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ABSTRACT. A systematic two-step procedure is proposed for the derivation of full asymptotic expansions of
the solution of elliptic partial differential equations set on a domain perforated with a small hole on which a
Dirichlet boundary condition is applied. First, an integral representation of the solution is sought, which enables
to exploit the explicit dependence with respect to the small parameter to predict the correct form of a two-scale
ansatz. Second, the terms of the ansatz are characterized by the method of compound asymptotic expansions as
the solutions of a cascade of successive interior and exterior domains. This allows to interpret them as high-order
correctors, for which error bounds can be proved using variational estimates. The methodology is illustrated on
two different problems: we start by revisiting the perforated Poisson problem with Dirichlet boundary conditions
on both the hole and the outer boundary, where we highlight how the method enables to retrieve very naturally
the correct form of the ansatz in the most delicate two-dimensional setting. Then, we provide original and
complete asymptotic expansions for a perforated cell-problem featuring periodic conditions.
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1. INTRODUCTION

Small inclusion or topological asymptotics are of interest in many applications of mathematical physics, such
as topology optimization [23, 36, 38, 4, 26|, image processing [12], inverse tomography [10, 11, 14, 27] and
imaging [7, 5, 15]. These quantify the sensitivity of the solution to some physical model to the nucleation of a
small inclusion in the working domain.

The usual methods to derive topological asymptotics can broadly be classified into two classes: the method
of compound asymptotic expansions, which compare the solution to the physical model to a tentative ansatz
thanks to variational estimates [29, 33, 38, 23, 36, 18, 38, 11, 27, 26], and layer potential methods, which rely
on an integral representation of the solution to characterize explicitly its dependence with respect to the small
parameter [10, 7, 10, 14, 17, 32]. If layer potential methods enable one to obtain full asymptotic expansions, the
resulting asymptotics involve Neumann series of integral operators, which may be quite difficult to understand
physically [9], and rather tedious to compute numerically. On the other hand, the method of compound
asymptotic expansions identifies the terms of the guessed ansatz as the solutions to a cascade of well-posed
problems which have a clear physical interpretation: higher order terms correct the error accumulated by lower
order ones at the boundaries [26]. However, the correct form of the ansatz may be difficult to guess a priori
(especially in dimension d = 2); very often, it is proposed in the literature without justification, and it is only
a posteriori that one finds that it is amenable to error estimates.

The goal of this paper is to highlight that one can obtain complete small inclusion asymptotics by using a
two-step systematic process which benefits from the advantages of both methods:

e first, an explicit representation of the physical solution in terms of layer potentials is sought. Owing
to a change of variable in these integral operators, the explicit dependence with respect to the small
parameter enables to determine the correct form of the ansatz satisfied by the full asymptotic expansion
of the solution;

e second, the method of compound asymptotic expansions is applied to characterize the terms of this
ansatz as the solutions to a cascade of equations. It is then possible to prove error bounds a posteriori
with standard variational estimates.

This procedure is systematic and could be applied as well for many other types of perforated Dirichlet problems.

For the purpose of illustrating the method, we derive in this paper full asymptotic expansions of the solutions
ue and &), as to the following problems:

—Au, = fin Q, —AX, =1in P\(nT),
ue = 0 on OJuw, (1.1) X, =0on o(nT), (1.2)
ue = 0 on 01, A&, is P — periodic,

where we use a different notation for the domains Q and P, and for the small parameters ¢ > 0 and 7 > 0 to
emphasize the difference in the physical motivations.

oP
_ 1 1yd
P=(-4,})
(A) Schematic for the problem (1.1). Dirichlet bound- (B) Schematic for the problem (1.2). Periodic bound-
ary conditions are applied on the background domain ary conditions are considered on a unit cell P and a
Q and on a small inclusion we. Dirichlet boundary condition is applied on the obsta-

cle nT.

FIGURE 1. Setting of the two perforated problems considered in this paper.

The problem (1.1) (illustrated on Figure 1a) is known as the perforated Poisson problem; it finds applications
e.g. in structural design [23, 26]. € is a smooth bounded open subdomain of R? with d > 2, f € C®(Q) is a
smooth right-hand side, and w, := xg+ €ew is a small inclusion obtained by centering a smooth domain w around
xo €  and rescaling it by a size factor €. In the limit where € converges to zero, it can easily be shown that u.
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converges to the solution u to the same Dirichlet problem with no hole,

{—Au = fin Q,

u =0 on 0, (1.3)

and the problem of finding the asymptotic of u. as € — 0 is to understand how the solution to (1.3) is perturbed
by a perforation of the domain 2 with the small hole w..

The problem (1.2) (illustrated on Figure 1b) arises in the context of periodic homogenization of perforated
11

structures [1, 3, 28, 19], where A;, plays the role of a homogenized corrector. P := (-3, 5)d stands for the

unit hypercube and nT is a smooth obstacle T' centered around the origin and rescaled by a small size factor

n > 0. The quantity | P\(4T) &, dzx is the analogue of the Darcy porosity tensor in the context of a porous fluid

medium filled with solid obstacles of shape nT’; determining its asymptotic as 7 — 0 is of interest to understand

the transition from the regime where the effective medium is governed by the Darcy’s law to the one when it is

governed by the Brinkmann equation [3]. In contrast with (1.1), there is no limit for X, as n — 0 because the
“limit problem”

—AX =11in P,

{ X is P—periodic, (1.4)

has no solution (see Proposition 5.3 below); as a result, X, has a singular asymptotic behavior as 7 — 0.

The asymptotic analysis of (1.1) traces back at least to Lions [31, 13]. It can be fully treated by the method
of two-scale or compound asymptotic expansions: when the dimension is greater or equal to 3, d > 3, an ansatz

of the form .
o) = 3 (1 (E2) 4wy (15)

p=0

is proposed and the functions (vp)p>0 and (wy)p>o are identified by inserting (1.5) into (1.1); these are found
to be successive correctors of the error committed by the previous orders on the Dirichlet condition on the
hole dw, and on the outer boundary 9. Then one proves using either the maximum principle or variational
estimates that the truncation of the formal series (1.5) at rank N yields an approximation of the solution . to
(1.1) at the order O(e¥T1) (see [26] and Proposition 3.7 below). However, this method does not work when the
dimension is equal to two (d = 2), because terms with logarithmic powers of € occur: for instance, the leading
order asymptotic of u, is given by

u(xo) T — o
ue(z) = u(z) — u(xo) T log(e) — b + For(ao) {@ ( - ) + Ra(x,z9) — Ra(xo,xo)| + O(e),  (1.6)
for some constant ®>° and auxiliary functions ® and Rq (defined in (2.9) and (4.8) below). Hence a more
complicated ansatz needs to be found in this case; a full treatment following this method has been proposed
by Kozlov et. al. [29, section 1.4] for a circular hole w, and then by Maz’ya et. al. in [33, section 2.4.1] for a
general obstacle.

From our point of view, the method of compound asymptotic expansions is not completely satisfactory,
because the ansatz (1.5) or (1.6) has to be guessed beforehand. On the other hand, the problem (1.1) can also
be tackled by the use of layer potential theory. The full asymptotic analysis of (1.1) in the two-dimensional case
d = 2 by this method is possible and systematic; it has been performed in [16]. However, the authors of [16]
consider a double layer potential representation which yields somewhat more complicated representations of the
asymptotic expansions (featuring Cauchy products and Leibniz rules), and they do not provide a characterization
of the terms of the ansatz as corrector functions.

In this paper, we revisit the derivation of complete asymptotic expansions for the problem (1.1), where we
show that the correct form of the ansatz, namely some analyticity of the solution with respect to ¢ (and log € if
d = 2), can be fully elucidated from a single layer potential representation and its factorization by a rescaling
operator (Proposition 2.5). We retrieve the results of [26] and the ansatz (1.5) in the case d > 3 (Proposition 3.4
below), where we find additionally and very naturally that w, = 0 for 0 < p < d — 2. The correct form of the
ansatz for the more delicate two-dimensional case is derived in Proposition 4.5 below and its terms are fully
characterized in Proposition 4.6. Although the final results are equivalent to those in the book of Maz’ya et.
al. [33], the procedure to derive the ansatz from the single layer potential representation is, to the best of our
knowledge, original.

We then show that the same procedure can be used to analyze the periodic cell problem (1.2), for which only
the first order expansion of &), has, to date, been computed. The first term of the expansion has been identified
by [3] with the use of a suitable rescaling and weak convergence arguments, while [28] considered a double layer
integral representation of X, which enables to obtain a first order asymptotic expansion with a quantitative
error estimate. In this work, we show that full asymptotic expansions of &, (given in Proposition 5.11 and
Proposition 5.13) can be computed from a suitable single layer potential characterization in both the dimensions
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d > 3 and d = 2. Quite surprisingly, we find that no logarithmic powers of 7 arises in the two-dimensional case;
this particularity is once more fully elucidated thanks to the characterization with integral operators.

The paper outlines as follows. Sections 2 to 4 provide a detailed analysis for the Poisson problem (1.1).
Section 2 recalls some essential background material on layer potentials and exhibits a simple integral rep-
resentation of the solution u.. We then establish the existence of a suitable factorization of the single layer
potential in 2, which elucidates the origin of some analyticity of the solution (in fact, of its normal derivative)
with respect to € (and loge if d = 2). A complete asymptotic analysis of the perforated problem (1.1) is then
proposed in Sections 2 and 3 for the cases d > 3, and d = 2 respectively. We rely very much on the proper-
ties of Deny-Lions spaces (also called Beppo-Levi or homogeneous Sobolev spaces), which are the appropriate
mathematical framework for studying the solutions to the Laplace equation with Dirichlet boundary conditions
on some exterior domain. Finally, the same methodology is applied in Section 5 for deriving full asymptotic
expansions for the periodic cell problem (1.2).

Through the analysis of (1.1) and (1.2) and its potential generalization to several other physical problems,
we hope to bring a pedagogical exposure of the strength of layer potential methods for the asymptotic analysis
of PDE problems. In particular, a similar method is applied for the homogenization of non-periodic resonant
metamaterials in our work [20].

2. ANALYTIC LAYER POTENTIAL REPRESENTATIONS FOR THE PERFORATED POISSON PROBLEM

In this first section, we recall some basic results about single layer potentials in exterior domains in Section 2.1,
and about single layer potentials in domains with Dirichlet boundary conditions in Section 2.2. This allows
us to introduce an integral representation of the solution u. to (1.1), which is at the basis of the derivation
of a two-scale ansatz for finding its full asymptotic expansion with respect to € — 0. Then, we introduce in
Section 2.3 a rescaling operator P, . around the hole, which enables to explicit the analytic dependence of the
representation with respect to € when d > 3, and with respect to loge when d = 2.

2.1. Single layer potential in the exterior domain

Throughout the paper, we denote by I' the fundamental solution of the Laplace operator (i.e. AI' = §y in R?):

1
2—10g|a:| ifd=2,
T
I(z) = ) L (2.1)
_ i >3
(d—2)[0B(0, 1) Ja]&2 " “ =

where |0B(0, 1)| is the measure of the unit sphere of R?. For any Lipschitz open set D C R, we denote by Sp
the single layer potential on 0D:

Vo € R Yo € HHOD). Solole) = [ T =)o) daly) (2:2)

In the whole paper, The next proposition recalls the main properties of the single layer potential Sp [21, 6].

Proposition 2.1. For any ¢ € H_%(GD):

(i) Spl@] is a harmonic function in R\OD;
(ii) Spl@] is continuous on D while its normal derivative has a jump:

[Spl¢]] = 0, (2.3)
[252l] - »

where [u] denotes the jump of a function u across D, and n is the outward normal:

[ = uls = ol withuls ) = ity + on), wl-(0) = fiyuly =),y € 0D,

(#ii) Splg] has the following asymptotic behavior at infinity:

+00 _1)k
Solélir) =X ST [ o) doto) (2.5)

where the series converge for any x € RI\D satisfying |z| > sup,ep |yl-
In (2.5), y* and VFT denote the k-th order tensors

V¥ = WirVis - - Vi )1<iin<as VT = (0F i Di<iy.in<ds
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and VT (x) - y* is their contraction:
VAT (2) - yF = Z 8flmikf(m)yil e Yig
1<iy.ip<d

Finally, we shall need the following lemma in the proof of Proposition 4.2 and Proposition 5.10 below.

Lemma 2.1. For any given constant k-th order tensor §k = (&0 )1<iy..in<d € R and any smooth open
bounded domain D C R? containing 0,

or 0
Cdo=1 LT () - £k —0 . 2.
o O do and /aD o (2)-&%do(z) =04 k>0 (2.6)

Proof. Using the harmonicity of V*T', we can rewrite the boundary integral on a small sphere B(0, €) with ¢ > 0:

/ 2V’CF(I) R do(x) = / VT (2) - (¢F @ n)do(z) = / VFHITD () - (¢* @ n) do(z)
oP on oP 9B(0,¢)
(2.7)
= ¢dl2md=kml / VT (2) - ¢ @ ndo(z) = e* / VD (2) - ¢F @ ndo(x),
dB(0,1) 0B(0,1)
where ® denotes the usual tensor product. When k = 0, the right-hand side can be computed explicitly as

1 1 T
Vl"(x)-nda(m):/ —_— — ndo=1.
/(93(0,1) oB(0,1) 10B(0,1)] x4~ |z

When k£ > 0, the left-hand side of (2.7) is a finite quantity, which must be equal to zero, by considering the
limit € — 0. (]

2.2. Dirichlet Green function and single layer potential in the interior domain

From the fundamental solution I' of (2.1), we construct the Laplace Green kernel Gq(x,y) with Dirichlet
boundary conditions on 2, defined as the unique solution to

{Ang(x, ) =0y in Q,

f Q. 2.8
Gq(z,-) =0 on 09, orany @ (28)

Classically, the function Gq(z,-) is constructed by using a difference problem [6].
Proposition 2.2. The Green kernel Gq is given by

Ga(z,y) :==T(z —y) + Ra(z,y),
where for any x € Q, Ro(x,-) is the unique solution to the difference problem

AyRo(z,:) =0 in Q,
{ Rq(z,) = =I'(z —-) on 0. (2.9)

The function Rq satisfies Ro(x,y) = Ra(y,z) for any (z,y) € Q x Q. Furthermore, for any x € Q, Rq is a
smooth function of Q.

This allows to define the single layer potential Sq ., with a Dirichlet boundary condition on 9§ from the
formula

Vo € H 2 (0w.), Yz eQ, Sau.[é|(x):= ; Gal(z,y)o(y) do(y). (2.10)

We note that the operator Sq ., is a compact perturbation of the “classical” single layer potential S, :

Saw[¢] = Su (0] + ; Ra (- y)o(y) do(y). (2.11)

The potential Sq ., satisfies the following properties.
Proposition 2.3. (i) For any ¢ € H™ 2 (w.), Sa.w.[¢] satisfies

—ASq . [¢] = 0 in Q\Owe,
Sa,w. =0 on 0.
(ii) Sqw. satisfies the jump relations
_ 0Saw (0] _
[Sow [¢]] =0, H o = ¢. (2.12)

(iii) The single layer potential Sq.,, is invertible when considered as an operator H™2 (dw.) — H? (Qw,).
5



Proof. The point (i) is obtained from the definition (2.10). The point (ii) follows by using the jump relation on
Sw. and the fact that the perturbation in (2.11) is smoothing. Let us prove the point (iii). Recall that Sq . is
a Fredholm operator of index 0 [34], as a compact perturbation of the Fredholm operator S, : H _%(&ue) —
H? (Owe). Therefore, it is sufficient to show that this operator has a trivial kernel to prove its invertibility.

Let ¢ € H2(Aw,) be such that u := S, [¢] = 0. The function u satisfies

—Au =0 in Q\Jw,,
u =0 on Juw,

u = 0 on 09,

which easily implies u = 0 on Q\w, and on w,. From the jump relation (ii), it holds ¢ = [$%] = 0 hence Sq ...
is injective. 0

It is now easy to infer the following integral representation for the solution u. to the perforated problem (1.1).

Proposition 2.4. The following single layer potential representation holds for the solution u. to the perforated
Poisson problem (1.1):

ue(r) = u(@) = Saw. [Squ, [ulow.]], (2.13)
where u is the solution to the Poisson problem (1.3) without the hole.
Proof. It is immediate to check from the properties of Sq ., that the function ve := —Sgq, [85}u [t]ow, ] satisfies
—Av. =0 in Q\w,,
Ve = —U|gw, ON Owe.
Hence, by uniqueness of the solution to (1.1), we find that u. = u + v.. O

2.3. Factorization and analyticity of a single layer potential representation of the perforated so-
lution

In what follows, we consider the mapping 7,  which rescales its argument by a factor ¢ around zo:

Tooe(t) :=x0 +et,  tERY, (2.14)
and we introduce the (pull-back) operator Py, . : H*(Ow.) — H*(0w) defined for any s € R by
,PIO,EM)] =¢o Txo,e for any ¢ € Hs(awe)- (215)

The operator P, . enables one to factorize Sq.,, in terms of an operator S,,(€) : H™ 2 (dw) — H2(dw) which
is defined on a space independent of €, which is analytic in € when d > 3, and in loge when d = 2.

Proposition 2.5. The following factorizations holds:
Sow. = GP;Ol,eSw(f)ProyEv
where 8,,(¢) : H™ 2 (dw) — Hz (dw) is the operator defined by

S.(e)[o)(t) = % loge [ ¢dodg=a + Suld](t) + ed_Q/ Rq(wo + €t,xo + et )p(t')do(t'), t€dw. (2.16)

Ow ow
Proof. For ¢ € H*%(()w) and t € Jw, we compute
Sw(e)[¢](t) = 7)$075SQ;W51P:D_0176[¢](1’-) = S0, [(b © Tx_o}e] © Two,e(t)

= Ga(ro +et,y)po Tw_ole(y) do(y) = et Gal(xo + et,xg + et')p(t') do(t))

Owe Ow
_ el / Dle(t — ))6(#) do(t)) + -1 / Ro(xo + et, 20 + €' )3(t') do (t').
Ow Ow
The identity (2.16) is obtained by using I'(e(t —t')) = 5= log €dq—2 + €279T'(t — /). O

In order to obtain full asymptotic expansions of the solution u. to (1.1), we rewrite (2.13) in terms of S, (€):

ue(z) = u(z) — S, (e) [sw(e)*l[mawe o Tzo,e]] <‘”” - 5”0) . (2.17)

€

In the next sections, we compute asymptotic expansions for the inverse of the operator S,(¢) : H *%(w) —
H 2 (w) which allow to infer full asymptotic expansions of u, based on this representation. Since the mathematical
treatment when the dimension is greater than three, d > 3, is substantially different from the one when d = 2
(because of the logarithmic term in (2.16)), we present the analysis in two dedicated Sections 3 and 4.
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3. FULL ASYMPTOTIC ANALYSIS OF THE PERFORATED POISSON PROBLEM IN DIMENSION d > 3

This section is devoted to the full asymptotic analysis of the perforated Dirichlet problem (1.1) in the case
where the dimension is at least three-dimensional: d > 3. Section 3.1 recalls some background material on
Deny-Lions spaces and on the exterior Dirichlet problem in R4\@ in this context. The two-scale ansatz for the
solution wu, is then derived in Section 3.2 based on the analytic expression (2.16) of the single layer potential.
The terms of the ansatz are identified as solutions of a fully determined cascade of interior and exterior problems
in Section 3.3. Finally, an error estimate for the truncation of the ansatz at a finite order is proved in Section 3.4.

3.1. Preliminaries: Deny-Lions spaces and exterior Dirichlet problem in dimension d > 3

Our analysis relies on several fundamental results about the Deny-Lions spaces (also called Beppo-Levi, or
also homogeneous Sobolev spaces) which are recalled in this section. For any d > 2, the Deny-Lions space
DY2(RY) is defined as the completion of the space of compactly supported functions with respect to the L2
norm of the gradient (see [30, 35]):
|V
DI2(RY) = Coo(ma) N2, (3.1)
When the space is at least three-dimensional, we have the following characterization of D12(R?) (see [24, 35, 2]).

Proposition 3.1. Assume d > 3. The following Poincaré inequality holds in the space D*2(R%):

2
S m“V’UH[@(Rd). (32)

v

Vv € DL2(RY) T

L2(R4)

Reciprocally, the space DY2(R?) has the following characterization:
DL2(RY) = {v

and ||v]|pr2gay = ||V||p2ga) defines a norm on DM?(RY).

v 2 mpd 2 mpd
1_i_|gcEL(R)cdeveL(R)}7 (3.3)

Remark 3.1. The condition v/(1 + |z|) € L?(R?%) can be interpreted formally as v(z) = o(|z|'~%/2) at infinity.
In particular, constant functions do not belong to D%2(R?) for d > 3.

Similarly, we define D'2(R¥\@) for a bounded domain w, and Dy (R%\dw) the subspace of functions of D2 (R%)
vanishing on dw:
Dy *(R\0w) == {v € D" (R) [v = 0 on dw},

where the trace makes sense due to the inclusion DV2(R%) ¢ H} (R?). The space D*2(R%) is the natural space

for the solutions to the exterior Laplace problem. e
Proposition 3.2. Let g € H2(0D).
(i) There exists a unique solution to the problem
—Av =0 in RN Ow,
v =g on Ow, (3.4)
v € DLH2(RY).

(i) The solution v can be represented as a single layer potential:

v=_5, HBHH in RY, (3.5)
v

where [[%}] = %L — %L is the jump of the normal derivative of v across Ow. Consequently, v has

the following asymptotic expansion at infinity:

o(z) = (/(% HZZH do> () + O <m|}“> as |z] = +oc. (3.6)

More precisely, the following expansion holds for any x sufficiently far from w:

+oo
B (—1)* ov
v(z) = ZTvkr(I) . /aw H%ﬂ Fdo(t). (3.7)

k=0

Proof. (see also [35]) (i) The solution to (3.4) is given by v := o+ f where f is a lifting of the boundary condition
(i.e. f € DY2(RY), vanishing outside a ball, and f = g on dw) and ¥ is the unique Lax-Milgram solution to the
variational problem

find o € Dy?(RY\Aw), such that Vv € Dy*(RN\D), Vu-Vuder = Afvdz.
R R¢
7



(ii) Using an integration by parts on (3.4), we can show that for any compactly supported function ¢ € C°(R?),

Ov
/Rd vApdr = /Bw |[6n]] ¢ do, (3.8)

ie. Av = [[g—fb]] do in the sense of distributions, where do is the surface measure of dw. Consider then the
function v defined by

)= (1 |52 ) 0 = [ ra-n 5] wacw =5, || 3] | @

Due to (3.8) and the property of the fundamental solution, it holds A(v — ©) = 0 in the sense of distributions,
which implies that v — ¢ is a harmonic function in R (see e.g. [22]). Furthermore, v — 9 € DY2(R9). Using
some integration by parts in R?, we find that V(v — %) = 0 in R?, which implies v = © and the representation
formula (3.5) is proved. The asymptotic expansion and (3.7) follow from (2.5). O

Proposition 3.2 implies the existence of a function ® solving the exterior problem
—A® =0 in R\w,
® =1 on Jw, (3.9)
O(z) = 0 as |z| — +o0.
Such a function ® vanishing at infinity does not exist in the two-dimensional setting (there may be either a

constant or a logarithmic growth at infinity, see Section 3), which is one of the main differences with the case
d > 3. We recall that the (harmonic) capacity of the set Ow is the positive number defined by

od
= - —_ d = @ 2d .
cap(w) o on o /Rd\ww |“dz

For the identification of the two-scale ansatz, we need the following classical result [6], which can also be
viewed as a consequence of the previous proposition.

Proposition 3.3. The single layer potential S, : H*%(aw) — H%(&JJ) is an invertible Fredholm operator

for d > 3. Moreover, for any ¢ € H*%(&JJ), the function S,[¢] belongs to D2(RY) and is the solution to an
exterior Dirichlet problem of the form (3.4).

3.2. Derivation of the two-scale ansatz based on the single layer potential representation

We now derive a two-scale ansatz for u. based on the representation (2.17) and the analytic expression (2.16).
In this context where the dimension is greater than three, it is straightforward to obtain that the inverse of
S, (€) is analytic in e.

Proposition 3.4. Assume d > 3. Then S,(¢) : H 2 (dw) — H2(dw) is an analytic operator in € and we have
further

So(e)7 =851 +0(e772), (3.10)
where O(ed_2) is an analytic operators in € estimated in operator norm.

Inserting the asymptotic formula (3.10) into (2.17), we read a two-scale ansatz for u..

Corollary 3.1. Assume d > 3. There exist functions (vp)p>0 and (wp)p>d—2 such that the following ansatz
holds for the solution ue to the perforated Laplace problem (1.1):

—+00 “+ o0
Tr — X
ue(x) = u(x) + E Oepvp < - ) + Ed 26pwp(a:), z € Nwe, (3.11)
— pe—d—

where:

(i) the series (3.11) converges for any fized x € Q\{xo};
(ii) v, € DV2(R?) is the solution of an exterior Dirichlet problem of the form (3.4) for any p > 0;
(iii) w, € H*(Q) for any p > d — 2;
(iv) the series Z;—:S ePv, is convergent in DV2(RN\w);
(v) the series 22—23—2 ePw, is convergent in H'(2);
(vi) the first term of the series is given by vo = —u(20)Su[S;  [law]] = —u(xo)® with ® being the solution
to the exterior problem (3.9).

Proof. We use the representation (2.17). Since gy, © Tug,e = u(0)law + O(€), we find by using (3.10):

Sw(e)_l[ubwe 0 Tage) = U(xo)Sujl[le] + O(e),
8



where O(e) is analytic in e. Noticing that (2.16) can be rewritten as

sut@6] (220 ) = sulol (E22) 2 [ Ratom + ot o),

€ Ow

we obtain the ansatz (3.11) by inserting ¢ = Sw(e)_l[u‘awe O Tyy.e), Using a Taylor series and by identifying
powers of €. The convergence of the series results from the convergence of the far field expansion (2.5) for
the fundamental solution. The properties (ii)-(v) are then easily verified. The property (vi) is obtained by
computing explicitly the leading order asymptotic:

o) = ulo) ~ ) .15 1]

T — X0 — X

) +O(e) = u(@) — u(zo)® (”” ) +0(e),
from where the value of vg is inferred. [l

It would be feasible, in principle, to explicit the functions v, and w,, from asymptotic series based on (2.17)
and (3.10). However, such computations would involve Cauchy products and Neumann series which would
be difficult to interpret directly. In the next subsection, we provide a comprehensive characterization of the
functions v, and w, by identifying them as the solutions to some exterior and interior Laplace problems in R%\w
and 2 respectively.

3.3. The recursive system for computing the corrector functions

Inserting the ansatz (3.11) into the original perforated Laplace problem (1.1) and identifying identical powers
of €, the following proposition shows that the functions (vp),>0 and (wp)p>a—2 are sequences of correctors,
correcting successive errors on the boundary and in the vicinity of the hole committed by the previous correctors.

Proposition 3.5. The functions (vp)p>0 and (wp)p>d—2 of (3.11) are uniquely characterized by the following
recursive system of exterior and interior problems:

—Av, =0 in R\@, p >0,
1
Up(t):—HVpu(xo)-tp forteow,0<p<d-—2,
. podt2 | (3.12)
vp(t) = —vau(:ﬁo) P — kz Evkwp,k(xo) -tk fort € dw, p>d—2,
=0
vp(w) = O(|*~) as |a] = +o0, p 2 0,
and
—Aw, =0 n Q,
>d— .
Z (k) () forx e o9, forallp>d—2, (3.13)

=d—

where for any p >0 and k> d — 2, v](g ) are the functions occuring in the far field expansion of v, i.e.:

vy (m - 3’“) = io koM () (3.14)

€

k=d—2
with
o () = VT Gemarap / Ha”p #2dg(), @€k >d—2. (3.15)
b k—d12) on ’ k2

Proof. Inserting x = x¢ + et with ¢ € Jw in the ansatz (3.11), using the boundary condition satisfied by u. — u
and some Taylor expansions in the vicinity of xy, we obtain:

400 1 +oo +oo 1
—Zepﬁvpu(xo) . uc(zo + €t) — u(xo + €t) = Zepvp Z Ze“kﬁvkwp(xo) -tk
p=0 p=d—2 k=0
~+o0 +oo p—d+2
Senns 33 el vy e
p=0 p=d—2 k=0

Identifying identical powers of € yields the system (3.12). Then, considering z € 952, we find by using the far
field expansion (3.15):

+oo +oo +oo P +oo
k
0= ue(z) —u(x) = Z Z ep+kvz(,k) (x)+ Z Pwp(z) = Z Z epvéjk(m) + Z ePwp(z).
p=0 k=d—2 p=d—2 p=d—2 k=d—2 p=d—2
Hence, (3.13) follows by identifying identical powers of e. O
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Remark 3.2. The system (3.12) and (3.13) determines completely the functions (vp)p>0 and (wp)p>d—2. Indeed,
the functions (v )o<p'<d—2 are determined from (3.12). Then if (v )o<p<p—d+2 is determined for p > d — 2,
then w,, is determined from the boundary value problem (3.13), which determines in turn v, through the exterior
problem (3.12).

3.4. Quantitative error estimates for the truncated ansatz

The last step of our analysis is to provide error bounds in the space H'(2\w.) for the truncation of the
ansatz (3.11) determined from the cascade of equations (3.12) and (3.13). The main tool is the following norm
estimate for the solution to a Poisson problem in the perforated cell.

Proposition 3.6. Let g € Hz(dw.) and h € H=(99Q). Let v, € H* (Q\w.) be the solution to the boundary value
problem

—Av. =0 in Q\w,,
Ve = g on Owe, (3.16)
ve = h on O9.

There exists a constant C' > 0 independent of g, h and € such that
el 2@z + 1Vl 2oz < CUlL3 oy + IRl 3 )

Proof. This is a classical result which can be proved by following the lines of Proposition 5.6 of the appendix.
The key point is the Poincaré inequality |[v|[z2(90) < C||Vv]||L2(90) with a constant C' independent of €, which
is valid for any v € H*(Q\w,) satisfying v = 0 on 9. O

Remark 3.3. In Proposition 3.6 and in the whole remainder of the paper, || - ||: k) and || - ||+ (9x) denote the
standard H?®—Sobolev norm inside K and on its boundary for a given smooth domain K C . In particular, we
choose a definition of the norm which is independent of € when writing e.g. || - HHZ (Gw)’

Proposition 3.7. For any N € N, let uY be the truncated ansatz

al T —x
uN () == u(z) + Z ePu,, <
p=0

where the functions (vy)p>0 and (wp)p>d—2 are defined from (3.12) and (3.13), and where second sum is null by
convention if N < d —2. Then uX is an approzimation of u. of order O(e¥*1) in the H'(Q\w.) norm in view
of the following error bound:

N
O) + Z fwy(z), z € ANwe,

p=d—2

(e = ul [ L2 @\wo) + Ve = Vu |2 @\m,) < Cne™™,
for a constant Cy independent of € (but which may depend on N ).

Proof. The function rY := u. — u? satisfies —ArYY = 0. Furthermore, in view of the definitions of v, and w:
it holds with t € Ow:

N N
re(xo + €t) = ue(xo + €t) — u(xg + €t) Z ePu,(t) Z ePwp(zo + €t)
p=0 p=d—2
N N—p

Similarly, we find for x € 9:

re(z) = ue(x) — u(x) —ﬁ (“”") - _i w, ()

The result follows from Proposition 3.6. |



4. ASYMPTOTIC ANALYSIS OF THE PERFORATED PROBLEM IN DIMENSION d = 2

This section is devoted to the full asymptotic analysis of (1.1) in the more delicate case d = 2. The main
result is the two-scale expansion (4.22) (or equivalently, (4.25)), which is original and which is completely
characterized in Proposition 4.6. This section follows the same structure as the previous one: the definition and
the main properties of exterior Laplace solutions in dimension 2 are recalled in Section 4.1. We introduce an
important (and classical) auxiliary function ® vanishing on the hole w and growing logarithmically at infinity.
This enables, in Section 4.2, to compute full asymptotic expansions of the inverse of the operator S, () arising
in the representation formula (2.17), and then to obtain a complete power series expansion of u.(x). Finally,
we characterize the terms of the series as the solutions to a cascade of explicit recursive interior and exterior
problems in Section 4.3, before stating a quantitative error estimate in the H'(Q\w,)-norm for the truncation
of the ansatz in Section 4.4.

4.1. Preliminaries: Deny-Lions space and the exterior Dirichlet problem in dimension d = 2

In dimension 2, the Deny-Lions or Beppo-Levi space D12(R?) defined by (3.1) has a significantly different
characterization than in dimensions d > 3.

Proposition 4.1. Assume d = 2. Then the following Poincaré inequality holds in D'2(R?):
v
(lz] + 1) log(|=[ +2)

where B(0,1) is the unit ball of R? and for some constant C > 0. Reciprocally, D**(R?) has the following
characterization:

Vo€ DI2(R?), ] < IVl + lellasomy): (4.1)

L2(R2)

DL2(R?) = ’ v L2(R?) and Vv € L2(R? 4.2
&) { (o] T Dlog(a] +2) < & &) and Vo e (R ¢ (4.2)
and
. ) !
) = 2 4.3
Il (H(CC|+1)10g(I|+2) LQ(W)*'W”L%R”) | “3)
or
2 2 %
ollor 2y = (11l 20,0 + 1V0 2y ) (4.4)

define two equivalent norms on DV:2(R?).

Remark 4.1. One of the main differences between the cases d = 2 and d > 3 lies in the fact that D'?(R?)
contains constant functions, but not DV2(R?) with d > 3. The condition v/((|z| 4+ 1)log(|z| + 2)) can be
interpreted as v(x) = o(log(|x|)). In particular and in contrast with d > 3, the fundamental solution does not
belong to D2(R?): T' ¢ D12(R?).

The next proposition states the main properties of the solutions to the exterior Laplace problem with a
Dirichlet boundary condition on the boundary of the set w.

Proposition 4.2. Let g € H2 (Ow).
(i) There exists a unique solution v € DV?(R?) to the problem
~Av =0 in R*\w,
v=g on dw, (4.5)
v € DV2(R?).
(i) The outer normal flux (as well as the inner normal flux) of v vanishes:

[
dw 3n

do = 0. (4.6)

+
(iii) There exists a constant v*° such that the solution v admits the following single layer potential represen-
tation:
Ov
V=048, || 5= in R?. 4.7
] o

Consequently, the asymptotic behavior of v at infinity reads
v(z) = o™ + O(|z|™Y) as |z| = +oo.

More precisely, the following expansion holds for any x € R? sufficiently far away from w:

o(@) = v + § %V’“F(m) . /&J Hgﬂ] Edo(h).
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Proof. (i) Existence and uniqueness of a solution to (4.5) is obtained as in the case d > 3: we use the Poincaré
inequality which enables to write ||v||p(0,r) < C||Vv||po,r) for v satisfying v = 0 on Ow with R large enough
to contain w, and then using the definition (4.4) of the norm with B(0, 1) replaced with B(0, R).

(i) Integrating —Awv = 0 against the constant test function 1 in the whole set R?\w implies (4.6) (this is possible
because 1 € DY2?(R?\w)).

(iii) Consider the function v defined by the single layer potential

)=, | 5] | @ = [ v | 52] taot

The function v satisfies Av = Av = [[%ﬂ do in the distributional sense. This implies that v — v is a harmonic
function in R2. Since v — v € DY2(R?), an integration by parts in R? yields V(v — ) = 0, which means that
v — v is a constant, which we denote by v>°. The asymptotic behavior follows from (4.6). (]

We now introduce an important auxiliary function ®, which solves an exterior boundary value problem in
R?\w, but which does not belong to D*?(R?\@) due to a logarithmic growth.

Proposition 4.3. (i) There exists a unique solution ® to the problem
~A® =0 in R)\@,
® =0 on dw,

(4.8)

1
D(x) ~ o log |z| as |z] = +oo,

satisfying ® — T € DV2(R*\w).

(it) There exists a constant ®>° such that ® admits the following single layer potential representation:

oe () + @, r € R:\w. (4.9)

Consequently, we have the asymptotic expansion
1
O(x) = Py log || + @ + O(|z| ™). (4.10)
(#ii) Independently of the shape of the obstacle w, the normal fluz of ® is equal to one:
/ 0P
Ow 67’L

Proof. (i) Using the fact that Alog|z| =0 in R?\{0}, the solution ® is given by ®(z) = 5= log |z| + ¥(x) where
U is the unique solution in D1?(R?\w) to the difference problem

do = 1. (4.11)
+

—AV =0 in R*\@,
1
¥ = ——log |z| on dw,
2m
U =0+ O(|z|7!) as |z| — +oc.

(ii) The reasoning is the same as in point (iii) of Proposition 4.2, noticing that ‘g—‘i =0
(iii) This result follows from (4.6) and Lemma 2.1 with k£ = 0. O

Remark 4.2. If w is the unit disk, then the constant v>° arising in the far field asymptotic (4.7) is given by
v = % /. 5., 9do. Indeed, this is can be found by writing the solution to (4.5) explicitly in polar coordinates as

. 1 2 )
U(T’,@) = Z’Fi‘k‘gkelko where g = 27/ g(t)eflk‘t dt.
™ Jo
keZ

This property is used crucially by Kozlov et. al. [29, section 1.4] for the asymptotic analysis of (1.1) with circular
hole w.. However, it does not hold for arbitrarily shaped obstacles. In fact, in the general case, integrating the
boundary condition of (4.5) against g—i’|+ yields

oo_/ 0%
! _awgan

12
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4.2. Identification of the two-scale ansatz based on a single layer potential representation

We have now all the material to derive the two-scale ansatz based on the integral representation (2.17). As
in the previous section, the main task is to determine the asymptotic expansion of the inverse S, (e)~!. The
identity (2.16) can be rewritten as

S.(6)[g](t) = (2171- log € + R (xo, x0)> ; ¢pdo + S,[¢] + Ofe), (4.13)

where O(e) is analytic in e. In order to compute the inverse of (4.13), we first need to invert the zero-th order
part S, (e) defined by

S.(e)[9] = <217r10ge+RQ(1:0,x0))/8 ¢do + S,[d]. (4.14)

This operator is invertible despite the fact that S, might not be invertible in two dimensions [8]. This point
is established in the following proposition; it relies on Proposition 4.2 and the definition (4.8) of the auxiliary
function ®.

Proposition 4.4. For ¢ > 0 sufficiently small, the operator S, (¢) : H2 (0w) — H=(dw) defined by (4.14) is
invertible and its inverse reads explicitly
~ vg° 0

-1 _ a.
(Sw(€) " [fl = 5 log e — ®°° + Rq(z0,70) On

+ Ha“‘ﬂ . VfeH?(0w), (4.15)
N

on

where vy is the unique solution to the problem
Avy =0 in R*\@,
vy = f on Ow, (4.16)
vy € DM2(R*\w),
and where v3° is the constant such that vy = v3° + O(|z|™1) as |z| — +oo. In particular, there exists a constant

C > 0 independent of € such that the operator norm of gw(e)fl satisfies
|H(Sw(€))_1|||H’%(8w)ﬁ>H%(6w) <C.

Proof. Let us consider a right hand-side f € H2 (dw) and let us solve the equation

So(6)]d] = (;ngeju}zg(xo,xo)) ; pdo + S,[0] = f. (4.17)

The function v := S, [¢] has the following asymptotic behavior at infinity:

v(z) = %logm/a ¢pdo+ O (é) .

By the definition (4.17) of @, it follows that the function w := v — ( f S qﬁda) ® solves the following exterior

problem
Aw =0 in R*\Ow,

w=f— <110ge+RQ(xo,sco)) ¢do on dw,
2w O

w:—(/ ¢da><1>°°+0<1> as |z| — 4o0.
Ow ‘.’L‘|

Clearly, w € DV2(R?\w) and by uniqueness of the solution to a problem of the form (4.5), it must hold

1
w=vy— <271- loge + Rg(xo,xo)) ; ¢ do. (4.18)

Then, from the fact that w — — [, ¢ do®> as |z| — 400, we deduce that

1
T — =1 — P+ R do=0
v} (27r oge + Q(ajo,sco)) ~/8w¢ c=0,

from where we obtain

,UOO
do = ! .

awd) %loge—@w—i—Rg(mo,xo)
Coming back to (4.18), we deduce

v = log e + Ra(xo, zo

S.lel = 5 — e (0, 20) v
5= loge — ®°° + Rq(z0, x0) 5= loge — @ + Rq(x0, 20)

The final expression (4.15) comes from the jump relation ¢ = %nm]]. O
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In all what follows, we denote by a. the quantity
1
Qe = o loge — ®*° + R (o, xo)- (4.19)
7T
We infer the full asymptotic expansion of the inverse of S, (€).

Corollary 4.1. Assumed = 2. Forany f € H%(&u), there exists a family of functions (vp,q)p>0,0<q<p Solutions
to exterior Dirichlet problems of the form (4.16) such that the inverse S,,(€)1[f] of (4.13) admits the following

series expansion as € — 0:
0
+ H%]D . (4.20)
n on
Proof. Equation (4.13) can be rewritten as

Su(€) = Sule) + 0(e) = Sy (€)(I + Su(e)LO(e)).

Using a Neumann series, we obtain

mo

+oco P e’}
S0 -3 (B 0

=0 ¢q=0

ZS S (€)HIf, (4.21)

where O(e) is an analytic operator valued function. Then, in view of the formula (4.15), there exists some
functions f, , € H?(dw) such that

+o00o +oo P

PYCOERORIIEDSHIS efp,q

p=0 p=0 ¢=0

Indeed, the factor a, appears with an exponent ¢ in the term (S, (¢)2O(€))?[f] only if p > ¢. The result follows
with v, , being the solution to (4.16) with boundary datum f, ;. O

Inserting (4.20) with f := u|gw, © Ty, into (2.17), we obtain the following proposition.

Proposition 4.5. Assume d = 2. There exist functions (Vpq)p>0,0<q<p and (Wp q)p>1,0<q<p Such that the
following ansatz holds for the solution u. to the perforated Laplace problem (1.1):

ue(z) = ulz (fzp: Zp “5:) <10g6+RQ(a§ x0)+q>< 6“”0) _cpw>

p=0 gq=0

too p . . (4.22)

where:

(i) the series (4.22) converges for any fived x € Q\{xo};

(i) Rq is the solution of the difference problem (2.9);
(#ii) © is the auwiliary function with logarithmic growth at infinity defined by (4.8);
(iv) ac:= 5=loge + Rq(zo,x0) — ®>;

v) for anyp >0 and 0 < q¢ < p, v, 4 € DV2(R?\W) is a function solving a boundary value problem of the

P.q
form (4.16) which satisfies vy 4(v) = vy%, + O <|71\) as |x| = +oo;

(vi) wpq € H'(Q) for anyp>1 and 0 < g < p;
(vii) the function vg o is constant and equal to voo(x) = —u(zo).

Proof. Coming back to the representation (2.13), equation (2.16) can be rewritten

1 _
ue(z) = u(x) — Py loge [ ¢edo — S, 0] (x xO) — Ra(z,z0 + €t')p (') do(t'), (4.23)
T Ow € Ow
where ¢ := S, (€) " [ujpw. © Tag,e]- By using a Taylor expansion, it is clear that the function U|gw, © Tag,e 18
analytic in e. Then, the representation (4.20) yields the existence of functions (v q)p>0,0<q<p satisfying (v)

such that

[ Ov
P-d . 4.24
% ﬂ) (1.24)

into (4.23), remarking that

+oo p o0
-y (s

— e \ e on
The ansatz (4.22) follows by substltutmg (4.24)

0P

S| ),

@ =) -2 5, ||%22] | @) = vpule) ~ vy
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and by using a Taylor expansion for Ro(x,zo + €t’) so as to identify the functions w, 4.
Finally, we identify the leading order asymptotic. From (4.21), we find

1 o
% loge — ®>° + Rq(x0,70) On |,

$e = u(w0)Su(€) " [Low] + O(e) = u(zo) +0(e),

which yields

ue(z) = u(z) — 10 % log e + Ro(x, o) + (x - “"0) - @w} +0(),

Qe €

from where we obtain v o(x) = —u(zo). O

Remark 4.3. The first sum of the second line of (4.22) featuring v, 4((z — x0)/€) — v, starts at the rank p = 1
because vo o = —u(zg) = vp5, is a constant.

Remark 4.4. Grouping the constants v, the ansatz (4.22) can also be written

ue(w) = < iqi) ) ( (x_ex()) + al, 7o) _Rg(mx(})) (4.25)
p=0q=0 p=1a=0

The form (4.22) makes visible the matching of the Dirichlet boundary condition on 9 at order O(e), while
(4.25) makes more prominent the one on dwe. Interestingly, (4.25) features the weighting function

+oo P

EH*ZZ 7 Upg>

quO

which depends only on e (and not of x), and which is determined by the far field limits (v;S,)o<p.0<q<p Of the
functions (vp,q)p>0,0<q<p-

4.3. The recursive system for computing corrector functions

Similarly to the derivation of Section 3.3, it is possible to characterize the functions (vp q)p>0,0<¢<p and
(Wp.q)p>1,0<q<p arising in the ansatz (4.22) as the solutions to a recursive system of exterior and interior
Dirichlet problems in R?\@ and in Q. This result is to our knowledge original, and illustrates well the relevance
of the single layer potential representation (2.13), since the ansatz (4.22) could be otherwise difficult to guess.

Proposition 4.6. The functions (vp q)p>0,0<q<p and (Wp q)p>1,0<q<p are uniquely characterized as the solutions
to the following recursive system of partial differential equations posed in the exterior domain R*\w and in the
interior set Q):

—Av, , =0, in RA\@, (4.26)
vo,0(t) = —u(zo), fort € dw, (4.27)
1 ]
—vau(zo) P =y 0(t) + Z k'V Wp—k,0(xo) - t*, fort € ow, p>1, (4.28)
' k=0
p—q+1 v o
Up,q(t) = — Z S k"q VFER(20) - t*
k=1 ’
p=q 4
— Z yvkwp_hq(a:o) -tk fort€dw,p>1and1<q<np, (4.29)
k=0 "
Upq(T) = Voo O(|x‘_1)a (4.30)

where we denote by R the function defined by R(x) := Rq(x,xo), and

—Aw, 4 =0, in Q, (4.31)
P
Wp,0 (.’17) = - Z Uz(,li)hw on 89, p > 1, (432)
p—q+1
Wpg = — Z Pk Zvék)k,qv on 0 forp>1and1 <q<p, (4.33)
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where for any k € N, <I>,(f>)1 and (vé,(;)kzl are the functions occurring in the far field expansions of ® and vp q:

vz()ﬁ; (z) = (_kill)kvkr(x — 20) /a |[ag;7;,qﬂ tk do(t) and ¥ (z) := 7(_k1!)kka(x — ) - / o2

foranyp>0,0<qg<pandk>1ase—0.

Proof. Inserting © = x¢ + €t with t € Jw in the boundary condition satisfied by u. — u, and using a Taylor
expansion, we read

+u>€p
- Z vau(xo) P = uc(xo + et) — u(zg + €t)

+oo P P “+oo k
= ZZ( q P,q q+1 p,qz k'VkR(xO) >

p=0 q=0 =
+oo p P +oo P p+oo
33 ) =) + 20D Zk.Vwmw
p=0g=0 p=1gq= 0
-&-oop6 +ooppk+1p k+oop1pk
= Z—g —|—ZZ Z pr Vp kg 1k'V R(xp) - t —I—ZZZ qk'V Wp—k,q(T0) - t*
p=0¢=0 p=1k=1 g¢=1 p=1 k=0 g=0
+oop€ +ooppq+16p i +oop1pqp . i
- 27 +ZZ Z al Up— kg 1k|v R(wo) - +ZZZ qk|V Wp—k,q(20) - 7.
p=0 q=0 % p=1g=1 k=1 p=1q=0 k=0

Identifying identical powers of € and a., we obtain the boundary conditions (4.27) to (4.29). We then consider
x € 0. Using the far field expansions

“+oo
T—To\ _ 1 1 o kg (k)
<I>( - ) —glog|m—xo|—%log(€)+q’ +k§::1€ oM (), (4.34)

r — X
o () = 2 e (43)

and recalling Ro(z,20) = —5= log |z — 20| for = € 09, we obtain
+oo p +oo p ep +oo p P
_ kg (k NG
0=uc= =22 q+1Z oW +Zzaq U@+ 3D (@)
quO p=0 q=0 € p=1q=0 €
+oo p p—k+1 p +oo p p—k P ( +oo p P
=22 @ +2.2. v (@)
p=1k=1 q=1 p=1k=1q=0 ¢ p=1g¢=0 ¢
+oo p p—g+l ep +oo p—1p—q P * +oo p P
=20 > @M@+ d Y i@+ 3D atnala).
p=1g=1 k=1 °© p=1q=0k=1 °© p=1g=0 ¢
Identifying identical powers of € and a. yield finally the boundary conditions (4.32) and (4.33). O

Remark 4.5. The recursive system (4.26) to (4.33) characterizes completely the functions (v, 4)p>00<q<p and
(Wp.q)p>1,0<q<p- Indeed:

e the function vy o is determined by (4.27);

e once the functions v, 4 are known for all 0 < p’ <p—1and 0 < ¢’ < p’, one can compute the functions
wp, 4 for 0 < ¢ < p from the boundary conditions (4.32) and (4.33);

e once the functions v, o are known for all 0 < p’ <p—1 and 0 < ¢’ < p’, and once the functions w4
are known for all 0 < p’ < pand 0 < ¢’ <p', it is possible to compute the functions v, 4 for all 0 < ¢ < p
from the boundary conditions (4.28) and (4.29).

4.4. Quantitative error estimates for the truncated ansatz

We finally provide an error bound for the truncation of the ansatz (4.22) determined from the cascade of
equations of Proposition 4.6.
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Proposition 4.7. For any N € N, let uY be the truncated ansatz at rank N :

N p D 900
e’ v 1 T—x
uﬁv(x)::u(x)Jrzzﬁ% (%logeJrRQ(x,xo)JrcI)( : 0)(1)00)
p=0 g=0 € €
N e T — T oo N e
XS (o (F0) o) 4 G
p=0¢=0 p=1q=0

N

€

The function u® is an approzimation of u. at order O(eN 1) in the H'(Q\w.)-norm in view of the following

error bound:
ue = ul || L2 (@\wo) + Ve = VUl || L2@\m,) < Cne

for a constant Cy independent of € (but which may depend on N ).

Proof. The proof follows from the definition of the functions (vp, q)p>0,0<q<p and (Wp q)p>1,0<q<p and is similar
to that of Proposition 3.7. We note that the key estimate of Proposition 3.6 remains true in this two-dimensional
setting d = 2. O

5. HIGH-ORDER ASYMPTOTICS FOR A PERFORATED PERIODIC CELL PROBLEM

In this section, we show how the ideas of the previous sections can be adapted to derive in a similar manner
arbitrary order asymptotics for the solution &;, to the periodic cell problem (1.2). The section outlines as follows.
Section 5.1 introduces an appropriate variational framework for precising the meaning of “periodic” boundary
conditions for the solution to a Laplace problem of the form (1.2). The periodic Green function is introduced
and key estimates are established. The next Section 5.2 establishes a characterization of the normal derivative
362:;, as the generator of the kernel of a suitable periodic single layer potential. This property is exploited in
Section 5.3 and Section 5.4 to read full asymptotic expansions for X, in the cases d > 3 and d = 2 respectively.
As previously, we derive cascade of well posed systems of exterior and periodic problems for the terms of the
obtained two-scale expansion, and we prove some error estimates in energy norm.

5.1. Preliminaries: the Poisson equation with periodic boundary conditions

This part introduces the mathematical background for manipulating solutions to Poisson problems with
periodic boundary conditions with or without a hole. Section 5.1.1 recalls some facts about the Sobolev space
of periodic functions. A variational framework for the existence and uniqueness of solutions to the Laplace
equation with periodic boundary conditions (without a hole) is then provided in Section 5.1.2. Section 5.1.3
introduces the periodic Green function and states its main properties. Finally, Section 5.1.4 states an existence
and uniqueness result for the solutions to the Laplace equation with periodic boundary conditions perforated
with a small hole, and states uniform norm estimates for the solution.

5.1.1. Sobolev space of periodic functions

Let Cpe,(P) be the space of smooth P—periodic functions:
Coar(P) ={f € C*RY) V1 < i <d, f(z +ei) = f(2)}, (5.1)

per
where (e;)1<i<q is the canonical basis of R9.

Definition 5.1. We define the space Héer(P) as the completion of the space of smooth periodic functions for
the H! norm:

H! (P):={veC>(P)| vis preriodic}H'HHlv'H,

per

In what follows, we denote by (¢) the trigonometric coefficients of any function v € L2(P) for any ¢ € Z%:

Ve € 74, b(€) ::/ e 2Ty (1) da.

P
The following result is well-known, see e.g. Proposition 5.38 in [37].

Proposition 5.1. The space Héer(P) admits the following equivalent characterization:

H),(P) ={ve L*(P)| Y (1+47°|¢*)|8(¢)[* < +oo}. (5.2)
cczd

Four our applications whereby we need to estimates the solution of a problem of the form (1.2) from the
boundary data, we introduce a different characterization of Héer(P) suitable for the formulation of elliptic
problems with periodicity conditions. Functions of H},(P) are H'(P) functions whose trace on 9P is periodic
in the following weak sense.
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Definition 5.2. A function v € L?(9P) is said to be P-periodic if for any smooth periodic function ¢ € C32,(P)
it satisfies

/ von do = 0, (5.3)
P
or equivalently, v coincide on opposite matching faces: v|,,—_1/2 = v|y,—1/2 for any 1 <i <d.

Proposition 5.2. The space H:,.(P) can alternatively be characterized as the subspace of functions of H'(P)

per
whose traces are P-periodic in the sense of (5.3):

H..(P) ={v e H'(P)|vpyp is P-periodic}. (5.4)
Proof. Obviously any function v € C3,(P) satisfies (5.3). By density and the L?(8P) continuity of the trace
operator of H}(P), (5.3) is also true for any function v € H}_ (P). This implies the direct inclusion C.

Let us prove the reverse inclusion D. We use the characterization (5.2). Let v € H'(P) satisfy (5.3). By
using Green’s identity, the Fourier coefficients of v satisfy for any 1 < k < d:

(&) :/ e 2Ty (2) da :/ div (—21@26_2”5“> v(z)dz
P P W
—/P Ck Vv(x)e*m”g'wdxf/ LC.ne*m”g'yv(g,/) do(y). (5.5)

2ire), op 2im&k
By using (5.3) with ¢(z) = e~ 2™ the last integral of (5.5) vanishes and we obtain
1 —
Vi<k<d v = 0 .
<k <d o(§) Sints kv (8)

Since Vv € L?(P), the series > eczd Zi:l |@(§)|2 converges and therefore we obtain

d
ST @+ arePa@ P o) + 3 D 10k < +oo.

c€zd cezd k=1

This implies that v belongs to H}..(P) by (5.2). O

5.1.2. The Poisson equation with periodic boundary conditions

In what follows, we give a variational meaning to a Laplace problem in Héer(P) equipped with suitable

periodic boundary conditions. We denote by H_1(P) the dual space of H}. (P).

Proposition 5.3. Let f € H \(P), ho € Hz2(8P) and hy € L2(8P). The problem
—Au=fin P,
u — hg s P—periodic,
0
K~ hin is P—periodic,
on

admits a unique solution u € HY(P), defined up to a constant, if and only if the compatibility condition

/Pfd:c—i—/BPhldozo (5.7)

is satisfied. Furthermore, the solution u satisfies the following properties:

(i) u—ho € H].(P) for any extension ho € HY(P) of ho satisfying ho = ho on OP;
(ii) there exists a constant C independent of f, ho and hy such that

IVullezcpy < CUIfa-10p) + holl 3 5 p) + [1hallz20P))- (5.8)

Proof. Let us consider an extension hg € H'(P) of h satisfying ho = ho on P and ||i~Lo||H1(p) < Cllholl ;3 ©P)
We consider the following variational problem: find v € H!, (P) such that for any v’ € H} .(P), it holds:

per per
/ Vo - Vo' dz = / fo'dz + hyv' do — / Vho - V' dz. (5.9)
P P op P

By standard arguments involving the Poincaré-Wirtinger inequality (||v — [, vdz||r2(py < C||Vv||L2(p)) and

the Lax-Milgram theorem, this problem admits a unique solution defined up to a constant if and only if (5.7)

is satisfied. We define then u := v + ho. By integration by parts, we obtain that (5.9) is a weak formulation

of (5.6). The estimate (5.8) is obtained by setting v’ = v in (5.9). Uniqueness comes from the fact that if v is

another solution to (5.6), then u — v is harmonic and periodic, hence it is constant. (]
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Remark 5.1. The last boundary condition of (5.6) can be interpreted more conveniently as
w' e o (P), [ 2%y do = / It do.
op On aoP

If w is smooth, this means that the values of du/9n on matching faces of OP satisfy, for any 1 <i < d,

ou ou
(o) e (o)

We also need regularity estimates. We assume now that hg and h; are respectively the boundary trace and
the normal derivative of a smooth (possibly non-periodic) function h living in the vicinity of 0P. Without loss
of generality, we assume that h is an element of C*°(P\T') where we recall that T' € P.

_1
Yi=735

Proposition 5.4. Let f € C3g.(P) be a smooth periodic function. Assume that there exists an open set T' such

that T € P and let h € C°(P\T) be such that:
(H1) the Laplacian of h is a smooth P—periodic function:

Ah € Coo, (P\T);
(H2) h satisfies the compatibility condition
oh
fda:+/ Iy =o. (5.10)
/P ap On
Then the unique solution u, defined up to a constant, to
—Au = f in P,
u — h is P—periodic, (5.11)
@n — %n is P—periodi
B 5,1 is Pperiodic,
satisfies the following properties:
(i) u—h € C,.(P\T) is a smooth P-periodic function on P\T,
(i) for any k > d/2 — 1, there exists a constant Cy, > 0 which depends only on k such that
lw = (@)l p) + 1Vl (py < CrllF ey + Bl ipessov): (5.12)

Proof. Let 6 € C*°(P) be a cut-off function satisfying § = 1 in the vicinity of 9P and compactly supported in
P\T. Then h = 0h € C*°(P) is a smooth function (extended by 0 in T') satisfying h = h in the vicinity of OP
and h =0 on T. The function v := u — h is the solution to

—Av = f+ Ah,
v is P—periodic, (5.13)
—Un is P—periodic.
on
Since Ah € Cpg,.(P\T), it holds that Ah € Cpe,(P) is a smooth periodic function. Therefore, by solving (5.13)

explicitly with trigonometric expansions, we obtain the standard regularity estimate

[|u — <U>HH’“+2(P) < Ck(||f||Hk(P) + ||h\|Hk+2(P))7

for any k and a constant Cy > 0 depending only on k. Then (5.12) follows by the Sobolev embedding theorem
(see e.g. Theorem 5.29 in [37]). O

5.1.3. The periodic Green function

We have now all the material to introduce the periodic Green function which is defined, up to the choice of
an additive constant, as the unique function G (z, -) satisfying

{AG# =§, — 1lin P,

Gy is P—periodic. (5.14)

The periodic Green function G is a classical object of solid-state physics, see [8, 6, 39]. See also [25] in the
context of the Stokes system, and [28, Appendix A.2] in homogenization. A common and rather straightforward
definition of G is possible in terms of a singular Fourier series expansion, e.g.
62i7r§-$
gezd\{0}
For our purpose, we prefer to rely on a definition of G4 making use of a suitable difference problem.
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Proposition 5.5. The periodic Green kernel Gy, of (5.14) is given by

where Ry is the unique solution, defined up to a constant, to the difference problem

Ry + T is P-periodic, (5.16)
OR ar |
Z# n + Zn is P-periodic.
on on

The function Ry € C®(P) is smooth in P and Ry + T € C*°(RU\Z?) is a smooth P-periodic function.

Proof. Existence and uniqueness of the function Ry is obtained by applying Proposition 5.4. Assumptions (H1)
and (H2) are satisfied with f =1 and h = —T, since with e.g. T = B(0,1/4):
(H1) AT =0 in Cpg,.(P\T);

(H2) the compatibility condition is satisfied due to the identity [, 5P g—g do =1 resulting from Lemma 2.1.
|

In view of the symmetry of P, it is easy to verify that
1
VR4(0) =0 and V?R4(0) = —I (5.17)

Remark 5.2. Observing that I' is already a P—periodic function in the sense of Definition 5.1, we deduce that
Ry belongs to ngr(P) and that it can be conveniently computed with the finite-element method by solving
the variational problem
or
find Ry € H].(P) such that Vv € H. . (P), / VRy - Vude = / vde — / —uvdo. (5.18)
P P op On

We plot on Figure 2 below the function Ry computed with this method in dimension d = 2.

(a) R

FIGURE 2. Periodic Green function G4 = I'+ Ry in the two-dimensional domain P = (—3
computed by solving (5.18) with the finite-element method.

,3)?

5.1.4. The Poisson problem in the perforated periodic cell

We now state results regarding existence and uniqueness of solutions to the periodic Laplace equation perfo-
rated with a small hole nT. Throughout this part, the average of a function v € L' (P) is denoted by (v):

(v) ::/Pv(x)dm.

If v vanishes on 9(nT), we still denote by (v) the same quantity where we assume that v is extended by 0 in 57T

Lemma 5.1. There exists a constant C' > 0 independent of n such that the following Poincaré inequalities hold
for any v € HY(P\(nT)) vanishing on d(nT):

1 .
[0l 2 (P\(r)) < {CHO?_??J;|vv||L2(P\(nT)) Z,fd - (5.19)
Cn IV L2\ (yry) if d > 3,

and )

()] < {C log |2 [|Vv||z2(p\(y1)) if d =2, (5.20)
— L ORIVl e ey i d 23,
and

lv = (@|z2(pr\@n)) < ClIVOllL2(PAT))- (5.21)
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Proof. The first inequality is classical [30, 2]. A detailed proof is found in Theorem A.1 of [28]. The second
inequality is obtained from the first by the Cauchy-Schwarz inequality. The third one is just the Poincaré-

Wirtinger inequality in the hypercube P = (-3, )% O
Proposition 5.6. Let h € C*°(P\T) be a function satisfying the assumption (H1) of Proposition 5.4, namely
Ah € Coo, (P\T).

For f € C3e(P), g € Hz (0(nT)), there exists a unique solution u € H(P\(yT)) to
—Au = f in P\(4T),

u=g on d(nT),
u — h is P—periodic, (5.22)
ou oh
ou O b eriodic.
8nn ann 18 P—periodic

Furthermore, for any k > % — 1, there exists a constant Cy, independent of n, f and h such that if d > 3,
Vullzaercrry < Cellalh W2+ 1lg)l 3 127 +11F = alf B)llms ey + bl asacenny], (5:23)

and

lull2(p\yry) < Cr[la(f, B) |~ + g 13 oy 11 = @l Ly + Al w2y ) (5.24)
where a(f, h) is the “default of compatibility” defined by
alf,h) :z/ fdx—l—/ @da. (5.25)
P ap On
If d = 2 the same bounds hold by replacing n*~%? with |logn|2 :

1
IVullz2rry) < Crllo(f, ) ognl + g0l 4 oy + 1F = alfs W)l [z py + 1Bl 2ermy] - (5:26)
and

1
lullL2(p\(r)) < Cr[la(f. h)|[logn]| + 913 (o) Nognl® +I1f = alfs Bl ey + IRl grvecovry] - (5.27)

Proof. Existence and uniqueness of a solution u € H'(P\(nT)) can be obtained by adapting the proof of
Proposition 5.3, where no compatibility condition is required because of the Dirichlet boundary condition on
O(nT). Let us prove the estimates (5.23) and (5.24). We decompose u = u; + us in terms of the solutions to
two distinct problems: u; € H'(P) is defined as the unique solution to

7A7.L1 :f*()é(f,h) in Pa
u1 — h is P—periodic,

%n — %n is P—periodic,
Uy (O) =0.

The problem (5.28) is of the type of (5.11). Existence is ensured by the compatibility condition

oh

/ fdx—a(f,h)—i—/ —dy =0,

P ap On
which is satisfied by the definition (5.25) of «(f,h). Uniqueness is obtained by the condition u1(0) = 0,
which can be enforced by considering the solution @; of the same problem satisfying (u;) = 0 before setting
uy := Uy — u1(0), which makes sense due to the smoothness of u;. By Propositions 5.3 and 5.4, u; satisfies the

following bounds:

lusl[r2py + [[Vurl[2(py < |[Url|z2(py + [Vl L2(py + [01(0)]

5.29
< Culllf = a(f, 1)L age oy + 1l Lsss (o), (5.29)

and
IVullpee(py < Cr(llf — alf M)l e(py + Al mreszcpyry)- (5.30)
The function uy is defined as the solution to the difference problem
—Auy = a(f,h) in P,
us = g —uy on A(nT),
ug|pp is P-periodic,
%n op is P—periodic.
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Let K be an open set containing the obstacle T: T' € K. Consider an extension g, in K of the function g(n-)

compactly supported in K, satisfying g, = g(n-) on 9T and ||gy||m (k) < C||g(77-)|\H%(6T) for a constant C

independent of g and 1. We define g := En( /n), which yields an extension of g compactly supported in P
(extending by 0 in P\(nK)) satisfying § = g on 9(nT) and
gl ey = NGn (/D rey = 07V Gl L2y + 121G 220
< Cn*2 MGyl ) < Cn** 7 lg(n-)

Similarly, by setting @1 () = ui(x)0(z/n) for a cutoff function 0§ € C°(K) satisfying § = 1 on 9T, we construct
an extension @; € H'(P) compactly supported in P such that @; = u; on 9(nT) and

il mecpy = 0™ 20ur ()] L2y + 0 HIV (Ous ()| L2 ) < Cm™ > H|Vus || o< (py,

where we have used u;(0) = 0 in the last estimate (which implies ||u1(n-)||z(x) < Cn||Vui||p(py). Since the
function vy := uy — § — @y satisfies vo = 0 on 9(nT), an integration by parts yields, for d > 3,

/ |Vug|? da = / Vuy - Vug da — / Vg - (Vg + Vi)
P\(nT) P\(nT) P\(nT)

= a(fv h)UQ dx — / V'UQ . (Vg + V’l)l)
/P\(nT) P\(nT) (5.31)

< C(lef, )02 + 11V 4l L2 (p\oyry) + Va2 2\ o)V 2|l 2o\ ()
< Clalf, )" =2+ 0" g0 4 oy + 12Vl e @)V 2] L2 (P -
We obtain thus if d > 3,

”H%(aT)'

Vsl L2 (p\@ry) < [[V0al|2o\@y) + Cn®? Mg + 02|V || e ()

< Crla(f, W) " =2 + 02 Hig(n)ll, 5
The Poincaré inequality (5.19) yields then
[[ual|L2(P\(yry) < Cr(le(f, h)n*~4 + ||9(77')HH%(8T) +0llf —a(f, W)|laspy + 0l e (p\7))- (5.33)

The final result for d > 3 follows by summing the two estimates (5.29) and (5.33). In the case d = 2, the
estimates (5.26) and (5.27) are similarly obtained by replacing the quantities n'~%/? with |log 7]|% coming from
the Poincaré inequality (5.19) in (5.31) to (5.33). O

H3 (8T)

oT) =+ ﬁd/2\|f —alf, M)||arp) + 77d/2||h||Hk+2(P\T))~ (5.32)

Remark 5.3. The estimates (5.23) and (5.24) highlight that in the limit n — 0, the blowing up of a solution u
to (5.22) may come from either the compatibility condition a(f,h) = 0 not being satisfied (as in the problem
(1.2)), or from a boundary datum g of order greater than n'~%/2,

5.2. A single layer potential characterization of the periodic perforated solution

We now focus on the asymptotic analysis of the solution &, to the periodic cell problem (1.2), which is
well-posed in the sense provided by Proposition 5.6. We start by deriving a characterization of &, in terms of
an appropriate single layer potential operator. Since the choice of constant for the periodic Green function G4
matters in the definition of this single layer potential, we choose this constant to be set such that

R4(0) =0, (5.34)

and we keep this choice in the whole remainder of our analysis. The mapping 7 — Rx(7n-) is analytic in 7 and
since VR4(0) = 0 (equation (5.17)), it holds Ry (nt) = O(n?) for t € dT. We are now able to introduce a
specific single layer potential parameterized by a constant x € R.

Definition 5.3. For a given real £ € R, we define S , 1 to be the single layer potential defined by

Sgrlel@)i= |

Gy(z,y)0(y) do(y) +n* ¢ (_lzg775d—2 + Ii) / ¢do, (5.35)
o(nT) T

for any ¢ € H=2(8(nT)) and = € P.

The single layer potential S;mT is obtained by adding to the periodic Green kernel a particular constant
depending on 1 and «. It is a compact perturbation of the standard single layer potential S, 7, and hence satisfies
jump relations analogous to (2.12). The constant  is to be set below to a special value «,, (depending on 7),
making SY ;- not invertible. The scaling n?~4 and the additive term —logn/(27) when d = 2 are motivated
by simplifications occurring in Proposition 5.7 below.

We have the following property showing how the cell solution &, to (1.2) is related to Sgé,nT.
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Lemma 5.2. The kernel of S;&,n is either trivial or is the space of functions proportional to %:

. X
Ker(S% ,r) C span (87177) .

Moreover, X, has the following single layer potential representation when this kernel is not trivial:

1 04X,
X, = 8% =1, i
77(3:) —1 +nd|T|S#,nT |: an :| (5 36)
Proof. It 8§ ,7[¢] = 0 on O(nT'), then the function u := S} , +[¢] satisfies

—Au = / ¢ do(y) in P\nT,
a(nT)

u =0 on 0T,

u is P—periodic,

—mn is P—periodic.

on
Therefore u = (fa(nT) gbda) X, and ¢ = <f8(nT) ¢do> Ba?fbn

if p = 83)2" is an element of the kernel, then (5.36) holds since

by using the jump relation of S} T Reciprocally,
i ;

04X,
[ e = P\ = ~1+ .
a(nT) N

O

Motivated by the characterization (5.36), we show in the next Sections 5.3 and 5.4 how to choose the constant
k in (5.35) in such a way Sy ,7 has a non trivial kernel.

Before proceeding, we introduce the rescaling function 7, defined by
Ty (t) :=nt for any t € 0T,
and the rescaling operator P, : H*(0(nT')) — H*(0T) defined by
Pylo] == ¢ o, for any ¢ € H*(0(nT)), for any s € R.

Using the same argument as in Proposition 2.5, we can prove that S;;,nT can be factorized in terms of some
analytic operator S¥.(n).

Proposition 5.7. The following factorization holds:
84y = 1P ' SEM) Py, (5.37)
where 85 (n) : H™2(0w) — H2(8w) is given by

SEm)H] = Srlel(t) + k /

¢pdo +nt? / Ry(n(t —t))o(t')do(t'),  teadT. (5.38)
oT oT

Proof. The proof is identical to that of Proposition 2.5, where simplifications occur in both cases d > 3 and
d = 2 owing to the choice of the additive constants in the definition (5.35). g

5.3. Full asymptotic expansions in dimension d > 3

Throughout this part, we denote by ¢* € L?(0T) the function

0P

¢ =Sy lar] = o (5.39)

+
where ® € DV2(RY\T) is the solution to the exterior problem (3.9). We denote by cap(T') the capacity of the
obstacle T' which is the positive number defined by [8]:

P
cap(T) := — ¢ do = — oo do = / |V®|? da. (5.40)
oT ar On RI\T

Proposition 5.8. There exists a real analytic function n — Kk, such that the operator S;”nT defined according

to (5.35) has a non-trivial kernel, given by

K aXU
Ker(S,", ) = span (871) .
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ax, , ) ) )
Moreover, k, and = admit the following convergent series representations:

. 1 BXW d 7717d * —1 —1
fon = cap(T) * ancp, and on - (1 — 1 |T|) cap(T) 9" o Ty T and)l’ ° Ty ’ (5‘41)
p>d p>1
for some constants (c,)p>a and functions (¢,)p>1 of L2(0T) satisfying
¢pdo =0 for all p> 1.
oT
Proof. Let us consider the functional
F((k,¢),m) := (ST[¢] ) ¢do +n?? Bl =)o) do(t), | ¢d0+cap(T)> . (542)
oT aT T

Clearly, F((1/cap(T),$*),0) = 0. Moreover, let us solve the following linear system with right-hand side
(¢,b) € L*(0T) x R and unknown (§¢,dr) € L*(0T) x R:

).0) - _ fdod L _
D, F((1/cap(T),¢"),0) - (6¢,0rK) = (ST[(MS] + 0K 8T¢ do + (D) Jor dodo, /BT 5¢da> (1, b).

The above equation is equivalent to

* 1 * _ o—1 _
d¢ — cap(T)dko™ + cap(T) bp* = S [¢] and o dpdo =b.
Integrating over 7', we obtain
_ 1 -1 _ o1 1 -1 -~ *
K= G S; Y] do and 6¢ = S Y] + cap(T) < - S Y] do b> o*.

Consequently, D, 4 F ((1/cap(T'), $*),0) is invertible, and the inverse reads
D) F((1/ cap(T), 6"),0)~" - (,0)

_ (st 1 o1 .1
= (SD [¥] + cap(T) adea(b cap(T) bo™, cap(T) /3T1/Jd0). (5.43)

Therefore, the (analytic) implicit function theorem yields analytic &, and ¢, such that F((k,, ¢y,),n) = 0 for n
belonging to a neighborhood of zero with ¢ = 1/ cap(7T') and ¢¢ = ¢*. Obviously, with such choice of k,, and ¢,),
it holds 87" (n)[¢,] = 0 and hence S;;"’WT [pnoT, ] = 0 (due to the factorization (5.37)), showing that Ker(Sy ;)
is not trivial. Let us estimate the magnitude of the first order variation (d¢, dx) := (¢,, — ¢*, kyy — 1/ cap(T)).
We have by using (5.17):

0= F((”nv an)a 77)
— Doy F((c0,6°),0) - (36, 6r) + (nd‘2 [ Ratat = 06, (0) do(t'>,o)

= D(n,(ﬁ)F((COa ¢*)7O) : (5¢7 5”) =+ (O(Tld)>0) .

Solving this equation with (5.43), we obtain that (3¢, dx) is of order O(n?). We obtain therefore the existence
of (¢p)p>a and (¢p)p>a4 such that

1
Ry = ——m + ancp and ¢, = ¢* + anqﬁp.
cap(T) = 7= ped
Finally, Lemma 5.2 implies that there exists a constant o, such that 6(;‘; = apdy 0T, L. The constant can be

identified by computing
X,
/ hdU:—/ AXndx:—/ ldz = -1+ 9?T);
o) On P\(T) P\(T)

an/ ¢y o 7'771 do = anndfl / ¢pdo = 7%770171 cap(T).
o(nT) aT

The result follows with a,, = (1 — n¢|T|)n'~¢/cap(T). O

while

We are now ready to read an ansatz for &, from the series expansion (5.41).

Proposition 5.9. There ezist functions (vp)p>2 and (wp,)p>0 such that the following ansatz holds:
2—d

Xyle) = (1= ®(x/m) + Y Pvp(a/n) + 3 Pwp(a), (5.44)

cap(T) p>2 >0

where:
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(i) the series are convergent for any fived x € P\{0};
(ii) @ is the solution to the exterior problem (3.9);

(i11) vy is the solution to an exterior Dirichlet problem in RANT for any p > 2. Moreover, fé)T [[(%P]] do=0

or equivalently, v,(z) = O(|z|*~¢) as |z| — 400 for p > 2;
(iv) w, € HY(P) is a function of the interor domain, and wo(0) =0 and wy(0) = 0.

Proof. From the result of Lemma 5.2 and the factorization (5.37), we can infer that

1
0X, 0X, 1 04X,

X, = 1 do Sy | =2 —_— S — . 5.45

(@) (Jguﬂ» s ) S |52 @ = @ |G en| w69

The ansatz follows by inserting (5.41) in this expression and by using the formula (5.38). O

Similarly as in Sections 3.3 and 4.3, we characterize the corrector functions (v,),>2 and (wp)p>0 as the solutions
to a recursive system of exterior Dirichlet problems in R¥\T and periodic Laplace problems in P in the form of
(5.11).

Proposition 5.10. The functions (vp)p>2 and (wp)p>0 of (5.44) are uniquely characterized as the solutions to
the following recursive systems of exterior and interior problems:

1ifp=0, )
—Awpz{o ifp>1, in P,
1
wp — mé(d*%m is P—periodic,
ow, 1 opld—2+p) P Jor 0 <p <d,
on cap(T)  On s perode, (5.46)
) _
w, — 7<I>(d 2+p) is P—periodic,
e 8
) ( forp>d,
dw, 1 9ld—2+p) — v P overiodi
8n cap @ on n + on n 1S I —perioaic,
k=d—1
and
—Av, =0 in RN\T,
vp(t) = —wy, (0 Z k'V wy—(0) - t* fort € 0T, p>2, (5.47)
vp(z) = O(|a|* ™) as |a| — +oo,
where wo(0) = w1(0) = 0 and w,(0) is determined for p > 2 by the condition
0
/ TP 4o =0 forp> 2. (5.48)
oT on +
and (%) ey and (Uék))keN denote the functions arising in the far field expansion of (vp)p>2 and ®:
o) (z) == wv’f*d“r@c) / 00y || ph—d-2 do(t), k>d-1 (5.49)
P T (k—d+2)! on - ’ '
and (1)
—1)%= 0P
oM () =~ vkmdrp / —| "2 do(t), k>d-2. 5.50
@ = @ [ G| e,k (550)

Proof. The identity —AX, =1= — Zp>0 1P Awy, yields by identification —Awg =1, and —Aw, =0 for p > 1
in P. Then, setting x = nt with ¢ € 0T, we obtain

Zn”vp +Z17 Z?] k'v’“w,, anvp —|—ZZ¢] k"kap £(0) - ¥,

p>2 p>2 p=0 k=0

from where we infer (5.47). For € P, we find that

2=
Xy () cap(T )( Z 77lccp(k) >+Zn Z nv’“) )+anwp(x)

k=d—2 p>2  k=d—1 p>0
_ +oo +oo p—2
— Z (I)(d 2+p) Z Z npv $)+Z77pwp(x)
cap(T p=0°© p=d+1 k=d—1 p>0
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The boundary conditions of (5.46) follow from the fact that X, must be P—periodic.

Finally, let us verify the well-posedness of (5.46) and (5.47), namely the compatibility condition (5.10) which
ensures the well-posedness of (5.46). Since the solution ® of (3.9) satisfies ®(¢~2)(z) = — cap(T)T'(z), it follows
that the compatibility condition of (5.46) is satisfied for p = 0, and we have even wy = Ry. Due to the identities
(2.6) of Lemma 2.1, it is also satisfied for p > 1. Therefore, (5.46) admits a unique solution w, defined up to
the choice of the value of w,(0) as soon as the functions (v}, )o<p <p—(a—1) are known. Finally, let us clarify how
the constant wy(0) in (5.47) is determined by (5.48). Clearly, v, = —w,(0)® + v, where v, is the solution to

—AT, =0 in RN\T,
"1
-> yvkwp_k(()) -t* for t € AT,

Up(x) = O(|2*7%) as |2| — +oo.
From (5.48), we infer that w,(0) is given by the formula w,(0) = Cap(T) fé)T e ’ do. O

We conclude our analysis by providing the following error bounds for the truncation of the ansatz (5.44). The
proof requires significant adaptations of the one of Proposition 3.7 due to the peculiarity of the variational
framework accounting for the P—periodicity.

Proposition 5.11. For any N € N, let /’\,’N be the truncated ansatz at rank N :
2-d

Xév(x) | (1—=®(x/n)+ vp(x/n) + Py, (z
can(T) 1)) Zn 1 ;:077

where the functions (vp)p>2 and (wp)p>o are defined according to Proposition 5.10. Then X,;V is an approxima-

tion of the solution X, to (1.2) at the order O(n™*1) in the H'(P\(nT))-norm according to the following error
bound:

16, — XN |2 (o)) + VX = VAN |2\ (ry) < Cn™ T

Proof. The function r, := X, — Xé\' satisfies —Ar, = 0 (because the term wy = Ry is included in the truncated
ansatz), as well as the following boundary conditions: for any ¢ € 9T,

N N-p
1
ra(nt) = XN (nt) = Zn”vp 277 wy (17t) = 277 up(t) =D Y 1V w(0) " + O™ )
— p=0 k=0 )
N p
1
S U 3> 2V w1 (0) - 1+ O +) = —wi(0) = (w1 (0) + Vag(0) - £) + O™ )
= p=0 k=0 ’
— 0(77min(2,N+1))7
and for any = € OP:
n2—d n2—d N
ry(x) = Xy (z) — cap(T) + cap(T ZW vp(2/n) — anwp(x)
2—d
_ n pq)d 2+p D (k)
cap(D) 2@/ - Zn vle/n) = oo Zn +Z Z oy

p=0k=d+1

where H is a P-periodic function due to the boundary conditions of (5.46). Let then h, to be the function
defined on P\T (a neighborhood of 8T) by

2—d

hn($) = n x/n Zn ,Up /77 Cap anq)(d 2+P) +Z Z 7,] ’U(k)

cap(T) p=0 k=d+1

Using the asymptotic expansion in the far field of ® and v,, we find that ||h, ||Hk(P\T < CpnNF for any
k > d/2 — 1. Furthermore, observing that Ah, = 0, we can use the result of Proposition 5.6 to estimate the

function r,, which satisfies
—Ar, =0in P\(nT),
() = O(™n2N+D) for t € AT,
Ty — hy is P-periodic,
h
arnn — hn is P—periodic.

on on
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By using Lemma 2.1 and (5.50), we evaluate the default of compatibility which is given in this context by

2—d @
(0, hy) = Ohy 4y — 1 /8P8 (@/m) 4 Z” prdo—&—l

op On cap(T)

N

2-d
U 0 (x/n) / Ay (/n)
= do — P —— L do+1
cap(T) /<3(nT) on 7 277 on ’

p=2 a(nT)

1 / pt+d— 2/ Up
= — do+1=0,
cap(T) Jor 5” Z ar On

where we used the harmonicity of ® and v, at the second line, and the definition (5.40) of the capacity at the
third line. The final estimate follows by using the result of estimates of Proposition 5.6. O

5.4. Full asymptotic expansions in dimension d = 2

In the two-dimensional case, we consider the function

0P

¢ 3237+

where ® is the solution to the exterior boundary value problem (4.8) with logarithmic growth at infinity. In
this two-dimensional context, we can adapt the proof of Proposition 5.8 to obtain the following result.

Proposition 5.12. There exists a real analytic function n — K, such that the operator S;&"HT defined according
to (5.35) has a non-trivial kernel, given by
) 04X,
Ker(S;jnT) = span (6717]) .

ax, . ) . .
Moreover, ky and =5 admit the following series representations:

04X, e _
nn:q)OOJanpcp anda—n":(l—nﬂT\) ) OTnlJanpqSPOTnl ,

p>2 p>1

where @, is the constant of (4.9), and for some constants (c,)p>2 and functions (¢,)p>1 of L*(9T) satisfying

/ ¢pdo =0 for allp > 1.
oT

Proof. We apply once again the implicit function theorem to the functional F((k, ¢),n) with cap(T") replaced
by —1 in (5.42). Since F((®o, 2 S ‘ N = 0, we obtain by proceeding similarly the existence of coeflicients
(cp)p>2 and (¢p)p>2 such that F((k,, ¢n) n) = 0 for small n > 0 with

Ky = Poo + ancp and ¢, = ¢" + qu’@,.

p>2 p>2
Then, there exists a constant «;, such that %—if = aypy o T, 1 and the same identification process yields
2 -1
ay = —(1— [Ty, O

Repeating the proof of Proposition 5.9, we infer as such the following ansatz for A}, in dimension d = 2.

Proposition 5.13. There exist functions (vp)p>2 and (wp)p>o such that the following ansatz holds:

+oo +00
Xy(x) =@ (x/n) + Y _nPv(a/n) + Y nPwp(z), (5.51)
p=2 p=0

where:
(i) the series of (5.51) converge for any fized x € P\{0};
(ii) @ is the solution to the exterior problem (4.8) with logarithmic growth;
(iii) v, € DVER2\T) is the solution to an exterior Dirichlet problem in RI\T satisfying vy(z) = O(|z|7})
as |x| — +oo, for p > 2 (namely, satisfying additionally v;° = 0);
(iv) w, € HY(P) is a function of the interior domain satisfying wo(0) = wo(1) = 0.

Remark 5.4. Tt is remarkable that no logarithm of 7 occurs in the ansatz (5.51), in contrast to the one (4.22)
obtained for the perforated problem (1.1). This further highlights the strength of the layer potential method to
derive the correct form of the two scale asymptotic expansion.
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Proposition 5.14. The functions (vp)p>2 and (wp)p>0 of (5.51) are uniquely characterized as the solutions to

the following recursive systems of exterior and interior problems:
1ifp=0, ,
—Awp:{o ifp>1, in P,
wp + o) s P—periodic,

9 op k) for 0 <p <2,
ﬂn + n is P—periodic,
on on

p—2
w, + dF) 4 Z ’UI()k_)k s P—periodic,
k=1
dw, | 90® K290l

k
—In+ n+ b
on on —

for0<p<2,

n is P—periodic,

and
—Av, =0 in RN\T,

vp(t) = —w, (0 Zk'v wy_1(0) - t* fort € 0T, p>2,

vp(2) = O(|2|™") as [a] — +oo.
)

(5.52)

(5.53)

Here, wy(0) = 0, w1(0) = 0 and w,(0) is determined by the condition v,(z) = O(|z|™1) as |z| — 400 for p > 2,

and v](gk) and ®%) are defined as in (5.49) and (5.50) for k> 1.

Proof. First, —AX, = 1 yields similarly as in Proposition 5.10 the identity —Awo = 1 and —Aw, = 0 for p > 1,

as well as the boundary condition of (5.53) on 9T. Then, for x € OP, we have

+00 400 +oo
) = o+ 8%+ 3B 4 3 S ) + 3 )
k=0 p=2k=1 =
1 400 +oo p—2 5 oo
IR AT X CIEFS 3 et INERS o
k=0 p=3 k=1 p=0

which yields the periodic boundary condition of (5.52). It is clear that the compatibility conditions of (5.52)
are satisfied (due to Lemma 2.1). Finally, w,(0) is determined as w,(0) = 05° where 0, € D"?(R*\T) is the

unique solution to the Dirichlet problem

—AT, =0 in R*\T,
Z k'va 1(0) - t* for t € AT,

Up(x) = v,° +O(|:c\ ) as |z| — +oo.

Adapting the proof of Proposition 5.11 yields the following final result.
Proposition 5.15. For any N € N, let /Y,fv be the truncated ansatz at rank N :

N N
XN (x) = (a/n) + ) Pyl /n) + Y 0Pwy,

p=2 p=0

where (vp)p>2 and (wp)p>0 are the functions defined by the recursive system of Proposition

5.14. Then Xév

is an approximation of the solution X, to (1.2) at order O(nN*1) in the H*(P\(nT)) norm according to the

following error bounds:
||Xn - X7?||L2(P\(nT)) + ||VX,, - VX7(7)||L2(P\(77T)) < Cnm,

and

log |2 X, — XN 2o\ ory) + IV Xy = VAN 2oy gy < O™t for any N > 1.

Proof. The proof is identical to that of Proposition 5.11, the only difference coming from the factor |log 77|%

coming from (5.27), which affects the L*(P\(nT')) bound on &, — XN
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