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ON UNIVERSAL APPROXIMATION AND ERROR BOUNDS
FOR FOURIER NEURAL OPERATORS

NIKOLA KOVACHKI, SAMUEL LANTHALER, AND SIDDHARTHA MISHRA

ABSTRACT. Fourier neural operators (FNOs) have recently been proposed
as an effective framework for learning operators that map between infinite-
dimensional spaces. We prove that FNOs are universal, in the sense that they
can approximate any continuous operator to desired accuracy. Moreover, we
suggest a mechanism by which FNOs can approximate operators associated
with PDEs efficiently. Explicit error bounds are derived to show that the size
of the FNO, approximating operators associated with a Darcy type elliptic
PDE and with the incompressible Navier-Stokes equations of fluid dynamics,
only increases sub (log)-linearly in terms of the reciprocal of the error. Thus,
FNOs are shown to efficiently approximate operators arising in a large class of
PDEs.

1. INTRODUCTION

Deep neural networks have been extremely successful in diverse fields of science
and engineering including image classification, speech recognition, natural language
understanding, autonomous systems, game intelligence and protein folding, [I6] and
references therein. Moreover, deep neural networks are being increasingly used suc-
cessfully in scientific computing, particular in simulating physical and engineering
systems modeled by partial differential equations (PDEs). Examples include the
use of physics informed neural networks [29, [30], 27 28] for solving forward and in-
verse problems for PDEs and supervised learning algorithms for high-dimensional
parabolic PDEs [I1] and parametric elliptic [14, [32] and hyperbolic [22] 23] PDEs,
among others.

The success of deep neural networks at a wide variety of learning tasks can
be attributed to a confluence of several factors such as the availability of massive
labeled data sets, the design of novel architectures and training algorithms as well
as the abundance of high-end computing platforms such as GPUs [12]. Still, it is fair
to surmise that this edifice of success partly rests on the foundation of universal
approximation [I, 9, [I3], i.e., the ability of neural networks to approximate any
continuous (even measurable) function, mapping a finite-dimensional input space
into another finite-dimensional output space, to arbitrary accuracy.

However, many interesting learning tasks entail learning operators i.e., map-
pings between an infinite-dimensional input Banach space and (possibly) an infinite-
dimensional output space. A prototypical example in scientific computing is pro-
vided by nonlinear operators that map the initial datum into the (time series of)
solution of a nonlinear time-dependent PDE such as the Navier-Stokes equations
of fluid dynamics. A priori, it is unclear if neural networks can be successfully
employed for learning such operators from data, given that their universality only
pertains to finite-dimensional functions.

The first successful use of neural networks in the context of such operator learn-
ing was provided in [8], where the authors proposed a novel neural network based
learning architecture, which they termed as operator networks and proved that
these operator networks possess a surprising universal approximation property for
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infinite-dimensional nonlinear operators. Operator networks are based on two dif-
ferent neural networks, a branch net and a trunk net, which are trained concurrently
to learn from data. More recently, the authors of [2I] have proposed using deep,
instead of shallow, neural networks in both the trunk and branch net and have chris-
tened the resulting architecture as a DeepOnet. In a recent article [I5], the universal
approximation property of DeepOnets was extended, making it completely analo-
gous to universal approximation results for finite-dimensional functions by neural
networks. The authors of [I5] were also able to show that DeepOnets can break the
curse of dimensionality for a large variety of PDE learning tasks. Hence, in spite
of the underlying infinite-dimensional setting, DeepOnets are capable of approxi-
mating a large variety of nonlinear operators efficiently. This is further validated
by the success of DeepOnets in many interesting examples in scientific computing
[26] [0, 20] and references therein.

An alternative operator learning framework is provided by the concept of neu-
ral operators, first proposed in [I8]. Just as canonical artificial neural networks
are a concatenated composition of multiple hidden layers, with each hidden layer
composing an affine function with a scalar nonlinear activation function, neural
operators also compose multiple hidden layers, with each hidden layer composing
an affine operator with a local, scalar nonlinear activation operator. The infinite-
dimensional setup is reflected in the fact that the affine operator can be significantly
more general than in the finite-dimensional case, where it is represented by a weight
matrix and bias vector. On the other hand, for neural operators, one can even use
non-local linear operators, such as those defined in terms of an integral kernel.
The evaluation of such integral kernels can be performed either with graph kernel
networks [I8] or with multipole expansions [17].

More recently, the authors of [I9] have proposed using convolution-based integral
kernels within neural operators. Such kernels can be efficiently evaluated in the
Fourier space, leading to the resulting neural operators being termed as Fourier
Neural Operators (FNOs). In [I9], the authors discuss the advantages, in terms of
computational efficiency, of FNOs over the other neural operators mentioned above.
Moreover, they present several convincing numerical experiments to demonstrate
that FNOs can very efficiently approximate a variety of operators that arise in
simulating PDEs.

However, the theoretical basis for neural operators has not yet been properly
investigated. In particular, it is unclear if neural operators such as FNOs are uni-
versal i.e., if they can approximate a large class of nonlinear infinite-dimensional
operators. Moreover in this infinite-dimensional setting, universality does not suf-
fice to indicate computational viability or efficiency as the size of the underlying
neural networks might grow exponentially with respect to increasing accuracy, see
discussion in [I5] on this issue. Hence in addition to universality, it is natural to
ask if neural operators can efficiently approximate a large class of operators, such
as those arising in the simulation of parametric PDEs.

The investigation of these questions is the main rationale for the current paper.
We focus our attention here on FNOs as they appear to be the most promising of
the neural operator based operator learning frameworks. Our main result in this
paper is to show that FNOs are universal in possessing the ability to approximate
a very large class of continuous nonlinear operators. This result highlights the
potential of FNOs for operator learning.

As argued before, a universality result is only a first step and by itself, does not
constitute evidence for efficient approximation by FNOs. In fact, we show that
in the worst case, the network size might grow exponentially with respect to ac-
curacy, when approximating general operators. Hence, there is a need to derive
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explicit bounds on the network size in terms of the desired error tolerance. In
this context, we consider a concrete computational realization of FNOs, that we
term as pseudospectral FNO or W-FNO (for short). In addition to proving uni-
versality for U-FNOs, we will suggest a mechanism through which U-FNOs can
approximate operators arising from PDEs, efficiently. We also derive explicit error
bounds for this architecture in approximating PDEs, for two widely used prototyp-
ical examples of PDEs i.e, a Darcy type elliptic equation and the incompressible
Navier-Stokes equations of fluid dynamics. In particular, we prove that the size
of U-FNOs in approximating the underlying operators for both these PDEs, un-
der suitable hypotheses, only scales polynomially (log-linearly) in the error. Thus,
FNOs can approximate these operators efficiently and these results validate some
of the computational findings of [19]. Together, these results constitute the first
theoretical justification for the use of FNOs.

The rest of the paper is organized as follows: in section [2} we introduce FNOs
and state the universality result. We also introduce W-FNOs in this section. In
section [3] we show that W-FNOs can efficiently approximate operators, stemming
from the Darcy-type elliptic equation as well as the incompressible Navier-Stokes
equations. In section [4] we compare FNOs with DeepOnets and the results of the
article are discussed in section [f} The mathematical notation, used in this paper,
is summarized in Appendix [A] and we present all the technical details and proofs
in other appendices.

2. APPROXIMATION BY FOURIER NEURAL OPERATORS

In this section, we present Fourier Neural Operators (FNOs) and discuss their
approximation of a class of nonlinear operators specified below:

2.1. Setting for Operator Learning.

Setting 2.1. We fix a spatial dimension d € N, and denote by D ¢ R? a domain
in R?. We consider the approximation of operators G : A(D;R%) — U(D;R%),
a +— u = G(a), where the input a € A(D;R%), d, € N, is a function a : D — R%
with d, components, and the output v € U(D;R%), d, € N, is a function v : D —
R%« with d, components. Here A(D;R%) and U(D;R%) are Banach spaces (or
suitable subsets of Banach spaces). Typical examples of A and U include the space
of continuous functions C(D;R%), or Sobolev spaces H*(D;R%:) of order s > 0
(see Appendix [B| for definitions.).

Concrete examples for operators G, involving solution operators of PDEs, are
given in section [3]

2.2. Neural Operators. With the above setting and as defined in [I§], a
neural operator N : A(D;R%) — U(D;R%), a + N (a) is a mapping of the form

N(a)=QoLpoLy 10---0Ly0R(a),

for a given depth L € N, where R : A(D;R%) — U(D;R%), d, > d,, is a lifting
operator (acting locally), of the form

R(a)(z) = Ra(x), R € R%>da (2.1)
and Q : U(D;R¥) — U(D;R¥™) is a local projection operator, of the form
Q) (x) = Qu(z), Q € R%*dv, (2.2)
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Remark 2.2. In practice, it has been found that improved results can be obtained
if the simple linear lifting and projection operators R and Q are replaced
instead by non-linear mappings of the form
R(a)(z) = R(a(z),z), Q(v)(z) =Q(v(x), ),

where R : R% x D — R% and Cj : R% x D — R% are neural networks with
activation function o. Our error estimates will rely on the (more restrictive) linear
choice of lifting and projection operators, given by , . The linear choice
has the theoretical benefit of ensuring compositionality, i.e. that a composition
of neural operators can again be represented by a neural operator (cf. Lemma
ID.4]). Despite this technical distinction, we emphasize that all of our error and
complexity estimates continue to hold also for neural operators with non-linear
lifting and projections, since linear operators can always be approximated by non-
linear ones (cp. Lemma. In fact, in the non-linear case, our results imply that
@, R can be chosen to be shallow networks.

In analogy with canonical finite-dimensional neural networks, the layers £1,..., Ly,
are non-linear operator layers, £, : U(D;R%) — U(D;R%), v+ L,(v), which we
assume to be of the form

Lo(v)(x) = a(ng(x) + be(z) + (K(a; 0)v) (x)), Vz e D.

Here, the weight matrix W, € R% >4 and bias by(z) € U(D;R%) define an affine
pointwise mapping Wyv(x) 4 be(x). The richness of linear operators in the infinite-
dimensional setting can partly be realized by defining the following non-local linear
operator,
K:Ax©— L(UD;R™),U(D;R™)),

that maps the input field ¢ and a parameter 8 € © in the parameter-set © to
a bounded linear operator K(a,0) : U(D;R%) — U(D;R%), and the non-linear
activation function o : R — R is applied component-wise. As proposed in [I§], the
linear operators K(a, ) are integral operators of the form

(K(a;0)v)(z) = /Dfﬁg(%y;a(x),a(y))v(y) dy, VYxe€D. (2.3)

Here, the integral kernel kg : R2(¢+da) — R4 Xdv i  neural network parametrized
by 6 € ©. Specific examples of the integral kernel (2.3) include those evaluated
with a graph kernel network as in [I8] or with a multipole expansion [17].

2.3. Fourier Neural Operators. As defined in [19], Fourier Neural operators
(FNOs) are special cases of general neural operators , in which the kernel
ko(x,y;a(x),a(y)) is of the form kg = ko(xz — y). In this case, can be written
as a convolution

(K(6)v)(z) = /D ko(x —y)v(y)dy, Ve D. (2.4)

For concreteness, we consider the periodic domain D = T? (which we identify with
the standard torus T¢ = [0,27]%), although non-periodic, rectangular domains D
can also be handled in a straightforward manner.

Given this periodic framework, the convolution operator in can be com-
puted using the Fourier transform F and the inverse Fourier transform F~! (see
Appendix and for notation and definitions), resulting in the following
equivalent representation of the kernel (2.3),

(K(O)v)(z) = F~! (Pg(k:) : ]-'(v)(k:)) (z), VaeTw (2.5)
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Here, Py(k) € C%*dv is a full matrix indexed by k € Z9, and is related to the
integral kernel kg(x) in via the Fourier transform, Py(k) = F(ke)(k). Note
that we must impose that Py(—k) = Py(k)" coincides with the Hermitian transpose
for all k € Z%, to ensure that the image function (K(6)v)(x) is a real-valued function
for real-valued v(z). Consequently, the form of Fourier neural operators (FNOs)
for the periodic domain T? is that of a mapping N : A(D;R%) — U(D;R%), of
the form

N(a):==QoLroLp 10--0Ly0R(a), (2.6)

where the lifting and projection operators R and Q are given by (2.1)) and (2.2),
respectively, and where the non-linear layers £, are of the form

Le(v)(x) =0 (Wev(w) +be(z) + F (Pe(k) : f(U)(’f)) (w)) : (2.7)

Here, W, € R% 49> and by(x) define a pointwise affine mapping (corresponding to
weights and biases), and Py : Z¢ — C% ¥4 defines the coefficients of a non-local,
linear mapping via the Fourier transform.

Remark 2.3. The simplest example for a FNO, as defined by , is as
follows; let N :R% — R be a canonical finite-dimensional neural network with
activation function o. We can associate to A the mapping N : L?(T?; R%) —
L?(T?; R%), given by a(z) — ./V(a(x)) We easily observe that A is a FNO as we
can write it in the form,

./\72 @OELO"'O& Oﬁ,
where ﬁ(y) = Ry with R € R%*% and each layer L, is of the form Eg(y) =
a(Wey + by) for some W, € R%>xdv b, ¢ R¥% with 9) being an affine output layer
of the form @(y) = Qu + q with Q € R%>d ¢ ¢ R% . Replacing the input y
by a function v(x), these layers clearly are a special case of the FNO lifting layer
([21), the non-linear layers (with P, = 0 and constant bias by(x) = by), and the

projection layer (2.2)). Thus, any finite-dimensional neural network can be identified
with a FNO as defined above.

For the remainder of this work, we make the following assumption,

Assumption 2.4 (Activation function). Unless explicitly stated otherwise, the
activation function o : R — R in (2.7)) is assumed to be non-polynomial, (globally)
Lipschitz continuous and o € C3.

2.4. Universal Approximation by FINOs. Next, we will show that FNOs
are universal i.e., given a large class of operators, as defined in setting one can
find an FNO that approximates it to desired accuracy. To be more precise, we have
the following theorem.

Theorem 2.5 (Universal approximation). Let s,s' > 0. Let G : H*(T% R%) —
H® (T% R%) be a continuous operator. Let K ¢ H*(T?; R% ) be a compact subset.
Then for any € > 0, there exists a FNO N : H*(T4;Rd) — Hs/(Td;]Rd“), of the
form , continuous as an operator H® — H S/, such that

sup [|G(a) — N (@) < c.
aceK

Sketch of proof. The detailed proof of this universal approximation theorem is pro-
vided in Appendix [D.4] and we outline it here. For notational simplicity, we set
d, = d, = 1, and first observe the following lemma, proved in Appendix
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Lemma 2.6. Assume that the universal approximation Theorem holds for s’ =
0. Then it holds for arbitrary s’ > 0.

The main objective is thus to prove Theorem for the special case s’ = 0;
i.e. given a continuous operator G : H*(T?) — L*(T%), K c H*(T%) compact,
and ¢ > 0, we wish to construct a FNO N : H*(T?) — L2(T9), such that
super |G(a) = N(a)llz> <€

To this end, we start by defining the following operator,

Gy : H¥(TY) — L*(T%), Gn(a) := PvG(Pya), (2.8)

with Py being the orthogonal Fourier projection operator, defined in Appendix
. Thus, Gy can be thought of loosely as the Fourier projection of the
continuous operator G.

Next, we can show that for any given € > 0, there exists N € N, such that

IG(a) — Gn(a)|rz <€ VaeK. (2.9)

Thus, the proof boils down to finding a FNO (2.6 that can approximate the oper-
ator Gy to any desired accuracy.
To this end, we introduce a set of Fourier wavenumbers k € Ky, by

Ky ={k €Z||klo < N}, (2.10)

and define a Fourier conjugate or Fourier dual operator of the form §N :Ckv
ckw,

Gn (@) == Fn (Gn (Re (Fy'(@n))) (2.11)
such that the identity

Gn(a) = Fy' oGy o Fy(Pya), (2.12)

holds for all real-valued a € L*(T%). Here, Fy is the discrete Fourier transform and
}'{,1 is the discrete inverse Fourier transform, with both being defined in Appendix
and , respectively.

The next steps in the proof are to leverage the natural decomposition of the
projection Gy in in terms of the discrete Fourier transform Fy o Py, the
discrete inverse Fourier transform F ]Ql and the Fourier conjugate operator G ~ and
approximate each of these operators by Fourier neural operators.

We start by denoting,

RN = (R2)" (~ CFv), (2.13)

as the set consisting of coefficients {(v1 x,vok) ek y, where vy € R are indexed
by a tuple (¢,k), ¢ € {1,2}, k € Ky, and interpreting the operator Fy o Py
as a mapping Fy o Py : a — {(Re(ax),Im(ar))}k<n, with input a € L*(T¢)
and the output {Re(ay),Im(@x)}jx<n € R*¥ is viewed as a constant function in
L?(T94;R?X~). The approximation of this operator is a straightforward consequence
of the following Lemma, proved in Appendix

Lemma 2.7.Let B > 0 and N € N be given. For all € > 0, there exists a
FNO N : L3(T%) — L2(T% R V), v — {N(v)ex}, with constant output functions
(constant as a function of € T?), and such that

IRe(0r) = N(v)1kllze < e

. VkeZ? |kl < N,
1n(@) — M)l < } o =

for all ||v]|z2 < B, and where v, € C denotes the k-th Fourier coeflicient of v.
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In the next step, we approximate the (discrete) inverse Fourier transform .7-'](,1 by
an FINO. We recall that FNOs act on functions rather than on constants. Therefore,
to connect ]-"1?,1 and FNOs, we are going to interpret the mapping

Fy' i [-R, Ry c RPN 5 L3(TY),
as a mapping

—1

2 md, [ 2K N 2 rmd
- :{L (T [~R, R|*) — L*(T%),

{Re(Uk), Im(05) }jgj<n = v(2),

where the input {Re(x), Im(0x)}jkj<n € [—R, R]**V is identified with a constant
function in L?(T9; [~ R, R)? V). The existence of a FNO of the form (2.6)) that can
approximate (D.17) to desired accuracy is a consequence of the following lemma,

proved in Appendix

Lemma 2.8. Let B > 0 and N € N be given. For all € > 0, there exists a FNO
N o L2(T% R¥~) — [2(T9), such that for any v € L% (T?) with |jv]|z: < B, we
have

o =N (w)ll> <,

where w(z) := {(Re(vk), Im(Vk)) }pexc,» 1€ w E L?(T4;R?%~) is a constant func-
tion collecting the real and imaginary parts of the Fourier coefficients vy of v.

Finally, by setting K := Fy (PyK) C CF~ as the (compact) image of K under
the continuous mapping Fy o Py : L?(T%) — C*~ and identifying C*~ ~ R2A~
where U1 1, := Re(0y) and v g, := Im(vy) for k € Ky, we can view Gy as a continuous
mapping

Q\N : I? C RQICN — RQ)CN,
on a compact subset. Hence, by the universal approximation theorem for finite-
dimensional neural networks [IL [I3], one can readily show that there exists an FNO,
with only local weights (see remark , which will approximate this continuous
mapping G ~ on compact subsets to desired accuracy.

Hence, each of the component operators of the decomposition can be ap-
proximated to desired accuracy by FNOs and the universal approximation theorem

follows by composing these FNOs and estimating the resulting error, with details
provided in appendix [D-4] O

In the following theorem, we will show that the universal approximation theorem
can be extended to include operators defined on function spaces with Lipschitz
domains. In fact, the Lipschitz condition can be relaxed to include all locally uni-
form domains using ideas from [31]; we will, however, not pursue this for simplicity
of the exposition. We show that one can construct a period extension of the input
function and a FNO so that the restriction of the FNO’s periodic output to the do-
main of interest gives a suitable approximation to any continuous operator. Similar
ideas have been pursued in the design of numerical algorithms for solving PDEs
and usually go by the name of Fourier continuations [5, 24]. A major challenge
for these methods is designing a suitable periodic function whose restriction gives
the solution of interest. We show that FNOs can learn the output representation
automatically.

Theorem 2.9. Let 5,5’ > 0 and 2 C [0,27]? be a domain with Lipschitz bound-
ary. Let G : H5(Q;R%) — H¥(Q;R%) be a continuous operator. Let K C
H?*(Q;R%) be a compact subset. Then there exists a continuous, linear operator
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€ H*(R%) — H*(T4R%) such that £(a)|lg = a for all @ € H*(Q;R%). Fur-
thermore, for any € > 0, there exists a FNO N : H*(T% R%) — H* (T4 R%) of
the form (2.6]), such that

sup [|G(a) =N o &(a)lall g <e.
aceK

Proof. Since ) is open we have that dist(£2,9[0,27]%) > 0 hence the conclusion of
Lemma in Appendix [B| follows with the hypercube B = [0, 274, in particular,
there exists a continuous, linear operator £ : H*({;R%) — H*([0, 27]¢; R%) such
that £(a)|q = a and £(a) is periodic on [0,27]¢ for all a € H*(2;R%). Therefore
E: H* ([ R%) — H3(T4;R%). Similarly, we can construct an extension operator
& HY (QR%) — H¥ (T4 R).

We can then associate to G : H*(Q;R%) — H* (Q;R%) another continuous
operator G : H*(T% R%) — H* (T4 R%), by defining G(a) := &' o G o R(a). Here
R(a) := a|g denotes the restriction to Q which is clearly linear and continuous.
By the continuity of £, we have that K’ := £(K) is compact in H*(T¢;R%).
By the universal approximation theorem [2.5 for any ¢ > 0, there exists a FNO
N : H*(T% R%) — H* (T4 R%), such that

sup [|G(a") = N(d)| o <e.

a’eK’
But then, using the fact that Ro€ = Id, Ro&’ = Id, the mapping N : H*(Q; R%) —
H* (Q;R%), given by N := R o N o &, satisfies

sup [|G(a) —N(a)|| g =sup [Ro & 0oGoRo&(a) —RoN o&(a)llp
acK a€eK

sup [RoGoé&(a) —RoNo&(a)l e
a€K

< sup [|G o &(a) — N o &(a)] g

acK
= sup [|G(d') = N(a')| g
a’'eK’

<e.

d

Remark 2.10. The form of the universal approximation theorem stated above,
shows that any continuous operator G : H* — H ' can be approximated to arbitrary
accuracy by a FNO, on a given compact subset K C H®. The restriction to compact
subsets may not always be very natural. For example, to train FNOs in practice, it
might be more convenient to draw training samples from a measure y such as the law
of a Gaussian random field, which does not have compact support. Furthermore,
the operator G may not always be continuous. To address these issues, one can
follow the recent paper [15], where the authors prove a more general version for the
universal approximation of operators for DeepOnets; for any input measure u, and
a Borel measurable operator G, such that [ ||G(a)||. du(a) < oo, it is shown that
for any € > 0, there exists a DeepOnet A (a) = G(a) such that

/ 1G(a) = N(@) |2 du(a) < e.

In particular, there are no restrictions on the topological support of p. The result
of [I5] was for the alternative operator learning framework of DeepOnets, but the
ideas and the proof can be analogously extended to FNOs.
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2.5. U-Fourier neural operators. In practice, one needs to compute the FNO, of
form , both during training as well as for the evaluation of the neural operator.
Thus, given any input function a, one should be able to readily calculate the FNO
N (a), requiring the efficient computation of the Fourier transform F and the
inverse Fourier transform F~! . In general, this is not possible as evaluating
the Fourier transform entails computing an integral exactly. Therefore, ap-
proximations are necessary to realize the action of FNOs on functions. Following
[19], one can efficiently approximate the Fourier transform and its inverse by the
discrete Fourier transform and the discrete inverse Fourier transform ,
respectively. This amounts to performing a pseudo(¥)-spectral Fourier projection
between successive layers of the FNO and leading to the following precise definition,

Definition 2.11 (U-FNO). A -FNO (or ¥-spectral FNO) is a mapping
N A(T%HRY) — U(TERY™),  a v N(a),
of the form
N(a)=QoTIyoLroIyo--oLsolyoRa), (2.14)

where Zn denotes the pseudo-spectral Fourier projection onto trigonometric poly-
nomials of degree N € N , the lifting operator R : A(T9¢; R%) — 1/ (T%; R),
the projection Q : U(T4;R%) — U(T?; R¥) are defined as in , , and the
non-linear layers Ly, for £ =1,..., N, are of the form

£a(0)(a) = o (Wenle) + bo) + 77 (P - F(0)(1) ) ) ).

Here, W, € R%®*d and b,(x) € U(T% R%) define a pointwise affine mapping
v+ Wov(z) + be(x), and the coefficients Py(k) € R%*4v (k € Ky) define a (non-
local) convolution operator via the Fourier transform.

Note that a U-FNO N is uniquely defined, as an operator, by its restriction to
the finite-dimensional subspace L%, (T%;R%) C A(T%; R%) (see Appendixfor the
definition of L%). Furthermore, we have that the image Im(N') C L3 (T¢;R%). To
indicate that a U-FNO is of the form [2.14] for some N € N, we shall thus more
simply say that “A : L3 (T%;R%) — L3 (T R%) is a U-FNO”.

At the level of numerical implementation, a W-FNO can be naturally identified
with a finite-dimensional mapping
N REXIN 5 REXIN g5 N(a),

with input a = {a;}jec7y € R%*IV corresponding to the point-values a; = a(z;)
on the grid {z;}je7y, and Jn := {0,...,2N}%. Here, N is of the form

-/\7(“): QOELOEL—1O'-'OE1 Oﬁ(a),

where the lifting operator R : RlaxIn R&XIN g ﬁ(a), the projection
Q : RW>XIN 5 R&uxIN g s Q(v), are given by

7/?\’(0‘) = {Raj}jEJN’ (R € RdUXdQ)a
O(v) = {Quitjery, (QER™X™),

and the non-linear layers Eg, for £ =1,..., N, are of the form

~

Lov); =0 (ij b+ Fy! (Pg(k) : ]-'N(v)(k))j) (2.15)



10 NIKOLA KOVACHKI, SAMUEL LANTHALER, AND SIDDHARTHA MISHRA

for j € Jn. Here, W, € RIvxdv, bej = be(z;) € R4 *IN defines a pointwise affine
mapping Wyv; +by ;, the coefficients Py(k) € C&*% (k € Ky) satisfy the Hermitian
conjugacy condition Py(—k) = Py(k)" and define a (non-local) convolution operator
via the discrete Fourier transform, and the non-linear activation function o : R — R
is extended componentwise to a function R%*I~ — R4 xIN  Comparing N with
the corresponding discretization N , it is easy to see that

N({a(zj)}jeay); = Nla)(z;), ¥je€In.

In particular, this implies that AM'(a)(z) can in practice be computed for any x €
T4 via the Fourier interpolation of the grid values A/ ({a(zj)})jegn- In contrast
to general FNOs, W-FNOs therefore allow for efficient numerical implementation.
Furthermore, the discrete (inverse) Fourier transforms in each hidden layer in
can be very efficiently computed using the fast Fourier transform (FFT).

The above discussion also leads to a very natural definition of the size of a W-FNO
below:

Definition 2.12 (Depth, width, lift and size). The depth and width of a ¥-FNO
N (cp. Definition 2.11]), are defined by
depth(N) := L, width(N) := d,|Tn| = dy|Kn| = (2N + 1)%d,,.
We refer to the dimension d,, as the lift of NV, i.e. we set
lift(N) := d,.

The size of a U-FNO A is defined as the total number of degrees of freedom in a
PU-FNO. A simple calculation shows that
size(N) = dud, +L (d2 + do|TIn| + do|Tn|) + dad,,
——

~—~—
size(Q) size(Ly) size(R)

The precise size of a W-FNO will not be of any particular relevance for our
asymptotic complexity estimates. Instead, we will usually content ourselves with
the simple estimate

size(N') < depth(N) width(N) lift(N),
where we assume that max(d,,d,) < d,; under this condition, the above estimate
follows from the fact that size(N) ~ Ld?|Jn|.

Given our discussion, it is natural to ask whether any FNO N = QoL oL} _10
-+-0 L7 0 R can be approximated to arbitrary accuracy by an associated W-FNO
N L?V — L?\,,

N=QoInyoLpoIyo---0LioInoR,

for sufficiently large N € N? An affirmative answer can be given for a natural class
of FNOs of finite width, defined as follows.

Definition 2.13. A FNO N : A(T%R%) — U(T%R%) is said to be of finite
width, if Vis a composition N =0Qo Lpo---0Lq0R, with layers L, of the form
, and for which there exists a “width” W € N, such that the Fourier multiplier
Pi(k) =0, for |kl > W.

We can now state the following theorem, which shows that ¥-FNOs N provide
an arbitrarily close approximation of a given FNO N:
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Theorem 2.14. Assume that the activation function o € C"™ is globally Lipschitz
continuous. Let N : H*(T%R%) — L2(T%R%) be a FNO of finite width, with
s > d/2. and assume that m > s. Then for any €, B > 0, there exists N € N and a
U-FNO N : L% (T4 R%) — L3 (T¢;R%), such that

sup [IN(a) = N(a)||p2 < e

lallzs<B

For the proof, we refer to Appendix [D.5] In particular, the last theorem implies
an extension of the universal approximation theorem to W-FNOs, provided that
the input functions have sufficient regularity for the pseudo-spectral projection

(B.10) to be well-defined:

Theorem 2.15 (Universal approximation for ¥-FNOs). Let s > d/2, and let s’ >
0. Let G : H%(T%R%) — H* (T%R%) be a continuous operator. And let K C
H*(T4;R%) be a compact subset. Then for any e > 0, there exists N € N and a
U-FNO N : L% (T4 R%) — L3 (T¢;R%), such that

sup [|G(a) = N(a)l| g <.
acK

Proof. Similar to the proof of the universal approximation theorem for FNOs, we
again note that the general case s’ > 0 can be deduced from the statement of
Theorem for the special case s’ = 0. This is the content of the following
lemma, whose proof is provided in Appendix

Lemma 2.16. Assume that Theorem [2.15] holds for s’ = 0. Then it holds for
arbitrary s’ > 0.

The special case s’ = 0 follows immediately from Theorem and the ob-
servation that the FNO approximation constructed in the proof of the universal
approximation theorem for FNOs, Theorem has finite width. O

2.5.1. Structure and properties of ¥-FNQOs. We conclude this section by pointing
out some aspects of the structure of W-FNOs that will be relevant in the
following. To start with, we can simplify W-FNOs by viewing them in terms of
two types of layers. which we will refer to as o- and F-layers, respectively. A
o-layer £ = L, of a U-FNO is a local, non-linear layer of the form £, (v)(z) =
Ino (AZyv(z) +b), or, in the numerical implementation (cp. (2.15))

ﬁg(’l))j:O'(A’Uj—f—bj)7 Ve In,

with A € R4*d and b; € RI/¥*4v defining an affine mapping. A F-layer £ =
L of a U-FNO is a non-local, linear layer of the form Lx(v)(z) = F Y (P(k) -
F(Znv)(k))(x), which in a practical implementation corresponds to

Lr(v); = Fy' (PU) - Fx(w)(B) . Vi€ T,

where P : Ky — C%*dv is a collection of complex weights, with P(—k) = P(k)T the
Hermitian transpose of P(k), and Fy (Fy') denotes the discrete (inverse) Fourier
transform.

The main point of these definitions is that each ¥-FNO can be decomposed into
a finite number of o-layers and JF-layers, and that the converse is also true; i.e.
any composition of o-layers and F-layers can be represented by a W-FNO. These
statements are made precise in a series of technical Lemmas, which are stated and
proved in Appendix [D.7
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3. APPROXIMATION OF PDESs BY W-FNOs

We have shown in the previous section that FNOs as well as their com-
putational realizations (U-FNOs ) are universal i.e., they approximate any
continuous operator, defined in the setting to desired accuracy. However, as re-
peatedly discussed in the introduction, universality alone does not suffice to claim
that FNOs can approximate operators efficiently. In particular, it could happen
that the size of the FNO is unfeasibly large to ensure a given accuracy of the ap-
proximation. That this is indeed the case is made precise in the following remark.

Remark 3.1. We observe from the proof of Theorem that the desired FNO,
approximating the operator G, is constructed as Nipt o N o Npr, with Npr, Nipr
approximating the Fourier and Inverse Fourier transforms, respectively, whereas
N :R2Ky 5 R2KN g a canonical finite-dimensional neural network approximation
of the “Fourier conjugate operator” : Gy : R2K~ 5 R2KN | We note that N
herein has to be chosen sufficiently large in order to yield the desired error tolerance
of €. By Theorem this depends on the smoothness of the input space, i.e., if
the input ¢« € K C H?®, for some s > 0, then we need to choose N such that
N~*% ~ €. Further assuming that the mapping G is Lipschitz continuous, implies
that the Fourier conjugate operator G is also Lipschitz continuous as a mapping
from R2X~ to R?C~ . Hence, neural network approximation results, such as those
of [34] for ReLU activations or [10] for tanh activations, yield that the width of
the approximating neural network N scales as Width(./v ) 2 e P, where D is the
dimension of the domain of Q\N. In the present case, we have D = |Ky| ~ N¢ ~
e~4/s_ yielding that

width(N) > e« (3.1)
This scaling represents a super-exponential growth in the size of the FNO N, with
respect to the error €, incurred in approximating the underlying operator G.

Given the above remark, we infer that in the worst case, a FNO approximating a
generic Lipschitz continuous operator G, can require extremely large sizes to achieve
the desired accuracy, making it unfeasible in practice. The same holds for ¥-FNOs
of the form . This super-exponential growth appears as a form of curse of
dimensionality i.e., exponential growth of complexity (measured here in the size of
the FNO), with respect to the error.

Hence, it is reasonable to ask how these extremely pessimistic complexity bounds
on FNOs (U-FNOs), can be reconciled to their robust numerical performance for
approximating PDEs, as reported in [I9]. The rest of the section investigates this
fundamental question.

The starting point of our explanation for the robustness of FNOs in approximat-
ing PDEs is the observation that operators which arise in the context of PDEs have
a special structure and are not merely generic continuous operators mapping one
infinite-dimensional function space to another. To see this, we point out that many
time-dependent PDEs arising in physics can be written in the general abstract form,

Ou+ V- F(u, Vu) = 0, (3.2)

where for any (t,z) € [0,T]xD C R%, u(t,z) € R is a vector of physical quantities,
describing e.g. density, velocity or temperature of a fluid or other material at a
given point € D in the domain D and at time ¢ € [0,T]. Equation describes
the general form of a conservation law for the physical quantities v with a flux
function F'(u, Vu), which is typically non-linear, and can e.g. represent advection



FOURIER NEURAL OPERATORS 13
or diffusion terms. The flux function F(u, Vu) may also depend on u in a non-local
manner. For example, for the incompressible Navier-Stokes equations in R?,

u(z,t) = (uy(x,t),...,uq(z,t)) € RY,
represent the fluid velocity at (z,t), and the flux is defined by
F(u,Vu) = —u®u—p+rvVuy,
where p = p(u) depends on u in a non-local manner:
p=R:(u®u), R:=(-A)"(VaV),

where R is a (non-local) operator closely related to the Riesz transform.
A popular numerical method for time-dependent PDEs, of the form (3.2)), par-
ticularly on periodic domains D = T¢, is the pseudo-spectral method [7], wherein

(3-2)) is discretized as,
8tuN+V-INF(uN,VuN) =0, (33)

where uy € L% is a trigonometric polynomial of degree < N.

The resulting system of ODEs can be further discretized in time using a
time-marching scheme. For simplicity, the forward Euler discretization with time
step 7 leads to,

utt = uly — TV - INF(ul, VuRy). (3.4)

One might prove that the system (3.4)) provides a convergent approximation for the
underlying time-dependent PDE (3.2)) for many different choices of the flux F'. In
order to connect the approximation (3.4)) with FNOs, we decompose the right hand

side of ([3.4) as,

n n
R u F u
u N N
u'y Vul
N N
u'll
S . nN .
FR(uf, Vuy)

un
N { N } s ul — 7V - FG(ufy, Vuly).

V- Fg(ul, Vug)

Here, R is the lifting operator and o, F are the o- and F-layers, respectively, of
a U-FNO, that are defined in section [2.5.1] The above representation suggests
that the Fourier F-layers of a W-FNO allow us to take ezact derivatives, and a
composition of g-layers of a W-FNO allows us to approximate continuous functions
to any desired accuracy (via the standard universal approximation theorem for
finite-dimensional neural networks); in particular, a composition of o-layers can
provide an approximation

(u, Vu) = Ff(u, Vu) = Iy F(u, Vu).

Thus, by a suitable composition of - and F-layers, -FNOs can emulate pseudo-
spectral methods, providing a mechanism by which such neural operators can ap-
proximate solution operators for a large class of PDEs efficiently.

We will make this intuition precise in the following. However, instead of consid-
ering a generic abstract form of PDEs, we focus on two PDEs, often encountered
in physics, which serve as prototypes for a wide variety of PDEs. We start with an
elliptic PDE below.
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3.1. Stationary Darcy Flow. We consider the elliptic PDE of the form,
-V - (aVu) = f. (3.5)

Here, u € H'(T9), can correspond to the steady-state pressure for a fluid, flowing
according to the Darcy’s law, in a porous medium with the positive coefficient
a € L>=(T9), denoting the rock permeability. Another model for is that of a
diffusion equation, with u modeling the temperature and a the thermal conductivity
of the medium.

For simplicity, we assume periodic boundary conditions on T¢, and we impose
that [, fdr = [}, udr = 0. Employing a suitable rescaling, we will furthermore
assume that a can be written in the form:

a=1+a, aec H* T, s>d/2.

We note that the assumption s > d/2 ensures that |[a]|L~ < oo, via the Sobolev
embedding H*(T%)—L>(T%) (cp. Theorem [B.1). To ensure that is well-
posed, we assume the following coercivity condition: There exists A > 0, such that
1+4+a > A. In fact, we shall assume the slightly stronger condition that

lalle~ < Cllallg: <1-A, (3.6)

where C is the norm of the embedding H*(T%)~L>(T%). The condition
clearly implies the A-coercivity of (3.5).

The underlying operator G : L>(T9) — H'(T?), maps a coefficient a € L>(T%)
to the solution u € H'(TY) of (3.5). Our aim is to learn this operator efficiently
using a W-FNO. To this end, we will follow the program discussed above and first
present a pseudo-spectral method that approximates the Darcy flow PDE (|3.5)
accurately. Then, this pseudo-spectral method will be emulated by a suitable W-
FNO.

3.1.1. A Fourier-Galerkin approzimation of . We fix N € N and assume that
the coefficient field and right-hand side a = 1 + a, f € H*(T?), for some s > d/2,
such that the pseudo-spectral projections Zya and Zy f are well-defined. We can
now define a Fourier-Galerkin approximation of as the (unique) solution uy €
L%, (T%), with [uy dz = 0, and such that

—PyV - (anyVuy) = fn, (3.7)

where we set ay := 1+ ay and
Gn = PnIona,
{fN = PyIon f.

See notation for PNJ-:’N and Zy in appendix We observe from that ay
and fy are obtained by first carrying out a pseudo-spectral projection of a, f
on the regular grid {z,}je 7,y (with 2N grid points in each direction), yielding a
representation of the form

yi= Y @™, Lyf= Y Foeithm)

|k|<2N k| <2N

(3.8)

for coeflicients ay, fk € C, and then projecting these expressions onto L?V(']I‘d):
PyIona = Z ape’™" PyIonf = Z el
0<|k|<N 0<|k|<N
The reason for this particular choice of the projection (3.8]) lies in the fact that the
mapping
L?V(Td) X L?V(Td) — L%(Td), (aN,uN) — —PNV . (GNVUN>7
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can be exactly represented by a pseudo-spectral method on {z;};ec 7y, i.e., on a
denser grid of 2N grid points in each direction. Indeed, it is easy to see that
if ay, uy € L%, then Vuy € L%, and the values Vun(z;) can be computed
exactly via the discrete Fourier transform from the values un(z;), j € Jan. Since
the product axyVuy € L3y is a trigonometric polynomial of degree < 2N, the
Fourier coefficients of ayVuy can also be recovered from knowledge of the point-
values an(z;)Vun(z;) at the grid points z; € Jon. Finally, since the divergence
and projection Py can be evaluated exactly via discrete Fourier transforms, we
conclude that the mapping (an,un) — —PnyV - (axyVuy) can be computed based
on knowledge of the grid values an(z;), and un(z;). The above procedure of
computing a product of two trigonometric polynomials of degree < N exactly,
based on the point-values on a finer grid of size 2N 4+ 1 in each direction is well-
known in the context of pseudo-spectral methods, and is usually referred in the
numerical analysis literature as de-aliasing (cf. section 3.4.2 of the textbook [7]).
In order to computationally realize the Fourier-Galerkin method , we are go-
ing to recast it as a fixed point problem uy = Fn(un;an, fn), where Fx(-;an, fn) :
L%(T4) — L3(T%) is defined by
Fy(unian, fv) = Pn(=2) 7'V - (@ Vuy) + (=) fv. (3.9)
In Lemma Appendix we show that the map is a contraction and
can be efficiently realized by a Picard type fixed-point iteration scheme. This

leads to the following algorithm for realizing the Fourier-Galerkin method (3.7))
computationally,

Algorithm 3.2 (Approximate solution of Darcy equation).
Input: N €N, ac H¥(T?), f € H*1(T?), with s >d/2+k > d, k € N,
k>1.
Output: uy € HL(T?), such that uy ~ u, where u € H'(T?) solves (3.5)
with coefficient field a and right-hand side f.
(1) Compute pseudo-spectral projections ay, fy € L% (T?), defined via the
values on “de-aliased” grid {z;};ez, (cp. (3.8)):

ey
In:=PnIonf
(2) Set
oo log (A’lN*k) .
log (1 —)\/2)
(3) Set ul := 0 € L3 (T%).
(4) For k=1,2,...,K: compute
uhy = Pn(—A)7'V - (an Vi ) + (=A) T .

(5) Set uy := ufk.
We have the following theorem on the convergence of the algorithm

Theorem 3.3. Let u be the unique solution of . Let £ € N be given, with
k> d/2+1, and assume that the coefficient a € H*(T%) for s > d/2+ k satisfies the
coercivity condition (3.6). Assume furthermore that f € H*~!(T¢). Then there
exists No = No(s,d, ||la||ms,A) € N, such that for any integer N > N, there exists a
unique solution of the discretized elliptic equation , and there exists a constant
C = C(s,d,\, ||a||gs, || f|| gx-1) > 0, such that

||u — UN”Hl < CN_k,
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where uy is the output of Algorithm

The proof of Theorem [3.3|relies only on standard techniques of numerical analysis
and is presented in appendix

3.1.2. U-FNO approzimation of the Darcy equations. We will emulate the pseudo-
spectral fixed point algorithm [3.2|by a -FNO, allowing us to derive approximation
bounds. We consider the following setting,

Setting 3.4. Let s > d/2+ k + ¢ for some k € N, § € (0,1) be a given Sobolev
regularity parameter, and let A € (0,1) be a (coercivity) constant. Denote by
A3 (T4) € H*(T?) the set of A-coercive coefficients a € H*(T?) of the form a = 1+a,
and such that

lallzs < A7Y @l < Cllallgarzes <1 = A

Here C' > 0 denotes the norm of the embedding H%/2*9(T?)— L**(T*). We consider
the operator G : A5 (T?) — H(T?), a — u, where u solves the Darcy equation

-V (aVu) = f, ][ u(z) de =0,
Td
on the periodic torus T¢, with right-hand side f € H*1.

With this setting in place, we can now state our main FNO approximation
theorem for the solution operator G : A3 (T¢) — H*(T9) of the Darcy problem:

Theorem 3.5. Assume Setting [3.4] and assume that the activation function o is
non-linear and o € C3(R). Then there exists a constant C' = C(s, \,d) > 0, such
that for any N € N, there exists a W-FNO N : A5 (T9) — H'(T?), such that

sup [|G(a) = N(a)|| g1 (pay < ON*
a€ A3

and
width(NV) < CN9,  depth(N) < Clog(N), lift(N) < C.
In particular, we have
size(N) < N%log(N).

The proof of this theorem, presented in Appendix relies crucially on the
efficient approximation of quadratic nonlinearities by shallow neural networks with
smooth activation functions, see Lemma in Appendix [E] for the precise state-
ment and proof.

Remark 3.6. To achieve a FNO approximation error of order e for the Darcy
problem, Theorem [3.5] shows that a ¥-FNO N with

1\ Yk
size(N) < (€> log(e™h), depth(N) < log(e™h), (3.10)

is sufficient. Furthermore, the lifting dimension d,, can be kept uniformly bounded,
independently of €. In particular, for k& > d, the required total size of the ¥-FNO
scales sub log-linearly in the approximation accuracy e, indicating that W-FNOs
may provide a very efficient approximation to the solution operator of the Darcy
problem, in this case.

As a concrete example for illustrating the approximation of Darcy equations by
FNOs, we consider the following example.
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Exzample 3.7. A possible model for coefficients a with a typical length scale ¢ >
0, is to assume an expansion of a = a(x;Y) in terms of random variables Y =
(Y1,Ya,...) € [-1,1]" (not necessarily i.i.d.), of the following form, similar to the
ansatz in [32]:
alz;Y)=1+ Z by, Yyet For)
kezZa\ {0}

where we assume that the coeflicients b satisfy a decay condition of the form
|br| < Cpexp(—£|k|) for a constant Cp > 0. We also assume that a(z;Y) satisfy the
coercivity condition

la(3Y) = lze < Clla(+;Y) = Ulgasorsipay <1 = A,

for some §, A € (0, 1), and that the source term f € C°°(T¢). Under these assump-
tions, we have a € H? for any s > 0, and hence it follows from Theorem that
for any r € N, there exists a constant C' = C(r, ¢, || f|lcx,d), with the following
property (cp. also Remark : For any € > 0, there exists a U-FNO N/, such that
sup |G(a(-,Y)) = N(a(-,Y))ur <e,

Ye[—1,1]N
and

size(N) < Ce /", depth(N) < C'log(e™?). (3.11)

The complexity bounds and suggest that the size of a W-FNO
approximating the operator G stemming from the Darcy equations, scales only sub-
linearly (or even better) in the desired accuracy e. This should be contrasted with
the fact that the size of a W-FNO for a generic Lipschitz operator grows super-
exponentially in the desired error . Thus, we are able to show that a ¥-FNO
can approximate this PDE solution operator much more efficiently than it might a
generic infinite-dimensional operator.

3.2. Incompressible Navier-Stokes equations. The motion of a viscous, in-
compressible Newtonian fluid is modeled by the incompressible Navier-Stokes equa-
tions,

Ou+u-Vu+ Vp =vAu,
(3.12)

div(u) = 0, u(t = 0) = uo,

Here, v € R? is the fluid velocity and p € R is the pressure of the fluid, acting
as a Lagrange multiplier to enforce the divergence-free constraint div(u) = 0. The
initial fluid velocity is denoted by ug. For simplicity, we assume periodic boundary
conditions in the domain T?. The viscosity is denoted by v > 0 and we would like
to state that the subsequent analysis also applies for v = 0, where reduces
to the incompressible Euler equations modeling an ideal fluid. For definiteness, we
recall the following well-known theorem for the well-posedness of the Navier-Stokes

equations ((3.12)),

Theorem 3.8 (see e.g. [25, Thm 3.4]). Let r > d/2 + 2. For any ug € H", there
exists T' > 0 and a unique classical solution of the Navier-Stokes equations (3.12]),
such that u € C([0,T); H") N C*([0, T); H™=2) with u(t = 0) = up.

It is well known that in two space dimensions d = 2, the time interval for existence
of solutions [0,7] can be extended to any finite T' as long as uy € H", whereas
the corresponding finite-time well-posedness result for three space-dimensions is an
outstanding open problem [25].
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We recall that if the initial data ug of (3.12) belongs to L2 (T4 R%), i.e. if

/ uo(x)dx =0,
Td

then we also have that the corresponding solution u(z,t) € L*(T% R%) (reflecting
momentum conservation). Next, we introduce the Leray-projection operator
P : L?(T% R%) — L?(T%div), as the L?-orthogonal projection onto the subspace
L2(T4; div) C L*(T%RY), consisting of divergence-free vector fields; i.e. we have
u € L2(T% div) if, and only if, u € L?(T%; R?%) and

/w u(@) - Vo(z)de =0, ¥ée (T,

In terms of Fourier series, the Leray projection P : L*(T%R%) — L?(T¢; div) is
explicitly given by

; k®k ;
~ i(k,x) _ _ ~ i(k,x)
P E uge = E (1 e >uke . (3.13)

kezd keza\{0}

In terms of the Leray projection P, we can now equivalently write the incom-
pressible Navier-Stokes equations (3.12]) as the following equation on the Hilbert
space L?(T?; div) as,

Ou = =P (u - Vu) + vAu,
(3.14)

u(t =0) = up.

Given this background, our main objective in this section is to construct a W-
FNO that will approximate the operator G which maps the initial data uy to the
solution u(-,T) (at the final time T') of the incompressible Navier-Stokes equa-
tions , . To this end, we will follow the general program outlined at
the beginning of this section and introduce a suitable pseudo-spectral method for
approximating the Navier-Stokes equations. Then, we construct a W-FNO that can
efficiently emulate this pseudo-spectral method.

3.2.1. A fully-discrete V-spectral approzimation of the Navier-Stokes equations (3.12)).
The form of the Leray-projected Navier-Stokes equations (3.14)) naturally suggests
the following fully-discrete approximation of (3.12):

uy —uf +1 +1

f—f—PN (ufy - Vurtt) = vAut, (3.15)
uly = Iyu(t =0).

Here, we fix N € N and introduce the space, L3, (T%; div) := L?(T¢; div)NL3 (T4 R%).

We fix a time-step 7 > 0 and let u} € L?\[(']I“’l;div)7 for alln =0,...,np, with np

such that 7nr = T. Moreover, we use the following finite-dimensional Leray-
Fourier projection operator Py : L?(T%; R?) — L% (T%; div) in analogy with (3.13):

, E®k ;
E 7 oilk,T) — E _ ~ _ilk,z)
IPN Ure = (1 ‘k|2 ) Uge s (316)

kezd 0<|k|oc <N

to complete the description of the scheme (3.15)).
We observe that the scheme (3.15)) is implicit i.e., at each time step n, one has
to solve an operator equation to compute the velocity field u}(,“ at the next time

step. Thus, one needs to show the solvability of this operator equation in order to
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ensure that the scheme is well-defined. Under the following CFL condition

for choosing a small enough time step T,

1

57

we prove in Appendix that the scheme is well-defined.
Next, in practice, one has to numerically approximate the solutions of the implicit

equation for evaluating the velocity field u}?‘l, at the next time-step. We

choose to do so by recasting the solution of the implicit equation to finding

a fized point for the mapping,

wy = Fwy) == (1 —vrA) 'y — 7(1 — v A) Py (uly - Vo). (3.18)

In Appendix Lemma [F-4] we show that a standard Picard-type iteration con-
verges to a fixed point for the map (3.18)). This suggests the following numerical
algorithm for approximating strong solutions of the incompressible Navier-Stokes

equations ((3.12)),

Algorithm 3.9 (Pseudo-spectral approximation of the Navier-Stokes equations

B12)).

Input: U>0,NeNT>0,atime-step 7 > 0, such that np =T/7 € N,
and TUNY/2+1 < L initial data ul € L%(T%div), such that
22 < U

Output: ujf € L% (T4 div) an approximation of the solution u\’" ~ u(t =

T) of (3.12)) at time t =T

| log (T2/72)
Ro = [log(Z)—‘ e N.

Tllup LN < (3.17)

(1) Set

(2) Forn=0,...,np — 1
n,0
(a) Set wy" =0,
(b) For k=1,...,ko: Compute
wz,’k =1 —vrA) 'y —7(1 — v A) Py (u"N . sz,’kfl) ,

(c) Set u?VH =wy,

The convergence of the algorithm together with a convergence rate, to the
strong solution of the Navier-Stokes equations is summarized in the following the-
orem,

Theorem 3.10. Let U, T > 0. Consider the Navier-Stokes equations on T¢, for
d > 2. Assume that r > d/2 + 2, and let u € C([0,T]; H") N C*([0,T); H"~2) be
a solution of the Navier-Stokes equations (3.12)), such that ||ul/z < U. Choose a
time-step 7, such that TUN®%/2+1 < (2¢)~!. There exists a constant

C= C(Tv da T, ||u||Ct(H:)a ||u||C}(H;*2)) > Oa

such that with u% := Zyu(0), and for the sequence ul,...,ur* € L% (T%div)
generated by Algorithm [3.9] we have

max |luf —u(t")||2 <C(r+N""),
~,nT

n=0,.
where np7T = T. In particular, choosing 7 ~ N~", we have

max_[|ufy — u(t")||z2 < N,
n=0,..., nr

with ny ~ N” (and enlarging the constant C' > 0 by a constant factor).
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The proof of this theorem relies on several techniques from numerical analysis
and is presented in detail in Appendix [F-2}

3.2.2. Approzimation of algorithm[3.9 by U-FNOs. Next, we are going to construct
a U-FNO of the form , which can efficiently emulate the pseudo-spectral
algorithm To this end, we have the following result (proved in Appendix
on the efficient approximation of the non-linear term in the Navier-Stokes equations
by FNOs,

Lemma 3.11. Assume that the activation function ¢ € C® is three times con-
tinuously differentiable and non-linear. There exists a constant C' > 0, such that
for any N € N, and for any ¢, B > 0, there exists a W-FNO N : L2, (T¢;R%) x
L2y (T4RY) — L35 (TYRY), with
depth(N), lift(N) < C, width(N) < CN?,
such that we have
PN (un - V) = N(un, wn)llz <

for all trigonometric polynomials uy,wy € L% (T%R?) C L2, (T4 RY) of degree

|k|oo < N, satisfying the bound ||uy||zz, |wn]lrz < B.

Thus, from the preceding Lemma, we have that the nonlinearities in algorithm
[3:9)can be efficiently approximated by ¥-FNOs. This paves the way for the following
theorem on the emulation of the pseudo-spectral algorithm by WU-FNOs,

Theorem 3.12. Let U,T > 0 and viscosity ¥ > 0. Consider the Navier-Stokes
equations on T¢, for d > 2. Assume that r > d/2+ 2, and let V C C([0,T]; H") N
CL([0,T]; H"=2) be a set of solutions of the Navier-Stokes equations , such
that sup,cy JulL2 < U, and

U:= o {HUIIW;;) + ||u||C;<H£‘2>} <o

For t € [0,T], denote V; := {u(t)|u € V}. Let G : Vy — Vr denote the solution

operator of (3.12), mapping initial data ug = u(¢ = 0), to the solution w(7T') at

t = T of the incompressible Navier-Stokes equations. There exists a constant
C=Cd,r,U,U,T) >0,

such that for N € N there exists a W-FNO N : L (T4 RY) — L% (T R?), such
that

sup [|G(u) = N(u)||z2 < CN77,
u€Vy

and such that
width(N) < ON?,  depth(N) < ON"log(N), lift(N) < C.

The proof of this theorem is provided in Appendix

Remark 3.13. It is straightforward to observe from Theorem [3.12) that the size of
a W-FNO to achieve a desired error tolerance of € > 0, scales (neglecting log-terms)
as

size(NV) < Cef(lJr%), (3.19)
Given that we need r > d/2 + 2, we observe from that the size of the
U-FNO, approximating the initial data to solution operator G, for the Navier-
Stokes equations , scales at most sub-quadratically with respect to the error
tolerance € for the physically relevant values d = 2,3. This polynomial scaling
should be compared with the super-exponential growth (see Remark of the size
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of FNOs in approximating a generic Lipschitz-continuous operator. Thus, we are
able to demonstrate that W-FNOs can approximate the solutions of Navier-Stokes
equations far more efficiently than what the universal approximation theorem [2.15]
suggests.

Remark 3.14. From the convergence theorem [3.10] we observe that the underlying
scheme is first-order in time. This low accuracy of the scheme necessitates
a large number of time steps and affects the overall complexity. We describe a
second-order accurate time discretized version of the pseudo-spectral method for
approximating the Navier-Stokes equations (3.12]) in Appendix and in complete
analogy with Theorem (see Theorem Appendix we can construct
a U-FNO to emulate this second-order in time pseudo-spectral scheme, resulting in
a U-FNO of

size(N) < Ce(315), (3.20)
to obtain a desired accuracy of €. Thus, we can obtain a more efficient approx-
imation of the underlying operator than W-FNO emulating the first-order time
scheme . In particular for » > 2d, we obtain that the size of a W-FNO only
grows sub-linearly in terms of the desired accuracy, making this FNO approxima-
tion comparable in complexity to the FNO approximation of the Darcy equation
(see (3.10)).

4. COMPARISON OF FNOs wiTH DEEPONETS

In this section, we will compare W-FNOs with another operator learning frame-
work, namely DeepOnets of [8, 21], defined as,

Definition 4.1. Fix m,p € N. A DeepOnet N with output dimension p and
sensor points z1,...,7, € T¢is a mapping N : C(T% R%) — C(T¢;R) of the
form

N(@)(x) =) Brlaler),..., alzp))mu(),
k=1

where 8 : Rm*da — RPXdu o s B(a) = (Bi(a),...,Bp(a)), and 7 : R? — RP,
x> 71(x) = (r1(z),...,7p(x)) are (ordinary) neural networks. We refer to 8 and 7
as the branch and trunk nets, respectively.

In the following theorem (proved in Appendix , we show that a U-FNO can
naturally be viewed as a DeepOnet with a specific choice of the branch and trunk-
nets; where the trunk net is fixed to represent a trigonometric basis, and the branch
net is constrained by a specific choice of hidden layer architecture, which provides
a more parsimonious representation compared to a canonical DeepOnet implemen-
tation based on dense layers.

Theorem 4.2 (DeepOnet approximation of W-FNOs). Let N : L% (T4 Rd) —
L3 (T4 R%) be a U-FNO, and fix B > 0. For any € > 0, there exists p € N and a
DeepOnet (3, 7), with branch net /3, trunk net 7, and sensor points {z;};c7,, such

that
p

sup sup [N(@)(y) — 3 Bula)m(y)| <

llallLee <B yeT? k=1

where the first supremum is taken over all @ € C(T?), such that |lal[z~ < B.
Furthermore, we have

width(8) = width(N), depth(3) = depth(N),
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and the trunk net 7 defines a mapping 7 : R — RX~_ which approximates
an (arbitrary) orthonormal trigonometric basis {e}rex, With span{ei}trec,y =
span{e?F?)}, k-  such that

_ < ¢/B
knell%);{v llex — TkllLe <e€/B,

where

B:= (2N +1)¢ ( sup ||N(a)||L2> .

llallLee <B

Remark 4.3. We note that due to the particular architecture of ¥ —Fourier neural
operators, the total size of a U-FNO N is upper bounded by
size(N') < depth(N)width(N)Lift(N).

In contrast, since 8 and 7 in the DeepOnet approximation of Theorem are
conventional deep neural networks, the total number of degrees of freedom (i.e. the
total number of weights and biases) is given, in general, by

size(B) ~ depth(B)width(8)? = depth(N)width(N)2,
and size(7) ~ depth(7)width(7)?. So that in particular, comparing the sizes of the
P-FNO and the corresponding (fully connected) DeepOnet approximation, we have
size(N) _ lift(N)
size(3,7) ~ width(N)’
Based on our explicit complexity estimates (3.10) and (3.19]), we can expect that
lift(N) < width(N) for a wide range of problems which can be efficiently approx-
imated by FNOs. In particular, this indicates that the W-FNO provides a more

parsimonious approximation of the underlying operator than the DeepOnet “emu-
lator” constructed in Theorem with size(N) < size(S, 7).

5. SUMMARY AND DISCUSSION.

Many learning tasks, particularly, but not exclusively, in scientific computing,
are naturally formulated as learning operators mapping one infinite-dimensional
space to another. Neural operators have recently been proposed as a framework
for operator learning. A particular form, the so-called Fourier Neural Operators
(FNOs) , have been shown to be efficient in approximating a wide variety of
operators that arise in PDEs [I9]. Our main aim in this paper was to analyze FNOs
and W-FNOs , which is a concrete computational realization of FNOs. To this
end, we have presented the following results,

e We showed in Theorem and Theorem that FNOs (resp. U-FNOs)
are universal i.e., they can approximate any continuous operator to desired
accuracy. Our proof relies heavily on the ability of FNOs to approximate
the Fourier transform and its inverse, together with the neural network
approximation of the finite-dimensional Fourier conjugate operator .
Thus, FNOs have the same universal approximation property as canonical
neural networks for finite-dimensional functions and DeepOnets for opera-
tors [I5]. This universality result paves the way for the widespread use of
FNOs in the context of operator learning.

e However as stated in remark in the worst case, the size of a FNO can
grow super-exponentially in terms of the desired error for approximating
a general Lipschitz continuous operator. This might inhibit the use of
FNOs. On the other hand, we argue in the beginning of section [3| that
WU-FNOs, which are a concrete computational realization of FNOs, can
approximate the nonlinearities and differential operators that define PDEs,
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very efficiently. Hence, one can think of W-FNOs as a new form of pseudo-
spectral methods for PDEs, which in practice are adapted to, and optimized
based on the given training data. Thus, one can expect that U-FNOs can
approximate PDEs efficiently.

e We consider two widely used prototypical PDEs, namely the elliptic PDE
that arises in a stationary Darcy flow and the well-known incompress-
ible Navier-Stokes equations for fluid dynamics. For both these PDEs, we
prove rigorously that there exists a U-FNO which can approximate the un-
derlying nonlinear operators efficiently, as we can show that the size of the
W-FNO only needs to grow polynomially in terms of the error. In fact, we
show that the size grows sub-linearly in terms of the error. Thus, FNOs can
approximate these widely used PDEs efficiently, corroborating the empirical
results presented in [19].

Hence, our analysis provides very strong theoretical evidence that FNOs are an
effective framework for operator learning. Moreover, we also compare FNOs to an
alternative operator learning framework, that of DeepOnets [21] and show that U-
FNOs can be thought of a special case of DeepOnets with a trunk net approximating
trigonometric functions and sensor points being equi-distributed Cartesian grid
points. Given its special architecture, we argue that a U-FNO can allow for a more
parsimonious representation of operators than a DeepOnet, enabling a cheaper
approximation of certain operators.

The comparison with DeepOnets also brings out some obvious limitations of
FNOs. In particular, FNOs are efficient on rectangular domains as the W-FNO
can be evaluated efficiently with FFT. Although one can use FNOs for operators
defined on arbitrary domains using suitable extension and restriction operators (see
Theorem, it is unclear if these operators can be realized computationally in an
efficient manner. Moreover, FNOs fix the trigonometric basis as the trunk net in the
underlying DeepOnet (see Theorem . On the other hand, a general DeepOnet
can learn trunk nets from the data during training, allowing the possibility of
learning a more suitable representation from data. These considerations call for
a more thorough computational comparison between DeepOnets and FNOs, and
possibly other operator learning frameworks such as the one from [2].

Similarly, extending the analysis of this article to other neural operators can be
readily envisaged. The use of FNOs for more general operators, particularly those
arising in non-scientific computing settings, such as images, text and speech, also
needs to be investigated.
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APPENDIX A. GLOSSARY OF MATHEMATICAL NOTATION

Symbol Description Page
o activation function
T4 periodic torus, identified with [0, 27]%

spatial dimension of domain

dy, d, number of components of input, output and lifting
A(D;R%) input function space
U(D;R%)  output function space
F,F! Fourier transform and inverse Fourier transform
Fn, F X,l discrete Fourier transform and inverse
{z;}jesny regular periodic grid, z; = 27j/(2N + 1)

IN grid point indices, Jy = {0,...,2N}¢

Ky Fourier wavenumbers Ky = {k € Z* ] lkloo < N}
R lifting operator

Ly neural operator layer

Q projection operator

F-layer linear, non-local layer; v(x) — F~1(PFv)(x)
o-layer non-linear, local layer; v(x) — o(Wuv(x) + b(x))

Banach spaces

L? Space of square-integrable functions -
L? L? C L? square-integrable functions with zero mean p- 26
Ly L% C L? trigonometric polynomials of degree < N p. [26
L% L3 = L?*N L% trigonometric polynomials with zero mean p. 20}
H* Sobolev space of smoothness s, with norm || - || g+ p- 26
H*® Sobolev space with zero mean, with norm | - || z. p- 26

Projection operators o
Py L2-orthogonal Fourier projection Py : L? — L% p. 6l
Py Fourier projection Py : L? - L?\, with zero mean p- 126
IN Pseudo-spectral Fourier projection, i.e. trigonometric in- p. 27]

terpolation on regular grid {z;};c7y

P Leray projection onto divergence-free vector fields p-[18
Py Leray projection followed by projection Py; Py = Py oP  p.|[1§

APPENDIX B. NOTATION AND TECHNICAL PRELIMINARIES.

In this section, we introduce frequently used notation in the article main text
and recall some essential facts about Fourier analysis.

In the main text, our focus is functions defined on the periodic torus T¢, identified
as T? = [0,27]¢. Following standard practice, we denote by L?(T?) the space of
square-integrable functions. For any such function v € L?(T?), we can define the

Fourier Transform as,
1 .
F)(k) := @i /Td v(z)e FO dr, VE ezt (B.1)

For any k € Z¢, the k-th Fourier coefficient of v is denoted by vy = F(v)(k).
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Given a set of Fourier coefficients {0 }reza, the inverse Fourier Transform is
defined as,
F @) (z) := Z pei®®) vz e T, (B.2)
kezd
Using the Fourier transform (B.I)) and for s > 0, one can denote by H*(T%) the

Sobolev space of functions v € L?(T?), with Fourier coefficients {0y } ,cz4, having
a finite H*-norm:

2 (2m)* 1+ [E125) (5,12 B3
[l = D (L [k[**)[5n]* < oo (B.3)
kezd
Note that with this definition, we have from Parseval’s identity, that ||v||go = ||v]| L2,

so that HO(T4) = L?(T4).

We also introduce the corresponding homogeneous Sobolev spaces H? (T%)
(and L?(T?) := HO(T%)), consisting of functions v(z) € H*(T%) and with zero mean
fra v(z) dz = Uy = 0, and with norm

1/2

loll e = [ @0 D> kP | (B.4)
keza\{0}

Given N € N, throughout this work, we will denote by L% (T?), the space of
trigonometric polynomials vy : T — R, of the form

@)= Y adh, (B.5)

[kloo <N

where the summation is over all k = (ki,...,kq) € Z% such that

=1,...,

The space L%(T?) is viewed as a normed vector space with norm || -|/zz. Simi-
larly, for s > 0, we denote by H3, (T?) the normed vector space of trigonometric
polynomials vy of degree < N, with norm || - || g=.

We note that in order to ensure that vy (x) € R is real-valued for all z € T¢, the
coefficients ¢ € C must satisfy the relations c¢_, = ¢ for all |k|o < N, and where
¢i denotes the complex conjugate of cy.

We denote by

Py : L*(T%) — L%(T9), v+ Py, (B.6)

the L%-orthogonal projection onto L%V (T%); or more explicitly,

Py chei<k’r> = Z cret®0 VY () peza € (2(ZY).
kezd [kloo <N

In fact, the mapping Py defines a projection H*(T9) — H3 (T¢) for any s > 0.
We have the following spectral approximation estimate: Let s > 0 be given. There
exists a constant C' = C(s,d) > 0, such that for any v € H*(T4), we have

v — Pyo|lgs < CN~C=)||o||gs, for any < € [0, s]. (B.7)
We also define a natural projection

Py : L*(T9) — L3(T%), (B.8)
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by removing the mean, i.e. Pyv = Pyv— de v(x) dz, or equivalently:

Py chei<k’z> = Z e Y () pega € C(ZY).
kezd 0<|kloo <N

Furthermore, we denote by by

Iy : O(TY = L3(TY), w+— Iyu, (B.9)

the pseudo-spectral projection onto L3, (T?); we recall that the pseudo-spectral
projection Zyv of a continuous function v is defined as the unique trigonometric
polynomial Zyv € L% (T?), such that

Inv(w;) = v(z;), Vj€In, (B.10)

where {z;};c7y denotes the set of all regular grid points z; € 74 of the form

z; =2mj/(2N +1) € T¢, j € Z¢ (cp. equation (B.11)).
We also recall the following embedding theorem for the Sobolev spaces H*®(T%):

Theorem B.1 (Sobolev embedding). Let d € N. For any s > d/2, we have a
compact embedding H*(T?)—C(T?) into the space of continuous functions. In
particular, there exists a constant C' = C(s,d) > 0, such that

lollze= < Cllvllz=, Vv e H(TY).

The Sobolev embedding theorem implies in particular that the pseudo-spectral
projection Zy is well-defined as an operator Iy : H*(T¢) — L3,(T?) for s > d/2.
In the following theorem, we recall a well-known approximation error estimate for
the pseudo-spectral projection Zy:

Theorem B.2 (Pseudo-spectral approximation estimate). Let d € N. For any
s> d/2 and N € N, the spectral interpolation operator Zy : H*(T?%) — L% (T?) is
well-defined. Furthermore, there exists a constant C = C(s,d) > 0, such that the
following approximation error estimate holds

(1 = Zn)v|l e < CN~C= |||, Yo e H(TY),

for any ¢ € [0, s].

Finally, for N € N, we fix a regular grid {z;};cz, of values

21y
= B.11
YTONT U (B.11)
where the index j € Jn belong to the index set
In =1{0,...,2N}<. (B.12)

Recall the set of Fourier wave numbers (2.10)) and we define the discrete Fourier
transform Fy : R7¥ — CK~ by

1 —27i(g
Fn(w)(k) == GV T > et ORN, (B.13)
JEIN

with inverse ]-';,1 :ChN 5 RIN,

FR@)() = > Dpe®m RN, (B.14)
ke N
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Lemma B.3 (Periodic extension operator). Let 2 C R? be a bounded, Lipschitz
domain. There exists a continuous, linear operator £ : W™P(Q) — W™P?(B) for
any m > 0 and 1 < p < oo where B € R? is a hypercube with Q C B such that,
for any u € W™P(Q),

(1) E(u)lo = u,

(2) &(u) is periodic on B.

Proof. By [33, Chapter 6, Theorem 5|, there exists a continuous, linear operator
g WmP(Q) — WmP(R?) such that E(u)lo = u for any u € W™P(Q). Let
® € C(R?%) be a mapping whose zeroth level set defines a curve 9’ such that
Q C O and dist(9Q',0Q) > 0 where Q' is a bounded domain with boundary 9€Y'.
Furthermore, suppose that the first level set of ® defines a curve A such that
Q' C A and dist(9A, 9Q) > 0 where, again, A is a bounded domain with boundary
OA. For example, we may take ®(z) = 2%+ - -+ —r for some r > 0 large enough
then ' is d-ball of radius /7 enclosing 2, and A is a d-ball of radius /1 + r clearly
enclosing ©'. We will now follow the approach of [3] and construct a windowing
function p € C°(RY). In particular, we define

p(z) = H(1 -22(z)), VzeR?

where
H(t) = %(1 +S(t)), VteR
and
—1, t<—1
S(t) = erf(ﬂtj), -1<t<1, vt e R
1, t>1

with erf, the Gauss error function,

2 t
erf(t) = ﬁ/o e dz, vt € R.

Define B € R? to be a large enough d-cube such that A C B and dist(0A, dB) > 0.
It is easy to check that p € C°(R?) and we have that p|o = plo/ = 1 and Plpx =0
with p and all of its derivatives vanishing on dA. Furthermore,

[ollom By < oo
for any m > 0. We can thus define £ : W™P(Q) — W"™P(B) by
E(u) = p&(u), Yu € W™P(Q).
By Leibniz’s rule and the generalized triangle inequality, there exists a constant
Cy = C1(d,m,p) > 0 (independent of p in the case p = 00) such that
IE@)lwmss) < Cllplcm s IEW)lwmss)-
Since & is bounded, there is a constant Co > 0 such that
€ @)llwrmr(z) < Cillplem 1€ W)llwmr )
< Cillpllem s 1€ @) llwrm.» ray
< C1Ca|lpllom (B lullwm.r(a)

hence £ is a continuous, linear operator. Since p|o = 1, we immediately have
E(u)lq = E(u)|q = u. Since supp(9®p) C A for any multi-index 0 < |a| < m, we
conclude that 9%E(u)|\x = 0 hence £(u) is periodic on B as desired.

O
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APPENDIX C. NON-LINEAR LIFTING AND PROJECTION OPERATORS

Lemma C.1. Assume that the activation function o € C? is non-linear and that
lollczm) < oo. Let N : L2(D;R%) — L*(D;R%) be a neural operator of the form
N = QoLpo---0L;oR, with Lipschitz continuous layers £, : L?(D;R%) —
L?(D;R%), and with linear lifting/projection operators R, Q of the form and
, respectively. For any K C L?(D;R%) compact and € > 0, there exist neural
networks R : R% x D — R, @ : R% x D — R% with a single hidden layer and
Width(é),width(éj) < 2d,, such that the mapping N A(D;R%) — U(D;R)
defined by

N(a):=QoLyo--0LyoR(a),

where R(a)(z) := R(a(z),z), Q(v) := Q(v(z), z), approximates A to order e:
sup [|(a) = N'(a)]| > < e
a€EK

Proof. We recall that, by our definition of a neural operator, we have R(a)(zr) =
Ra(z), Q(v)(x) = Qu(x), where R € R¥*de @ € R4*dv, By assumption on the
non-linearity of o, there exists zg € R, such that o’(zy) # 0. For any h > 0, we
now define

N _o(z0 + hQu) — (20 — hQv)
@n(v, @) := 2ho’(2p) ’
~ o020+ hRa) — o(20 — hRa)
Ry(a,zx) := 2ho" (20) .

We remark that in the above expressions, the addition of zy € R and hQu € R,
hRa € R% is carried out componentwise, as is the evaluation of o.

Since the interior layers L1, ..., L, are fixed, we introduce the short-hand nota-
tion £ := L o---0 Ly. By assumption on the activation function and the layers,
we have that £ : L?(D;R%) — L?(D;R%) is a Lipschitz continuous mapping. Our
goal is to show that for any K C L? compact and € > 0, there exists a sufficiently
small h > 0, such that

sup |V (a) — Ni(a) 2 < e,

aceK
where Nj,(a) := Oy o £ 0 Ry (a). To this end, we note that for any a € K, we have
IV (a) = Ni(a)|[ 2 = Qo Lo R(a) — Op o Lo Ry(a)| 12
< 1Qo LoR(a) - Op o £oR(a)1:
+1Qn o LoR(a) = Qo L o Ru(a) 2.
Introducing K:="Lo R(K), we note that KclL?is compact, and

sup ||V (a) — Ni(a) r2 < sup |Q(v) — Op(v)| L2
aeK veEK

+ Lip(Qn)Lip(L£) sup IR(a) = Rau(a)| 2.
ac

The proof of this lemma thus follows form the following three claims:

Claim 1: There exists C' > 0, independent of h, such that Lip(Qp) < C for all
h > 0.

Claim 2: For any € > 0 and K C L? compact, there exists h > 0, such that

sup || Qn(v) = Qo)1 < e

vEK
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Claim 3: For any ¢ > 0 and K C L? compact, there exists h > 0, such that
sup |Rn(a) — R(a)||L2 < e
acK
Clearly, the only difference between Claims 2 and 3 is notational, hence it suffices

show Claims 1 and 2 to conclude the proof of the present lemma.
Proof of Claim 1: We note that for any v(z),v’(x) € R%, we have

~ ~ 1 .

Qn(v(2), 2) — Qn(v'(x),2)] < m%m(a)th(U(m) —v'()  (C1)

Lip(o)[|Q]| /
< (z) —v'(2)], (C.2)

ool |

where |- | denotes the Euclidean norm and ||@|| denotes the operator norm of Q.

Hence, it follows that for any v,v’ € L?(D;R%), we have

Lip(a)[[Q

1Qh(v) = Qn(¥)l|12 <

lo =o'l

o' (z0)l
and thus,
Lip(o)[|Q]|

HPLO) < TGl
is bounded independently of h > 0.

Proof of Claim 2: It follows form Taylor expansion that @h (v(z),z) = Qu(z) +
hR(h; Qu(x)), where the remainder R satisfies a uniform bound

|R(h; Qu(z))| < 21Qu(x))?, Vh e (0,1], v(z) € R%.

In particular, considering the L2-norm of the left-hand side and assuming =
v(z) to be bounded, we conclude that there exists a constant C' = C(o, ||Q]|) > 0,
depending only on the activation function o and the (Euclidean) operator norm

QI of @: (R%,|-]) = (R%,|-]), such that
1Qh(v) = Q)llz> = [[R(h; Qu)|| > < Cllll~[lv]lr2, Vv e L*NL®.  (C.3)

Next, for M > 0 we introduce a cut-off operator py; : L2 — L? N L™, by

_ Jo(@), (jv(@)| < M),
Pu (v(@)) := {o, (Jo(x)] > M).

Since K C L? is compact, it follows that

lim_sup [|v — par (0) | 2 = 0.
M—o0 veK

We can thus choose M > 0 sufficiently large, such that

€

)

sup v — par (0) 22 < T —
veR 2 (suppe (. Lin(Qn) + Lin(Q))

where we note that supy¢ g, Lip(@h) < 00, by Claim 1. Furthermore, and again

by compactness of KcC L2, there exists a constant M > 0, such that

sup [[v]| 2 < M.
veK
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With this M , our choice of M and the estimate (C.3)) on the remainder R, it follows
that for any v € K:

10K (v) — Q)|Iz2 < [1On(v) — Cn(par(v))|l 2
+ 1191 (par (v)) = Qpar () 2
+11Q(par () = Q)2
< (Lip(Qn) + Lin(Q)) [[v = par(v)]]
+ Chllpas ()11 llpas (v)]
<e€/2+ CMMh.

Finally, choosing h = ¢/(2CM M ) implies that
sup | Qn(v) = Q(v)l|z2 < e.

veEK
This concludes the proof.

APPENDIX D. PROOFS AND TECHNICAL DETAILS FOR SECTION

D.1. Proof of Lemma The proof of Lemma [2.6| will rely on the following
technical lemma:

Lemma D.1. Let ' >0, N € N be given. Let K C H*' be compact, and assume
that o € C™, where m > s’ is integer. Then for any € > 0, there exists a single-layer
FNO L : H® — H?®, such that

sup ||Pyv — L(v)]| g <€

veEK

Proof of Lemma[D] First, we note that the Fourier projection Py : HS — H* is
a continuous operator, and hence the image Py K C H s is compact. Furthermore,
Py maps into a finite-dimensional subspace of H " Due to the norm-equivalence
on finite-dimensional spaces, there thus exists Cy = Co(N, K) > 0, such that

sup ||PN1}||Loo S Co, sup HPNU”H"L S Co. (Dl)
veK veK

Let o € R be such that o/(xg) # 0. We define, for h > 0,
~o(xo + hx) — o(xg — hx)
Yn(@) = 2hao’ (xg) ’

One readily shows that 1, € C™, and that there exists a constant C; = C (o, Cp) >
0, such that

(D.2)

Hwthm([,CO,CO]) <Ci, Vhe(0, 1]. (D.S)
Furthermore, by Taylor expansion, we have
|n(z) — 2| < Ch, Vae[-Cy Cyl, Vh € (0,1]. (D.4)

By the composition rule for Sobolev functions, we have that v, o Pya € H™, for
Pya € H™, and there exists a constant Cy = C3(Cq,Cp) > 0, such that

lthn (P v)||gm < Ca, Vo € K. (D.5)

We finally observe that the mapping v — L, (v) := ¢, (Pyv) can be represented by
a single-layer FNO, and by (D.5)), we have

[Lh(W)|m < C2, VveEK. (D.6)
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From the interpolation inequality between Sobolev spaces, it follows that
1L (v) = Pyollgor < [1£0(0) = Pyol|72l1£n(v) = Pyollid,

where § =1 — s'/m > 0. By (D.6) and 1- , the second factor can be bounded
independently of A > 0. By (D.4) and (D.1)), we have

[£n(v) = Pnvllpz = [[n(Pyv) — Pyvllp: < Ch,
for a constant C' > 0, independent of h and v € K. We conclude that
L (v) — Pyvl| e < ChY 0,
as h — 0, for some constant C > 0, independent of h. This proves the claim. [

We can now prove:

Proof of Lemma[2.6. Let G : H® — H* be a continuous operator, and let K C H*
be compact. We assume that FNOs are universal approximators of operators H® —
L?, and we wish to show that for any € > 0, there exists a FNO approximation of
G : H* — H* to accuracy e. We first note that by the compactness of G(K) C HY,
there exists N € N, such that

sup 1G(a) = PnG(a)|l g < €/2. (D.7)
ac
Fix § > 0 for the moment. A suitable choice of § will be specified at the end of this

proof. By assumption on the universal approximation of operators H* — L2, there
exists a FNO N : H* — L?, continuous as an operator H* — L?, such that

sup ||PxG(a) — N(a)l|p2 < 6. (D.8)
acK

One difficulty in the present construction is that there is no guarantee that N
defines a mapping H®* — H ' and indeed for s > s this is not generally the case.
We mrcumvent this issue by composing with an additional FNO layer L£:L*>— HY
By Lemma |D.1} there exists a single-layer FNO v — ﬁ( ), satisfying the 1dent1ty

L(v) = L(Pyv), (D.9)
for all v, and defining a continuous operator H S S H S', such that

sup, |Pyv — L(v)|| yor <0, (D.10)

where K’ := PyN(K) C H* is a L compact subse‘l of H¥. Next, we define a new
FNO by the composition N := Lo N : H® — H*. N is a continuous operator
Hs — H* , since it can be written as the composition

e Ny 2 Py o Ly g
of continuous operators. We observe that for any a € K, we have the following
bound:

1PvG(a) = N(@)l g7 < [PnG(a) = PN (a)ll g + || Pu N (a) = N(@)| s
< CN*'||PnG(a) = N(a)llzz + | PvN (@) = L(PNN (@) 7.1,
having made use of the inequality ||Pyv| ;.0 < CN®'||Pyv||L2 for a constant C' =
C(T%,s") > 0 independent of N, and the fact that N'(a) = L(N(a)) = L(PyN(a))
(cp. (D.9)). Using (D.8), we can estimate
CN*|PnG(a) — N(a)||> < CN¥'6.

1We note that N(K) C L? is compact as the continuous image of K, and that Py : L2 — as
defines a continuous mapping for fixed N € N.
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(D.10)

_ I ~ T
The bound (D.10) implies that || PxAN (a)—L(PyN(a))| go = [|[Pnv—L(0)]| g <6,
with v := PyN(a) € K'. We thus obtain

IPNG(a) = N(@)ll 7o < (CN*" +1)8, (D.11)
where C' = C(T9,s’) > 0 is independent of §. Since § > 0 was arbitrary, we can

ensure that (CN* + 1)§ < €/2. From this estimate, and the bound (D.7), we
conclude that there exists a FNO NV : H® — HS/, such that

sup [|G(a) = N(a)llg < sup [|G(a) — PnG(a)ll o
aceK a€EK
+ sup [|PnG(a) — N(a)ll g
acK
<k¢,

This concludes our proof. O
D.2. Proof of Lemma

Proof. Step 1: In this first step, for any € > 0, we will construct a FNO
N1 2 L3(T%R) — L2(T4; R?%v),
such that
Ni(W)1 — Pyvo(z) cos({k,z)||re < e,
N1 (0)1k = Pyo(z) . ((k,2))lz N (D.12)
N1 (0)2.1 — Pyo(z) sin((k, 2)) || <,
To see how to construct such N, we first define a lifting
Ry : L2(T4R) — LAH(TEGRAN), () — @(x),
where @(z) = {(v(x),0,v(z),0)}rexy € R¥*¥ for any x € T?. In the following,
we will identify R~ ~ R with d, = 4|Ky|. Next, we define the inner part
of the first FNO layer (i.e. the matrix W, multiplier P, bias b(z) in (2.7)), such
that P(k) = 15 <n14,xa, €ither vanishes (for [k| > N) or is the unit matrix (for
|k| < N), W = 0 is zero and the bias function b(z) := {(0, b2 x(), 0, ba k() }reiy
by i (x) = cos((k, z)), bax(x) = sin((k, z)), such that
L1(0)(x) := Wid(z) + b(x) + F~H(PF®)(x)
= {(PN@L;C(%), cos((k,z)), PNWs x(x), sin((k,m)))}ke)cN )

Next, we recall that by assumption, we have ||v||z < B, and by construction, we
have Wy ;(z) = W3 (z) = v(x), implying that

1PN k|l = | PNWs k|l = [|[PyvllLe < C||Pyvllr2 < OB,

where C'= C(N) o N%/? is a constant depending on N. By the universal approxi-
mation theorem for (ordinary) neural networks, there exists a neural network

N :[-CB,CB] x [-1,1] x [-CB,CB] x [-1,1] — R?

with activation function o, such that max(,p,c,q) |J\7(a, b,c,d) — (ab,cd)| < €, and
where the maximum is taken over all a,c € [-CB,CB], b,d € [—1,1]. But then,
the point-wise mapping

L*(T4R) — L*(T% R?*w),
(@) = B(w) = L1(R1(v))(x) = N(@(x)),

satisfies (D.12), and N can be represented by a FNO (cp. Remark . Step 2:
By the last step, we have |N7(v)1; — Pyo(z) cos((k, )|~ < € and ||[N7(v)2,, —

/\/12/(70207%1:{
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Pyov(x) sin((k,z))||p~ < € for all v € L?(T?) with |lv||z> < B. We next note that,
since

Pyo(z) = Z et
[Eloo <N

and since v(z) is real-valued, the Fourier coefficients vy satisfy v_ = vy, where 0y,
denotes the complex conjugate of vy, and

][ Pro(a) cos((k, 2)) dz = Re(®), ][ Pyo(z) sin((k, o)) dz = —Tm(5y),
T Td

In particular, this implies that the 0-th Fourier modes of Pyv(z) cos({k,z)), and
Pyv(z) sin({k, x)), respectively, are given by

]-'{Pchos(U@ ->)} (0) = Re(), ]—"[PNUsin(Uc, ->)] (0) = —Im(),
and, as a consequence, we have with the Fourier multiplier
r_
So(K') = L (M=0) o ¢ ze,
0, (K #0),

and with w(z) := N1 (v)(z) € L*(T4;R¥N), written as w(z) = { (w1 x(2), w2 £ (7)) Yrekn s
that

H]-'—l (G0 (k) F(wr i) (K) ) () - Re(ﬁk)HLx <.
H]—'—l (50(k’)]:(w27k)(k’)>(x) + Im(ﬁk)HLw ~c

for all v € L?(T?) with |jv||z2 < B. We use this observation to define a suitable
FNO layer; with local matrix W = 0, bias b(x) = 0 and a Fourier multiplier matrix
P: 7% — Chxde k' s P(K') (where d, = 2|Ky|, and C% ~ C?, V), with entries

[P(k/)](e,k),(i,%) 1= 00(K') {0¢=1(¢) — de=2(0)} 1a, xa, -
With this definition of the Fourier multiplier P, we define £y : L2(T%; R2E~) —
L*(T% R*Y), by

La(w) = Ww(z) + b(z) + F? (wa) ().

Then, by construction, we have for any v € L*(T%) with |[v g2 < B that the output
w = La(N1(v)), w(z) = {(w1 k(x), we,r(x)) brexy , satisfies

wi,k(z) — Re(Wk)| L < e,
lwa,k(z) — Im(Vp)]| ;0 < €.

We also note that Eg outputs only constant functions, by construction. This is
almost the desired result, except for the fact that the composition 22 o N does
not define a FNQ, since the linear layer Eg is missing the non-linearity . This can
be rectified by composition with a suitable (ordinary) o-neural network N , which
approximates the identity: Indeed, the last estimate implies in particular that
|lwe k| < |Uk| +€ < B+ e forall ¢, k. By the (ordinary) universal approximation
theorem, there exists a neural network N Ry 5 R2KN , such that

IN(w) —wllee <€, YweR¥N, |wlpe < B+e

Then the composition Ny := N o Ly : L2(T4;R2Av) — L2(T94;R2X~), given by
w(z) — N (EQ(UJ)(I)), does define a FNO.
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Step 3: We finally observe that since both N7 and A5 can be represented by
FNOs, then also their composition

N = NyoN; : L3(T%) — L*(T4, R ),

can be represented by a FNO with depth(N) = depth(N;)+depth(N2), width(N) =
max;—1 o width(Nj), lift(N) = max;—1 2 lift(N;). Furthermore, the mapping v
N (v) maps to constant functions, and for any v € L2(T%), ||v| 2 < B, we have

[Re(r) = N ()11l e < 26,
[Tm(0r) — N ()2, Lo < 26

Since € > 0 was arbitrary, the claim follows. O
D.3. Proof of Lemma [2.8

Proof. Step 1: We first construct a FNO Aj : L2(T4;R?*v) — L2(T4; R, w),
such that

-1
[N (w)1,k — Pvwik(z) cos((k, z))|| o < (2|]CNHTd|1/2) e,
» (D.13)
[N1(w)2,k — Pywa g (z) sin((k, z))||; o < (2|]CNH']I‘d|1/2) ¢,

for all w(z) = (w1,x(x), ws,k(x)), such that ||wi gllpee, [|weklre < B, for all k €
K. Here |T?| = (2m)¢ denotes the Lebesgue measure of T and |Kx| = (2N + 1)¢
the number of elements of K.

To construct such A7, we first define a lifting R : L?(T%; R2%~) — L2(T9; R¥~),
{(w1k(x), we k(2) }rey — {(w1k(z),0,ws 1(2),0)}rexy , followed by a linear layer
L : L?(T% R¥F~) — [2(T4 R¥~) | which only introduces a bias (setting W = 0,
b(x) = {(0,cos((k, x)),0,sin((k,x))) trekn, P =0), to yield

Lo R(w) = {(wl,k(x)v COS(<k7 1‘>), wQ,k(ﬁ)ﬂ Sin(<k7 x>))}k€l€z\77

for all w € L2(T% R2~). There exists an ordinary neural network A : [—B, B] x
[—1,1] x [-B, B] x [-1,1] — R2, such that max, pq |N(a,b,c,d) — (ab,cd)| <
(2|Kn||T? /)~ e, where the maximum is taken over a,c € [~B,B] and b,d €
[—1,1]. Since, by assumption, we have ||w1 g| roe, ||w2k|ree < B for the inputs of
interest, we conclude that N (w) := N o £ o R(w) satisfies (D:13). Furthermore,
by Lemma [D.2] and Lemma [D-4] A is represented by a FNO.

Step 2: We define a projection Q (cp. the definition of neural operators ),
mapping w(z) € L?(T?);R?%~) to a scalar-valued function, by

Q: LA(THR¥™) — LX(TY), w(@) > Y (wix(@) — war(z)).
ke N

Then N := Qo Nj : L}(T4;R?*~) — L2(T9) is an FNO, and for any v € L% (T%),
and w = {(Re(vx),Im(vx)) }rexy defined as in the statement of this lemma, we
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have

o= N@)lze = o= > (Mw)ie = Mi(w)e)

ke N

LZ
Y [N (w)1x — Re(@r) cos((k, 2)]| 1.

ke N

+ Y IN(w)z — Tm(@) sin((k, 2))] 2

ke N

Y [N (w)1k — Re(@r) cos((k, 2)]| ..

keXN
+ > [N (w)ax — Tm(@) sin((k, 2))||
ke N

|/CNH’]I‘d|1/2 krg%)fv [N1(w) 15 — wi g cos((k, )|,

IN

AN

IA

O |IT2 max N1 (w)a,x — wagsin((k, )]
keEXN
< €.

O
D.4. Proof of the Universal Approximation Theorem As mentioned in
the sketch of the proof of Theorem [2.5] we only need to consider the special case
s’ =0, due to Lemma i.e. given a continuous operator G : H*(T4) — L2(T9),
K C H*(T9) compact, and € > 0, we wish to construct a FNO N : H*(T%) —
L%(T4), such that sup,ck [|G(a) — N(a)| 2 <e.

Throughout this proof, we set d, = d, = 1 for notational convenience. The
general case with d,,d, > 1 follows analogously. For N € N, let Py denote the
orthogonal Fourier projection (B.6). First, we note that since K C H*(T?) is
compact, one can prove by elementary arguments that the set K given by

K:=KuU |J PyK,
NeN

is compact. Since G is continuous, its restriction to K is uniformly continuous, i.e.
there exists a modulus of continuity w : [0, 00) — [0, 00), such that

I1G(a) = G(a)l2 <w(la —a'||m-), Va,a' €K.
From the definition of the projection Gy (2.8)), we have,
1G(a) = Gn(a)llLz < [[G(a) — PnG(a)llz + [[PnG(a) — PnG(Pya)l| L2
<6(a) — PnG(a)llr2 + |G (a) — G(Pna)| L2
< sup ||(1—=Pn)v|r2 +w (sup (1 — PN)a||Ho> . (D.14)
vEG(K) aeK
Since K is compact, also the image G (I? ) is compact leading to,

limsup sup |[[(1 — Py)v|/zz =0 =limsup sup ||(1 — Pnx)al| m-.
N—=oo yeg(K) N—oo geK

In particular, there exists N € N, such that
IG(a) — Gn(a)||lr2 <6, VYac K CK. (D.15)

In the remainder of this proof, we will construct an FNO approximation of Gy.
In fact, we note that Gy defines a continuous operator Gy : L2(T9) — L%(T%),
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via a — PyG(Pna), and the compact set K remains compact also as a subset of
L?(T9). We will show that there exists a FNO N : L2(T¢) — L?(T?), such that

sup [|Gn (a) — N(a)[z2 <e.
acK

Then the restriction of " to H*(T¢) c L?(T%) provides an approximation of G,
such that

sup [|G(a) — N(a)||r2 < 2e.
aeK

Since € > 0 was arbitrary, the claim follows from this.

As outlined in the sketch, our proof for the existence of a FNO approximating Gy
relies on the decomposition , which in turn is defined via the Fourier conjugate
operator G N . Our aim is to show that each operator in the decomposition
(2.12)) can be approximated by FNOs to desired accuracy. To this end, let € > 0 be
given, and choose Ry, Rz, Ré > 0, such that

K C Bp,(0) := {[u]|z2 < Rx} C L*(T%),
Ry Rp17V
2 b

Fn o Py (BRK(O)) C |:—2, —_—

(D.16)

272

The reason for introducing Ry, Rz, Rs lies in the fact that in order to approximate
Gn by a composition of FNOs, we need to ensure that each FNO in this composition
maps its own domain into the domain of the next FNO. The FNO approximations
of the individual steps in the composition Gy = ]—'{,1 o éN o (Fn o Py) are con-
structed below:

FNO approximation of .7-"];1: We start with our construction of a FNO approx-
imation of the last step in the composition. To this end, we are going to interpret
the mapping

Gn (R, Rg]™) € [—é §]2KN~

Fy' i [-R, Ry Cc RPN 5 L3(TY),

as a mapping

.7:1:,1 :

{L2(’H‘d; [~ R, R*) — LX(T7), (D.17)

{Re(vy), Im(@\k)}\klgN = v(z),
where the input {Re(y),Im(0x)}k<n € [—R, R]**V is identified with a constant
function in L?(T¢;[~R, R]?*V) (for non-constant input function v(x), we apply

]-'X,l to the constant function z — f., v(€)d¢ to define the mapping (D.17) for

general inputs). By Lemma the mapping (D.17) can be approximated to any
desired accuracy by an FNO Njpp : L2(T%; R?*~) — L2(T%), such that

Nipr (9) — Fr' (0)l|22 < ¢/3, (D.18)

for all constant input functions v € L?(T%; [~ R, R]**V).
FNO approximation of Gy: We view the Fourier conjugate operator Gy (2.11])
as a continuous mapping

Q\N : [—R]A(,R]A(P’CN C Ry RN,
Since [-Rp, R[?]Q’CN is compact, there exists a finite-dimensional canonical neural
network A/ : R~ — R2K~ guch that

sup IGN (D) = N (@) ¢2 < €/3. (D.19)

ﬁe[—R?,R?P’CN
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Furthermore, by (D.16)), we have

2K N
fg Hg
27 2 '

@N ([*RIA(,RIA(]WCN) C [

Therefore, by choosing a neural network approximation N with sufficiently high
accuracy, we can also ensure that

N ([-Rg., Rg)*™) c [~Rg,Rg)™ |

in addition to (D.19)). Finally, we note that for v € L?(T¢; R?*~), the corresponding
mapping

~

N L2(T% R2EN) 5 L2(T4 RN, o(z) = N (v()),
is in fact an FNO, with only local layers of the form
’U@(.’L‘) — o (Ag’l)((.%‘) + bg) R (Ag S Rd"Xd”, by € Rd”)7

and where d,, := 2|Ky|, i.e. a FNO for which all P, = 0 (cp. Remark [2.3). We
shall thus identify A" with this particular FNO, in the following.
FNO approximation of Fy o Py: Finally, we can similarly interpret

Fn o Py : Bg, (0) C L*(T¢) — R*~,

as a mapping

Br (0) = L*(T%R?Y),
FnoPy: { Rxe(0) ( ) (D.20)

v = {Re(v), Im(Vk ) }jrj<n,

where the output {Re(vy ), Im(0) }jxj<n € R?*N is a constant function in L?(T%; R?*~).
By Lemma the mapping (D.20]) can be approximated to any desired accuracy
by an FNO Ngt : Br, (0) — L?(T4;R?%~) (with constant output functions). In

particular, denoting Lip(N) the Lipschitz constant of the FNO constructed in the
previous step, we can ensure that

Lip(N) | FxPyv — Ner(v)|l2 < €/3, Vv € Bg, (0), (D.21)

and furthermore, since by (D.16]), we have

R» Rn1%w
Fivo PulBac(0) < | -5 TE|
we can in addition ensure that
2K N
NeT (BRK(O)) C [*RR,R;{] .

Error estimate for resulting FNO approximation: We now define a FNO
N(a) :== Nipr o N oNpr(a), where the right-hand side terms have been constructed
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above. We note that
sup(|Gn — N[z
K

< sup H]'—Krl oGy o Fi o Py — Npr O-/VONFTHLQ

Bry (0)
< sup H}TJIOQAN O]:NOPN_]:X]IO-/\?ONFTH
Bry (0) L2
sup H}-N o N o Npr — Nipr ONONFTH
BR (0) 2
< sup HgNO}_NOPN_-A//\'ONFT’
Bry (0) L2
+  oswp [P = N
N (Ner(Brg (0)))
=: (I)+ (I1).

For the second term (I7), we note that
N et (B (0)) € N (I=Rg, RgJ*™) < [~Fg, Rg
and hence, by (D.18)), we can bound

(I1) < H]—‘ — Mt . <e/3.
[-75 RA]

]2’CN

)

To estimate the first term (I), we note that

(I) = sup HQANOJ"'—NOPJ\/*J\A/O/\fFTHL2

Bry (0)
< sup HgANofNoPN—/\A/'ofNoPNH
Bry (0) L
+ sup H./{\/O‘/_'.NOPN —,/\A/'o,/\/FT”
Bry (0) L
=: (Ja) + (I).
To estimate (Ia), we note that
Fi (Py (Bryo(0))) € [~Rg. Rg] ™™
and hence
(fa) < HQN ./\/H <¢/3,

[ R R 2KZN

by (D.19). Finally, to estimate (Ib), we note that

(Ib) < Lip(N) sup [|Fy o Py — Nppl2 < €/3,
BRK(O)

by (D.21). Combining these estimates, we conclude that

sup |Gy (a) = N(a)|z2 <,
acK

This shows that the continuous operator Gy can be approximated by a FNO N
to any desired accuracy € > 0, and together with concludes our proof of the
universal approximation theorem for the special case s’ = 0. The general case
with s’ > 0 now follows from Lemma
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D.5. Proof of Theorem [2.14]
Proof. The proof involves 4 steps.

Step 1: We may wlog assume that all biases by(z) € C°.

Indeed, it is easy to see that under the finite width assumption and for Lipschitz

continuous o, each layer £, defines a Lipschitz continuous mapping L? — L2

Replacing by(z) by it’s é-mollification b)(x) we obtain a new layer £, i.e.
Li(v)=0 (Wev(z) + v (z) + F~L (P Fu) (2)).

Then we have

1£e(v) = L3(0)] 22 Swip(o).e [1be = bl 2 — 0, (D.22)
and uniformly in § > 0, we have
1£2(v) = Loz Srip(o),e lv = v/l 2. (D.23)

In particular, this implies that Lip(ﬁ‘g) < C(Lip(0),¥) is uniformly bounded in
§ > 0. Thus, there exists M > 1, such that Lip(Q) < M and Lip(£)) < M, for all
¢=1,...,L and 6 > 0. Properties (D.22)) and (D.23|) are sufficient to show that
with a sufficiently small choice of § > 0, we have

sup |N(@) = N(a)llzs < e, (D.24)

llallers<B
where N9 ;= QOE‘SLO- . -OE‘EOR: To see this, we introduce Nés = Q0£5L0. .. L:g—s-l o
Lyo---0L0R, and we note that for any a € L?, we have
INE (@) = N7_i (@)l 2 < Lip(Qo L], 0+ 0 L3,,)[|Le(a") — L3(a')] 2,

where ' := Ly_1 0---0 L1 0oR(a). Using the uniform Lipschitz bound M and the
estimate (D.22)), we obtain

—L
INE (a) = NPy (a)[r2 < D ||be — b| 2

It now follows from the telescoping sum AN(a) — N%(a) = Nf(a) — Ng(a) =
ey (NVf(a) = Ny (a)) that

L
IV (@) = N?(a)llzz < ) IND (@) = NPy ()] 2
(=1

L

—L

<MY e — )l ge-
=1

Since the bound on the right-hand side is independent of a, and since lims_,q ||bs —
||z = 0, choosing & > 0 sufficiently small, we obtain (D.24)).

Step 2: Using Step 1, we will assume wlog that all biases are smooth, in the
following. Given a € H®, let agp := Lyo...L; o R(a). We claim that there exists
a constant B’ > 0, depending only on B, the activation function o and the biases
be(x), such that ||a¢||gs < B’, provided that ||a||gs < Band £ =1,..., L.

Indeed, it is a well-known fac that if v € H®, s > d/2, and if o € Clsl+1
(satisfied by assumption), then o o v € H*. In fact, there exists a monotonically
increasing function C,, such that ||o o v||gs < Cx(]|v]|ms). The claimed existence
of B’ now follows immediately from this result on compositions with o, and the
observation that the linear part of each layer define a continuous (bounded, affine)

2This is well-known in the integer case s € N, but remains true also for fractional Sobolev
spaces [4].



FOURIER NEURAL OPERATORS 41

mapping H® — H?®, due to the finite width assumption, and the assumption that
by € C C H”.

Step 3: Let ¢, be given such that s > ¢; > ¢ > d/2. Each layer defines
a Holder continuous mapping L, : Dy C H* — H*, with Holder exponent o =
1—¢2/s, and where Dy denotes the image of the set {||a|| = < B} under the previous
¢ —1 layers.

By Step 2, we have that ||Le(v)||g= < B’ for all v € D,. Furthermore, as observed
in Step 1, , L, : L? — L? is Lipschitz continuous. It follows that for any
v € Dy, we have, by the interpolation inequality, that

1£6(v) = Lo ares S [1£e(w) = Lo 12" 1£e(v) = Lo()|5L°
Sea.p [1Le(v) = Lo(v)|72
Seapat [0 =072

S o=l

Step 4: We use Steps 1-3 to conclude that for a sufficiently large choice of
N €N, the U-FNO N : L3, — L%, given by

/\7(a) =QoIyoLlroInyoLr_10Inyo---0oLio0InyoR,

satisfies

sup ||\ (a) — N(a)|L2 < e.

lallzs<B

In the following, we will denote by EA@ := Iy o Ly o Iy the “pseudo-spectral
projection” of the layer £;, and we observe that

N\':QOELO"'OElOR'

Fix a sequence s = ¢y > ¢ > 63 > --- > ¢r, > d/2. By Step 3, we may view
the ¢-th layer £, as a Holder continuous mapping L, : H%-* — H*. Furthermore,
since ¢p > d/2 for all £, we also have that Ty : H% — H* is a bounded linear
operator, with operator norm that is uniformly bounded in N. In particular, this
implies that there exists a constant C' > 1, independent of N, such that, for all
a,a’ € Dy:

1£e(a) = Lo(a) | mree = | ZnLe(Tna) = InLo(Zna) b

< NZnllLeller—ser 1T 1=/ la — @[ e

< Olla—a'||b.
We now introduce./\Afg = QoELou-oEgH oLyo...L10R, forany £ =0,...,L.
Then, N(a) — N(a) = 25:1 (/Vg(a) —ﬂ\ﬁg,l(a)), and using the Holder regularity
of the /:'g, we obtain

[Ne(a) = Ne-1(a)]| 2 < [Ni(a) = N (0) | ree
< Lin(Q)C" 1 £o(a') — Lo(a') e

where a’ := Ly_10...L10R(a) belongs to D; C {a’ € H*||d'||g= < B’} (cp. Step
3), and By := H£:£+1 (1 — %) is the Holder exponent of the composition of the

layers ELO~ cwoLyqq : H+1 — H*L. To estimate the last difference, we recall that if
la]| s < B, then ||a||= < B’, by Step 2. In particular, it follows from the uniform
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Holder continuity of the layers Ly, established in Step 3 and the pseudo-spectral
approximation estimate, that

e’ = Lo(a) s = [ Le(a’) = InLo(Ina') ase
< [[Le(a) = InLo(a)mse + [ Znl£ela’) = Lo(Zna') || mee

B’ 1—
S NG T la" — IN@I\\Hs'Z/lS

B’ B (1—c¢/s)
N +
~ N—(s—<e) N-—(s—ce—1) ’

where the implied constant is independent of N. In particular, we have

fim sup 1£(a') ~ Lo(@)lree = Jim sup | Le(a') ~ £o(Zna")] s =0
a’€D N—)OOaleDe

N—o0

forall £=1,...,L. Choosing N sufficiently large, we can thus ensure that

sup [N (a) — \L2<Z sup | Ny(a) — Ny—1(a)]| 2

llallzs<B llallgs <B
=1

< Lip(Q)C" Z sup [[Le(a’) = Lo(a') e

= lae 13
<e.

This concludes the proof. O
D.6. Proof of Lemma [2.16l

Proof. Let ¢ > 0 be given. Let G: H® — H*' be continuous operator, and K C H?
a compact subset. We wish to show that there exists Ny € N, such that for any
N > Ny, there exists a U-FNO N : L% — L% such that

sup |G(a) — N (a)| o < e. (D.25)
acK
Choose M € N, such that
su[;; |1 PaG(a) — G(a)|| e < €/2. (D.26)
ac

Fix § > 0 for the moment. We will specify a suitable choice of § = §(M, s’, T, ¢) > 0
at the end of this proof. We emphasize that § will depend only on parameters
already introduced at this point of the proof. By assumption of the validity of
the universal approximation theorem for W-FNOs for s’ =0, we can choose No =
No(G, K,0) € N, depending on G, K and ¢, such that for any N > Np, there exists
a U-FNO N : L% — L%, such that

sup [|G(a) = N(a)||rz < 0.
a€EK

We define Ny := max(]vo, M). By our choice of ZVO and M, the constant Ny depends
only on the underlying operator G, the compact set K and the parameter 6 > 0.
Let N > Ny. We claim that if § = §(M,s’,T% ¢) > 0 is been chosen sufficiently
small, then for any N > Ny, there exists a W-FNO N : L%, — L2, satisfying (D.25).

To see this, let N > Np, and let N' : L% — L3 be a U-FNO such that
sup,ek |G(a) = N(a)| L2 < 6. Then we have

sup || PrG(a) — PuN(a)|| o < CN®'6, (D.27)
acK
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where C' = C(T?,s') > 0 is independent of N and §. Let m € N be the smallest
natural number strictly bigger than s’ and d/2, i.e. m > max(s’,d/2). Let

K':=N(K) C L%, (D.28)

be the compact image of K C H* under the (continuous) mapping N : H* — L%.
We note that since L3, is a finite-dimensional space, the L?>-norm is equivalent to
the H™-norm on L%;. This implies that K’ C H™ is also compact when considered
as a subset of H™, with respect to norm |- || gm. By Lemma there exists a
single-layer FNO L : H™ — H™, such that

sup ||Pyv — L(v)||gm < 4. (D.29)
veK’

We define a W-FNO N : L3 — L% by the following composition
./i\/::_ZNO,COINO,/\/.:_'ZNO,CO,/\/'7

where Zy is the pseudo-spectral projection operator. We note that, since N > Ny >
M, we have Iy Py = Py, and recall that for m > d/2, the mapping Zy : H™ —
H™ is continuous, with an operator norm that can be bounded independently of
N. Hence, we can estimate, for any a € K,

1PN (a) = N (@)l o = [ Zw © PrrN (@) = I © £ o N(a) | g
(mfs’)
< | Zn o PuN(a) — Iy o Lo N(a)|lgm
< Cl[Pyv = L(v)[| g,

where C' = C(T¢,m) > 0 is independent of M and N, and where v := N(a) € K’,
with K/ = N(K) defined in (D.28). From (D.29)), we conclude that

sup || Py (a) — N'(a)| yor < C6, (D.30)
aceK

where C' = C(T? m) > 0 is independent of M, N and d. In fact, since m is defined
as the smallest integer > max(s’,d/2), the above constant only depends on s’ and
the dimension d of the domain, i.e. we have C = C(T%,s’). Combining ,
and (D.30), we find that for N > Ny and for any § > 0, there exists a
U-FNO N : L2, — L%, such that

sup [|G(a) = N'(a)|| ;7o < €/2+ C(1+ N¥)3,
a€eK

where C = C(T%,s') > 0 is a constant independent of §. Thus, if we choose
§ = 8(M,s', T €) > 0 at the beginning of this proof sufficiently small to ensure
that

C(1+N¥)5 < e/2,
then we conclude that for any N > Np, there exists a U-FNO A : L3 — L%, such
that
sup [|G(a) = N(a)l[gor < e
acK

This concludes the proof. O

D.7. Technical Results on the structure of ¥-FNOs. Recall section 251l
where we introduced o layers and F-layers and claimed that U-FNOs can be de-
composed in terms of these layers. We have the following series of lemmas, which
make this observation precise.
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Lemma D.2. Let N : R% — R be a (ordinary) neural network with activation
function o. For any N € N, the mapping

N L3 (T4 R%) — LE(TER™S),  a(z) = N(a)(z) == ZnN(a(z)),
can be represented by a W-FNO, with

~ ~ ~

width(N) = | Ty |width(A),  depth(A) = depth(N), lift(N) = width(A).

The proof is straight-forward and completely analogous to the same statement
for FNOs in Remark 23] We also note the following lemma, which allows us in
practice to replace F-layers by proper FNO layers:

Lemma D.3 (Linear approximation lemma). Assume that the activation function

o € C? is twice continuously differentiable and non-constant. Let N be a linear
U-FNO layer of the form

L: L%(T4RY) — L3 (TG R™), Lvy) == Won(z;) + bj + Fy (PFyon);.

Then there exists a constant C' > 0, such that for any ¢, B > 0, there exists a
U-FNO N : L% (T4 R%) — L% (T4;R%), such that

~

sup [N (vn) = L{vn)r2 <€
loxllL2<B

and
width(NV) < CN?,  depth(NV) < C, lift(N) < C.

Proof. This follows from the observation that, by assumption, there exists zg € R,
such that ¢’(xg) # 0. By Taylor expansion, we have
o(xo + hy) — o(xg — hy)
hU/({E())

=y+ R(h,y),

where |R(h,y)| < CB’h for any y € [-B,B] and 0 < h < 1. Replacing y by the
output of the linear layer £, and choosing B sufficiently large, we obtain with
o(xo + hL(vn)) — o(xo — hL(vn))

Anlen) = ho'z0) ’

that
IZ(vn) = Nu(on)ll 2 = O(h),

uniformly for all vy € L% (T4 R%), such that ||vx| 2 < B, and for 0 < h < 1. In
particular, choosing h = h(e) > 0 sufficiently small, we can ensure that

1€ (o) = Na(ow)llzz < e,

for all v, € L% (T%R%), such that ||vx|z2 < B. The proof is concluded by
observing that the mapping vy — Njy(vy) defines a U-FNO, and that the size
(width, depth, lift) is uniformly bounded in h. O

According to Lemma [D.2] any composition of o-layers can be identified with a
U-FNO. Lemma|[D.3]shows that we can approximate F-layers to arbitrary accuracy
with a W-FNO of uniformly bounded size. In the following lemma, we record the
simple fact that a composition of W-FNOs is again representable by a W-FNO:
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Lemma D.4 (Composition Lemma). For p € N, let Nq,..., N, be U-FNOs,
defined with respect to the same grid {z,};c7y, and defining operators Nj, :
L3 (T4 R¥-1) — L3 (T4;R%) for do,...,d, € N, such that the composition A, o
~Np o L%(T4 R%) — L2 (T4;R%) is well-defined. Then there exists a ¥-FNO
N @ L3 (Td Rdo) — L2 (T4 R%), such that N' = N, o --- o Nj, and such that
depth(WV) < Y°F_, depth(NVy), width(N) < maxy—1,. , width(N) and lift(N) <
rnaxkfl,__ﬂ 11ft(J\/k)

The proof of the previous lemma is straight-forward, and only requires a padding
of each layer with zeros to achieve a uniform lifting dimension d,, across all layers.
The following lemma will be central for our approximation and complexity esti-
mates:

Lemma D.5 (Replacement Lemma). Assume that o is Lipschitz continuous. For
p €N, let ]\71, . ,./\A/'p be continuous operators N L% (T4 R¥%-1) — L% (T%; Re)
for do, ...,d, € N, such that the composition N = ./\7,, o--oN: L3 (T4;R%) —
L%, (T4; R%%) is well-defined. Assume that there exist constants Dy, W, Ly, > 0, k =
1,...,p, such that for any €, M > 0, there exists a W-FNO N}, : L% (T4 R%-1) —
L3, (T%; R?), such that

sup [Ny (u) = Ni(u)llzz, <€
lull 2 <M

and depth(Ny) < Dy, width(Ng) < Wy, lift(Ny) < Ly. Then for any € > 0 and
M > 0, there exists a W-FNO A : L% (T4; R%) — L2 (T%; R%), such that

sup N () = N(u)] 2, < e,

llull L2 <M

and depth(N) < S°P_. Dy, width(N) < maxp—y .., Wi, lift(NV) < maxg—1._, Lg.
k=1 jeeesD jeesD

Proof. We prove the statement by induction on p € N. We start the induction at
p=2: Let ¢ >0 and M > 0 be given, and let ./\717 /\72 satisfy the hypotheses of this
lemma. Since By (0) C L%, (T?; R%), the closed ball of radius M, is compact in the
finite-dimensional space L% (T¢;R%), and since Ny is continuous, it follows that
the image Ny (B (0)) is also compact; in particular, there exists M7 > 0, such that
A71(BM(0)) C By, (0). By assumption, there exists a W-FNO Ny : L% (T4 R%) —
L% (T4;R%), such that

sup  [\No(u) = Na(u) 13, < €/2.

llwll 2 <2M)

We note that (for Lipschitz continuous o) N is Lipschitz continuous on By, (0) C
L3%. Let Llp(/\/g) denote the corresponding Lipschitz constant. By assumption on
N1, there exists a W-FNO N; : L2/ (T4 R%) — L2, (T4 R%), such that

./v - N 2 < mi ;A’M :
HuHSLgng” 1) = M(w)llag, < e <2Lipw2> 1>

Note that this estimate implies in particular that

L ()l < I () = My () 2 + NG ()| 2 < 20,
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Thus, we can estimate

sup ||/v2 Ofv1(u) = N2 o Ni(u)l|r2

llull L2 <M

< sup  [[NaoNi(u) = NaoNi(u) 2

llull L2 <M
+ sup [Nz o N (u) — No o N (u)|| 12
llull L2 <M
< Lip(N)  sup [Ny (u) — Ny(u)] 2
lull L2 <M
+ sup [ Na(v) — No(v)]|z2
[lv]|<2M,
< €.

The estimate on the depth, width and lift is immediate (cp. Lemma . This
proves the base case p = 2 of the induction.

Let now p > 2, and assume that the claim holds for the composition of p — 1
operators. Given ./\71, .. ./\A/' as in the statement of the lemma, we can apply the
induction hypothesis for the comp051t10n of p—1 operators, to see that the two
continuous operators N; := N and Ny := (N o- ONQ) fulfill all assumptions of the
lemma (Wlth p= 2) and with depths widths and lifts of the _approximating FNOs
given by Dy = Dy, W1 W, L, = Ly, and Dy = > _s Dy, W2 = maxy—=o,. p Wk,
Zz = maxy—2 . pLi. The proof of the induction step now follows from the base
case (with p = 2) already considered above. t

APPENDIX E. TECHNICAL RESULTS AND PROOFS FOR SECTION [3.1]

In this section, we collect some technical results and proofs for the material in
section |3.1] of the main text. We start with the following Lemma on the contraction

property of the map .

Lemma E.1. Let k € N, k > d/2+41, and let s > d/2+k be given. Assume that the
coefficient a € H*(T?) satisfies the A-coercivity condition for some A € (0,1),
and that the right-hand side of the stationary Darcy equation belongs to the
Sobolev space f € H*~!. Then there exists Ng = Ny (s, d, ||la|/zs,\) € N, such that
for any N > Ny, we have ay > A/2 and the mapping Fx defined by is a
contraction, with

Lip(FN:H1—>H1)S1—%.

Proof. As uy — Fn(uy) is an affine mapping, we can express the Lipschitz con-
stant in terms of the following supremum

HPN(—A)—1V : (ZiNVuN)H

H1

Lip (FN H1—>H1) = sup
uny €H1\{0} llun |l g

We now observe that
HPN(—A)—lv : (anuN)Hm < |[(=A)"1V - @nVun)| e
= [lanVun] 2
< [lan e llunl g
for all uy € HA(T%). To finish the proof, we note that

lanllze= < llall= + la — anl|ze,
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where the first term is bounded by 1 — A by the coercivity assumption. By our
definition of @y (cp. equation (3.8))), we have

d@ = anllze < Ha - PNaHLw + HPNa - PNI?N&HLOO .

But by the spectral/pseudo-spectral approximation estimates, we now have

a—pPyall < ’a—PaH
o Bval], . s |ja - Paa],,..,

Seas N™C2 g g,
and

[ s, s [~ i,
< |la — Zonal| grasers

Ssas N7C7Y2 D a] .

To be definite, let us choose § := (s — d/2)/2. In particular, it follows that there
exists a constant C' = C(s,d), and Ny = No(s,d, ||a|| g, \) € N, such that

la —anllz= < 3,
for N > Ny, and hence ay =1+ay > 1+a—A/2> \/2, and
A
7
for all N > Ny. The claim follows. U

Lip(Fx) < iz < [allz= + @ - anllz= <1~

Next, we provide the detailed proof of Theorem 3.3 which guarantees convergence
of the algorithm to the solutions of the Darcy equation (3.5)).

E.1. Proof of Theorem [3.3
Proof. Choose Ny € N as in Lemma

Step 1: Well-posedness and error estimate of the FG approximation (3.7).

We consider the bilinear form B : H}, x H} — R, given by

B(uy,wn) = /1rd an(x)Vuy(z) - Vo (z) de.

We note that uy solves , if and only if,
B(un,wy) = (fn,wN) Lz, (E.1)
for all wy € H}\, By Lemma we have ay > \/2 for all N > Ny, and hence
B(wn,wy) 2 A/2[wn]|[5-

Thus, B is a coercive bilinear form. The existence and uniqueness of a solution
uly € H of (E.1) follows from this for any right-hand side fy. Furthermore, we
have the estimate

> >

4 4
lun I < 2luilf < yBlun,uy) = S {uy, fv)ee < Sllu e | v lle-1,

and thus, [|uy||g < 4N vl

It is also straightforward to show that by inductive differentiation of , one
can also obtain higher-order estimates for k € N, k > 1 for the (non-discretized)
elliptic equation , of the form:

lull s < Ol fll -1, (E.2)
where C' = C(k,d, ||a]|cx) > 0.
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. To prove the claimed error estimate, we note that if u solves , then Pyu €

H3, solves
—PNV - (anVPyu) = Pnf+ PnV - ((a—an)VPyu)
+ PyV - (aV(1 — Py)u).
It thus follows that wy = Pyu — ujy; solves
—PnV - (anVwy) = (Pyf — fn) + PvV - ((a — an)VPyu)
+ PyV - (aV(1 — Pn)u)
=)+ {II)+ (IID).

The stability estimate then implies that ||wy | g2 < 4N (1) + (IT) + (I11)|| -1,

can be bounded in terms of the H '-norm of the right-hand side. We can now
estimate

1D+ = (PN f = fn) -
<= P)fla-s + 1 = Inlla-r Sas NI leer

The last inequality follows from the fact that f € H¥=1(T9), for k — 1 > d/2, and
the (pseudo-)spectral approximation estimate. For the second term, we fix a small
6 > 0, and obtain
[ID) -+ < l(a—an)VPyul|
S lla = an|[Leellul| g
Saox la = anllgares || fllm-1,

where we have used the embedding H%219< L in the last step. Assuming that
d > 0 is chosen sufficiently small, so that s > d/2 + J, we can then estimate

I Soa A NTE27 e || £l s
Finally, the third term can be bounded as follows:
L) -2 Sa laV(1 = Py)ul 2
Sa llallL=ll(1 = Py )ul g
Ss.a N 7%l e

ul| g

Fllas=r.

In the last step, we used the higher regularity estimate (E.2|). We note that for this
step we assume that a € H®, s > d/2 + k, so that we have an embedding H*—C*.
Under this condition, we can further estimate (II) by

1D -1 So.a N™E2708 g s

Sednkfalge Nl a

Sl
—k
Ss.dMlallas |l N
Combining the above estimates for (I), (IT) and (III), we conclude that for any
s € R and k € N satisfying s > d/2 + k, we have
lwnllar = lluy — Pyullm < CN7F,

provided that a € H*, f € H*"! where C = C (s,d, \, k, ||a| g,
independent of N.
The proof is now finished by observing that

[ Flles) > 0 is

lu —ui 7 = 11 = Py)ullfp + [[Pvu—uyllin,
and that, by the higher-regularity estimate (E.2|), we have

(1 — Pn)ull g Sk,d N7k||u||Hk+1 Ss,k,d,A,HaHHs,HfHHk—l NF
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Thus, it follows that there exists a constant C' = C(s, k,d, A, ||a| =,
such that

|f||Hk*1) > 07

lu — il < CNF, (E:3)
where u} is the solution of the Fourier-Galerkin discretization (3.7]).

Step 2: Picard iteration estimate.

The output of Algorithm [3.2] is obtained by Picard iteration, i.e. by K-fold

application of the mapping Fly : H}V —~ H ]1\], yielding a recursively defined sequence

u® =0, and uk;, = FN(ufv_l), for k =1,..., K. Since Fy is a contraction with

Lip(Fy) < 1—=A/2 for N > Ny, by Lemma and since u}; is the unique fixed

point of F, this implies that
lufy = uill g < (1= 2/2) Juill -

Using the definition of H', H', and the regularity estimate (E.2)), we can further
estimate

luly = uillm < 20uly —unllge < 8ATHL = N/2) % llm-1
By definition of K, we have
log(AN—F)
~log(1—M\/2)’
and hence (1 — \/2)% < AN~*. This yields
lun — un i < 8NF|| fallm-

Combining Steps 1 and 2, implies that there exists a constant C' > 0, depending

on s, k, d, \, ||a]|gs and || f]|gx-1) > 0, such that
lu—un|g < CN7F,

for all N > Ny, where uy := u% is the output of Algorithm This is the claimed

estimate. 0

E.2. Neural network approximation of quadratic non-linearities. Our next
aim is to prove Theorem[3.5] As stated in the main text, the proof relies crucially on
the following Lemmas, which show that neural networks can efficiently approximate
certain quadratic non-linearities. We start with the following result,

Lemma E.2. Let 0 € C? be a activation function. Let d € N. There exists a
constant C' = C(d) > 0, such that for any € > 0 and B > 0, there exists

(1) a neural network A : R2 — R, such that

sup  |Ni(a,b) — ab| <e,
lal,|b|<B

and width(N;) < C, depth(A;) < C,
(2) a neural network A : R x R? — R?, such that

sup  |Na(a,v) — av| < e,
lal,[lvll,2<B

and width(N3) < C, depth(N) < C,
(3) a neural network N3 : R? x R4*? — R? such that

sup \Ns(0,U) —v-U| < e,

HU”227HUH22*>22 <B

and Width(ﬁg) <C, depth(J\A/'g) <C.
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Proof. Points (2) and (3) easily follow from (1), by parallelizing multiple networks
Ni. To see the first claim (1), we note that the quadratic function y — y? can be
approximated for y € [-B, B], B > 0, to arbitrary precision by finite differences
o _ 0@+ hy) —20(x) + oz — hy)
Y h20® (z)

say, (y)

+R(h;y),

where we assume that z is chosen so that the second derivative o(?)(x) # 0, and
|R(h,y)| < Ch for all y € [-B,B], and C = C(B). Finally, following [34], we
observe that the product ab of two numbers a, b can be expressed in the form

ab = % ((a +b)2—a?— b2) — % (sqp,(a + b) —sqp(a) —sq, (b)) + ﬁ(h; a,b),

where R is related to R, and there exists a constant C' = C/(B), such that |R(h; a, b)| <
Ch, for all a,b € [-B, B]. Since sq,, is a neural network of finite width and depth
(independent of h), and since the last expression

~

Ria,0) = 5 (50, (0 + 1) — sa,(a) — 50, (8)

is simply a linear combination of sq;,, we conclude that N, is a neural network
of uniformly bounded width and depth (uniform in k), and for sufficiently small
h > 0, we have

sup  |Ni(a,b) —ab| <e.
a,be[-B,B]

This concludes the proof. O

Using the above lemma, one can prove the following result,

Lemma E.3. Assume that the activation function ¢ € C? is three times continu-
ously differentiable and non-linear. There exists a constant C' > 0, such that for any
N €N, and for any €, B > 0, there exists a W-FNO N : L2 (T4 R) x L2 (T4 R) —
L%, (T R), with

depth(N), lift(N) < C, width(N) < CN?,

such that we have
1PN (anVun) = Nan, un)l 3 <€

for all trigonometric polynomials ay,uy € L% (T%R) C L35 (T%R) of degree
|k|oo < N, satisfying the bound |jan||r2, [[un]rz < B.

Proof. First, we observe that there exists a linear FNO layer £ : L3\ — L3y, with
a suitable choice of the Fourier multiplier matrix P, such that

Lluy) = Fon(PF(un)) = Fon | Y iktige’™™) | = Vuy,
\k\oo§2N

is satisfied ezactly for all uy € L2, (T4 R). We also note that if ||uy|z: < B,
then |[Vupn|/z2 < NB. By the fact that all norms are equivalent on the finite-
dimensional space L2, (T%;R4*?) there exists a constant C’ > 0 (depending on
N), such that

sup ||[Vun ()| < C'||Vun]|zz < C'NB,

zeTe
whenever ||uy||zz < B. We similarly see that by norm equivalence on L2 (T% R),
there exists a constant C” > 0 (depending on N), such that we also have

sup |an(z)] < C"|lan]|2: < C"B,
reTd
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for any |lay||z2 < B. Let B := max(C'NB,C"B). By Lemmathere exists an
ordinary neural network A : R x R? — R? with width(N), depth(N) < C(d) (with
C = C(d) independent of N), such that

sup  |N(a,v) —avpe < e
lal,|[v]l 2<B
By Lemmas and the composition lemma[D.4] the composition
(an,un) = (an, L(uy)) = (an, Vuy) = N(an, Vuy),
can be represented by a U-FNO N : L2, (T% R?) — L2, (T4 R?), and by construc-

tion, we have

sup [lan (z)Vuy () — N(ay, un)(2)]le < e, (E.4)

zeTd

for all ay, uy € L3y, with |lay]|z2, ||un|rz < B. Furthermore, since £ is a linear

layer, and A is an ordinary neural network with width(N), depth(N) < C = C(d),
we in fact conclude that for some new constant C'= C'(d) > 0, we have

width(N) < CN9,  depth(N) < C, lift(N) < C.

Finally, we note that the projection Py : L%y — L3, onto Fourier modes with
wavenumbers |k|., < N can again be represented exactly by a linear ¥-FNO layer E,
and by Lemmas there exists a W-FNO N : L2, (T4 R?) — L%, (T4 R?),
such that [N (an,un) — L o N(an,un)| 2 < €, for all |lay||rz, |un|/rz < B, and
such that
width(A) < N,  depth(NV) < C, lift(N) < C,

where C' = C(d) > 0 depends only on d. Combining this with , we conclude
that A satisfies

1Py (anVun) = N(aw, un)||z2 < |1£ 0 N(an, un) = N(an, un)| 2
+ |Px(anVuy) — Lo N(ay, un)|| >
= [|Z o N(an, un) — N(an, un)|| 2
+ [Py (anVun) — PvN (an, un)||z2
<e+ |layVuy f./\N/'(ClN,UN)HL2
< e+ [THY?|lanVun — N(an, un)]|| g

< (1 + (27T)d/2) €,

for all |an]||L2, [Jun]lr2 < B. Since € > 0 was arbitrary, the claim follows. O

E.3. Proof of Theorem The stage is now set for the proof of Theorem
in the following,

Proof of Theorem[3.5, Since the claim is an asymptotic statement, it suffices to
consider N > Ny, where Ny is the constant of Lemma Indeed, the exceptional
cases N < Ny can be handled by suitably enlarging the constant C'. We will thus
assume that N > Ny, and f € H* 1 are given. We fix Fiy := (—A)fy € L3(T%)
for the rest of this proof, where fy := PnTon f is defined as in Algorithm

We define two operators N, 1, /\Afg as follows: We let

Nyt L2 (TER?) — L2V (TR x RY),  Ni(a,u) := (a, Py(aVu)),
and define N : L2y (T4 R x RY) — L2, (T% R2) by
No(a,U) = (a, Py(—A)7IV .U + FN) .
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~

In terms of Ny, Ns, Algorithm which defines a mapping a — uy = N(a), can
be written in the form

./\Af(a) =QoMNyoNio--oNyoN; oR(a),

K-fold composition

where ﬁ(a) = (a,0), @(a,u) = u and where K < log(N). By the composition
lemma [D4] to prove the claim of this theorem, it therefore suffices to show the
following

Claim: For any B > 0, there exists C' > 0, such that for any ¢ > 0, there exist
U-FNOs N; and N, with width(AN7), width(N2) < CN9, depth(N;), depth(N>),
lift(N7), lift(N2) < C, and such that

[N () = My ()2, [N (w) = Na(u)]|z2 < e,

for all u € L2, (T?) with bounded norm ||ul[z: < B.

For N, 1, the claim follows from Lemma For /\A/'g, we note that /Vg can be repre-

sented exactly by a linear FNO layer with W = ((1) 8), bias b; = (0, Fx(z;)), and

0 0

with Fourier multiplier matrix P(k) = (0 ﬁ(k

)>, where ﬁ(kj) = IWC‘OOSN]%,
so that
Na(v); = Na(v)(x5) = Wuj + b + Fy' (PFv);,

for vj; = (a(z;),U(x;)). The claim for N thus follows from the linear approximation
lemma [D.3} (]

APPENDIX F. TECHNICAL RESULTS AND PROOFS FROM SECTION [3.2]

F.1. Properties of the Pseudo-spectral scheme (3.15). Our first aim is to
show that the implicit operator equation that defines the scheme ([3.15). To this
end, we have following lemmas,

Lemma F.1.If v € L3 (T%R?) and 7[jv||p~ N < 1, then we have
1
ITPN (v - Vw)lzz < 5llwlire,

for all w € L3, (T4 R%). In particular, this estimate holds provided that
1
7||v|| L2 N2 < 2.

Proof. We first note that for any v € L%, we have

1
TlollzmN < 7ol N < 5.

The claim is now an immediate consequence of the fact that
|ITPx (v - Vw)|r2 < ||7v - Vw]| Lz
< 7lllze [Vwl| 2
S 7lvllze Nwlz2,

for any w € L3 (T4 RY). O

We can now state the following lemma on the well-posedness:
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Lemma F.2.Let U > 0. If ||ul|p2 < U for n = 0,...,np, and if the CFL
condition

1
TUNY2H < o, (F.1)

is satisfied, then the recursion (3.15|) is well-defined.

Proof. The recursion (3.15]) can be written in the form
Touitt =™, (F.2)
where the operator 7, : L% (T?; div) — L3/ (T%;div) is given by
Towy = wy + 7Py (uf - Vwy) — vrAwy.

The claimed well-posedness of the recursion follows from the fact that, under the
CFL assumption (F.1J), the operator 7, is invertible: Indeed, by Lemma this
implies that for any wy € L% (T% div), we have

1
17PN (uly - Von) [lzz < gllww] e
But then, we have for any wy € L% (T%; div), that

[Thwnllz> = (1 = rvA)wnlp2 — |TPN (uf - Von) [z,

Y

1
lwn|lz2 — §HwNHL2

= 5llwnlize,
2

where, in the first step, we have used the fact that —7vA is a non-negative operator.
In particular, the estimate || T,wy||r2 > §[lwn| 2 implies that 7, : L% (T%; div) —
L% (T4; div) is injective. Since L3 (T%;div) is finite-dimensional, we conclude that
T, is actually invertible, and hence the recursion is well-defined, i.e. it can

be solved for utt, given uf. O

By Lemma to prove the well-posedness of the scheme , it remains to
be shown that with a suitable choice of the time-step 7, we have a uniform L2-
energy bound of the form ||u%||z2 < U, for some U > 0. This is the content of the
following lemma:

Lemma F.3. Assume that ||ul| 2 < U, then the first-order scheme (3.15)) is well-
defined for any time-step satisfying the CFL condition 7UN%/?+1 < %, and we have
lubllzz < |ulllze < U for all n =0,...,ny.

Proof. We show inductively that if |[ul |2 < U, then [[u} ||z < Ju|lre < U.
The well-posedness then follows from Lemma To see that [[u} || z2 < [July| e,
we integrate against u?VH, to find
luie™ 172 = (u™ ul) = 7 (uf™, P (uly - Vuy™)) — vrl|Vuy™ |12
= (Ut ) — 7 (Ut uly - Vet —ur| [ Va3 .
=0
< [ ul) | < [l e ]l e

This proves the claim. O

Next, we have the following Lemma on the convergence of the iterations in

algorithm
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Lemma F.4. Given ||u |2 < U, assume that the CFL condition TUN%/2+1 < 1

is satisfied. Define a recursive sequence wiy” € L3, (T%div), k € N, by wi’ := 0,

and why AL F(wly "), where F is deﬁned by ([3:18). Then, we have [[u' —
mE) 1 < 2K e, for k € N, and [ufi®lze < (1+27%)fuf

Proof. By Lemma and the fact that (1 — v7A)~! is a contraction, it follows
that Lip(F) < 3. By Picard iteration, and recalling that u/y"* is the unique fixed

point of the recursion w; (k € N), it immediately follows that

u 2
gt e < ol - e < Ll

The last step is a consequence of the a priori L2-bound [[u"||z2 < ||u% |12 proven
in Lemma [F23] In particular, this estimate implies that

" llze <l lze + lwy® —ufllze < (0 +27) ]z

O
Remark F.5. Note that as a consequence of Lemma [F.4] we recursively find that

2
I = o e < (14 2l < (14 75 ) Tl

IN

2\"
§(1+T2) u% || L2 <exp( )U<€U

for n = 0,...,np. In particular, this ensures that the CFL condition (F.1)) is
satisfied for all u%, generated by Algorithm

Finally, we provide the proof of the convergence Theorem [3.10

F.2. Proof of Theorem In this appendix, we provide a detailed proof of
the convergence estimate of Theorem for the first-order scheme defined by
Algorithm [3:9]

To this end, let u(t) be an exact solution of , satisfying the assumptions
of Theorem and let u?, .. ., u denote the sequence generated by Algorithm
Foranyn=0,...,npr—1, we denote by u”+1 * the solution of a single time-step
with the semi—implic1t scheme , starting from uly, i.e. satisfying

unJrl * u

%N + Py (u?\, : VU?,H’*) = vAuT" (F.3)
We recall that by Lemma [F.4)and Remark [F.5] we have a uniform bound |July || 2 <
eU. Since by assumption, the time-step 7elU N4/2+1 < % satisfies the relevant CFL
condition, it follows that a unique solution unNH’* exists for all n. We also recall that
by Lemma [F=4] and by our choice of the number of iteration steps x in Algorithm

[3:9] we have

||u§<,+1’* — u?\,HHLz <27k < C72,

where C' > 0 depends only on U and the final time T'.

Our first goal is to derive an estimate on the magnification of the approximation
error due to a single timestep u% — u". Let u(t) be the exact solution of (312).
Observing that

™ = w2 < [l = uy™ e + fuy™T = w2

. (F.4)
<O+ uy™ — (™) 2,
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we only need to consider the error introduced by a single time-step uy — u?vﬂ’*
of the semi-implicit scheme (3.15]). To this end, we can write

D) Zull) by () - Vu(e ) = vAu(Et) + €7,

where £ collects all error terms:
EN=E"+ENL HERHE],
where

gn = U - — dyul(th),

Eny =P (u(t") -V (ut™™h) —ut"))),
Ep = (1= Pn) (ut") - Vu(t")),
&) = —vA (u(t") —u(t™)) .

Subtracting (F.3), and introducing the short-hand notation e™ := u(t") — u};,
et i=u(t" ) — uly", we find
enJrl _en

T = —Py (" - Vu(t™™)) =Py (ufy - Ve ) + vAe™ T 47

Next, integrate against e’ﬁ"l := Pyet! to find

o (1B s + e = ehliZa = e 132)
< lle" Izl Vull e, llen™ 2 — (B (ul - Ve ), e ) —v]| Ve 2, 4 (€7, ™).
We note that
Py (uly - Ve ) ety = (Py(uly - Ve ), e )

= (ufy - Vet en Ty — (1 — Py)u®, - Vet entl)
=0— (uly - Ve (1 — Py)e™™)
= —(uly - Ve, (1= Py)u(t™*))
= (" uR - V(1= Py)u(t™)
= ("l e". V(1 — Py)u(t™))

+ (" u(t™) - V(1 — Py)u(t™))
(F.5)

We now note that we can rewrite the last term as follows:
("t u(t™) - V(1 — Py)u(t"™)) = ((1 = Pn) (e”Jrl @ u(t")) ,Vu(t”+1)>
Using the fact that
(1—Py) (e" @u(t")) = (1= Pyn) ((1 = Py2)e™ @ (1 — Pyy2)u(t™)),
it then follows that we have
(Pn(ufy - Ve ) ety = —(e" Tt e . V(1 — Py)u(t™1))
((1=Py) (" @u(t")), Vu(t"))
< lle™ gz lle™ |2 ]1(1 — Prn) V(") e
e 2 (1 = Pj)u(t™) 2211 = Po) Va(t™ )|

For r > d/2 + 1, we have a continuous embedding H"—W1°° and an inequality
of the form

@) -

1
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Hence we can estimate
(Pn(ufy - Vemth), ey <o (e | e fle™ |z lu(t™) || e

)12

o s A

Estimating the products on the right-hand side using the inequality ab < ea® +
+b? with suitable € > 0, it follows that there exists a constant C' > 0 (independent
of v > 0, N and n), such that

et 3 < (1 +CrlluliZ, gy ) e 132 = vIIVe 3

(F.6)
+ CTN " ||ulle, gry + CTI(E™, ™).

F.2.1. Time-differencing error. We note that
1 gl t
(Er ety = = / / (0%u(s), "ty ds dt
7- t’VL t’Vl
n41

l t t— u(s) - Vu(s u(s) - u(s)}, et ds
[P o) Vuls) 4 uls) Vo) ) d

n+1

4 71_/t /t <1/Au(s),e”+1> dsdt
=:(I) (IT)

The first term can be bounded from above by

(D 57 (e way el oy ree) + lello,ws) luller ) ) el

<

Sra Tlullep -2 lulle,am e e,

provided that r» > d/2 + 2 > 3 (the last bound is automatic for d > 2). For the
second term, we derive the bound

(I < mvlfulle, e Vel ze.

Thus, for any € > 0 (to be specified later), we have for some constant C' = C(r,d) >
0:

[(Ex e < e (lle" M ze + ][ Ve z2)

Cr2

2 . ) (F.7)
 C (full2g oy Il ey + ol )

F.2.2. Non-linear time-differencing error. For the error associated with &3, we
simply estimate (for € > 0 to be determined later)

(ERp e <elle" [Tz + e IR LTz,
and we observe that
1R L2 < Tllulle,wellulley ) < Tllulle, 1wl cr ar-2),

assuming that r > d/2 4+ 2 > 3. This yields

2
-
(ERrr, €™ D] < elle™ M Te + —llulle, g 1l -2
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F.2.3. Nonlinear projection error. Again, we estimate the error £} using the simple
estimate

[(Ep, "™ < elle" [T + e ERIZe
with € > 0 to be specified later. We furthermore note that
(1= Py) {u(t™) - Vu@™ )} = (1= Py) {(1 = Pyj2)u(t") - (1= Py/2) Vu(t" )},
which implies that
1€B N2 < (X = Pry2)ult™) 221 = Pry2) Va(t™ ) |[pee Sra N7l ey

In the last step, we have used the fact that ||(1 — Pyj2)vllz2 Spg N[0 g for
r > 0, and that by Sobolev embedding

12— Pryo) V™ )z~ Sa (1~ Paj)u(t™ e < Julle, -

for any r > d/2 + 1. Thus, there exists C' = C(d,r) > 0, such that
n n n C
R < elle™ s + —pul gy (F.9)

F.2.4. Viscosity error. Finally, we note that

€2, €™ D] < IV (u(E™ ) = u(t) 2| Ve s
2
vT
< vel Ver 2 + Z ulld o)

2
vT
< vel| Ve 2 + 2 u (F.10)

2
CHHLT?Y

for any r > d/2 + 2 > 3.

F.2.5. The final stability estimate. Choosing € = 1/4, it follows from (F.7)), (F.8)),
(F.9) and (F.10)), that the total error term (€™, e"*1) can be estimated by

(€, e ] < e HIEs + v Ve T, + CF (7 + N7 (F.11)

for some constant C* > 0, depending only on r > d/2 + 2, the spatial dimension d
and the norms |ullc,mr), |ullci gy of the exact solution u.
Substitution of the error estimate (F.11)) in (F.6) finally yields

(L=l Z> < 1+ C ) [le"|[fz +7C™ (7 + N77)

where the constant C* depends only on r > d/2+2, the dimension d and the norms
lullc, (mry and ||uHCt1(H;72). Assuming that 7 < 1/2, dividing by (1—7), and noting
that

1 * 1 *
+CT:1+7—(C*+( +CT)>§1+T2(C*+1),
1—7 1—7
and
¢ <207,
-7

we can clearly absorb the additional factor of (1 —7)~! by increasing the constant
C*, if necessary.

From this, we conclude that for a time-step 7 < 1/2 satisfying the CFL condition
(E.1)), there exists a constant C* = C*(r,d, |ullc, (), ”“HC}(H;*"’)) > 0, such that

g™ — a2 < 1+ 0 ) [July — u(t™) |22 + 7C* (12 + N72) . (F.12)
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In fact, recalling also that |[ut — uyt"*|L2 < C72 by (F4), we find that an
inequality of the form (F.12) remains true with u?vﬂ’* replaced by uﬁfﬂ. Indeed,
we have

Jup™ — w3 < Jult™ = u(@ )3, + 2072 [upt = w(t )| g2 + Ot
(14 €) lup™* — a2 + C2(1 + 46~ 1)
)

T

(
(

[l

<
(e:

) ™ = () 3+ O2(1 4 47y

<(14C'7)||uy — u(t")||%2 +7C* (72 + N_Q") ,

(F.13)
where the last estimate follows from (F.12), and C* has been suitably enlarged
(but still only depends on r,d,[|ullc,(zr), ”“HC}(H;‘?))' In particular, denoting
E™ = |luf — u(t")||%., we have obtained

E"M < (14 C*1)E™ +7C* (7'2 + Nfzr) ,
and from Gronwall’s inequality it now follows that
E"< e T [E°+CT (P + N72)] .
We note that E° = ||(1 — PxZon)u(t = 0)||2. < N=2"|ju||}. And hence, we finally
find, for n =0,...,ny, that
Jufy —u(t™)l|z = VE" <C(r+N7"), (F.14)

where C' > 0 depends only on T', r, d, ||uc,(zr) and HUHC}(H;_Q)'

F.3. Proof of Theorem In this appendix, we provide a proof for Theorem
At this proof relies on Lemma we prove this lemma below.

Proof of Lemma[3.11} The proof of Lemma [3:11]is almost identical to the proof of
Lemma where in the present case, we replace ay — uy and refer to Lemma
point (3), rather than point (2). The only main difference being that in the last
step of the proof, the projection Py is now replaced by the Leray projection Py .
However, also for Py, we observe that Py : L2, (T4 R?) — L2, (T4 RY) can again
be represented exactly by a linear W-FNO layer. Thus, replacing the linear W-FNO
layer £ which represents Py in the proof of Lemma by a layer representing Py,
an almost identical argument also applies in this case, and yields for any ¢, B > 0,
a W-FNO N : L2 (T4 RY) — L2, (T4 R?), such that
[Pn(un - Vun) = N(un)llrz <€,
for all ||lun||z2z < B, with
width(N) < N9,  depth(N), lift(N) < C,
where C' = C(d). O

Proof of Theorem[3.12. Given N € N, choose 7 ~ N~", such that the CFL condi-
tion TN4/2H1U < % is satisfied. This is possible, since r > d/2 + 2, by assumption.
It then follows that ny ~ N", and we note that Algorithm can be written as
the composition of O(nrlog(nr)) = O(N"log(N)) mappings of the form

Ni(ufy, wiy) = "

1N UN ) = (1 —vrA) Wl —7(1 — vt A) Py <u’](, . Vw?,’k) ’
where ||ul| L2, ||w%’k|\Lz < 2U for all k,n. Applying the replacement lemma,
Lemma the claim will thus follow if we can show that there exists a con-
stant C' > 0 independent of N, such that for any € > 0, there exists a W-FNO
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Nyt L2 (T4 div) — L2, (T div), such that | N (uy,wy) — Ny (un, wn)|r2 < e,
and
width(AV;) < CN? ~ Ce= ", depth(N;) < C,  lift(N;) < C.

This is immediate for the approximation of the first component of N. For the
second component, we note that we can write it as a composition:

1) o]0 3 o)

To finish the proof, we note that the first mapping can be approximated to arbitrary
accuracy € > 0 with a W-FNO of width < N9, and uniformly bounded depth and lift,
by Lemma The second mapping can be represented exactly by a linear FNO
layer. Thus, A7 can be obtained as the composition of a U-FNO approximating the
quadratic non-linearity, and a linear FNO layer, implying the claimed complexity
estimate. O

F.4. A second-order in time accurate pseudo-spectral method for approx-
imating the Navier-Stokes equation and its emulation by V-FNOs.
Our aim is to describe a second-order accurate (in time) version of the pseudo-
spectral scheme . To this end, we propose the following scheme,
n+1 n
Uy - U N +]IDN (l:gun _ ;un—1:| . V% [un+1 _’_un}) _ VA% [un+l _|_un] ,
(F.15)

In contrast to the first-order method of the last section, to start the scheme
, we now require two starting values u%; &~ u(ty) and ul, ~ u(t;). Given
initial data ug € H"(T%div), r > d/2, we propose to define u%; := Znug, where
Zn denotes the pseudo-spectral projection, and to generate ul by the first-order
accurate Algorithm applied on the time-interval [0, 7], with reduced time-step
of size ~ 72,

As in the case of (3.15]), one needs to solve an implicit operator equation in
the time update for & Analogously, we will use a fixed point iteration to

approximate this implicit équation, resulting in the following algorithm,

Algorithm F.6 (Second-order in time approximation of )
Input: U>0, NeN, T>0,v >0, atime-step 7 > 0, such that ny =
T/t € N, and TUN¥/?+1 < L 'initial data uQ, € L% (T%; div), such
that |Jul||z= < U.
Output: uj € L3 (T4 div) an approximation of the solution Sy(u%) of
(3.12) at time ¢t = T.

3.3
K= ’VWM-‘ c N.
log(2)
(2) Compute uk =~ u(t1) by applying Algorithm on the time-interval [0, 7],
with np steps and with time-step 7/ = 7/np.
(3) Forn=1,...,np — 1
(a) Set wi® :=0,
(b) For k=1,...,ko: Given the values u?,‘l, uf, from the previous steps,
compute

(1) Set

wi® = Fy (w1,

(c) Set unN+1 =wy,

Next, we have the following convergence theorem for the algorithm
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Theorem F.7. Let U, T > 0. Consider the Navier-Stokes equations on T¢, for d >
2. Assume that r > d+2, and let u € C([0, T]; H")NC*([0, T]; H"=2)NC?%([0, T); H')
be a solution of the Navier-Stokes equations (3.12), such that |jufz2 < U. Choose
a time-step 7, such that 7UN%/2+1 < (2¢)~!. There exists a constant

C = C(T,d,r, |ullo, s lulloy g2y lellcz ) > 0,

such that with uQ, = Zyu(0), if |lu(t1) — uk/zz < 6, and for the sequence
ud, ..., uy’ € L% (T4 div) generated by Algorithm we have
max ufy —u(t™)|lp2 <C(6+7>+N7"),
n=uv,...,nr

—r/2
)

where npr = T. In particular, choosing a suitable time-step 7 ~ N and

assuming that § < CN~", we have
max |Juy — u(t™)||pz <3CN™",
T

n=0,...,n

with nr ~ Nr/2.

The proof uses very similar techniques as the proof of Theorem [3.10]and we omit
it here.

Finally and in complete analogy with the proof of Theorem [3.12] one can prove
the following Theorem for the approximation of scheme with a U-FNO,

Theorem F.8. Let U,T > 0 and viscosity v > 0. Consider the Navier-Stokes
equations on T9, for d > 2. Assume that r > d + 2, and let V C C([0,T]; H") N
CL([0,T]; H"—2)NC?([0,T]; H') be a set of solutions of the Navier-Stokes equations

(3-12), such that sup,cy ||ulj2 < U, and
T = sup {lulle,arp) + ol a2 + Nl ez }-

For t € [0,T], denote V;, := {u(t)|u € V}. Let G : Vo — Vr denote the solution

operator of (3.12)), mapping initial data ug = u(t = 0), to the solution u(T') at

t = T of the incompressible Navier-Stokes equations. Then there exists a constant
C=0C(d,r,UU,T) >0,

such that for any N € N there exists a U-FNO N : L3\ (T4 RY) — L35 (T4 RY),
such that

sup [|G(u) = N(u)|[z < ON7,

and such that
width(NV) < CN?,  depth(N) < CN™/?1og(N), lift(N) < C.

APPENDIX G. PROOF OF THEOREM [4.2]

Proof. First, we note that each layer
v(z;) = o (Wolz;) + b; + Fy' (PFnv)),
is simply the composition of

e an affine mapping R® >IN — R&XIN and
e a componentwise application of the activation function o.

In particular, the W-FNO A/, interpreted as a mapping
RJN Xdq N RJN X dy SN RJN X dy N RJN Xdu’

can be represented by an ordinary neural network E : RINXda _y RINXdu  yith

width(8) = |In|dy = width(N), depth(8) = depth(N\).
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In fact, by suitably modifying the linear output layer of 5, we can map the grid
values encoded in the output gj(a) = N(a)(z;) to the corresponding coefficients
in a (real) trigonometric basis {ex }rex, With span{ey}rexy = span{e’®® bk s
i.e. by modifying the linear output layer of E (and re-indexing the components of
the output), we obtain another neural network 3 : R7~v*da — RE~Xdu guch that

N(a)(zj) = Z Br(a)ex(x;), Yje In. (G.1)
kKN

Since E and [ only differ in their output layers, we clearly have

width(8) = width(8) = width(N), depth(3) = depth(3) = depth(N).
Since {ey}rexy has the same span as {e?%?)}; cx ., it follows form (G.1)), that
N(a)(z) = Z Br(a)er(z), VzeT”

ke N
To prove the claim, it thus suffices to observe that there exists a neural network
T Rd — RK:Nv T = {Tk(x)}kG]CNa
such that the DeepOnet defined by (8, 7) satisfies

N - T
HGHSLIE)SB 5;% (a)(z) kg;v Br(a)Tr(z)
" ol B aete kezK:N Bi(a) [ex(z) — i (x)]

< (2N +1)¢ su max a)| | sup max |ey(x) — i (2
<( ) <|a|L£<Bk€,CN |8 ( )I) zeﬁkem' k() — ()]

< (2N + l)d sup ||V (a)||rz | sup max |ex(z) — T ()
lallLoo<B zeTd FELN

= B sup max leg(z) — 7 (2)].
sup i () — i (0)|

O
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