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ABSTRACT. As a continuation of the previous works [13, 4, 15], this paper provides several contributions to the
mathematical analysis of subwavelength resonances in a high-contrast medium containing N acoustic obstacles.
Our approach is based on an exact decomposition formula which reduces the solution of the sound scattering
problem to that of a N dimensional linear system, and characterizes resonant frequencies as the solutions
to a N-dimensional nonlinear eigenvalue problem. Under a simplicity assumptions on the eigenvalues of the
capacitance matrix, we prove the analyticity of the scattering resonances with respect to the square root of the
contrast parameter, and we provide a deterministic algorithm allowing to compute all terms of the corresponding
Puiseux series. We then establish a nonlinear modal decomposition formula for the scattered field as well
as point scatterer approximations for the far field pattern of the sound wave scattered by N bodies. As a
prerequisite to our analysis, a first part of the work establishes various novel results about the capacitance
matrix, since qualitative properties of the resonances, such as the leading order of the scattering frequencies or
of the corresponding far field pattern are closely related to its spectral decomposition.
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1. INTRODUCTION

There has been a growing interest in the past few years for subwavelength resonant systems [63, 60, 64, 47,
73, 38, 42, 31, 55], which have the remarkable property of strongly amplifying incident electromagnetic, elastic
or acoustic waves through the scattering with objects of size much smaller than the wavelength. In acoustics,
an instance of subwavelength resonant system was first evidenced by Minnaert who studied the interaction of
acoustic waves with air bubbles in water [69]. In electromagnetics, such systems encompass plasmonic particles
and high contrast dielectric particles [33, 18, 27, 28, 29, 22, 20, 62]. In linear elasticity, an example of a
subwavelength resonator consists in a solid core material with relatively high density and a coating of elastically
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soft material [63]. In general, the resonant property at subwavelength scales is the consequence of a large
contrast between physical parameters of the medium, for instance between the air density and the density
of water in the case of Minnaert bubbles, or between the width of the opening and the size of a Helmholtz
resonators [74]. Subwavelength resonances offer promising potentialities for the design of wave systems in a
large variety of interesting applications such as superresolution [32, 24, 25, 19], sensing [79, 7], focusing [58, 12],
the design of negative refractive index metamaterials [49, 15], meta-surfaces [11, 1] and cloaking [61].

The contribution of this paper is to enhance the mathematical analysis of subwavelength resonances in
acoustic high-contrast media which has already been initiated in the previous articles [13, 1, 2, 37, 5, 8, 6].
More precisely, we consider an acoustic medium D C R? constituted of N smooth connected components B;
(the “bubbles” or acoustic resonators):
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FiGURE 1. Distribution of acoustic obstacles in the three-dimensional space R3. An incident
wave uiy, is propagating with frequency w and generates a total wave field wugot.-

acoustic material characterized by a homogeneous density p and bulk modulus x. The “bubbles” are acoustic
heterogeneities with homogeneous density pp and bulk modulus k. We are interested in the scattering of an
incoming wave u;, propagating through the bulk material with frequency w. We denote by

’U:\/E7 Uy = @7 kj:ga kbzﬂ
p \ oo v v

the sound velocities v and v, and the wave numbers k& and k; in respectively the background medium and the

acoustic obstacles. We consider the high-contrast regime whereby the quantity
Pb
0=

p
is asymptotically small: § — 0. The incoming sound wave u;, is the solution to the Helmholtz equation in the
free space R3; it satisfies

1 2
V. <Vuin> + 2t = 0 in R3\D.
p K

The wave u;, generates a scattered field ug, which is such that the total field usot := uin + us is the solution to
the following scattering problem:

1 2
R (vut0t> + wf“tot =0in D,
Pb Kb

1 w? . 3
V- ;Vutot + ?utot =0in R \D,

Utot,+ — Utot,— = 0 on 8D, (].1)
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o . 1
<8|JJ| - 1k> (utot - uin) =0 <|$|2> as ‘.’E| — +00,

where ot + and utor,— denote the trace of uio, on respectively the outer and the inner boundaries of the
obstacles 9D, and Qugyy/On|— and duyer/On|y the inner and outer normal derivatives with the normal vector n
pointing outward D. The last equation is the outgoing Sommerfeld radiation condition for the scattered field
Usg.



As it is reviewed in [8], there exist N pairs of subwavelength resonances (w(d))1<i<n which are mathe-
matically defined as complex values of w for which the problem (1.1) admits non-trivial solutions. These have

negative imaginary part and are positive with respect to the imaginary axis: w; (§) = —w; (J). Physically,
the scattered field us = utor — win is greatly enhanced as the (physical) real frequency w > 0 becomes close to
one of the N complex resonances (w; (6))1<;<n. These resonances are called “subwavelength” because they
occur in the low frequency regime: one can indeed prove that wii(é) — 0 as § — 0. As we shall see below, the
quantities wii(é) are the poles of the resolvent operator associated to (1.1); they are therefore a particular case

of scattering resonances, which also occur in quantum physics or general relativity [80].

The main contributions of this article is to provide a thorough mathematical analysis of the subwavelength
(Minnaert) resonant properties of the system (1.1). The main fundamental novelties, which are missing in the
previous works [13, 15, 8, 6], can be summarized in the following contributions.

1. Capacitance matrix: one of the most enlightening concepts for understanding the qualitative prop-
erties of the subwavelength resonant problem (1.1) is the capacitance matriz C = (Cij)1<ij<n. In
the context where resonators are replaced with electric conductors with same shapes (B;)i<;<n, the
entry C;; is the charge that is accumulated by B; when applying the unit potential (d;;)1<j<n on the
boundaries of the resonators/conductors (Bj)i<j<n. As it has been fruitfully exploited in [5, 3, 9, 8],
the spectral decomposition of the capacitance matrix enables to predict the values of the scattering
frequencies and the resulting scattered field.

Section 2 is dedicated to the main properties of the capacitance matrix and establishes novel results
such as a Perron-Frobenius type theorem, new spectral bounds and properties on the coefficients in
the case of symmetries. We obtain that the vector of ones 1 = (1);<;<n, which plays a particularly
important roles in the analysis of the scattering resonances, is an eigenvector of the capacitance matrix
when the system of resonators admits enough symmetries. However, we also prove that this situation
is in general exceptional in the sense that this property is lost (at least when N > 3) after small
perturbations of the shape of the resonators.

2. Asymptotic analysis of the resonances: Section 3 extends the analysis and the methods of [24, 13]
to obtain a fully explicit representation formula for the total field wuo;. Using integral operator theory,
we prove that uo can be decomposed as

N
Utot = invi(w, 0) + w(w, ), (1.2)

i=1

where the variables v;(w, ) and w(w, ) are holomorphic fields in w and ¢ (hence uniformly bounded)
and v;(w,d) is independent of wuy,. (1.2) is a decomposition of uie into a resonant part featuring
amplitude coefficients z; which blow up at the resonances, and the non-resonant field w(w,d). The
complex coefficients & = (z;)1<i<n = (zi(w,d))1<i<n are indeed N meromorphic functions of w whose
poles are the 2N Minnaert resonances (w5 (d))1<i<n. The vector z is characterized as the solution to
an N X N linear system

Alw,0)x = F(w,9),

for explicit N x N holomorphic matrix A(w,§) € CN¥*N and right-hand side F(w,§) € CV, while the
scattering resonances (w (J)) solve the following nonlinear eigenvalue problem:

find  # 0 such that A(w(9),d)x = 0. (1.3)

With the help of the implicit function theorem applied to (1.3), we prove the holomorphic dependence
of the scattering frequencies (w(8))1<;<ny Wwith respect to the quantity & 2 by assuming a simplicity
assumption of the eigenvalues of the capacitance matrix (which is a stronger result than the existence
theorem provided by Gohberg—Sigal theory [41, 17] as in [13, 8]). Furthermore, we provide a systematic

algorithm which allows, in principle, to compute all the coefficients (wfp)pzl of the Puiseux expansion

+oo
W) =) wien. (1.4)
p=1

3. Modal decompositions: we then provide, in Section 4, a pole decomposition of the meromorphic
coefficients (x;)1<;<n of (1.2), which allow us to establish a modal decomposition for the solution uo.
More precisely, we prove the existence of N generalized eigenmodes (u;(w,d))1<i<ny and of N linear
forms E;(w,d) : L?(0D) x L*(0D) — C satisfying F;(w,8) = O(1), independent on the incident field
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Uin, such that the solution uet to the scattering problem (1.1) reads:

N S E;(w, 6) :L
Utor (w,8) () = 3 o ui(w,8)(x) + w(w, ). (1.5)

202 W (O)F - 2WS(WE (0))

The main originality of (1.5) lies in the fact that it does not resort to any approximation; in particu-
lar, it is visible that wgot(w, d) blows up ezactly when w coincides with one of the resonant frequencies
(wE(8))1<i<n- In contrast, the modal decomposition obtained in [4] (Lemma 2.11) involved only ap-
proximate denominators which might be very inaccurate for complex values of w close to the actual
resonances, since these vanish at approximate frequencies different to wii (6). Moreover, (1.5) highlights
that the (negative) imaginary part $(w(d)) of the scattering frequency wi (8) explicitly controls the
damping of the resonance at physical, positive frequencies w > 0.

4. Point scatterer approximations: Finally, we derive in Section 5 a point scatterer approximation
for the scattered field us(z) propagating through the medium with N general resonators by computing
the far field expansion of the functions (u;(w,d))1<i<ny and w(w,d). We improve and generalize thus
previous results established in [13, 15] for the particular cases where D is a single bubble (N = 1)
or a dimer (constituted of N = 2 identical spherical resonators). We find that in the general case,
the group of resonators D behaves in the far field as a monopole scatterer (a point source) at all
resonant frequencies. Dipole or multipole modes may occur only under exceptional circumstances such
as enough symmetries of the distribution D of acoustic obstacles, and more precisely when the vector
of ones 1 = (1)1<;<n is an eigenvector of the capacitance matrix C'.

We stress that the analysis of this paper is not exhaustive: several interesting questions related to the Minnaert
resonances remain to be explored. Notably, most of our conclusions strongly rely on the simplicity assumption
of the eigenvalues of the capacitance matrix. In the general case, multiple eigenvalues could occur, for instance
when the system of resonators D has many symmetries. The modal decomposition (1.5) could then potentially
feature resonant denominators elevated to higher order exponents (see the discussion in Remark 3.4 below), and
one would need to characterize differently the Puiseux expansion of the frequencies wii (&) which would not need
to be analytic in ¢ 2. This issue would require to analyse the splitting of multiple eigenvalues and exceptional
points of the nonlinear system (1.3), which is known to be particularly delicate, see e.g. [23, 68, 7, 48] for some
treatments in various contexts.

Finally, we mention that our work is a preamble to a subsequent paper concerned with the derivation of an
effective medium theory for a system D = Ui<;<n (y; +5B;) constituted of a growing number of small resonators,
namely the present setting with N — 4-o0c and where each resonator centered at 1; € R? is rescaled by a small
parameter s — 0 [40]. This question has been examined previously in the case where D is made of identical
resonators in [26, 1, 2], or identical dimers (using formal arguments) in [15]. Relying on the exact formula (1.2),
our subsequent work [40] establishes a quantitative homogenization theory for a system constituted of a large
number of tiny clusters of identical packets of N resonators distributed randomly in a bounded domain.

Notation conventions. In all what follows, vectors are written in bold face notation. (e;)1<;<n is the
canonical basis of RY. The purely imaginary number is denoted by (a straight) i.

Sk and K% denote respectively the single layer potential and the adjoint of the Neumann-Poincaré operator
on D: for any ¢ € L?(0D),

oo(y), r € R?, (1.6)
KElel(x) := i Val*(z —y) -n(2)é(y) do(y), @ €D, (1.7)
D
where T#(x) := —e™*1®l /4x|z| is the fundamental solution to the Helmholtz equation and do is the surface

measure of dD. We use the notations Sf)‘“ and IC’B’* for the same operator with k replaced with k;, and we
use the short-hand notation I' := I'?, Sp := 8% and K}, := K% for the fundamental solution of the Laplace
operator, its associated single layer potential and Neumann-Poincaré operator. We recall that S’f, is an invertible
operator from L?(0D) to H*(dD), whose inverse is denoted by (S%)~! : HY(0D) — L?(0D), and that K% is
a compact operator on L?(dD) [17].

Finally, a few notation conventions related to tensors (which follow [39]) are used in Sections 4 and 5 and

are now detailed. For a given integer p € N, we denote by AP = (Xi...ip)lihmipﬁ?» the p-th order scalar tensor
with p derivative indices 1 < 4y ...4, < 3. We also consider vector tensors M? = (Mi___i,,_l)lﬁilmipgii with p
derivative indices 1 <4 ...4%, < 3 and one spatial index 1 <[ < 3, and we denote by Mi’”1 iy the vector-valued

components of MP. For any function f, we denote by y? and VP f(x) the p-th order tensors

v = (Y i 1<inip<s, VEf(@) =, o, f@igi.i<s ¢ €RY
4



and by XP - VP f(x) and MP? - VP f(z) the contractions
XV fe) = Y AR L oR L f@),  MP-NPfx)= Y ML ob L f(a).

1<61...i,<3 1<iy..ip<3

Note that AP - VP f(x) is a scalar function while MP? - VP f(z) is a rank-one vector field. For 1 < j < 3, e;
denotes the first order scalar tensor whose components are given by e; ;, = d;;, where ¢ is the Kronecker symbol.
Finally, X” ® e; denotes the tensor product between the p-th order tensor A? and e;; it is a scalar tensor of
order p + 1 whose components are

_up . .
(Xp X ej)il...ip+1 = Xil.“ip(sjip+1’ 1<.. Slp+1 <3.

2. PROPERTIES OF THE CAPACITANCE MATRIX

A recurrent property exploited in the analysis of high-contrast media [4, 9, 8] is the fact that subwavelength
resonances of the system (1.1) can be predicted by the eigenvalues of the capacitance matrix associated to the
N connected components (B;)1<;<n. The capacitance matrix C' = (Cij)lgmgN is defined by

Cpi = _/ Ni o W1<ij<N. (2.1)
9B; on

where n is the outward normal to D and wu; is the solution to the exterior problem
—Au; =0 in R3\9D,
u; = 0;5 on 0B for any 1 < j #17 < N, (2.2)
ui(z) = O(|z| ™) as |z| — +oc.

The capacitance matrix is usually considered in the physical context where the resonators (B;)1<i<n are replaced
with perfect electric conductors (B;)i<i<n with same shapes, e.g. [44]. Then the variable u; is the electric
potential in the free space R? satisfying u; = 1 uniformly inside the conductor B;, and u; = 0 inside the other
conductors (Bj)1§j¢i§ ~. The coeflicient Cj; is the electric charge stored at equilibrium on the boundary of
the conductor B; induced by the potential u;. In the setting of (1.1) whereby B; are acoustic obstacles, u;
can be interpreted as an acoustic pressure and Cj; is the jump of the normal velocity through the obstacle in
the perfectly reflecting regime (corresponding to 6 = 0). Note that the solution to (2.2) can also be explicitly
written as the single layer potential u; = Sp[(Sp)~[las,]]-

Let V be the (positive definite) diagonal matrix whose entries are the volumes of the resonators (B;)1<i<n:

V= diag((|Bil)1<i<n)- (2.3)

This section dedicated on the capacitance matrix is motivated by the importance of the following generalized
eigenvalue problem in the analysis of (1.1):

Notably, the eigenvalues (\;)1<;<n enable to predict the frequencies of the subwavelength resonances thanks to

1
the asymptotic wii (0) ~ tupA? 52 asd — 0 (Corollary 3.1 below). Note that the eigenvalues (\;)1<;<n are also
the eigenvalues of the “weighted capacitance matrix” V~1C, which was rather considered in [4, 8].

The section outlines as follows. Section 2.1 recalls well-known positivity and symmetry properties of the
matrix C' which imply the existence of N positive eigenvalues Ay > Ay > A3 > ... > Ay > 0. An important
consequence is a Perron-Frobenius type theorem for (2.4), which to the best of our knowledge, had not been
stated in previous works. The next Section 2.2 establishes spectral bounds for the eigenvalues. Then, Section 2.3
examines the structure of the matrix C in case of symmetries of the system of resonators D = Ui<;<nB;. We
obtain in particular that when D has enough symmetries, the first eigenvector a; coincides with the vector of
ones, 1 := (1)1<i<n. This fact implies exceptional properties for the resonant system (1.1), such as dipole or
multipole far field patterns at the resonance. The structure of the capacitance matrix for several particular
cases such as the dimer, trimer, and quadrimer, is explicitly derived. Finally, Section 2.4 establishes that the
vector of ones 1 = (1)1<;<n 18, at least for N > 3 acoustic obstacles, in general not an eigenvector of the
capacitance matrix. Indeed, we prove thanks to differential shape calculus that almost any shape perturbations
of the resonators (up to a finite dimensional subset) suffices to cancel this property.

In the next parts of this section, we make use of the function u solution to the problem
—Au =0in R*\0D,
u=1o0n 9B; for any 1 <i < N, (2.5)

u(z) = O(|z| 1) as |z| = +oo,
5



which is related to the capacity cap(D) of the set D, defined by the formula

0
cap(D) := — Y do / |Vul|? dz. (2.6)
oD 8TL R3
Substituting v = Zivzl u; in (2.6), we note that the quantity cap(D) satisfies the identity
cap(D) = Z Cy; =17C1.
1<i,j<N

2.1. A Perron-Frobenius type theorem for the capacitance matrix

Let us start by recalling that the physical definition (2.1) makes sense because the system (2.2) is well-posed

in the homogeneous space D2(R3\ D) = {v | Vv € L%(R3\D)}; each function u; satisfies the variational equality
u;

Yo € DL2(R3\D), / Vu; - Vodz = 7/ 2y do, (2.7)

R3\D ap On

see e.g. [71]. Using (2.1), (2.2) and (2.7), it is immediate to see that C;; could be equivalently defined by the
following formulas:

Cij = 7/ Uj—(— du Y do = V’U,Z . Vuj dx, (28)
oD on R3
* * -1 aul
Cij = — Y; do where ¢ := Sy [lg,] = | on 0D, (2.9)

where, throughout the paper, 1pp, € L?(0D) denotes the characteristic function of the bubble dB; on the

boundary 0D:
) 1 on 0B; 510
OB "= 0on dB; for 1 <j#i<N. (2.10)
The following lemma states symmetry and positivity properties of the capacitance matrix which are rather
classical, however not often stated in the literature; we are only aware of similar statements in [44] which
considers a slightly different setting in which the radiation condition of (2.2) is replaced with a zero Dirichlet
condition on a boundary enclosing the conductors of D. We give a proof for the case of conductors in the free

space R3.

Lemma 2.1. The capacitance matriz C;; defined by (2.8) satisfies the following properties:

(i) C is symmetric, i.e. Ci; = Cy; for any 1 <4,5 < N, and positive definite;

(i1) the diagonal entries of C' are positive: Ci; >0 for any 1 <i < N;

(111) the extra-diagonal entries of C' are negative: C;; < 0 for any 1 <i# j < N;

(iv) C is diagonally dominant:

Cii > Z |Cij], for any 1 <i < N.
J#i

Proof. (i) and (ii) are obvious from the definition (2.8). The positive definiteness comes from the fact that if
there exists € RY such that 7 Cx = 0, then the function u := Ef\il z;u; satisfies Vu = 0. The Poincaré
inequality in DV2(R?*\ D) implies v = 0 in R3*\ D, and then x; = 0 for any 1 < i < N because it holds x; = u(y)
for any y € 0B,;.
(iii) The maximum principle implies the inequality 0 < u;(z) < 1. Hence, it is necessary that Vu; -m > 0 on
0B, with j # ¢ and Vu; - n < 0 on dB;. The result follows from (2.9).
(iv) The solution u to the problem (2.5) is given by u = 37, ;- y u;. By the maximum principle, it holds
0< u( ) < 1 in R3\D, which implies Vu - n < 0 on dD. Therefore the following inequality holds for any

1<i<N:
0<—/ 8—uda*—§:/ %4 4o E:C Cii — > ICyl.
P AVl N ig = i g
i j= i VE)
O

The positivity and symmetry properties of both matrices C' and V imply the existence of eigenvalues
(Mi)1<i<n and eigenvectors (a;)1<;<n solving (2.4). More precisely, we recall the following classical result
[77, 78] about generalized eigenvalue problems, whose proof is given for the convenience of the reader.

Proposition 2.1. Let C and V be two n X n symmetric matriz with V definite positive. There exists a basis
of generalized eigenvectors (a;)1<i<n and real eigenvalues (N\;)1<i<n such that:

(i) (a;)1<i<n is orthogonal for the inner product of V:
aZTVaj:(FZ—j, ].SZ,]SN,

where T' denotes the transpose.



(i) Ca; = \;Va; forany 1 <i<N.
Equivalently, let P be the transition matriz
P:=la; ay ... aN],
and A := diag((A\;)1<i<n). Then the following identities hold:
Ptvp=1, pPPT=Vv~! CP=VPA.
Proof. Introduce V''/2 the unique positive definite matrix satisfying (V1/2)2 = V. Let (v;)1<i<n and (A)1<i<n
be respectively an orthonormal basis of eigenvectors and the associated eigenvalues of the symmetric matrix
V=120V =1/2. Then the family (a;)1<;<n defined by
a; = V_l/z'vi
satisfies the desired properties. Indeed,
alVa; = fviTV*l/QVVl/ij =vlv; =8,
and
Ca; = C’Vﬁl/Q’vi = V1/2(/\i'vi) =\Va;.
O

The diagonally dominant property (iv) of Lemma 2.1 and the previous proposition imply the following
Perron-Frobenius type theorem:

Proposition 2.2. The lowest eigenvalue \1 of C of the problem (2.4) is of multiplicity one and is associated
to an eigenvector a1 = (a1)1<i<n Which can be selected with positive coefficients a1, > 0 for any 1 <i < N.
Furthermore, the following lower bound holds:

min Cii

M= s S 1] (2.11)
max |B;| 1<i<N <= Cj;
1<i<N VED

Proof. Tt is classical that the inverse of a diagonally dominant matrix has positive coefficients and hence implies
the Perron-Frobenius theorem [45]. We give a full proof for the convenience of the reader. Consider the triple
norm ||| - ||| defined on matrices A = (a;;)1<i j<n by

N

IIAlll = sup " la;].
1<i<N
Jj=1

[I| - 1]] is a triple norm because ||Aul|oo < |||A|]]]|u||co Where ||u]|oo := maxi<i<n |ui]. Let us write C = A — B
with A := diag(C;)1<i<n being the diagonal entries of C' and B := A — C. From Lemma 2.1, A is positive
definite, and B is a nonnegative symmetric matrix. Furthermore, the diagonally dominant property implies
[||[A=1B||| < 1. Therefore the Neumann series converges and it holds

(A-B)'=I-A"'B)tA ! = f(A*lB)Z’A*. (2.12)

i=0

Then (2.12) implies that C~! = (A — B)~! has positive coefficients. Since the matrix V1/2C~1V1/2 satisfies
the assumptions of the Perron-Frobenius theorem, one can find a positive eigenvector v, associated with the
maximum eigenvalue of V/2C~1V1/2 ie. A[', which is of multiplicity one (this result can be obtained by
considering the method of power iterations to (2.12)). Then a; := V~1/2v; has positive coefficients and satisfies
Ca; = M\Vaj;. The bound on \; comes from

) ) ] A
AT S VIRV < IV 2IPINA = B = mas 1B

O

We are unaware of previous works mentioning the result of Proposition 2.2 for the capacitance matrix C.
For our applications, we shall retain the following important consequences:

(1) the lowest eigenvalue A1 of C' is always associated to a fully positive or fully negative distribution of
charges (a1,;)1<i<n on the resonators (B;)i1<i<n; we say a; is a monopole mode.
(2) If the vector of ones 1 = (1)1<;<n is an eigenvector, then it is necessarily associated to the lowest
eigenvalue A1 (or in other words, a; is proportional to 1).
7



2.2. Spectral bounds for the lowest eigenvalue of the capacitance matrix

The purpose of this section is to relate the discrete eigenvalue problem (2.4) to a natural functional Riesz
minimization problem. The main result of this part is the inequality

(2.13)
where py is the leading eigenvalue of the Newton potential (see [50] for further related results on the spectrum
of the Newton potential). The upper and lower bounds are proved in Propositions 2.4 and 2.5 respectively.
Proposition 2.3. Let us denote by V the subspace

V= {u e D"}(R?) |Vu=0 in D}.
The smallest eigenvalue A1 of C' satisfies the Riesz minimization property

Vul?d
M = min dz2 VUl dz

. 2.14
wev [ ful?dx (2.14)

Proof. Let us denote by A the minimal value of (2.14) and u an associated minimizer. The existence of u
minimizing (2.14) is a consequence of the strong convexity of the functional J(u) = [ps [Vu|* dz on the convex
set {u € V| [, [u]*dz <1}. Furthermore X satisfies that for any v € V,

/ Vu'Vvdx:/ Vu-Vvdx:)\/ uv dz. (2.15)
R3 R3\D D

This implies —Au = 0 in R3\D. Then denoting z; := u|B;, we obtain the identity
N
u(zx) = Zmlul(x), r € R3.
i=1

Therefore, considering v = Zil y;u;(z) for an arbitrary y = (y;)1<i<n, (2.15) rewrites as
y'Cax = \yTVx for any y € RY,

which yields that X is an eigenvalue of C' and @ an associated eigenvector, with A > A;. Reciprocally, the first
eigenvalue A1 of (2.4) is the solution to the Riesz minimization problem

2
N
% = mi 'Cx Jos |V (Zi:l xi“i) dz o Jgs |Vu?dz
LT 2oy 2TV weR™ N 2 = ey [pul2dz
Ip |2imy wiwi| da b
This shows that A = A\; and the proof is complete. (I

Proposition 2.4. For any set of resonators D the following inequality holds
Cij
cap(D)  1<ij<N

)\ —
L= D N
; | By

IN

)

where the equality is attained if and only if 1 = (1)1<i<n is an eigenvector of (2.4).
Proof. 1t suffices to remark that
e 17¢1 Jeso |Vu|? dz
'SaTyr Jp lul?da
where u is the function defined by (2.5). The result follows from the definition (2.6) of the capacity. ]

We now use (2.14) to obtain a lower bound on Ay different from (2.11).

Proposition 2.5. Let ji1 > 0 be the greatest eigenvalue of the Newtonian potential T : L?(D) — L?(D) defined

by
Toi= [ (= ol)doly). ¢ L*D) (216)
D
Then the minimum eigenvalue A1 of (2.4) satisfies
1
A > —. 2.17
1z (2.17)
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Proof. Tt is obvious from (2.14) and ¥V C DY2(R3) that A\; > 3 where 3 is the minimizer to the Riesz problem
s V|2 d
= Jpo [Vol*dz (2.18)
vept2(R?) [ Jv]2dx

It remains to show that 8 > 1/u;. The Euler-Lagrange equation for the minimizer w of (2.18) reads in the
following variational form:

Vv € DV (R?), . Vw-Vode = 5/ wv dz. (2.19)
Hence such a minimizer w is solution to the exterﬂfor problem ?
Aw = fw in D,
Aw =0 in R¥\D,
wy =w_ on 9D,
ow|  Ow
on n on|_

w(z) = O(|z| ™) as |z| — 4o0.

(2.20)
on 0D,

The function w := ST w satisfies then Aw = fw in D and all the other properties of (2.20). Hence (2.19) and
another integration by parts yield [ps |[V(w — w)[* dz = 0. Remembering that w and w belong to the space
DY2(R3) (they vanish at infinity), we obtain w = w = 8Tw. Consequently, the quantity 1/ is an eigenvalue
of the Newtonian potential T, and it must hold 1/8 < p;. O

2.3. Properties of the capacitance matrix in case of symmetries

We now examine how particular circumstances of symmetries on the distribution of resonators D = Ui <;<nB;
reflect on the structure of the capacitance matrix C' and on its spectral decomposition. General results are stated
for arbitrary distributions of resonators in Section 2.3.1, and for a rotationally invariant chain of resonators in
Section 2.3.2. These are applied in the next Sections 2.3.3 to 2.3.6 to characterize conveniently the effective
coefficients of the associated capacitance matrix for a dimer constituted of two symmetrical resonators, a trimer
constituted of three symmetrical resonators, and for acoustic obstacles arranged at the vertices of a square or
of a regular tetrahedron.

Throughout this part, &y denotes the group of permutations of the set {1,2,..., N}.

2.3.1. Invariance properties with respect to arbitrary group of symmetries

Our first proposition establishes that any symmetry of the distribution of resonators D implies the commu-
tation of the capacitance matrix with a related permutation matrix.

Proposition 2.6. Assume that there exists an isometry S such that SD = D. Then:
(i) there exists a permutation o € S such that
SB; = By
(i1) For any 1 <i < N, the solution u; to (2.2) satisfies
Ug(i) © S = Uj.
(iii) The coefficients of the capacitance matriz and of the volume matriz V' satisfy
Coyoi) = Cijr - Voliyoy) = Vi, V1 <4, < N.
In other words, C' and V' commutes with the permutation matriz P, := (65(;)j)1<ij<N:
P,C =CP,, P,V =VP,.

Proof. (i) An isometry preserves connected components so such a permutation must exist.
(i) ug(;y o S satisfies —A(ug(;y 0 S) = 0 and ug ;) © S = d5(i)0(;) = 0ij on IB;, hence u,(;) 0 S = u;.
(iii) By using a change of variables, we obtain

Ca(i)a(j) = / Vug(i) . Vu(,(j) dO’ = / Vui . VUj dO’ = Cij.
R3\D R3\D
For the matrix V, it is enough to remark that
Vo(i)o() = 0o(i)o(i) | Ba()| = 0ij| Bil = Vi
|

The commutation of C' with the permutation matrix P, has several consequences on its coefficients and its
spectrum, which can be characterized thanks to the following result from Stuart and Weaver [76].
9



Proposition 2.7 (Stuart and Weaver [76]). Let

g = (i11i12 e ilhl)(igligg e i2h2) e (imlimg e imhm) (221)

be the decomposition of o into products of m > 1 disjoint cycles. For 1 <p < m, let U, be the N x h, selection
matrix

Up = |:e’ip1 . eiphp 9
where (€;)1<i<n is the canonical basis of RN . Since P,C = CP,:

(i) For any1 <p<m, UpTC’Up is a hy X hy circulant matriz of the form

ap a; a2 ... ahp_l
ap -1 Qo ar ... ap._—2
T _ P P
ul'cu, =
aq as asz ... ahp_l Qg

(11) For any 1 <p,q <m with p # ¢, let g = ged(hy, hy). UPTC’U,I is a hy, X hq matriz of the form

bo b by ... ... ... bgi|bo b
byt bo b1 ... ... ... bga|bg1 bo

Ul CU, = | by b | by ;
b by ... O
bo by by ... ... ... by

where the main block is a g X g circulant matriz copied hy/g X hq/g times.
(iii) Since C = CT, it additionally holds, for each block:

a; = ap,—; for any 1 <i < hy,,  and UqTCUp = (UgCUq)T forp #q.

Let us recall that the eigenvalues of P, are the h, roots of the unity
hj—1
Sp(PU) = U {1,wh].7...7wh']’, }7
1<j<m

2im

where wy; 1= e " . The associated eigenvectors are

U; Y Ul for0<p<h;—1, 1<j<m.

(h;=1)

p
whj

We emphasize that P, may admit multiple eigenvalues as recalled in the following remark.

Remark 2.1. (i) The integer 1 is always an eigenvalue of P, with multiplicity the number of cycles m occuring
in the decomposition (2.21): a basis of eigenvectors is (U;1U]")1<j<m where 1 = (1)1<i<p,,-
(ii) An eigenvalue wﬁj with 0 <p < h; —1 and 1 < j < m is multiple if and only if there exists another cycle
such that ged(hpm, hi) # 1 and p = nhy,/ ged(hm, i) for an integer 1 < n < ged(hm, hi).

It is well-known that matrices which commute share the same invariant subspaces [56, 77]. The identity
P,C = CP, implies the following constraints for the spectral decomposition of C.

Proposition 2.8. (i) Denote by a1, ..., ., the distinct eigenvalues of P, with multiplicities n1,...,n,, and
FE1®---® E,, the associated eigenspace decomposition. There exists a basis adapted to this decomposition
in which C is block diagonal on each space F;, 1 <i < m.
(i1) If a; is an eigenvector of (2.4) for 1 <i < N, then the vector Pya; is also an eigenvector of (2.4) associated
to the same eigenvalue \;.
(iii) In particular, the first eigenvector a; associated to the simple eigenvalue \1 satisfies P,a1 = a;.
10



Proof. (i) is a direct consequence of the commutation property P,C = CP,.
(ii) If Ca; = \;a;, then CP,a; = P,Ca; = \;P,a;.
(iii) is obtained by using (ii) and the fact that the first eigenvalue A\; is simple. O

Remark 2.2. The same result holds for the generalized eigenvalue problem (2.4).

The previous result yields a simple sufficient condition to obtain that the vector of ones is an eigenvector
of C.

Corollary 2.1. If for any resonator B; with 1 < i < N, there is an isometry S such that SD = D and
SB1 = B;, then the eigenvector ay associated to the smallest eigenvalue \1 is proportional to the vector of ones
1=(1)i<i<n-

Proof. The assumption implies that for any 1 < ¢ < N, one can find a permutation ¢ such that o(1) = ¢ and
P,C = CP,. The previous proposition states that P,a; = a1, which implies

a1,1 = A1,0(1) = A1,i-
Consequently, a; = a;,11 and the result is obtained. O

The next subsections apply the above results to characterize the spectral decomposition of the capacitance
matrix for particular systems of resonators.
2.3.2. A general chain of N resonators with rotational symmetry

In what follows, we examine the case where D = UY | R'B is invariant by the rotation R of angle 27/N
around the one-dimensional axis es, which yields the invariance by the permutation group generated by the N
cycle

o=(0 ... N-1).

An occurence of such set of resonator D is illustrated on the schematic of Figure 2.

@O ®@®
@ @ @ @ €2
@G Q9 s~ e
B) N

(A)NIG ( =7

FIGURE 2. Chains of respectively (three-dimensional) 6 and 7 spherical resonators rotationally
invariant around the axis e3. The rotational symmetry entails the invariance of the geometry by

the permutation group generated by the N-cycle o = (0 ... N-— 1). The alternate colors

visible on Figure 2a with N = 6 illustrates the fact that the sign changing vector ((—1)%)1<i<n
is an eigenvector of the capacitance matrix C when N is even.

Propositions 2.7 and 2.8 together imply the following result.

Proposition 2.9. Assume that the set of resonator is rotationally invariant, in the sense that Proposition 2.6
holds with the cyclic permutation o given by

UZ(O N—l)-

Then:
(i) C is a N x N circulant matriz of the form

ao ay ag ... . anN—1
aN—-1 Qapy aip ... ahp,Q
C= ,
a1 as asz ... anN-—1 an

with a; = an_; for any 0 <i < N.
11



(i) The spectrum of C is given by
N—-1
sp(C) =1 U D awy,
0<p<N-1 i=0
where w = exp(2ir/N) with respective eigenvectors (wP)1<i<ny for 0 <p < N — 1.
Moreover, if N is even, this can be rewritten as the following set of real eigenvalues
= = et 2ipr N
sp(C) = {ZO az} U {2(1)1%} U9 ao+ (=1)Pans + Zl 2cos (N) a;, 0<p< 3 ("
= 1= 1=

with respective etgenvectors

1= (1i<icn; (D) <icn, {(COS(QipW/N))lgiSN’ (sin(2ipm/N))i<icn  0<p< Jgf} :

while if N is odd, the spectrum of C reads instead

N-—-1 (N_l)/2 2inm N —1
sp(C’):{ZaZ}U ag + Z 2cos(]€_>ai, 1<p< 5 ,
i=0 i=1

with respective etgenvectors

2ipm . [ 2ipmw N-—-1
1=(1)1<i<n, (cos( )) , (Sln( )) 1<p< .
o N 1<i<N N 1<i<N 2

Proof. See [76]. The rewriting for N even is obtained by using a; = ay_; for 0 <i < N. ]

Corollary 2.2. In particular, for any set D of N resonators having a rotational invariance symmetry, the
vector 1 = (1)1<i<n is an eigenvector for the general eigenvalue problem (2.4) associated with the eigenvalue
A1 = cap(D)/|D|.

The next Sections 2.3.3 to 2.3.5 apply this result explicitly for the particular cases N = 2,3, 4.

2.3.3. FExample 1: the dimer

© @

FI1GURE 3. A dimer made of two symmetrical resonators. The alternate color emphasize the

T
occurrence of the dipole mode {—1 1} .

The structure of the capacitance matrix for a dimer made of two identical spheres (Figure 3) has already
been obtained in [59]. Proposition 2.9 enables to retrieve very quickly this result even in the case where the
resonators are not necessary spherical but only symmetrical. It states that the matrix C' has the form

C= 7 (2.22)
-b a

for two positive constants a > b > 0. The distinct eigenvalues of C' are
a—>b, a+b, (2.23)

with associated eigenvectors

(2.24)

corresponding respectively to monopole and dipole modes.
12
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@

FIGURE 4. A trimer made of three resonators rotationally invariant around the axis es.

2.3.4. Example 2: the trimer

If D is a trimer constituted of three rotationally invarariant, not necessary spherical resonators (illustrated
on Figure 4), the result of Proposition 2.9 states that there exists a,b > 0 such that C has the form

a —b —b
C=1|-b a -b
-b —-b a
The eigenvalues are
a—2b, a+bd,

with respective multiplicities 1 and 2, and associated eigenvectors

1 |1 0
1

1, [=1. |1
1

1 |-i] [-1

2.3.5. FExample 3: the quadrimer

@ @ .-
®

FIGURE 5. A quadrimer constituted of four resonators rotationally invariant around the axis
T

es. The alternate colors emphasize the existence of the mode |1 -1 1 -1

If D is a quadrimer, i.e. four resonators rotationally invariant located at the vertices of a square (illustrated
on Figure 5), not necessary with spherical shapes, the result of Proposition 2.9 states that there exist three
effective coefficients a, b, c > 0 such that C' has the form

a —-b —c -b
-b a —-b —c
C = . (2.25)
—c —b a -b
-b —c =b a
The eigenvalues are
a—2b—c, a+2b—c, a+ec,

where the last one is double, with respective eigenvectors

1 1 1 0
1| |-1] |o 1
; ; : (2.26)
1 1 1| | o0
1 -1 o] |-1



2.3.6. Ezxample 4: identical spheres arranged at the vertices of a regular tetrahedron

We finally consider the case where D is made of four identical spheres arranged at the vertices of a regular
thetrahedron (illustrated on Figure 6). The symmetries on the middle axes entail the invariance by any trans-

FIGURE 6. A set of four identical resonators arranged at the vertices of a regular tetrahedron.

position, hence C commutes with the matrix P, for any permutation o € &4. This implies the existence of two
effective coefficients a,b > 0 such that C' has the form

a —-b —-b —b
b a -b -b

C = . (2.27)
b b a b

b b -b a

The eigenvalues are
a—3b, a+b,
where a + b is a triple eigenvalue, with the same respective eigenvectors given by (2.26).

2.4. The vector of ones is generically not an eigenvector

We finally close this section devoted to the capacitance matrix by establishing a result which shows that, for
generic domains, the vector of ones 1 = (1)1<;<n is in general not an eigenvector for the problem (2.4), at least
for a set of N > 3 resonators. As we shall see in the next sections, this has several consequences for the resonant
system (1.1), one of them being that a system of N resonators behaves in general as a monopole scatterer in
the far field near any of the resonant frequencies (wi(8))1<i<n (see Proposition 5.3 below). We conjecture that
the result remains true for N = 2, although our arguments are not sufficient to be conclusive in this case.

Our result is precisely formulated in Proposition 2.11 below; it states that if N > 3 and if the vector of ones
1 = (1)1<i<n is an eigenvector of (2.4), then most of the deformation (I 4 @)D of the shape of the resonators D
by a small vector field 8 € W1>°(R? R3) do not satisfy this property. Throughout this section, W1*°(R3 R3)
is the Sobolev space

WL2(R3, R?) := {06 € L= (R R®) and VO € L= (R?, R>*3)}.

We assume throughout this section that D is a smooth domain of class at least C? which is such that 1 is an
eigenvector of (2.4). For any small vector field 8 € W1°°(R3,R3), we consider (B; g)1<i<n = (I +0)B;)1<i<n
the deformed acoustic obstacles and Dg := (I + 0)D the deformed domain obtained by moving the points
of D according to the vector field 8. We denote by C(0) and V(0) the associated capacitance and volume
matrices (obtained by substituting D with Dy in the definitions (2.1) to (2.3)), and we consider the generalized
eigenvalue problem of finding (a;(0))1<i<ny and 0 < A1(6) < A2(0) < ... < An(0) such that

Since the first eigenvalue A\; is simple and 6 — C(0) and 6 — V(0) are continuous, it is possible to choose

a1(0) such that the function 8 — a;(0) is continuous (in fact, smooth) and a1(0) = a; [57]. Assuming a; is
proportional to the vector of ones, i.e.

a1 = a1(0) = [D|77/21 and A\, = A\ (0) = cap(D)/| D), (2.29)

our strategy is to compute the Fréchet derivative @} : W1H°(R3 R3) — RY at 6 = 0 and to characterize
the vector fields @ € W1>°(R3,R?) for which a}(8) # 0. Since the first variation of a;(0) is not zero while
a1(0) = 1, this is enough to obtain that the vector of ones 1 is not an eigenvector of (2.28) associated to the
perturbed set of resonators Dyg.

Our analysis heavily relies on shape differential calculus; the reader is referred to the textbooks [43, 75, 36]
for a detailed introduction to this topic.
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Proposition 2.10. The first order asymptotics of A\1(0) and a1(0) as @ — 0 are given by

cap(D) 1 dul®  cap(D)
0) = — —| - 0- 0)py1.0c 2.
Al( ) |D| |D| . an ‘D‘ ndo—!—o( )W (R3,R3) > ( 30)
N
1 ale Ouj Ou  cap(D)
0) = ¢ =J < — - lop, | 0 -nd i 0) vy 100 (R3 RS 2.31
L L (5 = P om0 mae] o o@hnmgose. (20

where we recall the definitions (2.2) and (2.5) of the functions (u;)1<i<n and u.

Proof. We may assume without loss of generality that a;(0) is a unit vector with respect to the inner product V:
a1(0)V(0)a,(8) = 1. (2.32)
Using standard shape differential calculus, see e.g. [43, 36], we find that the matrix V() is differentiable and
that the Fréchet derivative of its coefficients at @ = 0 is given by:
aB;
We then sketch the computation of the Fréchet derivative of the capacitance coefficients (C;;(0))1<i j<n. Dif-
ferentiating the identity C;; = ng\D Vu; - Vu; dz (eqn. (2.8)), we find

Cl.(0) = / (div(0)I — VO — VO )\Vu,; - Vu, dx + / (Vu;(0) - Vu; + Vu; - Vu'(0)) dz,
! R3\D R3\D !
where u;(6) and u(0) are the Lagrangian shape derivatives of u; and u;. Since these derivatives satisfy u;(0) = 0
and u}(0) = 0 on 9D, (2.7) implies that the second integral vanishes, and we obtain after an integration by
parts:
Ou; Ouj Ou; Juj
Cl(0) = — o Vu; —2—=2 )0 .-ndo = 70 . ndo.
1;(0) /6D (Vu Vu; on 6n) ndo o On O ndo

Differentiating now (2.28) and (2.32) with respect to 8, we obtain
(C = MV)ay(0) = X (0)Var — (C'(6) — \V'(6))ay

2.33
2a1(0)"Va, = —alV'(0)a;. (2:33)
We compute \;(0): differentiating the identity \;(8) = a,(8)7C(0)a(0), we find
N () =2a1(8)"Cay + al C'(8)a; = 2\1a(0)"Va, +alC'(8)a, (2:34)
=al(C'(8) = \V'(0))a. ' '
Then, inverting (2.33) yields
1
0/1(0) = 2 )\1 — )\l [G,ZT(I — Vala{)(C” — AlV’)al]ai
! ) (2.35)
= Z [CLZT(C/ — /\1V')a1]ai.
STM A

The identities (2.30) and (2.31) follow by substituting the values of C;;(0) and V() into (2.34) and (2.35). O

We deduce the existence of a dense set of shape perturbations which cancel the property of 1 being an
eigenvector of (2.4).

Proposition 2.11. (i) If a; = |D|~'/?1 is an eigenvector of (2.4), then a(0) = 0 if and only if
/ (fr—f:)0 -ndo=0 forany 1 <i <N, (2.36)
oD

where (fi)i1<i<n are the functions defined by

Ou; Ou
fi = on 87n — )\11331..

(i5) If N > 2, then none of the functions fi — f; vanishes identically on 0D and the set of deformations 6
which do not fulfill the condition (2.36) form a dense subset of W>°(R3 R3).

Proof. 1. Let v(0) = (v;(0))1<i<n be the vector defined by
’UZ‘(G) = fﬂ-nda, 1§Z§N
oD
From (2.35) and the fact that the vectors (a;)1<;<n form an orthonormal basis, a}(0) = 0 is equivalent to

alv(0) =0 for any 1 <i < N,
15



i.e. v(0) must be proportional to the vector a; = |D|~*/21. Therefore, a}(0) = 0 if and only if v; (0) —v;(0) = 0
for any 1 < ¢ < N which is equivalent to (2.36).
(ii) It is sufficient to prove that at least one of the linear forms of (2.36) is not zero to obtain that all deformations
6 do not fulfill (2.36) up to a finite-dimensional subset. We prove that it is not possible that f; — f; = 0 on 0D
for any 1 < ¢ < N. If it is the case and assuming N > 2, then it must hold

O(u1 — u;) Ou

o I =0 on 0B.

for any I ¢ {1,i}. Since 2% < 0 on 0B, the function w := u; —u; satisfies the overdetermined relations % = 0

on 0B; and w = 0 in 0B;. However, recalling that w can be expressed as a single layer potential:
w = Splo] with ¢ = (Sp")[1os, — o, (2.37)

the jump relation for the normal derivative of Sp[¢] yields

o o] ow| o
T on| T on

on =0on (9Bl.

+

Therefore the representation (2.37) of w as a single layer potential implies that w is smooth in the vicinity of
dB;. Consequently, w is harmonic in R3\(B; U B;) and satisfies w = 0 on B;. By the unique continuation
principle (see e.g. [35, 54]), we obtain that w vanishes identically in R3\(B; U B;), which contradicts w = 1 on
0B;. O

Remark 2.3. The above proof does not allow to obtain a version of this result for the case N = 2. However, we
may conjecture that the equality f; = fs occurs only for exceptional shapes even if N = 2, which would lead to
the same conclusions.

3. ASYMPTOTIC ANALYSIS OF THE SCATTERING RESONANCES

We now turn to the analysis of the subwavelength resonances of the scattering problem (1.1). Following
[13, 8], the solution ue can be represented as single layer potentials in D and R\ D:

Sk [p)(z) if z € D,
Ugot (T) = i . 3 (3.1)
uin(z) + Sp[Y](x) if x € R°\D,
where the functions (¢,1) € L?(0D) x L?(0D) solve the integral equation
¢ Uin
A(w, 9) = .| (3.2)
G I Ol
with the operator A(w, d) being given by
Sp -5

Alw, d) =
(9) I+ KR s (A1+K%)
2 D 2 D

Due to the Sommerfeld radiation condition, the problem (3.2) can be shown to admit a unique solution for any
real frequency provided the wave number k = w/v is not a Dirichlet eigenvalue of the domain D [14]. This
assumption is naturally satisfied in the regime w — 0.

In this section, we solve explicitly the integral formulation (3.2) by computing the inverse of the holomorphic
operator A(w,d). This allows us to characterize the Minnaert resonances (wi (§))1<;<n as the poles of the
meromorphic operator w — A(w,d)~!, and to compute full asymptotic expansions as § — 0. Our analysis
outlines as follows. We show in Section 3.1 that the invertibility of A(w,d) reduces to the one of a complex
N x N Schur complement matrix A(w, ), which is holomorphic in w and §. We provide an explicit formula for
the inverse of A(w, §) and we obtain the decomposition (1.2). The scattering resonances wi (§) can consequently
also be characterized as the solutions to the nonlinear eigenvalue problem

A(w,8)x = 0. (3.3)

After computing the asymptotic expansion of A(w,d) at the order O((w? + 6)?) in Section 3.2, we find that
the nonlinear eigenvalue problem (3.3) is a perturbation of the generalized, linear eigenvalue problem (2.4).
Finally, Section 3.3 applies the implicit function theorem to (3.3), which yields the Puiseux expansion (1.4) of
the resonance (wli(é)) under a simplicity assumption on the eigenvalues of the capacitance matrix C.
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3.1. Explicit inversion of the scattering operator
In order to compute the inverse of A(w, d), we solve the following linear system (3.2) which reads explicitly

Spy10] = Splu] = uin,
1 Ky } ko _ Ouyy (3.4)
( 2I+ICD ) [#] 5<2I+ICD) [¢] =6 o
Reducing (3.4) to a single equation by using the invertibility of S% (as in [4, 8]), we are left with
v =(Sp) 'SP 6] = (SH) " [u),

1 1 . 1 3.5
— T+ Ky =6 (SI+ Ky ) (SE) ISy ) [¢] = §%m 5Ly K5 ) (S5) ™ [win)- (35)
2 2 on 2
So the invertibility of A(w, d) is equivalent to that of the operator
1 1
L(w,d) := _§1+/c’,3b* ) (2I+/c,’f-,*> (Sky~1Shke. (3.6)

The operator L£(w, §) is holomorphic in the variables w and §. Indeed, we recall the following classical expansions
of the potential (see e.g. [15, 14]).

Proposition 3.1. The following expansions hold for the single layer potential and the Neumann-Poincaré
operator as k = w/v — 0:

+oo
Sh=Y kSpy=3Sp+kSp1+kSpa+..., (3.7)
p=0
+o00
Ky => kK, =Kp+kKp,+Kps+..., (3.8)
p=0

where the series converges in operator norms, and where the operators Sp,, and K7, , are defined by

Soalol =3 | o=yl lowdoty),  6€ LHOD)pEN. (39)
Kblél ==~ g [ mle)-Volo =yl o) doty). 6 € 120D). pe . (310)

Furthermore, we have the identities

(i) ASp[¢] = ASp,1[¢] = 0 and ASp p[¢] = —Sp p-2[¢] for any p > 2,
(i6) Kpol6|(z) = n(s) - VoSpyfd] forp > 1, and
/ Kplo)ldo = % ¢do and / Kp ploldo = —/ Sp p—2[¢p|do forp > 2.
0B; 0B; o B

i i

In view of (3.8) we find that (3.6) can be rewritten as

1
L(w,d) = —51 + Kp + w?Bi(w) + 6Bz (w), (3.11)
where Bj(w) and By (w) are the holomorphic and compact operators defined by
— W * 1 kx k\—1 cky
Bi(w) =) W}CDW By(w) = 51 + K5 ) (Sp)7'Sp- (3.12)
p=0 “b

The operator L(w, d) is a compact perturbation of the Fredholm operator f%I + K%, which has a finite dimen-
sional kernel, as recalled in the following proposition (see e.g. [71, 65, 14]):

Proposition 3.2. The kernel of the operator —%I + K}, is the N-dimensional space

1
Ker (—31+Kp ) = span(() 1<),
where (Y] )1<i<n are the functions defined by
Vi =Sp'llon],  1<i<N.
The range of the operator ,%] + K%, is the space of zero average square integrable functions L3(0D):
1
Ran (2.7 + ICB) = L2(0D),
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where L(0D) := {¢ € L?(0D) ‘ faB_ ¢do =0 forany 1 <i < N}. Furthermore, we have the direct sum de-

composition
1
L*(0D) = L3(0D) & Ker (21 + ICE) ,

and —1I + K3, is invertible as an operator L3(0D) — L§(0D).

Classically, the computation of the inverse of the holomorphic Fredholm operator £(w,d) reduces to that of
a finite dimensional holomorphic Schur complement matrix after introducing suitable projections on the kernel
and coimage [66, 67]. In our context, we compute £(w,d)~! by using a method inspired from [24] (also used in
the proof of Theorem 2.1 of [13] in the case N = 1 of a single bubble), which consists in introducing a constant
finite-range operator H making the operator —%I + K} + H invertible.

In order to introduce the operator H, we introduce a new basis of functions (¢})1<i<n of Ker(—3I+K*) defined
by

¢7 ==Y (Ch)y¢y,  1<i<N, (3.13)

N
j=1

where C' is the capacitance matrix of (2.9). The definition (3.13) ensures the property

¢; do = ;5 for any 1 <4, j < N. (3.14)
dB;

Definition 3.1. We denote by H : L?*(0D) — L?*(0D) the unique projection operator satisfying Ker(H) =
L%(0D) and Ran(H) = Ker(—31 + K3,). For any ¢ € L?(dD), the value of H[¢] reads explicitly

N

Hgl =S (/ ¢>do) b:. (3.15)
i=1 \’OBi
Proposition 3.3. The operator L(w,d) defined in (3.6) can be decomposed as
L(w,8) =Ly —H + w?Bi(w) + 6Bz (w), (3.16)
where Ly := —%I + K + H is an invertible Fredholm operator. The inverse of Ly reads explicitly:

£5'16) = (—éui%)_l (¢ - é (/83 pas) ¢:> ﬂé (/83 bd)oi, ocrED) (1)

where (— 31+ K},) " is the inverse of the operator —31+ K3, : LE(0D) — L&(0D). Furthermore, the following
properties hold true:

o H[$7] = Lo[d}] = ¢ for any 1 <i < N.
o Jop, Lo '[#1do = [p ¢do for any 1 <i < N and ¢ € L*(9B;).
o ¢ = (¢ —H[¢]) + H[¢] is the direct sum decomposition of ¢ € L*(0D) on L(OD) ® Ker(—31 + K3,).

The decomposition (3.16) reads
L(w,d) =G(w,d) —H, (3.18)
where G(w, ) is the operator
G(w,d) := Lo + w?By (w) + 6Ba(w).

Since Ly is invertible, G(w, d) is a holomorphic invertible Fredholm operator, whose inverse can be easily com-
puted thanks to a Neumann series.

Lemma 3.1. The operator G(w, d) is invertible for sufficiently small w and 6: more explicitly, the inverse reads

(G(w, )t =L5" = Cw,d), (3.19)
where C(w, §) is the compact operator of order O(w? + &) defined by the following Neumann series:
—+oo
Cw,8) =Y (=P Ly (w?Bi(w) + 6Ba(w)) Ly )P (3.20)
p=1

Equation (3.18) is analogous to the “pole-pencil decomposition” considered in [24, 19], in the sense that
L(w,d) is the sum of a holomorphic operator easily invertible and a constant finite-rank operator. This feature
together with the previous Lemma 3.1 allow to solve conveniently the problem (3.4).
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Proposition 3.4. The operator A(w,d) is invertible if and only if the N x N matriz A(w, ) = (A(w,0)ij)1<ij<N
defined by

Alw,0);; = - C(w,d)[¢7] dy, 1<i4,7<N, (3.21)

is invertible. When it is the case, the solution (¢,v) to the problem (3.4) reads

Zzz 671+ G (w, 0[],

(3.22)
Y= st,’g)—ls]’gbg—l(w 0)¢; +(Sp) ' SHGH w, O)[f] — (Sp) ™ [uinl,
i=1
where f € L?(dD) is the function
_ Ouin 1 ko E\—17,,.
f:=9 o -0 <21+ICD) (SH) ™ [tin]s (3.23)
and where the coefficients & = (z;)1<i<n are the solutions to the finite dimensional problem
A(w,d)x = F with F := ( G (w,0)[f] do) . (3.24)
0B; 1<i<N
Proof. The second line of equation (3.5) reads
G(w,0)[g] — Hlo] = f (3.25)
with f given by (3.23). This equation is equivalent to
¢ =G H(w,0)H[g] = G (w,0)[f]- (3.26)

Observing that G~ (w, §)H is a finite-rank operator, we decompose ¢ = > | z;¢F + ¢ on span(H) ® Ker(H).
Then integrating (3.26) over each resonator 9B; (namely, projecting on span(?)), we find that the coefficients
@ := (z;)1<i<n must solve the finite dimensional system

G (w010 = (5 -

G w0 Hl510 ) = (35 = [ 07 wa)ig)a0 ) o

- (5 / (£5165] - Clen 65D o ) o

([, ctostear)e,

Therefore it is necessary that the linear system (3.24) be invertible for (3.25) being invertible. Reciprocally, this
condition is sufficient because if * = (z;)1<i<n is the solution to (3.24), then one obtains from (3.26) that ¢
given by the first line of (3.22) is solution to (3.4). Then the formula for ¢ follows from the first line of (3.5). O

Remark 3.1. Inserting (3.22) into the integral representation formula (3.1) yields the decomposition (1.2) for
the total field uio; with

SP(G™H (w, 0)¢](x) if € D,

vi(w,d)(x) =
o) {S’EJ[(SE) 'SpG T w, 8)d7](x) if x € RP\D,

SPIG ™ (w,0)f)(x) if x € D,

{31’3[(51’3)_131}359_1(% 0)f1(x) = SHUSH) ™ [umll(x) if = € RA\D.

Remark 3.2. We shall see below in Section 4 that (3.22) can be interpreted as a modal expansion of ¢, where
the modes are linear combinations of the functions v;(w,d)¢; and the functions x; = z;(w, d, f) are scattering
amplitudes with poles being the resonant frequencies (wi(8))1<i<n-

w(w,0)(z) =

Remark 3.3. There exist as many possibilities for the choice of operator H enabling to compute £(w,d) ™!
there are invertible operators from Ker((—31 + K},)) to a complement subspace of Ran((—31 + K},)). Since
Ker((—31 + K},)) is itself a complement subspace of Ran((—41 4+ K7,)), the definition (3.15) is natural and
leads to several simplifications in the computations performed below.

The previous proposition yields a convenient definition and characterization of the scattering resonances
(Wi (O <i<n-
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Proposition 3.5. There exists 2N complex frequencies (wE(d )) 1<i
values of the operator A(w,?d), i.e. the values for which .A(w (0),
these are also the characteristic values of the N x N matriz A(w,d)
eigenvalue problem (1.3).

<~ which are defined as the characteristic
0) has a non-trivial kernel. Equivalently,
of (3.21), i.e. eigenvalues of the non-linear

Proof. Proposition 3.6 below reveals that A(w,0) ~ w?*VC~! with VC~! invertible. Hence the generalized
Rouché theorem [41, 14] implies that A(w, §) has exactly 2N characteristic values (w)1<i<x in a neighborhood
of zero for § sufficiently small (see also [8]. O

3.2. Asymptotic expansion of the Schur complement A(w, d)

Scattering resonances (w(8))1<i<xn are the characteristic values of the operator A(w, §), i.e. values of w for
which A(w,d) has a non-trivial kernel. The previous Proposition 3.4 obtained that they are equivalently the
characteristic values of the holomorphic matrix A(w,d). The first terms of the asymptotic of A(w,d) as w — 0
and § — 0 are explicited in the next proposition, which is consistent with a similar computation performed in
[4, Theorem 2.7].

Proposition 3.6. The following asymptotic holds true as w — 0 and § — 0:

4 Uy

w2 o idw T
Alw,0) = U—gVC' s ( - U) C117 + O(w? + 6)?, (3.27)

where C is the capacitance matriz given by (2.1), V is the volume matriz (2.3) and 1 = (1)1<,<n s the vector
of ones.
Proof. By the definition (3.12), the fourth-order asymptotic expansion of w28(w) reads

Ww?B(w) = ICD2+ ICD3+O( Y, (3.28)
b

and a computation yields

1
o) = =0 51+ K5 ) (sp) st

(
S (;1 +Kp + O(w2)> (SD + %Sm + O(w2>) (SD + %Sm + O(w2)>
(

(3.29)
1
= §(z1+ /c;g) (Sp! — =85 Spa85") (SD + wSD,l) + O(w?d)
2 v Up
1 * 1 1 1 * —1 2
Then equations (3.20) and (3.21) allow to obtain
Aw,8)ij = | Cw,9)¢jldo = | L5 (w*Bi(w)+ B2(w))[¢;]do + O(w® + )
_ / (W2B1(w) + 0B (w))[6] dor + O(w? + 0)?,
OB;
where the third equality is a consequence of (3.17). From the expansions (3.28) and (3.29), we obtain
2 w? w? 4
[ wmle) =% [ Kpalojldo+ 2y [ Kpyls)do + 00w
dB; Yy JOB; v dB;
w? iw3 | By
=—— “1do + — — “d 4
% [ soloiar+ B [ 5004 0w
2 iw? |B;
= Bos + P o)
For the computation of dB2(w), we remark that Sp1[¢}] = —i/(47m)1lsp and Sp'[lap) = X, ¥}, which implies
Sp'S C;
[, S0 Soaléi)do = o Z ’
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Substituting into (3.29) yields then

1 1 1 1
0By (w)[¢pj]do = =0 (I + /CE) [¢7] do + dw < — ) / (I + ICE) SBISD,l[(bﬁ do + O(w?))
aB, aB; \2 v v ) Jap, \2
1 1
= —66;; + 0w < - > / Sp'Sp.a[¢f]do + O(w?s)
v Up 9B,

bw [ 1 1)\ &
58 — 2 — = . 2
0055 y (Ub v) E Ci1 + O(w?9).

=1

Hence the asymptotic of A(w,d);; reads

v 4w 4

1 N
- ) > Cu+ 0w +6)° (3.30)
Vp v

=1
which is the result to obtain. O

w? - iw? | B; idw [ 1
b

Remark 3.4. With symbolic computations, we find that the term of the asymptotic expansion of A(w,d);; of
order O(w? + §)?

w26 (1 1\ .p . ) 1\ .,
m<%> O1chl+ \B|C 5w+w5B|( UQ)CH

=1 vy
2 1 1 * * 2 w4 —1 g% *
+w ) Y E Cil ¢l SD,2[¢]~] do— 9§ 6ij + 7 [SDEO ’CD,2 — SD’QH¢]'] do. (331)
% v =1 9D Yy JB;

It is worth mentioning that the terms involving K7, , and S}, 5 are non-Hermitian, making an explicit analysis
at higher orders in w and § delicate.

Right multiplying (3.27) by C, we obtain that the nonlinear eigenvalue problem (3.3) reads at first order

<C—25 )az—|—0(w):

The nonlinear eigenvalue problem (3.3) is therefore a perturbation of the generalized eigenvalue problem (2.4),
and the i-th resonance reads at first order w? = A0, for \; a generalized eigenvalue. This result was already
obtained in [13, 4, 8], is rigorously justified by mean of the implicit function theorem in the next subsection.

3.3. Full asymptotic expansions of the resonances

We now propose a procedure which enables in principle to compute full asymptotic expansions of the resonant
frequencies w (§) when the eigenvalues (\;)1<i<n of the capacitance matrix C' are simple. In contrast with
[4, 8], our procedure does not require to assume the existence of a formal ansatz; it relies on a change of variables
and on the implicit function theorem to derive the Puiseux expansion (1.4), which is inspired from [17, 24] and
which can be related to Newton diagrams [30, 48]. In particular, we prove the analyticity of wii((S) with respect
to 6/2, a result that was implicitly assumed in the aforementioned works.

From there and in the next sections, we assume that the eigenvalues (\;)1<;<n of the generalized eigenvalue
problem (2.4) are simple:

0< A <A <" < AN (3.32)

We discuss shortly in Remark 3.4 what could happen in the case of multiple eigenvalues.

We start by rewriting (3.27) as an explicit perturbation of the linear eigenvalue problem (2.4). Introducing the
variable A = w?/(v?§) and recalling the definitions (3.20) and (3.21), the coefficients A(w,§);; for 1 <i,j < N
can be rewritten in terms of A and w as

Z / (@) + 6B (w)))[6}] dor

:Zulf”(w /83 (/:0—1 (7:22631(00)—l—vb_ZBg(w)))p[d);]da.

i

—Z " /aB LBy (@) + vy, 2Ba(w)))” [¢] do
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We define ﬁ()\, w) to be the N x N complex matrix holomorphic in w given by the following power series with
w=o0(1) and A = O(1):

~ vEA w? N +oo +1
A\ w) = b—2A <w, 2) C = LB (w) + vb_ng(w)))p Cijlo;]1do .
w Uh l i 0 oB;
1<4,j<N
(3.33)
Equation (3.27) implies that A(\,w) reads more explicitly at second order
1
A\ w) = iwA = ( - ) C117C + 0(w?). (3.34)
47r v

From the definition (3.33), it is Straightforward to observe that w is a characteristic value of A(w,d) if and
only if A = w?/(v28) is a characteristic value of A — A(\,w). The interest of introducing A(\,w) lies in the
fact that under the simplicity assumption (3.32), there exist N characteristic functions (A;(w))1<i<ny which
are holomorphic in w. This enables to solve the splitting of the scattering frequencies wii (6), by inverting the
relation wi (8)2 = dvI\;(w) for 1 <i < N.

The existence of N holomorphic characteristic functions (A;(w))1<i<n is guaranteed by the analytic implicit
function theorem (see e.g. Chapter 0 of [52]).

Proposition 3.7. Assume (3.32). There exist N generalized eigenfunctions (A;(w))1<i<ny and N associated
eigenvectors (a;(w))1<i<n which are holomorphic in an open neighborhood V of w = 0 and which satisfy, for
any 1 <i< N andw € V:

(i) A\i(w),w)ai(w) =0,
(it) a;i(w)'Va;(w) =1,

Proof. (i) and (ii) are equivalent to find holomorphic functions A;(w) and a;(w) such that F((\;(w), a;(w)),w) =
0 for any w € V, where F : (C x CV) x C — C¥ x C is the functional

F((\z),w) = (AN w)z, " Ve —1), AeC,zeCV. (3.35)

Since (3.34) is equivalent to F((A;,a;),0) = 0, the result follows from the implicit function theorem whose
hypotheses are satisfied as soon as we prove that the differential of (A, &) — F((A, ¢),0) is invertible at (A, z) =
(M\iya;). A straightforward computation yields

DF((\i,a;),0)(N, ') = (N Va; + (\V —C)a’,2al V).
Assuming (3.32), we find that DF(();, @;),0) is indeed invertible, with the inverse given by
aTo
a; o

]

[DF((\i, a:),0)] He, 8) = [ ala, al +)° a,f)eCV xC. (3.36)

J#i

Since the functions (A;(w))1<i<n and (a;(w))i<i<n are holomorphic, they can be written as

—+oo
)\Z(UJ) = )\i,O + Z /\i,pwp, ai(w) = a;0 + Zai)pw”, 1 S ) S N. (337)
p=1
The coeflicients (A; p)p>0, (@ip)p>0 can be computed explicitly by solving a triangular system obtained by
differentiating p times the equation F((\;(w), a;(w)),w) = 0 with respect to w at w = 0 [53]. Furthermore, the
coefficients satisfy the following properties:

Proposition 3.8. The coefficients \;, and a;, are real and imaginary for respectively even and odd values
of p:
Vi1<i< N,VpeN, )\i,gp € R and )\i)gp+1 € iR, (338)

V1<i< N,Yp€eN, aiz €RY and a; 2,1 €iRY. (3.39)

Proof. 1t is straightforward to verify that A(w,d) = A(—®, ). This implies in turn Z()\,w) = Z(X, —w), which
can be shown to entail \;(w) = A\;(—w) and a;(w) = a;(—w). These properties reflect on the coefficients of the
expansion (3.37) in the identities (3.38) and (3.39). O

The next and final step is to invert the equation w? = 5U§Ai(w) for 1 <4 < N, which can be achieved as
follows.
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Proposition 3.9. For § > 0 sufficiently small, the matriz A(w,d) has 2N characteristic values (wi (8))1<i<n
which are the implicit solutions to the equations
Wi (8) = 62 v/ Ni(wi (8)) and wy (6) = —02 vy / Ni(wit (9)),

+

where z +— +/z denotes the analytic continuation of the square root to C\R_. The functions w;"(d) are analytic

in 82, i.e. there exists coefficients (wfp)ng such that
+ 1o X + (P
w(8) = £MAZ62 + Y w6 (3.40)
p=2
Furthermore:
(i) the coefficients wfp are real and imaginary for respectively even and odd values of p:

waPER andwfszEiR, V1<i<N,Vp>2
(ii) w; (8) = —w; (8), i.e. w;(0) and w; () are symmetrical with respect to the imaginary azis, or in other
words
Wj:zp:*%_gp andw12p+1:wi_72p+1, V1<i<N,Vp>2.

Proof. We apply once again the analytic implicit function theorem to the functions Fii defined by
FE(w,2) i= w F zopv/ N (w).

Obviously Fii (0,0) =0 and 9, F, Z-i(O, 0) =1 # 0 so the hypotheses of the implicit function theorem are satisfied
and there exists a unique local solution z — wt(2) to F¥(wE(2), 2) = 0 which is analytic for z belonging to a

neighborhood of 0. Then by definition of the scattering resonance wii(é), it holds

A(WE(6), 8)ai(w(6)) = 0 with a;(w;"(5) " Va;(w(5)) =1,
which shows that (w;(d))i1<i<n are 2N characteristic values of A(w,d). Formula (3.40) determines then all
characteristic values of A(w,d). Then, noticing that F; (w,z) = —F, (-©,%) and F;" (w, —2) = F (v, 2), we
obtain respectively —w; (z) = w; (%) and w;" (—2z) = w; (z), which easily imply both properties (i) and (ii) on
the coefficients (w;,p)p>2- O

Remark 3.5. If D is such that one of the eigenvalues (\;(w))1<i<n of (2.4) is of multiplicity m > 1, (for instance
if N > 1 and if there are enough symmetries as in the examples of Section 2.3), then a much more subtle
analysis is required, because this eigenvalue \;(w) split a priori into m distinct eigenvalues; see e.g. [30, 51]
about the characterization of the splitting of linear eigenvalues and [46, 57, 72, 66, 48] in the nonlinear case.
Then the frequency wi(8) := +u);(w)262 would not need to be holomorphic in 62 and a different Puiseux
series than (1.4) would need to be computed. Notably, the present analysis could be affected by the occurence
of poles (w? — 6\;(w))? of order p > 1 in the modal expansion (4.1) below.

Let us finally retrieve the leading terms of the asymptotic expansion of wii(d) based on the previous propo-
sitions.

Proposition 3.10. The asymptotic expansions of the eigenvalue \;(w) and of its associated eigenvector a;(w)
read at first order:

Ai(w) =X — W] (alV1)? + O(w?) 1<i<N
! S 4 ’ ’

(W ea S WA A (1] T T . 2
a;(w) = a; jii Il — ) (Ub Y (Ub v)) (a; V1)(a; V1)a; + O(w?).

Proof. With the notation of Proposition 3.7, we have from (3.27)

i\; i 1 1
DF((M\i,a;i),0)(Ni1,ai1) = =Do, F((Mi, a;),0) = — <<417wa11TC - ﬁ <vb - v) CllTC’) ai70> .

From (3.36), the inversion of the above equation yields

i\ [\ 11
A = — (aiTVllTVai - ( - > af011TVai>
v

Am A\, v (3.41)
1)‘12 T T
=——"a; V11" Va,,
4d7v
i\ A 11
==y —— [N === "v11"va,)a;.
! ;4”(&—)\;') (vb ! <Ub U)) (@, @)
(]
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Inserting these values in (3.40) we eventually retrieve the asymptotic claimed in [8]:

Corollary 3.1. Assume that the eigenvalues of the (weighted) capacitance matriz are simple (hypothesis (3.32) ).
The subwavelength resonances wlf (6) admit the following asymptotic expansions:

1 wb)\

wF(8) = £62 A2 (aTV1)25 + 0(5%2). (3.42)

8mv
Proof. (3.42) is obtained by writing

wF(8) = ﬂ%ub\/xi + AiawF(8) + O(wi () = iaévb\/x\ﬁ + AA“ AZupd% + O(8)
i (3.43)

1 1
=462,y )\i+§(5vb 1+O( %)
which yields the result. O

Remark 3.6. If D is a single resonator D = B (N = 1), we have C' = cap(B) and V = | B| hence A\; = cap(B)/|B]|
and a; = |B|7'/2. Then (3.42) reads more explicitly as

, B)  iv?cap(B)?
WE() = oy, | PRB) _ Wy cab(B)” s

|B| 8mv|B| ) (344)

which is the result obtained in [13].

Remark 3.7. From (3.42), we see that when the vector of ones 1 = (1)1<;<n is an eigenvector of the weighted
capacitance matrix (e.g. when there are enough symmetries as in the cases considered in Section 2 3), then

alV1 =0 for i > 1 and the first order varation of the resonant frequency vanishes: w(6) = +£42 vb)\"’ +0(6%),
i.e. the corresponding frequencies wi (§) are quite robust to the variations of 4.

4. MODAL DECOMPOSITION

This section takes advantage of the explicit formula (3.22) in order to establish a (nonlinear) modal decom-
position of the form of (1.5) for the solution . to the scattering problem (1.1). This is achieved in two steps:
we start by computing in Section 4.1 a pole expansion of the meromorphic coefficients = (x;)1<;<n solutions
to the finite-dimensional problem (3.24). In Section 4.2, we substitute this expansion into (3.22) to obtain the
modal decomposition (1.5) for the scattered field uiot. Finally, Section 4.3 states a few remarks regarding the
estimation of the magnitude of the resonances when considering physical, real frequencies w > 0.

4.1. Pole expansion of the resonant amplitudes (z;)1<i<ny

We first establish a pole decomposition of the meromorphic solution @ to the finite-dimensional problem
(3.24), whose leading order expansion can be expressed in terms of the generalized eigenvalues and eigenvectors
(Aj(w))1<j<n and (a;(w))1<;j<n of Proposition 3.7.

Proposition 4.1. The following modal decomposition holds for the solution x(w,d) to (3.24):

N

2
v .
z(w,0) = } R Wt 555&(60) (al F —iwb] F 4+ O(w? + §)TF)Ca;(w), (4.1)

i=1

where the mode a;(w) is given by Proposition 3.7, b; is the vector defined by

N
Ai of
== 1)? A (alV1)(alV1)a, 4.2
and where O(w? + §) is a holomorphic vector field in w and & which can be written fully explicitly.

Proof. Using the quantity A = w?/(vpd), (3.24) rewrites A\ w)y = s F with y = C~'x. By continuity of
the determinant, (a;(w))1<;<n is a basis of CV for w sufficiently small. Let us consider the decomposition of
y = y(w, ) onto this basis with coefficients (y;(w,d))1<i<n:

N
0) = Zyi(w,é)ai(w). (4.3)
i=1
By Proposition 3.7, it holds A();(w),w)a;(w) = 0 for any 1 < j < N. Therefore

N
A\ w)y = Z )\j (w),w))a;(w)y; (A, w). (4.4)

j=1
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We factorize (A— A;(w)) in this expression. From (3.33), there exist coefficients (Ap ; m)p.m>0,0<i<p+1 such that

2p

w

myl
Z Ap’l’mi)\p w™A

p,l,m=>0
0<i<p+1

A(w, \) can be expanded as

Let us then write a fully explicit expansion of the difference A(X,w) — X()\j (w),w):
AN W) = AN @), w) = D Aprme™ TN = () 7)

p,l,m=>0

0<I<p+1
1 1
= Y Apprim@ A= N @)+ Y Apme (p_z—p-z)
=, = A Aj(w)
I,m>0
0<lTZp 1 (45)
p—1l—1
o L 2p+m __ 2p+m
= (A=) mZ>OAp,p+1,mw Z Ap e Z WA pr=swmr==1k
pm= llr)n>0
0<i<p—1

where the third equality is a consequence of the identity

1 1 L 1

ﬁ_blﬂ’l:_(a_b)z%W? Va,bEC,VpGN
p

Substituting A\ = w?/(v}d) reveals that the second term of (4.5) is a holomorphic function of w and &,

-1 2 1 —1-1 2(q+1
P— (g+ )5q+1 P v (g+1)

2ptm _ b q+1, 2(p—g—1)+m
Z w2(q+1)A ( )p l—q - ZO )\j(w)p_l_qa w )
q=0 q=

which is also smaller than O(§). Therefore the only term of (4.5) which is bigger than O(w?+6) is Ag 1,0+ Ao 11w
with Ag 10 ="V and Ap 11w = iw/(47v,) V11T C according to (3.34). Hence (4.5) reads with A = w?/(v2d):

A\ w) — A (w),w) = (A = Aj(w)) <v + V11Tc +O0(W? + 5))

Coming back to (4.4), we obtain

N
A\ w)y = Z()\ —Aj(w)) <V + 7V11TC +O(w? + 5)) yj(w,d)a;(w)

= 47 Up
N v
Z w))y;(w, ) (Vaj(w) +iw-"2-V11"Va; + O(w* + 5)) .
=1 47T7)b
Left multiplying (4.4) by al and using Proposition 3.10, we find that the vector z(w,§) given by

z(w,0) = ((A = Aj(w))y;(w,8))1<j<n

is the solution to the linear system

(I +iwG 4 O(w? + 6))z(w, 8) = —5F (4.6)
Up

where F := (aZTF)lgigN and G is the matrix

O B MNdizg (N (11 T T
G = Gihsien = ({47% Am (N —>\)< A (Ub v)ﬂ @ V1) V1) 1<i j<N

_ )\j5ij 51;&]' A - .
B <<47Tvb + drv (A — )‘j) (a; Vl)(aj V1)

By using a Neumann series to invert (4.6), we arrive at

1<i,j<N

z =

S —iwG + O(W? +0))F
and then, since y;(w,d) = el z(w,§) /(A — \i(w)), we finally obtain
1 1 T T AR 2 T ,
i =—-———(a; F — - GF F 1<i<N. 4.
yi(w, d) SN ) (a; iwe; GF + O(w* +6)" F), <i< (4.7
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The result follows from A = w?/(v2d) and by substituting the value of G and Finb;, = Zjvzl Gija;. O

Remark 4.1. If D is constituted of a single resonator, i.e. N =1 and D = B, the vector by of (4.2) reads:
cap(B)
" 4o BJE
Remark 4.2. Tt is interesting to note that the modes (a;(w))1<i<n featured in the decomposition (4.1) are

not the modes (a;(w(6))) that can be built from the resonant frequencies (w:(d))1<i<n, as one could have
expected.

Remark 4.3. The interest of the formula (4.1) lies in that there is no approximation made in the denominators,
which vanish exactly at the “true” resonant frequencies wii (0))1<i<n. (4.1) is more explicit than a Laurent
series expansion of A[§,w]~! in the neighborhood of only one of these poles.

Remark 4.4. Tt is clear from the proof that (4.1) is a nonlinear continuation of the more standard modal
decomposition
N

a F )Ca;,

which is the solution of the linear problem
A(X\,0)C~'Z = F with A(\,0) = AV — C.

We now factorize the denominators of (4.1) in order to make the poles (wi ())1<i<n appear more explicitly
n (4.1).

Proposition 4.2. We can write the following factorization for the poles of (4.1) in the regime w,d — 0:
w? =6 Ai(w) = (1+ 0(8))(w — w (9))(w — w; (), (4.8)

where the remainder O(0) is a holomorphic function of w and 5%, which can be written fully explicitly, and

where wi (8) and w; () are the resonant frequencies characterized by Proposition 3.9.

J
Proof. Tt is clear that

W? = 50 Ni(w) = (w — vy ﬁ)(wﬂba V)
= [t @t (VAT = T @) o0+ st (VA0 - e @)

Let us consider the holomorphic function g;(w) := y/Ai(w) and denote by (gi p)pen the coefficients of its Taylor
expansion at w = 0:
—+o0
w) = Z Gi pw?.
p=0

We consider the function h;(w,d) defined as follows:

(0. 8) = w? — OXi(w) [y gt 9@) = gilwi (9)) ot 91) — gilwi (9))
1+ hi(w,0) : oo O — o ) [1 b6 T H1+ 52 o ) . (4.9)

Then the result (4.8) is proved if we show that h;(w,d) is holomorphic in w and 62 with h;(w,d) = O(5). By
using the identity a? — b? = (a — b)(aP~* +aP~2b+ - - -+ bP~2a + bP~1) valid for any a,b € C and p € N, we can
write the full asymptotic expansion of (4.9):

g:(w) — gi(wit == =X
- =D > g P =D Y gipwi ()P
W ( ) p=11=0 1=0 p=I+1

+oo /oo
- Z (Z gi,l+p+1%+(5)l> wP =gi1+0(2), (4.10)
p=0 \1=0

and similarly

N

i) = 5 (O)) _ 3 (f gi,Hpri(a)l) WP = gia + O(%). (411)
(5) p=0 \1=0

W —w;
Hence, coming back to (4.9), we see that the function h; is holomorphic in w and 5%, and we obtain

1+ hi(w,0) = (1 — 007 g;1 +O0(0))(1 + 07 gi1 + O(8)) = 14 O(5).
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For any p € N, we define the p-th order vector-valued tensor MP by the formula

MP? = (/ yPo; da) . (4.12)
oD 1<i<N

We recall that MP? is a vector tensor in the sense that for any p derivative indices 1 <'y,...,i, < 3, M? is

1. 7,
the vector
= ([ )
oD 1<i<N

MP is analogous to a polarization or moment tensor [16]; it appears in the asymptotic expansion of the right
hand-side F of (3.24). By the property (3.14), it holds M = 1.

Lemma 4.1. The following expansion holds for the vector F of (3.24):

F = 6u;,(0) (1 - 4% Cap(D)) C1+6CM" - Vui, (0) + O((w? +6)d), (4.13)

where we recall M - Vuin (0) := 37, o <y M9, 1in (0).
Proof. We have the following expansion for the right-hand side f of (3.23):

Ouiy

F=o%n = (S K5 ) (55)

— Vuin(0) -1 — 6 (;I n IC}5> ((SD)*I - %(SD)’ISDJ(SD)’I) [tin] + O(w20),

where we use the fact that u;, satisfies (A+k?)u;, in R3, which implies (e.g. by using the Fourier transform) that
VPusy, is of order wP on any bounded set and any p € N. From (3.19) and (3.20), we obtain G~!(w, ) f = O(J)
and hence the point (i) of the proposition.

Then for any 1 < i < N, we have

G (6,w)f]do

0B,

1
—— [ ecyt <1+1c7:,> ((Sp) ™" = =(Sp) " Spa(Sp) ") lumldo + | 630 (0) - o + O((w? + 6))
dB; 2 v dB;

=5 [ ((Sp) ™ = 2(Sp) 1 8p,1(Sp) ™) [uin] dor + O((w? +8)3)
B, v

. N
=0 | wn?do+ 0> —tin (0 / Ur da< 47r>/8DZ¢;da+0((w2+5)5)

oD

= 5“111 Z CU + 6vum : / ! Z Cz]¢ do — w Z C” Z leUm “r O((w2 + 5)5)

7j=1 1<45,I<KN

Hence the right-hand side F = ( S G716, w)If] dcr) of (3.24) is given by (4.13). O

1<i<N

Remark 4.5. The point 0 at which the Taylor expansion of u;, is computed in (4.13) does not matter, it can be
replaced by any other fixed given point xy € R3. However, as implicitly used in [26, 15], it needs to be replaced
by the center of the resonator in the dilute setting where its size shrinks to zero [40].

Remark 4.6. More generally, higher order terms in (4.13) depend on the tensors MP? as well as the operators
Sp,p and K7, , for larger values of p € N.

Inserting (4.8) and (4.13) into (4.1), we obtain the following result.
Corollary 4.1. The following pole expansion holds as § — 0 and w — 0 for the solution x(w,d) of (3.24):

N
B 699 (w)uin (0) + dg} (w) - Vuin (0) + O((w? + 8)9) ‘
z(w,d) = E @ Wl ) —w () Ca;(w), (4.14)

i=1

where g and g} are the zero-th and first order scalar tensors

4mv

for a;(w) and b; defined in Proposition 3.7 and (4.2). Furthermore, the remainder O(w? + 6) is a holomorphic
function in w and 82 which can be Sfully explicited.

Pw) == v? (1 - cap(p)> (@l —iwb?)C1, glw):=v2alCM', 1<i<N, (4.15)

Remark 4.7. The result of Corollary 4.1 is true without assuming w = O(672).
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4.2. Modal decomposition of the scattered field

We now use the result of Corollary 4.1 in order to obtain a modal decomposition for the field utot, solution to
(1.1). We start by defining “resonant states” as root functlons to the integral problem (3.4), or to the scattering
problem (1.1). Since A(w,8)Ca;(w) = 0 when w = wF(§) for any 1 < i < N (PlOpOSlthH 3.7), these are
obtained by substituting (z;)1<;<ny with the coordlnates of the vector a;(w) = (a;(w)TCe;j)1<j<n in (3.22)
with u;, = 0:

Definition 4.1. For 1 < i < N, We define “resonant states” ¢} (w,?),¥;(w,d) € L?(dD) associated to the
eigenvector a;(w) by the formulas

i (w,0) =) (e Cai(w))G (. 8)[¢]], ¥ (w.8):=(Sp)'Sp[df(w,d)], 1<i<AN. (4.16)

j=1
We then define the “physical” resonant mode u;(w,§) as a function of R? by
S (w, 0)](x) if x € D,
wilw,8)(@) = 4 21% e
Sb[} (w,6))(z) it 2 € RO\D.

Remark 4.8. By definition, the mode (¢} (w, d), %] (w,d)) is a root function of the scattering problem (1.1), and
ui(wE(9),0) is a non-trivial solution to (1.1) with ug, = 0.

(4.17)

Remark 4.9. The resonant states ¢} (w,d) and ) (w,d) with 1 <4 < N are to the first order linear combinations
of the potentials (¢})1<i<n (definition (3.13)). More precisely, it holds, due to (3.19):

ﬁ: el Ca;(w))e; + O(w” +6), (4.18)
j=1
" al T iw (1 1\ _p
¥} (w,8) = ; <ej Cai(w) + - ( — v) Cal;a]> ¢+ O(w? +9), (4.19)
where the second identity is a consequence of

N
sh s = - 1 (5 -1) Y Zwl with v = — 3 Ciyés. (420)

j=1

The resonant states enable to write a modal decomposition of the solution to (3.4). It is obtained by reading
first a modal decomposition for the potential ¢ and v of (3.22):

Corollary 4.2. The solution (¢,1)) to the scattering problem (3.2) admits the following modal decomposition
asw— 0 and & — 0O:
dg; (w)uin (0) + dg; (w) - Vuin (0) + O((w2 +6)9d)
¢ =G (w,0)[f] + : d a
Z (w = w; (0))(w — w; (9))

o7 (w,9), (4.21)

=1

w)uin (0 )+591 w) - Vum( )+O((w2+5)6)
7 (0)(w —w; ()
(

w? + 8)6) is a holomorphic function of w

)
)= (8H) T SE G w, 0)[f]1—(Sh) ™ [uin +Z A
i=1
where G (w, 8)[f] = O(8); ¢? and g} are given by (4.15) and O(
and §'/2.

P (w,9), (4.22)

(w—w

Proof. Using (3.22) and (4.3) with x(w,d) = Cy(w, J), the potential ¢ reads

N N N
¢ =G (w,0)f] + Z ej x(w,8)G " (w,0)[¢;] = 671 (w, 8)[f] + Z Z yi(w,0)ej Cai(w)G™" (w, 8)[¢]]

N (4.23)
1+ Zyxw, 8)¢; (w, ).

The result (4.21) follows from the expression (4.15) determining the value of y;(w,d). Then (4.22) is obtained
by inserting (4.21) into the first line of (3.5). O

Remark 4.10. The identity (4.21) improves the result of [13, 8] in the fact that it clearly highlights the structure
of the inverse of the operator A(w, ) in terms of the resonant poles w () and modes ¢;(w,d). Furthermore
the scattering amplitude is known up to the order O(w? + 6) instead of O(w 4 42).
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In order to propagate asymptotic expansions from the boundary potentials ¢ and ¢ to the fields Sg [¥] and
SF[¢], we need to bound S¥[¢] as a function on R? in terms of ¢. Following [71], we consider the space
u . Vu ou
H= — e L’)(R®), ———— € L*(R?), — —iku e L3(R®) }.
{U| (1+T2)1/2 E ( )5 (1+T2)1/2 6 ( )7 87" 1 UE ( )

Let R > 0 be a sufficiently large positive number such that D is contained in the ball of radius R: D C B(0, R).
We recall the following facts (see [71, Theorem 2.6.6]).

Proposition 4.3. (i) Let u € H} (R®) be a function solving the homogeneous Helmholtz equation on the
exterior domain R*\B(0, R):
—Au — k*u =0 in R*\B(0, R),
4.24
(88|Z| - iku> (z) = o(|z|™") as |z| = +oo. (4.24)
Then uw € H and there exists constants a, o’ > 0 depending only on R such that
lullr < eflull -4 op0,m) = [l (s o0,m))-

(ii) In particular, S%[#] € H for any ¢ € L*(OD) and there exists a constant o > 0 depending only on R > 0
such that

ISH1elllm < alléllr2o).

Proof. The point (i) is obtained in Theorem 2.6.3 of [71]. Point (ii) is obtained by writing that u = S&[¢]
satisfies
—Au —k*u=0in B(0,R),

ou

|‘tan:[| —¢OI’1 aD,
O pw =0 on 9B(0, R)
on RU =U O ) )

where Tr : Hz(dB(0,R)) — H~2(dB(0,R)) is the capacity operator. The variational formulation of this
Fredholm problem reads :

find u € H'(B(0, R)) such that for any v € H'(B(0, R)),
/ Vu-Vodr — / Truvdo = ¢pvdo, (4.25)
B(0,R) dB(0,R) 8D

where U is the complex conjugate of the test function v. The bilinear form associated to (
independent of OD. Hence, setting v = u and using the Banach-Necas-Babuska theorem [6
existence of a constant C' independent of 9D such that

4.25) is injective and
5], we can obtain the

ul| e (B(0,R)) < llBl|L2(aD)
from where the result is derived. O
Since w; (§) = —w; (J), the denominators of (4.21) and (4.22) read:
(= w () (w — i (9)) = (@° — [wE(B)) — 2w (wE (). (4.26)
Gathering (3.1), (4.21) and (4.22) yields the following result:

Corollary 4.3. The solution uiot to the scattering problem (1.1) admits the following modal decomposition as
w—0and § — 0:

Uy = XN: 699 (w)uin (0) + 89} (w) - Vuin (0) + O(5(8 + w?))

w2 — |wi (8)]? — 2iwS(w;(6))

(W, 8)+(uin—SpH(SH) " uin]]) Les\ p+0(8), (4.27)

i=1
where O(8) is a function holomorphic in w and & such that ||O(8)||x/d — 0 as w,6 — 0, and ¢° and g} are
given by (4.15).

Remark 4.11. Considering only real and positive values of w, we see that —23(w (8))/|w(8)| plays the role of
a damping constant.

Remark 4.12. Corollary 4.3 is a clarification of Lemma 2.11 in [4], whereby the resonant denominator of (4.27)
vanishes exactly at the scattering frequency wii(é), and the norm (as well as the space H) measuring the
smallness of O(9) is specified.
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Remark 4.13. Using (3.22) and (4.1) without approximating the vector F' by using the result of Lemma 4.1,
one obtains the existence of N linear forms E;(w,d) : L2(0D) x L?(0D) — R, for 1 <i < N, such that

Uin
097 (w)uin(0) + 8g; () - Vuin(0) + O(3(8 + w?)) = Ei(w,8) |

“on
Inserting this expression into (4.27) yields the modal decomposition (1.5) claimed in the introduction. Fur-
thermore, the previous analysis shows that F;(w,d) is holomorphic as a function of w and § 2 and verifies

E;(w,d) = O(1) in the operator norm.

Remark 4.14. Applying the inverse Fourier transform to the resonant part of (4.27), it is possible to rewrite
(4.27) in the form of a modal decomposition in the time domain, see e.g. [4, 3, 21, §].

4.3. Estimation of the magnitude of the resonances for real frequencies

Physically, the parameter w is real, hence the resonant part of wu. in (4.27) featuring resonant poles

8 5
(@-w (O)w-w () W (O) - 2wS(w(5) (4.28)

%

has a bounded magnitude for these frequencies (despite it blows up for w = w:(8)). Furthermore, the resonant
frequencies wzi(é) are replaced by approximations in the scattering amplitude (4.28) [26, 13, 15, 8], and it is
important to estimate the induced error as w is real (this error being unbounded for complex frequencies). In
this part, we gather a few results which allow to estimate the magnitude of the resonant poles of uiot at real
frequencies, and to estimate the error induced by replacing resonant denominators with approximate ones.

Lemma 4.2. Let a,b € R satisfying |a| > |b]. The following inequality holds:
Vw € R, [w? — a® + 2ibw| > 2|b|\/m. (4.29)
Proof. We consider the real function f defined by
f(w) = |w? — a® + 2ibw|? = (W? — a?)? + 4w?b?,
whose derivative reads
(W) = 4w(w? — a®) + 8b?w = 4w(w? — a® + 2b%).
Consequently, f reaches therefore its minimum when w? = a? — 2b? and we obtain

Vw € R, f(w) > 4b* + 4b*(a® — 2b%) = 4b*(a® — b?).

(I
The bound (4.29) enables to estimate the amplitude of the resonances in (4.27).
Corollary 4.4. For real frequencies w € R, the resonant amplitudes of (4.27) are of order:
s 5%
=0 ——F—— |- 4.30
0P -~ 208 D) (%«u?(a))) )
Remark 4.15. The enhancement coeflicient of the resonance is therefore determined by the imaginary part of

wE(8). ITn most situations, F(w(5)) = O(8) inducing an enhancement is of order O(6~2). However, I(wE(9))
may be of order smaller or equal to O(§?) when al V1 = 0 (eqn. (3.42)), e.g. in case of symmetries. Furthermore,
the modal decomposition (4.27) reveals that this amplification can be reduced by a factor w in the situation

where ¢?(w) = 0.

Remark 4.16. The reader may retain that the magnitude of the resonance of (4.30) is obtained by setting
w = |wE ()] in (4.28).

We conclude this part by a remark on the error committed by the approximation of a resonant ratio (con-
sidered at real frequencies w > 0) by a different one.

Lemma 4.3. Let a,b € R satisfying |b] < |a| and Aa, Ab € R such that |Aa| < |a| and |Ab| < |b|. If further
|Aa| < |b], (4.31)

then the following approzimations hold as w = O(lal):

1 1 max(|Aal, |AD])
= 1 _— . 4.32
w2 —(a+Aa)2+2i(b+ Ab)w  w? —a? + 2ibw ( +0 < |B] (4:32)
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Proof. We write, by using (4.29) and the assumptions of the lemma:
1 1 1

(4.33)

w? — (a+ Aa)? + 2i(b + Ab)w 7w2—a2+21bw1+0<|%|+‘%|ﬁ>
Aa ‘Ab

1 w
- - (1 o
w2—a2+21bw( +O< b b |a|>)’

from where the result follows. O

Remark 4.17. The condition (4.31) is very important for the approximation (4.32) to be valid. Recalling the
expansion (3.42) of wi*(§), we find that in the generic case where al V1 # 0 (i.e. corresponding to i = 1 or
when the vector of ones 1 = (1)1<;<n is not an eigenvector of (2.4)), then S(w=(8)) = O(J) and
0 1
—0(571).
w2 — |wiF (8)]? — 2iwS(w; (9))

%

Furthermore, we have the approximation
§ B 6
w? — |wE(0)]2 - 2iwS(WE(d) w2 - vENO + %vf/\f(aiﬁ/l)

1
4 - (1 +0(62 )) .
Remark 4.18. For the dimer considered in Section 2.3.3, the vector of ones 1 is an eigenvector of (2.4), hence
alC1 = 0 and the second resonant frequency (see also [15]) wj (6) has the form

1

wy (6) = FvpA2 67 £ 1,62 — 1,062 + O(53), (4.34)
for coefficients 71,72 a priori positive. The resonant amplitude (4.30) is therefore of order 0(6*%). Therefore,
the coeflicient 77; needs to be kept in the denominator if one desires to approximate the amplitude with vanishing

errors: for w real,
1 1 1
= 14+ 0(62)),
w? — |wE(0)]2 — 2w (WE(9)) w2 — [V A0 + £m183/2)[2 — 21607’]2(52( (0%))
however if we do not keep 77, we arrive instead at
1 1

w? — |wi ()] — 2iwS(wi (6)) T [V A20]2 — 2iwny6?

(1+0(572)).

5. POINT SCATTERER APPROXIMATIONS

In this final section, we compute the leading asymptotics of the far field pattern for the field scattered by the
resonant medium D in the subwavelength regime. The case of N resonators is treated in Section 5.1, where the
far field of the scattered field is computed in Proposition 5.3. We find that in this generic situation, the group
of N resonators behaves in the far field as a monopole scatterer (a point source) as the frequency w gets close
to any of the resonant frequencies w;t (6): utot(z) is approximately proportional to the fundamental solution
I'*(z) as |z| — +oo. Multipole behaviors, i.e. a far field pattern proportional to VPI'*(z) with p > 1, can be
obtained under sufficient symmetry of the system of resonators D, requiring among other 1 to be an eigenvector
of the eigenvalue problem (2.4). Then, the result obtained for N bodies is applied to the case N = 1 with a
single resonator in Section 5.2, and finally to a dimer of N = 2 spherical identical resonators in Section 5.3. In
both cases N = 1 and N = 2 we retrieve and propose simplifications to the corresponding formulas obtained
in [13, 15]. We still assume the simplicity (3.32) of the eigenvalues of the (weighted) capacitance matrix. We
emphasize the connexion with generalized moment tensors [16] and we retrieve some results from [13, 15, 10].

5.1. Point scatterer approximation for a system with N resonators

The far field expansions of the solution wuit to the scattering problem (1.1) is obtained by expanding the
kernel T'*(x — y) involved in the single layer potential S¥[¢](x) in the representation (3.1). The general formula
for the expansion of I'*(z —y) as |z| — +oc and y remains in a bounded set is provided by the addition formula
[34], which involves spherical Bessel functions. Here, we rather rely on a different multipole expansion of the
fundamental solution, which yields a simpler formula in the regime w — 0. In order to establish this expansion,
we use the following result.

Lemma 5.1. For any p € N, there exists a constant o > 0 such that
Ve € R VPHITH(z) < alz| (|2 7P + kP). (5.1)

Proof. The p-th derivative of I'* can be obtained by differentiating this function p + 1 times using Leibniz and
Faa Di Bruno formula [70], from where the estimate (5.1) can then be explicitly derived. We provide below a
more constructive proof based on tensorial calculus.
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Let us introduced the family of p-th order tensor ( f (x))o<j<p defined by induction on p by

fjp-i-l Z(alfp +1Wfp( ))@elwithOSjSP‘f‘L

—_

fola) =

|’

with the convention p+1( x) = f?,(z) = 0. By induction, we can prove that fj’-7 is homogeneous of degree —1 —j
and that the p-th derivative of I'* reads

VPIF (x ka IfP()e™el z e RY

Since ff (z) is homogeneous of degree —1 — j and does not depend on the wave number k for 0 < j < p, there
exists an independent constant « > 0 such that

Vr € R?, |f7 ()] < alz| ™7 for any 0 < j < p.

Hence we obtain the bound

[VPT* (x)]

IN

p
= ;J Rl < ol T (p 4 1) ma(1, k] )

alp+1

Dl Lk + 2] ).

]

Proposition 5.1. The following multipole expansion holds for the kernel T'*(x — y) as w — 0, |z| — 400 and
ly| = O1): for any p € N,

Tz —y) = Zp: (—“1 V() 4 1O (lei’“> +0 (“’;1) . (5.2)

Proof. The Taylor-Lagrange formula reads

i ) l + (_1)p+1

=0

1
' / (1 —t)PVPTITR (& — ty) - Pl dt.
b: 0

Therefore, as |x| — 400 and |y| remains bounded, the remainder of the Taylor sum truncated at order p is of
order O (VPT'T*(z)) which is of order O(|z|~*(wP*! + |z|7P*!) according to Lemma 5.1. O

The far field of the resonant modes wu;(w,d) of (4.17) can be expressed in terms of polarization tensors
MP(w, ) which generalize the tensors M? defined by (4.12), in the sense that M?(0,0) = M?.
Definition 5.1. We denote by MP?(w, ) the vector valued tensor
M?*(w,0) := (/ Y (SH) IS G w, 0)[971(y) dff(l/)) : (5-3)
oD 1<i<N

Proposition 5.2. The resonant mode w;(w,d)(x) of (4.17) admits the following multipole expansion as |x| —
+o00 and w — 0:

()T OMY(w,8) - VT (z) + O (90;%) +0 (”(;T) . (5.4)

Proof. Denote ¢! (w,d) = (Sk) 1Sk G~ (w, §)[¢7]. By using (5.2), we can develop the single layer potential
Sk[o1] as |x| — +oo:

S’E)[ci?;‘]:/aDF’“(x— u)3r -yt

=0

VT (@) - Mi(w,8) + O(|z| 7 (|| P71 + wP™)).




Then (4.16) and (4.17) yield

N
ui(w,8)(x) = SpIYf (W, 0)l(x) = Y _(e] Cay(w))Sple;](x)

O

We need to introduce a last tensor appearing in the point scatterer approximation of the scattered field

Utot — Uin-

Definition 5.2. We denote by K? the second order scalar tensor defined by

K = / y' ® (S5) "Ly (w) do(y). (5.5)
oD

Proposition 5.3. The following multipole expansion holds for the scattered field as |x| — 400, w — 0 and
60— 0:

Utot (l") — Uin (x)

_ f: 699 (w)uin (0) + 0} (W) - Vi (0)

w2 —|w; (6)]? — 2iwS(w; (5))

i

a;(w)"C [M°(w,8)I*(z) — M* - VI*(z) +|z|'O(|2| 2 + w? +6)]

=1
4mv

—uin (0)17CM? - VTF(2) + Vu, (0) - K2 - VI (2)

+ [z TO(W? + |z|7) + O(9),

T Kl _ v cap(D)) cap(D)u;n(0) +17CM* - Vuin(O)] I*(x)

(5.6)
where

Vuin (0) - K2 - VT*(z) == Z Kflwayiluin(O)@%Fk(x)
1<y ,i2<3
and where g?(w) and g} (w) are given by (4.15).

Proof. The point scatterer approximation of the resonant part is obtained by inserting (5.4) with p = 1 into
the modal decomposition (3.26), where we further note that

M'(w,68) - VI(z) = M" - VI'(2) + O((w + 0)(|z| Hw + |z[71))) = M - VI(z) + O(|z| " (w? + 3 + |2|72)).
It remains to expand the non-resonant term —S¥[(SX) =1 [ui,]](z) of (4.27). Observe first that
(SB5) ™ uin] = (Sp) ™ uin] — %(SD)ASD’l(SD)*l[uin] +0(w?)

= uin(0)(Sp) ' [Lon] + Vuin(0) - (Sp) ™' [y'] — uin(O)%(SD)_l‘gD,l(SD)_l[18D] +O(w?).

Then, (Sp)~!lap] = Zil ¥F and (3.9) entail

. N . N
(50" o(So) ool =~ 3 (| w) v = o ean(m) D
Therefore, we arrive at
. N
(SE) ™ uin] = uin(0) (1 - % cap(D)) Zwl* + Vuin (0) - (Sp) "L y'] + O(w?).



Computing the far field of the single layer potential SF[(SF) ™ [uin]], we find that

~Sp(SH) umll(2) = ~T(2) AD(SE)’l[Uin] do + VI'(z) - /80 y'(Sp) ™ uin] (y) do(y) + O(la 7 (w? + |2]7%))

iw N
= (uin(o) (1 ~ o cap(D)> cap(D) — Z /w ¥ (y)y' do(y) ~Vuin(0)> " (x)

N
+ <um(0) z;/aD Ui (y)y' do(y) + Vuin(0) - /(?D y' @ (SH) " y'l(y) da(y)> - VI (x)

+O0(Jz| 7w + |2]72).
The result follows from the identity

N N N
;/@D I (y)y do(y) = _ZZ/M) Cij¢j(y)y do(y) = —-1CM*,

i=1 j=1

where we recall the definition (4.12) of the tensor M. O

Remark 5.1. From (3.19) and (4.20), we have the following expansion for (S%) 'S G=1(w, §)[4}]:

st sho wael=o+ 2 (-1 ) X Gy 0l o)

47 \ v
b 1<1,j<N

Recalling M° = 1 and Section 5.2, the tensor M°(w,d) occurring in the result of Proposition 5.3: has the
following asymptotic expansion:

78 Up

MO (w, ) = (1 + iw% (1 — i) cap(D)> 14 O(w? +6). (5.7)

Remark 5.2. These expansions further highlight the fact that the vector of ones 1 = (1)1<;<n plays a particular
role if it turns to be an eigenvector of the capacitance matrix, as it occurs in case of many symmetries.

Remark 5.3. The multipole expansion (5.6) is in general of monopole type (utot(z) — uin(x) is proportional to
I'*(z) at leading order). A far field pattern of dipole type (proportional to VI'*(x)) can be observed if al C1 = 0
as w becomes close to the resonance wii (). Generating systems with higher order far field patterns (proportional
to VPI'*(x) with p > 2) does not seem trivial and would require to compute asymptotic expansions of ug; at
higher orders.

5.2. Point scatterer approximation for a single resonator

We now specialize the result of Proposition 5.3 to the case N = 1, where D = B is constituted of a single
resonator. Using our accurate multipole expansion (5.6), we are able to retrieve and to clarify the results
obtained for this context in [13, 8]. We also find a simplification of the damping constant of the complex
scattering coefficient, which we find directly related to the imaginary part of the resonance.

Proposition 5.4. Assume N =1 and D = B. The following monopole source behavior holds for the solution
Utot L0 the scattering problem as |x| — 400, w — 0 and 6 — 0.

§vE|B|~* cap(B)
Utot (%) — in(2) = <w2 — Wi (8)]% - 2iwS(wi"

) + 1) cap(B)uin (0)(1+O(w+6 + || )T*(z) + O(9). (5.8)
Proof. In this context where N = 1, let us recall that a; = |B|~'/? and C = cap(B). Neglecting the contribu-
tions in O(w) in (4.15), we find

g0(w) = v}a{ C1 + O(w) = vf|B|"? cap(B) + O(w).
The result follows from (5.6). O

Remark 5.4. We see from (5.8) that the scattering coefficient contains the contribution of the constant 1 and
of a resonant coefficient which blows up exactly at the resonant frequency wi (4).

We now simplify the expression of the scattering coefficient in (5.8) in the case where w € R is a physical,
real frequency. Following [13], let us denote by
cap(B)
| B

=

wpy = wfléé = ] (5.9)
the leading order of the resonant frequency wft (9).
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Proposition 5.5. Assuming that w is real, (5.8) reduces to the following point-wise behavior for the solution
Utot to the scattering problem (1.1) as |x| — 400, w — 0 and 6 — 0:

Utot (T) — uin (z) = P —:iwcap(B) (1+ O(w) 4+ 0(57) + O(|z| 1)) cap(B)uzn (0)TF (z) + O(5).  (5.10)

)
wir 4mv

Proof. We approximate the resonant denominator by using (4.32) and (3.44):

§vZ|B|~! cap(B) B w3, B 1+0(0 l)
w2 — Wi (0))2 = 2iwS(Wi(8)) w2 — w2, + 0(6%) + iw (5% N 0(52)) q Tt iR

Then, (4.30) highlights that the above quantity is of order O(6~2), hence the constant 1 of (5.8) is of the same
order as the error of the approximation:

§vE|B|~! cap(B) 1
=+ : + +1= 2 B
w? — wi (9)[? — 2iwS(wi(9)) w1+ iweB)

P
wir 4mv

+0(1) =, (1+0(52)),

cap(B)
4mv

— 1 +iw——

‘“M
from where the result follows. O
Remark 5.5. The expression (5.10) is somewhat simpler as the result of the original paper [13] (Theorem 3.1).

The difference lies in the error term. First, the constant 1 of (5.8) was kept in [13], which does not change the
approximation error. Keeping the constant 1 yields the scattering coefficient

1 1 1 1
——1+1wca4p(3) (1+0(02)) = 1+1wca4p(B) Hr o)
wM TV "‘)M TV (511)
1

= S(1+0(52)).

. v cap(B)? 5
o i 4mv|B| w

Then, referring to the formula (2.28) for the damping constant in [8], one can verify that

- v} cap(B) K 4 (v + vp) cap(B)w U= cap(B)? a9
B w2 8mvvy v 87|B| w

_(i_ v? cap(B) 0 —va cap(B)2é - (v+ vp) cap(B)
|B] w2 dmv|B| w 8oy
vicap(B) §  .wvZcap(B)? 4

Hence, using (5.11) and (5.12), we obtain

w+ O(oﬂ)) (5.12)

1 14+ 0(s3
-1 —+ i S2pB) Cap(B) = wﬁ/l . (v+vb)cap(B)( ) v—wy, v cap(B)2 § ) (513)

which shows that the damping constant of (5.10) and the one of [8, equation (2.28)] are equivalent for an
approximation of the scattered field of the order O(62). However, let us remark than our formula (5.10) is more
enlightening because it clearly shows that the damping coefficient can be taken to be positive and equal (at first
order) to twice the opposite of the imaginary part of the complex resonant frequency wli(d).

5.3. Point scatterer approximation for a dimer

We now consider a dimer made of two identical spheres By and By of volume |B;| = |By| = |D|/2, following
the setting of Section 2.3.3. Without loss of generality, we assume that the axis of the dimer is aligned with
the direction e;, and that the origin O = (0,0,0) is the middle of the segment joining the two centers of
By and Bs. The setting is illustrated on Figure 7. In this final part, we retrieve and improve the results of

***** =B A

By By D =B, UB,
FIGURE 7. Setting of the dimer D constituted of two identical spheres.

[15] concerned with the derivation of point scatterer approximations for the field scattered by the dimer. Our
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analysis emphasizes the fact that the “dipole” behavior of the resonance associated to the second scattering
frequency oJQi((S) is closely related to the symmetry of the system and cannot be expected for arbitrary system
of N resonators, where all resonances are in general of “monopole” type.

We recall that in the present context, the capacitance matrix C' and the volume matrix V read
a —b _|D|

C = L V=

. 51 (5.14)
— a

for two positive constants a > b > 0 (Section 2.3.3). The solutions to the generalized eigenvalue problem (2.4)
are given by
2 cap(D) 2
(a— ) = s Ag =
D] D] |D|

with respective eigenvectors a; and as normalized such that aiTVaj =0 for 1 <4,j <2

A=

(a+0b), (5.15)

1 1 1 1 1
ar=D} || =11, @ =D . (5.16)
1 -1

Note that (5.14) to (5.16) hold as soon as the dimer is symmetric with respect to the median plane orthogonal
to e;. However, we consider spherical resonators because the rotational invariance along the axis of the dimer
is essential to obtain a far field of dipole type for w close to the resonance w;r (9).

In what follows, we denote by w; and w2 the first order approximations of the real part of the resonant
frequencies (w;"(é))1<1<2 (equation (3.42))

) 2
—(5 Vp (a—0), =020y | — (a + D).
\ ol o Jmret?

The multipole expansion (5.6) involves M? = 1 and M'. As we obtain below, the simplifications which entail
the dipole behavior of the second resonance are induced by the algebraic symmetry properties of the tensor
M?° and M. The latter are the object of the next proposition, which examines more generally the symmetry
properties of the polarization tensors MP defined by (4.12) for an arbitrary p € N.

Lemma 5.2. The polarization tensor MP of (4.12) associated to the system of two identical spherical resonators
has the following symmetries for any p € N:

(i) there exists a scalar tensor XP of order p such that for any indices 1 < iy ...1, <3,

1
MP . =xP if p is even,
1

21...1p 21-..1p

1
MP o =xP . if p is odd.

1.--0p i1...0p
-1

(i) X, ,, =0if 2 or 8 occurs an odd number of times in the indices (i1, ...,i,). More precisely,

Xizi. i — (—1)61‘1'74_“'4_6”’1’-7Ximip for j =2,3.

< p

(111) The numbers 2 and 3 can be permuted in the indices (i1,...,1p). More precisely, if o € &3 is the permu-
tation defined by o(1) =1, 0(2) =3, 0(3) = 2, then
5(1'1)...0(1‘,)) = Xil...ip'
Proof. We consider the planar symmetries Sy, Sz, S3 defined by
Sie; = —e; and S;e; = e; for j # ¢ with 1 <4,7 <3,
and the symmetry Sa3 satisfying
Soze; = ey, Sozes = ez and Sazez = es.
Due to the symmetries of D, the potential ¢} = Sp'[lap,] with [ = 1,2 satisfies
YroSi =13, ¥3085 =4y,

YoS; =1 forl=1,2and i=2,3.

Let us consider the p-th order vector tensors MP = (J\ZP )1<i<s defined by

= /3D PiyP do, 1<4i<3. (5.17)



By considering the change of variables y = S;(y’) with 1 <7 < 3 in (5.17), we obtain respectively

M{)“ i — (_1)6i11+...+6ip1Mg’ilmip’ (5.18)
MY, oy = (1)t Fowa gl for 1= 1,2 and j = 2,3, (5.19)
Furthermore, the change of variables y = Sa3(y’) in (5.17) yields
7P _ arp
Ml,il...ip - Ml,o’(il)...a(ip)' (520)
— T
Property (5.18) implies that Mi...ip is proportional to (1 1) if there is an even number of 1 in (i1,...,%p),
T N
and to (1 —1> otherwise. The identity (5.19) states that Mipl...ip = 0 if there is an odd number of 2 or 3 in
(41,...,1p). Finally, (5.20) implies that we can permute the numbers 2 and 3 in (41,...,4p), so properties (i),
— — T T
(i) and (iii) hold for MP instead of MP?. Since MP = —C~1MP and (1 1) and (1 —1) are eigenvectors
of C, these results also hold for MP. O

Corollary 5.1. The moment tensor M defined by (4.12) can be written

1
M' = M/ e ,

for an effective constant M, € C.

Remark 5.6. Let us further illustrate the result of Lemma 5.2 on the higher order tensors M? and M?3: using
the properties (i), (i) and (iii), we find that M? and M? depend respectively on only three effective coefficients:

1
M? = (M12,11€1 X ey + M12’22€2 X eqg + M12,33€3 X 63) . s

1
M? = (M7 1,61 ®@e1 ® 1 + M7 19961 @ €3 @ €2 + M} 591 ® €3 @ e3)

We also need to determine the symmetry properties of the second order tensor K2 of (5.5). We find that K2
is a diagonal tensor.

Lemma 5.3. The second order scalar tensor K2 defined by (5.5) can be written
K? = K?e1 ®@e + Kay(ea @ ex +e3 @ e3), (5.21)
for two effective coefficients K%, K3, = K2, € C.
Proof. Due to the symmetry of the dimer, the potential ¢; := (S%)~1[y;] with 1 <i < 3 satisfies
GioS;=(SE)yioS;] for 1 <j <3.
Consequently, we find by using the change of variables vy’ = S;y with i = 1,2,3:
K2, = (—1)%i(—1)%iK?

217,2 111299

which implies Kfm = 0 as soon as i1 # i3. Then the change of variables y’ = Sa3 yields
2 _ g2
Kii, = Ko(iz)ﬂ(is)’
from where we obtain K32, = KZ. O

Proposition 5.6. The following multipole expansion holds for the field uiot(x) scattered through a dimer D
constituted of two identical spherical resonators, as |x| — +o00 and w,§ — 0:

Utot (37) — Uin (36)

T =i gTz_iL;ﬁc)s(wi(a» ! 1} cap(D)(1 — iwr)uin(0) (1 + O(w*) + O(J2 ™)) I*(x)
(a-i-b)(Mll,l)QW% 6y1uin(0)6y11“k(:c)(1+0(w)+O(|a:|_1)) (5.22)

w? — |wy (8)[? —2iw3(u€(5))
+ K3, 0y, uin (0)0y, T () +ZK25y1um 0)3y, IT*(x) + O(Jz| ™ (w? + 2] 7)) + O(6),

where T, := cap(D)/(2mv) and (K2%)1<i<3 are the coefficients of the diagonal tensor K? of (5.21).
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Proof. According to (4.2) and using the orthogonality al' V1 = 0, we find
cap(D)
47uy

b1 = ap, b2 =0.

This allows to compute the coefficients ¢?(w) and g} (w) of (4.15):

b (5.23)
g1(w) = vja] CM' =0,
92 (w) =0,
gs(w) = vialCM*' = U§|D|%>\2M11_’161 = 2v§|D|_%(a + b)Mll,lel.
Furthermore, Proposition 3.10 imply that the first order perturbation of the eigenvectors are zero:
a;(w) = a; + O(w?). (5.24)

Therefore, with the help of (5.7), we find
i 1 1 1
a1 ()T O MO (w, §)(MP(w, )T* () — M - VT*(2)) = (1 + = < ~ ) cap(D)> |D|™ 2 cap(D)T* (),
v

as(w)TOM® (w,8) (M (w, )T* (x) — M* - VI*(z)) = [D|Z Ao M7, 8, T (x) = 2|D| "% (a + b) ML, 0, T* (x).
This together with (5.23) yields the expressions of the resonant scattering amplitudes in (5.22). The result
follows from (5.6) by using 17CM* = 0. O

Proposition 5.6 yields a higher order asymptotic for the far field expansion of . than [15, Theorem 4.2].
To conclude this section, we specialize (5.22) to the case where w is real, using the approximation result of
Lemma 4.3. We recall the definition (4.34) of the constants 77,72 > 0 involved in the higher order expansion of
the scattering frequency wi (9).

Proposition 5.7. Assuming that w is real, (5.22) reduces to the following multipole expansion for the solution
Utot to the scattering problem (1.1) as |x| = +o00, w — 0 and 6 — 0:

Utot (3?) — Uin (33)

1 1
= S - cap(D)uin (0)(1 + O(w) + O(52) + O(|z| ) T*(z
T | D010 08 + Ol )
2(a+b)(M11,1)2 k 1
o _2%6%+2m252%3y1wn(0)5y1r (2)(1+O(w) + O(|z| ).

Remark 5.7. For real frequencies, the scattering coefficient for the dipole resonance is of order

2
)

w2 — |wy (8)]? — 2iS(w; (8))w
which is greater than the amplitude coefficient of order O(d ‘%) for the monopole mode. However, this magnitude
is tempered by the derivative 0y, ui, (0) which is of order O(w), and by the faster decay of 9,,I'*(z) as O(|z|~* (w+

|z|1)). Therefore, for w > 0 close to w3 (§) (and so w = O(42)), we find that the scattered field uyo(z) is of
order

=0(57%),

O(5~ 20|21 (6% + |2 1)) = O 2|e| " + 67 || 2.
Hence, the amplitude of the monopole and dipole modes are similar (of order O(1)) at the distance |z| = O(5~2).
However, the amplitude of the dipole mode is larger than the one of the monopole resonance for |z| — 400
with [z] < 672,

Remark 5.8. The result of Proposition 5.7 coincides with the one of [15, Theorem 4.2] up to some rewriting of
the denominators and by observing that the constant P of equation (4.3) of this reference is given by
T

1
P= /aDylwi —updy=—{ | oMl =2,

Remark 5.9. The non-resonant term Vu,(0) - K2 - VI'*(z) appearing in (5.6) brings a contribution of order
O(1), which is smaller compared to the error of order O(wé~2) = O(6~!) committed on the resonant amplitude
when considering real frequencies w € R and truncating at order O(w) + O(|z|~1)).
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