from the set D' = {A € Hol(€, Apa)?" :
(6.6) and (6.5) hold} to U = S°(D°) € X N Hol(£, Aye)?, for positive constants Aper, Ayer.

6.2.2. Operator network approximation. For the operator network approximation of the map
Sel, we introduce modified encoding and reconstruction operators. To construct the encoding
operator, we extend the definition of the vectorization operation to fourth order tensors so that,
forall B € R™ > %", vec(B) € R, We consequently extend the definition of the reordering
function introduced in Section 6.1 to v : N x N x N x N such that

(68) VeC(B)U(m,n,p,q) = anpq~

The modified encoding operator 5 : [C([0, 1]4)]4x@xdxd _, Rd'na js then given by

vec(A(@{"))
(69) £l ()= ; ,
vec(A(z{))
where o, = mEQ), ... ,a:squ) are the usual quadrature points. For all m € N, the modified recon-

struction operator R® : R — H'(Q)? is instead defined, given a neural network ®"""" such
that R(®Pranch) . ) — R™, as

(6.10) Dren () () = (Idg @ R(B™ M) () "¢, Va€Q, Ve e RY™

We can now state the operator network approximation result for problem (6.2).
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Tueorem 6.3. Theorem 5.7 holds with a € D replaced by A € D, S(a) replaced by S(B), Eq,,. (a)
replaced by £5' (A), and Raur replaced by RS,

Proof. We construct a basis of the dny,-dimensional discrete space X¢, approximating X< as

$1 Pny 0 0
1/’1 = 7"'71[;71,1) = 7"'7¢(d—1)nb+1 = 7¢dnb = )
0 0 $1 Pry,
where ¢1,...,¢,, are the basis functions defined in Section 4.2. The trunk network ®* is then

constructed as in the proof of Theorem 5.7: it follows that the jth column of

(Ids @ R(@¥))

contains an approximation of 4, for each j € {1,...,dny}.

To construct the branch network ®°*, we replace the input layer used in the proof of Theorem
5.7, in a similar way as we did in Lemma 6.2. Define, for all 4,5 € {1,...,dny} and m,n,p,q €
{1,...,d},

Dy (@) = w0 (elwil @)  (elsl(@?))

mn pq

and let vec(D(2\?)) € R¥"0xd" such that

vee(D(@"))u(ijyo(mnpa) = Ditinpy (@),
with v defined in (6.1) and (6.8) for two and four arguments, respectively. Then,
o2, = (o [veeD@?))]... | veeD@)] 040 ) )

is such that

matr (R(@flgnq)(gglm (A))) = —abt( ), V(ig) € {1, dny)2.
ij
We can then construct ' as in the proof of Theorem 5.7, with @ﬁ’ﬁnq replacing @ﬁgf‘nq. The rest
of the proof follows the same argument as the proof of Theorem 5.7. 0

7. Conclusions. We proved, in the periodic setting on = R¢/Z?, the exponential conver-
gence of deep operator network emulation of the coefficient-to-solution map of some linear elliptic
equations, under the assumption of analytic coefficients a and right-hand sides f. The proof used
the analytic regularity of solutions u® of (2.4) implied by classical elliptic regularity results and
the consequential exponential convergence of polynomial approximations of ¢ and u® and of fully
discrete spectral-Galerkin numerical schemes. The expression rate bounds were not explicit in
the physical domain dimension d which is moderate in engineering applications. We have devel-
oped the analysis for isotropic diffusion equations and extended it to problems with parametric
diffusion, with anisotropic diffusion and reaction, and to linear elastostatics. We also obtained
corresponding expression rate bounds for PDEs with parametric inputs. Here, leveraging NN
composition, dependence of NN expression rates for the parametric inputs on the parameter di-
mension dj, is inherited by the solution expression rate bounds.

Further directions comprise the derivation of NN expression rate bounds of data-to-solution
maps for smooth, nonlinear forward problems and for inverse problems. In the analysis of such prob-
lems, the presently established NN expression rate bounds constitute an essential building block
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in the construction of parameter-sparse NN approximations. Our analysis extends to ONet ap-
proximations of operators mapping both coefficients and right-hand sides to the solutions, see
Remark 5.9.

Appendix A. Exponential convergence of fully discrete Spectral-Galerkin Solution. We
present here the exponential convergence of fully discrete Spectral-Galerkin solutions of the prob-
lems considered in this paper. The following classical approximation result will be useful.

Lemma Al Let A > 0. Let X = {v € H'(Q) : [,v = 0} or X = H'(Q). Then, there exist
constants C,b > 0 such that for all p € Ny and for all v € Hol(Q2; A),

inf v—w < Cexp(—bp), inf v — Wl oo < Cexp(—bp).
weQ,,(Q)mX” | 1(@) < Cexp(—bp) wer(meH = Q) p(—bp)

Proof. The error bound in the H' (Q)-norm follows from tensorization of a univariate interpo-
lation operator that is exact at the endpoints, see, e.g., [6, Theorem A.2]. This implies

S B < Cyexp(—bp).
we@p(g%ﬂHl(Q)Hv w||g(q) < C1exp(—bp)

The bound in the L>°(Q)-norm is a consequence of, e.g., [23, Remark 3.1 and Theorem 3.5], which
implies

inf v — w||f00 < Cqexp(—bp).
we@p(Q)” ||L @ =01 P( P)

To ensure conformity in H'(Q) = H].(Q), i.e., to impose continuity across matching hyperfaces,
it is sufficient to lift the difference at vertices, followed (if d > 2) by edges, and iteratively up to
d — 1 dimensional hyperfaces. The norm of the lifting is bounded by a constant (exponential in d)
multiplying the L>°(Q)-norm of v — w.

If X includes the vanishing average constraint, it is sufficient to remark that for all w € L?(Q)
andallveX,thereholds‘wi‘ < v —wlz2()- 0

The following lemma, then, concerns the convergence of fully discrete Spectral-Galerkin solutions
for problems in 2, with analytic right-hand sides and coefficients.

Lemma A2. Let © € {D, D", D'} and o = d for linear elasticity, © = 1 otherwise. Let X be the
space of solutions of the problem considered and denote X, = Q,(Q)° N X. Let f € Hol(Q)° and, for
coefficients 0 € ©, let b%(-,-) be one of the bilinear forms defined in Sections 2, 6.1.1, or 6.2.1. There exists
Cy,Cy > 0 such that, for all p € N and for all integer ¢ > p+ 1,

sup [u” =l o Nl (@) < Crexp(—Cap),

where uf, . € X, is such that b, (uy, ., ,v) = (f,v) forall v € X,,.

Np,Ng

Proof. Strang’s lemma [25, Lemma 10.1] implies that there exists C' > 0 independent of 6 € ©,
p, and ¢, such that

. |b9(’U,UJ) - b9 (U,U))|
||’LL9 — Uzb,anHl(Q) S Cvlel’l)g (”ue — ’UHHl(Q) + su Nq .

p
P weX,\{0} HUHHl(Q)Hw”Hl(Q)

By [3, Section 6.4.3], then, denoting p = |p/2], there exists C>0 independent of § € ©, p, and ¢
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such that

[u® = Uflb,anHl(Q) <C <vien)£,, lu® = vl ) + Uigﬁ 16— U|Loo(Q)> )
where the space Y depends on the problem under consideration:
X5 it =D,
vp={{Ae XD Ay =Au} x X ifO =D,
A€ Xdxdxdxd . (65) holds} if © = Del.
Since functions in © and in S(D), S*4(D*Y), or S°¢!(D) are analytic with uniform bounds on the

norms at all orders, using Lemma A.1 concludes the proof. 0

Appendix B. Lipschitz continuity of the data-to-solution map. For the readers’ convenience,
we provide a proof of the (known) Lipschitz dependence of the solution of the PDEs considered
in this paper on the coefficients.

Lemma B.1. Let X be a Hilbert space, let Y be a Banach space, and let © C Y. Let furthermore
6% : X x X — R be a bilinear form that is also linear with respect to the coefficient . Suppose that there
exists Ceont > 0 such that

(B.1) VoeY: 6% (u, v) < Ceont 10|y |ullx ||v] x, Yu,v e X .
Furthermore, suppose there exists Or,in > 0 such that

(B.2) 0% (u, u) > Oin|lull%, Vue X, VhcO.

For fixed f € X' and for each § € ©, define u® € X as the function such that

(B.3) 0% (u?,v) = (f,v), Yo € X.

Then, there exists C, > 0 (depending only on Ceong, Omin, and f) such that

uft —u®2|x < CL||61 — Bally, V61,6, €O.

Proof. Denote u; = u%, i = 1,2. Using (B.2), (B.3), the continuity of the bilinear form with
respect to the coefficient, and (B.1)

bel (U1 — U2,U] — UQ)

uy — w3 < 5—
min

1

IA
>

: ([392 (g, uy — ug) — 6% (ug, uy — us))

Q

< =10 — 01 ||y |ue|x Jus — usl|x-
min
1

The Lax-Milgram bound [|uz || x <

| fllx+ concludes the proof. 0

Omin
Appendix C. Generalized eigenvalue problems. We recall and a result on the relationship
between Rayleigh quotients and generalized eigenvalue problems (see, e.g., [29, Section 1.10]).

Lemma C.1. Let n € Nand let A,B € R™*" be symmetric, positive definite matrices. Suppose that
there exist constants ¢, C' > 0 such that
x' Az
"Bz ~

Ve e R": c<

Then, the spectrum of B~ A is contained in [c, C].
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Proof. Denote by B'/2 the symmetric positive definite matrix such that B!/2B/2 = B and by
B~1/2 its inverse. For all y € R", we can write x = B~!/2y and by hypothesis

yTB71/2AB71/2y B T Ax
yly 2Bz

€ [¢,C).

Now, B~1/2AB~1/2 is a symmetric matrix, and we have shown that its Rayleigh quotient is con-
tained in [c, C]. Therefore,

o(B~Y2AB™Y?) C [¢, C].

We conclude by remarking that the matrices B~'/2AB~!/2 and B~! A are similar, hence have the
same eigenvalues [29, p. 38] 0

Appendix D. Polynomial basis in H!. (Q). Let X,, be defined as in (4.2); we adopt the

per
notation of Section 4.2. In the next lemma, we show that X, is a basis for polynomials that is

conforming in H'(Q).
Lemma D.1. Let X = {v € H'(Q) = H}..(Q) : [, v =0}. Let p € Nand ny, = p* — 1. Then,

per

Xn, =Qp(Q)NX.

Proof. The inclusion X,,, C Q,(Q) N X is a consequence of the definition of ¢1, ..., ¢,,. We
now prove that the dimensions of X,,, and Q,(Q) N X are equal. Set ({4 = Ly, ¢({% = Ly, and

ad=Lo,  i=1,...,|p/2],
Gir = Loy — Ly, i=1,...,[(p—1)/2].
Since {Lo, ..., Ly} is a basis for Q,((0,1)), then {¢3¢, ..., (3%} is also a basis for Q,((0, 1)). Define
Cil,__,ﬂ'd = i11d®"'® ildd, (il,...,id) ENg.

It follows that {¢;,.. 4, : (i1,...,i4) € {0,...,p}¢} is a basis for Q,(Q). Now, given any function

v = E VigsooigGinsensias

i1,...,¢€4{0,...,p}¢

requiring that v € H!_ (Q) is equivalent to imposing that

per

Vi i =0, Vi1, ..yig) €{0,...,p} 3 iy = 1.

d
card ({(1,...,44) € {0,...,p}* : Jj 1 i; =1}) = Z <d)pd—",
we infer that
: 1 d a d d—n d
An( (@) N 1) = (4 )7 = 3 ()t =t
1

Imposing vanishing average removes another degree of freedom, which implies dim(Q,(Q)NX) =
ny, and concludes the proof. O
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In the next lemma we bound the /2 norm of the coefficients (in the basis introduced in Section 4.2)
of a function in X,,, by its L?-norm.

Lemma D.2. Let ¢y, i € Ny, be the functions defined in (4.1). There exists Cr2 > 1 such that, for all
p € Nwithp > 2 and for all v € X,,, with ny, = p® — 1 such that v =31 w;¢p;,

(D.1) lwlla < Crany/? |0l 12(q)

where w = (w1, ..., Wy, ).
Proof. For ease of notation, we introduce the functions
1d 1d :
Vo, = Lo, Vojy1 = L2i+1 — Ly, 1 € Np,
and
1d - : d
(i1,...,1q) € N§.

_ . 1d
Viyia = Viy @@V,

Remark that v{9 = 0. We then rewrite v as

V= E Liy,...iaViy,...ia-

(i1,-,80)€40,...,p} 4

Note that, since v € X,,,, we have zy o = 0. Furthermore, we assume that z;, ;, = 0 if there
exists at least one j € {1,...,d} such thati; = 1. We have

(DZ) {:Eil.,...,id : (il, Ce ,id) 7& (0, .. ,0) and V] € {1, .. .,d},ij 7& 1} = {wl,. .. ,wnb},

with one-to-one correspondence between the sets. We now introduce the L?((0, 1))-orthonormal
basis

L.
1d 7 .
Xi =i i € Ny,
1Lill 22 ((0.1))

and the L?(Q)-orthonormal basis

Xi1,...rig :X111d®"'®xll§1, (il,...,id) GNg
It follows that

||UH2L2(Q) = Z (U»Xvih-..,id)%Z(Q)

(i1,-y%a) €{0,...,p}¢

(D3) ) :
= Z Z Lj1,....3a H(V;fvng)m((o,n)
(i15--58a)€{0,...;p}¢ \(J1,---,7a)€{0,...,p}< k=1

Now, for4,j € {0,...,p}, we have

5inLi||L2((O,1)) le 7é 1
(U;d, X}d)Lz((O,l)) = 7||L1||L2((0,1)) ifi=1 andj is Odd,j 7& 1
0 otherwise,
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where §;; is the Kronecker delta. Hence,

d
[v0]Z2q) = Z Ay H ILi 172 ((0.1))
(i15.viq) 1 A1, k=1

2
d
+ > > Zjrrda L LW XD 200,10 |
(41,--2q):37 st i;=1 \(41,-.-,Ja) €{0,...,p}¢ k=1
where in the sums we still require also (i1, .. .,44) € {0,...,p}? Since |\LZ»||2L2((0 ) =1/(2i+1),it

follows from the equation above that

1
2 2
HUHLz(Q) = (2p + 1)d 2 : Liy,onvia®
(i1,..iq):1;#1,Y]

From the correspondence between coefficients (D.2) and since ny, = p? — 1, we obtain the bound
in (D.1). We remark that the constant C';> depends exponentially on d. 0
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