m Seminar for

Applied

Eidgenodssische Technische Hochschule Ziirich .
& Mathematics

Swiss Federal Institute of Technology Zurich

Homogenization of sound-absorbing and
high-contrast acoustic metamaterials in

subcritical regimes

F. Feppon and H. Ammari

Research Report No. 2021-35
October 2021

Seminar fiir Angewandte Mathematik
Eidgendssische Technische Hochschule
CH-8092 Ziirich
Switzerland

Funding: The work of F. Feppon was supported by ETH Ziirich through the Hermann-Weyl fellowship of the Institute for
Mathematical Research (FIM).
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ABSTRACT. We propose a quantitative effective medium theory for two types of acoustic metamaterials con-
stituted of a large number N of small heterogeneities of characteristic size s, randomly and independently
distributed in a bounded domain. We first consider a “sound-absorbing” material, in which the total wave field
satisfies a Dirichlet boundary condition on the acoustic obstacles. In the “sub-critical” regime sN = O(1), we
obtain that the effective medium is governed by a dissipative Lippmann-Schwinger equation which approximates
the total field with a relative mean-square error of order O(max((sN)2N~ 3 LN~ 2 )). We retrieve the critical size
s ~ 1/N of the literature at which the effects of the obstacles can be modelled by a “strange term” added to the
Helmholtz equation. Second, we consider high-contrast acoustic metamaterials, in which each of the N hetero-
geneities are packets of K inclusions filled with a material of density much lower than the one of the background
medium. As the contrast parameter vanishes, § — 0, the effective medium admits K resonant characteristic
sizes (s4(0))1<i<kx and is governed by a Lippmann-Schwinger equation, which is diffusive or dispersive (with
negative refractive index) for frequencies w respectively slightly larger or slightly smaller than the corresponding
K resonant frequencies (w;(d))1<s<x. These conclusions are obtained under the condition that (i) the resonance
is of monopole type, and (ii) lies in the “subcritical regime” where the contrast parameter is small enough, i.e.

1
§ = o(N~2), while the considered frequency is “not too close” to the resonance, i.e. N62 = O(|1 — s/s;(5)]).
Our mathematical analysis and the current literature allow us to conjecture that “solidification” phenomena are

1
expected to occur in the “super-critical” regime N§2 |1 — s/s;(8)| " — 4o0.
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1. INTRODUCTION

Metamaterials [30, 50, 44, 23] offer promising perspectives in many applications of wave engineering, such
as sensing [26, 8], imaging [43, 45, 19], focusing [49, 12], cloaking [6, 47] and guiding [59, 16, 10]. These
are structures filled with heterogeneities much smaller than the wavelength, which behave, as the size of the
heterogeneities become arbitrarily small, as apparently homogeneous effective media with special properties
not found in usual materials. The mathematical and rigorous derivation of effective models for heterogeneous
wave systems is of primary importance for the analysis, the understanding, and the numerical simulation of the
physics of wave propagation in metamaterials. Various approaches have been proposed in the literature, based
on the Foldy-Lax approximation [37, 20, 5], on two-scale expansions [22, 51, 61, 65, 57], or from physical models
[42, 54].

In this paper, we propose a quantitative homogenization analysis of two kinds of acoustic structures filling
a bounded domain ) of the three-dimensional space R?, based on integral representations and layer potential
techniques. We consider a system Dy s constituted of a total of M = Zfil K; inclusions which are arranged
in N packets (y; + sD;)1<i<n containing each K; inclusions:

K;
DN,s = U (yz + SDl) with Dz = U Bija
1<i<N j=1

where each resonator B;; with 1 <4 < N, 1 < j < K; has a single connected component. Each group of
resonators D; with 1 <4 < N is rescaled by a small factor s > 0 and is located close to its center y; € R3. The
background medium R3\ Dy s is a three-dimensional homogeneous medium characterized by its constant bulk
modulus x > 0 and density p > 0. An incident wave u;, is coming from the far field and generates a scattered
wave by encountering the obstacles Dy . The resulting total wave field is denoted by uy . The setting is
illustrated on Figure 1.
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FI1GURE 1. Setting of the homogenization problem. An incoming wave u;, generates a scattered
wave uy,s — Uin by encountering a highly contrasted medium Dy s constituted of many small
inclusions filling a bounded domain 2. Each unit packet D; = U]K:"lBij is rescaled by a small
size factor s and translated in the vicinity of the point y; to form the small acoustic obstacle
y; + sD;. The smallest distance between the centers (y;)i1<i<n is denoted by en (eqn. (2.1)).

We consider two possible types of acoustic obstacles:

(i) sound-absorbing obstacles. In this case, the sound wave is “absorbed” by the obstacles, which cor-
responds to saying that uy s is the solution to the Helmholtz equation in R*\Dy ., with a Dirichlet
boundary condition on 0Dy s:

Auy s+ kuys =0in R¥*\ Dy 4,
un,s =0on 0Dy s,
0 . _
(35 =) o) = o)) = Ol ) s o] +20

where the last equality is the outgoing Sommerfeld radiation condition for the scattered field;
2
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(ii) high-contrast obtstacles. In this configuration, the inclusions of Dy s are filled with a material of
different bulk modulus &, and density p,. The total field ux s is then characterized as the solution to
the following system of coupled Helmholtz equations:

(1 w? .
div| —Vuyn,s | + —un,s =0in Dy,
Pb Kb

. 1 w? . 3
div [ —=Vun,s | + —un,s =0 in R°\ Dy,
P K

UN,s|+ — Un,s|- =0 on 0Dy s, (1.2)
1 s 1 s
7(9qu‘ - 7871]\/“ on 8DN3,
Py On p On |, ’
(5’|i| — ik> (un,s — Uin) = O(|x\*2) as |z| = +oo,

where v|; and v|_ denote the outer and inner traces of a function v on Dy s and n the outward
normal. We consider the regime where the contrast parameter

Pb
0= — (1.3)
p
is small: § — 0. Such kind of system is naturally encountered when considering, for instance, air bubbles
in water. The inclusions of Dy s behave as subwavelength “resonators” which significantly affect the
acoustic properties of the background medium at subwavelength scales [55, 13].

The goal of this paper is to derive a quantitative effective medium theory for both (1.1) and (1.2) when the size
and the contrast of the heterogeneities converge to zero as their number becomes large:

s—=0, N—+4oc0, 6—0. (1.4)

We emphasize that in this study, all the physical parameters other than ¢, s and N (including the illuminating
frequency w) are fixed and of order O(1).

In order to actually obtain an effective medium, we need to consider some uniformity assumptions on the
heterogeneities. We consider the following set of hypotheses in the homogenization steps of our analysis.

(H1) The points (y;)i<i<n are distributed randomly and independently according to a three-dimensional
probability measure pdx with density p € L>(Q) in a smooth bounded domain  C R®. In particular, p > 0
and fQ pdz =1, and the law of large numbers implies the convergence

N
Zéyi — pdx as N — +o0, (1.5)
i=1

in the sense of distributions.

(H2) The packets of resonators are identical and constituted of K single components (B;)i1<i<k:

K
Di:D::UBl, V1<i<N.
=1
The mathematical homogenization of the systems (1.1) and (1.2) or some variants of them has been the
object of several works [63, 27, 52, 64]. In both situations, critical scalings for the parameters s, N and ¢ arise,
at which the qualitative physical behavior of (1.1) and (1.2) change.

The analysis of the acoustic problem (1.1) goes back at least to Rauch and Taylor [63, 62] in the regimes
sN — 0 and sN — 400, followed by [27] in the regime where sN converges to a constant A > 0. Their results
provide the following qualitative convergences for regularly spaced obstacles:

e if SN — 0, the acoustic obstacles are too small and the scattered field converges to zero as s — 0
and N — +o00, or in other words uy, s converges to the solution w;, of the Helmholtz equation (1.1)
without the obstacles. The effective medium is transparent and is governed by a homogeneous Helmholtz
equation:

Au+ k*u=0in R3,
(1.6)

9 _. _ -2y o :
(8|x - 1k> (u—uin) = O(|x|77) as x| = +oo;
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o if SN — A for a positive constant A > 0, then uy s — u where u is the solution to the dissipative
Helmholtz equation
Au + ku — plou =0 in R3,
0 1.7
—— —ik | (u—up) = O(|z|7?) as |z| = +oo, .7
O]
where plq is a positive Radon measure supported in €2 which describes the dissipative effects due to
the obstacles.
o If SN — +o0, then uys — u where u is the solution to the Helmholtz equation with a Dirichlet
boundary condition on the whole set §2:

Au+ k*u=0in R3,

u =0 on (,

o . B oy
(8|x - 1k> (u—uip) = O(|x|77) as x| = +oo.

Physically, the obstacles “solidify” and the effective medium €2 is opaque.

These results are comparable to the arising of the strange term for periodic media at the critical scaling s ~ €3

in two-scale homogenization of porous media with cell periodicity e [28, 31, 32, 41, 40, 35]. Subsequently,
[25, 24] proposed an analysis establishing the convergence of the far field of uy, s (away from the obstacles) to
either (1.6), (1.7) or (1.8) for centers (y;)1<i<n distributed according to a counting function which plays a role
analogous to our distribution p. In the critical regime sN — A, the author identify explicitly the measure to
be given by u = Acap (D)p where cap (D) is the capacity of the set of inclusions D (the definition is recalled in
(2.18)).

In this paper, we improve these results by proposing a quantitative homogenization analysis without any
further assumption than (H1) on the distribution of points, and quantitative error bounds which hold even in
the vicinity of the obstacles. For the analysis of (1.1), we restrict ourselves to sizes s lower or equal to the
critical size 1/N:

(H3) There exists a constant ¢ > 0 such that the parameters s and N satisfy
sN <ec. (1.9)

Our main result is given in Proposition 3.4, where we establish the following mean-square error bound between
the total field uy s and the solution u to (1.7) with u = sNcap (D)p:

Elllu — un,sl[32 (50, Hvo) < cvysN max((sN)2N~3,N~%), (1.10)

for a constant cy, > 0 independent of s and N, and a conditional event Hy, which holds with large probability
P(Hn,) — 1 as Ng — +o00. The bound (1.10) holds on any ball B(0, ) with characteristic size r > 0 sufficiently
large for containing all the obstacles: Q @ B(0,). It also holds even in the regime sN — 0.

The treatment of the high-contrast system (1.2) is more involved due to resonances. A complete analysis
shows that the elementary system constituted of K connected resonators sD = UX sB; (which serves as
a building block for the metamaterial of (1.2)) admits K “subwavelength” resonant frequencies (w;(9))1<i<i
with positive real parts and negative imaginary parts [13, 7, 9, 34]. These resonances are called “subwavelength”
because w;(d) — 0 as § — 0, while the scattered field is enhanced by a factor 1/|S(w;(d))], which shows that
small bubbles can strongly interact with wavelength that are larger by several orders of magnitude.

Importantly, the K resonant frequencies can be predicted by the spectral decomposition of the capacitance
matrix C' = (Cj;)1<i,j<k associated with the unit set of obstacles D = UX | B; (defined in (4.35)). Denoting
by (ar)i<k<kx and 0 < A; < Ay < ... < Ag the eigenvectors and eigenvalues of the symmetric generalized
eigenvalue problem

Caj = )\jVaj with V =: diag(|Bi|)19§N, (1.11)

the leading order asymptotics of the resonant frequencies read

1

02 1
w;(0) ~ war; with wpr; == — A2, as 6 — 0.
s

The system (1.2) has been studied by [20, 5] by using a Foldy-Lax approximation method inspired from
[35, 36] in the case where all packets have a single connected component (K = 1 and D; = D = By for
1 < i < N). The authors consider frequencies w lying close to but slightly away from the resonance: they more
specifically assume

N
1 ML sTsh and sN — 0, (1.12)
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for a real h € R, and a non-zero constant A € R\{0}. The authors obtain the following effective behaviors for
the medium constituted of N resonators of size s with N — +o00 and s — 0:

e if h < 0, then w is too far from the resonant frequency and the effective medium is transparent [5]:
un,s — u where u is the solution to (1.6),

e if h = 0, then un, s converges to the solution u to the Lippmann-Schwinger equation (1.7) with p =
Acap (D)p, where p is the distribution satisfying (1.5) in [20], and a counting function in [5]. The
main qualitative difference with (1.1) lies in the fact that the effective medium is dissipative when w is
slightly above the resonant frequency waz1 (A > 0), and dispersive when w is slightly below the resonant
frequency war1 (A < 0);

e h > 0and A > 0, then w is very close to but slightly larger than w1, and the effective medium becomes
opaque [5]. The total wave field uy s converges to the solution u of the problem (1.8).

The derivation of an effective medium theory for frequencies w very close but slightly smaller to the resonant
frequency wps,; (h >0 and A < 0in (1.12)) remains an open problem; it is expected that the medium becomes
highly dispersive.

This paper improves the homogenization analysis of [20, 5] in several aspects. First, we consider no further
assumptions than (H1) on the distribution of points, while [20] assumed technical hypotheses which may be
difficult to realize in practice (see Remark 2.2). Furthermore, distributing the centers (y;)1<i<n randomly and
independently from a probability distribution p may also appear more natural to the reader than according to
a counting function as in [5].

Second, we generalize these results to the case K > 1 where each packet of resonators has several connected
components. Our analysis shows that the effective properties of the heterogeneous medium for w close to one
of the resonant frequencies wyy; are determined by the asymptotic behavior of sNQ(s, d), where Q(s,d) is the
quantity defined by

Nl

Q(s,0) = Z SQL(CLZTVD2 with s;(9) := 6%)\# for 1 <i <K, (1.13)
2 ky
where 1 = (1)1<;<k is the vector of ones. Since our analysis rests on holomorphic expansions of integral
operators with respect to the varying size parameter s and not on the frequency w (which is assumed to be
fixed), we consider resonant characteristic sizes (s;(J))1<i<x rather than resonant frequencies (was;)1<i<k in
the definition (1.13), which are related by the formula w/wy; = s/s;(9). The following assumption appears
then naturally in our analysis.

(H4) s is close to a resonant characteristic size s;(d) with 1 < i < K, whose associated eigenmode a; is not
orthogonal to the vector of ones:

J1<i<K, s~ s(0)witha!V1#0, (1.14)
and there exists a constant ¢ > 0 independent of s, 6 and N such that
sNQ(s,0) <ec. (1.15)

In view of (1.13), assumption (H4) can also be more physically rephrased as

(H4) The contrast parameter is strictly smaller than O(N~2):
5= o(N"2),
and there exists a resonant characteristic size s;(§) with 1 < < K such that s ~ s;(d) with al V1 # 0 at a

rate slower than 62 N: there exists a constant ¢ > 0 such that
s

The condition al V1 of equation (1.14) implies that the resonance of a system of K resonators is of monopole
type [34]: the far field generated by a single resonator is proportional to I'*(x) where T'* is the (outgoing) fun-
damental solution to the Helmholtz equation. Then, (1.15) is a “subcritical regime” in which the characteristic
size s remains slightly away from s;(); this encompasses the cases h < 0 and A =0 in (1.12). Our main result
is stated in Proposition 4.8 where we establish the quantitative convergence bound

Elllun.s — ull32(pom) | Hnl? < enysNQ(s, ) max(62 N, N~%), (1.16)
where u is the solution to the Lippmann-Schwinger equation
(A+k* — sNQ(s,0)plg) u=10

J1<i<K,cd2N <

—1‘—>0as§—>0.

1.17
(8|ax - ik) (u — win) = O(|z|72) as |z| — 400, (L17)
for a different event Hy, satistying P(Hy,) — 1 as No — +o0.
5



In contrast with [20] where an error bound is established in a region away from the resonators, and with
[5] where the analysis concerns only the far field pattern of uy s, our result demonstrates the convergence of
the scattered field even in the region 2 filled with resonators. Furthermore, the mean-square bound (1.16) is
very natural because N~z is the natural rate of convergence coming from the application of the law of large
numbers, 62N is a quantity occurring in (H4), while the factor sNQ(s,0) is precisely the magnitude of the

scattered field.

The paper outlines as follows. Section 2 derives holomorphic expansions of the single layer potential and
the Neumann-Poincaré operator associated to the domain Dy ¢ with respect to the parameter s. We establish
error bounds uniform with respect to the parameters s and N for the truncated holomorphic series, which bring
into play the critical quantity sN of (H1), and which are at the basis of our homogenization method for the
scattering problems (1.1) and (1.2).

We then derive the effective medium and quantitative approximation bounds for the sound-absorbing material
in Section 3, and for the high-contrast metamaterial in Section 4. We follow a similar methodology for both
cases: first, we show that the leading order asymptotic of the total field uy s is determined by the solution of a
linear system with N unknown called “Foldy-Lax” approximation. Then, the mean-square convergence theory
of [33] allows us to establish the convergence of this linear system to an integral equation. This allows us, in a
last step, to read the resulting homogenized equation for ux s and the corresponding error bounds.

Finally, a few useful technical results arising in the proofs are given in the appendix.

To conclude this introduction, let us mention that the methodology followed in this work is very general
and could be used to study other types of metamaterials. Future investigations could concern metascreens
as in [11, 5] in which the centers of the resonators are distributed on a surface rather than in a volume, and
high-contrast metamaterials exhibiting a resonance which is not of monopole type. The condition (1.14) would
not hold and a substantially different analysis is required. A formal study has been proposed in [15] in the case
where the resonators are dimers D = By U By constituted of two identical spheres, which suggests that a double
negative metamaterial is obtained as an effective medium.

In the whole paper, ¢ > 0 denotes a universal independent constant which can change from line to line, and
(e;)1<i<n is the canonical basis of RN.

2. LAYER POTENTIALS IN DOMAINS FILLED WITH A LARGE NUMBER OF SMALL INCLUSIONS

This section introduces a number of useful preliminary results and notations which are at the basis of the
homogenization procedure of both scattering problems (1.1) and (1.2). We start in Section 2.1 by providing
probabilistic estimates of the minimum distance ey between two centers, and of a critical size £y arising in
the expansions of the layer potentials for arbitrary distributions of points ((y;)1<i<n). Section 2.2 introduces a
rescaling operator Py s mapping L?(Dy ) to the product space L?(Dy) x - - x L?(Dy). This operator enables,
in Section 2.3, to write the single layer potential and the Neumann-Poincaré operator on 0Dy s in terms
of an operator holomorphic in the characteristic size s, whose holomorphic series yields complete asymptotic
expansions. Finally, Section 2.4 provides uniform estimates of single layer potentials viewed as a complex scalar
field in R3, from the magnitude of the potential on 0D .

2.1. Critical sizes

In this subsection, we introduce and estimate two parameters ey and ¢ homogeneous to a distance which
play important roles in our analysis:

[N

= min
1<iAj<N

1
-yl = Y : (2.1)

e v = il
1<igg<N 7t 9

The random variable €y is the minimum distance between the centers of the resonators; it would be the size
of the unit cell if the resonators would be arranged in a periodic manner as in the classical setting of periodic
homogenization [28, 1]. The quantity ¢ arises naturally in the asymptotic expansion of the single layer potential
SBN . associated to the inclusions. As we shall see in Proposition 2.3 below, £y is a measure of the typical
size under which it becomes possible to treat the interactions between different groups of resonators separately
from those which takes place between the resonators of a same group. It is also the critical size above which
“solidification” of the group of obstacle occurs (if s > ¢x), or at which the “strange term” appears in (1.7) (if
s ~ Aln for some constant A > 0).

The purpose of this part is to show that ey = O(N~3) and £ = O(N~') in some probabilistic sense.

Proposition 2.1. For any positive constants tg,t; > 0, let 'HES) and ’HS) be the random events

HO = {17! N5 < ey < toN3}, (2.2)
6



HY = {#IN <ty <t NTU) (2.3)

1

Assume (H1). The events ng) and ’Hg) are satisfied with arbitrary large probability for sufficiently large
constants to,t1 > 0. More precisely, for any ¢ > 0, there exist large enough to,t1 > 0 such that for any N € N,

P(H{) > 1—c, (2.4)

PH M) > 1 ¢, (2.5)

0

where P(A|B) denotes the probability of the event A conditionally to B.

Proof. 1. (2.4) follows from the result recalled in Proposition A.3 of the appendix.
2. Denote by f(yi,y;) the random variable
1 -
lyi—y;|>to T N—2/3
i y;) = -
( 7 J) |yz o yj‘Q
Using an integration in polar coordinates, we find that there exists 8 > 0 large enough such that E[f(y1,y2)]
satisfies

B <E[f(y1,92)] < B (2.6)
Still with an integration in polar coordinates, we also find
E[f(y1,y2)] < BN~25 and E[f(y1,2) f (y1, )] < B.

Then, the version of the law of large numbers of Proposition A.2 in the appendix implies, up to selecting a
potentially larger constant 5 > 0:

E ﬁ 1<§<Nf(yi, ;) — E[f(y1,v2)]
< N2(]\;l_ 1)2 (N(N — 16)(N — Q)E[f(yl,yz)f(yl,yg)] + N(N2_1)E[f(yhy2)2])
< SOVt NN < N,

By using Markov inequality (Proposition A.1), we then find that for any v > 0,
1
P(|l——c— (3 —E E @) <(1—¢) 'y 283N L.
(|t — Bl | > Bl ] [47) < (=) 72

Consequently, setting v = vy = hN~Y/? with h sufficiently large but independent of N, we find that there
exists a constant ¢ independent of N such that

P(|N"2032 — E[f(y1,0)]| < AN"3 [H{) > 1 - Ch™2
The result follows from (2.6) because the above inequality states that £y = E[f(y1,42)] 'N"1 + O(N~2). O

Remark 2.1. The quantity {x ~ 1/N is known to be the critical scaling at which an ensemble of regularly
spaced scattering obstacles “solidifies” (reflects entirely the sound wave), see [62, 63], or at which the “strange
term” appears in two-scale homogenization of porous media [28, 31, 32, 41, 40, 35]. In this article, we show
that s ~ 1/N is also the critical size for obstacles randomly distributed in a volume. An analysis similar
to Proposition 2.1 leads us to expect that for centers randomly distributed on a surface, the critical size is
s~1/(N|log N|2).

Remark 2.2. In the homogenization analysis of [11], the authors assume both mini<iz;<n |y — y;| > ¢N~3
and the ergodicity condition (1.5), which, in view of (2.3), cannot be achieved by randomly and independently
distributed points (y;)1<i<n, and hence can be difficult to realize in practice. This difficulty was also pointed
out by [39].

Remark 2.3. The consideration of the events ’HES) and 7—[8) enables one to obtain error bounds without the
need for extra hypotheses on the joint distribution of centers (y;)1<i<ny. This allows to consider conveniently
fully independent random distributions points (y;)1<i<n, in contrast with other possible settings considered in
[60, 2, 3, 38].

It follows from Proposition 2.1 that one can choose sufficiently large constants ty,¢; > 0 such that for any
fixed N > 0, the inequalities

to IN728 < ey <toN"23 and t7' Nt < Uy <t;N 71 (2.7)
7



2

are satisfied with large probability (independent of N). Therefore, the reader may think of ex as N~3 and of
¢n as N~! when (H1) is realized. We keep the reference to £x and ey in the fully general setting where no
assumption is made on the distribution of points (y;)1<i<n-

Finally, we denote by 7y the ratio between the distance between the centers ey = O(N~2/3) and the size of
the obstacles s. Throughout the paper, we assume the natural condition that 7y is smaller than a small fixed
constant ¢ > 0, which ensures that the acoustic obstacles do not overlap:

NN = 2 ce (2.8)
EN

In other words, this condition states that for arbitrary distributions of points, the natural range for the variations
of the characteristic size is s = O(N~3). The condition (2.8) is of course satisfied in the “subcritical” regimes
of assumptions (H3) and (H4).

2.2. Rescaling operator and product spaces

We now introduce an operator Py s which performs a rescaling around each set of inclusions y; + sD;.
The main motivation lies in the fact that the conjugations of the layer potentials by the operator Py s are
holomorphic in the variable s (Proposition 2.3 below), which allows to determine conveniently their asymptotic
expansions.

In all what follows, for any y € R and s > 0, we denote by 7, 5 the affine transformation
7ys(t) =y +st, teR>
The transformations (7, s)1<i<n enable one to replace the analysis on the whole set of tiny inclusions
Dy, = UlSz‘SN(yi +sD;)
with one on the product domain
D:=Dyx---xDp.
Denoting by L2?(0D) and H'(dD) the product spaces
L*(9D) := L*(0D;) x --- x L*(0Dy),
HY(0D) := H'(OD;) x --- x H'(0Dy),
we introduce the rescaling or pull-back operator
Pns : L*(0D) — L*(0Dys)
(P1,..0N) = ¢ with ¢y, 1sop, = dio T,

(2.9)

Clearly, the inverse of Py, is given by P&}Saﬁ = (@|yi+s0D, © Ty;,s)1<i<N. With a small abuse of notation, we
still denote by Py s the same operator acting from H'(9D) to H'(0Dy s).

By introducing appropriate norms on L?(9D) and H'(9D), we make Py s to be an isometry. The definition
of these norms is motivated by the following lemma.

Lemma 2.1. For any ¢ € L?(0Dy ) with Dy s = UN., (y; + sD;), it holds

N
||¢HL2(8DN,5) =S (Z ||¢o7-'yi,s

2 N 2
|%2(6D1)> : IIVr¢|IL2<aDN,S):(ZIIVF(¢OTyi,s)||2L2(aDi)> 7

i=1 i=1

where Vr is the tangential gradient on 0Dy ;.

Proof. By using a change of variables, we find

wmmm—z 2 @orato

and therefore,

wmmmm—z / vmmmmw—Z/ (Vg oy do.



In view of Lemma 2.1, we define the norm on H'(0Dy ) as follows:

||¢H§11(3DN,S) = ||¢||2L2(3DN,S) + 52||VF¢||2L2(3DN,S)- (2.10)
Then it holds conveniently
N
16113 oDy .y = 8 > ¢ o 7y sllin om,)- (2.11)
i=1

Endowing L?(0D) and H'(0D) with the norms
N 3 N 3
(1, dn)llL2(om) = 5 (Z ||¢i|2L2(aDi)> (@1, o)l ap) =5 (Z ||¢i|?{1(aDi)> , (2.12)
i=1 i=1
we infer from (2.11) that Py s is an isometry:

[|PN,s (D1, s dN)I|L20Dn) = (@15 s o) z20m)s  [IPwN,s(@1,-- -5 o) lmr0D8 ) = (@1, -5 ON) || 1 (0D)-

We complete this part by stating a few elementary results which enable to estimate the norm of operators
on the product domain D. In all what follows, |||A|||v—m stands for the operator norm of a bounded operator
A : V — H on two given Banach spaces V and H:

Ax
Ay o o= sup LAZIE
x€eV HxHV

When the context is clear, we sometimes omit the subscript and we write |||A||| for ||| A|||v -
Proposition 2.2. The norm of an operator A : L?(0D) — L?(9D) satisfies the following bound:

2

11 Alllz2@p)L2(0p) < max ||| Aiilll 22001200 + > A2 00) 2000 | (2.13)
== 1<iAj<N

where A;j : L*(0D;) — L*(0D;) denotes the family of operators satisfying
o]
Al =D Aug, : (2.14)
. 7=1 1<i<N
i.e. Aijl¢] == e; - Alpe;] for any ¢ € L*(0D;).
Proof. Denoting by ¢ = (¢1,...,dn), we have by using the triangle inequality:

| A[8]ll 2op) < [1(Asl@)1<i<nllz2om) + ||| D Aijles] . (2.15)

i 1<i<N 2 (op)

Then both these terms can be bounded as follows:

N
I(AisloiDr<icnT20m) = 8° D Ml 72 0m,)

i=1

N
< 5% max |||/4n|||22||¢i||%2(api) = max H\Aii|||2|\¢||%2(ap)7
=1

1<i<N 1<i<N
2 2 2

N N

3 Auile)] =2 11D Ayles] <2 ST A NI 22 0m,)
g 1<i<N 2 om) =1 || g# L2(8D;) =1\ j#
N N

<s® D> AP 195l720m,) < DGR 18]1720m):
1<i#j<N j=1 J#i

Remark 2.4. Using (2.11), the same inequality holds by changing L?(dD) into H*(9D).

With a small abuse of notation, we identify in the next sections an operator A;; : L?(0D;) — L*(0D;) to

its natural extension A;; : L2(0D) — L2(dD) by 0, i.e. satisfying (Ai;¢); = Ai;j¢; and (Aij¢); = 0 for | # i.
9



2.3. Holomorphic expansions of layer potentials with respect to the size parameter

This part introduces the main results of this section, which are the holomorphic expansions of the single layer
potential and the Neumann—Poincaré operator given in Corollary 2.1.

2.3.1. Definitions and notation conventions

ez,k\z\

In all what follows, we denote by T'*(z) :=
equation with wave number k > 0, i.e.

— Gy the (outgoing) fundamental solution to the Helmholtz
(A + EHTF = 5,

where g is the Dirac distribution. For a smooth bounded open set D C R?, we denote by SF and K&

respectively the single layer potential and the adjoint of the Neumann-Poincaré operator on 9D: for any

¢ € L*(9D),
Sh(dl(x) == /8 THe o) doly), e R (2.16)

KB lel(x) = - V.T* (@ —y) - n(2)¢(y)do(y), =z €D, (2.17)
where do is the surface measure of 0D and n is its outward normal. We use the notations Sg’ and IC]B’* for the
same operators with k replaced with &, and we use the short-hand notation I' := T%, Sp := 8% and K}, := K%
for the fundamental solution of the Laplace operator, its associated single layer potential and the adjoint of its
Neumann-Poincaré operator. We recall that K& is a compact operator on L?(0D) and that S¥ is an invertible
operator from L2(0D) to H'(0D) when k? is not a Dirichlet eigenvalue of —A on D, whose inverse is denoted
by (S§)~t : HY(OD) — L?(0D), see e.g. [17]. Finally, the harmonic capacity of a set D is denoted by cap (D):

cap (D) = — Sptlap]do. (2.18)
oD

For the analysis in the most general setting where (H1) and (H2) are not necessarily satisfied, we consider
the following uniform boundedness assumptions on the resonator packets D;:

(i) the points (y;)ien belong to a bounded domain  C R3:
sup [y; — y;| < +o0; (2.19)
i#]
(ii) the number of resonators K; per packet D; is bounded: sup;cy K; < +o00;
(iii) the sets D; have uniformly bounded perimeters:

sup |0D;| < +oo. (2.20)
ieN
This implies that they also have bounded diameters: sup,cy diam(D;) < +oc;
(iv) the sets D; have a “uniformly bounded capacity” in the following sense:

sup [[Spill|z20Ds)—m1 (0D;) < +00, sup (Sp) ™l m1 @D > 2 (001) < +00. (2.21)
S 1€

These assumptions are naturally fulfilled when considering the assumption (H2) in which all the packets D, are
identical.

Throughout the paper, we denote for any p € N and y = (y1,¥2,y3) € R® by VPI'*(z) and by 3? the p-th
order tensors:

Vprk(ﬁ) = (8ﬁ,,_¢prk($)) yP = (yilyiz ---yip)lgil...ipgs‘n

1<is. . ip<3
and we denote by VPT'*(z) - yP the contraction
VPR @) -y = Y TR @)y v,

1<iy...ip<d

2.3.2. Holomorphic expansions of the single layer potential and the Neumann-Poincaré operator in the hetero-
geneous domain

The next proposition provides a full asymptotic expansion of the single layer potential as s — 0 with
truncation estimates independent of s and V.

Proposition 2.3. The following factorization holds for the single layer potential on Dy s for any N € N and
any distribution of points (yi)1<i<n satisfying (i)-(iv):

+o00 N “+o0
ngs =Pn,s Z sPT1 Z kPSp, p + Z sPT2 Z VTR (y; — yji) - 7_11;,;,Dj 77;,718, (2.22)
p=0 i=1 p=0 1<i#j<N

10



where Sp, , : L*(0D;) — H'(0D;) and 7'[7)’1,’[)1_ : L*(0D;) — HY(OD;) are respectively the operators and the p-th
order operator-valued tensors defined by

P
Soupldlt) =~ [ =tPl()da(e). 6 € I¥0D). 1€ 0D,
o= [ 4=eyaw)dolt).  oer*oD,).teoD.

The series (2.22) converges in operator norm for any s satisfying (2.8). Furthermore, there exist constants ¢ > 0
independent of s and N such that for any p € N:

N
PN7S <8p+1 Z kpSDi,P> rpl:f,ls

i=1

< CSp+1, (2.23)
L2(8Dn,s)—H (DN s)
2
- SoGGR (o

L2(0DnN,s)—»H'Y(0DN,s)

Prs |77 > VPTyi—w) Th b

iy
1<i#j<N

Proof. Let us denote for 1 <4,j < N by A;; : L*(0D;) — H'(8D;) the operators associated to ’PJQ}SS’[“)N Pn.s
as in (2.14). We have for ¢ € L?(0D;) and t € dD;:

Aii [¢]( ) Sk i+sD; [(ZS © Ty_i,ls] o T’yi,S(t)
- / I*(yi + st — )0 () do(y) = 52 / T*(s(t — #))g(t') do(t)
yi+s0D; oD;

= s8p;[0](t).

The first part of the expansion follows by using the identity SSD’j [¢] = Z;ZOB sPkPSp, pl¢]. For i # j, we have
instead for t € dD; and ¢ € L?(0D;):

Aijlol(t) = Sﬁﬁspj EXS @}s] o1y, s(t) =5 /aD. TF(y; — y; + s(t —t))p(t') do(t')

+oo 2+

pk . __#I\p Ndo(t
—pzo Sk v y»/a (t— ¢)P(t') do (1),

j
from where the second term of the expansion follows. The bound on the operator norm of the diagonal part of
PJT,}SS’E) +.Pn.s is obtained by recalling that Py s is an isometry and by making use of (2.13):

N N
| Pn.s (Z kpSDf,,p) ’P]:f,ls Z kPSp, p
i=1

i=1
where the triple norm is bounded by assumption for p =0 (eqn. (2.21)) and by using (2.20) for p > 1:

L2(dDn.)—HY(dDx.,) L2(8D)— H1(9D)

< K max (1S, plllz2 @00~ @00,

B 1S, ol 201 (0D < oy (| diam(@D0)| T + (p— 1)] dism(@D0)|**)9D,] for p > 1.

Yy

Similarly using (2.13) and the result of Proposition B.1, we obtain the existence of constants ¢, 8 > 0 such that
2

P |77 Y VP =) Thop, | Pl

R

1<i#j<N L2(dDn )~ HL(8DN ) (2 25)
1 .
<Y VTR =P ITE p IP S B YD
1<iAI<N 1<iAj<n 191 T Yi

< Bp52p+4e]_v2p€]_\,2 < 052(526;,2)77]2\?,

where we used the assumption (2.8) on ny. Finally, let us note that the series (2.22) must converge as soon
as (2.8) is satisfied because SgN . as a function of s has no poles on H, and coincides with this series on a
non-trivial neighborhood of 0. ]

Remark 2.5. Formula (2.22) has two terms: the first one features the operators Sp, , which are “diagonal”

terms describing the interactions occuring between each components B; 1, ..., B;  of the resonator packet D;.

The second term involves the extra-diagonal operators ’Tgh D, which account for the interactions occuring in

between the groups D; and D; for ¢ # j. The estimation (2.24) shows that the diagonal term is of order O(s)
11



while the extra-diagonal interactions are of order O(s(sfy')). The “critical” size £y corresponds therefore to
the characteristic size s under which (when s < /) the diagonal interaction is dominant.

In order to study the asymptotic of the resonant problem (1.2), we need a similar holomorphic expansion of
the adjoint of the Neumann-Poincaré operator.

Proposition 2.4. The following factorization holds for the adjoint of the Neumann-Poincaré operator on Dy s,
for any N € N and for any distribution of points (y;)1<i<n satisfying (i)-(iv):

400 N 400

Kh. =Pns [ D" Y WKp ,+ > 87T Y VTR —yy) - MY, | PRL, (2.26)
p=0 i=1 p=0 1<i#j<N

where K7, , L2(0D;) — L*(0D;) and M%J:}Dj : L>(0D;) — L?(0D;) are respectively the operators and the

operator-valued tensors defined by '

K, 101() = ——— [ n(t) Vit — P8¢ do(t'), e L2(@Dy), t € ID;,

~dmpl Jop,
ML [6(1) 1= ~ / n(t) @ (t—UP(t)do(t'), ¢ L*(9D;), t € D
Y b Jop,

The series (2.26) converges for any s satisfying the condition (2.8). Furthermore, there erists a constant ¢ > 0
independent of s and N such that for any p € N,

N
Pn.s <sp > kpn3i7p> Py < csP, (2.27)
i=1 L2(0Dn,s)—L2(0Dy,s)
2
Pu,s | P12 Z VPR (y; — y;) 'M%t,lpj P < (st (2.28)
ISiZj<N L2(0Dy..)—H (D)
Proof. The proof is analogous to that of Proposition 2.3. O

Equations (2.26) and (2.30) are rewritten in a more usable manner in the following corollary, where we
introduce the operators S¥(s) and K% (s) holomorphic in the variable s.

Corollary 2.1. The single layer and the Neumann-Poincaré operators can be expressed in terms of holomorphic
operators on the cartesian product D = D1 X --- x Dy through the following factorizations:

Shy. = Pn.sSH(s)Pyl, Kby, = PnsKE (s)PyL- (2.29)
(i) The operator Sk(s) is given by
—+oo
Sh(s) 1= s8po + $*Sp, + Y _sPTISE (2.30)
p=2
where the operators S%J) are defined by
N N
Spo = Slkj’o = ZSD:':O and Sg,p = Z kPSp, » + Z VPR (g, — Yj) - 7'3;113j for any p > 1.
i=1 i=1 1<i£j<N

Moreover, the terms of the series of (2.30) decay geometrically in the operator norm:
1ifp=0,
-1 -
|||SPS%)I)|||L2(6'D)—)H1(8'D) <cx sty ifp=1, (2.31)
st ifp > 2.

(ii) The operator KX (s) is given by

+oo
K (s)=Kp+ > s"KE,, (2.32)
p=2

where K}, and IC’{)*m are the operators defined by

N N
Kp=Y Kp, Kb,=> KFKb,+ >, V' 'Ty—y) ML, foranyp>2. (2.33)
=1 i=1

1<i#j<N
Moreover, the terms of the series of (2.32) decay geometrically in the operator norm:

1sPEE Il < e(str nkc? forp > 2. (2.34)
12



Remark 2.6. We shall use below the following identity
N
Shy,[Prsloll(@) =) s / Ma —yi—st)oi(t)do(t'), 2 €R’ ¢ =(dihicicn € L2(@D),  (2.35)
h aD;

which implies in particular that the operator S¥(s) reads explicitly
(SD = 82 Z/ —Yj + S(t — t/)) (bj (t/) dO’(tl), t e (9Di, (¢)1SZSN S L2(8D) (236)

We obtain a norm estimate of the inverse of the single layer potential in the subcritical regime s = O(Ej\,l)
(corresponding to (H3) if (H1) holds).

Corollary 2.2. The following norm estimate holds for the inverse of the single layer potential in the subcritical

regime s = O({5"):
(S ) et (op)—L2(om) < €57,
for a constant ¢ > 0 independent of s and N.

Proof. From (2.30) and (2.31), the Neumann series

“+oo P
s7! SDO E E (1) E (32’3,0)_182’3,1'1(82’3,0)_1"'(S%,o)_lsgij(sg,o)_l (2.37)
p=2 Jj= 1<iy...i;<p
PR st

is convergent (and equal to (SK(s))™!) as soon as sy’ = O(1) and the condition (2.8) is satisfied with a
sufficiently small constant c. This implies |||(Sg)™|||m1(9p)—12(0p) = O(s™!) and the result, recalling that
Pn,s is an isometry. O

We complete this part by stating a few useful properties which relate the holomorphic expansions (2.22)
and (2.26).
Lemma 2.2. The following identities hold for any 1 <i < N, 1 < j < K; and ¢ € L*(0D;):
(i) Kp, pl¢] =n-VaSp, pl#] for any p > 1;
(i) faB ’CE W do = %faBU ¢do;
(1i1) faB Dip ]da:—fBij Sp, p—2[d] dz for any p > 2.
Moreover, the following identities hold for any 1 <i; #1iy < N, 1< j; < K;, ¢ € L*(0D;,) and p > 0:
(iv) ME . [6)(t) = n(t) © T3, . [8)(t) and

/aB M [¢]da:/B ATE b, [qs]@eldm:/B 1075 [¢lda.

i1 i1
1171 1171 1171

In particular,

/ Mbp, D, [#]do =0 and
9B 1 2

i1J1

B

M%)il,D,-z [¢]do = </6D ¢d0> |Biyjy [T for any 1 < ji < K,
i2

i141
Proof. The points (i)-(iii) are classical, see e.g. [14, 15]. For the point (iv), we use the identity J;y? ® e; =
pyP~! ® I, which holds in the space of symmetric tensors. O

2.4. Uniform norm estimates in a heterogeneous medium

Throughout the paper, we denote by r > 0 a sufficiently large, fixed positive number such that Dy s C B(0,7)
for any N € N and s satisfying the condition (2.8). The following proposition establishes uniform norm estimates
for the single layer potential and its gradient on Dy s or on bounded subdomains of R3.

Proposition 2.5. There exists a constant c independent of N,s and ¢ € L*>(0Dy ) such that
(i) ||35_€7N @l oDy < es(L+ sb)@l LoD )
(i) ||5DNJ 2 (Bo.r)) < CN25||¢HL2 (9Dx.):
(ii1) ||VSDN B2 o)) < es(l+ 525 )||¢HL2(6DN,S);
(v) [ISBy . [Dlll2 (D) < es2 (14 53¢l L2 (oD )
(1) 19S5, [6lllz2con,.) < st (L + 52D 1ollcsonn, -
Furthermore, on any bounded open set A such that AN Dy s =0,

(vi) ISy [z () < N2 s]|6]| 20D
13



(vii) ||VSE, [8]llL2(ay < eNZsl[dllL2(py.)-

Proof. (i) This result is a consequence of the inequalities (2.23) and (2.24) of Proposition 2.3.

(if) We write for z € B(0,7)\0Dn s,
k 2 2
< ( / L da<y>> ( / . o da<y>>

Computing the square of this expression and integrating over B(0,r), we find

Nl
Nl

[SBy[0](@)] =

/8 e doly)

[ isho P <lolon,.y [ e )P dedoty)
B(0,r) B(0,r) JODN,s

< |I¢|\%2(aDN,S>/ <Sup / IT* (2 — y')2d$> do(y) < eNs?[|6]1220p .
ODn & B(0,r)

y/ E]RS

by using (2.20).
(iii) The function u := S’E)NYS [¢] is the solution to the following Helmholtz equation:

Au+ k*u =0 in R*\dDy s,

ou
Hanﬂ = ¢ on 9Dy, (2.38)
ou B 1
al iku = O(|z|™") as |z| = +o0,

where [Ou/0n] is the jump of the normal derivative accross dDy . Hence, we can evaluate its gradient on
B(0,r) thanks to the following integration by parts:

0= [ v RuPyes [ Ctaae— [ H%ﬂuda.
B(0,r) aB(0,r) On oDy.. LON

Therefore, we find

0
IVullZ2 (50, :/ leulgdﬂ«“—/ ¢ﬂd0+/ ;uﬂda- (2.39)
B(0,r) oD aB(

0,r) ON

We now evaluate the three terms. The first term can be bounded by c¢Ns? according to the point (ii). The
third term also since the following bounds hold for y € 9B(0,r):

fu(y)] < / T (y— ' )p(y)| do (') < / sup  T*(y—y)) P do@) 1]z omm ) < NP sll6llz0my .
ODn,s 8Dn,s y'€B(0,r")
and
Vuly)| < / VT (y — )y do(y) < / sup VI — )P do ()16l zomm
E?DN’5 8DN,5 y'EB(O,r')

1
< eN2s||9l|p2 0Dy

where 7’ > 0 is a characteristic size such that we have the strict inclusions Dy s € B(0,7’) € B(0,r). Finally,
we use point (i) to bound the second term of (2.39):

/ oudo
ODN,s

Hence, we have obtained ||V8k[¢]||2L2(B(o,r)) < es(1+sN+ 5€E1)||¢|‘%2(80N,5)' The estimate follows because
N = O(ty") in view of (2.1) and assumption (2.19).

< #ll20nn ) [SH . [Dll1L2 0D,y < cs(1+ L3161 20py .- (2.40)
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(iv) If € y; + sD;, we find the following inequalities:

Ky 2) = Fo (g - ko — )2 do
St = [ To@-pot)a <y>sz< | o T <y>>

N
N

( / |¢<y>|2da(y>)
A y;+s0D;

+ IT* (2 — y)| do(y) : T% (= y)| [6(y)[* do(y) %
</yi+sapi ) </yi+58Di >

< CZ |y |||¢HL (y;+s0Dj) +cs% (/ |Fkb($ —y)|\¢(y)|2 do(y))
’ Yy

i +s0D;

(| Wleonenvest ([0l st

J#i

1
2

Computing the square and integrating over Dy s yields then

k
HSDbNJ ]||L2 (D) <2c3352€ 2||¢||L2 8DNS)+2081EUEN ESlirpD /+ H |Fkb(3§—y)|dx||¢|‘%z(aDMS)
) Yyeyi+s YiT$s

1
< 2c3382£ 2 + 2css? sup su / —do(t 2 .
||¢||L2 (0Dx, ) 1<£N uE[I)) p, 4mlu —t| ( )||¢||L2(DN’S)

The estimate follows by using the assumption (2.20) to bound the second term of the above inequality.
(v) From the jump identities on the normal derivative of the single layer potential, the function v = Slkj” [¢]
solves the following Helmholtz equation in Dy s:

Au + kzgu =0in Dy,

ou 1 *
5. =30+ KEy 6] on 0D .

From the expansion of IC’B’; . of Proposition 2.4, we have the inequality HIC%;S (9l 22(0Dn..) < cllPllL2(oDn..)-

Therefore, using again an integration by parts with the results of the items (i) and (iv), we find

ou _ _

IVulZ2py ) = Eillul2py ) + /ap oy tdo<cs S+ A0l 0py )+ es(L+ s 20 .-
N,s

(vi) The proof of (ii) is unchanged if B(0,r) is replaced by A.

(vii) In the proof of (iii), the integral on 0Dy s is not present in (2.39) if B(0,r) is replaced with A, yielding an

upper bound proportional to sINV 3. [

3. HOMOGENIZATION OF A SOUND-ABSORBING METAMATERIAL

In this section, we use the holomorphic expansion (2.30) in order to establish a quantitative effective medium
theory for the sound-absorbing material (1.1) in the subcritical regime sN = O(1). Our analysis relies on the
following single layer potential representation of the solution:

UN,s = Uin — SJ%N,S [(SgN,S)_l[uin]]

P (3.1)
= Uin — SILC)N,S [,PN,S(S%) 1PN,15 [Uin]]-

We proceed in two parts. In Section 4.1, we reduce, for arbitrary distributions of centers (y;)1<i<n, the
inversion of the single layer potential S{% in (3.1) to the invertibility of an algebraic linear system. Following [25],
we call this algebraic system the Foldy-Lax approximation of (3.1) since the coefficients of the solution determine
the far field expansion of uy 5. Using the theory of [33], we show the convergence of the algebraic system to an
effective integral equation in Section 3.2. Then, we derive in Section 3.3 an effective medium theory in the setting
where the packets of resonators (D;)1<;<n are identical and in the subcritical regime sN = O(1) (assumptions
(H1) to (H3)). Our main result is given in Proposition 3.4, which states the quantitative convergence of the
total field to the solution of a dissipative Lippmann-Schwinger equation.

3.1. The Foldy-Lax approximation for an arbitrary distribution of small obstacles

Formula (3.1) allows to compute asymptotic expansions of uy s from an asymptotic expansion of (87’“))_1
From (2.31), it is clear that sSp,g + s2Sp ; is the leading order term in the series expansion (2.30) of Sf. It
turns out that this operator has an almost explicit inverse as outlined in the next lemma.
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Lemma 3.1. The operator Sf),o + 58%71 : L2(0D) — HY(OD) is invertible if and only for any right-hand side
= (fi)i<i<n € HY(OD), there exists a unique solution zN = (zN)1<i<n to the following N-dimensional linear
system:

ik
<1+ & cap (D¢)> —cap (Dy)s Y _T*(y :/ Splfido,  1<i<N. (3.2)
47'(' Py oD; K
When it is the case, the solution ¢ = (¢;)1<i<n € L*(OD) to the problem
(Spo+sSp )] = f (3.3)
is explicitly given by the formula
B iks _
¢i =Sp fi + e N*SZF yi —y;)z) | Spillon,]
J# (3.4)

1 N
= (S;tfi+ —— “lrd “Mop]) - ——S71 1<i<N.
(SDi * cap (D;) (/801- 5./ J) Sp; [ton.] cap (Di)SD"’ Lon], ==

Proof. (3.3) can be written as

iks .

Sp,¢i — / ¢;dolsp, +SZF Z/j)/ ¢;dolsp, = fi, 1<i<N,

aD;
J#i I

which is equivalent to

iks _ _
bi — / ¢; doSpM lop,] + s Y TH(yi — y)) / ¢; doSp lop,] = Sp! fi. (3.5)
¢ oy oD,
Integrating on dD; and denoting z¥ = Jop. ¢ido, we find that (3.3) admits a solution given by (3.4) if and
only if (3.2) is invertible. Then, substituting [, ¢;do by z¥ back in (3.5) yields the formula (3.4). O

The invertibility of the linear system (3.4) is not clear for arbitrary distribution of points (y;)i1<i<n and
packets of obstacles (D;)1<i<n. However, we shall obtain it under the randomness assumption on the centers and
the uniformity assumption that the packets of resonators are identical and constituted of K single components
(B1)1<i<k- In the remainder of this section, we therefore assume (H1) and (H2).

In the context of the asymptotic expansion based on the representation (3.1), the right-hand side of (3.3) is
given by f = 73](,715 [tin], whose leading order expansion is given by
7)1?7,13 [tin] = (tin © Ty, s)1<i<N
= (uin(yi)lop, + O(s)) = (uin(yi)1lop,)1<i<n + O,
Substituting the leading order term into (3.2) and using (H2) yields the following linear system for the coeffi-

cients (2M)1<i<n:

ik
(1 + ﬁcap (D)) 2N — cap (D)s Z % (y; — yj)zJN = —cap (D)uin(v:), 1<i<N. (3.7
1<jAI<N

1 3.6
om) (SQNE). ( )

The finite dimensional system (3.7) turns to be exactly the so-called the Foldy-Lax system associated to the
scattering problem (1.1); the obstacles Dy s behave as N point sources with intensity —sz.¥ [25, 24], as retrieved
in the next proposition.

Proposition 3.1. The following expansion holds for a fized x € R*\Q away from the resonators:

N
un,s(T) — un(x) = — Z 52NT(x — ;) + O(s(sN)), (3.8)
i=1

where (2N) is the solution to the algebraic system (3.7).

Proof. First, for € R¥\ Dy ; and ¢ = (¢;)1<i<y € L*(9D), a Taylor expansion in (2.35) yields
N

Shy [Pysldll(x) =) s (F’“(x —y:)+0 (W)) [ dido (3.9)

i=1
Let us then consider the function ¢ € L?(9D) given by

¢ = (Sp) Py luin] = (8p) M (uin(vi)lop,)1<i<n] + O(sN?%) 12

¢ ( e SHlL ]) +O(sN?)
= —_ _— : ; 2 s
0 cap (D;) " P 1<i<N ren
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where (2;)" is the solution to (3.7) and ¢g a function whose coordinates ¢g = (¢ ;)1<i<n) satisfy faDi ¢o,ido =
0 for 1 <14 < N. Using (3.9), we find that the scattered field is given by

un,s(7) = tin(2) = =Sh  [Pn.s(8p) " Py luill(2) = =Sh, . [P .s[4]]

N
— Z S (I‘k(x —yi)+ O(s)) 2V + 0(s(sN)).

i=1
1
The result follows by using the result of Proposition 3.3 belows which states that (Zil |le|2) * = O(Nz). O

Remark 3.1. The Foldy-Lax approximation (3.8) holds even for arbitrary obstacles as soon as the system (3.2)
is invertible and well-conditionned. This has been partially obtained in [25][Lemma 2.22] under the natural
condition (2.8) and miny<;x«;<n cos(k|y; —y;|) > t with ¢ > 0, however the proof features a mistake at the end
of page 103 of this reference.

3.2. Convergence of the Foldy-Lax system to an integral equation

As N — +o0 and under the randomness assumption (H1) of the centers (y;)1<i<n, it can be expected that
the Foldy-Lax system (3.7) can be approximated by the following Lippmann-Schwinger equation:

(14 Feap (D)) o) — can (D)sN [ T4~ 1)s)0ly) a0/ = —cap D)),y (310
4 Q

where the discrete Monte-Carlo sum in (3.7) has been replaced with the expectation with respect to the measure
pdx. The object of this part is to give a precise statement justifying the invertibility of the Foldy-Lax system
and its convergence towards (3.10). We rely on the theory of our recent work [33] for this purpose.

To start with, the well-posedness of the Lippmann-Schwinger equation (3.10) is a classical result, see e.g.
[29, 48]. It follows from the following statement on the spectrum of the volume potential.

Proposition 3.2. Let us denote by V¥* the volume potential
Vee o L2(Q) —  H?*(Q)
o= JoTRC =)y dy'.

(i) VE+P + L2(Q) — L*(Q) is a compact operator, hence its essential spectrum is the set {0};
(ii) the point spectrum of V¥ belongs to the negative complex plane C_ = {\ € C|()\) < 0}:

sp(VEP)y c C_u{o}.

Proof. Points (i) is classical, see [53, 56]. For the point (ii), we prove that A\I — V% : L2(Q) — L%*(Q) is
invertible if A\ € C\{0} with &()\) > 0. From the Fredholm alternative, it is sufficient to show that A — V¥
and Al — 8% have a trivial kernel.

Let ¢ € L?(Q2) be an element of this kernel; V**[¢] = A¢. The function u := V¥*[¢] satisfies

(3.11)

1
Au+ k*u = pplg = Xpulg in R?,
Oppyu — iku = O(|z|~?) as |z| — +o0.

Multiplying by @ and integrating by parts in the ball B(0, R) for a sufficiently large R yields

0 1
/ (—|Vu|2+k2|u\2)d:c+/ —uﬂda:f/p|u|2da:. (3.12)
B(0,R) aB(0,R) O Ao

Taking the imaginary part, we find that the radiated flux at infinity is given by

ou 1
R / —udo =S<>/pu2dm.
<6B(O,R) on > A Ja o

Since $(A) > 0, it follows that () < 0 and the above flux is non-positive, which entails v = 0 in R*\Q, and
then u = A\¢ = 0 in R? by the unique continuation principle [48, 29]. |

In the remainder of this section, we assume (H3): we consider the setting where the quantity sN multiplying
the compact operator in (3.10) is bounded. We denote by A% the matrix

AR = N7HT (i — y))i<izien (3.13)
occuring in the system (3.7), and by ||| - |||2 is the triple norm defined for a matrix A by
Az 1
[l|A]l||]2 ==  max [142]]> where ||z]|2 := ( Z |2:|%)2.
e=(zhicizn ||7]l2 1<i<N
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By using the upper-boundedness with respect to the Frobenius norm and Proposition 2.1, we infer the existence
of a constant ¢ > 0 independent of N such that

ANz < e, (3.14)

almost surely with respect to the distribution of the points (y;):en.

The theory of [33] yields the convergence of the linear system (3.7) towards the integral equation (3.10).

Proposition 3.3. Assume (H1) to (H3). There exists an event Hy, which holds with probability P(Hy,) — 1
as No — +oo such that, conditionnally to Hy, and with a constant ¢ > 0 independent of s and N:

(1)

(i)

(iii)

Proof.

the linear system (3.7) is invertible for N > Ny, and well-conditionned:

’ ((1 + ik—;cap (D)) I — sNcap (D)A’fv> - <g (3.15)

4

2

the operator Sp o + 5851 is invertible for N > Ny, and its inverse satisfies

11(Sp.0 + 5851) Il (op)—L2(0D) < € (3.16)
Consequently, the inverse of S& admits the following asymptotic expansion:
(8p) ™" =57 (Spo +5Sp1) "+ O(s™ (st Jw);

the solution (zN) to the linear system (3.7) can be approzimated by the solution z to the Lippmann-
Schwinger equation (3.10) in the following mean-square senses:

1

3

N
1 _1
a) E [NZ;ZZN —Z(yz’)lzlﬁNo] < ¢N725N||uinl|22(0);

) E [ = 2ldao M| < eNTEsNluinllia), YN = N,
where 2N the Nystrom interpolating function of the system (3.7) defined by

. cap (D) _ B N o
ZN(y) = _1 n iffsCap (D) (uln(y) S;Fk(y yz)ZzN> .

s

(i) Let w be the open subset

1
w = {)\EC|§R(/\) > ccap(D)}’
where ¢ is the constant of (H3) such that sN < ¢. Since 0 ¢ w, w contains only a finite number of
eigenvalues of V¥ with negative imaginary part. Therefore, up to selecting a larger constant ¢, we can
assume that w is a subset of the resolvent set of V¥*: w C C\sp(V**). According to Proposition 2.8
of [33], there exists an event Hy, satisfying P(Hy,) — 1 as Ny — 400 such that w is also contained in
the resolvent set of the matrix A% for N > Ny. Denote by A N,s the quantity

1+ %cap (D)
AN i= ——L———=
’ sNcap (D)

Since A\y,s € w, the matrix Ay ;I — A’fv is invertible for NV > Ny, which is equivalent to the invertibility
of (3.7). Furthermore, since w is included in the resolvent set of A%, the distance of 1/(sNcap (D)) to
the spectrum of A% is bounded from below:

1
Ak > /
d(chap(D)’Sp( N)) =Cs

for a constant ¢ > 0 independent of s and N. By using the inequality of Proposition C.1 in the
appendix, this implies the existence of a constant ¢’ > 0 such that

-1
I (AsnT=AF) Iz < ¢,

from where (3.15) follows easily.
The invertibility of Sp o —|—s$§71 and the conditioning is obtained from Lemma 3.1 and the formula (3.4).
The expansion for the inverse follows from computing the Neumann series of (2.30) with the estimates
of (2.31).
These bounds follow from the previous points and by applying respectively the Corollary 3.2 and the
Proposition 3.6 of [33].

O
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3.3. Effective medium theory for sound absorbing metametarials up to the critical regime

In this final subsection, we use the result of Proposition 3.3 to obtain that the solution uy s to (1.1),
represented by (3.1), can be approximated by un s(z) ~ —cap (D)z(z) where z is the solution to the integral
equation (3.10). From there, an additional few steps yield the following homogenization theorem.

Proposition 3.4. Assume (H1) to (H3) and denote by u the solution to the Lippmann-Schwinger equation

Au + (k* — sNcap (D)pla)u = 0 in R?,
(3.17)

o . B 5
<8|x - 1k> (u—uin) = O(|z]77) as |z| = +oo.

There exists an event Hy, which holds with large probability P(Hn,) — 1 as Ng — 400 such that when Hy, is
realized, the function u is an approzimation of the solution field un s to (1.1) with the following error estimates:
(i) on any ball B(0,r) containing the obstacles, & C B(0,r), there exists a constant ¢ > 0 independent of

s and N such that for any N > Ny:
ElJun,s = ll32(p0.) Hro)? < esNmax((sN)2N =5, N~2); (3.18)

(ii) on any bounded open subset A C R3\Q away from the obstacles, there exists a constant ¢ > 0 independent
of s and N such that for any N > Ny:

E[|[Vuy,s — Vul3s ) [Hno)? < csN max((sN)2N~5, N7#). (3.19)

The relative error is of order O(max((sN)2N~3, N~2)) because the scattered fields uy s — uin and u — us, are
of order O(sN).

Remark 3.2. Tt can be shown by adapting the arguments below that the effective medium is not changed at
first order if the resonators are rotated according to a rotation field y — R(y), but we keep this setting for
simplicity.

1

Remark 3.3. The convergence rate max((sN)2N~3, N=2) is a competition of two terms: N~2 is a natural rate
associated to the convergence of Monte-Carlo estimators, while (s N)2N~1/3 = (sN)sej\,1 brings into play the
ratio ny = s/en between the size of a resonator and the minimum distance between the centers (y;)1<i<n-

The proof uses the representation formula (3.1). We assume that the highly probable events Hﬁf) and H,
are realized. First, the conditioning bound (3.16) enables to compute the asymptotic expansion of the inverse
of the single layer potential: the expansion (2.30) can be rewritten as

Sp = 5(Spo+55p 1) (1 +(Spo+58p,) " Ji’" Spszk),p> = 5(Sp,0 + 585 1)1+ O(sly'nn)),
p=2
where sﬁf\,l is bounded under the event Hgll). Using a Neumann-Series, we infer
(8p) " =571 (Spo + 88p1) T I+ O(sty'nn)) = s (Spo + sSp1) " + O(s™ sty ).
Inserting now (3.6) in this expansion, we obtain
(85) ' Pyl [uin) = (S5) ™ [(uin (i) 1o, )1<i<n] + O(sN %) 12 (o)
=571 (Sp,o + sSp 1) (uin(yi)lop, 1<i<n] + O(s sty insNE) p2(am) + O(sN2) 12 (o).

Using the expression (3.4) of the inverse (Sf o + S5 1) ™!, we arrive at

ca zY
(Sp) PR fuin] = 571 <um<yi>sD1[1aD] - cai Eg; uin(9:)Sp" [lon] = s SDl[laD]) s

+ O(max(sﬁ&lmv, s)sflsN%hgigN'

N
-1 Zi -1 -1 —1_a7L
=—s S [13D]) + O(max(sly Ny, 8)s” sN2)1<i<n-

(cap (D)~ P I<icn N <i<
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Using the bound (ii) of Proposition 2.5, the fact that Py s is an isometry, and formula (2.35), we obtain the
following approximation on the ball B(0,r) containing the obstacles:

UN,s = Uin — SgN,_g [’PN,S(S%)_lpltf,ls [tin]]

N
1 - —_
+ W Z sle /BD Fk(' — Y — St)SDl[lﬁD](t) do(t) + O(max(sﬁNlnN, 5)sN)2(B(0,r))

" (3.20)
ot / (H Cap(D)zN(-—st)—l—uin(-—st)> S5 Lop)(t) do(t)
oD

cap (D) cap (D)

+ O(max(séx,lmv, 5)sN)r2(B(0,r))-
Note that in virtue of the points (vi) and (vii) of Proposition 2.5, the same estimate is also valid by replacing

the norm of L?(B(0,7)) with the one of H*(A) for A any bounded open set outside the obstacles (A C R3\Q).
Taking the limit s — 0 and N — 400 in the above expression, we expect the convergence

~ b —1 S ORI S
s 2 Uin + cap (D) </aDSD [lop] da> (Cap (D)Z +um) S (D)Z as s — 0 and N — +o0, (3.21)
which would imply the result of Proposition 3.4 because —z/cap (D) is (up to an error of order O(s)) the
solution to (3.17). This asymptotic behavior is justified by the next three technical lemmas. The first one is an
improvement of the point (iii)b) of Proposition 3.3.

un

Lemma 3.2. For any r > 0, there exists a constant ¢ > 0 independent of N and s such that
1 1
E[llzY = 2|12 (50,02 < esNN™2. (3.22)
For any bounded open set A C R3\Q which does not contain the obstacles, it also holds
1 _1
E[||V2N = Vz[[72(4))2 < csNN72. (3.23)
Proof. Let ry be the discrepancy
N
cap (D)SN 1 k / k / ! ’ /
T =" = My —yi)z(y:) — | Ty —19')z d .
NY) = s cap (D) N; (v —vi)2(vi) ; (v —y)z(y)ply) dy
By the law of large number and using the fact that T* € L2(B(0,7)) and VI'* € L?(A), we have the estimates
1
3

1 _1 1 —
Ell[rnl12e(pom)® S esNN72, E[|[Vryl[Za())? < esNN (3.24)
Then, subtracting (3.7) from (3.10) yields
N cap (D
z —2(y) = —ft— ) (zin —2(wi)) | +r :
(y) — 2(y) = . mcap (NZ (y —yi)(zin — 2(y ))) ~(Y)

Hence, (3.24) and the point (iii)a) of Proposition 3.3 imply the bound

E[|2Y = 2|[72(p(0,m)? < ( ZE (" = w1725 w))])

+E[rnl32(p00)) 7 < 2esNN72,

Nl
N

(}V > Bl - z(yn?})

from where (3.22) follows. The result of (3.23) is obtained similarly. O
We then need uniform estimates of convolution integrals of the form [, v(- — st)é(t)do(t) , which occur
n (3.20).
Lemma 3.3. Let A C A’ C R3 be bounded open subsets such that

A—st:={x—st|lxe A} Cc A (3.25)
for anyt € 0D and s sufficiently small. The following uniform bound holds for any ¢ € L*(dD) andv € L*(A’):

/a o= s)oda(t)| < (0D [[ollxcar 1o (3.26)

L2(A)

Proof. This is a direct consequence of the Cauchy-Schwartz inequality:
2
/ / v(x — st)o(t) do(t)
AlJop

Our third lemma establishes the convergence of [, v(- — st)¢(t) do(t) to the function ([, ¢do)v as s — 0.
20

dz < /8 B0 doO6lL200) < 0D oz 6l
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Lemma 3.4. Let A C A’ C R? be bounded open subsets satisfying (3.26). The following convergence holds for

any v € HY(A'):
’ /BD o(- — st)(t) do(t) — (/BD ¢>da> v

Proof. The following inequality holds for any = € A,

< es|| V|| 2ear. (3.27)
L2(A)

2 2

/ (v — st) — v())é(t) do (t)
oD

g/@D (/OSVv(x—ut)~tdu>2

Integrating on A, we therefore obtain

‘ /OD o(- — st)p(t) do(t) — (/GD ¢da> v

The result follows because the supremum can be bounded by ||Vvl[3. (A O

_ ‘_/BD /O Volz — ut) - t6(t) dudo(t)

do®)l¢lZ2(op) < [)D/() Vo(e —ut)|? du(s[t*) do(t)|6]72op)-

2

< sup \IVvlliszm)s?/ [t do (8)||¢l| 2 o)-
L2(A) tedD,0<u<s oD

Proof of Proposition 3./. We start by proving the convergence (3.21). Consider 0 < r < 7’ such that Q C
B(0,7) C B(0,7"). Using (3.22) and (3.26) with A = B(0,r), A’ = B(0,7'), v = z — 2V, we can write the
asymptotic expansion

/ N —st)Sp [1ap](t) do(t) :/ 2(- — st)Sp [1ap] (t) do(t) +O(5NN*%)IE
oD

5 1.
oD 172 s eo.m)) 2

Then, the result of Lemma 3.4 yields

1+ $cap(D) o B
/5D (0313(13)2( st) + tin 5t>> Sp [Lap](t) do(t)

1+ #cap (D)

2

= —cap(D) cap (D)

Z — cap (D)uin =+ OLQ(B(O,T))(S)' (328)

Coming back to (3.20) and remembering that ny = 36;,1 = O(SN%), we obtain the following asymptotic
expansion for upy 4:

]. 2 1
s = ————— NsN3,s, N"2, N~ 1)sN 1
'U,N, cap (D) z + O(maX(S S 3.8 2 )S )E[H'HiQ(B(o_T))]%
) ' (3.29)
S N)2N~5,N7%)sN :
cap (D) Z+ O(maX((S ) 3, 2 )5 )E[H‘||i2(3(017‘))]%

Finally, it remains to observe that

z
= 0 r )
ap (@) "t Oorso ) ()

where u is the solution to the exterior problem (3.17). The convergence estimate (3.18) follows. The same

proof applies by replacing B(0,r) with a subset A C R3\Q and Vuy ; instead of uy s, yielding the convergence
estimate (3.23). O

Remark 3.4. The above arguments cannot be easily adapted to treat the “supercritical” regime sN — +o0o0 due
to several deep mathematical reasons. First, one cannot expect a better estimate than (3.16) for the inverse of
8%70 + 5851. Then the geometric series associated to the inverse of (2.30) would feature remainder terms of
order O(n%;) which are of order O(1) when s ~ ke even for a small constant .

4. HOMOGENIZATION OF A HIGH-CONTRAST ACOUSTIC METAMATERIAL

In this section, we consider the scattering problem (1.2) in the high-contrast medium. We apply the same
method as in the previous sections to show the convergence to an effective medium and to obtain quantitative
convergence estimates. The main difference with the previous section lies in the need to account for resonances.

Our analysis is again divided into three parts. In Section 4.1, we reduce the scattering problem (1.2) to an
integral equation of the form
A(s,0)[0] = F, (4.1)
where A is an integral operator holomorphic in s and § over L?(9D) x L?(9D). Following the analysis of our
previous work [34], we reduce (4.1) to a M dimensional linear system

A(s,0)x = F, (4.2)
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which is singular at exactly 2M complex resonant values of the characteristic size s. We call the system (2.31)
the Foldy-Lax approximation of (1.2) because the solution x determines the far field expansion of uy s similarly
as in the Proposition 4.3 for the dissipative medium of (1.1).

In Section 4.2, we assume (H1), (H2) and (H4) and we show that the solution =V of the algebraic system
(4.2) can be approximated in terms of the solution of a limit integral equation. Finally, these results are used
to establish in Section 4.3 a quantitative effective medium theory and the error bound (1.16).

4.1. The Foldy-Lax system for an arbitrary system of many tiny resonators
Following [13, 12], the solution uy s of (1.2) can be represented as
S]B’N s[go](ac) if x € Dy,
UN’S(.T) = k ' . 3
in(2) + b, [W](z) if 2 € R*\ Dy,
where the functions (¢, ) € L?(0Dn,s) x L*(0Dy ) solve the system of integral equation

Sg. [l — Sk, 1] = ui,

1 1 Oty (4.4)
(-21 + /C’;;Jjﬁ) o] -6 <21 + /cg*Nng) [W] =57 "

Using the factorization (2.29), we can rewrite (4.4) as an equation for (73]?,,13 [], 791(,718 [¢]) € L?(0D) x L*(dD) in
terms of the holomorphic operators Sk (s), Sk (s), K& (s) and Kk*(s):

(4.3)

P ’P71 in
As, ) les [¢] _ 71N,s[§’u‘] (4.5)
fPMS[M PN,S [6877;"] ’
where the operator A(s, ) is given by
Skb _Sk
A(s,8) = o (%) p(%) . (4.6)

UK () 8 (L4 K ()

Equation (4.6) has the exact same structure than the resonance problem studied for resonators with fixed size in
[34], where the parameter s plays here the role of the subwavelength frequency w considered in [34], and where
the operators act on the cartesian product space L?(9D) (defined in Section 2.2) with D = dD; xdDg X ... dDy.
The same analysis would yield M = Zfil K; pairs of complex resonant sizes sif () of order O(J 2), defined as
the poles of A(s,8)~! or equivalently the values of s for which A(s,§) has a non-trivial kernel. In what follows,
we follow the steps of [34] to analyze the invertibility of (4.6).

By using a Schur complement, the integral equation (4.5) can be rewritten as the following system of two
equations for (79;,,18 [], 73]:,715 [4]):

Prklt] = (SB) ' SEPILI] - (SB) 7 Py luinl,

gl o (Gre ik ) (shtst]| Paitel = opst [Ge] - (1K ) (55 PR o
Therefore, the invertibility of A(s, d) is equivalent to that of the operator
£(s,0) 1= T+ K" () — 5 (;1 T /c;g*(s)> (Sh(s))~1SE ().

Using the asymptotic expansions (2.30) and (2.32), L(s, ) can be rewritten as
L(s,0) = —%I + K + 52By(s) + 0Ba(s) (4.8)

where B;(s) and Ba(s) are the holomorphic and compact operators defined by
PBy(s) = 3 KL Bals) = - (;1 " iC’B*(s)) (S (5))"1S% (5) (19)

p=2

For the derivation of quantitative error bounds for the homogenization of (1.2) in the regime s — 0 and
N — 400, it is important to derive estimates uniform in s and N. Anticipating the analysis of Section 4.3
which considers the subregime of (H4) whereby sN is smaller than the deviation to the resonance, we assume
in the remainder of this section that

sN = 0ass— 0and N = +oo. (4.10)
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Remark 4.1. We note that, if sN ~ A for some constant A > 0, there can be resonance phenomena due to the
interactions between the resonators independently of the value of the contrast parameter §. For instance when
K =1 and § = 0, replacing formally (4.38) below with its continuous limit leads us to expect a resonance when
there is a non-zero solution ¢ to

cap (D)6 —sN/ NI (y — o )oly') dy’ =0,

i.e. when sN is close to 1/(cap (D)u) for p an eigenvalue of the volume potential V¥o-°.
Under the assumption (4.10), we have the following operator norm estimates for 51 (s) and Ba(s).

Lemma 4.1. The following norm estimates hold for the operators s*By(s) and 6B (s) independently of s and N :

115 Bu(5)ll 201 120y = O(s ), [1B2(9)]l112(0m) 12(0m) = O). (4.11)

Furthermore, there exists a constant ¢ > 0 independent of s and N such that the following inequality holds for
any ¢ € L*(9D):

2
2

/aB ((s*Bu(s) + B2(s))[¢]):, do < c(s +0)|10l|2(om)- (4.12)
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sl

1<i <N
1<51 <Ky

Proof. The estimate (4.11) results from (2.31) and (2.34). Let us prove (4.12). Since [||B2(s)||| = O(1), it is
clear from the Cauchy-Schwarz inequality and the definition (2.12) of the L?(dD) norm that it is sufficient to
prove only the bound on the term involving Bj(s). We have, due to Lemma 2.2 for a given 1 < i; < N and
1 S jl S K’il:

/ (B (5)[])s, do
OB

i1J1

o0 o0
=X [ Kb elder Y e ) [ 1078, (s
p=2

9Biy 1<inAi1 <N p=2 i151
+o0o
< 526||¢i1 ||L2(33i1j1) + Z Z Spvp_S(AFkb)(yil — yig) . / 73;3,3@ [(b;] dx
1<ig#i1 <N p=3 Biyj :
“+ o0
< 526||¢le ||L2(aBi1j1) + Z Z stpr—i%Fkb (i, — i) - / ng:Diz [#7,] d
1<is£i1 <N p=3 Biyi

< 652||¢i1||L2(35i1j1) +c Z Z

16is||220Ds,)
1<ig#i <N p=1 |y“

Yiy |p

(4.13)
where we used Proposition B.1 at the last line. Then observe that
> S leeny € T Sl
1<in£i; <N p=1 1711 2 1<isi <N p=1 Y1 — Yial€
1 (4.14)
= 53 1 ’
-1
<ed vt D g lealleny <es | D s | [19llixen).
p=1 1<ipgn<n Vi T Vi 1<isAn<n Vi T Yz
This implies by using the Cauchy-Schwarz inequality and the definition (2.12) of the norm:
2
Y / (s°B1(5)[¢])i, do| < es[[@l[72(ap) + cs”s 3711172 0m)
1<ii<N |Y9Biyj
1<j1 <Ky
<est(1+ (sty')?).
The result follows because 361_\,1 is bounded by the assumption (4.10). ]

The next step is to characterize the kernel of —(1/2)I+ K%, which is the zero-th order part of L(s,d) in (4.8).
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Lemma 4.2. The kernel of the operator —%I + K3, is of dimension M = ZZI\; K; and is given by

Ker <;I+ K%) = span(Y7;)1<j<i, X -+ X span(Pi;)1<i<Ky
where for any 1 <i < N, the functions (Y;;)1<j<k, form a basis of Ker(K7,,) and are defined by:
Vi = (8p) Mlem,),  1<j< K
The range of the operator —%I—HC% is the space of functions ¢ = (¢;)1<i<n with zero averages on the group of
resonators D;:
Ran (;1 + 16;5) = LY(OD) := L3(0D;) x - x L(dDy),

where L3(0D;) = {¢ € OD; | faDi ¢pdo = 0}. It is of codimension M. Furthermore, we have the direct sum
decomposition

L*(0D) = Ker (—;I + K;g) @® LE(0D),

and —11 + K3, is invertible as an operator LE(0D) — L&(0D).

In order to compute the inverse of the operator L(s, d) of (4.8) we introduce a constant finite range operator
H such that f%I + K% + H is invertible. In what follows, we denote by (C;)i<i<n the capacitance matrices
associated to each group of resonators D; = Ui<<k, B;j, which are defined by the following identity:

Ci,jl - — ’Q[J,?ldO', ].SZSN,l SJJSKZ (415)
dBi;
We recall that C; is a symmetric positive definite matrix for 1 < ¢ < N (see e.g. [34][Section 2] for a list of
properties of the capacitance matrix). In order to define the operator H, we introduce the basis of functions
(¢7;)1<j<rK; of Ker (7%1 + IC}Si) which satisfy the property

¢j;do = 6j for any 1 <1 < K. (4.16)
9By
These functions are explicitly given by
K;
¢5 == (C7h)uy, forany 1<i <N, 1<j < K;. (4.17)
1=1

Each function ¢;; of the above definition belongs to L?(0D;) for any 1 < j < K;. Then, in what follows and
with a slight abuse of notation, we still denote by ¢j; = (0,...,0,¢5;,0,...,0) € L?(D) the function with N
coordinates whose coordinate ¢ is given by (4.17) and which is zero on the other coordinates.

Definition 4.1. We denote by # : L?(9D) — L?(9D) the finite range projection operator satisfying Ran(H) =
Ker(—1I+ K%) and Ker(#) = £L3(9D). The operator H reads explicitly

K;
Hlg] = Z </ bi dU) o with ¢ = (¢:)1<i<n € L*(9D).
j=1 \" 0B 1<i<N
Proposition 4.1. The operator L(s,d) defined in (4.8) can be decomposed as
L(s,6) = Lo — H + 5*Bi(s) + 6Ba(s), (4.18)
where Ly := —%I + K} + H is an invertible Fredholm operator. The inverse of Ly reads explicitly

£t = (~51+Kp)  fo- Mol + Hig),

where (—31+K3) ™! is the inverse of the operator (—31+K3) : L3(0D) — L3(dD). Furthermore, the following
properties hold true:

o Hlpi] = Lolgf;] = ¢7; for any 1 <i < N and 1 <j < K.

* Jon, (Lot@)ido = Jop,, dido for any ¢ = (di)1<i<n € L?(0D), 1 <i< N and 1 <j < K;

o ¢ = (¢ — H[¢]) + H[¢] is the direct sum decomposition of ¢ on L3(OD) ® Ker (—31+ K3).
The decomposition (4.18) reads

L(s,0) =G(s,0) —H, (4.19)
where G(s, ) is the operator
G(s,0) = Lo+ s*By(s) + 6Ba(s).

Since Ly is invertible, G(s, ¢) is a holomorphic Fredholm operator whose inverse can easily be computed thanks

to a Neumann series.
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Lemma 4.3. The operator G(s,0) is invertible for sufficiently small s and 6 and it holds
G(s,0) ' =Lyt —C(s,6),
where C(s,d) is the compact operator of order O(sty'nn + ) defined by the following Neumann series:

+o0o
C(s,6) = > (=1)PF LG (s Bu(s) + 0Ba(s)) Ly )P

p=1

The decomposition (4.19) “invertible+finite range” enables to reduce the problem (4.5) to the inversion of a
finite dimensional holomorphic M x M matrix A(s,0).

Proposition 4.2. The operator A(s, §) is invertible if and only if the M x M matriz

A(5,0) = (A(8,0)iyy ings )1<ir <N, 1< <K, 5
1<i2<N,1<j2 <K,

defined by
A(S’(S)i1j17i2j2 = / (C(S, 5)[¢?2j2})i1 d07 1< ilviQ < N, 1< jl < Kiu 1< j2 < Kj2
831'13'1

is invertible. When it is the case, the solution (’P]Q}S [<p],771§718 [¢]) to (4.4) reads

Prhlel= > alG (s, 0)[e}]+ G (s, 0)[f],

1<i<N
<j<K;
1 ey N(cky—1ckyg—1 ky—1cky -1 ky—1p—1 (4.20)
Prslvl= D al(SH)T'SpG (s.0)[05] + (Sp) 'Sy (5, 8)[f] — (SH) Py Llunl,
1<i<N
1<5<K,
where f € L%(OD) is the function
a mn 1 — —
Fo= 0Pl |2 5 (214 kK ) (SE) 1Py [win] | (4.21)
S On 2 S
and where the coefficients =¥ = (xz]‘\;)lgiSN,lSngi are solving the finite dimensional problem
A(s,0)xN = F with F := </ (g_l(s,é)[f])ida> . (4.22)
OBi; 1<I<N,I<G<K;
Proof. The proof is identical to the one of Proposition 2.4 in [34]. |

The next result justifies that (4.22) can be called the “Foldy-Lax” approximation of the high-contrast system
(1.2).
Proposition 4.3. The following point-wise expansion holds for any x € R3\Q:

N
un (@) = uin(z) = =s*(L+ O(sN)) Y [ Y 2 | TH@ — ) + O(s),

=1 \1<j<K;
which shows that Dy s behaves outside the medium as a system of point-source scatterers located at the points

L oy 2 N
(yi)1<i<n with intensities (—s Zl<j<K,Lv :Eij)1<_<N.
<5< <i<

Proof. We proceed as in the proof of Proposition 3.1. A Taylor expansion yields:

un s (#) = uin(v) = Sy [Prs[Prs[ll = D s° /8 | T =y = st) (P [0])u(0) do (1)

1<i<N

(4.23)
= Y w4 00) [ PRl do
1<i<N oD;
Then (4.20) and the analysis below reveals that
/ (Pﬁ}s[w])i do = Z mg(l +O(sN)) +O(s7h).
OD; 1<<K;
The result is obtained by inserting this expansion into (4.23). (I
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In the next proposition, we compute the asymptotic of A(s,d) at the order O(nx(s% + J)). For a M x M
matrix A = (A;,j, isjs)1<is,ia<N, We denote by |||A]||2 the triple norm defined by
1<5,<K;

<ji1<Kiy
1<j2<Kj,
Az
BAlb = max 2R s Y (4:24)
=) 1<y I7ll2 1<n<N1<1<K;,

1<52 <K,

We write in a block-wise sense A = SN Ay + D iciypig<n Aiis With A, € CKuXFiz to mean that
Ai1j17i2j2 = (Ailil )j1j26i1i2 + (Ai1i2)j1j2111¢12 for any 1 < ilaiQ < N and 1 < jl < Ki1 and 1 < j2 < Kiz'

Proposition 4.4. The following asymptotic holds true for small s and §:

A(s,0) = > (sPRRViCy ' = 0lk,xx,)

1<i<N

- Z ( 3k2rkb yn yiz)‘/il 1Ki1 1£i2 + 6S(Fk(yi1 - yiz) - Fkb (yil - yi2)>ci1 1Kz‘1 17}212) (425)
11702
+O((s> +8) (st v +9)),

where C; is the K; X K; capacitance matriz defined by (4.15) and
Vi = diag(|Bul)1<i<r,, Ix;xx; = (Om)i<im<r,, 1k, = (i<i<k, for any 1 <i <N, (4.26)

and where the O((s> + 6)(sly'nn + 8)) remainder is estimated with the norm (4.24).

Proof. Let us consider an arbitrary complex vector 2 = (2i,j,)1<i, <N,1<jo<N aNd @5 1= 3 1<irs <N Zinjs P jp-
15j2<N
The norm of ¢, satisfies ’
%
le:llzzomy = || D Zinja®his =s| > > 2,
1<is<N 1<ia<N ||1<j2<K;
1§j§§N L2(8D) == =72= L2(8D,)
, (4.27)
<s su r B _ z
<o | 32 Woilon, | I
)25 Ry
< csl|z]a-
Then, by using (4.12), we have
Al Diiginis = [ (€590 do
8Bi1j1
= [ B ) + BBa(s)I6) d+ RUs Do (1.28)
1141
= [ (B + 8Ba(s) i o+ R )i
2171
where the remainder R(s,d) satisfies
11R(s,0)[[]2 = O((s* + ) (st +9)). (4.29)

Indeed, we have by using (4.12):

1R(s,6)zll2=| >

1<i1<N
1<51 <N

/SB ((s*B1(s) + 0Ba(s))R(s,0)[¢:])i, dor < esTH(s” 4 0)|IR(s, 0)[¢:]| 2 (am)

171

where R (s, d) is an operator satisfying |||R(s, 0)|||r2(ap)—r2(0p) = O(sly'nn +6). The estimate (4.29) follows
from (4.27). We then compute each term Ba(s) in (4.28). Repeating the arguments of Lemma 4.1 and using
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Lemma 2.2, we find that:

JAR OIS
OB

i171

= [ K, al6h, 400 + VI i~ ) [ M, [00,) 0k + OGPt )
0Biy j; 831‘1]‘1
= _Szkl% /B SDil [¢Z1J2} dy(shm - s3k§1"kb (yi1 - yi2)|Bi1j1 |1i1¢i2 + 0(82(‘94&1771\/))

i141

= 82kb |B7«1]1 |( )J1J261112 - Sgkl%rkb (yil - yi2)|Bi1j1| + O(sz(se&l)nl\/)v

(4.30)
where the quantity O(s?(sfn)"1ny) is estimated here and in the next lines with the ||| - ||| norm as in (4.29).
Using the hypothesis (4.10), the term dB3(s) is then developed as follows:
1
6Ba(s) =~ (1 + K%*) (Sk)y-tsp
-5 21 + K5 + O(sly mv)) (Sp,o + 5Sp1 + O(sty'nn))H(Spo + ssf{l +O(slx'nn))
(4.31)

1

5(21+ > (Sp = 585655.185.0) (S0 + 585,) + O(sl ' d)
1
2

1
01+ K ) + s (21 + /@5) Sph(Sh 1 — SE1) + O(sly' nn ).

We then use the identity SDn[ Tj») = —1/4m1ap, , which implies
. Kiy Ky
i
[ Splsh alialdo = =S (Coand [ S5LTE, b [)do == 3 (Co
9Biyj, =1 9Biyi =1

Hence if 41 = is:
1
[ et ndo =<0 [ (Gre K, ) (@ - sk = S5 S, 105, do + Ot nnd)
9Biyjy 0By j;
s . .
= —00;,5, + g(k —kb) Y (Ci)jui + O(sly' nnd) = —665,5, + O(sty' ),

(4.32)
and if il 7& igl

| aBas)o0 o
OBy,
k k 1 . _
=0s(I" (s, — vio) =T (¥i, — ¥is)) /B (21 + ICD,:1> b1 Th., Dy [0, do + O(sty'nd)

i1
171

K,
= _5S(Fk(yi1 - yiz) - Fkb (yil - yiz)) Z(Cll )jll + O(SzxflnN(S)
=1

Therefore we find finally
C(Sa 5)i1j1,i2j2 = (32k§|Bi1j1 |(Ci1)'_1' - 55j1j2) 5i1i2

J1J2

<
fin

- s3kl§|Bilj1 |Fkb (yil - yiz) + 5S(Fk (yil - yi2) yll y22 21 Jll 11751'2 (433)
:1

+O((s* + ) (st nn +9)).
which is the result to obtain. O

Remark 4.2. The nonlinear eigenvalue problem A(s, §)x = 0 is substantially different from the one characterizing
scattering resonances in the non-dilute regime of [18, 34] featuring a single packet of resonators, because the
matrix (4.25) takes into account the interactions IT'*(y; —y;) which are of order O((s%+0)sfy"). As we see below
in Remark 4.6, this predicts that a shift in the Scatterlng resonance may be observed due to the interactions.

Remark 4.3. It seems complicated to analyze the K'N characteristic values of the full operator A(s, d) of (4.22),

i.e. the exact values of s such that A(s,d)x has a non-trivial solution, from where an explicit analysis could

be inferred as in our previous work [34]. Indeed, A(s,d) is a non-Hermitian perturbation in § of the operator
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A(s,0), which has s = 0 as a characteristic value with geometric multiplicity 2K N. In the present approach,
we find an approximation of A(s,d)~! at radii s slightly away from the resonance s;(d), which does not require
to characterize explicitly the splitting of the KN characteristic values.

In the next proposition, we compute the asymptotic expansion of the right-hand sides f and F' of (4.21)
and (4.22).

Proposition 4.5. The right-hand side f = (fi)1<i<n of (4.21) admits the following asymptotic expansion:

.f =-s1§ Uin yz +SZF yJ C?Lp uzn Z/J szl

J# 1<i<N
+0(6s™ max(sty'n, 5)sN#) L2 (op),

where the relative error is of order O(max(s€y'ny,s)). Then the right-hand side F = (Fy;) 1<i<y of (4.22)
1<j<K;
reads:

F=|s5"% uin(yi)+$ZFk — y;)cap (Dj)uin(y;) | (Cilk,);
i

%

(4.34)

=
ININ
<.

ININA

Proof. We expand (4.21), recalling P&}s[uin] = (uin(yi)1op, )1<i<n + O(SZN%>L2(’D):
f= O((SSN%)L?({)D)

1 1
— o7 (21 +Kp + O(SKNlﬁN)> (Sp' = 585" S5 1Sp" + O(sly"nn)) [(win (yi) Lop, ) 1<icn + O(s*N2) 12(ap)]

]. 1 1
=571 (2 + /c;,) (Sp" — 585" SH 18" ) (in(yi) 1o, )1<i<n + O(8s ™ sty nnsN2) + O(6sN2) r2(op)

1 isk
= 05! (2 + K%) <1 ~ 4, P (D; )> Uin (Y:) + 5 ZF’“ —y;)cap (Dj)uin(y;) Z@/}u

J# 1<i<N
+ 0(5571(max(s€]_\,1nN, S))L2(6D)SN%),
where the first result follows by using the fact that K}, [15] = 1;;/2. Then we use the identity

Fy :/ (G (s,0)[f])ido = fido + O((s* +6)6s ' N2) .,
OB;; 0B;;
’152/ Vo | win(ys) + s T (g = yy)eap (Dy)uin(ys) | +O(Fs™" max(sty'nn, )N 2y,
J#i
K;
=0+ 570 | win(y:) + 5 Y T — y;)cap (D)uin(y;) | Y _(Ci)ju + O35~ max(sty'n, s)N2)jp. -
j#i =1

4.2. Convergence of the Foldy-Lax system to an integral equation

In what follows, we consider the setting of (H1) and (H2) whereby the packets (D;)1<;<n are identical
(D; = D for 1 <4 < N) and constituted of K resonators (Bj)1§j§K7 and whose centers (y;)1<;<nare distributed
randomly and independently in 2. We denote by C = C; € REXK the common capacitance matrix:

C = (Sp' [tom)h<i<k, (4.35)
by V = V; = diag(|B;|)1<j<x the common volume matrix (eqn. (4.26)), and by ¥} = ¢}; and ¢} = ¢}; the

ij
functions

’L/); = S [1HBJ Z

We also consider ¢* the function of L?(0D) given by:

¢* =85 [lop] = Zl/h = Z Cudy -
1<LE<K
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We denote by (axr)i<k<x and 0 < A; < Ay < ... < Ak the eigenvectors and eigenvalues of the symmetric
eigenvalue problem
Caj = /\jV(J;j, (436)

2

and by (s;(9))1<i<x the K “resonant” values

N

5i(8) = 5%]7%', 1<i<K, (4.37)
b
such that the matrix s2k‘fVC’_1 — 0l xk is not invertible when s = s;(d). Finally, as anticipated in the
introduction, we introduce the quantities Q(s,d) and Q(s,d) defined by
KN LY
Q(s,0) =Y ————(a/V1)Va;,  Q(s,0):=1"Q(s,6) =Y  ———(a/V1)>.
i=1 s;(0)2 1 i=1 5;(8)2 1

The values s;(d) correspond to the leading order of the resonant characteristic sizes s at which the scattering
operator A(s,d) is not invertible. The quantity Q(s,d) appears naturally in the analysis and is a measure of
the inverse of the deviation from s to a resonant characteristic size s;(§) when al' V1 # 0.

For convenience, we denote by
xﬁ\’:(xf\]{)lngKE(CK, 1<i<N,

the N x K components of the solution & = (iﬂf\]()lgigN to (4.22). The purpose of this part is to show that the
1<5<K

algebraic solution & can be approximated by
Va; .
o =) e, 1SiSN,
(3

where w is the solution to an integral equation (given in (4.46) hereafter). This convergence is established in
Proposition 4.7 below.

Neglecting error terms, the finite dimensional problem (4.22) can be rewritten as the following approximate
N-dimensional linear systems for the K-dimensional vectors ()1 <;<n:

(s’kgVO™! — 6lgxk) ) — Z (s?’kng‘kb(yi —y) ) V11T + 8s(T*(yi — y;) — TF (y; — y;))C117T) a:ﬁv
1<j#iSN

=05 | win(yi) +5 Z T (y; — y;)cap (D)uin (y;) C1, 1<i<N,

1<j#ISN 1<i<N

(4.38)
where we have denoted 1 = 1k since the context is clear. Eqn. (4.38) can be reduced to a linear system of N
equations after some following algebraic manipulations.

Lemma 4.4. Assume that s is not equal to any of the resonant scalings s;(6) for 1 <i < N. Let us denote by
bN (y;) the quantity
BN (yi) := win(yi) + scap (D) Y TH(y; —yjuin(y;) .  1<i< N (4.39)
1<j#i<N
The linear system (4.38) admits a solution if and only if the linear system
7 =5Q(s,0) Y THyi—yy)z) —scap(D) > TH(yi—yy)z) =s'Q(s, 00V (i), 1<i<N
1<j#I<N 1<j#i<N
(4.40)
has a solution. When it is the case, the solution (z¥) to (4.38) is given by

zN =s Z " (y; — yj)z]N Q(s,0)+s Z Tk (y; — y])z]N C1+ s 0N (y:)Q(s,6), 1<i<N,
1<j#i<N 1<j#i<N
(4.41)
and we have further ZZN = lTa:fV for1<i<N.

Proof. (4.38) can be rewritten as
(82]{}5‘/071 — 5IK><K):L'£V

=05 >, TMui-w)a0l-s 3 TP(i—9)5 ("KVO™ = dlkxx)C1
1<j#i<N 1<j<#i<N
=050V (y;)C1. (4.42)
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For s # s;(d) with 1 <14 < K, this equation is equivalent to
xzN — s Z T (y; — yj)zij’l — s Z T (y; — yj)zjl-v(s2k§VC_l —0lgxr) 1O
1<j£i<N 1<j#i<N (4.43)
= 550N (1) (s*kEV O™ — STk« ) IO,

Since
K

(skgVC! = lkuk) ' C1 =)

i=1

N
s2RIAT =6

K
6t
1"Va)Va; =Y 5271(1Tvm)vm =Q(s,0),

we obtain the linear system (4.40) for the coefficients (z/V)1<;<n after taking the inner product of (4.43) with

the vector 1. Then (4.43) implies that 2 is given by the formula (4.41). O

In the non-resonant setting of Section 3, the analogous algebraic system (3.7) was obtained with sNQ(s, d)
instead of sN. In what follows, we therefore assume (H4) which is the natural subcritical regime associated to
(1.2): the characteristic size s converges to one of the resonant values s;(8), 17Va; # 0 and sNQ(s, §) remains
bounded.

Remark 4.4. If s — s;(0) while 17V a; = 0, the analysis becomes substantially different because Q(s, §) remains
bounded, and the natural subcritical regime becomes sN = O(1). Due to a Perron-Frobenius type theorem for
the capacitance matrix [34], this cannot happen for the first resonant value s;(8). However, 17Va; = 0 can
happen in presence of strong symmetries of the packet of resonators D, for instance if D is a dimer constituted
of two symmetrical spheres. Then a different analysis must be performed to capture the right effective medium
in the regime sN = O(1), set aside for a future work. The reader is referred to [15] for a formal approach based
on a Foldy-Lax approximation.

Since (H4) implies sQ(s,d)N = O(1) and sN = o(1), equation (4.40) is a perturbed version of the following

linear system
w — 5Q(s,9) Z % (y; — yj)wj-v = 571Q(s, 8)uin (1s), 1<i<N. (4.44)
1<j#i<N
Reasoning as in Section 3.3, we obtain the following approximation theorem.
Proposition 4.6. Assume (H1), (H2) and (Hj). There ezists an event Hy, which holds with probability
P(Hn,) — 1 as Ny — +oo such that, when Hy, is realized:
(i) the linear system (4.44) is invertible for N > Ny and

1
2

N
. leZ jwl - w(yi>|2|HNo] < o(NE5Q(5, O)N)s T Q(s,6), (4.45)

where w is the solution to the Lippmann-Schwinger equation
w=sNQ(s.) | THC = )uu)ply) dy = 5~ Qs O (4.46)

We also have the convergence of the Nystrom interpolant

N
w™ (y) := s71Q(s, 6)uin (y) + sQ(s,9) ka(y - yj)w;»v, y € R (4.47)

i=1
in the following mean-square sense:
Elllw® — wl[Fa0)[Hao]* < e(N"ZsNQ(5,0))s ™ Q(s,9);
(ii) the matriz associated to the linear system (4.44) is well-conditioned: there exists a constant ¢ > 0
independent of s, § and N such that
|||(I — sNQ(s, 5)A§V)*1H|2 <c, (4.48)
where A, is the matriz defined in (3.13).

Using a standard perturbation argument, we obtain the following result for the solution (z) to (4.40).

Corollary 4.1. Assume (H1), (H2) and (H/). The solution z¥ = (2N

D )i<i<n to the linear system (4.40) can
be approzimated by w™ up to a relative error of order O(sN):

2

1 Z 12N —wMN? | <esNs™1Q(s,0). (4.49)

3
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Consequently, 2V can also be approvimated by the solution w to the Lippmann-Schwinger equation (4.46):

1
2

N Z |2 |HNO] < crnaLX(N_%sNQ(s7 5),sN)s71Q(s,9). (4.50)

Remark 4.5. We could technically write explicitly the asymptotic satisfied by (27 )i<i<n by using a Neumann
series, or to state an approximation theorem similar to Proposition 4.6 by considering the continuous limit
equation to (4.40):

2~ sNQ(s,8) /Q I* (.~ y)2(y)ply) dy — sNeap (D) / I*o (-~ y)z(y)p(y) dy = s~ Qls, 6B (9).

However, we restrict our analysis to the approximation provided by the simplest model (4.46) for the sake of
simplicity.
We infer an approximation formula for the solution =V to the discrete problem (4.22).

Proposition 4.7. Assume (HI) (H2) and (Hj) and the event Hy, to be realized. The linear system (4.22) is
invertible and the solution N admits the following asymptotic expansion:

2N = f\fgg ;+O($N(81Q(375)Né))|'||2
Va, ! 3
= w1y +0(Q(5,9) 7 (571 QUs, N D))

Proof. Denote by A(s,8) the matrix of the linear system (4.38). Recall that due to (2.7) and the inequality
(2.13), the matrices A%, = N=Y(T*(y; — y;))1<izj<n, AR = N=YT* (y; — y;))1<izj<n have bounded norm
with large probability:

AR <e, ANl < e
From the formula (4.41) and the norm estimate result (4.48), we infer that the conditioning of the matrix A(s, &)
satisfies

11A4(s,8) M [ll2 < €671 Q(s, 0).
By left-multiplying (4.22) with A(s,d)~! and using (4.25) (recall from (2.7) that £3' = O(N) with large
probability), we obtain

(I+0(Q(s,8)(sNuw + 0))z™ = A(s,0) ™"

which implies, since § = o(sNny) and by using a Neumann series:
a = A(s,0) T F + O(s 71 Q(s,0)N 2 (sNQ(5,8)7N)) 1}
Finally, recall from (4.34) that
F =551 (1;)C1 + O(65 ! max(sNny, )N%)H.HQ,

and that the quantity A(s, )~ (6s~1bN (y;)C1) is exactly given by the formula (4.41). Furthermore, the vector
(6N (yi))1<i<n of (4.39) can be approximated by
OV (yi)r<isn = (wn(y:))1<icn + O(SNN?)| .

Then, (4.49) enables to substitute 2 with the vector w™ = (w)1<i<y up to an error of order sN. All in all,
we obtain

el = sNAKw™ Q(s,8) + 5™ uin(y:)Q(5,8) + O(max(sN, sNQ(s, 8)nn )5 Q(s,0)N 7 ),

4]
= wZNQ(S7 ) + O(max(sN,sNQ(s,0)nn)s *Q(s, 5)N%)H.||2,
Q(s,9)
where we have used the characterization (4.44) at the last line. The result follows from
Q(s,0) _ Vay

Q(s,0) T 1Va, +O(Q(s,5)*l)7

and by noticing that sN = O(Q(s,8)"!) and sNQ(s,0)ny = sNQ(s,8)sNN~3 = o(sN) = o(Q(s, ) 1). O
Remark 4.6. We can infer an important physical consequence from the limit equation (4.46) which models the
leading order effects of the interactions between the acoustic obstacles. It allows to formally derive the leading

order effective damping and effective shifts of the resonant characteristic size s;(0) from the effective equation
(4.46). Let us consider a complex characteristic size seg ;(0) € C such that

¢ — sNQ(s,0)V"*[¢] =0
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has a non-trivial solution ¢ € L?(Q) for s = seg ;(6). This is possible if seg ; (6) NQ(sesr.i(0),) = i, for p being
a (complex) eigenvalue of the volume potential V¥*. To the leading order, we obtain

Ai(17V ;) se,i(5)N ~ 1 ( s ~1
’ o\ si(6)? ’

which yields an effective resonant characteristic size
Sefti(8) =~ 5;(6) (1 + g)\i(lTVai)zsi((S)N) )

If one considers a material with fized scaling characteristic size s (as in [20]), and one is interested in effective
resonant frequencies weg ;(9), inverting the relation

Up
weff,i(é)

yields the effective resonant frequency

Nl
ol

825%)\2-% A

1% T 2 Ub
1+ =X(1 ; N
( + 2)\Z( Va;)*o o 0) )

13
(52)\1- Vp

S

1y
N 52)\1- Vb

S

et i (8) = (1+ %Ai(lTVai)%N) n %)\?vb(lTVaifNé%.
This analysis predicts that the multiple scattering interactions induce a damping and an effective shift of the
Minnaert resonance by a factor of order sN = O(NG§2) (on respectively the real and imaginary parts). This
is significantly different from the situation with a single system of K resonators of size s, where the leading
order correction for the Minnaert resonance is of order O(82 /s) (corresponding to a factor §), and the damping
is of order O(8/s) (corresponding to a factor 42) (see [20, 34]). This particularly emphasizes that interactions
between the N groups of K resonators generate attenuation effects which cannot be predicted by the leading
order corrections of a single system of K resonators.

We note that this discussion could be correlated to the study of [61], where the authors also come to the
conclusions, by resorting to a different modelling, that an acoustic bubble within an array has a much larger
radiative damping than a single bubble.

4.3. Effective medium theory for a monopole-type resonant system up to a critical scale

This third and final subsection is dedicated to the proof of the following homogenization theorem.

Proposition 4.8. Assume (H1), (H2) and (Hj). Let u be the solution to the following Lippmann-Schwinger
equation:

(A + k% — sNQ(s, 5)p19) u =0,
4.51
There exists an event Hy, which holds with large probability P(Hn,) — 1 as No — 400 such that when Hp, is
realized, the function u is an approzimation of the solution field un s to (1.2) with the following error estimates:

(i) on any ball B(0,r) such that Q C B(0,r), there exists a constant ¢ > 0 independent of s, N and § such
that for any N > Ny:

EllJun,s — ull32(p0.nn | Hno] < esNQ(s,6) max(d2 N, N~#);

(ii) on any bounded open subset A C R3\Q away from the resonators, there exists a constant ¢ > 0 inde-
pendent of s, N and § such that for any N > Ngy:

E[||Vun,s — Vul|2a) [H3, ]2 < esNQ(s, ) max(63 N, N~ 2).
We can conclude several important results from (4.51):
(i) in the (strictly) subcritical regime sNQ(s,d0) — 0, i.e.

53N s

—0asd—0,N — 0and — 1,
si(6)

S —
5(0) 1’
the effective medium is transparent at first order, and we have the convergence u — uj, in L2(B(0,7));
(ii) in the critical regime, i.e. SNQ(s,d) ~ A for some constant A € R or
52N
527—>A’asé—>0,N—>—|—ooandi
si(d) -1 81(5)

—1
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for a related constant A’ which can be inferred from Q(s,d), then uy s — u where u is the solution to
the effective equation

FA+E* = Aplg)u=0

<6|ax 1’“)< — uin) = O(|2]2) as |a] — +oo.

(4.52)

We note that the constant A can be negative and (4.52) may exhibit dispersive effects;

(iii) in the subcritical regime sNQ(s,d) — 400, we expect some solidification effects to arise as in the sound-
absorbing problem (1.1). A different analysis of this regime is required and is left for a future work,
referring to [4, 5] for a different but related analysis.

We use the expression (4.20) for the derivation of the homogenized resonant scattered field.

Lemma 4.5. We have the following asymptotic expansions with the norm of L*(0D) defined in (2.12):
(i) G71(s,8) = L5 + O(sNnx) L2(9D)— 12 (9D)

(ii)) G~1(s,0)[f] = O(6N2)12(op),

(iii) (Sp)~ 157]3bg_1(3a5) =Ly 4+ O(sN) 12(90) > 12(oD)

(iv) (SE)T'SEG™(s,0)[f] = ( %)L2(6D)a

(v) (SE) " Py Lluin] = (s uim(yi)¢ )1<1<N O(s 'sNsNz)2(9p) = O(N %) 12(9p).

Proof. (i) is a consequence of Lemma 4.3.

(i) This identity comes from || f||z29p) = O(8N'2), see Proposition 4.5.
(iii) (37’3)‘1 SPG=1(5,0) = (I+ O(sN))(Ly ' + O(sNny)) = Ly ' + O(sN).
(iv) is obtained identically as (ii).

(V) (SH) T PRLluin] = 571 (Splh + O(sN)[(uin(yi)1op) + O(sN #) 2o

= S_l(uin(yi)w*)lgigjv + O(S_lsNSN%)Iﬂ(gD) + O(S_lssN%)Lz(gp).

[
Consequently, we obtain the following approximations for the solution (73]?,,15 (o], ’PX,}S [¢]) of (4.20).
Lemma 4.6. The following asymptotic formulas hold for the solution (PK,}S [<p],731§}3 [¥]) of (4.5):
e Q(s,6)
Pyklel= Y wl =220 + O((sN)Q(s. )N #) L2om),
1<i<N Q(s,9)
1SS 5 (4.53)
Z ’LU ) ¢’LJ + O((SN)Q(S7 6)N%)LQ(3D)7
1<i<N
1<j<K

where (€;)1_j<k stands for the canonical basis of R and O(sN) is the relative error.

Proof. First, the result of Proposition 4.7 yields

T 0 .
Z xf}] = Z <wfve]QCé(85))+O(3N3—1Q(3,5)N2)|.|2> b7

1<i<N 1<i<N
1<K 1<K

e %
— 1;Nw 0.9) ¢U+O((5N)Q(S,5)N )

1<]<K

L2(8D)

Consequently, by using (i) and (ii) of Lemma 4.5, we obtain

-1 Ne;“r (s,6) . 1 1 1
Py slel = Z w; W@j + O(sNnnQ(s,0)N2)29py) + O(sNQ(5,0)N2)2(9p) + O(ON?2)
1<i<N ’
1<G<K

e Q(s,6) . B N
- 1;]\, w%N]QT(;)¢ij + O(Q(s,0) 1Q(576)N2)L2(6D)-
1<G<K
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Similarly, we find

PrLlv] = (85) 7 SEG 7 (s,0) | S0 aNol| + (s ui(yi)d ) i<icn + O(BNF) + O(s  sNsN#) 12 om)
152K

Ne?Q(87 5) * —1 1 1 1
= Z w; ——————¢7; + O(sNss™ Q(5,0)N2)2(9p) + O(sNQ(5,0)N?)2(9p) + O(N?2)2(0p),
1<i<N Q(s,&)
1<G<K

from where the result follows. O
We infer the following approximations for the potentials Sﬁ”N L] and SgN [l

Proposition 4.9. The following asymptotic expansions hold on Dy s, on the ball B(0,7) containing the inclu-
sions, and on any open set A C R3\B(0,r) outside the inclusions:

1

eTQ(S,é) 3 3 1
S lel= Y sul LTS ] 0 7y + O(NQ(s, 9)s N ) 12y, ) = O (Q(s, 9)sENE)

1<i<N Q(s,9) L2(Dn,s)
1<IZK
(4.54)
e Q(s,9)
Shy = > stNiJQ( 5 Sp 0] 0 7h0ls + O(sNQ(s,0)sN) 2(5(0.0)); (4.55)
' 1<i<N 5,0) i
1<IKK
el Q(s -
UShy W= D sw (( >) VSH[gi] o7, + O(sNQ(s,6)sN) 12 (), (4.56)
1<i<N :
1<IKK

where sN s the relative error.

Proof. These estimates are obtained by applying the bounds of Propo%ition 2.5 and by using the identity

S§i+sD[¢f1 oTy“ | = SSD[QSI} yl,
O

Proof of Proposition 4.8. From the previous estimates (4.54) and (4.55), we obtain the following asymptotic
expansion for uy s in the ball B(0,r):

un,s = tin + Shy [Prs[PRLIN + O(Q(s,8)s* N

N

)
2 J Q 8,0 ;
= Uijn + Z S N (5.0) ) /@D Fk(' — Y — St)(bj (t)do(t) + O((sN)Q(s, 6)3N)L2(B(0,r))

1<i<N
1<j<K
7 S *
= Ujp + E / ( 5 wN(. — St) — uin(' — St)) (bj (t) dO’(t) =+ O((SN)Q(S, 6)5N)L2(B(0,r))a
1<j<K a oD Q(S, )
where w!¥ is the Nystrom interpolant (4.47). Using the same methodology as in Section 3.3, we read the

following convergences:

1<j<K 5,0

+ O((sN)Q(s,d) max(sN, N_%)) [

S
= Uin + Z < w — uin>
1<j<K Q(sﬁ)

1
0122 50,00y

+ O(max(sN, N~ )sNQ(S (5)) 1+ 0O(s ) 1
EOH12 2 1 0.0y B2 5 0,002
=2 (2 6)w+0(max(sN, N=%, N7'Q(s,8) " )sNQ(s,0)) 12(B(or)-
The result follows because s/Q(s, d)w is the solution to (4.51). O

Remark 4.7. When the packet of obstacles D is constituted of a single resonator D = B (K = 1), we have

(see [13, 34)):

cap (D)
D]

A= a1:|D|_%, V:|D|
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Therefore,

A D D)2
Q(s,0) = 3271(0?‘/1)2 = Cff( ), with was := vp CapD( )*2,
w07 Wy 1 Dl s

and the effective equation reads, as w — wys in the subcritical regime (H4):

A+ K2 —

N
— 1cap (D)plg |u=0

3
W

(O)) — ik) u = O(|z|™?) as |z| — +oo.
We retrieve therefore the result of the seminal paper [20].
APPENDIX A. MARKOV INEQUALITY AND LAW OF LARGE NUMBERS
We used the following result in Proposition 2.1.

Proposition A.1. Let X be a square integrable real random variable (E[X?] < +00) and a € R. The following
Markov inequality holds:
E[|X]?]

la|?

Proposition A.2. Let (y;)ien be a sequence of independent real random variables and f : RP — R be a square
integrable function:

P(IX[* > |a|*) <

E[f(y1,- .- yp)?] < +o0.

Let S denote the set of pair of increasing indices ((i1,...,%p), (J1,---,Jp)) with at least one element in common:
1< <<, <N,
S =< ((i1y---yip), (J1,---,Jp)) € NP x NP I<ji<--<jpp<N

d1 < k,1 < p such that iy, = jj
The following law of large numbers holds: for N sufficiently large,
272

IE W Z f(yil,...,yip)*E[f(ylw"ayp)]

11 <12<...0p

[N

(N — p)!
SP(TP) Z (E[f(yil7"'7yip)f(yjl7'"7yjp)}_]:E[f(yl""7yp)]2)
) (815 p)5(J15-0-20p) ) ES

< 2pN7ZE[ f(ys, .., yp) — E[f(yr, ..., yp)]P1E. (A1)

Proof. The number of elements of S is

Ny N (N-p)
151 = ((N—p)!p!) ~ p!(N —p)! pl(N —2p)!
2 . 2 2 2
N ((N iVz!?)!p!> (1 N('](VN —p)2!p)!) N <(N iVz!?)!p!) (i)VJrO <1\12>)

Then by independence, we have

2

E Zw Z f(yilv"'7yip)_E[f(y17""yp)]

11 <12<...1p

)
)

L) SIS e )= Bl )P

(N

NI Z ]E[(f(yil7"'7y7:p)_E[f(yil""7y’ip)})(f(yj1""’yjp)—E[f(yjl""’yjp)])}

1<iy <-<ip<N
1<51<<Jp<N

Z (E[f(yll’ N ayip)f(yjl" .. 7yjp)] - E[f(ylv cee 7yp)]2)

((E1,0-58p)5(J15-,dp)) €S

|

=

2
2
2

IN

( —p)!
(p!(N—p)!
< (N —»p)

N

2
< LRI o)~ Bl o))
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where we used the Cauchy-Schwartz inequality at the fourth line and (A.2) for N sufficiently large at the last
line. (]

Remark A.1. The second inequality in (A.1) yields more precise estimates than the second one.

Finally we recall the limit of the probability distribution of the minimum distance between independently
distributed random points.

Proposition A.3 ([46, 58]). Let (y;)ien be independent random points distributed according to a probability
measure pdp with support of dimension d (e.g. duy = dzx ifd =3, du= do ifd=2, du= dl if d = 1).
Assume that p is square integrable. Then

. L _2 N—+o00 _ _1 d 2
1P<KgggNim %<tN'5)-————+1 exp( 2tcd/>>du>,

where cqg = 7rd/21"(1 +d/2) is the volume of the d-dimensional unit ball. As a consequence, for any ¢ > 0, there
exists t > 0 such that for any N € N,

Pt IN"2/d < ' C | SENTA) S 1 ¢l
(t _KQ%M% yil <t )>1-c

APPENDIX B. HIGHER ORDER DERIVATIVES OF THE HELMHOLTZ FUNDAMENTAL SOLUTION
We recall the following result which was used in Proposition 2.3.
Proposition B.1 ([34], Lemma 5.1). There exists a constant ¢ > 0 independent of k such that for any p € N,
Ve € R3,  VPHIR(2) < c6Ppl|z| 2 (|z| 7P + KP). (B.1)
APPENDIX C. RESOLVENT ESTIMATES OF SCHATTEN OPERATORS

The proof of Proposition 3.3 is based on the following result from Bandtlow [21] which bounds the norm of
the resolvent of a possibly nonnormal Hilbert-Schmidt operator in terms of the distance to the spectrum o(A).
We denote by p(A) the resolvent set of an operator A.

Proposition C.1. Let A be a Hilbert-Schmidt operator. For any \ € p(A), the following inequality holds:
1 1 [ Tr(ATA)

_— 5 +1 C.1

aino) P\ 2 \aoty 7)) )

where d(\,0(A)) is the distance of A to the spectrum of A:

d(M\o(A)):= inf |X—pl
(no(4) = it Al

1AL = A) 7[> <

Proof. See Theorem 4.1 in [21]. O
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