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QUANTUM INTEGRABLE SYSTEMS AND
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ABSTRACT. We are concerned with the quantitative mathematical un-
derstanding of surface plasmon resonance (SPR). SPR is the resonant
oscillation of conducting electrons at the interface between negative and
positive permittivity materials and forms the fundamental basis of many
cutting-edge applications of metamaterials. It is recently found that
the SPR concentrates due to curvature effect. In this paper, we derive
sharper and more explicit characterisations of the SPR concentration at
high-curvature places in both the static and quasi-static regimes. The
study can be boiled down to analyzing the geometries of the so-called
Neumann-Poincaré (NP) operators, which are certain pseudo-differential
operators sitting on the interfacial boundary. We propose to study the
joint Hamiltonian flow of an integral system given by the moment map
defined by the NP operator. Via considering the Heisenberg picture and
lifting the joint flow to a joint wave propagator, we establish a more
general version of quantum ergodicity on each leaf of the foliation of
this integrable system, which can then be used to establish the desired
SPR concentration results. The mathematical framework developed in
this paper leverages the Heisenberg picture of quantization and extends
some results of quantum integrable system via generalising the concept
of quantum ergodicity, which can be of independent interest to the spec-
tral theory and the potential theory.

Keywords: surface plasmon resonance, localization, quantum integrable
system, quantum ergodicity, high curvature, Neumann-Poincaré opera-
tor, quantization
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1. INTRODUCTION

1.1. Physical background and motivation. In this paper, we are con-
cerned with the quantitative mathematical understanding of surface plasmon
resonance (SPR). SPR is the resonant oscillation of conducting electrons at
the interface between negative and positive permittivity materials and forms
the fundamental basis of many cutting-edge applications of metamaterials.
To motivate the study, we briefly discuss the mathematical setup of SPR.

Let D be a bounded C>*(0 < a < 1) domain in RY, d > 2, with a
connected complement RX\D. Let 7. and 7,, be two real constants with
Ym € R4 given and fixed. Let

(1.1) D = YeX(D) + ymXx(RN\D),
1



2 HABIB AMMARI, YAT TIN CHOW, HONGYU LIU, AND MAHESH SUNKULA

where and also in what follows, x stands for the characteristic function of a
domain. Consider the following homogeneous problem for a potential field
u € Hlloc(Rd)?

(1.2) Lopu=0 in R u(z) =O(z)' ™) as |z — oo,

where £, u := V(ypVu). It is clear that v = 0 is a trivial solution to
(1.2). If there exists a nontrivial solution u to (1.2), then ~. is called a
plasmonic eigenvalue and w is the associated plasmonic eigenfunction. It is
apparent that a plasmonic eigenvalue must be negative, since otherwise by
the ellipticity of the partial differential operator (PDO) L, ,u := V(ypVu),
(1.2) admits only a trivial solution. That is, the negativity of 7. may enable
that Ker(L,,) # 0 which consists of the nontrivial solutions to (1.2). In
the physical scenario, the nontrivial kernel can induce a resonant field in a
standard way. In fact, let us consider the following electrostatic problem for
u € HE (RY):

loc

. u)=0 in R4
13) {v (ypVu) =0 in R

(u—up)(x) = O(|z['"9) as |z] — oo,

where g is a harmonic function in R? that signifies an incident field, and
u is the incurred electric potential field. In the physical setting, . and
vm respectively specify the dielectric constants of the inclusion D and the
matrix space RN\D. If 7. is a plasmonic eigenvalue and moreover if ug
is properly chosen in a way that £, ug sits in the space spanned by the
plasmonic eigenfunctions, it is clear that a resonant field can be induced
which is a linear superposition of the fields in Ker(L,,). It is not surprising
that the resonant field exhibits a highly oscillatory pattern. However, it
is highly intriguing that the high oscillation mainly propagates along the
material interface, namely dD. This peculiar phenomenon is referred to
as the surface plasmon resonance (SPR). The SPR forms the fundamental
basis for an array of frontier industrial and engineering applications including
highly sensitive biological detectors to invisibility cloaks [14,24,34,40,42,49,
52,55, 65]. Its theoretical understanding also arouses growing interest in
the mathematical literature [2,7,8,10,17,26,33,38,41,43, 44], especially its
intriguing and delicate connection to the spectral theory of the Neumann-
Poincaré (NP) operator as described in what follows.

The NP operator is a classical weakly-singular boundary integral operator
in potential theory [6,32] and is defined by:

(1) Kipldl(a) = — /aDM’”Wwy)da(y), )

@y |z — y|

where wy signifies the surface area of the unit sphere in R? and v(x) signifies
the unit outward normal at z € dD. In studying the plasmonic eigenvalue
problem (1.2), we shall also need to introduce the following single-layer
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potential:

(15) Soplé)(z) == / I(z - 1)é(y)do(y), « € RY,

oD

where T is the fundamental solution to —A in R? :

— L log | — v if d=2
(1.6) D(z—y)={ 2% 4. ’
m‘l’ — y’Z d if d > 2.

The following jump relation holds across dD for ¢ € H=/2(dD):

(1) o (Soplgl)* (@) = (k514 + Kgp)l6l(a), = € 9D,

where + signify the traces taken from the inside and outside of D respec-
tively, and Id is the identity operator. Using (1.4)—(1.7), it can directly
verified that the plasmonic eigenvalue problem (1.2) can be reduced to the
following spectral problem of determining (e, Ym) := (Ye+¥m)/[2(Ye—Ym)]
and a density distribution ¢ € H=Y2(dD, do) such that:

(1'8) u(a:) = SaD[¢]($)7 (S Rd; ]C;%D[Qs](x) = )‘(’7077m)¢(x)7 z € 0D.

That is, in order to determine the plasmonic eigenvalue 7, of (1.2), it is
sufficient to determine the eigenvalues of the NP operator Kj,. On the
other hand, in order to understand the peculiar behaviour of the plasmonic
resonant field, one needs to study the quantitative properties of the NP
eigenfunctions in (1.8) as well as the associated single-layer potentials in
(1.5).

The NP operator K}, is compact and hence its eigenvalues are discrete,
infinite and accumulating at zero. A classical result is that A(Kj,) C
(—1/2,1/2], which consolidates the negativity of a plasmonic eigenvalue in
(1.8). Due to their connection to the SPR discussed above, the quantitative
properties of the NP eigenvalues have been extensively studied in recent
years; see e.g. [3,16,17,30,36,43,44] and the references cited therein. As
is mentioned earlier that the SPR mainly oscillates around the material in-
terface 0D, which is rigorously justified in [12]. It is found mainly through
numerics in [16] that the SPR tends to concentrate at high-curvature places
on 0D. In [5], a theoretical understanding is established to investigate such
a peculiar curvature effect of the SPR when 0D is convex. In [22], a spe-
cific (possibly curved) nanorod geometry was considered, and it is shown
that the SPR concentrates at the two ends of the nanorod, where both the
mean and Gaussian curvatures are high. In this paper, by developing and
exploring new technical tools, we shall derive sharper and more explicit char-
acterisations of the SPR concentration phenomenon driven by the extrinsic
curvature. It is remarked that according to the discussion in [5], in order to
study the SPR concentration, it is sufficient for us to consider the concen-
tration of the NP eigenfunctions in (1.8) driven by the extrinsic curvature.
Moreover, in addition to the static problem (1.2), we shall also consider
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the study in the quasi-static regime, which shall be described in Section 6.
Finally, we would like to mention in passing some related works on the po-
lariton resonance associated with elastic metamaterials [11,20,21,37,39,45]
and the mathematical framework developed in this paper can be extended
to study the geometric properties of the polartion resonance.

1.2. Discussion of the technical novelty. In order to provide a global
view of the technical contributions in this article, we briefly discuss the
mathematical strategies and the new technical tools that are proposed and
developed for tackling the concentration of the NP eigenfunctions and hence
the SPR.

The layer potential operators are pseudo-differential operators whose prin-
cipal symbols encode the geometric characters of D. Hence, the main idea
is to analyze the quantum ergodicity properties of these operators. To that
end, we study the joint Hamiltonian flow of commuting Hamiltonians, one
of which is the principal symbol of the NP operator. Using this, we derive
a new version of generalized Weyl’s law that the asymptotic average of the
magnitude of the joint eigenfunctions of the joint spectrum sitting inside a
given polytope in a neighbourhood of each point is directly proportional to
a weighted volume of the pre-image of the polytope by the moment map
at the respective point. In particular, we would like to point out that it
generalizes the related results in [68-70].

Then, we lift the joint Hamiltonian flow to a joint wave propagator via
the Heisenberg picture. We obtain a quantum ergodicity result on each leaf
of the foliation of the underlying integral system. This extends the classi-
cal results in the literature [18,27,53,54,61-64]. By using the established
quantum ergodicity result, we further obtain a subsequence (of density one)
of eigenfunctions such that their magnitude weakly converges to a weighted
average of ergodic measures over each of the leaf, where this weighted aver-
age at different points again relates to the volume of the pre-image of the
polytope by the moment map at the respective point. We provide explicit
upper and lower bounds of the aforementioned volume as functions only
depending on the principal curvatures. When the joint flow is ergodic with
respect to the Liouville measures on each of the leaves, we obtain a more
explicit description of the weighted average. With that, we provides a more
explicit and sharper characterization of the localization of the plasmon reso-
nance driven the associated extrinsic curvature at a specific boundary point.
In fact, we provide an explicit and motivating example of a manifold with
rotational symmetry, where the joint flow and the Lagrangian foliation can
be explicitly worked out, and the bounds via the principal curvatures can
also be calculated explicitly. From our result, we have associated the quanti-
tative understanding of the plasmon resonances to the dynamical properties
of the Hamiltonian flows.

Finally, we would like remark that at the first glance, it is a bit paradox-
ical to still hold the name of quantum ergodicity when we are investigating
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a quantum integrable system, since as is conventionally known that the de-
scriptions of a (complete) integrable system and that of ergodicity are almost
on the opposite sides of the spectrum of a dynamical system. However, our
discussion is on the ergodicity on the leaves of the foliation given by the inte-
grable system, say e.g. the Lagrangian tori if we have a complete integrable
system, and therefore no paradox emerges.

The rest of the paper is organized as follows. Sections 2 and 3 are devoted
to preliminaries for the sake of completeness and self-containedness of the
paper. In Section 2, we briefly recall the principal symbols of the layer-
potential operators following the discussions in [4,5]. In Section 3, we provide
a general and brief introduction to quantum integrable systems. In Section
4, we establish a generalized Weyl’s law over quantum integrable systems for
our purpose, and generalize the argument of the quantum ergodicity over
each leaf of the folliation to obtain a variance-like estimate. Section 5 and 6
are respectively devoted to the quantitative results of the concentration of
the plasmon resonances in the static and quasi-static regimes.

2. POTENTIAL OPERATORS AS PSEUDO-DIFFERENTIAL OPERATORS

2.1. h-pseudodifferential operators. Let us consider the manifold M =
d
R2? or M = T*X, with the symplectic form w = Z dx; N\ d§;, where X is a

d—dimensional closed manifold. The A—pseudo d;fferential operators acting
on the Hilbert space H = L?*(R?) (or L?(X)) give semiclassical operators.
To start with, we let S™(R??) be the Hérmander class (symbol class) of
order m whose elements are functions f in the space C*°(R??) such that, for
m e R,

(21) |a&,§)f‘ < Ca<($7£)>ma (.Zl?,f) € RQda
for every a € N2, Here, (2) := (1 + |Z’2)%

Definition 2.1. Let f € Sm(RQd).N The h—pseudodifferential operators of
f are given on the Schwartz space S(RY) by the expressions:

(Left) (Opf plU

= %h /Rd /Rdexp (;L 5) f ;&) uly) dy de;
(Weyl) (opfh

— %h /Rd/RdeXp (;l §>f<x;y,£> (y) dy d:
(Right) (Opf(u)

_ W/Rd/wexpc 0+€) £ (0.8 uty) dye.
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h—pseudodifferential operators also give rise to semiclassical operators on
M =T*X,(X is a closed d—dimentional manifold). Let X be covered by a
collection of smooth charts {Uy, -, U}, such that each U;, 1 <i < ¢, is a
convex bounded domain of R?. There exists a partition of unity x?,--- , X%
which is subordinate to the cover {Uy,---,Up}. Let S™(T*X) be the space
of functions f in the space C°°(T™*X) such that, for m € R,

(2:2) 020¢ 1 (,6)| < Cap((€))™ 1,
for every a, 8 € N™. Define the operator on X to be

(2.3) Opyly M (u) Zx (Op /WIRYL, (xju), u € C®(X),

where (Op™/"/ R) (f) are the pseudodifferential operators on U; with the

principal symbol f X2 Following [67], we have that the operators Oph/ w/ R( f)
are all pseudodlfferentlal operator on X with the principal symbol f.

Proposition 2.2. Let S™(T*X) be a Hérmander class, I = (0,1],h € I,
and Hy, = L*(X) (independent of h). Then the pseudodifferential operators

on X, namely all of the above quantizations Opﬁ/R(f) and OphW(f) defined
n (2.3), form a space of semiclassical operators.

Proof. We refer the readers to [67] for a proof of this theorem for Op?’/h. It is

noted that after applying the operator exp (:I:i%@wag) , the Weyl quantization

Op?fh and left/right quantizations Op%lR differ only in the higher order

term. Hence, one can conclude that the Beal’s criterion applies to Op?fh if

L/R

and only if it applies to Op Fho which readily completes the proof. U

From now on, whenever we do not specify whether it is left, right or
Weyl, we presume Opy j, := Op?h is the right quantization. We notice that
Weyl qanitization is symmetric in the L? metric by definition. In fact, if
we do not specify the cover {U;}1<i<;, an operator so defined (via any of

the quantization Opf/ W/R ) is unique up to h®SO;"~ Lif f € S™(T*(0D)))
belonging to the symbol class of order m.

2.2. Geometric description of 0D. For the subsequent need, we briefly
introduce the geometric description of D € R%. Let X : u = (uy, ua, ..., ug—1) €
U cC R - X(u) € aD C R? be a regular parametrization of the sur-
face 0D and let X; := 8u ,j =1,2,...,d — 1. We denote xd_lx- =

X1 x Xo... x X4_1. Slnce Xis regular we know x;l %X is non-zero, and the
normal vector v := >< “1X,/| 921 X, is well-defined. Let V be the stan-
dard covariant derlvatlve on the ambient space R?, and II be the second

fundamental form given by
I(v,w) = —(Vyv,w)v = (v, Vyw)r, (v,w) € T(OD) x T(0D).
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Define
427(33) = (JZ%Z]([I})) = <II$(X1‘,X]‘),I/$>, x € 0D.

Let g = (gij) be the induced metric tensor on 9D and (¢¥) = g~!. Finally,
we write J€(z),z € 0D as the mean curvature satisfying

-1
tro() (o (2)) = > g (2)j(x) = (d — 1) ().
i,j=1
Throughout the rest of the paper, we always assume o/ (z) # 0 for all
x € 0D.

2.3. Principal symbols of layer potential operators. Throughout the
rest of the paper, with a bit abuse of notations, we shall also denote by Ssp
the single-layer potential operator which is given in (1.5) but with x € dD.
This should be clear from the context in what follows. We let KCop signify
the L2(0D, do)-adjoint of the NP operator K3p- Kjp is symmetrizable on
H=Y2(dD,do) (cf., e.g., [9,31]) due to the following Kelley symmetrization
identity:

(2.4) Sap Kyp = Kop Sap-

In this section, we treat the layer potential operators as pseudodifferential
operators and derive several important properties, especially their principal
symbols. In fact, the special three-dimensional case was treated in [43,44],
whereas the general case was considered in [4,5]. Since this result forms the
starting point for our subsequent analysis, we discuss the main ingredients

as follows. Before that, we introduce a slightly more relaxed symbol class
S"™(T*(0D)) (compared to S™(T*(9D))):

JUi=0D, F:a '(U) = UixRT Y 0 =1, supp(vi) C Ui
S™(U; x RE1\{0}) ::{a :U; x (RT1\{0}) = C
a € Cx(U; x (R*1\{0}), [0 0Fa(x, )| < Ca(lE)™ 'a'}
S™(T*(0D)) ::{a . T*(8D)\OD x {0} — C;

a = szF* ¢z) az) a; € Sm(U X Rd 1\{0})}

where 7 : T*(0D) — 8D is the bundle projection. Similar to our discussion
in Section 2.1, for a symbol a € S™(T*(9D)), we can define Op, j, to be the
h-pseudodifferential operator. In the sequel, we let gs\f)znﬂenote the class
of pseudodifferential operators of order m associated with S™(7*(9D)). We
also let SO = <I/>§671n, namely h = 1.
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Theorem 2.3. Assume that 9D € C*%. The operators K5p and Spp are
pseudodifferential operators of order —1 with their symbols given as follows

in the geodesic normal coordinate around each point x:
25) iy, (1, 6) =pics ) —1(,6) + O(1€]7?)
=(d = 1) () || — (o () €, €) €[>+ O(1€]7?),

and

1
(2~6) PSsp (x,8) = pS@D,—l(%f) + O(|§’g_(2x)) = 5’5‘;(2) + O(If\g_é)) )

where the asymptotics O depends on ||X||c2. The result in (2.5) holds also
for Kap if only the leading-order term is concerned.

Using the symmetrization identity (2.4) and the self-adjointness of Sap,
we have

(2.7)
Ksp ZIDll{(d — 1) (x)Aop

d—1 1
}g%”wun

Sap :§|D| mod ®SO

. ——2
9ig" (x) Ig(w)\ézfjk(w)g"“l(w)@z}!D!2 mod ®50

where App is the surface Laplacian of 0D, and |D|~! := Op|§|_1 . Moreover,

g(z)
2
we have K, 5p = %\D\_%K?}Dﬂ)]%, which is self-adjoint up to mod h®SO,, .
~2
Finally, we note that ()\l ,gb’) is an eigenpair of K3, if and only if

\i 1 y . . . .
(%, |D|_§¢Z> is an eigenpair of ICZ,&D' Hencefore, we write

~.2
(23) w%mww»~<2Am%w>

3. CLASSICAL AND QUANTUM INTEGRABLE SYSTEMS

In this section, we give a brief review of the classical and quantum inte-
grable systems, which shall be needed in our subsequent analysis.

3.1. Classical integrable systems. Let M be a 2d—dimensional symplec-
tic manifold with a non-degenerate 2—form w.

Definition 3.1. A completely integrable Hamiltonian system (M,w,F)
on a 2d-dimensional symplectic manifold (M,w) is given by a set of d
smooth functions Hy,...,Hq € C®(M), that are functionally independent
and Poisson-commuting, i.e.,

{HZ‘,HJ‘} = _W(XH“XHJ-):Q i,je{l,...,d},
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where we recall that X g, is the symplectic gradient vector field given by
LXy, W= dH; .
The map F = (Hy,...,Hy) : M — R? is called the moment map.

The level sets of the moment map in a completely integrable system form
a Lagrangian foliation F': M — RY.

Definition 3.2. Let F = (Hy,...,Hy) be the moment map of a completely
integrable system on R*?. A point m € R?? is said to be a regular point if

rank{Xg, (m),..., Xg,(m)} =d .
If
rank{Xg, (m),..., Xpg,(m)} =1, 0<r<d,
then the point m € R?? is said to be a singular point of rank r. The value

F(m) € R? is called a regular value if m is a regular point and a singular
value if m is a singular point.

Suppose that m € R2?? is a singular point of rank r for a completely
integrable system F = (Hy,...,Hy) on R??. After replacing the H,’s with
invertible linear combinations of H;’s if necessary, we may assume that

XHl(m) == XHd*'r(m) =0,
and the Xpg,’s are linearly independent for d — r < ¢ < d. The quadratic
parts of Hy,...,Hy , form an abelian subalgebra s, of the Lie algebra of

quadratic forms, with the Poisson bracket as the Lie bracket.

Definition 3.3. A singular point m or rank r is said to be a non-degenerate
singular point of rank r if the sub-algebra sy is a Cartan sub-algebra of the
Lie algebra sp(2d — 2r,R) of the symplectic group Sp(2d — 2r,R).

Remark 3.4. In an obvious way, Definitions 3.2 and 3.3 can be carried
over to a completely integrable system (M,w, F') on a general 2d-dimensional
symplectic manifold.

In 1936, Williamson [66] classified the Cartan subalgebras of the Lie al-
gebra of the symplectic group.

Theorem 3.5 (Williamson). Let s C sp(2[;R) be a Cartan subalgebra.
Then there exist canonical coordinates (qi,...,q,p1,-.-,p1) for R%, a triple
(Kety kny, krf) € 73, satisfying the condition ke + kny+2kss = 1, and a basis
fi,-.., fi of 5 such that

2, .9
fi:¥7 izl)"'vkelv
Ii = ajpj, J=keu+1,... ke + kny,

f qkPk + Qe+ 1Pk 11, k=ke +kny + 1 ke +kpy +3,...,0 =1,
k pr—
qkPk+1 — Qkt1Dks k= ke + kny + 2, ke + kpy +4,..., 1.
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Additionally, two Cartan subalgebras s,s C sp(2l;R) are conjugate if and
only if their corresponding triples are equal.
The elements of the basis of s are called elliptic blocks, hyperbolic blocks

2 2
or focus-focus blocks according to whether they are of the form % ;pi , 4jpj

Or @ Pair qgPk + qk+1Pk+1, QkPk+1 — Qk+1Pk, Tespectively.

Given a completely integrable system (M, w,FF'=(Hy,... ,Hd)). Suppose
m € M is a non-degenerate singularity of rank r. Then with the help of
Williamson’s Theorem, locally one can write the Hamiltons H; as f; for
i =1, ke +kny+2kysp, and H; = p; for i = kg +kpy+2kpp+1,- -+ ke +
kny +2ksr +1 = n.

3.2. Quantum Integrable Systems. Next, we would like to provide a
tool for the discussion of the lift of the classical Hamiltonian system to its
operator counterpart. For this purpose, we define the quantum integrable
System.

Let M be a 2d—dimensional symplectic manifold with a non-degenerate
2—form w. Let I C (0, 1] be any set that accumulates at 0. If H is a complex
Hilbert space, we denote by £(H) the set of linear (possibly unbounded) self-
adjoint operators on H with a dense domain.

Definition 3.6. A space ¥ of semiclassical operators is a subspace of
H L(Hp), containing the identity, and equipped with a weak principal sym-

hel
bol map, which is an R-linear map

(3.1) o: U — C®(M;R),
with the following properties:
(1) o(Id) = 1; (normalization)
(2) if P,Q €V and if PoQ is well defined and is in VU, then o(PoQ) =
o(P)o(Q); (product formula)

(8) if o(P) > 0, then there exists a function h — €(h) tending to zero as
h — 0, such that P > —e(h), for all h € 1. (wear positivity)

If P = (Pp)per, then o(P) is called the principal symbol of P.

Such a family of Hilbert spaces can be obtained e.g. by the Weyl quan-
tization (which we will specify later) or the geometric quantization with
complex polarizations.

Definition 3.7. A quantum integrable system on M consists of d semiclas-
stcal operators

Pr=(Pip),-, Pa= (Pyp)
acting on Hyp, which commute, i.e., [Py, Pjp] =0 for alli,j € {1,2,--- ,d},

for all h and whose principal symbols f1 := o(Py), -, fqa := 0(Py) form a
completely integrable system on M.
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Definition 3.8. Suppose P and QQ are commuting semiclassical operators on
Hp. Then the joint spectrum of (Py, Q) is the support of the joint spectral
measure, which is denoted as X(Ppn, Q). If Hp is a finite dimensional (or,
more generally, when the joint spectrum is discrete), then

(32)  I(Pn,Qn) = {(A1,A2) € R?: Fv # 0, Pyo = M\, Qv = Agv} .

The joint spectrum of P,Q, denoted by (P, Q), is the collection of all joint
spectra of (Pn,Qpn), h € L

Suppose that (Pyp),- -+, (Pyp) form a quantum integrable system on M.
Then the joint spectrum of <(P1,h), . ,(Pd7h)> is
(3.3)
d
Z((Pl,h>v - a(Pd,h)) = {()\1, 2, Aa) €RT: (N ker(Pp — M) # {0}}-
i=1

We would like to remark that in case the operators P;;, are not bounded,
the commuting property of the operators is understood in the strong sense:
the spectral measures (obtained via the spectral theorem as a projector-
valued measure) of P;;, and Pj ) commute.

4. GENERALIZED WEYL’S LAW

In this section, we recall the concept of generalized Weyl’s law and quan-
tum ergodicity from the pioneering works of Shnirelman [53, 54], Zelditch
[61-64], Colin de Verdiere [18] and Helffer-Martinez-Robert [27], and gener-
alize them to the case when we have a quantum integrable system [68-70] for
our purpose. For our subsequent use, we would like to further generalize it
to provide a more reinforced description for the quantum integrable system.

4.1. Hamiltonian flows of principal symbols. Consider the Hamilton-
ian H : T*(0D) — R:

(41) H(l’,f) = [p;ch7,1(x,§)]2 = 0.

Throughout the rest of the paper, we impose the following assumption in
our study.

Assumption (A) We assume (&7 (z) g ' (2)w, g” () w) # (d — 1) ()
for all x € 9D and w € {£: \£|§(z) =1} C TX(0D).

Assumption (A) holds if and only if {H =1} (0D x {0}) = 0, which is
further equivalent to the condition that the Hamiltonian H # 0 everywhere.
As discussed in [4], (at least) when d = 3, this condition holds if and only
of D is convex. With this, gazing at (1.8), it can be directly inferred that

¢ € C*(0D). In this work, we always assume the validity of Assumption
(A).
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Next, we set p(r) = 1—exp(—r) : Ry — R. It is realized that ,0( ) > 0 an d
p'(r) > 0 for all Ry. Moreover, p(1/r%) € C®(R), with 9¢|,—¢ [p(1/r?)] =
for all £ € N and
—2-¢

0rp(1/r?)| < Ce(L+ )72
Define H(x,€) = p(H(z,€)) : T*(8D) — R. It can be directly verified that
under Assumption (A) and together with the fact that H € S=2(T*(dD)),
one has H € S~2(T*(dD)).

Let us now consider k(< d) Poisson commuting and functionally inde-
pendent Hamiltonians f; = H, fo,--- fr € S™(T*(dD)) for m > —2 (if
k = d, then we will have a completely integrable system on M). Let

= (f1,--+, fr) be the k-tuple of the above Hamiltonian functions. We also
consider the corresponding h-pseudodifferntial operators Opy, 1, -+, Opy, 5
acting on Hy, = L?(0D).

Next we consider the following solution under the (joint) Hamiltonian
flows:

5%;a(t1,...,tk) = {137 (tlv"” )}’
ao(z,§) e S™(IrX),

(4.2)

which exists since {f;, fj} = 0, where we recall {-,-} is the Poisson bracket
given by

{fvg} = ng = _W(Xf7Xg)'

With this notion in hand, we have %a = Xy;a, and it is clear that, writing
t = (t1,...,tx), we have a(t) = ag(y(t), p(t)) where

o (1(8).p(0) = Xp, (v(1), p(2)),
(v(0),p(0)) = (x,6) € M.

To emphasize the dependence of a on the initial value (z,&), we also some-
times write

(4.3)

a(z)(t) = a(t)  with  (v(0),p(0)) = (z,€).
Next we introduce the Heisenberg’s picture and lift the above flow to the
operator level via the well-known Egorov’s theorem together with the com-
mutativity of Opy, ; and Opfﬁh, for our situation. Since this is a handy
extension of the original Egorov’s theorem (cf. [4,23,28,29]), we only pro-
vide a sketch of the proof.

Proposition 4.1. Under Assumption (A), we consider the following oper-
ator evolution equation for each j € {1,--- ,k}:

%Ah(t) = % Opfj,haAh(t)] )
Ah(o) = Opao,h'

(4.4)
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For |t| < Clog(h), it defines a unique Fourier integral operator (up to
h* ®S0,*)

Ap(ty, o ty) = e 2= 7 Ot 4, (0) 2=t 7 OPih L O(R $SOM™ L)
Proof. First, by noting that [Op,, Op,| = Opyqpy + O(h®SOY"2) if a €
S™(T*(0D)) and b € S™(T*(0D)) and using the given condition that when-
ever i # j, [Opy, p, Opfjﬁ] = 0, one can construct the symbol in the principal
level. Then one can construct the full symbol in an inductive manner, and
bounds the error operator via the Calderén-Vaillancourt theorem repeat-
edly. By Beal’s theorem, the operator is guaranteed as a Fourier integral

operator. Explicit expression of Ap(t) comes from checking the principal
symbols, and bounding the error operator via the Zygmund trick. O

We proceed to consider fi(z,&) = H(z,£) = p <[pIC5D (Cﬂ,f)]2>, and can
immediately see that

Opgyp = Opgyh =p ([/CZ’GDP) mod (h@SO,:?’) .

Let us also denote {Lj,h}é?:2 a family of pseudo-differential opererators such
that

Opy; . = Ljn (h®SOR'),
then we immediately obtain the following corollary.

Corollary 4.2. Under Assumption (A), it holds that

it

M) = e BKiop) =S F Lo 4, (0) ¢ To(Kh o) =S5 T L
+0O(h®S0;™ 1)
= Ah(t) = Opa(t),h7+0(h @SO}TLR_I)

4.2. Trace formula and generalized Weyl’s law. We first state the
Schwartz functional calculus as follows without proof.

Lemma 4.3. [28, 29] Recall that S(R) is the space of Schwartz functions
on R. Then for f € S(R), f(Op,) € SO, and

(4.5) F(ODap) = Oy + O(hBSOF).

The above lemma leads us to the following trace theorem:
Proposition 4.4. [18,28,29,53,58] Given a € S™(T*(9D)), if Opg, is in
the trace class and f € S(R), then

) Opp)) = [ flaydo s do™ +0),

where do®@do ™" is the Liouville measure given by the top form w?=1/(d—1)!.
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Let (A{(h), -+, AL(h)) be elements of the joint spectrum X(Opy, f1,- -+, Opy, fi)
(for simplicity of notation, let us call it ), with the joint eigenstates ¢(h);
that is, Opy, f;0'(h) = /\i( Y¢'(h), j € {1, ,k}. We remark that, with this
notation, it holds that (\(h),#'(h)) is an eigenpair of Ky, pp if and only if
(Ni(h) = p(Xi(h))?,¢'(h)) is an eigenpair of p(K? ;). Then we can prove
the following result. 7

Proposition 4.5. Under assumption (A), let C C R* be a compact convex
polytope. Then for any a; € S™(T*(0D)),j € {1,2,--- ,a;}, we have as
h — 40,

@rh) Y i (Opa @' (h), ¢ () r2(9p 40

(X (R),+ AL (h))eC
(4.6) :/ ado ®do ! + oc(1),
{F=(f1, .fx)eC}

where ¢; : \¢Z|H2_ and the little-o depends on C.

3 (9X,do)
Proof. Let us first take C := H?Zl[rj, sj] a k dimensional rectangle. Take

Xte (PG ap1%) s x2.e (Lan) s+ s Xke (Lin)

where x.(z) := Hj?:l Xjelxj) € S(Rk) approximate X[t Then

j=1lri,sil’
X1, (p[lC}';aD]Q) € ®SO, * and x;. (Ljn) € ®SO, *, foreach j € {2,--- ,k}
by the functional calculus with the trace formula

(4.7)

k
(2rh) " Ptr | X1 (oK o0]%) H Xje (Ljn) Opan x1e (PIKG D] H Xje (Ljn)
j=2

k
_ / ax? (o) [] x2o(f;) do @ do™ + Oc (1),
T+(0D) =2

where O depends on C, . Passing e to 0in (4.7), x1,¢ (P[’Cz,aDF) H;?:? Xij.e (Ljn)
converges to the spectral prOJectlon operator when the joint spectrum fulfils
that (A{(h), -+ ,Ai(h)) € C = HJ 175, s5], which readily gives (4.6) when
C = H] 175, 85]. Next we realize that a general compact convex polytope
C is rectifyable, and can hence be approximated by artituary refinement of

cover by a finite disjoint union of £ dimensional rectangles, and a standard
approximation argument leads ust to (4.6) for a general C. Finally, we notice

that 6 ()22 xto) = 161, g
The proof is complete. O

If taking @ = 1 in (4.6), one readily has the classical Weyl’s law [18,28,29,
53,58] and [5] . An algebraic proof of this result can also be found in [50,51].
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Corollary 4.6. Let C C R* be a compact convez polytope.

(X4 (h), - A (h))eC {F=(f1, ,fx)€C}

4.3. Ergodic decomposition theorem and quantum ergodicity on
the leaves of the foliation by the integrable system. From now on,
denoting

T : T*(dD) x [0,00)* — T*(0D)
(4.9) T ((@,8),t) = (v(t),p(t))

where (y(-),p(+)) is the (4.3), we may adopt the notion in [56] in our case
when [0, 00)* forms a semi-group (we may in fact extend it to R* by extend-
ing the Hamiltonian flow, but it is not necessary) and recall the definition
of ergodicity for our purpose.

Definition 4.7. Consider the family of maps {Ti(-) = T(-,t)}ic(0,00)k-
Consider an invariant subspace M C T*(0D), i.e. Te(M) = M for all
t € [0,00)*. We call a Radon measure over M C T*(0D) an invariant

measure | with respect to the joint Hamiltonian flow of the vector fields
Xyd €41,---  k} on M if

(Telppe = p for all t € [0,00)’“,

i.e. the push-foward measure of the measure coincide with itself. We denote
the set of such invariant measure as Mx, (M) (which forms a convex set.)
An invariant measure is ergodic with respect to the joint Hamiltonian flow
generated by the vector fields Xy, ,j € {1,--- ,k} on M if for any measurable
set AC M:

W(AAT;(A)) =0 for allt € [0,00)* = u(A)=0orl.

We denote the set of such ergodic measures as Mx, (M) (which can be
directly checked to be the set of extremal points of Mx,(M).)

We remark that the standard equivalence of ergodicity, say e.g. for any
measurable set A C M:

T YA cAforallte[0,00)f = pAd)=0orl,

can be readily shown via standard and elementary arguments. We would
also like to remark that this definition of ergodicity is not that of the joint
ergodicity of the family of commuting one parameter subgroups generated
by each Xy, as introduced in e.g. [13,56], (which is instead a generalization
of the mixing properties.)

Now, similar to our study in [5], let us consider the set {F' = (f1,--- , fx) =
(p(1),e2,- -+ ,ex)} denoted by Fy , ... ), for the functions f; € S™(T*(0D))
defined as above, with f; = H. Let us denote OF (1 ey o) B the Liouville

measure on F(q e, ...y C T*(0D), and the same OF ey o) B that of
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F(E,e2,--~,ek) = {F = (flv"' afk) = (p(E)7627"' 7ek’)} when E 7& 1. For

notational sake, from now on, we write
F ={e:=(ey,...,ep) e RF 71 : Flieg,en) 7 0}

For all such e € F, since Xy, f; = 0 and Eijwd_l = 0 for all 4,j €
{1,--+ ,k}, we have that

— lim edim(F1,e))
i 1= I

XF1..) do @ do~*

is an invariant measure of the (joint) flow on F{; ., where dim(F{; ) denotes
the dimension of F(; .y and is generically d — 1 — k.

With the previous notion of ergodicity in hand, we next consider Mx . (F(; )),
which is the set of invariant measures on F{; ., and Mx erg(F(1,¢)), which is
the set of ergodic measures on F{; .. Since F(; ) has a countable base, the
weak-* topology of My (F(1)) is metrizable, and hence Choquet’s theorem
can be applied to obtain the following generalized version of the ergodic
decomposition theorem in [60].

Lemma 4.8. Given a probability measure n € Mx, (M), there exists a
probability measure ve € M(Mxp erg(F(1,¢))) such that

n= / e dve(pe) -
MXF,erg(F(l,e))

Applying Lemma 4.8 to o, /o Fa.e (Fl1,e)), we have a probability measure
Ve € M(Mxp erg(F(1,e)) such that

UF(1,e) = UF(l,e) (F(l,e))/ He dI/(,ue) .

MXF,erg(F(l,e))

Note by rescaling Fig.) = E_l/QF(Le), we have OFpe = EHIS_dUF(l o

Then, from the smoothness of F' and the non-degeneracy of DF (up to a
co-dimensional 1 subset), we can see that the decomposition

do®do = | (B dE ® do (e)d
= - F(1’e> @ple (&

holds for some density ¢ € L'(F,de) (with {p = 0} of measure 0 with
respect to de) via a change of variable formula.

For any p. € MXF,erg(F(l,e))v we let H(Ee) = [mE71/2]#/~L5 S MXf,erg(F(E,e))
be the push-forward measure given by

myg12 1 T@D) = T*@D),  (x,6) v (x, E-/%).
It then holds that

0®0_1

1+k—d
= // (E.e) OF o) (Fl1,e) M(e)E 2 (dE® dve)(E, pe) de .
F (OvoO)XMXF,crg(F(l,e))
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Next, we shall derive a general version of the quantum ergodicity on the
leaves of the foliation by a quantum integrable system. Since [0,00)* is a
countable amenable semi-group, ergodicity of a measure pu on T*(9D) is
equivalent to that for all f € L3(T*(0D), du) (cf. [56)):

lim ———— / foTidt = / fdu
=0 TTh_ !T\ I1%_,[0,7;] *(0D)

in the L?(T*(0D), du) metric, which is in fact the Von-Neumann’s ergodic
theorem [48] in this scenario. Following [4], we have the following application
from Birkhoff [15] and Von-Neumann’s ergodic theorems [48].

Lemma 4.9. Under assumption (A), for any r; < sj,j € {1,--- ,k} and
all ag € S™(T*X), we have as T — oo,

1

kiT / A(z.8) (t)dt “a.edo®do—1 and LQ(ﬁle{rjgfj§3j},da®da—1) (L(l‘, 5)
1= 75

H?:l [OvTj]

fora € LQ(ﬁg?zl{rj < fj < sjtdo®@do™t) and a.e. (dE ® dve)(E, i) de,
with

a(z,§) :/F aodi(pey  a-e. dp(g,e)-
(B.0)

Proof. By Birkhoff and Von-Neumann’s ergodic theorems [15,48], we have
on X{m’?zl{rjgfjgs}} do®@do~" as T — oo:

|T ‘ / (x,8) )dt —a.e.do®do—" and L2({ﬂ?zl{rjSfjﬁSj}},dU@do-—l) d(]?, 6)7
j 1

for some a € LZ(ﬂjzl{rj < f; < sj},do ® do~1) invariant under the joint
Hamiltonian flow. Set

& ::{(x,f) € ﬂ;?:l{rj < fj < Sj} :

1 / _
e — A(z,e)(t)dt —a(z,§)| > 0} .
H§=1 |T5| Tt [0.13]

It is clearly seen that 0 ® 0~ 1(€) = 0. Next, we can show by Lemma 4.8
that

lim sup
T

5 (dE ® dve)(E, pe) de

1(E,e)(E) 0Fy o (Flie)) ¢(e)
.Fﬂ H?ZQ[T]',S]'] [Tlvsl]XMXF,erg(F(l,e))
—o®0 (&) =0.

Since {¢ = 0} is of measure zero with respect to de, we have, for a.e.
(dE @ dve)(E, pie) de, we have pg () = 0. Meanwhile, by using the
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Birkhoff and Von-Neumann’s ergodic theorems [15, 48] again, we have on
each leaf that

1 /
(I(%g) (t)dt
15 1T i oy

%a.e.mEYC) and LQ(F(E,e)adM(E,e)) /F ap du(E,e) as T' — oo.
(E,e)

Finally, setting

Ene.e f_{(%ﬁ) e b {r; < fj < s;}:

lim sup
T

ik
I A(g,¢) (t)dt — / agp d,u(E,e) > 0} ,
[T T3] it fom) Fip,0

we can show that pi(g ) (Ey.,) = 0. Therefore, a.e. (dE® dve)(E, pe) de,
H(E,e) <5US#(E,6)) = 0. By the uniqueness of the limit, the proof can be
readily concluded. O

With the above preparations, we can establish the following theorem that
shall play an important role in our subsequent analysis.

Theorem 4.10. Let C C R* be a compact convex polytope and ¢; =
|| 2 . Then the following (variance-like) estimate holds as h — +0:

H™3 (X,do)
1
(AL (h),+ AL (h))eC (AL (h),-+ AL (R))eC

(An &' (), 8" (h)) 12(0D dor)

(4.10) ,

— 0.

— (Opg p, ¢ (h), 8" (h)) 12(6D.do)

Proof. Via considering the Hamiltonian flow of the principle symbol, we can
lift the Birkhoff and Von-Neumann to the operator level. Set Ap(0) = Ap.
From the definition of ¢*(h), we have, for each i,

(4.11)
(An()" (h), ¢"(h)) 120D, dor)

its i k it

=(A,(0) ei%ﬁ?([K}i,aDP)—E?:z TJLJ'JL(Z)Z'(h)7 eltTlP([’CZ,aDF)— j=2 TJLj,h¢i(h)>L2(8D7do')
+ Ot(h)
=(An ¢'(h), &' (h)) r2(x.d0) + O1(h),

where we make use of Proposition 4.1 as well as the definition of the NP
eigenfunctions in (2.8). Averaging both sides of (4.11) with respect to T,
we can arrive at

<T¢Z(h)a ¢i(h)>L2(aD7dU) = <Ah¢z(h)> ¢i(h)>L2(X,do) + OT(h)v
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where
1
T =—— / Ap(t)dt.
ITj-1 17 !
—1[0,75]
By using Proposition 4.1 again, one can directly verify that

1
k
[T 1731

| Ayt —0pyy =00

H?:l [07Tj]

I a@e®dt-a T Or(h).

H] 1| Jlnk 100,751

Next by using the Cauchy-Schwarz inequality, we have

(OPan® (1), 0" (M) 2op.aoy (At (), &' (A)) 12(0D o) i

(¢"(h), ¢*(R)) 12(5D,do) (¢"(h), ¢*(h)) L2(5D,do)

(4.12) < v >>
=*2¢'(h), &' (h L2(8D,do) 9
< + Op(h?),
= {¢U(h), (M) L2(6D,dor) r(7)
with
E:=7 — Opg -

Therefore, summing up over the joint spectrum of ¢* of (4.12) and applying
(4.6) and (4.8), we have

(4.13)

1 >
2 (N (B X

7 1 i i
,Xk(h))GC (I)\zl(h)L...’)\}c(h))Gc

612 <Ah (Z)Z(h)a ¢i(h)>L2(8D,dU)

2

— (Opa s @' (h), ¢ (h)) 12(6D do)

2
Str=tisoeey |y | o (Bt —a| do@do™!
B :1[0,73]
= — +oer(1).
R Jp=(pr o pyecy do @ do~! ocr(l)

Finally, by noting that the first term at the right-hand side of (4.13) goes to
zero as T = (11, ..., T}) goes to infinity, one can readily have (4.10), which
completes the proof. O

With Theorem 4.10, together with Chebeychev’s trick and a diagonal
argument, we can have the following quantum ergodicity result, which gen-
eralizes the relevant results in [18,25,53,54,57,58,61-64].

Corollary 4.11. Let C C R’f be a compact convex polytope. There exists
S(h) € J(h) == {i € N: (A{(h), - ,A.(h)) € C} such that for all ayg €
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S™(T*X), we have as h — +0,

Jmax c; ((An = Opg) &'(h), &' (h)) 12 x 4y | = 0c(1)
(414) Zies(h) 1

S~ _ 4 op(1).

ZiEJ(h) 1

It is noted that the choice of S(h) is independent of ag.

Remark 4.12. It is indeed a bit paradozical to still call the above theorem
as that of quantum ergodicity when we now have a quantum integrable sys-
tem. Since as is customarily understood, the case of (complete) integrable
system and that of ergodicity is almost on the opposite side of the spectrum
in the description of a dynamical system. However, our discussion is on the
ergodicity on the leaves of the foliation given by the integrable system (e.g.
the Lagrangian tori if we have a complete integrable system), and therefore
no parador emerges.

9. LOCOLIZATION/CONCENTRATION OF PLASMON RESONANCES IN
ELECTROSTATICS

In this section, we are in a position to present one of our main results on
the localization/concentration of plasmon resonances in electrostatics.

5.1. Consequences of generalized Wey!l’s law and quantum ergod-
icity. In the following, we let 02, Fy.0 signify the Liouville measure on
Foey(z) = {F(z,") = (p(1),e)} C T;(0D). By the generalized Weyl’s
law in Section 4, we can obtain the following result, which characterizes the
local behaviour of the NP eigenfunctions and their relative magnitude.

Theorem 5.1. Given any x € 0D, we consider {xzs}s>0 being a family
of smooth nonnegative bump functions compactly supported in Bs(x) with
faD Xp,sdo = 1. Under Assumption (A), fixzing a compact convex polytope
CCFCRFL [r,s] CR, a€R andp,q € OD, there exists a choice of 5(h)
depending on C,p,q,r,s and a such that, as h — +0, we have §(h) — 0 and

Z()\i(h)f.. AL (h))€lr,s]xC Ci faD Xp,5(h) (z)|[ D]~ ¢i($)|2d0(x)
Z(Mi(h)r” AL (h))elrs]xC Ci faD Xq.8(n) (@)[| D[ ¢'(z)[*do(z)

(5.1) on
_ff fF(l,e)(p) |£|g(y) dGP’F(Le) e)de + oc (1)
- 1420 )T58,P,q, 0 ’
ff fF(l,e)(Q) ’5|g@> dog,F,. h(e)de
where c; == |¢'| > . In particular, if « = =L, the RHS term of (5.1)

H~3%(0D,do)
is the ratio between the volumes of J.cr Fl(1,¢)(-) at the respective points.

Proof. Taking p € 9D, we consider a(z,§) = Xp75(x)\§|;?f)a in (4.6). With
the fact that Op,, j, = h* 2| D|}/2T0p () ,|D[*/*** —hOp; | ;, for some
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aps € S?(T*(0D)), we have after applying (4.6) once more upon a, s:
e S o | ns@IDp o a) o)

(AL(h), AL (h))E[r.s]xC

(52) = / Xps (2)E[L20 do  do™!
{(f1 )E[r,s]xC}

+ h/ CNLp75 do ® do~! + OC,r,s,a(l)-
{(f1, fr)€lr,s]xC}

With (5.2), we have, after choosing another point ¢ € 9D and taking a
quotient between the two, that

22 (), AL (W) elrsixe € Jap Xpo (@)1 D] ¢ () |*do (x)
Z(,\g(h),... A (h))€[r,s]xC Ci faD Xq,5(2)||D|* ¢ (2)[*do(z)

a
= —+ OC,r,s,a(l)a

b
with

a = / Xp,6($)|§’;a2)a do®@do~"
{(f1,,fr)€E[r,s]xC}
+h/ dp’g do ® doﬁl,

{(f1,,fx)E[r,s]xC}

b — / (@[5 do @ o

{(fl,-",fk)e[r,s]xc}

+h / g5 do @ do!
{(f1, s fr)E[r,s]xC}

Now, for any given h, we can make a choice of §(h) depending on C, r, s, p, ¢, «
such that as h — +0, we have §(h) — 0 (much slower than h) and

h/ ap 5(h) do @ do |+ h/ g o(n) do © do—tl = 0.
{(f1, . fr)Elr,s]xC} {1 fr)€lr,s]xC}

We also realize as h — +0, with this choice of §(h) that 6(h) — 0, and one
has for y = p, ¢ that

K@ dowir = [
fl y: N 7fk(y»

1+2ad —1

9(y)

€]
/{(fl,---,fk)e[ﬁs}xc} )elrs)xcy

Therefore, we have
22 (), AL (W) elrsixe € Jap Xpan) (@)1 D] ¢ ()| *do (x)
Z(,\g(h), AL (h))elr,s]xc Ci faD Xq,5(h) ()[|D]* ¢*(x)[*do (x)

1+2a —1
_ f{(fl(p7)7 7fk(p7 ))6[7" S XC} |§‘ dO' 1
- f |§’1+2ad + OCms,p,q,a( ) .
{(f1(a,)s o frla,))Elrs] xC} 15 1g(q)
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To conclude our proof, we realize that for all y = p, ¢,

1+2ad0,71

€]
/ A few)emsixcy I

([ etan) (L, s o)

where we recall h € L!(F,de) and d—1—k is the generic dimension of Fli,e)-
The proof is complete. O

Theorem 5.1 states that, given p,q € 0D, the relative magnitude between
a ci-weighted sum of a weighed average of ||D|*¢|?> over a small neighbor-
hood of p to that of ¢ asymptotically depends on the ratio between the
weighted volume of {(fi(p,-), -+, fx(p,:)) = (p(1),e),e € C} and that of
{(fi(g,*), -+, fe(g,-)) = (p(1),e),e € C}. This is critical for our subsequent
analysis since it reduces our study to analyzing the aforementioned weighted

volumes.

Theorem 5.2. Under Assumption (A), there is a family of distributions:

{(I)“’e}NEMXF,erg(F(l,e)),EE}' S D’(@D X 8D),

which are the Schwartz kernels of KC,,. such that they form a partition of the
identity operator Id as follows:

(5.3) Id = / / K. dve (1) de(e).
MXF ﬁrg 15)

It holds in the weak operator topology satisfying that for any given compact
convez polytope C C (0,00) x F C R¥, there exists S(h) C J(h) :={i € N :
(Ai(h), -+, A (h)) € C} such that for all p € C*°(0D) and as h — 40,

/19D e(z) <ci D3¢ ()2

ies ()
(5.4)
- / / w(z,e) gi(e) dve (pe) de(e))da@) =oc(1).
F I Mx o erg(F1,e))
In (5.10),

1 1
) = cs{Ku DI 7361, DI 6%) 20 a0

9i(pe
(5.5) ) 1
L/ gil11e) dve (1e)defe) = 1, =P =1 4 0c(1)
F MXF,erg(F(l,e)) ZiGJ(h)
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and moreover,

(5.6)

fMXF e'rg(F(l e) (p’ e) Ve(’ue) _ fF(l,e) (p) do-sz(l,e)

a.e. (do @ do)(p,q).
fMXF,CTg(F(l e) (Q7 e) Ve (,LLE) fF(l,e) (q) do'q7F<1ye)

Proof. Let f,p € C*°(0D) be given. Let us consider a(z,§) := ¢(x). Then

we have
/ pdupe = / wde.
FlE,e Fi,e)

Take a partition of unity {x;} on {U;}. With an abuse of notation via
identification of points with the local trivialisation {F;}, by Lemmas 4.8
and 4.9, we have

(5.7)
[Opy 1 f1(y)

/ /0 00) X M pr org (Fi1,¢)) ; </F(E,6) =p({ = 5, 8)/R)a(e, )

x xu(@) f(@)dpp.e) ($)> X 0Fy,. (F1,e) h(e) B3

:/ / Z (/ QOd/Le) </ exp((x—y,E*%Q/h)
F (Oroo)XMXF',erg(F(l,e)) l F(l,e) F(LE)

. Xz(fv)f(w)due(x)> % 05y (Fouey) h(e) 25

(dE ® dve)(E, pe) de(e) .

(dE ® dve)(E, pe) de(e) .

On the other hand, considering Id = Op, ;, = Opgj, (which is independent
of h), one can show that

(5.8)
[Opy 1 f1(y)

/ /0 00) X Mx perg (F(1,0)) ; (/Fw,e) exp((z — ya§>/h)xl(x)f(x)du(E7e)(q:))
% 05, (Flie) h(e)E- 5 (dE @ dve)(E, jie) dee).

- - E_% h d .
/]:/(OvOO)XMXF,erg(F(I,e)) ; </F(1,e) eXp(<$ ¥ £>/ )Xl(l')f(l‘) H (:I:)>
X OF( (Fl1.e)) h(e)E1+k d (dE ® dve)(E, pe) de(e) .
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If defining KC,, (which is again independent of h) to be such that

(Ko f1(y) :—/ > (/F exp(<w—y,E5§>/h)><z(ﬂ?)f(x)due(x)>
(L,e)

(0,00) I

XOF, (F(le))h( ) (E>7
we have by definition in the weak operator topology that

Id = / / K. dve (pe) de(e)
F MXF,erg(F(l,e))

That is,
(fs F)r20D,d0) = / / (Ko £y £ r2(0D,do) dve (p1e) de(e)
F MXF erg(F(l e))

whereas

(Opg ity [)r20D,do)

// (/ Sﬂdﬂe> (Ko fs £ r2(0D,doy Ve (p1e) de .
FIMxperg(Fri,e)) \7 F1,e)

Recall that dog,, , (2,£)/0r(F(1e)) = dpe(z,§) dve(pie) is a probability mea-
sure. We now apply the disintegration theorem to the measure dy(x, &) dve(pe)
and obtain a disintegration dpy c(z,§) dve(pe) ® do(p), where the measure-
valued map (fte,p) — fpe is @ dve ® do measurable function together with
tip.e (F1,e)\(F(1,¢)(p) Nspt(e))) = 0 a.e. dve ® do. Therefore, we obtain

(Opg it f)r20D,do)
- |/ | ot D20y it v ) () ).
MX 1 e) ><8D F(l e)

It is also observed that

/ P dpipe = / P dppe = o(p) tpe(Fie))-
Fli,e) F1,e)(p)

If we denote

s crg

w(p,e) == ppe(Fey) >0,
then a.e. dve(ue), the function u(-,e) € LY(0€,do). As a result of the
disintegration, we have a.e. dve (i),

/ 1(p. )0 (p) = pe(Flrey) = 1.
o0

Furthermore, we have

(Opg it f)r20D,do)
/ /M (@) 2, €) K o ) 12000 (A0 © do) (1, ) de(e)

faB crg l e) XaD
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Finally, we choose f = ¢'(h) = \D|_%¢i and apply (4.14) to obtain the
conclusion of our theorem. It is noted that the choice of S(h) is independent
of ¢ € C*°(9D). The ratio in the last line of the theorem comes from the
fact that a.e. do(p) we have by definition

/ (D, €) dve(jie) = / e (Frv(p)) dve(e)
Mx perg(F1,e)) Mx o erg(F(1,e))

5.9
( ) B fF(l,e) (p) do-va(l,e)

fF(l,e) daF(l,e)

The proof is complete. O

Theorem 5.2 indicates that most of the function ci]|D|7%¢i(x)]2 weakly
converges to a g;(ie) dve(pe)-weighted average of 1u(z,e) on each leaf F{y ),
where the ratio between a dv.(usg)-weighted average of u(p,e) and that of
(g, e) depends solely on the ratio between the volume of F{; .y(p) and that
of F(l,e) <Q)

For the sake of completeness, we also give the following corollary, which
generalizes a similar result in [5] and can be viewed as a generalization of
the quantum ergodicity over the leaves of the foliation generated by the
integrable system.

Corollary 5.3. Under Assumption (A), if the joint Hamiltonian flow given
by Xy, ’s is ergodic on Fy .y with respect to the Liouville measure for each
e € F, then there is a family of distributions {®.}ecr € D'(0D x OD) as
the Schwartz kernels of IC. such that they form a partition of the identity
operator Id as follows:

(5.10) Id:/ K de(e),
f

which holds in the weak operator topology satisfying that for any given com-
pact convez polytope C C (0,00) C R*, there exists S(h) C J(h) := {i € N :
(A1(h),- -, A.(R)) € C} such that for all ¢ € C*°(0D) and as h — 40,

(5.11)

‘ _% i 2 O'x,F(l,e) (F(Le)(x)) ‘ o
ig?% /BD o(x) (CzHD’ o' ()] /; o1 (Flo) gi(e)de(e) | do(z)| = oc(1).
In (5.10),
(5.12)

1 1 Zz 1
gi(e) = ci{(Ke|D| 726", |D|72¢") 12(9D,dor) 7/ gi(e)de(e) =1, Zi(h)l = 1+oc(1).

F 1eJ(h)

Proof. The conclusion follows by noting that if the joint flow of Xy,’s is er-

godic with respect to OF.e for each e € F, then OFy.e € Mxp erg(F{1,e)) and

we can take v = 5"F<1,e) which is the Dirac measure of OF.e € MXF,erg(F(1,e))-
O
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By Corollary 5.3, we see that if the joint flow of Xy, is ergodic on Fy )

with respect to the Liouville measure for all e € F, then most of the function
gi(e)
UF(I,e) (F(l,c))

volumns of F(; . (x) over e € F. Therefore the value of eigenfunction at
x € 0D goes high as the volumn of F{; )(z) goes up for each leaf indexed
by e € F.

cl-|\D|7%¢i(w)|2 weakly converges to a -weighted average of the

5.2. Localization/concentration of plasmon resonance. From Theo-
rems 5.1 and 5.2 in the previous subsection, it is clear that the relative mag-
nitude of the NP eigenfunction ¢’ at a point 2 depends on the (weighted)
volume of each leaf F(; .y(7). Therefore, in order to understand the local-
ization of plasmon resonance, it is essential to obtain a better description of
this volume. Again, as we notice similar to [5], this volume heavily depends
on the magnitude of the second fundamental form <7 (z) at the point z. As
we will see in this subsection, in general, the higher the magnitude of the
second fundamental form <7 (z) is, the larger the volume of the characteristic
variety becomes. In particular, in a relatively simple case when the second
fundamental forms at two points are constant multiple of each other, we
have the following volume comparison.

Lemma 5.4. Let p,q € 0D be such that <7 (p) = 54/ (q) for some > 0
and g(p) = g(q). Then |F1,)(p)| = 87*||F(1,¢)(@)]. We also have

1+2 d—1+2 1+2
/ ‘ﬂga’)ad%f@e) =g Oé/ ‘ﬂgzrq)adaqu(l,e)'
Fi,e)(p) F1,6)(q)

Proof. From —2 homogeneity of H, we have H(p,&) = H(q,&/3), and there-

fore {F(Zﬁ,f) = (p(1)762> T 7ek‘)} = 5{F(q7£) = (p(l),€2, T 7ek‘)}> which
readily yields the conclusion of the theorem. O

Similar to [5], localization can be better understood via a more delicate
volume comparison of the characteristic variety at different points with the
help of Theorems 5.1 and 5.2 and Corollary 5.3. However, it is difficult
to give a more explicit comparison of the volumes between Fi;)(p) and
F(1,¢)(q) by their respective second fundamental forms &7 (p) and <7 (q). The
following lemma provides a detour to control how the (weighted) volume of

F(1,¢)(p) depends on the principal curvatures {r;(p) ?2—11'

Lemma 5.5. Let G¢ : D x R4~ = R be given as

¢ (p ts))

(5.13) d—142«

d—1

i=1

/ﬂf—z{ﬁ (X2’ Ri)=er}



QUANTUM INTEGRABLE SYSTEMS AND PLASMON RESONANCES 27

where
d—1

(5.14) R = Z Kj — ki
j=1

Then the following inequality holds:
(5.15)

G (pls¥l) < [l don,, <265 (b no)})).
F1,e)(p)
Proof. We first fix a point p and choose a geodesic normal coordinate with

the principal curvatures along the directions &;. In doing so, we can simplify
the expression of H(p,€&) = 1. In fact, we then have

-1 2 d—1 3
H(p,6) = (z - 53) / (z@
=1 =1

Due to the —2 homogeneity of H(p, ) with respect to £, we parametrize the
surface {H (p, &) = 1} by w € S92 with ¢(w) := r(w)w. Then we have

d—1
rw) =Y rilp)wi,
i=1
Now with the above parametrization £(w) = r(w)w, we substitute to have
k d—
F(Le)(p)_ﬂ{OQ,T‘(LU)W) : weSd 2 fl <p7 Z ) _el} .
=2 i=1

Writing the (d—1—Fk)-Hausdorff measure of the variety ﬂfzg{f ! (p, w Z?;ll IQ/ZE]_D/) w?) =
e} on %2 as

dwpe := 0

Nia {WESd_z fi <p,w 22_1;11 ap/)w?) :el} (dw)

and by following a similar argument to that of Lemma 4.5 in [5], we can
show that

1+2
< |€|g(p adO'p7F(1 0 <2

The proof is complete. O

By Lemma 5.5, we can readily see that in order to compare the ration
of the magnitudes of the NP eigenfunctions, one can actually compare the
ration of the magnitudes of the principal curvatures at the respective point.
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For instance, if it happens that min; |k;(p)| > max; |k;(¢)|, then it is clear
that the weighted volume of F; .y(p) is much bigger than that at g.

In the next subsection, we discuss a motivating example which shows
how the above lemma can be simplified and provide precise and concrete
description.

5.3. A motivating example: surface with rotational symmetry. In
what follow, we discuss a motivating example, which illustrates how the
knowledge of another communting Hamiltonian simplifies the understanding
of the Hamiltonian flow of our concern and provide explicit description of
eigenfunction concentration.

Example 5.6. Consider that D C R® is conver and without loss of gen-
erality take G := {(g (1)) U e 50(2)} C SO(3) such that G(D) = D,
i.e. D (and hence OD) is invariant under the rotation group G. Then, writ-
ing (r1, w2, 13,1, €2,€3) as a coordinate in T*(R3), we recall the Lie algebra
1somorophism:

j:50(3)={AcR¥>3 . A+ AT =0} — R3

0 —a3z ao
as 0 —al — (al,a2,a3),
—as aq 0

where j([A, B]) = j(A) x j(B) is the three dimensional cross product, and
the moment map:

p: TR — so(3)%,

:U'(:U> §) = Exuw.
Therefore the Hamiltonian that generates the one parameter subgroup G C
SO(3) is given by
<:u($7§)7 6_3>> = <£ X T, (Oa 07 1)> = £1$2 - §2$1 .
Now we define F = (f1, f2), where fi(z,&) = H(z,€) defined as above and
fo:T*(OD) — R

f2(x7§) = <,U,(L(I,§)),€_3>>,
where v : T*(OD) — T*(R3) is the canonical embedding. Notice that {f;, f;} =
dij fori=1,2 since G(0D) = 0D and for all g € G, the rotational symme-
try gives that g*H = H, and hence {f2, f1} = Xp,(H) = 0. Hence (f1, f2)

forms a completely integrable system.
Next we gaze at GS, where e = eg € F C R. Let us first look into the

a’
case when es # 0. With this system, we realize the two principal curvatures

satisfy, fori=1,2,
ki(p) = ki(p=) ,
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where p € OD + (ps, py, p2) € R3 is the canonical embedding (which can be
represented via the parametrization X), and hence in (5.14):

k1(p) = k2(pz),  kKa(p) := k1(p2) -
Moreover, for w = (cos(0),sin(0)) € S, writing {vi(p)}iz12 € T,(0D) =
T;(0D) to be the principal directions, A(p)vi(p) = ri(p)vi(p) under a geo-

desic normal coordinate and denoting v(p,&) = Dz, Dy, Pz (§p)ay (§p)ys (§p)2) €
RS with the choice that (vi(p))., = 0 (which makes the choice unique), we

have fo <p,w2?:1 /:Z(\p/) wf) = e9 if and only if 0 satisfies

ey = (ﬂ%(pz) cos?(0) + w3 (p.) sin2(0))
x (cos(0) ((v1(p))apy — (v1(p))ypa) + sin(0) ((v2(p))apy — (v2(P))yPz))
= (K3(p2) cos®(0) + w7 (p-) sin®(0))
sin (0 + é(p))
(5.16) X ,
\/((vl(l)))xpy — (V1(P))ypa)” + (V1(P))apy — (V1(P))ypr)”

where

3(p) = tan~! ((vl(p))xpy — (v1(p))yp:c> '
(v1(p))apy — (v1(P))yPa
The RHS term in (5.16) is invariant by the rotational action (recall g* fa =
fa for all g € G), and therefore is a function only of (2p,6). 6 can now
be found via the tangent-half-angle formula and a solution to a sixth order
polynomaial. In any case, it is either an empty set if es is too large, or a set
of a finite number of points. Let us also denote |e2|max as the extremal value
of |ea| such that the solution to (5.16) is non-empty, i.e.

F = [_|€2|max, |62‘max] .

For a given (ps, e2), we denote the number of solutions to (5.16) as N(pz, e2).
If 0 < |ea| < lealmax, we can see that 1 < N(p,,ea) < 2 and the so-
lutions have the same value of cos(f). Denoting them as 0;(p.,e2), | =
1,....N(pz, e2), we have in (5.13):

Go (p, {Fi(P)Y2o1) =2 (r2(p2) cos(01(p, €2)) + ra(p2) sin (61 (p2, €2)))* >
% \/53(25) 08?01 (p. €2)) + K2(2,) sin (1 (s, c2)

It is now clear that G%, (p, {ki(p)}?_,) increases seperately when either one
of k1(p), ka(p) increases. We remark that, in the case when |e2| = |€2|max,
the only solution to (5.16) is when @ =0 if e > 0 and 0 = 7w if ea < 0, i.e.
N(p-,e2) = 1. We neat gaze at when e = 0. When (pz,py) # (0,0), and
taking (v1(p)). = 0, we only have 0 = 5 and § that satisfies (5.16), and
hence

Ge (p, {mi(p)Yier) = 267 7% (p2) -
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When p, = py = 0, we have k1(p) = K2(p) = 0, and however we choose the
directions v;(p), we then have that (5.16) is satisfied for all 6 € [0,27), and
in such a case:

27
G- (b {mi(p)}2y) = / (ps)*+2d = 2mrs(p) 20

Again, we can see that in either situations G, (p, {/ﬁ;i(p)}?zl) increases sep-
arately when either one of k1(p) increases.

Next, we look more closely into the flow induced by XI:{ on Fi c,). We first
focus on the case when 0 < |ea| < |€2|max. We denote p;max,es AN Dz min,es
as respectively the largest and smallest values of p, for (p,§) € F1,e5)- Then
we realize that

Fl1,e5)
= U {(prteen cosumca)en ) + sin@um o) )

pz€ [pz,min,eg 7pz,max,e2]

=1, ...,N(pz,eg)},
where 1(p,, es) = K3(zp) cos?(01(ps,e2)) + k3 (zp) sin? (01 (ps, e2)). It is re-
marked that when p = p, mine, 07 P = Pz min,es, 0 = 0 or ™ and p satisfies

lea| = K3(p2)y/p3 + P2,

where the RHS term is again a function only of p,. One can show that on
F1,e5), we have Xz = 0 if and only if § = 0. Assume that we start with
(7,€) € Fl1,e) and flow accordingly with a; = (p(t),&(t)). Then there exists
[s1,82] with the smallest interval length containing 0 such that p,(s1) =
pl(s2) = 0 (which coincides with that when p; = Dz max.es OT Pz = Dzmin,es
). Via reflection symmetry , we have for all t € R,n € Z:

At—s142n(sa—s1) — A—(t—s1)+n(sa—s1) — At—s1-

That is, a; is 2(sy — s1) periodic and symmetric about sy. Hence the or-
bit of the flow generated by Xz = 0 on Fy,) can either be periodic or
quasi-periodic. It is realized that when p; mine, < Dz < Pzmax,es, we have
N(pz> e2) = 2; whereas, at p, = Pzmax,es O Pz = Pzmin,es; Hl(pm 62)) =0 or
7, and hence N(p,,es) = 1. Therefore, tracing the points, we have

A 2
Fie) = T7,
which is a smooth 2-dimensional surface. With that, there are only two cases
if 0 < |ea| < |€2max|-

(1) When a Hamiltonian curve is periodic on T?, a shift of the curve
gives all the periodic orbits of the Hamiltonian flow. Hence we can
ezhaust the ergodic measures of X g on F(y ¢,y indexed as {}i(1 ey).a faclo,1)
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where fi(1 ¢,),a contains the point (p, &) such that

(px,py,pz) = (\/ p:% + pg% COS (2a9per) s \/ p% + pg2/ sin (20/0])87‘) 7pz,rnax,62>

. _ -1 Pz (52)Pa(51)+py(s2)py(s1) .
with Gper = cos <\/pz<sz>+pg<sz>\/p3<s1>+p§<s1>>’

(2) When a curve is on the other hand quasi-periodic on T?, we have that
the flow of Xy is ergodic on the torus T? on the Liowville measure
restricted on T?.

If |ea| = |e2,max|, we realize N(p,,e2) =1, and
Fliep) =S
If ea = 0, we can verify that N(p,, e2) = 2, and the solutions to (5.16) are
0 =3 and 5. The flow is periodic with
1 P (52)Px(51) + Py (52)py (1)
VP (s2) + P (s2) P2 (s1) + P (s1)

Oper = cOS™ =.

We have

Flie,) =T,
and we can exhaust the ergodic measures of X 7 on F(lm) mdexed as I(1,e2),[0,1]
H(1,e0),a CONtaining the point (p,§) such that

(e, Py, D2) = (\ /2 + pZcos (2ma) , \/p2 + p2sin (2ma) ,pzmax’@) .

Finally, we notice that in all the cases, the joint flow given by Xg is er-
godic on F(y .,y with respect to the Liouville measure for all possible values

of (1,e2) such that F{y ., is non-empty: it trivially holds when F\ .,) = St
and if the flow by Xz is quasi-periodic on F(i 0,) = T2; and it holds when
the flow by X g is periodic on Fly ¢,y = T? since G induces a transitive on
the index set {p(17€2)7a}a6[071). Therefore Corollary 5.3 applies to obtain a
density-one subsequence i € S(h) C J(h) of cl-HD|_%qbi(:r)]2 weakly converg-
[e2lmas UIvF(Le)(F(L%)(I))

UF(1,62)(F<1782>)

ing to gi(e2) de(ea) where

_|52‘max

Gy (o mi(0)}ier) < 0 py (Flen (@) <262

(p. {ri(p)}iz1) -

1
2

with G¢ | (p, {ri(") ?;f) in Lemma 5.5 as
2

G5 (p. {i(p) o)

_ 2\/55(%) cos?(01(pz, e2)) + K7 (2p) sin® (01 (pz, €2))  when eg # 0,
27k(p2) when ez = 0.

It is clear now that the magnitude is monotonically increasing separately as
each of the k; increasing.
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As a remark, a direct check of the (singular) fibration 7 : {I:I =1} —
Fi= [_‘62|maxa ’62‘1113,)(} with

. T?  when |ea| < |e2.max|
i (62) == 1
S when |ez| = €2 max| ,

is that, topologically,
{H =1} = S(S?) = SO(3) = RP?

via diffeomorphism where S(S?) is the sphere bundle of S*. Via the well
known Gysin sequence, we obtain that

H({H=1}) =7, H'({H=1})=0,
H*{H =1})=17/22, H’({H=1})=17.

Now, one can verify that

U 7}71(62) = Sl U (’]IQ X (_‘62|maxa ‘62|max)) USl = 5(82) .

eaEF

Remark 5.7. Our previous description and analysis may extend to sys-
tems that are nearly integrable via a perturbation analysis. Here, the sys-
tem is given as a Komorogov non-degenerate perturbation of a (completely)
integrable system (of class at least CQ(dfl)’a) via a classical KAM theory
[35, 46, 47]. In such a case, if k = n = d— 1, it is known that for an e-
perturbation of the system, the flow will stay quasi-periodic on the surviving
invariant Lagrangian tori which foliates/occupies 1 — O(\/€) of the space.
The invariant measures will then be localized on the these surviving invari-
ant Lagrangian tori. The dynamics in the remaining O(\/€)-space may on
the other hand be complicated, say e.g. Arnold diffusion may occur. How-
ever, when d—1 =2, i.e. d = 3, topological obstruction prevents the Arnold
diffusion from happening.

In the previous example with rotational symmetry with d = 3, we may
perturb a rotational symmetric shape to a shape of thin rod, and our result
echoes with that in [22].

6. LOCALIZATION/CONCENTRATION OF PLASMON RESONANCES FOR
QUASI-STATIC WAVE SCATTERING

In this section, we extend all of the electrostatic results to the quasi-static
case governed by the Helmholtz system. We refer to [5] for the discussion of
the physical background, and moreover, by following the treatment therein,
the concentration result in the quasi-static regime can be obtained by di-
rectly modifying the relevant results in the previous section. Hence, in what
follows, we shall be brief in our discussion.

Let €g, po, €1, p11 be real constants and assume that g and g are positive.
Let D be given as that in Section 1, and set

pup = x(D) + pox(R\D), ep = e1x(D) + eox(RA\D).
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Let w € R4 denote the angular frequency of the operating wave. Set

ko == wy/eopo and ki := w,/e1p1, with Sk; > 0, j = 0,1. Let ug be an

entire solution to (A + k2)ug = 0 in RY. Consider the following Helmholtz

scattering problem for u € H lloc(Rd) satisfying

V- (“%vu) +w?epu =0 in R?,

(6.1) 0 d_1
(52 — iko)(u — o) = of|a| ") as || > ox.

Henceforth, we assume that w < 1, or equivalently ky < 1, which is known
as the quasi-static regime.
Let

(6.2) Tw(x —y) = Calklz — y)~ =" HY, (k|2 — y),

be the outgoing fundamental solution to —(A + k?), where Cy is some di-
mensional constant and H ((11_)2 is the Hankel function of the first kind and

2
order (d — 2)/2. We introduce the following single-layer and NP operators
associated with a given wavenumber k € R :

63)  Shyldl) = /8Drk<x—y>¢<y>da<y>, €D,

64)  Khp'lel) = /aDayxrm—yw(y)do(y), reoD.

Following the discussion in [5], we consider the generalized plasmon res-
onance problem: find ¢ € H -1/ 2(0D, do) such that for some m € N,

1 1 i k1 -1 ko i kO * i ki * k1 -1 ko " _
{2 <;g@~5)+ " (88D> Sap +HOIC8D Ml’CaD (SaD) Sop ¢ ¢ =0.

It is remarked that m must be finite.
The following two lemmas in [5] characterize the plasmon resonance when
w1

Lemma 6.1. Under Assumption (A) and supposing w < 1, we have that a
solution ((f10, (1,05 €1, W), Ty g pirc0.c0,wm) 1o (6.5) with a unit L*-norm
possesses the following property for all s € R:

{|||D|s¢uo,u1,so,s1,cu,m - |D’8¢i”C0(aD) = Oi,S(WQ)v
A(,u,617 Ml_l) - 5‘2 = Oi(w2)7
for some eigenpair (S\i,qﬁi) of the Neumann-Poincaré operator Kjp, and

m < m;, where m and m; signify the algebraic multiplicities of A and \;,
respectively.
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Lemma 6.2. Given any non-zero \; € O‘(’CaD) and for any (fio, fi1) € D; :=

{0 1) € C\{(0,0)} : A(fig ', i ") = A, po — i # 0} (which is non-
empty), there exists 0 < w; < 1 such that for all w < wj, the set

{(uo,m,so,&) € C*\{po — pa = 0} x (C\R")?;
there exists m € N, ¢ € H_l/Q(c'?D, o) such that

((M(]wulagOa 517("))’ ¢7m) satisﬁes (65)}

forms a complex co-dimension 1 surface in a neighborhood of (fuy, fi1).

By Lemma 6.2, we easily see that there are infinitely many choices of
(1, 1) such that the (genearalized) plasmon resonance occurs around X
Combining with a similar perturbation argument as in the proof of Lemma 6.2,
our conclusions of the plasmon resonance in the electrostatic case transfers
to the Helmholtz transmission problem to show concentration of plasmon
resonances at high-curvature points.

Theorem 6.3. Given any x € 0D, let us consider {x5s}s5>0 being a family
of smooth nonnegative bump functions compactly supported in Bs(x) with
Jop Xpsdo = 1. Under Assumption (A), Under Assumption (A), fizing a
compact convex polytope C C F C RF1, [r,s] CR, o € R and p,q € 0D,
we have a choice of 6(h) and w(h) both depending on C,p,q and o such that
for any w < w(h), there exists
((Mo,i, H1,i,€0,5E1,45 W), my, ¢M0,i7N1,i:50,i:51,izwami)
solving (6.5), and as h — +0, we have 6(h) — 0, w(h) — 0 and
Z{(AZ () Xy (h),+ AL (h) ) €[r,s]xC} Ci faD Xp,6(h) (x)||D|a¢uo,i7u1,i,Eo,z‘,€1,¢,w,mi (x)PdU(x)
Z{()‘Z )‘Z (h )\};(h))e[r,s]XC} G faD X%(S(h)(x)"D‘a¢ﬂ0,i,/1«1,1,50,1',61,1',&),7”1 (.%')‘2610'(23)
142
JF fF(1,e)(p) ‘§|g(y)adap’F<1,e> h(e)de

- ¥ fF(l (@) ‘f|1+2adoq,F<1,e) h(e)de

where c; = |¢*| > . Here, the little-o depends on C,r,s,p,q and c.
H™ 3 (0D dU)

+ 007T757P7Q7a(1)7

Proof. From Theorem 5.1, we have a choice of §(h) depending on C, p, ¢ and
« such that, for any given € > 0, there exists hg depending on C, p, ¢, « such
that for all h < hg,

Z{()\z Ny (R), X (h))€lr,s]xC} € faD Xp,5(h) (2)[|D|* ¢* (x)|*do
Z{(/\i(h),Ag( l(h)) ralxc} G Jop Xa.a(w (@)]|D]* ¢ (z)[2do
(66> ff fF(l e) |£‘;E‘;2ado-paF(l e) h(e)
(

1+2«
ff fF(l,e)(fI) |§‘g(y) dog,F .0 M e)de
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Now for each h < hg, from Lemma 6.2, one can readily see that there
exists w(h) := min{ieN:(Ai(h)7/\g(h),~~ 7)\2(}1))66,}{%} such that for all w < w(h),
the following triplet

((NO,Z’: H1,i,€0,5, 1,45 w), my, (Z)Mo,i,ul,i7€0,i,€1,i,w7mi)

solves (6.5). By Lemma 6.1, upon a rescaling of ¢, ; 11 i.c0.4.1.40,m; While
still denoting it as @y, ; u1 4,c0.4,61.0,0,ms» We have

H’D‘a¢#o,¢,#1,i,€o,i,61,i,w7mi - \D’a¢i|’c0(ap) < Ci,oéw2'

In particular, we can make a smaller choice of w(h) < @(h) depending on
C,r,s,p,q,a such that for all w < w(h), we have

||||D’ad)ll«o,i:/ll,iygo,i,51,7;70-7777%'|2 - ”D|a¢i|2HCO(aD) < 10_25/6’

where

—2

0 = Z ¢;/min g 1, min Z 9;

. . . Y=p,q . . .
(XL (R), AL (R),+ AL (h))€Elr,s]xC (XL (R),A5(h), AL (R))€Elr,s]xC

and
b= [ Xy (@IIDI ¢ (a) o
oD
Therefore, with this choice of w(h), we have, for all w < w(h)

(6.7)
Z{( (R), A4 (h), AL (h))G[r,s]XC} Ci f8D Xp,6(h)\ T ||D|a¢#0,i7ﬂ1,z‘750,2‘751,1‘7W:mi (:E)|2d0'(l')

(z)
Z{( )X (R), - AL (h))€lr,s]xC } € faD Xq’é(h)(x)‘|D‘a¢“0,i:Hl,mo,i,sl,i,w,mi(w)Pda(x)
142«
_ ff fF(l,e)(P) |§’g?z—4) dap,F(l’e) h(e)de -,
1+2c <e.
J7 fF(l,eM) |€|9(+y) dog,r, ., h(e)de

Combining (6.7) with (6.6) readily yields our conclusion.
The proof is complete. O

In a similar manner, we obtain the following result.

Theorem 6.4. Under Assumption (A), given a compact convex polytope

C C RXF C R¥, there exists S(h) C J(h) := {i € N: (A (h), Xy(h), -+, AL(R)) €
C} and w(h) such that, for all ¢ € C*(0D), we have for any w < w(h),
there exists

(110,55 11,05 €0,i5 €16 W) My Ppag sy i-20.4,61,50m3 )
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solving (6.5), such that as h — 40, we have w(h) — 0 and
(6.8)

max
i€S(h)

_1
/8 e ( D13 Gy o mer o ()

L ) o de(e) ) doo)

Here, S(h), {9i : Ueer Mxp,erg(F(1,e)) = Clien and pu(p,e) are described as
i Theorem 5.2. In particular, we remind that

=or4(1).

fMXF,eT!](F(l,e))H( ’e) dVe('LLe) fF(l )(p)d va(l,e)

a.e. (do®do)(p,q).
fMXpyeTg(F(l,e)) ,LL( ) dl/e ,U/e fF(l )(q Q7F(1,e)

if the joint Hamiltonian flow given by Xy, ’s is ergodic on F(y ) with respect
to the Louville measure for each e € F, then

max
ieS(h)

_1
/8 e ( D1 G o mer s o (@)

_/ O2,F(,e) (F(l,e)(x))
F UF(I,e) (F(Le))

gi(e) de(e))da(x) =oc(1),

where {g; : F — Clien is now defined as in Corollary 5.3.

Proof. Let the compact convex polytope C be given. Consider ¢ € C*°(9D).
Given € > 0, by Theorem 5.2 and considering hg small enough such that for
all h < hg, we have

/8 la ><cz|D\ b / /MXM(FWM(x ¢) gi(4e) dve (1e) de(e >) do(z)| <

Now, for each h < hg, from Lemma 6.2, there exists @(h) = min {mlnleg Wi, 1}
such that for all w < @(h), there exists

max
i€S(h)

((,Ufﬂ,ia 1,6y EO,’Z? 51,7;7 LU), myg, ¢M0,z‘7M1,ia80,i7€1,iawami)

solving (6.5). By Lemma 6.1, again upon a rescaling of ¢, ; 1 i.e0.4.61.5,0,m:
while still denoting it as ¢y, ; 1 :.c0.4.61.6,0,m;:> We have

(6.9)

_1 _1
max ci| [ @) (ID1736@) = 1D 60 01 om0 ) dor@)
i€S(h) oD

< Csyllellco@py w*-

We may now choose

(h)<m1n{sw h), ()/C’s }
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Then for all w < w(h), we finally have from (6.9) and Corollary 5.3 that

_1
/8D ¢(r) (Ci ||D] 2 ¢#0,i»ﬂl,i750,i751,i7W7mi (SC)|2

- ) i) dv () ) ) o)
F MXF,erg(F(l,e))
< (1+lelleo@n) €-

The proof is complete.

max
i€S(h)

37

O

We would like to remark that a similar conclusion holds for the explicit
motivating example discussed in Section 5.3 in the quasi-static case when

w < 1, which we choose not to repeat.
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