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Abstract

We prove weighted analytic regularity of Leray-Hopf variational solu-
tions for the stationary, incompressible Navier-Stokes Equations (NSE)
in plane polygonal domains, subject to analytic body forces. We admit
mixed boundary conditions which may change type at each vertex.
The weighted analytic regularity results are established in Hilbertian
Kondrat’ev spaces. The proofs rely on a priori estimates for the corre-
sponding linearized boundary value problem in sectors in corner-weighted
Sobolev spaces and on an induction argument for the weighted norm
estimates on the quadratic nonlinear term in the NSE, in a polar frame.

1 Introduction

The regularity properties of viscous, incompressible flow governed by the
incompressible Navier-Stokes Equations (NSE) have attracted considerable
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attention since their introduction. Regularity results of weak, Leray-Hopf solu-
tions in Sobolev and Besov scales in domains are at the core of the numerical
analysis of the NSE. The stationary NSE, being for large values of the viscos-
ity parameter, a perturbation of its linearization, the Stokes Equation, is an
elliptic system in the sense of Agmon-Douglis-Nirenberg and affords analytic
regularity at interior points of domains, for analytic forcing [1], see also [2].
This local analyticity of the velocity and the pressure extends to analytic parts
of the boundary.

However, it is also classical that in the vicinity of corner points (in space
dimension d = 2) and near edges and vertices (for polyhedra in space dimen-
sion d = 3), analyticity is lost, even if all other data of the stationary NSE is
analytic. See, e.g., [3–7] and the references there. The reason is the appearance
of corner singularities (in space dimension d = 2) and of corner- and edge-

singularities (in polyhedra in space dimension d = 3). While singular solutions
of the Stokes equation are well known to encode physically relevant effects (see,
e.g., [6, 8]), they do obstruct large elliptic regularity shifts in standard (Besov
or Triebel-Lizorkin) scales of function spaces and, consequently, high conver-
gence rates of numerical discretizations. This has initiated the investigation
of regularity of solutions in the presence of non smooth boundaries. One, in a
sense, minimally regular situation is the assumption of mere Lipschitz regular-
ity of the boundary. For the mixed boundary conditions of interest here, some
regularity of velocity and pressure of Leray solutions in non-weighted Sobolev
spaces have been obtained in [9]. In the mentioned polygonal and polyhedral
domains, it has been known for some time that the velocity fields of stationary
solutions for the incompressible NSE in plane, polygonal domains allow higher
regularity in so-called corner-weighted Sobolev spaces. Here, weight functions
which vanish in the corners of the polygon to a suitable power compensate for
the loss of regularity in the vicinity of the corner. The corresponding Mellin
calculus originated in [10]. See, e.g., [4, 5] and the references there. In [11],
an authoritative account of these results, also for NSE in polyhedra, has been
given. The results in [11, Chapter 11] provide regularity shifts in weighted spa-
ces of finite order. To prove weighted, analytic regularity for velocity field u

and the pressure field p in P of the stationary, incompressible NSE in poly-
gons is the purpose of the present paper. Specifically, in a bounded polygon
P ⊂ R

2 whose boundary ∂P consists of a finite number n of straight sides,
we consider the analytic regularity of solutions of the viscous, incompress-
ible Navier-Stokes equations. Extending and revisiting our work [12] which
addressed homogeneous Dirichlet (“no-slip”) boundary conditions, we consider
here the stationary and incompressible NSE in plane polygonal domains P with
mixed boundary conditions, where now also slip and so-called “open” bound-
ary parts are admitted. These conditions arise in numerous configurations in
engineering and the sciences. Furthermore, our present proof of the weighted
analytic regularity requires a proof technique which differs from the approach
used in [12]. As the corresponding analysis for plane, linearized elasticity in
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[13], it is based on regularity results for the linearization (the Stokes prob-
lem) in a sector built on the Agranovich-Vishik theory of complex-parametric
operator pencils which was already used in [14] and [13] to obtain a priori esti-
mates and shift theorems in corner-weighted spaces. See also [15] for a general
exposition of the role of operator pencils for elliptic systems in conical domains.

The present paper provides a proof of weighted analytic regularity for
the velocity u and the pressure field p of the stationary, incompressible
Navier-Stokes equations in a polygon P , subject to possibly mixed boundary
conditions on the sides of P . The details of the proof are distinct from the
argument in our previous work [12] even for pure Dirichlet boundary condi-
tions. In [12], a bootstrapping argument based on local, Caccioppoli estimates
on balls contained in P and scaling was proposed. Furthermore, the proof pro-
posed in [12] was incomplete; the gap is closed by the argument in the present
paper, which provides in particular in the case of homogeneous Dirichlet (so-
called “no-slip”) boundary conditions, the weighted analytic regularity result
in [12]. This was used in [16] to prove exponential rates of convergence of a
certain hp-DGFEM discretization of the stationary NSE in polygons.

Analytic regularity results for solutions in corner-weighted Kondrat’ev-
Sobolev spaces imply, as is well-known, exponential convergence rate bounds

for numerical approximations by so-called hp-Finite Element Methods and also
by model order reduction methods. We refer to [16] and to the references there
for recent results on exponential convergence for the Navier-Stokes equations,
for discontinuous Galerkin discretizations, and also to the discussion in [12,
Section 2.2] for exponential rates for certain model order reduction approaches
to the NSE in P .

1.1 Contributions

We establish weighted, analytic regularity results for Leray-Hopf solutions of
the NSE in bounded, connected polygonal domains P ⊂ R

2 with finitely many,
straight sides. We generalize the analytic regularity results stated in [12] from
the pure Dirichlet (also referred to as “no-slip”) boundary conditions as studied
in [12] to the case of mixed boundary conditions at any two sides of P which
meet at one common vertex of ∂P . As in [12] we work under a small data
hypothesis, ensuring in particular the uniqueness of weak solutions. We also
develop the regularity theory based on a priori estimates of solutions for a
linearization, the Stokes problem, in weighted, Hilbertian Sobolev spaces in a
sector. The result contains the analytic regularity result in [12] as a special
case, and its proof proceeds in a way that is fundamentally different from
[12]. As mentioned, it is based on a regularity analysis in corner-weighted
spaces and a novel bootstrapping argument in the quadratic nonlinearity in
weighted Kondrat’ev spaces. As in [13, 14], the weighted a priori estimates for
the velocity field and the bounds on the quadratic nonlinearity near corners
c are obtained for the projection of the velocity components in a polar frame
centered at c, rather than for their Cartesian components.
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The main result of the present paper is stated in Theorem 8. Specifically,
under the small data hypothesis and the stated assumptions on the boundary
conditions (see Assumption 1 for details), we show that there exist A > 0 and
γ ∈ (0, 1) such that the Leray-Hopf solutions (u, p) to the NSE satisfy, for all
j, k ∈ {0, 1, . . . }, and for any corner c of P

∥∥∥∥∥

(
∏

c∈C

| · −c|j+k−γ

)
∂j
x1
∂k
x2
u

∥∥∥∥∥
L2(P )

≤ Aj+k+1(j + k)!,

and ∥∥∥∥∥

(
∏

c∈C

| · −c|j+k−γ−1

)
∂j
x1
∂k
x2
p

∥∥∥∥∥
L2(P )

≤ Aj+k+1(j + k)!.

1.2 Layout

As is well-known (e.g. [15] and the references there) the analysis of point singu-
larities near corners of solutions of elliptic PDEs is based on polar coordinates
centered at the corner. For elliptic systems of PDEs such as those of interest
here, as in [13, 14] in addition we require projections of Cartesian components
of the vector-valued solutions to a polar frame. In Section 1.3, we collect the
corresponding notation for partial derivatives and solution fields. Section 2.4
presents the variational formulation, and a (classical) existence and uniqueness
result. Section 2 presents strong formulations of the boundary value problems
under consideration, detailing in particular also the boundary operators. Also,
weak formulations are recapitulated, with statements on existence and, under
small data hypothesis, uniqueness of solutions.

The corner-weighted, Kondrat’ev spaces that appear in the statement of
the analytic regularity shifts are also introduced. Section 3 then presents a
key technical step for the subsequent analytic regularity proof: a priori esti-
mates in corner-weighted Sobolev norms in a sector for the linearized Stokes
boundary value problem are recapitulated, from [14]. Importantly, they hold
for several combinations of boundary conditions on the sides of the sector, and
for the velocity field in a polar coordinate frame. With this in hand, Section
4 addresses the proof of the principal analytic regularity result for the NSE,
Theorem 8, which is also the main result of the present paper. The key novel
step in its proof is an inductive bootstrap argument for the quadratic nonlin-
ear term in the NSE, in corner-weighted spaces and for the velocity field in a
polar frame at each corner of P . This is developed in Section 4.1. Conclusions
and a short discussion of the results, with some consequences and possible gen-
eralizations, are presented in Section 5. An appendix contains several lengthy
calculations with appear in several of the proofs.
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1.3 Notation

We define N = {1, 2, . . . } as the set of positive natural numbers and N0 =
N ∪ {0}. We refer to tuples α = (α1, α2) ∈ N

2
0 as multi-indices and we write

|α| = α1 + α2. For k ∈ N0, we write

∑

|α|≤k

=
∑

α∈N2
0:|α|≤k

.

Given Cartesian coordinates (x1, x2) and polar coordinates (r, ϑ), whose origin
will be clear from the context, we denote Cartesian derivatives as ∂α = ∂α1

x1
∂α2
x2

and polar derivatives as Dα = ∂α1
r ∂α2

ϑ . In the following text, we shall always
use roman letters to denote function spaces describing Cartesian derivatives
and calligraphy letters to denote function spaces treating polar derivatives, see
Section 2.5.

For any vector field u with components in Cartesian coordinates

u =

(
u1

u2

)
,

we denote its polar coordinate frame projection as

u :=

(
ur

uϑ

)
= Au , A :=

(
cosϑ sinϑ
− sinϑ cosϑ

)
(1)

where A shall be referred to as “transformation matrix”. Here and throughout,
vector-valued quantities such as u shall be understood as column vectors, with
u⊤ denoting the transpose vector, which accordingly denotes a row vector.
The symbol LSt shall denote the Stokes operator, with various super- and sub-
scripts indicating Cartesian or polar coordinates and frame, i.e. we write LSt

for its projection onto polar coordinates acting on the corresponding velocity
components.

We observe that the projection (1) of the velocity field into a polar frame
renders certain boundary conditions particularly simple: for example, the
homogeneous slip boundary condition in a sector Q will amount to requiring
the angular component uϑ to vanish on sides of Q.

All quantities which occur in this paper are real-valued. The overline sym-
bol which will indicate polar-coordinate representation of vectors is therefore
non-ambiguous.

We denote with an underline n-dimensional tuples β = (β1, . . . , βn) ∈
R

n and suppose arithmetic operations and inequalities such as γ < β are
understood component-wise: e.g., β + k = (β1 + k, . . . , βn + k) for all k ∈ N;
furthermore, we indicate, e.g., β > 0 if βi > 0 for all i ∈ {1, . . . , n}.

Finally, for a ∈ R, we denote its nonnegative real part as [a]+ = max(0, a).
For summability index 1 ≤ r ≤ ∞, the usual Lebesgue spaces in P shall

be denoted by Lr(P ), with norm defined also for vector fields v : P → R
2 as
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‖v‖rLr(P ) =
∫
P
‖v‖rℓr . We denote the usual Sobolev spaces of smoothness order

s > 0 and summability index r by W s,r(P ); we write Hs(P ) in the Hilbertian
case r = 2.

2 The Navier-Stokes equations, functional
setting, and main result

Following the introduction of the polygonal domain in Section 2.1, in
Section 2.2 we state the strong form of the boundary value problems, and of
the boundary operators, in Cartesian coordinates. Section 2.3 is devoted to
the saddle point variational form of the boundary value problems of interest.
Section 2.4 reviews statements on existence and uniqueness of weak solutions,
under the small data hypothesis. In Section 2.5 we introduce the corner-
weighted spaces on which the weighted analytic regularity results will be based.
Finally, we state in Section 2.6 our main result.

2.1 Geometry of the domain

Let P be a polygon with n ≥ 3 straight sides and n corners C = {c1, . . . , cn}.
Let ΓD, ΓN , and ΓG be a disjoint partition of the boundary Γ = ∂P of P
comprising each of nD ≥ 1, nN ≥ 0 and nG ≥ 0 many sides of P , respectively,
with n = nD + nN + nG. We denote by n : Γ → R

2 the exterior unit normal
vector to P , defined almost everywhere on Γ, which belongs to L∞(Γ; R

2),
and by t ∈ L∞(Γ; R2) correspondingly the unit tangent vector to Γ, pointing
in counterclockwise tangential direction.

2.2 The Navier-Stokes boundary value problems

We assume that a kinematic viscosity ν > 0 is given, which is constant
throughout P . For a velocity field u : P → R

2 and a scalar p : P → R, define

ε(u) :=
1

2

(
∇u+∇u⊤

)
, σ(u, p) := 2νε(u)− p Id2,

where Id2 is the 2× 2 identity matrix.
With this notation, we consider the stationary, incompressible Navier-

Stokes equations in P

−∇ · σ(u, p) + (u · ∇)u = f in P

∇ · u = 0 in P

u = 0 on ΓD

σ(u, p)n = 0 on ΓN

(σ(u, p)n) · t = 0 and u · n = 0 on ΓG.

(2)

Here, ΓD, ΓN , and ΓG correspond to so-called no-slip, open, and slip
boundary conditions, respectively.
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Remark 1 From the identity

2∇ · ε(u) = ∆u+∇(∇ · u), (3)

the boundary value problem (2) is equivalent to

−ν∆u+ (u · ∇)u+∇p = f in P ,

∇ · u = 0 in P ,

u = 0 on ΓD ,

σ(u, p)n = 0 on ΓN ,

(σ(u, p)n) · t = 0 and u · n = 0 on ΓG.

(4)

2.3 Variational Formulation

Weak solutions of the NSE (2) in the sense of Leray-Hopf satisfy the NSE (2)
in variational form. To state it, we introduce standard Sobolev spaces in P .
Throughout the remainder of this article, we shall work under

Assumption 1 The boundary value problems (2), (4) satisfy the following conditions.

1. P is a bounded, connected polygon with a finite number of straight sides,
and Lipschitz boundary Γ = ∂P .

2. nD ≥ 1.
3. All interior opening angles at corners of P are in (0, 2π). In particular, slit

domains which correspond to opening angle 2π are excluded.

Assumption 1 implies that the Dirichlet case considered in [12] is a special
case of the present setting. Furthermore, Item 2 ensures that the lineariza-
tion of the Navier-Stokes equations, i.e., the Stokes problem, admits unique
variational velocity field solutions u, possibly with pressure p unique up to
constants if Γ = ΓD.

We denote henceforth the space of velocity fields of variational solutions to
the Navier-Stokes equations (2) as

W =
{
v ∈ [H1(P )]2 : v = 0 on ΓD, v · n = 0 on ΓG

}
. (5)

We denote by W ∗ ⊂ [H−1(P )]2 its dual, with identification of L2(P )2 ≃
[L2(P )2]∗. We also define Q = L2(P ) if |ΓD| < |Γ| (i.e., if not the entire
boundary is a Dirichlet boundary) and set Q = L2

0(P ) := L2(P )/R in the case
that Γ = ΓD.

We are interested in variational solutions (u, p) of (2). To state the cor-
responding variational formulation, we introduce the usual bi- and trilinear
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forms:

a(u,v) := 2ν

∫

P

2∑

i,j=1

[ε(u)]ij [ε(v)]ij dx ,

b(u, p) := −

∫

P

p∇ · u dx ,

t(w; u,v) :=

∫

P

((w · ∇)u) · v dx .

(6)

With these forms, we state the variational formulation of (2): find (u, p) ∈
W ×Q such that

a(u,v) + t(u; u,v) + b(v, p) =

∫

P

f · v dx ,

b(u, q) = 0 ,

(7)

for all v ∈ W and all q ∈ Q.

2.4 Existence and uniqueness of solutions

We recapitulate results on existence and uniqueness of variational solutions of
the NSE (7). As is well-known, uniqueness of such solutions in the stationary
case requires a small data hypothesis. To state it,

we introduce the coercivity constant of the viscous (diffusion) term

Ccoer := inf
v∈W

‖v‖H1(P )=1

2

∫

P

2∑

i,j=1

[ε(v)]ij [ε(v)]ij dx

and the continuity constant for the trilinear transport term

Ccont := sup
u,v,w∈W

‖u‖H1(P )=‖v‖H1(P )=‖w‖H1(P )=1

∫

P

((u · ∇)v) ·w dx .

The following existence and uniqueness result is then classical, see e.g. [5,
Theorem 3.2]. It is valid under a small data hypothesis. To state it, we
introduce

M :=

{
v ∈ W : ‖v‖H1(P ) ≤

Ccoerν

2Ccont

}
.

Theorem 2 Suppose that Assumption 1 holds and assume that ‖f‖W ∗ ≤ C2
coerν

2

4Ccont
.

There exists a solution (u, p) ∈ W×L2(P ) to (2) with right hand side f . The velocity
field u is unique in M.

As we assumed above nD ≥ 1, there is always at least one side of P where
homogeneous Dirichlet (“no-slip”) BCs are imposed.
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2.5 Functional setting

For x ∈ P and for i ∈ {1, . . . , n}, let ri(x) := dist(x, ci). We define the corner
weight function

Φβ(x) :=

n∏

i=1

rβi

i (x).

We next introduce the corner-weighted function spaces to be used for the
regularity analysis. As the notation used in the literature dealing with weighted
Sobolev spaces is not always uniform, we present here several definitions of
corner-weighted spaces and discuss how they relate for the range of weight
exponents that is relevant to the present work.

2.5.1 Corner-weighted function spaces of finite order in P

In the polygon P , for j, k ∈ N0 and γ ∈ R
n, we introduce homogeneous

corner-weighted seminorms and associated norms given by

|v|2
Kj

γ(P )
:=
∑

|α|=j

‖Φ|α|−γ∂
αv‖2L2(P ), ‖v‖2Kk

γ (P ) :=

k∑

j=0

|v|2
Kj

γ(P )
. (8)

Furthermore, we also require non-homogeneous, corner-weighted Sobolev
norms. They are, for ℓ ∈ N0, k ∈ N with k > ℓ, and β ∈ R

n given by

‖v‖2
Hk,ℓ

β (P )
:= ‖v‖2Hℓ−1(P ) +

∑

ℓ≤|α|≤k

‖Φβ+|α|−ℓ∂
αv‖2L2(P ), (9)

with the convention that the first term is omitted when ℓ = 0. We there-
fore define the homogeneous, corner-weighted Sobolev spaces Kk

γ (P ) and the

non-homogeneous, corner-weighted Sobolev spaces Hk,ℓ
β (P ) as the spaces of,

respectively, weakly differentiable functions with bounded Kk
γ (P ) and Hk,ℓ

β (P )
norms.

2.5.2 Corner-weighted analytic classes Bℓ
β(P ) and K̟

γ (P )

With the weighted, Kondrat’ev-type spaces at hand, we now introduce
weighted analytic classes which will quantify the loss of analyticity of velocity
and pressure in a vicinity of the corner points.

Bℓ
β(P ) :=

{
v ∈

⋂

k≥ℓ

Hk,ℓ
β (P ) : ∃C,A > 0 s. t.

‖Φβ+|α|−ℓ∂
αv‖L2(P ) ≤ CA|α|−ℓ(|α| − ℓ)!, ∀|α| ≥ ℓ

}
, (10)
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and

K̟
γ (P ) :=

{
v ∈

⋂

k∈N0

Kk
γ (P ) : ∃C,A > 0 s. t.

∀α ∈ N
2
0 : ‖Φ|α|−γ∂

αv‖L2(P ) ≤ CA|α||α|!

}
. (11)

The aforementioned weighted analytic classes are defined in terms of two con-
stants C > 0 and A > 0. The constant C > 0 quantifies the size of a function
in terms of linear scaling of norms, whereas the constant A > 0 relates to the
size of the domain of analyticity.

2.5.3 Corner-weighted spaces in sectors

We shall require function spaces in plane sectors Qδ,ω(c) of opening ω ∈ (0, 2π),
radius δ ∈ (0,∞] and with vertex c ∈ R

2, defined as

Qδ,ω(c) =
{
x ∈ R

2 : r(x, c) ∈ (0, δ), ϑ(x) ∈ (0, ω)
}
.

We do not indicate the dependence on the vertex c when this is clear from the
context.

For all k ∈ N0 and β ∈ R, we introduce the (homogeneous) corner-weighted,
Hilbertian Kondrat’ev space Wk

β (Qδ,ω) of functions v in Qδ,ω(c) with bounded
norm given by

‖v‖2Wk
β (Qδ,ω) =

∑

|α|≤k

‖rβ−k+α1Dαv‖2L2(Qδ,ω). (12)

Here, Dα = ∂α1
r ∂α2

ϑ denotes the partial derivative of order α ∈ N
2
0 in polar

coordinates. We write Lβ = W0
β . For k, ℓ ∈ N0 with k ≥ ℓ and for β ∈ R,

Hk,l
β (Qδ,ω) denotes the space of functions with finite norm

‖v‖2
Hk,ℓ

β (Qδ,ω)
:= ‖v‖2Hℓ−1(Qδ,ω) +

∑

ℓ≤|α|≤k

‖rα1+β−ℓDαv‖2L2(Qδ,ω),

where the first term is dropped if ℓ = 0. For ℓ ∈ N0 and β ∈ R, the corner-
weighted analytic class with weak derivatives in polar coordinates is given
by

Bℓ
β(Qδ,ω) =

{
v ∈

∞⋂

k=ℓ

Hk,ℓ
β (Qδ,ω) : ∃C,A > 0

s. t. ‖rα1+β−ℓDαv‖L2(Qδ,ω) ≤ CA|α|−ℓ(|α| − ℓ)!, ∀|α| ≥ ℓ

}
. (13)
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In the sector Qδ,ω(c), the definition of the spaces Hk,ℓ
β (Qδ,ω(c)) and

Bℓ
β(Qδ,ω(c)) follows from (10) by replacing Φβ+|α|−ℓ in (9) and (10)

with r(·, c)β+|α|−ℓ. Similarly, the corner-weighted spaces Kk
γ (Qδ,ω(c)) and

K̟
γ (Qδ,ω(c)) can be defined by replacing Φ|α|−γ in (8) and (11) with

r(·, c)|α|−γ .

2.5.4 Relation between corner-weighted spaces

In this section we collect results on embeddings between some of the corner-
weighted spaces we introduced. They are of independent interest, and will be
required at various stages in the ensuing proof of the analytic regularity shifts.

For ease of reading, we either cite or postpone all proofs to Appendix A.
The following implication between polar frame velocity u in (1) and Cartesian
frame velocity components u holds.

Lemma 3 For all 0 < δ ≤ 1, ω ∈ (0, 2π), c ∈ R
2, ℓ ∈ {0, 1, 2}, and β ∈ (0, 1), if

u ∈ Bℓ
β(Qδ,ω(c))

2 and u(c) = 0 when ℓ = 2, then u ∈ Bℓ
β(Qδ,ω)

2.

The reverse implication, in the case ℓ = 0, is treated in the following
statement.

Lemma 4 For all 0 < δ ≤ 1, ω ∈ (0, 2π), c ∈ R
2, and β ∈ (0, 1), if v ∈ B0

β(Qδ,ω(c))
2

then v ∈ B0
β(Qδ,ω(c))

2.

The corner-weighted spaces in Cartesian and polar frames are equivalent:
the following lemmas on equivalence and embedding between weighted spaces
state this formally.

Lemma 5 Let 0 < δ ≤ 1, ω ∈ (0, 2π), β ∈ (0, 1), c ∈ R
2. Then the following

equivalence relations hold for any ℓ ∈ {0, 1, 2} and N0 ∋ k ≥ ℓ:

1. v ∈ Hk,ℓ
β (Qδ,ω(c)) ⇐⇒ v ∈ Hk,ℓ

β (Qδ,ω(c)).

2. v ∈ Bℓ
β(Qδ,ω(c)) ⇐⇒ v ∈ Bℓ

β(Qδ,ω(c)).

3. v ∈ H1,1
β (Qδ,ω(c)) ⇐⇒ v ∈ W1

β(Qδ,ω(c)).

Lemma 6 Let 0 < δ ≤ 1, ω ∈ (0, 2π), β ∈ (0, 1), c ∈ R
2. Then the following

embeddings are continuous:

1. W2
β(Qδ,ω(c)) →֒ H2,2

β (Qδ,ω(c)) →֒ C0(Qδ,ω(c)).

2. If v ∈ H2,2
β (Qδ,ω(c)) and v(c) = 0, then v ∈ W2

β(Qδ,ω(c)).

For the proof of Lemma 5, see [17, Theorem 1.1, Theorem 2.1, Lemma
A.2]. For the proof of Lemma 6, see [17, Lemma 1.1, Lemma A.1, Lemma A.2]
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and [18, Section 2]. The following lemma asserts that functions that belong to
corner-weighted Kondrat’ev spaces with non-homogeneous weights for a cer-
tain range of indices, with the additional requirement of the function vanishing
at the vertex for second order spaces, also belong to the corresponding spa-
ces with homogeneous weights. We refer to [19, Chapter 7] for an in-depth
presentation.

Lemma 7 Let 0 < δ ≤ 1, ω ∈ (0, 2π), β ∈ (0, 1), c ∈ R
2, k ∈ {1, 2}, and v ∈

Hk,k
β (Qδ,ω(c)). Let furthermore v(c) = 0 when k = 2. Then, v ∈ Kk

k−β(Qδ,ω(c)).

2.6 Statement of the main result

We are ready to present our main result on the weighted analytic regularity of
the solution to (2) here using the corner-weighted spaces introduced in Section
2.5. The explicit form of the operator pencil A(λ) which arises for the presently
considered Stokes problem and its boundary conditions is given in Appendix
B.

Theorem 8 Let β
f

= (β1, . . . , βn) ∈ (0, 1)n be such that at each corner ci, the

operator pencil A(λ) for the linearized (Stokes) boundary value problem defined in
(16) has no eigenvalue on Im(λ) = 1− βi. Let further f ∈ [B0

β
f
(P )]2 ∩W ∗ be such

that ‖f‖W ∗ ≤ C2
coerν

2

4Ccont
. Suppose in addition that Assumption 1 holds and let (u, p)

be the weak solution to (7) with right hand side f .
Then

(u, p) ∈ [B2
β
f
(P )]2 ×B1

β
f
(P ).

The remainder of the paper is devoted to the proof of Theorem 8. It is
based on inductive bootstrapping elliptic regularity for the linearized boundary
value problem in corner-weighted Sobolev spaces of finite order, of Kondrat’ev
type. Such estimates are in principle known (e.g. [5, 11, 14, 20]). They are
recapitulated for the readers’ convenience in the form required subsequently
in the next Section 3. The weighted a priori estimates are then combined
with novel analytic estimates of the quadratic nonlinearity in polar frame in
corner-weighted spaces that will be developed in Section 4.

3 The Stokes equation in a sector

Consider, for c ∈ R
2, δ ∈ (0, 1) and ω ∈ (0, 2π), the sector Qδ,ω(c). Denote

by Γ1 := {x ∈ R
2 : r(x, c) ∈ (0, δ), ϑ(x) = 0} and Γ2 := {x ∈ R

2 : r(x, c) ∈
(0, δ), ϑ(x) = ω} the two edges meeting at c. Let also Γδ = Γ1 ∪ Γ2. As all
the results in this section are independent of c, we omit the dependence of the
sector in the notation and write Qδ,ω = Qδ,ω(c).
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We consider variational solutions to the Stokes problem in Qδ,ω

Lσ
St(u, p) =

(
f

h

)
in Qδ,ω , B(u, p) = 0 on Γδ . (14)

The system (14) reads in components

−∇ · σ(u, p) = f in Qδ,ω

∇ · u = h in Qδ,ω

u = 0 on ΓS
D

σ(u, p)n = g on ΓS
N

(σ(u, p)n) · t = 0 and u · n = 0 on ΓS
G,

(15)

where ΓS
D,ΓS

N ,ΓS
G ∈ {∅,Γ1,Γ2} are pairwise disjoint and such that ΓS

D ∪
ΓS
N ∪ ΓS

G = Γδ, and where B(u, p) in (14) denotes any of the three boundary
operators in (15). We observe that in (15) we did not include inhomogeneous
boundary data on ΓS

G, as this is the physical case of the “no-slip” BCs. We also
observe that the nonzero boundary data g on ΓS

N will appear in the analytic
regularity shift argument in the proof of Lemma 17.

For the Stokes problem in Qδ,ω, the following regularity result in corner-
weighted spaces is a slight extension of [14, Theorem 5.2]. The proof proceeds
along the lines of that of the cited theorem, by localizing u and p near each
corner c and by rewriting (15) by using polar frame u, followed by an appli-
cation of the Fourier transform in radial direction to obtain the following
parameterized system of ordinary differential equations.

A(λ)(u, p) = [L̂(λ)(u, p), B̂(λ)(u, p)] = [(0, 0), (g · i1, g · i2)] (16)

in the interval (0, ω), where ω denotes opening angle of the sector at c (see
Appendix B for details and [15] for general theory of such pencils in con-
nection with elliptic boundary value problems in conical domains). Here, for
j = 1, 2, ij = 1 if Neumann boundary condition is prescribed on Γj and ij = 0
otherwise.

Theorem 9 Let ω ∈ (0, 2π) and β ∈ (0, 1) be such that the pencil A(λ) in (16) does
not have eigenvalues on the line {Im(λ) = 1− β}.

Then for any δ > 0, there exists a constant Csec = Csec(β, δ) > 0 such that for
all f ∈ Lβ(Qδ,ω) and (u, p) satisfying (15) in Qδ,ω,

‖u− u(c)‖W2
β(Qδ/2,ω) + ‖p‖W1

β(Qδ/2,ω)

≤ Csec

(
‖f‖Lβ(Qδ,ω) + ‖u‖H1(Qδ,ω\Qδ/2,ω) + ‖p‖L2(Qδ,ω\Qδ/2,ω) + ‖g‖

W
1/2
β (ΓS

N )

)

(17)
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For a detailed development, see [21, Lemma 5.1.1]. We remark here that
this result could also be derived using [20, Theorem 5.1] or [15, Chapter 5.1]
if only homogeneous Dirichlet (so-called ”no-slip”) boundary conditions are
considered.

Remark 10 By relation (3), if (u, p) ∈ [H2,2
β (Qδ,ω)]

2 ×W1
β(Qδ,ω) is a solution of

L∆
St(u, p) =

(
f + ν∇h

h

)
in Qδ,ω , B(u, p) =




0

g

0


 on ΓS

D × ΓS
N × ΓS

G,

or, in components,

−ν∆u+∇p = f + ν∇h in Qδ,ω

∇ · u = h in Qδ,ω

u = 0 on ΓS
D

σ(u, p)n = g on ΓS
N

(σ(u, p)n) · t = 0 and u · n = 0 on ΓS
G,

(18)

then it is also a solution of (15). Estimate (17) therefore also holds for solutions of
(18) when h = 0.

4 Proof of the main result

We now prove Theorem 8, which, as our main result, ensures analytic regular-
ity in scales of weighted spaces of solutions to the Navier-Stokes equations (2).
First, we will devote our attention to the nonlinear transport term, as treat-
ing this term is the main difference in comparison to the weighted analytic
regularity proof for the Stokes problem in P in [14].

4.1 Estimate of the nonlinear term

We start by rewriting the quadratic nonlinearity (u ·∇)u in polar coordinates
and projecting its Cartesian components into the polar frame as in (1). We
note here that the gradient operator in Cartesian coordinates is projected to
a polar frame by (cf. the definition of A in (1))

∇ = A−1

(
∂r

r−1∂ϑ

)
. (19)

Lemma 11 For any constant vector field c taking value (c1, c2)
⊤ ∈ R

2, the following
equality holds:

((u+ c) · ∇)(u+ c) =

(
(ur + cr)∂rur +

1
r ((uϑ + cϑ)∂ϑur − (uϑ + cϑ)uϑ)

(ur + cr)∂ruϑ + 1
r ((uϑ + cϑ)∂ϑuϑ + (uϑ + cϑ)ur)

)
. (20)
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Proof We have

((u+ c) · ∇)(u+ c) = ((u+ c) · ∇)u = A

((
(u+ c) · (A−⊤A−1

(
∂r

r−1∂ϑ

)
)

)
A−1

u

)

= A

((
(u+ c) ·

(
∂r

r−1∂ϑ

))
A−1

u

)

= A

[(
cosϑ(ur + cr)∂rur − sinϑ(ur + cr)∂ruϑ
sinϑ(ur + cr)∂rur + cosϑ(ur + cr)∂ruϑ

)

+
1

r

(
cosϑ(uϑ + cϑ)∂ϑur − sinϑ(uϑ + cϑ)ur − sinϑ(uϑ + cϑ)∂ϑuϑ − cosϑ(uϑ + cϑ)uϑ
sinϑ(uϑ + cϑ)∂ϑur + cosϑ(uϑ + cϑ)ur + cosϑ(uϑ + cϑ)∂ϑuϑ − sinϑ(uϑ + cϑ)uϑ

)]

=

(
(ur + cr)∂rur +

1
r ((uϑ + cϑ)∂ϑur − (uϑ + cϑ)uϑ)

(ur + cr)∂ruϑ + 1
r ((uϑ + cϑ)∂ϑuϑ + (uϑ + cϑ)ur)

)
.

�

In order to treat the individual nonlinear terms arising from the polar
representation of the transport term of the Navier-Stokes equation obtained
above, we need a technical result on weighted interpolation estimates in plane
sectors. The following statement is the polar version of [12, Lemma 1.10].

Lemma 12 Let δ, ω ∈ R such that 0 < δ ≤ 1 and ω ∈ (0, 2π). For all β̃1, β̃2 ∈ R

such that β̃2 > β̃1 + 1/2, there exists a constant Cint = Cint(δ, ω, β̃1, β̃2) > 0 such
that, for all α ∈ N

2
0 and all functions ϕ such that

max
|η|≤1

‖rβ̃1+α1+η1Dα+ηϕ‖L2(Qδ,ω) < ∞,

the following bound holds:

‖rβ̃2+α1Dαϕ‖L4(Qδ,ω) ≤ Cint‖rβ̃1+α1Dαϕ‖1/2
L2(Qδ,ω)

×



∑

|η|≤1

‖rβ̃1+α1+η1Dα+ηϕ‖1/2
L2(Qδ,ω)

+ α
1/2
1 ‖rβ̃1+α1Dαϕ‖1/2

L2(Qδ,ω)


 .

Proof We set δ = 1. Consider the dyadic partition of Q1,ω given by the sets

Sj :=
{
x ∈ Q1,ω : 2−j−1 < r(x) < 2−j

}
, j ∈ N0,

and denote the linear maps Ψj : Sj → S0. Denote ϕ̂j := ϕ◦Ψ−1
j : S0 → R and write

D̂α for derivation with respect to polar coordinates (r, ϑ) in S0. Then, by scaling,
for any q ∈ [1,∞),

‖rβ̃2+α1Dαϕ‖Lq(Sj) = 2−j(β̃2+2/q)‖rβ̃2+α1D̂αϕ̂j‖Lq(S0). (21)

Furthermore, the following interpolation inequality holds in S0: there exists C0 > 0
such that

‖v‖L4(S0) ≤ C0‖v‖1/2H1(S0)
‖v‖1/2

L2(S0)
(22)

holds for all v ∈ H1(S0). In addition, by (19), for all v ∈ H1(S0),

‖v‖2H1(S0) ≤ 16
(
‖v‖2L2(S0) + ‖∂rv‖2L2(S0) + ‖∂ϑv‖2L2(S0)

)
. (23)
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Combining (22) and (23) and choosing v = rα1D̂αϕ̂j gives

‖rα1D̂αϕ̂j‖L4(S0)

≤ 2C0‖rα1D̂αϕ̂j‖1/2L2(S0)



∑

|η|≤1

‖Dη(rα1D̂αϕ̂j)‖2L2(S0)




1/4

≤ 2C0‖rα1D̂αϕ̂j‖1/2L2(S0)



∑

|η|≤1

‖rα1D̂α+ηϕ̂j‖2L2(S0) + α2
1‖rα1−1D̂αϕ̂j‖2L2(S0)




1/4

.

Therefore, using the bound 2−|a| ≤ r(x)a ≤ 2|a| valid for all x ∈ S0 and all a ∈ R,

‖rβ̃2+α1D̂αϕ̂j‖L4(S0) ≤ 2|β̃2|+|β̃1|+1/22C0‖rβ̃1+α1D̂αϕ̂j‖1/2L2(S0)

×



∑

|η|≤1

‖rβ̃1+α1+η1D̂α+ηϕ̂j‖2L2(S0) + α2
1‖rβ̃1+α1D̂αϕ̂j‖2L2(S0)




1/4

.

We denote C1 := 2|β̃2|+|β̃1|+1/22C0. Using this last inequality and (21) twice,

‖rβ̃2+α1Dαϕ‖L4(Sj)

≤ 2−j(β̃2+1/2)‖rβ̃2+α1D̂αϕ̂j‖L4(S0)

≤ 2−j(β̃2+1/2)C1‖rβ̃1+α1D̂αϕ̂j‖1/2L2(S0)

×



∑

|η|≤1

‖rβ̃1+α1+η1D̂α+ηϕ̂j‖2L2(S0) + α2
1‖rβ̃1+α1D̂αϕ̂j‖2L2(S0)




1/4

≤ C12
−j(β̃2−β̃1−1/2)‖rβ̃1+α1Dαϕ‖1/2

L2(Sj)

×



∑

|η|≤1

‖rβ̃1+α1+η1Dα+ηϕ‖2L2(Sj) + α2
1‖rβ̃1+α1Dαϕ‖2L2(Sj)




1/4

.

Since β̃2 − β̃1 − 1/2 > 0, we can conclude that

∑

j∈N0

‖rβ̃2+α1Dαϕ‖4L4(Sj) ≤ C4
1



∑

j∈N0

‖rβ̃1+α1Dαϕ‖2L2(Sj)




×



∑

|η|≤1

∑

j∈N0

‖rβ̃1+α1+η1Dα+ηϕ‖2L2(Sj) + α2
1

∑

j∈N0

‖rβ̃1+α1Dαϕ‖2L2(Sj)


 .

Taking the fourth root of both sides of the inequality above concludes the proof for
the case δ = 1. The general case δ ∈ (0, 1] follows by scaling (with constant Cint

depending on δ). �

Using the interpolation result obtained above, we can estimate, under a
regularity assumption on u, the individual terms appearing in (20). This is
done in the following Lemma 13 and Corollary 14.
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Lemma 13 Let β ∈ (0, 1), 0 < δ ≤ 1, ω ∈ (0, 2π). Then, there exists a constant
Cd = Cd(β, δ, ω) > 0 such that for all u ∈ W2

β(Qδ,ω) with ‖u‖W2
β(Qδ,ω) ≤ 1 such

that there exist constants Au, Eu > 1, and k ∈ N satisfying

‖rβ+α1−2Dαu‖L2(Qδ,ω) ≤ A
|α|−2
u Eα2

u (|α| − 2)!, ∀α ∈ N
2
0 : 2 ≤ |α| ≤ k + 1, (24)

it holds for all α, η ∈ N
2
0 such that |η| ≤ 1 and |α| ≤ k − |η| that

‖rβ/2−1+α1Dα(rη1Dηu)‖L4(Qδ,ω)

≤ Cd(|α|+ 1)1/2A
[|α|+|η|−3/2]+
u E

α2+η2+1/2
u [|α|+ |η| − 2]+!.

(25)

Proof We start by proving the theorem in the case |η| = 0. Applying Lemma 12 with
β̃2 = β/2 − 1 and β̃1 = β − 2 (note that β ∈ (0, 1) implies β̃2 > β̃1 + 1/2), for all
|α| ≤ k,

‖rβ/2−1+α1Dαu‖L4(Qδ,ω) ≤ Cint‖rβ−2+α1Dαu‖1/2
L2(Qδ,ω)

×



∑

|η|≤1

‖rβ−2+α1+η1Dα+ηu‖1/2
L2(Qδ,ω)

+ α
1/2
1 ‖rβ−2+α1Dαu‖1/2

L2(Qδ,ω)


 .

(26)
When |α| ≥ 2, using (24), we have

‖rβ/2−1+α1Dαu‖L4(Qδ,ω)

≤ CintA
|α|−3/2
u E

α2+1/2
u (2(|α| − 1)!1/2 + (1 + α

1/2
1 )(|α| − 2)!1/2)(|α| − 2)!1/2

≤ CintA
|α|−3/2
u E

α2+1/2
u (2(|α| − 1)1/2 + 1 + α

1/2
1 )(|α| − 2)!

≤ CintA
|α|−3/2
u E

α2+1/2
u 4|α|1/2(|α| − 2)!.

If |α| ≤ 1, instead, it follows from ‖u‖W2
β(Qδ,ω) ≤ 1 and (26) that

‖rβ/2−1+α1Dαu‖L4(Qδ,ω) ≤ Cint(2 + α
1/2
1 ) ≤ 4Cint.

This proves (25) for |η| = 0, i.e., that for all |α| ≤ k,

‖rβ/2−1+α1Dαu‖L4(Qδ,ω) ≤ 4CintA
[|α|−3/2]+
u E

α2+1/2
u (|α|+ 1)1/2[|α| − 2]+!. (27)

Consider now the case |η| = 1. We have

‖rβ/2−1+α1Dα(rη1Dηu)‖L4(Qδ,ω)

≤ ‖rβ/2−1+α1+η1Dα+ηu‖L4(Qδ,ω) + α1η1‖rβ/2−1+α1Dαu‖L4(Qδ,ω).

For all |α| ≤ k− 1, we can apply (27) to the two terms in the right hand side above:

α1‖rβ/2−1+α1Dαu‖L4(Qδ,ω) ≤ 4CintA
[|α|−3/2]+
u E

α2+1/2
u (|α|+ 1)1/2α1[|α| − 2]+!

≤ 4CintA
[|α|−1/2]+
u E

α2+η2+1/2
u (|α|+ 1)1/22[|α| − 1]+!,

and

‖rβ/2−1+α1+η1Dα+ηu‖L4(Qδ,ω) ≤ 4CintA
[|α|−1/2]+
u E

α2+η2+1/2
u (|α|+ 1)1/2[|α| − 1]+!.

Hence, for all |α| ≤ k − 1 and all |η| = 1,

‖rβ/2−1+α1Dα(rη1Dηu)‖L4(Qδ,ω) ≤ 12CintA
[|α|−1/2]+
u E

α2+η2+1/2
u (|α|+1)1/2[|α|−1]+!,

which concludes the proof, with Cd = 12Cint. �
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Corollary 14 Let β ∈ (0, 1), 0 < δ ≤ 1, ω ∈ (0, 2π), and let u ∈ W2
β(Qδ,ω) satisfies

‖u‖W2
β(Qδ,ω) ≤ 1. Suppose that there exist Au, Eu > 1 and k ∈ N such that

‖rβ+α1−2Dαu‖L2(Qδ,ω) ≤ A
|α|−2
u Eα2

u (|α| − 2)!, ∀α ∈ N
2
0 : 2 ≤ |α| ≤ k + 1.

Then, with the constant Cd from Lemma 13, for all α ∈ N
2
0 such that |α| ≤ k,

‖rβ/2−1+α1Dα(ru)‖L4(Qδ,ω) ≤ 4Cd(|α|+1)1/2A
[|α|−3/2]+
u E

α2+1/2
u [|α|−2]+!. (28)

Proof We start from the bound

‖rβ/2−1+α1Dα(ru)‖L4(Qδ,ω) ≤ ‖rβ/2+α1Dαu‖L4(Qδ,ω)+α1‖rβ/2−1+α1D(α1−1,α2)u‖L4(Qδ,ω),

where the second term is absent if α1 = 0. From Lemma 13, it follows that

‖rβ/2+α1Dαu‖L4(Qδ,ω) ≤ δCd(|α|+ 1)1/2A
[|α|−3/2]+
u E

α2+1/2
u [|α| − 2]+!

and that (when α1 ≥ 1)

α1‖rβ/2−1+α1D(α1−1,α2)u‖L4(Qδ,ω)

≤ δα1|α|1/2A[|α|−5/2]+
u E

α2+1/2
u [|α| − 3]+!

≤ max
j∈N

(
j3/2

(j + 1)1/2 max(j − 2, 1)

)
(|α|+ 1)1/2A

[|α|−3/2]+
u E

α2+1/2
u [|α| − 2]+!

≤ 3

2

√
3(|α|+ 1)1/2A

[|α|−3/2]+
u E

α2+1/2
u [|α| − 2]+!

Equation (28) follows from the above, bounding 1 + 3
2

√
3 ≤ 4 for ease of notation.

�

We are now in position to estimate the weighted norms of the nonlinear
term in the sector Qδ,ω(c), under the assumptions of analytic bounds on the
weighted norms of u. Initially, we do this under the assumption that u ∈
W2

β(Qδ,ω(c))
2 (which implies that u vanishes at the vertex of the sector) in

Lemma 15.

Lemma 15 (Weighted analytic estimates for the quadratic nonlinearity in polar
frame)
Assume that β ∈ (0, 1), 0 < δ ≤ 1, ω ∈ (0, 2π) and c > 0 are given fixed.

Then, there exists a constant Ct = Ct(β, δ, ω, c) > 0 such that for all constant
vector fields c = (c1, c2)

⊤ ∈ R
2 such that |c1|+ |c2| < c and all w : Qδ,ω → R

2 with
‖w‖W2

β(Qδ,ω) ≤ 1 such that there exist k ∈ N and constants Aw, Ew ≥ 1 satisfying





‖rα1+β−2Dαwr‖L2(Qδ,ω) ≤ A
|α|−2
w Eα2

w (|α| − 2)!

‖rα1+β−2Dαwϑ‖L2(Qδ,ω) ≤ A
|α|−2
w Eα2

w (|α| − 2)!,
for all 2 ≤ |α| ≤ k + 1,

the following inequality holds:

‖rα1+β−2Dα(r2((w + c) · ∇)(w + c)))‖L2(Qδ,ω)

≤ CtA
|α|−1
w Eα2+2

w |α|!, ∀α ∈ N
2
0 : 1 ≤ |α| ≤ k.

(29)
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Proof By Lemma 6, there exists a constant Cemb = Cemb(β, δ, ω) > 0 such that
‖w‖W2

β(Qδ,ω) ≤ 1 implies w ∈ [C0(Qδ,ω)]
2 and

‖w‖L∞(Qδ,ω) ≤ Cemb. (30)

Next, we recall from Lemma 11 that

r2((w + c) · ∇)(w + c) =

(
r2(wr + cr)∂rwr + r((wϑ + cϑ)∂ϑwr − (wϑ + cϑ)wϑ)

r2(wr + cr)∂rwϑ + r((wϑ + cϑ)∂ϑwϑ + (wϑ + cϑ)wr)

)
.

(31)
We will estimate the individual terms.

Estimate of rw2
ϑ and rwrwϑ

Let v ∈ {wr, wϑ}. From (28), Lemma 13 and Corollary 14 it follows that for any α
as in (29)

‖rα1+β−2Dα(rwϑv))‖L2(Qδ,ω)

≤
|α|∑

j=0

∑

|η|=j,η≤α

(
α

η

)
‖rη1+β/2−1Dη(rv)‖L4(Qδ,ω)‖rα1−η1+β/2−1Dα−ηwϑ‖L4(Qδ,ω)

≤
|α|∑

j=0

∑

|η|=j,η≤α

(
α

η

)
4C2

d(|η|+ 1)1/2A
[|η|−3/2]+
w E

η2+1/2
w [|η| − 2]+!

× (|α| − |η|+ 1)1/2A
[|α|−|η|−3/2]+
w E

α2−η2+1/2
w [|α| − |η| − 2]+!

≤ 4C2
dA

[|α|−3/2]+
w Eα2+1

w

×
|α|∑

j=0

∑

|η|=j,η≤α

(
α

η

)
j!(|α| − j)!

(j + 1)1/2(|α| − j + 1)1/2

max(j(j − 1), 1)max((|α| − j)(|α| − j − 1), 1)
.

Here we have used [|η| − 3/2]+ + [|α| − |η| − 3/2]+ ≤ [|α| − 3/2]+ for all η ≤ α.
Now, for all j ∈ N0,

(j + 1)1/2

max(j(j − 1), 1)
=

(j + 1)1/2 max(j, 1)1/2

max(j − 1, 1)

1

max(j, 1)3/2
≤

√
6

1

max(j, 1)3/2
.

In addition,
∑

|η|=j,η≤α

(
α

η

)
=

(
|α|
j

)
.

Therefore,

‖rα1+β−2Dα(rwϑv))‖L2(Qδ,ω)

≤ 24C2
dA

[|α|−3/2]+
w Eα2+1

w

|α|∑

j=0

j!(|α| − j)!
1

max(j, 1)3/2 max(|α| − j, 1)3/2

∑

|η|=j,η≤α

(
α

η

)
.

≤ 24C2
dA

[|α|−3/2]+
w Eα2+1

w |α|!
|α|∑

j=0

1

max(j, 1)3/2 max(|α| − j, 1)3/2
.

We have, by the Cauchy-Schwarz inequality,

|α|∑

j=0

1

max(j, 1)3/2 max(|α| − j, 1)3/2
≤

|α|∑

j=0

1

max(j, 1)3
≤ 1 + ζ(3) ≤ 5

2
.
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We conclude that for any α as in (29),

‖rα1+β−2Dα(rw2
ϑ))‖L2(Qδ,ω) ≤ 60C2

dA
[|α|−3/2]+
w Eα2+1

w |α|! (32)

and
‖rα1+β−2Dα(rwϑwr))‖L2(Qδ,ω) ≤ 60C2

dA
[|α|−3/2]+
w Eα2+1

w |α|!. (33)

Estimate of r2cr∂rv, rcϑ∂ϑv and rcϑv for v ∈ {wr, wϑ}

Let ξ ∈ N
2
0 such that |ξ| ≤ 1 and let ϕ ∈ {cr, cϑ}. We have

‖rα1+β−2Dα(r1+ξ1ϕDξv)‖L2(Qδ,ω)

≤
∑

η=(0,j),j∈{0,...,α2}

(
α2

j

)
‖∂jϑϕ‖L∞(Qδ,ω)‖rα1+β−2Dα−η(r1+ξ1Dξv)‖L2(Qδ,ω)

≤ c
∑

η=(0,j),j∈{0,...,α2}

(
α2

j

)
‖rα1+β−2Dα−η(r1+ξ1Dξv)‖L2(Qδ,ω).

If α1 = 0, then

‖rα1+β−2Dα(r1+ξ1ϕDξv)‖L2(Qδ,ω)

≤ c
∑

η=(0,j),j∈{0,...,α2}

(
|α|
j

)
‖rξ1+1+β−2Dα−ηDξv‖L2(Qδ,ω)

≤ c

|α|∑

j=0

(
|α|
j

)
A
[|α|−j−1]+
w Eα2−j+ξ2

w [|α| − j − 1]+!

≤ c

|α|∑

j=0

|α|!
j!

A
[|α|−j−1]+
w Eα2−j+ξ2

w

≤ ecA
|α|−1
w Eα2+1

w |α|!

since
∑|α|

j=0
1
j! ≤

∑+∞
j=0

1
j! = e. If α1 > 0,

‖rα1+β−2Dα(r1+ξ1ϕDξv)‖L2(Qδ,ω)

≤ c
∑

j∈{0,...,α2},η=(0,j)

(
α2

j

)(
‖rα1+ξ1+1+β−2Dα−ηDξv‖L2(Qδ,ω)

+ (1 + ξ1)α1‖rα1+ξ1+β−2Dα−η−(1,0)Dξv‖L2(Qδ,ω)

+ (1 + ξ1)ξ1
α1(α1 − 1)

2
‖rα1+β−2Dα−η−(2,0)Dξv‖L2(Qδ,ω)

)

≤ c
∑

j∈{0,...,α2}

(
α2

j

)
4A

[|α|−j−1]+
w Eα2−j+1

w [|α| − j − 1]+!

≤ 4c

|α|∑

j=0

|α|!
j!

A
|α|−1
w Eα2+ξ2

w

≤ 4ecA
|α|−1
w Eα2+ξ2

w |α|!.
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In conclusion, we have that for any ϕ ∈ {cr, cϑ}, any v ∈ {wr, wϑ} and any ξ ∈ N
2
0

with |ξ| ≤ 1,

‖rα1+β−2Dα(r1+ξ1ϕDξv)‖L2(Qδ,ω)

≤ 4ecA
|α|−1
w Eα2+1

w |α|!, ∀α ∈ N
2
0 : 1 ≤ |α| ≤ k.

(34)

Estimate of the remaining terms

Let v, w ∈ {wr, wϑ} and let ξ ∈ N
2
0 such that |ξ| = 1. We have, for any |α| > 0,

‖rα1+β−2Dα(r1+ξ1wDξv))‖L2(Qδ,ω)

≤
|α|∑

j=1

∑

|η|=j,η≤α

(
α

η

)
‖rη1+β/2−1Dη(rw)‖L4(Qδ,ω)‖rα1−η1+β/2−1Dα−η(rξ1Dξv)‖L4(Qδ,ω)

+ ‖rα1+β−1wDα(rξ1Dξv)‖L2(Qδ,ω)

= (I) + (II).
(35)

We bound the sum in term (I) by similar techniques as above, using Lemma 13 and
Corollary 14:

(I) ≤
|α|∑

j=1

∑

|η|=j,η≤α

(
α

η

)
4C2

d(|η|+ 1)1/2A
[|η|−3/2]+
w E

η2+1/2
w [|η| − 2]+!

× (|α| − |η|+ 1)1/2A
[|α|−|η|−1/2]+
w E

α2−η2+ξ2+1/2
w [|α| − |η| − 1]+!

≤ 4C2
dA

[|α|−3/2]+
w Eα2+1+ξ2

w

×
|α|∑

j=1

∑

|η|=j,η≤α

(
α

η

)
j!(|α| − j)!

(j + 1)1/2(|α| − j + 1)1/2

max(j(j − 1), 1)max(|α| − j, 1)
,

where we have used that

[|η| − 3/2]+ + [|α| − |η| − 1/2]+ ≤ [|α| − 3/2]+, ∀η ≤ α : |η| ≥ 1.

Since
(j + 1)1/2

max(j, 1)
=

(j + 1)1/2

max(j, 1)1/2
1

max(j, 1)1/2
≤

√
2

1

max(j, 1)1/2
,

and using Hölder’s inequality, we obtain

(I) ≤ 8C2
dA

[|α|−3/2]+
w Eα2+ξ2+1

w |α|!
|α|∑

j=1

1

max(j − 1, 1)max(j, 1)1/2 max(|α| − j, 1)1/2

≤ 8C2
dA

[|α|−3/2]+
w Eα2+ξ2+1

w |α|!
|α|∑

j=1

1

max(j − 1, 1)3/2 max(|α| − j, 1)1/2

≤ 8C2
dA

[|α|−3/2]+
w Eα2+ξ2+1

w |α|!


1 +

|α|−1∑

j=1

j−2




3/4
1 +

|α|−1∑

j=1

j−2




1/4

≤ 24C2
dA

[|α|−3/2]+
w Eα2+ξ2+1

w |α|!,
(36)



Springer Nature 2021 LATEX template

22 Analytic regularity for NS in polygons with mixed BC

where we have used 1 + ζ(2) ≤ 3. We now estimate term (II) in (35). Remark that

(II) ≤ ‖rw‖L∞(Qδ,ω)‖rα1+β−2Dα(rξ1Dξv)‖L2(Qδ,ω). (37)

In addition,

‖rα1+β−2Dα(rξ1Dξv)‖L2(Qδ,ω)

≤ ‖rα1+ξ1+β−2Dα+ξv‖L2(Qδ,ω) + α1ξ1‖rα1+β−2Dαv‖L2(Qδ,ω)

≤ A
|α|−1
w Eα2+ξ2

w (|α| − 1)! + ξ1|α|A|α|−1
w Eα2

w [|α| − 2]+!

≤ 3A
|α|−1
w Eα2+ξ2

w (|α| − 1)!.

Hence, from (30) and (37), for any α as in (29),

(II) ≤ 3δCembA
|α|−1
w Eα2+ξ2

w (|α| − 1)!. (38)

It follows from (35), (36), and (38) that, for any v, w ∈ {wr, wϑ} and any multi-index
ξ such that |ξ| = 1,

‖rα1+β−2Dα(r1+ξ1wDξv))‖L2(Qδ,ω) ≤ (24C2
d + 3Cemb)A

|α|−1
w Eα2+1+ξ2

w |α|!. (39)

The combination of the formula (31) and of the bounds (32), (33), (34), and (39)
concludes the proof, with

Ct = 6max
(
60C2

d + 4ec, 24C2
d + 3Cemb + 4ec

)
.

�

4.2 Analytic regularity in the polygon P

We can now prove the main result of this paper. With analyticity in the interior
and up to edges of P being classical, we concentrate on the sectors near the
corners ci of the domain P . We define for δ ∈ (0, 1),

Si
δ := Qδ,ωi

(ci), i = 1, . . . , n. (40)

We prepare the bootstrapping argument required for establishing analytic reg-
ularity by proving that the solution (u, p) as is given in Theorem 2 satisfies
that (u− u(ci), p) ∈ [W2

βi
(Si

δ)]
2 ×W1

βi
(Si

δ).

Lemma 16 Let β
f
= (β1, . . . , βn) ∈ (0, 1)n be such that around each corner ci, the

operator pencil A(λ) defined as in (16) has no eigenvalue on Im(λ) = 1 − βi for

i = 1, ..., n and let f ∈ [Lβ
f
(P )]2 ∩ W ∗ such that ‖f‖W ∗ ≤ C2

coerν
2

4Ccont
. Suppose that

Assumption 1 holds. Let (u, p) be the solution to (2) with right hand side f .
Then, the following results hold:

1. For all 0 < δ ≤ 1 with δ < 1
4 mini,j |cj − ci|,

(u− u(c), p) ∈ [W2
βi
(Si

δ/2)]
2 ×W1

βi
(Si

δ/2), ∀i ∈ {1, . . . , n}.

2. For any corner ci which touches a complete side Γi ⊂ ΓG, u(ci) · n = 0 on

Γi where n is the outer normal vector of Γi.
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Proof We start by showing the first assertion. For all s ∈ (1, 2) and for t = (1/s −
1/2)−1,

‖f‖Ls(P ) ≤ ‖Φ−β
f
‖Lt(P )‖Φβ

f
f‖L2(P ).

Therefore f ∈ [Lβ
f
(P )]2 implies

f ∈ [Ls(P )]2, ∀s ∈
(
1,

2

1 + maxβ
f

)
.

In addition, u ∈ [H1(P )]2 implies by Sobolev embedding u ∈ [Lt(P )]2 for all t ∈
[1,∞). By Hölder’s inequality, choosing t ∈ [1,∞) and s = (1/2 + 1/t)−1,

‖(u · ∇)u‖Ls(P ) ≤ ‖u‖Lt(P )‖∇u‖L2(P ) < ∞

which implies (u · ∇)u ∈ [Ls(P )]2, for all s ∈ [1, 2). It follows from [5, Corollary 4.2]
that there exists q > 1 such that (u, p) ∈ [W 2,q(P )]2×W 1,q(P ). This in turn implies,
by Sobolev embedding, u ∈ [L∞(P )]2. Hence (u · ∇)u ∈ [L2(P )]2. We conclude by
applying Theorem 9 to each corner sector to obtain that there exists a constant Csec

such that for each i ∈ {1, . . . , n},

‖u− u(c)‖W2
βi

(Si
δ/2

) + ‖p‖W1
βi

(Si
δ/2

) ≤ Csec

(
‖f‖L(β

f
)i
(Si

δ)

+ ‖(u · ∇)u‖L(β
f
)i
(Si

δ)
+ ‖u‖H1(P ) + ‖p‖L2(P )

)
.

Now, since f ∈ [Lβ
f
(P )]2 and (u · ∇)u ∈ [L2(P )]2, it holds that f ∈ [Lβ

f
(Si

δ)]
2

and (u · ∇)u ∈ [Lβ
f
(Si

δ)]
2; hence, the right hand side of the inequality above is

bounded. Using [13, Corollary 4.2] to bound the norm of the Cartesian version of the
flux concludes the proof of the regularity result.

To show the second point, we fix i ∈ {1, . . . , n} and assume that Γ ⊂ ΓG abuts ci.
Then, for any point x ∈ Γ we have, due to the boundary condition, u(x)·n = 0, where

n is the outer normal vector of Γ. In addition, Lemma 6 implies that u ∈ C0(Si
δ)

2

since u− u(c) ∈ W2
βi
(Si

δ/2)
2 ⊂ C0(Si

δ/2
)2. Therefore, by letting x → ci along Γ, we

have u(ci) · n = limx→ci u(x) · n = 0. �

We prove weighted analytic estimates for Leray-Hopf weak solutions in
each corner sector.

Lemma 17 Let β
f
= (β1, . . . , βn) ∈ (0, 1)n be such that in a vicinity of each corner

ci, the operator pencil A(λ) defined as in (16) has no eigenvalue on Im(λ) = 1− βi

and f ∈ [B0
β
f
(P )]2 ∩ W ∗ such that ‖f‖W ∗ ≤ C2

coerν
2

4Ccont
. Suppose that Assumption 1

holds and let (u, p) be the solution to (2) with right hand side f .
Then there exists δP ∈ (0, 1] such that for all i ∈ {1, 2, . . . , n}, (u, p) ∈

[B2
βi
(Si

δP /2)]
2 ×B1

βi
(Si

δP /2).

Remark 18 Lemma 17 implies in particular that if u(ci) = 0 (this happens when
at least one straight edge of Si

δP
is a zero Dirichlet edge or both edges are

equipped with homogeneous Slip boundary condition), then u ∈ [B2
βi
(Si

δP /2)]
2 ⊂
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[H2,2
β
f

(Si
δP /2)]

2 and p ∈ B1
βi
(Si

δP /2) ⊂ H1,1
β
f

(Si
δP /2) implies by Lemma 7 that

u ∈ [K2
2−βi

(Si
δP /2)]

2 and that p ∈ K1
1−βi

(Si
δP /2). Furthermore, by definition

Bℓ
βi
(Si

δP /2) ∩ Kℓ
ℓ−βi

(Si
δP /2) = K̟

ℓ−β
i
(Si

δP /2). Therefore, u ∈ [K̟
2−βi

(Si
δP /2)]

2 and

p ∈ K̟
1−βi

(Si
δP /2) in this case.

Proof Write β
f

= (β1, . . . , βn) ∈ (0, 1)n. Fix 0 < δP ≤ 1 such that δP <
1
4 mini,j |cj − ci| and such that

‖u− u(ci)‖W2
βi

(Si
δP

) ≤ 1, ‖p‖W1
βi

(Si
δP

) ≤ 1, ∀i ∈ {1, . . . , n}. (41)

Note that this condition is meaningful thanks to Lemma 16. The proof proceeds by
induction, in each of the corner sectors. Fix i ∈ {1, . . . , n}. We write r(x) := ri(x) =
|x− ci| for compactness.

Let ũ = u−u(ci). Before setting up the inductive bootstrap argument, we rewrite
the NSE with ũ in polar coordinates and rearrange the equations in the sector Si

δP
as

L∆
St(ũ, p) =

(
A(f − ((ũ+ u(ci)) · ∇)(ũ+ u(ci)))

0

)
in Si

δP , (42a)

B(ũ, p) = 0 on Γδ. (42b)

This set of equations has the following component-wise form:

− 1

r2

(
ν((r∂r)

2 + ∂2ϑ − 1) −2ν∂ϑ
2ν∂ϑ ν((r∂r)

2 + ∂2ϑ − 1)

)(
ũr
ũϑ

)
+

1

r

(
r∂r
∂ϑ

)
p = f̂ in Si

δP ,

(43)

1

r
((r∂r + 1) ũr + ∂ϑũϑ) = 0 in Si

δP ,

(44)

ũ = 0 on ∂Si
δP ∩ ΓD.

(45)

Here f̂ = f−(ũ+ u(ci)) · ∇)(ũ+ u(ci)). On ∂Si
δP

∩ΓN and ∂Si
δP

∩ΓG, respectively,
(
ν(r−1∂ϑũr + ∂rũϑ − r−1ũϑ
−p+ 2νr−1(∂ϑũϑ + ũr))

)
= 0 (46)

and
(

ũϑ
ν(∂rũϑ + 1

r∂ϑũr − 1
r ũϑ)

)
= 0 . (47)

See Appendix C for details of the derivation.

The analyticity of u and p in P \
(⋃n

i=1 S
i
δP /2

)
and the analyticity assumption

on f , i.e., f ∈ [B0
β
f
(P )]2 (whence f ∈ [B0

βi
(Si

δP
)]2 by Lemma 4), imply that there

exists A1 > 0 such that, for all |α| ≥ 1,

‖rβi+α1−2Dα(r2f)‖L2(Si
δP

) ≤ A
|α|
1 |α|!, (48a)

‖rβi+α1−2Dα(r2((ũ+ u(ci)) · ∇)(ũ+ u(ci)))‖L2(Si
δP

\Si
δP /2

) ≤ A
|α|
1 |α|!, (48b)
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‖rβi+α1−1Dαp‖L2(Si
δP

\Si
δP /2

) ≤ A
|α|−1
1 (|α| − 1)!,

(48c)

and, for all k ∈ N,
‖rk∂kr ũ‖H1(Si

δP
\Si

δP /2
) ≤ Ak

1k!. (48d)

For the ensuing induction argument, we define the constants

Eu = max

(
2, 8

(
1 +

1

ν

)3/2

, (8ν)3/2
)
, (49a)

and

Au = max

(
22CsecA1, 2Csec(Ct + 9)E2

u,
4

ν
A1, 4

(
1

ν
(Ct + 2) + 4

)
E

4/3
u ,

4A1, 4(Ct + 1 + 3ν)Eu, 2

)
. (49b)

We now formulate our induction assumption.

Induction assumption

We say H
k̂,k2

holds for k̂ ∈ N and k2 ∈ N with k2 ≤ k̂, if

‖rβi+α1−2
i Dαũr‖L2(Si

δP /2
) ≤ A

|α|−2
u E

[α2−4/3]+
u (|α| − 2)!,

‖rβi+α1−2
i Dαũϑ‖L2(Si

δP /2
) ≤ A

|α|−2
u E

[α2−4/3]+
u (|α| − 2)!,

∀α ∈ N
2
0 :

{
2 ≤ |α| ≤ k̂ + 1,

α2 ≤ k2 + 1,

(50a)
and

‖rβi+α1−1
i Dαp‖L2(Si

δP /2
) ≤ A

|α|−1
u Eα2

u (|α| − 1)!, ∀α ∈ N
2
0 :

{
1 ≤ |α| ≤ k̂,

α2 ≤ k2,

(50b)
where Au and Eu are the constants in (49b) and (49a).

Strategy of the proof

We start the induction by noting that H1,1 holds due to Lemma 16 and to (41).
The induction proof of the statement will be composed of two main steps. In the

first step, we show
∀k ∈ N, Hk,k =⇒ Hk+1,1. (51)

Then, in the following step, we will show that, for all k ∈ N and all j ∈ N such that
j ≤ k,

Hk,k and Hk+1,j =⇒ Hk+1,j+1. (52)

Combining (51) and (52), we obtain that

Hk,k =⇒ Hk+1,k+1, (53)

We infer from (53) that Hk,k is verified for all k ∈ N. This will conclude the proof.
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Step 1: proof of (51)

We fix k ∈ N and suppose that Hk,k holds. Define

v := rk∂kr ũ, q := rk∂kr p. (54)

Then, for all |η| ≤ 2,

rη1Dη
v = rk∂kr (r

η1Dη
ũ) (55)

and

Dηq = rk−2∂kr (r
η1+1Dηp)− krk−1∂k−1

r Dηp− η1k(k − 1)rk−2∂k−1
r p. (56)

Furthermore, multiplying (44) by r and differentiating by ∂kr we obtain

(r∂r + (k + 1))∂kr ũr + ∂kr ∂ϑũϑ = 0,

hence

0 = rk−1(r∂r + (k + 1))∂kr ũr + rk−1∂ϑ∂
k
r ũϑ =

1

r
((r∂r + 1)vr + ∂ϑvϑ) . (57)

From (55), (56), and (57), it follows that the pair (v, q) as defined in (54) satisfies,

with L∆
St and B in polar frame and acting on the velocity field ũ in polar frame as

defined in (42a) and (42b) formally the Stokes boundary value problem

L∆
St(v, q) =

(
f̃

0

)
, in Si

δP ,

B(v, q) =




0

g̃

0


 , on (∂Si

δP ∩ ΓD)× (∂Si
δP ∩ ΓN )× (∂Si

δP ∩ ΓG), .

(58)

Here, f̃ and (assuming that ∂Si
δP

∩ ΓN 6= ∅) g̃ are defined by

f̃ = rk−2∂kr (r
2(f − ((ũ+ u(ci)) · ∇)(ũ+ u(ci))))− krk−2

(
r∂kr p+ (k − 1)∂k−1

r p

∂k−1
r ∂ϑp

)
,

g̃ =

(
0

krk−1∂k−1
r p

)
.

(59)

Using (48a), Lemma 15 with w = u, the inductive hypothesis Hk,k, and the fact

that for all v ∈ L2(Si
δP

)

‖v‖L2(Si
δP

) ≤ ‖v‖L2(Si
δP /2

) + ‖v‖L2(Si
δP

\Si
δP /2

),

we find from (59)

‖f̃‖Lβi
(Si

δP
) ≤ ‖rβi+k−2∂kr (r

2
f)‖L2(Si

δP
)

+ ‖rβi+k−2∂kr (r
2((ũ+ u(ci)) · ∇)(ũ+ u(ci)))‖L2(Si

δP
)

+ k‖rβi+k−1∂kr p‖L2(Si
δP

) + k(k − 1)‖rβi+k−2∂k−1
r p‖L2(Si

δP
)

+ k‖rβi+k−2∂k−1
r ∂ϑp‖L2(Si

δP
)

≤ Ak
1k! +

(
CtA

k−1
u E2

u +Ak
1

)
k! + k

(
Ak−1
u +Ak−1

1

)
(k − 1)!

+ k(k − 1)
(
Ak−2
u +Ak−2

1

)
(k − 2)! + k

(
Ak−1
u Eu +Ak−1

1

)

≤
(
5Ak

1 + (Ct + 3)Ak−1
u E2

u

)
k!.
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Furthermore,

‖g̃‖
W

1/2
β (∂Si

δP
∩ΓN )

≤ k‖rk−1∂k−1
r p‖W 1

β (S
i
δP

)

≤ k

(
‖rk−2+β∂k−1

r p‖L2(Si
δP

)

+ ‖rk−2+β∂k−1
r ∂ϑp‖L2(Si

δP
) + ‖rk−1+β∂kr p‖L2(Si

δP
)

+ (k − 1)‖rk−2+β∂k−1
r p‖L2(Si

δP
)

)

≤ 4k
(
Ak−1
1 +Ak−1

u Eu

)
(k − 1)!

= 4
(
Ak−1
1 +Ak−1

u Eu

)
k!.

It follows from (58), Theorem 9, (48d), (48c), and the two inequalities above that

‖v − v(ci)‖W2
βi

(Si
δP /2

) + ‖q‖W1
βi

(Si
δP /2

)

≤ Csec

(
‖f̃‖Lβi

(Si
δP

) + ‖v‖H1(Si
δP

\Si
δP /2

) + ‖q‖L2(Si
δP

\Si
δP /2

) + ‖g̃‖
W

1/2
β (∂Si

δP
∩ΓN )

)

≤ Csec

(
11Ak

1 + (Ct + 7)Ak−1
u E2

u

)
k!.

(60)
We claim that v(ci) = 0. This means that this term in (60) could be omit-
ted. To prove the claim, we observe that the validity of Hk,k implies that

‖rk+βi−2∂kr ũ‖L2(Si
δP /2

) < +∞ and thus v ∈ Lβi−2(S
i
δP /2)

2. This is equivalent to

v ∈ Lβi−2(S
i
δP /2)

2. Using (60), [13, Corollary 4.2, Page 322] and Lemma 6 we have

that v ∈ C0(Si
δP /2

)2. Then the condition v ∈ Lβi−2(S
i
δP /2)

2 forces v (and v) to

vanish at ci since otherwise r2(βi−2)v2i would not be integrable on Si
δP /2.

Now, for all |η| = 2,

Dη
v = rk∂krDη

ũ+ η1kr
k−1∂k+η1−1

r ∂η2

ϑ ũ+ [η1 − 1]+k(k − 1)rk−2∂kr ũ.

Therefore, for all |η| = 2,

‖rβi+k+η1−2∂krDη
ũ‖L2(Si

δP /2
)

≤ ‖v‖W2
βi

(Si
δP /2

) + η1k‖rβi+k+η1−3∂k+η1−1
r ∂η2

ϑ ũ‖L2(Si
δP /2

)

+ k(k − 1)‖rβi+k−2∂kr ũ‖L2(Si
δP /2

)

≤ Csec

(
11Ak

1 + (Ct + 7)Ak−1
u E2

u

)
k! + 2kAk−1

u (k − 1)! + k(k − 1)Ak−2
u (k − 2)!

≤ Csec

(
11Ak

1 + (Ct + 9)Ak−1
u E2

u

)
k!.

For all |η| = 1,

Dηq = rk∂krDηq + η1kr
k−1∂kr p,

hence

‖rβi+k+η1−1∂krDηp‖L2(Si
δP /2

) ≤ ‖q‖W1
βi

(Si
δP /2

) + k‖rβi+k−1∂kr p‖L2(Si
δP /2

)

≤ Csec

(
11Ak

1 + (Ct + 7)Ak−1
u E2

u

)
k! + kAk−1

u (k − 1)!
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≤ Csec

(
11Ak

1 + (Ct + 8)Ak−1
u E2

u

)
k!.

From (49b) it follows that for every k ∈ N

max
|η|=2

‖rβi+k+η1−2∂krDη
ũ‖L2(Si

δP /2
) ≤ Ak

uk!, max
|η|=1

‖rβi+k+η1−1∂krDηp‖L2(Si
δP /2

) ≤ Ak
uk!,

i.e., that Hk+1,1 holds. We have shown implication (51).

Step 2: proof of (52)

We now fix j ∈ {1, . . . , k} and we assume that Hk,k and Hk+1,j hold true.

Multiply (44) by r and differentiate by ∂k−j
r ∂j+1

ϑ to obtain

r∂k+1−j
r ∂j+1

ϑ ũr + (k + 1− j)∂k−j
r ∂j+1

ϑ ũr + ∂k−j
r ∂j+2

ϑ ũϑ = 0.

Therefore, using Hk+1,j ,

‖rβi+k−j−2∂k−j
r ∂j+2

ϑ ũϑ‖L2(Si
δP /2

)

≤ ‖rβi+k−j−1∂k+1−j
r ∂j+1

ϑ ũr‖L2(Si
δP /2

) + k‖rβi+k−j−2∂k−j
r ∂j+1

ϑ ũr‖L2(Si
δP /2

)

≤ Ak
uE

j−1/3
u k! + kAk−1

u E
j−1/3
u (k − 1)!

≤ 2Ak
uE

j−1/3
u k!

≤ Ak
uE

j+2/3
u k!.

(61)
This proves the estimate for ũϑ.

To prove the bound on ũr, multiply the first equation in (43) by r2 and

differentiate by ∂k−j
r ∂jϑ, to obtain

ν∂k−j
r ∂j+2

ϑ ũr = −ν
(
r2∂2r + (2(k − j) + 1)r∂r + (k − j)2 − 1

)
∂k−j
r ∂jϑũr − 2ν∂k−j

r ∂j+1
ϑ ũϑ

+ (r2∂2r + 2(k − j)r∂r + (k − j)(k − j − 1))∂k−j−1
r ∂jϑp

− ∂k−j
r ∂jϑ

(
r2(f − ((ũ+ u(ci)) · ∇)(ũ+ u(ci)))r

)
.

Therefore,

‖rβi+k−j−2∂k−j
r ∂j+2

ϑ ũr‖L2(Si
δP /2

)

≤
(
A2
uk! + 2kAu(k − 1)! + k(k − 2)(k − 2)!

)
Ak−2
u E

[j−4/3]+
u + 2Ak−1

u E
j−1/3
u (k − 1)!

+
1

ν

(
Ak
uk! + 2(k − 1)Ak−1

u (k − 1)! + (k − 1)(k − 2)Ak−2
u (k − 2)!

)
Ej
u

+
1

ν
Ak
1k! +

1

ν
CtA

k−1
u Ej+2

u k!

≤
(
1

ν
Ak
1 +

(
1 +

1

ν

)
Ak
uE

j
u +

(
1

ν
(Ct + 2) + 4

)
Ak−1
u Ej+2

u +

(
1 +

1

ν

)
Ak−2
u Ej

u

)
k!.

≤ Ak
uE

j+2/3
u k!

(62)
This provides the estimate for ũr.

Last, consider the second equation of (43): multiplying by r2 and differentiating

by ∂k−j
r ∂jϑ we obtain

r∂k−j
r ∂j+1

ϑ p = ν
(
r2∂2r + (2(k − j) + 1)r∂r + (k − j)2 − 1 + ∂2ϑ

)
∂k−j
r ∂jϑũϑ



Springer Nature 2021 LATEX template

Analytic regularity for NS in polygons with mixed BC 29

+ 2ν∂k−j
r ∂j+1

ϑ ũr − (k − j)∂k−j−1
r ∂j+1

ϑ p

+ ∂k−j
r ∂jϑ

(
r2(f − ((ũ+ u(ci)) · ∇)(ũ+ u(ci)))ϑ

)
.

Hence,

‖rβi+k−j−1∂k−j
r ∂j+1

ϑ p‖L2(Si
δP /2

)

≤ ν

(
A2
uk! + 2kAu(k − 1)! + k(k − 2)(k − 2)!

)
Ak−2
u E

[j−4/3]+
u

+ νAk
uE

j+1/3
u k! + 2νAk−1

u E
j−1/3
u (k − 1)! + (k − 1)Ak−2

u Ej+1
u (k − 2)!

+Ak
1k! + CtA

k−1
u Ej+2

u k!

≤
(
Ak
1 + 2νAk

uE
j+1/3
u + (Ct + 1 + 3ν)Ak−1

u Ej+2
u +Ak−2

u Ej+1
u

)
k!

≤ Ak
uE

j+1
u k!.

(63)
Then, the estimates in (61), (62), and (63) imply that Hk+1,j+1 holds true. By
the strategy outlined above, this shows implication (53) and thus verifies Hk,k for

all k ∈ N. Therefore (ũ, p) ∈ [B2
βi
(Si

δP /2)]
2 × B1

βi
(Si

δP /2), which leads to (ũ, p) ∈
[B2

βi
(Si

δP /2)]
2 ×B1

βi
(Si

δP /2) due to ũ(ci) = 0 and Lemma 3. The proof is concluded

by noting that u− ũ is a constant vector field. �

Combining the estimates in each sector with classical results on the ana-
lyticity of the solution in the interior of the domain and on regular parts of
the boundary from [1], this implies the weighted analytic regularity in P of
solutions to the stationary, incompressible Navier-Stokes equations, stated in
Theorem 8.

Proof of Theorem 8 The analyticity of weak solutions (u, p) in the interior and up
to analytic parts of the boundary is classical, see, e.g., [2, 22]. The weighted analytic
regularity near corners of P is provided in Lemma 17. �

Remark 19 If for each corner c ∈ C, either at least one of the two sides of P meeting in
c is a Dirichlet side with no-slip BCs or both sides of P meeting in c are equipped with
homogeneous slip boundary condition, then by repeating the argument in Remark
18 near each corner and using again the analyticity of (u, p) in the interior and up
to analytic parts of the boundary, the present analysis will imply

(u, p) ∈ [K̟
2−β

f
(P )]2 ×K̟

1−β
f
(P ).

5 Conclusion and Discussion

We have shown analytic regularity of Leray-Hopf solutions of the stationary,
viscous and incompressible Navier-Stokes equations in polygonal domains P ,
subject to sufficiently small and analytic in P forcing. We proved analytic reg-
ularity of the velocity and pressure in scales of corner-weighted, Kondrat’ev
spaces. The present setting of mixed BCs covers most examples of interest in
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applications, such as, e.g., channel flow with homogeneous Neumann condi-
tion at the outflow boundary. With the argument in [12] containing a gap, in
the particular case of homogeneous Dirichlet (“no-slip”) boundary conditions
on all of ∂P the present result implies that the result in [16] stands under the
assumptions stated in [16]. The analytic regularity in homogeneous weighted
spaces implies, as explained in the discussion in [16, Section 5], corresponding
bounds on n-widths of solution sets which, in turn, imply exponential conver-
gence of reduced basis and of Model Order Reduction methods. Corresponding
remarks apply also in the present, more general situation, and we do not spell
them out here.

We note that our weighted analytic regularity arguments were local, at
each sector. Assumption 1, item 2 was only imposed to ease the presentation
of (known) results on existence and uniqueness of variational (“Leray-Hopf”)
solutions.

The present results also imply, along the lines of [16] (where only the case
of no-slip BCs on all of ∂P was considered), exponential rates of convergence
of hp-approximations. Details on the exponential convergence rate bounds for
further discretizations in the case of the presently considered mixed boundary
conditions shall be elaborated elsewhere.
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A Proofs of Section 2.5.4

Proof of Lemma 3 The third item of Lemma 5 and the second item of Lemma 6 give
that for any ℓ ∈ {0, 1, 2} there exists a constant A0 > 1 such that for any α ∈ N

2
0,

‖rβ+α1−ℓDα
u‖L2(Qδ,ω(c)) ≤ A

|α|+1
0 |α|!.

Then we have

‖rβ−ℓ
u‖L2(Qδ,ω(c)) ≤ 4‖rβ−ℓ

u‖L2(Qδ,ω(c)),

and for all |α| ≥ 1,

‖rβ+α1−ℓDαu1‖L2(Qδ,ω(c))

≤
α2∑

j=0

(
α2

j

)
‖∂jϑ cosϑ‖L∞(Qδ,ω(c))‖rβ+α1−ℓ∂α1

r ∂α2−j
ϑ ur‖L2(Qδ,ω(c))

+

α2∑

j=0

(
α2

j

)
‖∂jϑ sinϑ‖L∞(Qδ,ω(c))‖rβ+α1−ℓ∂α1

r ∂α2−j
ϑ uϑ‖L2(Qδ,ω(c))

≤ 2A
|α|+1
0 |α|!

α2∑

j=0

A−j
0

(
α2

j

)
≤ 2(2A0)

|α|+1|α|!.

A similar estimate holds for u2. By the above results and using the third item of
Lemma 5 and the first item of Lemma 6 we have u ∈ [Bℓ

β(Qδ,ω(c))]
2, which, by the

second item of Lemma 5, is equivalent to u ∈ [Bℓ
β(Qδ,ω(c))]

2. �
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Proof of Lemma 4 From v ∈ [B0
β(Qδ,ω(c))]

2 it follows that v ∈ [B0
β(Qδ,ω(c))]

2 by
[17, Theorem 1.1]. Then, there exists A0 > 1 such that, for all |α| ≥ 1,

‖rα1+βDαvr‖L2(Qδ,ω(c)) ≤
α2∑

j=0

(
α2

j

)
‖∂jϑ cosϑ‖L∞(Qδ,ω(c))‖rα1+β∂α1

r ∂α2−j
ϑ v1‖L2(Qδ,ω(c))

+

α2∑

j=0

(
α2

j

)
‖∂jϑ sinϑ‖L∞(Qδ,ω(c))‖rα1+β∂α1

r ∂α2−j
ϑ v2‖L2(Qδ,ω(c))

≤ 2A
|α|
0 |α|!

α2∑

j=0

A−j
0

(
α2

j

)
≤ 2(2A0)

|α||α|!.

The estimate for vϑ follows by the same argument. �

Proof of Lemma 7 Lemma 6 implies that v ∈ Wk
β (Qδ,ω(c)). Elementary calculus

yields

∂x1 = cosϑ∂r −
sinϑ

r
∂ϑ,

∂x2 = sinϑ∂r +
cosϑ

r
∂ϑ,

∂2x1
= cos2 ϑ∂2r +

2 cosϑ sinϑ

r2
∂ϑ +

sin2 ϑ

r
∂r −

2 cosϑ sinϑ

r
∂rϑ +

sin2 ϑ

r2
∂2ϑ,

∂2x2
= sin2 ϑ∂2r − 2 cosϑ sinϑ

r2
∂ϑ +

cos2 ϑ

r
∂r +

2 cosϑ sinϑ

r
∂rϑ +

cos2 ϑ

r2
∂2ϑ,

∂x1∂x2 = cosϑ sinϑ∂2r +
sin2 ϑ− cos2 ϑ

r2
∂ϑ +

cos2 ϑ− sin2 ϑ

r
∂rϑ − sinϑ cosϑ

r
∂r −

sinϑ cosϑ

r2
∂2ϑ.

Therefore there exists C > 0 (C = 7 when k = 2 and C = 2 when k = 1 will suffice)
such that for any α ∈ N

2
0 with |α| ≤ k,

‖rβ−k+|α|∂αv‖L2(Qδ,ω(c)) ≤ C



∑

|α|≤k

‖rβ−k+α1Dαv‖2L2(Qδ,ω(c))




1/2

= C‖v‖Wk
β (Qδ,ω(c)).

By definition, it follows that v ∈ Kk
k−β(Qδ,ω(c)). �

B Parametric Operator Pencil for
Stokes-Problem

In this appendix, we give details about the parametrized system (16). Recall
that r and ϑ are polar coordinates in the sector Qδ,ω. Set D = −i∂ϑ. The

parametric differential operator L̂(λ) in (16) is defined as

L̂(λ)(u, p)

=

((
νD2 + 2ν(1 + λ2) ν(3 + iλ)iD −(1 + iλ)
−ν(3− iλ)iD ν2D2 + ν(1 + λ2) iD

)

ur

uϑ

p


 ,

(
1− iλ iD

)(ur

uϑ

))
.

(64)



Springer Nature 2021 LATEX template

32 Analytic regularity for NS in polygons with mixed BC

We also define the boundary operator B̂(λ) in (16) as

B̂(λ)(u, p) =

(
A0(λ)



ur

uϑ

p


 , Aω(λ)



ur

uϑ

p



)
, (65)

where, for any µ ∈ {0, ω},

Aµ(λ)(u, p) =





(
1 0 0

0 1 0

)
, if {ϑ = µ} corresponds to a Dirichlet edge,

(
νiD −ν(1 + iλ) 0

2ν 2νiD −1

)
, if {ϑ = µ} corresponds to a Neumann edge,

(
0 1 0

iD −(1 + iλ) 0

)
, if {ϑ = µ} corresponds to a Slip edge.

(66)
For the derivation of this parametric system, see [21, Chapter 4.2]

C Stokes operator in polar coordinates

In this appendix we provide the elementary calculations to verify (43)-(47),
which describe the NSE with boundary conditions in polar coordinates and
polar components. We recall the representation of the NSE in the Cartesian
reference frame

L∆
St(u, p) =

(
f − (u · ∇)u

0

)
in Si

δP , (67)

B(u, p) = 0 on Γδ. (68)

Using ũ = u− u(ci) we rewrite this set of equations as

L∆
St(ũ, p) =

(
f − ((ũ+ u(ci)) · ∇)(ũ+ u(ci))

0

)
in Si

δP , (69)

B(ũ, p) = −B(u(ci), 0) = 0 on Γδ. (70)

(69) follows directly from (67). We justify that the right-hand side of (70) is
a zero vector. To this end, we note firstly that due to Lemma 16, u− u(ci) ∈

W2
βi
(Si

δ)
2 ⊂ C0(Si

δ)
2 and thus u ∈ C0(Si

δ)
2, which implies the continuity of

u|Γδ
along Γδ. On a Dirichlet side, we use the homogeneous Dirichlet bound-

ary condition and the continuity of u to derive u(ci) = 0, which implies
B(u(ci), 0) = 0 on this side. On a Neumann side, B(u(ci), 0) = 0 as all
entries of ε(u(ci)) equal zero. For a side equipped with Slip boundary condi-
tion, Lemma 16 shows that the first component of B(u(ci), 0) equals 0 and
the second component also vanishes with the same reasoning as in the case of
a Neumann side. The right-hand sides of (45), (46) and (47) are thus verified.
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The vector Laplacian in a polar reference frame reads [23, Equation (3.151)]

∆ũ =
1

r2

(
(r∂r)

2 + ∂2
ϑ − 1 −2∂ϑ

2∂ϑ (r∂r)
2 + ∂2

ϑ − 1

)
ũ

and [24, Equation (II.4.C3)]

∇p =

(
∂rp

r−1∂ϑp

)
.

The divergence of ũ, which equals to ∇ ·u, is [24, Equation (II.4.C5)] ∇ · ũ =
1
r ((r∂r + 1) ũr + ∂ϑũϑ), whence (43) and (44).

Regarding the boundary conditions (70), we start from the expression of the
stress tensor in polar coordinates and polar frame, see [24, Equation (II.4.C9)],

ε(ũ) =

(
∂rur

1
2 (∂rũϑ + r−1(∂ϑũr − ũϑ))

1
2 (∂rũϑ + r−1(∂ϑũr − ũϑ)) r−1(∂ϑũϑ + ũr)

)
(71)

hence the stress tensor in a polar reference frame reads

σ(ũ, p) = 2νε(ũ)−p Id2 = ν

(
2∂rũr ∂rũϑ + r−1(∂ϑũr − ũϑ)

∂rũϑ + r−1(∂ϑũr − ũϑ) 2r−1(∂ϑũϑ + ũr)

)
−p Id2 .

(72)
We have furthermore

n = ±

(
0
1

)
, t = ∓

(
1
0

)
,

where the sign depends on the side of the sector being considered. Then, by
matrix-vector multiplication,

σ(ũ, p)n = ±ν

(
∂rũϑ + r−1(∂ϑũr − ũϑ)
2r−1(∂ϑũϑ + ũr)− p

)

and consequently

(σ(ũ, p)n) · t = σ(ũ, p)n · t = −∂rũϑ −
1

r
(∂ϑũr − ũϑ).

Also, it follows from the definition that ũ · n = ũ · n = ±ũϑ, thus verifying
(45), (46), and (47).

References

[1] Morrey CB Jr, Nirenberg L. On the analyticity of the solutions of linear
elliptic systems of partial differential equations. Comm Pure Appl Math.
1957;10:271–290.



Springer Nature 2021 LATEX template

34 Analytic regularity for NS in polygons with mixed BC

[2] Masuda K. On the analyticity and the unique continuation theorem
for solutions of the Navier-Stokes equation. Proc Japan Acad.
1967;43(9):827–832.

[3] Dauge M. Stationary Stokes and Navier-Stokes systems on two- or three-
dimensional domains with corners. I. Linearized equations. SIAM J Math
Anal. 1989;20(1):74–97. https://doi.org/10.1137/0520006.

[4] Grisvard P. Elliptic problems in nonsmooth domains. vol. 24 of Mono-
graphs and Studies in Mathematics. Pitman (Advanced Publishing
Program), Boston, MA; 1985.
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