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DEEP RELU NEURAL NETWORKS OVERCOME THE CURSE OF
DIMENSIONALITY FOR PARTIAL INTEGRODIFFERENTIAL EQUATIONS

LUKAS GONON AND CHRISTOPH SCHWAB

ABSTRACT. Deep neural networks (DNNs) with ReLU activation function are proved to be able to
express viscosity solutions of linear partial integrodifferental equations (PIDEs) on state spaces of
possibly high dimension d. Admissible PIDEs comprise Kolmogorov equations for high-dimensional
diffusion, advection, and for pure jump Lévy processes. We prove for such PIDEs arising from a class
of jump-diffusions on R?, that for any suitable measure u¢ on R?, there exist constants C,p,q > 0
such that for every € € (0,1] and for every d € N the DNN L?(u?)-expression error of viscosity
solutions of the PIDE is of size ¢ with DNN size bounded by CdPe™".

In particular, the constant C' > 0 is independent of d € N and of ¢ € (0, 1] and depends only
on the coefficients in the PIDE and the measure used to quantify the error. This establishes that
ReLU DNNs can break the curse of dimensionality (CoD for short) for viscosity solutions of linear,
possibly degenerate PIDEs corresponding to suitable Markovian jump-diffusion processes.

As a consequence of the employed techniques we also obtain that expectations of a large class
of path-dependent functionals of the underlying jump-diffusion processes can be expressed without
the CoD.
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1. INTRODUCTION

1.1. Problem Formulation. Numerous models in science and engineering are based on stochastic
differential equations (SDEs for short) with integrators being either diffusions, jump-processes or
a combination of both. We mention only financial modelling of markets with exogenous shocks or
noisy systems in life-sciences or economics. In the present paper, we consider a very general class
of SDEs which comprises many of the models arising in the mentioned applications.

Specifically, for each z € R for a system with state space of finite, but possibly high, dimension
d € N we consider an R%valued stochastic process (Xy ’d)tzg satisfying the stochastic differential
equation (SDE for short)

(1.1)

dxPt = v XEYdt + o XY dBE + /

FUXDY 2)NY(dt, dz) + / gU(XP )N (dt, d2),
llzll<1

llz11>1

for ¢t > 0 and with Xg’d = 2. In (1.1), B%is a d-dimensional standard Brownian motion and N is an
independent Poisson random measure on R, x (R?\{0}) with intensity v and compensated measure
Ne(dt,dz) = N%dt,dz) — dt v¥(dz), both defined on a filtered probability space (€, F,P, (Ft)i>0)
satisfying the usual conditions and independent of Fy. The coefficient functions b%: R? — RY,
od: RY — RIxd fd gd. RE x (RY\ {0}) — R? are assumed to be measurable and to satisfy some
regularity and growth conditions specified later on. Here and throughout, unless explicitly stated
otherwise, || o || shall denote the Euclidean norm of a vector = € R%, i.e. ||z||? = Z;‘i:l |22]2.

The goal of this paper is to derive, under suitable conditions, deep neural network expression rates
for functionals of certain diffusions with jumps as in (1.1) (sometimes also referred to as “jump-
diffusions” or as “It6 processes”) on R?, with expression rate bounds which are explicit in the state
space dimension d. This then also yields deep neural network expression rate bounds which are free
from the CoD for viscosity solutions of Kolmogorov PIDEs associated with the process (X{):c(0,1]-
These equations are of type

(%ud)(t,x) = —1 Trace(o(z)[0(x)]* (Hess, uq) (t, ) — (b%(2), (Voua)(t, z))
(1.2) - /]Rd [ud(t,x + 44z, 2)) — ug(t, ) — <7d(x,z), (qud)(t,:c)>]l{||zu<1}} v4(dz)
ud(Tvx) = (Pd(x)

for t € [0,7), * € R?, with terminal condition ¢g and with v%(y, z) related to f¢, g¢ in (1.1)
according to v4(y, z) = fd(y,z)]l{||ZH<1} + 9%y, Z)ﬂ{nz\\Zl}, see for instance [App09, Section 6.7].
The connection between the SDE (1.1) and the PIDE (1.2) is provided by a suitable Feynman-Kac
formula which is well-known (e.g. [Glal6], [BBP97, Theorem 3.4], [App09, Chap. 6.7.2], [KP15]).
We emphasize already at this point that we do not assume that ¢? in (1.1) has full rank. In
particular, matrix functions ¢ : R? — R%" for some 0 < r < d are admissible, with r = 0
corresponding to ¢ = 0, by padding o¢ with zero entries to a d x d array. Our analysis will also
cover the pure diffusion case, where N = 0 and N = 0 in (1.1). For the combined degeneracy
0 = 0 and N = 0 and N = 0 in (1.1), our results cover deterministic, pure advection for
which DNN expression rates were studied recently in [LP21]. Our results also generalize recent
expression rate bounds from [GHJvW18], [GS21]. The class of processes described by stochastic
differential equations (1.1) contains a large class of Markovian semimartingales on RY, see for
instance [JS03]. Specifically, Lévy and affine jump-diffusion processes in R, and various local and
stochastic volatility models with jumps are covered. These processes are widely used in quantitative
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finance for modeling (log-returns of) prices of risky assets which potentially exhibit jumps and to
evaluate hedging strategies of financial derivatives written on these assets.

1.2. Previous Results. Classically, in financial applications modelled by stochastic differential
equations (1.1), a parametric model is chosen within this class and subsequently, parameters are
calibrated to observed market prices of options. The calibrated model is then used to compute prices
and hedging strategies of derivatives, or these model quantities at least serve as a basis for actual
trading decisions. For sophisticated models this procedure may require extensive computational
resources, which has classically limited their usage in practice. However, a series of recent works
exploit computational advances and efficient implementations of deep neural networks (DNNs for
short) in order to learn the steps involved in the procedure sketched above (calibration, pricing
or hedging) using deep neural networks, see for example [BGTW19], [CKT20], [HMT19], [BS18],
[BCJ19], [Herl7] and the surveys [RW20], [GPW21], [BHJK20]. These methods have been shown
to work very well and are being widely adopted in industry, in particular in applications involving
large baskets of assets which corresponds to high dimension d. However, many questions regarding
theoretical foundations of their performance, in particular for large d, are still open. Important
progress has been made recently by mathematical results on deep neural network approximations
for partial differential equations (PDEs) and option prices in certain stochastic models. We refer
to, for example, [EGJS18], [GGJT21], [GHIJvW18], [HJIKN20], [HJK"20], [RZ19], [GS21], [Gon21]
and the references there. The results in these references show in particular that DNNs are capable
of approximating functions u of type x — u(0,z) = E[¢p(X7)] without the curse of dimensionality
(CoD). In these references, (X{);cjor) is a diffusion process starting at X§ = z and in [GS21],
[Gon21] it is a Lévy process. In particular, DNN approximations for models with jumps have only
been considered in [GS21], [Gon21]. In some of the mentioned works, the DNN expression rate
results are also formulated for u being a viscosity solution of the Kolmogorov P(I)DE associated
with the process (Xi):ejo,r, as in (1.2). Accordingly, we also address this aspect.

In a financial modelling context, the function = — wu(0,z) is the price at time 0 of a derivative
with payoff ¢ at maturity 7' and underlying X* with initial price x (at least if P is a risk-neutral
measure for X¥). From a perspective of applications in financial modelling, however, it is often
relevant not only to learn the prices as a function of the initial value xz, but rather as a function
of the parameters specifying the derivative. For instance, one is interested in learning (for fixed
z) the strike-to-call price map K — E[(X# — K)™] by a neural network. With the exception of
[GS21] where DNN expression rates for geometric Lévy models were proved with arguments based
on stationarity and time-homogeneity of Lévy processes this question does not seem to have been
considered in the literature. One of the contributions of this paper is to provide alternative proofs,
which do not rely on stationarity, for deep neural network approximation rates overcoming the
CoD. The present arguments extend also to parametric payoffs. In addition, we introduce several
practically relevant features not treated in the literature previously: we consider path-dependent
options and assume that the stochastic model is driven by a general SDE with jumps as in (1.1).
This comprises the case of Lévy processes considered in [GS21], [Gon21], but also (non stationary)
diffusion-driven models considered in the mentioned references.

1.3. Contributions. A principal contribution of this paper is a proof that deep ReLU NNs of
feedforward type are able to approximate viscosity solutions of PIDEs (1.2) with approximation
rates that are free from the CoD. The latter means that the number of DNN parameters needed to
achieve approximation accuracy € > 0 grows at most polynomially in e~! and in the dimension d
of the PIDE. More precisely, under suitable conditions we prove that for any suitable probability
measure p¢ on R? there exist constants C,p,q > 0 such that for every ¢ € (0,1] and for every
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d € N the DNN L?(u%)-expression error of viscosity solutions of the PIDE is of size ¢ with DNN
size bounded by CdPe~9. In particular, the constant C' > 0 is independent of d € N and of € € (0, 1]
and depends only on the coefficients in the PIDE and the measure p? used to quantify the error.
This establishes that ReLU DNNs do not suffer from the CoD in the approximation of viscosity
solutions of linear, possibly degenerate PIDEs corresponding to suitable Markovian jump-diffusion
processes. This result partially unifies and extends recent results also for diffusions in [EGJS18],
[GGJT21], [GHIVW18], [HIKN20], [HJK*20], [RZ19], [RDQ19] and the references there. The key
situations in which such approximation results are relevant is when the solution of a PIDE needs
to be learnt from observational data or when a DNN-based algorithm is employed to numerically
solve the PIDE. In particular, in the former case a DNN-based algorithm does not require any
knowledge about the coefficients of the underlying PIDE.

More generally, we prove under suitable conditions that ReLU DNNs are able to approximate
expectations of parametric, path-dependent functions (respectively option prices) in the general
class of stochastic differential equations with jumps (1.1) with approximation rates that are free
from the CoD. The present results thereby contribute in particular to an improved theoretical
understanding of the success of deep learning methods currently employed in high-dimensional
option pricing in finance. Let us point out that the DNN expression rate bounds for viscosity
solutions z — wug4(t, z) of PIDEs (1.2) follow from these more general results by specializing to initial
(respectively terminal) data ¢4 (which is, e.g., a payoff function in option pricing applications) that
only depends on X7 (i.e. the path-dependent option is in fact a European option) with no parametric
dependence.

We also note that in the particular case that ¢ = 0 (no diffusion), v? = 0 (no jumps), (1.2) reduces
to a first order, linear advection equation as was recently considered in [LP21, Eqn. (1.1)]. In the
case v = 0 (no jumps), (1.2) reduces to a diffusion equation. Therefore, Kolmogorov equations
for high-dimensional diffusion, advection, and for pure jump Lévy processes are covered. The
presently obtained expression results comprise thus in particular those obtained in [LP21] without
source term and partially extend [EGJS18], [GGJT21], [GHIvW18], [HJKN20], [HJK*20], [RZ19].
Such DNN expression rate results are a crucial step towards obtaining a full error analysis free
from the CoD for neural network-based algorithms for PDEs, as obtained in [Gon21] for certain
non-degenerate Black-Scholes-type PDEs.

In addition, the article develops techniques to address DNN approximations of non-local terms as
in (1.2). These terms need to be handled considerably differently (see the outline below) than
the diffusion equations studied in [EGJS18], [GGJT21], [GHIvW18], [HJIKN20], [HJK'20], [RZ19].
The techniques developed here for non-local terms promise to be useful also for analysing DNN
expression rates for non-linear, non-local PDEs in future research. More specifically, as a key tool
for the DNN expression rate results derived in the article we develop novel (strong) approximation
results for the Euler-Maruyama method for general SDEs with jumps (1.1). In several situations,
the Euler scheme for stochastic differential equations of type (1.1) has been well-studied. We refer
to [HKO05] and [PBL10] for an extensive treatment of the case when the random measure has finite
intensity. In [PT97], [KS19] the case of Lévy-driven SDEs (which corresponds to a multiplicative
structure of f?, g%) is studied. For general Feller processes a convergence result for the Euler scheme
(albeit without convergence rates) is proved in [BS11]. However, on the one hand, from these works
it is not straightforward to extract the constants (we need here bounds which make explicit the
dependence on the dimension) and, on the other hand, none of the articles provides convergence
rates in the generality as treated here (we allow both multiplicative and more general structure for
the jump measure). Hence, we develop the required error bounds with strong rates, and explicit
dependence of constants on the dimension d in a self-contained fashion.
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Finally, let us point out in passing that the results proved here contribute to the theoretical un-
derstanding of approximation capabilities of deep neural networks. In recent years, DNN based
approximation schemes have been shown to be able to overcome the CoD for approximating certain
classes of functions. In general, these do not include generic smoothness classes (see, e.g., [Mha96],
[Mai99], [Yarl7], [EW21]), but in addition to the solutions of PDEs (see the references above)
these include for instance the function classes introduced in the seminal work [Bar93] and certain
compositional functions [PMR117]. We refer, e.g., to [Bacl7], [EMW22], [SX22] for further results
and references regarding such classes of functions. The present results identify certain families of
non-local PDEs as alternative classes of functions which can be approximated DNNs without the
CoD.

1.4. Layout. The main results are contained in Section 5. In Section 2 we introduce the setting and
notation used throughout the article. Section 3 introduces notation and definitions on the DNNs
which are used in the approximation results. In Section 4 we prove some approximation results
that are needed for the proof of the main results. In particular, we derive (strong) approximation
results for the Euler scheme for the SDE (1.1) and combine it with further approximation steps to
truncate the small jumps of the Lévy measure to a set As = {z € R%: ||z|| > 6} for some 6§ > 0
(as e.g. in [ARO1] for univariate Lévy processes), to approximate the coefficients of the SDE and
to provide a Monte Carlo approximation of an integral involving v¢. In some situations, these
approximations are in principle well-known, but they are required here in more general situations
and with dimension-explicit bounds for the proof of our main result. Using these approximation
results we can approximate the solution of the underlying SDE by a process whose sample paths can
be emulated by a DNN. In the case of a Lévy-driven SDE the multiplicative structure, due to which
Jra FU(XPE Nt dz) = FUXY Jra G4(2)N4(dt, dz), allows for a simpler DNN emulation
approach. Hence, in this case (corresponding to Assumption 3(i) below) the approximation step,
in which the small jumps of the Lévy measure are truncated, is not required and we work with
d = 0 instead. In other words, the two different hypotheses under which we work (Assumption 3(i)
and Assumption 3(ii)) require different approximation methods for the proof of the main result,
Theorem 5.3 below.

2. SETTING AND NOTATION

This section contains various preparatory ingredients about Ito processes and PIDEs. We also
introduce various assumptions that will be required later on for proving DNN expression rate
bounds for these processes. Finally, we address existence and uniqueness of solutions of (1.1) and
(1.2). Throughout the article we let 7' > 0 denote a fixed time horizon.

2.1. Itb processes. We recall that B is a d-dimensional standard Brownian motion and N¢ is an
independent Poisson random measure on R x (R?\{0}) with intensity v and compensated measure
Né(dt,dz) = N%(dt,dz) — dt v*(dz), both defined on a filtered probability space (€2, F, P, (F;)¢>0)
satisfying the usual conditions and independent of Fy. For each d € N and = € R¢, we consider the
SDE

(2.1) X7 = O e+ X aBE [ 16 Nt de),
Rd

for some measurable coefficient functions 8¢ : R? — R?, ¢ : R? — RI*4 A4 : R x (R?\{0}) — R
We also recall that v? is a o-finite measure on (R?\{0}, B(R4\{0})) with respect to which the
function z > 1 A ||z||? is integrable. To simplify notation we will consider v¢ as a measure on R?
with v4({0}) = 0.
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Under the integrability conditions that we are going to impose on 4% in Assumption 1(ii), the SDE
(1.1) can always be rewritten as (2.1) and vice versa. To simplify notation in what follows we will
thus work with the SDE (2.1) and formulate our assumptions in terms of the coefficient functions
B4, 0% 44, The coefficients of the SDEs (1.1), (2.1) are related via

By) = b (y) + / g%y, 2)v(dz)

=l1=1

Yy, 2) = fAy, 2)Lga<ay + 9%, 2) Lz 13-

(2.2)

and conversely

bl(y) = B y) — 4y, 2 v(dz
23 (y) = B(y) /ZHZlv(y )i (dz)

AW, 2) =7 W, ) 1gap<1y 9°W,2) =7 Y, 2) Lz 13-
In addition, inserting (2.2) into the PIDE (1.2) it can be rewritten as
(%ud)(t,x) = —1 Trace(o%(z)[0%(x)]* (Hess, uq) (t, ) — (B4(x), (Viua)(t, x))
(2.4) - /R uatw + %@, 2) = walt,@) = (7, 2), (Voua) (t,2)) | v7(d2)
ug(T', z) = ().
2.2. Regularity and Growth Conditions. We describe regularity and growth conditions on the

coefficient functions which we shall assume for most of the results in the article; we will always
state explicitly which Assumptions are required.

Assumption 1. [Lipschitz and Growth Conditions| There exists a constant L > 0 so that for each
d € N the coefficient functions satisfy
(i) [Global Lipschitz condition] for all x,y € R?

18%) = B2W)I1? + llo?(x) — o' W) + /Rd IV, 2) =¥y, 2)Pv*(dz) < Lz —y|*,
(ii) [Linear growth condition] for all x € R?, i,5 € {1,...,d},
187 (@) + lof; () * + / i (@, 2)Pré(dz) < L1+ ||z]).
R4

Recall that a (strong) solution to (1.1) is a cadlag adapted process X?¢ taking values in R? such
that P-a.s. (the integrated version of) (1.1) holds for all ¢ € [0,7]. Assumption 1 guarantees
that there exists a P-a.s. (pathwise) unique solution to (1.1), see, e.g., [App09, Theorem 6.2.9],
[Pro04, Chapter 5]. The next remark explains in detail why Assumption 1 implies that [App09,
Theorem 6.2.9] can be applied.

Remark 2.1. The assumptions of [App09, Theorem 6.2.9] are formulated slightly differently than
in Assumption 1 above. However, Assumption 1 ensures (C1) and (C2) in [App09, Theorem 6.2.9]
are satisfied for any fixed d € N. To see this, define the seminorm ||al|; := Zle |a; ;| for a € RE*4



DNNS OVERCOME THE COD FOR PIDES 7

and the matrices a(x,y) = o%(z)(c(y)) T, z,y € R, then

~—

la(z, z) = 2a(z,y) + a(y, y)1 =

M=

=1

d
’Z ng(ﬂf)agk(@ - 203k(w)0§fk(y) + Ui,k(y)azd,k(y)’
d71

Z(Ufk(ﬂf) _U;ik

i=1 k=

L)? = llo?(2) — ()17

I
M=~

—_

Therefore, the Lipschitz-condition in Assumption 1(i) coincides with the Lipschitz condition (C1)
in [App09, Theorem 6.2.9]. In addition, Assumption 1(ii) implies for all y € R?

d d

184 + llaly, v)llx + /Rd vy, 2)Pv(dz) < 2dL(1+ yl?) + )Y lofa(y)® < (2d +d*) L+ [ly|?).

i=1 k=1
Thus the growth condition (C2) in [App09, Theorem 6.2.9] is satisfied.

Remark 2.2. [Pure Jump Process| Neither Assumption 1 nor the ensuing Assumptions impose any
non-degeneracy condition on the coefficient o¢. The case of degenerate o is admissible so that in
particular the pure-jump case o = 0 is 1ncluded in our setting. In particular, we have assumed
without loss of generality that the Brownian motion B? is d-dimensional and o(x) € R%*? for
r € R4,

Let us now argue that this also covers the case when B in (2.1) is replaced by an r-dimensional
Brownian motion B for some 1 < r < d and o is replaced by & with : R — RZ*". Indeed,
to include this case we simply set ad»(a:) =0, () fori=1,...,d, j =1,...,r and o ]( x) =0
otherwise. Then fg c(XEdBe = Jo o(X¥ “NdB, and so SDE (2 1) coincides with the modified
SDE.

Remark 2.3. [Pure Drift Process, Linear Advection] Assumption 1 and the ensuing Assumptions
2, 3, 4 admit in (1.1) and in all expression rate estimates in Section 5 ahead also the case of
deterministic, initial-value ODEs, where in (1.1) ¢¢ = 0, f¢ = ¢ = 0. In this case, the PIDE
(1.2) reduces to a (deterministic) linear transport equation. Theorem 5.3 and Corollary 5.5 ahead
therefore apply also to this setting. Our expression rate results therefore comprise the CoD-free
DNN expression rate bounds obtained recently in [LP21] (albeit in pure drift case with less explicit
bounds on the exponents p and q in Theorem 5.3 ahead than in [LP21]).

Remark 2.4. The Lipschitz condition in Assumption 1 requires, in particular, that||o¢(z)—o?(y)||% <
L|lz — y||? with Lipschitz constant L that does not depend on d. Intuitively, this means that, as d
increases, only O(d) components of the matrix o%(-) are not constant — at least up to an orthogonal
transformation that may depend on d, by invariance of || - ||z with respect to such transforma-
tions. This hypothesis on o¢ covers many relevant high-dimensional examples, for instance from
mathematical finance: it includes heat type equations (0% constant as considered in [GGJ*21]),
Black-Scholes type equations (0%(z) = diag(B411, . - -, Ba.drqa) B with supgey de{t,..dy |Bail < o0
and B¢ € R4 satisfying for all s € {1,...,d} that ZJ 1 |Bd 2 =1, as considered in [GHIJVW18])
and exponential Lévy-models (0%(z) = diag(z1,... ,xd)\ﬁ with SuPgenije(i,...d} ‘Ai,j| < 00 as
considered in [GS21]). However, it is not limited to such models and also covers coefficients o¢
that have a band-structure (tridiagonal, ...), i.e., coefficients for which there exists m € Ny such
that for all d € N, z € RY, 4,5 € {1,...,d} with |i — j| > m it holds that o%(z); ; = 0. Further
examples include matrices with sufficiently strong off-diagonal decay, other types of sparsity or
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high-dimensional financial models driven effectively by only m < d assets, as often observed in
practice and discussed, e.g., in [HRSWO09].

When studying the PIDE (1.2) an additional hypothesis will be used to ensure well-posedness of
the PIDE.

Assumption 2. [Pointwise Lipschitz and integrability condition] For each d € N there exists a
constant Cy1(d) > 0 such that for all z,y € R, z € RN\{0} holds

Iy (z, 2)ll < Cr(L A1)
Iy (@, 2) =7y, )| < Cullz =yl (LA J2])) -

Remark 2.5. In contrast to Assumption 1, the constant C;(d) in Assumption 2 may depend on the
dimension d in an unspecific way and it does not appear in the estimates below. For each fixed
d, however, the pointwise Lipschitz and growth conditions on ¢ formulated in Assumption 2 are
stronger than the Lipschitz and growth conditions imposed on 7% in Assumption 1, as one easily
verifies using the fact that [p.(1A ||z[)?v%(dz) < co. Assumption 2 is identical to the pointwise as-
sumption [BBP97, Section 1]. It is shown in [BBP97, Theorem 3.5] to ensure uniqueness of viscosity
solutions of polynomial growth for the PIDE (1.2). Overcoming the CoD in DNN approximation
rate bounds requires conditions (i) and (ii) in Assumption 1 on the precise d-(in)dependence.

In order to derive neural network expression rates of solutions, we will express the jump part in the
Euler scheme as a neural network. This is straightforward in the case of a Lévy-driven SDE, which
corresponds to Assumption 3(i) below. Alternatively, under a certain non-degeneracy condition
(see Assumption 3(ii) below), we will be able to carry out a compound Poisson approximation of
the small jumps also for general diffusions with jumps.

Assumption 3. At least one of the following two conditions holds:

(i) (Lévy-driven SDE) For all d € N there exist functions F?: R? — R4 Gd: R4 — R? such
that for all y,z € R?

Yy, 2) = FU(y)G*(2).
(ii) (Dimension-explicit control of small jumps) There exist L,p,q > 0 such that for all d €
N,z € R% 5 € (0,1)
(2.5) / 17 (=, 2)|[Pv*(dz) < LéPdU(1 + ||z[|?),
2l <é

(2.6) /Rd(l Az|2)vi(dz) < Ldl.

Condition (2.6) requires that the Lévy integral [54(1 A [|2]|*)v%(dz) only grows polynomially in the
dimension d € N. To further illustrate condition (2.5) we now provide a sufficient condition for
Assumption 3(ii). Condition (2.7) requires a stable-like behaviour at the origin.

Example 2.6. Suppose there exists p € (0, 2), L > 0,7 > 0such that for all d € N, 2 € R condition
(2.6) holds and

H’Yd(l'vz)szd . 7 g e
(27) [ e < E )
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Then Assumption 3(ii) is satisfied. Indeed, for any d € N,z € R%,§ € (0,1) we estimate

Uz, 2)|Pv(dz) = M AP (da

”4F”§5HW/( A c/;ngd | z||P I=l17v*(dz)
- DI
=7 /Hz<1 |21l (dz)

< L6PdI(1 + ||z)?).

2.3. Existence and Uniqueness. Assumptions 1 and 2 ensure existence and uniqueness of so-
lutions of both the SDEs (1.1), (2.1) and the Kolmogorov equation (1.2). We briefly recapitulate
the corresponding results, going back to [FK85, Theorems 2 and 3|, from [BBP97]. In case of the
SDEs (1.1), (2.1) Assumption 1 is sufficient to guarantee existence and uniqueness of solutions, by
[App09, Theorem 6.2.9], as pointed out in Section 2.2.

Proposition 2.7. Under Assumption 1, (1.1) and (2.1) each admit a unique global solution.

This result is, with Assumption 1, [App09, Theorem 6.2.9] (cf. the discussion in Remark 2.1). With
Assumptions 1 and 2, the result is [BBP97, Proposition 1.1]. We also note that the SDEs (1.1),
(2.1) are contained in the abstract backward SDE setting of [BBP97] with f; = 0 and v; = 0 in
[BBP97, (A.2)]. This implies that all items in Assumptions [BBP97, (A.1), (A.2)] are trivially
satisfied and all conclusions of [BBP97| apply in the present setting under Assumptions 1 and 2.

Proposition 2.8. Let ¢q: RY — R be continuous and at most polynomially growing. Under As-
sumptions 1 and 2 there exists a unique viscosity solution (in the sense of [BBP97, Definition 3.1])
of the PIDEs (1.2), (2.4) with polynomial growth as |x| — oo.

This assertion is [BBP97, Proposition 2.5] (polynomial growth) and [BBP97, Theorem 3.4] (Exis-
tence) and [BBP97, Theorem 3.5] (Uniqueness), upon observing that (2.4) coincides with [BBP97,
(3.1)] since f; = 0. In particular, Assumptions 1 and 2 imply the assumptions in [BBP97, Section
1].

3. DEEP NEURAL NETWORKS (DNNs)

We present in Section 3.1 notation and assumptions on the deep neural networks (DNNs) on
which the ensuing approximation rate estimates of path-dependent functionals of the SDE (2.1)
and viscosity solutions of the PIDE (1.2) will be based. Section 3.2 then provides our precise
assumptions on the expression rates of the coefficients in the SDE (2.1) respectively PIDE (1.2).

3.1. Notation and Definitions of DNNs. Throughout the article we will consider deep neural
networks with the ReLU activation function p: R — R given by po(z) = =4+ := max(z,0). This
choice is not essential for the results, which also hold for more general activation functions. From
the point of view of applications in mathematical finance, however, the ReLLU activation function
is the most natural choice, see, e.g. Remark 5.1 below. For any d € N we can lift ¢ to a mapping
R? — R? by the specification z (o(xi))i=1,....a- We denote this mapping also by the same symbol
0.
Let d,L € N, Ny :=d, Ni,...,N;, € N and bv* € RNe, AY ¢ RNexNe-r for ¢ = 1,...,L. A
(feedforward) deep neural network (DNN) with activation function g, L layers, d-dimensional input,
weight matrices A',..., A” and biases b!,...,b" is the function ¢: R? — RNz

(3.1) ¢(x) =Wro(poWr,)o---0(goW), z€R
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where W;: RNe-1 — RN¢ denotes the affine map Wy(y) = Ay +bf for y € RNe-1 and £ =1,..., L.
Such a function is often simply called a deep neural network. The total number of non-zero entries
of the weights and biases is called the size of the DNN. Thus, for a DNN as above we let

(3-2) Size(¢) := |{(i,4,0): Af; # O} + [{(i,0): b; # O}

We also denote by Sizeyu:(¢) := [{(i,7): Afj # 0} + [{i: bl # 0}| the number of non-zero entries
of the weights and biases of the last layer of the DNN. Finally, we denote by depth(¢) := L+ 1 the
number of layers of the DNN.

A DNN is often defined as collection of parameters ® = ((A',b'),..., (AL, b)), distinct from the
function ¢ in (3.1) built from ®. The latter is referred to as realization of the DNN ®. See, e.g.,
[PV18], [OPS20], [GS21]. Here we follow the notationally lighter approach of [0SZ19] and do not
distinguish between the neural network and its parameter set, as the parameter set is (always at
least implicitly) part of the definition. Note that there may be several parameter choices that lead
to the same realization. In the expression rate bounds under consideration in the present article,

this is not an issue and pathological choices are excluded by the requirements that we impose on
DNN size.

3.2. DNN approximations of the coefficients. We introduce assumptions on the DNN ap-
proximation for the coefficients. In the case of a Lévy-driven SDE (1.1) (i.e., when Assumption 3(i)
holds), these assumptions mean that F'¢ can be approximated well by a neural network. In general,
v¢ is approximated by a neural network.

Assumption 4. [NN expression rates of coefficient functions 3%, 0%, ~?] Assumption 3 holds and
there exist constants C > 0, p,q > 0 and, for each d € N, and for each ¢ € (0, 1], there exist neural
networks Be q: R? — RY, Ocdj: R? - R?, j =1,...,d, and functions Ve, d: R? x R — RY, such
that for each d € N, € € (0,1] it holds that

(i) for all x € RY

18%(2) = Bea(@)1? + llo(2) — oa(@)|F + /Rd IV (2, 2) = Aeale, 2)|Pv(dz) < MO (1 + ||z)?),

1.a(@)II” + lloea(@)|F + /Rd I7e,a(, 2)|[Pvi(dz) < C(dPe™ + ||2||?),

d
size(fe.q) + Z size(oz q5) < CdPe™ 1,
j=1
(i) - if Assumption 3(i) holds, then V. a(y,2z) = F.4(y)G%(z) for DNNs F.4;: RY — R%,
Jj=1,...,d satisfying size(F, q ;) < CdPe™9,
— otherwise Assumption 3(it) holds and furthermore 7.4 is a DNN with size(7y.q) <
CdPe™1,

In the case of a Lévy-driven SDE the conditions on the function 7, 4 which we imposed in (i) are
in fact conditions on F_ 4.

4. DIMENSION-EXPLICIT BOUNDS FOR SDES WITH JUMPS

This section provides approximations for the Euler scheme for the SDE (1.1) as well as further
approximation steps to truncate the small jumps of the Lévy measure to a set A5 = {z € R?: ||z] >
0} for some § > 0, to approximate the coefficients of the SDE and to provide a Monte Carlo
approximation of an integral involving %
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These approximations and bounds on errors incurred by them are needed for the proof of the main
results in Section 5.2 in order to approximate the underlying SDE by a process whose sample paths
can be emulated by a DNN. In the case of a Lévy-driven SDE, the multiplicative structure allows
for a simpler DNN emulation approach and hence the small jumps of the Lévy process do not
need to be truncated, i.e., we may use § = 0. Thus, two different approaches are used for the two
alternative hypotheses Assumption 3(i) and Assumption 3(ii), corresponding to choosing 6 = 0 and
0 > 0 below.

4.1. Discrete-time approximation. The following auxiliary results are crucial ingredients for
our subsequent analysis of DNN expression rates.

We start with a lemma that provides bounds on the moments of X*¢ and shows that under
Assumption 1 the second moments grow at most polynomially in d and ||z||. The constants c1,co > 0
in Lemma 4.1 only depend on L and T. Without stronger assumptions the dependence on L and
T may be exponential in general.

Lemma 4.1. Suppose Assumption 1 holds. Then there exist constants c1,co > 0 such that for all
deN,x e R%t€0,7],

(4.1) (| X79)°) < e[l + cad?.

Proof. Let d € N and = € R?. We start by establishing

T
(4.2) E [/ HXf’dH?dt] < 0.
0

This essentially follows from [App09, Corollary 6.2.4]. More specifically, by [App09, Corollary 6.2.4]
it follows that Xf’d is indeed in L?(Q2, F,P) for all ¢t € [0, 7] and

(4.3) E[|X7|?] < 2max(1, C(6)*)(1 + ||*)
L oo Co(t)2EDE .
where C(t) is given from the proof of [App09, Theorem 6.2.4] as C(t) = > 7, T”Qg with

Co(t) = tmax(3t,12), K3 = L(1 + ||=||?). Now note that Ca(t) < Cy(T) for all t € [0,T] and
consequently C(t) < C(T'). But C(T) is finite by the ratio test and therefore (4.3) implies

T
E [/ HXf’dHth] <T sup E[|X"%?] < 2T max(1,C(T)?)(1 + ||z|?) < oo.
0 t€[0,T)

Having established (4.2), we can employ Assumption 1 and (4.2) to verify for all 4,j € {1,...,d}

T T
E U |og{j(Xf’d)|2dt] < 2E [/ \ggj(Xf’d) - a;fj(o)|2dt] +2T|agfj(o)12
0 0
(4.4) .
< 2LE [/ ||Xf’d||2dt] + 270 (0)* < o0
0

and similarly

(4.5)
T T
E[/ / |7§1(Xf_’d,z)]2yd(dz)dt] <2E [/ L||Xf’d|]2dt} +2T/ 720, 2) P (dz) < .
0 JRd 0 R4
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Set G(t) = E[HXf’dHQ] for t € [0,T]. Using Minkowski’s inequality, (4.4), (4.5), It&’s isometry and
the Minkowski integral inequality we obtain
t
| [ oxztan
0

t
H / (X7 ds
0
07 1/2

,2)N(ds, dz)

1/2
+E

2 271/2

G(t)'/? < |l + E

Rd

‘ 1/2
< el + /0 Ef|84 (X5 |2 2ds + [ / E[\ad(X?d)H%]ds]

+ </Ot /RdE[Hvd(Xf’d,z)||2]yd(dz)d5> 1/2_

We now consider these terms separately. For the first integral,

/0 {8742 2ds < /0 B[4 ) — 64(0)2]2ds + 1] 84(0)|

(4.6)

(4.7) . 12
< LT'? ( / G(s)ds> + td"/2 L2,
0

For the second one, we similarly estimate

t 1/2 t
[ / E[nod(vad)n%]ds] < [2 / E[ua%xw—ad<o>||%1ds+2tr|ad<o>||%]
0 0

t 1/2
< [QL/ G(s)ds+2td2L] :
0

For the last one, we obtain analogously

(/Ot /RdE[Ilvd(Xf_’d,z)l!Q]vd(dz)dt> v < (2/(;1@ URd X5 ) — 40, Z)szd(dz)} ds+2tdL>1/2
< [QL /0 tG(s)ds+2td2L] 1/2.

Inserting (4.7), (4.8) and (4.9) in (4.6) and using that for all a,b,c > 0 it holds (a + b + ¢)?
3(a® + b? + ¢?) we obtain

1/2

(4.8)

(4.10) G(t) < 3(||=|* + 12Td*L) + 30L /t G(s)ds
0

Gronwall’s inequality and (4.2) hence prove that for all t € [0,T] we have G(t) < aexp(bt) with
a = 3(||z||? + 12Td?L) and b = 30L. Setting ¢; = 3exp(bT) and cz = 36T L exp(bT'), this proves
the assertion. O

Remark 4.2. Note that the estimate (4.3) can not be directly used to deduce (4.1), because K3

depends on the Euclidean norm of the initial value z and the constant C(¢) in (4.1) is lower
n/ n/2

bounded by C(t) > >, M = eXp(Cg(t)1/2K§/2) — 1. Recall that Cy(t) = t max(3t, 12),

K3 = L(1+|z]|?) and so from the estimate (4.3) we could only obtain a bound that is exponential
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in ||z|. This, in turn, would lead to far stronger conditions on the probability measure u? (used
below to measure the approximation error) or to constants that grow exponentially in d.

In the next step we carry out a first approximation step based on the Euler-Maruyama scheme. To

do so, let h = &, N € N, denote a step size and, for t € [0,T], let ||, = max{s € hN : s < t}

denote the largest discretization time below or equal to t. The Euler discretization of X* is then

defined by Xg’d’h =zand forn=1,..., N,

(4.11)

Xpth = Xt 4 BT + (X (B, - / [t N, o).
(n—1)h JRY

nl’

To prove that X:f;ld ~ XZ®" in a suitable sense we define the interpolation (or continuous-time

d,h

Euler) approximation as the solution to stochastic differential equation X" = z, and

(412)  dXPtt = BUXGEN dt + o (X[ B + /R dyd(f(@’fﬁ,z)]vd(dt,dz), te (0,7

with X@’gﬁ = limgyp gt X fSthh Then X*%" is an adapted cadlag process and by definition
Xjf}ld’h = Xﬁ’d’h foralln =0, ..., N and so X*%" can be viewed as pathwise temporal interpolation
of XZdh,

The next lemma proves that under Assumption 1 the Euler scheme approximates X% without
the CoD. We remark that the supremum that appears in (4.13) is indeed measurable (we assumed
that our probability space is complete and both processes are adapted and cadlag). The constants
c3,c4 > 0 in Lemma 4.3 only depend on L and 7T

Lemma 4.3. Suppose that Assumption 1 holds. Then there exist constants cz,cq > 0 such that for
alld € N,z € R* h > 0 the Euler discretization with step size h satisfies

(4.13) E| sup [| X7 — X212 | < hicsd* + cad?||z)?).
te[0,7)

Proof. Let d € N, z € RY h > 0. Define G(t) = Elsupsepoqg X5 — X212 for ¢ € [0,T).
The Lipschitz properties assumed in Assumption 1, the triangle inequality, (4.2) and the fact that
fOT E[|| X @jl hH ]dr < oo (which can be deduced by an inductive argument) show that the processes

IN ol (XPN—gd(X frdjh )dBZ and [} [pa v X7 4 z)—’yd()_(fi’?h,z)]vd(dr, dz) are martingales. Next,

note that for any d-dimensional martingale M its norm || M]|| is a submartingale and hence, by
Doob’s martingale inequality, E[(supg< < ||]\4s||)2]1/2 < 2E[||My||?]*/%. Inserting (4.12) and (2.1)
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we thus obtain by the triangle inequality and Doob’s martingale inequality

(4.14)
2 s
G(t) < 3E | sup Bd Xxd Bd( XEdh )dr + 3E | sup ad(Xzid) — O’d( X udh )dBd
s€(0,4] Lr=1n s€(0,1] ' e
2
+3E | sup / / UXP 2) = A UX )N (dr, dz)
s€[0,4] Rd h

t 2
| ot — x4 ab
t 2
\ | [ i s 21, 8 arde) ]
0 JRd

_3t/tE—H/3dxwd> BUXEM) HQ]dHl?/tE[H“d(Xﬁd) H(XEL)

+12/ /Rd {ny (X7, 2) X M

§3max(3t,12)L/E[Hde Xbh }dr.
0

11
This implies, in particular, that sup,coz G(f) < 3max(3T,12)L [ E {Hxﬁd fth ] dr and

hence the triangle inequality, the square integrability established in (4.2) and the fact that fo [1X frjihh 12)dr <
oo (see above) allow us to conclude that G € L'([0,7]). In addition, for all r € [0, 7]

SBt/tIE H/J’d (X2 — pxh ) H ]dr+12E
0 L

+ 12E

|

@1 [l <om e - ] e et - i)

2 2

T

To estimate the first term in the bound (4.15), we apply It6’s isometry to obtain for any r € [0, T']
T
84X gy / ot(X29)dBY
lr]n lr]n

/L . /R ) ,2)N(dt, dz)

/ +3 / E[lo(X24)||2)dt
[r]n [r]n

w3 [ [ B 2 e
r]p JRE

< 3L[(r — |7]p)d + d* + d] /r 1 —l—E[HXf’d

l7In

+ 3E ‘

E [fovd X H ] < 3E ‘

+3E{

<3(r—[r]n)E

2

(4.16)

5d wd H dt

2)dt.
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Denote by cj,co the constants c¢1,co > 0 (independent of d and x) from Lemma 4.1 which satisfy
for all ¢t € [0, 7] the bound (4.1). Inserting (4.1) into (4.16) we obtain that for any r € [0, 7] holds

z,d zd ||? 2 2 2
(4.17) E HX —XU;MH <OLA%(r — |7|p)(1 + ||| + cad?).
Inserting (4.15) and (4.17) into estimate (4.14) gives for all ¢ € [0, 7]

G(t) < 6max(3t,12)L (/ Gi(r)dr + / g [HX’?’d - X5 ] dr)
0 0

t
< 6max(37T,12)L (/ G(r)dr + 9T Ld?h(1 + ¢1||z||* + ch2)> :
0

Gronwall’s inequality thus proves that for all ¢ € [0, T

G(t) < 6max(3T, 12)9T L2d*h(1 + c1||z||* + cad?) exp(6 max (3T, 12) Lt).
Setting @ = 6 max(37,12)9T L? exp(6 max (37T, 12)LT) this proves (4.13) with c3 = a(1 + ¢32), ¢4 =
acy. O

The same techniques can be used to deduce the following moment bound. The constants ¢3,¢4 > 0
in Corollary 4.4 only depend on L and T

Corollary 4.4. Suppose Assumption 1 holds. Then there exist constants ¢3,¢q4 > 0 such that for
alld e N,z € R¢

(4.18) E | sup || X792 | < ésd® + ez

t€[0,T]

Proof. Let d € N, z € R%. Consider G(t) = E [Supte[O,T] Hth’d — xHQ] Using precisely the same
arguments employed to obtain (4.14) and then Assumption 1 as in (4.7)-(4.9), we get

G(t) < 3max(3t,12) /OtE [Hﬁd(Xﬁd)HQ + Hgd(X?d)Hj«“ * /Rd

2
ez v an

~4(0, z)”2 ve(dz)dr

t
< 3max(3t, 12) / 2LE [Hvad
0

| +2sof +2ftol+2 [,
< 6L max(3T, 12) (2 /t G(r)dr + 2T |z + Td2> .
0

Gronwall’s inequality thus proves that for all ¢ € [0, 7] we have G (t) < be® with a = 12L max(3T,12),
b = 6Lmax(3T,12)T(2|z|> + d?). This and the triangle inequality prove (4.18) with ¢z =
12L max (3T, 12)TeT, ¢4 = 2 + 4¢3. O

4.2. Small-jump truncation. In a next step we carry out an approximation procedure that allows
us to remove the small jumps of the process X»%" 1In case of a Lévy-driven SDE (that is, when
Assumption 3(i) is satisfied) this procedure is not required in the proof of Theorem 5.3 and so in
the current subsection we work exclusively under Assumption 3(ii).

For § > 0 we introduce the set of jumps of size at least §, i.e. As = {z € R%: ||z > 6}. We
consider the truncated continuous-time Euler approximation Yf’d’h’a, which is the unique cadlag

process satisfying

z,d,h,6
Y =

(@19)  AVE = SOGB4 [ G N de). e 0.
6
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Remark 4.5. Recall that (4.12) means that for n = 0,...,N — 1, the interpolation satisfies for

t € [tn, tnsi]
(4.20)

t
X;md,h _ Xrﬂf,d,h + Bd<Xz,d,h)(t o tn) + O_d(Xrﬂf,d,h)(Bgl o Bfln) + /t /Rd ,yd(Xg,d,h’ Z)Nd(dt, dz),

where t, = hn, n =0,..., N. Similarly, (4.19) means that
Yt = YO gAY & — ) + o (Y (B - BY)

(4.21) V
+//¢%mmwmw7WMWﬂ
tn A6

The following lemma bounds the error that arises from truncating the small jumps. The constants
¢s,cg > 0 in Lemma 4.6 only depend on L, L and T

Lemma 4.6. Let Assumptions 1 and 3(ii) hold.
Then there exist constants cs,ce > 0 such that for alld € Nz € R¢, h € (0,1), 6 >0

(4.22) E| sup |V, — vadw] < csh(d* + d*||z]|?) + ce6PdU(||z||* + d?).
te[0,7
Proof. Setting G(t) = Elsup,eoq Vs 1P — X&%M12] and employing precisely the same arguments
as in (4.14) we obtain
(4.23)

G(t)§3t/ [Hﬁd (Y2d0) — g XA ) H]dr+12/ [H Vo) — (X0 )

w2 [ ottt e - o e
S3][118”((%24)11/ E|:Hyzdh6 xdh }dr+24// [ny xdh H]
0 R\ A5

Lr] X
t t
< 3max(3t,24)L/ G(r)dr + 24/ E [/ H’yd()_(f;jl’h,z) ‘ l/d(dz)] dr.
0 0 R\ A h

To estimate the last term, we first use the Lipschitz-condition and Assumption 3 (ii) and then use
Lemma 4.1 and Lemma 4.3 to obtain

(4.24)
2
d élf,d,h7 Z)

T —
E / FHX
/0 Rd\A(; ( I_TJ h

T 2 2
< 2/ E / v4(dz) +/ H'yd(XfT’jlh,z)H I/d(dz)] dr
0 R4 ll2ll <8

T 2
x,d,h x,d P IqaT x,d
2/0 HE [HXm X ] + SPdIL(L+ B{IXLY, IPdr

2
‘F] dr

I/d(dZ)] dr

YUX 2) =X, 2)

IN

< 2T Lh(esd* + c4d?||x||?) + 2T6PdIL(1 + ¢1]|z||* + cod?),

where ¢, ¢, c3, ¢4 denote the constants from Lemma 4.1 and Lemma 4.3, which do not depend on
de N,z e RY he(0,1).
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Gronwall’s inequality therefore shows that
G(t) < be™

with a = 3max(37T,24)L, b = 48T Lh(csd* + c4d?||x||?) + 48T PdIL(1+ c1 ||z[|* + cod?) and so (4.22)
follows with ¢5 = 48T L exp(3 max (37T, 24)LT) max(cs3, c4), c6 = 48T L exp(3 max (3T, 24)LT) max(c1, 2¢2).
O

Remark 4.7. With some further work the bound in Lemma 4.6 could be improved to ¢5 = 0 in
(4.22). This would require us to prove an analogue of Lemma 4.1 for the process Y%/  This
improvement is straigthforward, but not essential for the ensuing developments.

4.3. Approximation of coefficients. In the next approximation step we approximate the coeffi-
cients by deep neural networks. To this end, for £ € (0, 1], we consider the continuous-time process
Z%dh0e  Under the integrability condition on Ve,d in Assumption 4, this is the unique cadlag

. . x,d,h,d,e
process satisfying Z,

(4.25)
dZE40E — g (ZEhOR Gt 4 o, g(ZEM09)dBE + / Vea(ZEH02 AN (dt, dz), e (0,T),
As

::1:7

lt—1n lt—]n [t=1n

where we now also allow § = 0 with the convention that Ag = R%\ {0}. See also (4.27) below for a
more explicit representation of Z = Z%d:h0e,

We first need a moment estimate similar to Lemma 4.1. The constants c7,cg > 0 in Lemma 4.8
only depend on C' and T.

Lemma 4.8. Suppose Assumption 4 holds. Then there exist constants c7,cg > 0 such that for all
deN,xz e Rt €0,T], he (0,1),6 >0, e (0,1] it holds that

(4.26) E[| 2 ") < erlla])® + csdPe .
Proof. Fixd € N, z € RY, h € (0,1), 6 >0, e € (0,1]. To simplify notation write Z = Z% &m0,
Let G(t) = sup,<; E[|| Z|?] for ¢ € [0, T]. Note that for ¢ € [ty,tn+1] we have

t ~
A2) 2= Zut B2}t = )+ e Ze)BE = BL) + [ [ esZi Nt d2)
tn 9

and the stochastic integral is well-defined, see, e.g., [App09, Section 4.3.2]. Thus, if Z; €
L%(Q, F,P), then the triangle inequality, It0’s isometry and the growth hypotheses on . 4, 0c 4, Ve.a
in Assumption 4 prove that
(4.28)

E[| Ze[*)"* < B[ Ze, P2 + B[l 8=, a(Ze )] /2 (t = tn) + Ell0<.a(Ze,) (Bf — BY.)|P]/?

t 2 1/2
/ / '7&,d(Ztn,Z)Nd(dt,dz) ]
tn JAs

< B[l|Ze, |72 + C2[(@ )2 B[ 2, 1720t — tn) + Elloe.a(Ze,) |2 (t — ta)]'/?

i (/,45 E [H%:d(ztn,z)ﬂﬂ Vd(dz)(t B tn)> 1/2

< (1+3CY2E[| Z, P2 + 3(CdPe™ )2,

Using Z;, = = we inductively obtain from (4.28) that Z;, € L*(Q, F,P) for n = 0,1,...,N and
furthermore G' € L*([0,T7).

+E
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Next, we insert the SDE representation (4.25) and apply the same arguments used to obtain (4.28)

to estimate for any ¢ € [0, 7]

(4.29)

1/2
+E

2 271/2

E[|1 Z:))? < |l=]| + E

t
H/ 0-4(Zs- |, )dBY
0

1/2

t
H/ Bea(Z)s—),)ds
0

2
+E

t
/ / ’)/E’d(ZLS_Jh,Z)Nd(dS,dZ)
0 JAs
t

1/2

t
< |le!+/0 E[l|8e.a(Z s, 7] 2ds + [/0 E[”Ua,d(ZLth)H%]dS]

([ 6E[||%,d<ztsJh,z>uﬂud<dz>ds>l/2

t t 1/2
< ||zl + T(Cdre™9)/? + 01/2/0 E[|| Z|s-, 1% ?ds + 2C"/2 [/0 EldPe™ + ||ZLs—Jh||2]d8]

t 1/2 t 1/2
< |lz|| + T(CdPe=)'/? 4 C1/21/2 ( / c‘:(s)ds) + 2012 [pos—q + / C_}’(s)ds}
0 0

This shows that for any ¢ € [0, 7] it holds that
t
(4.30) G(t) < 6||z||* + [6T2 + 24T|CdPe™9 + [3CT + 240 / G(s)ds
0

(with C' as in Assumption 4) and hence, by Grénwall’s inequality, we conclude G(T) < aexp(bT)
with a = 6]|x||? + [6T2 + 24T|CdPe~9, b = 3CT + 24C. This proves (4.26) with c; = 6exp(bT’) and
cs = [6T?% + 24T)C exp(bT). O

Remark 4.9. In general, the constants ¢, co in Lemma 4.1 depend exponentially on the constant
L appearing in the Lipschitz and growth conditions in Assumption 1. The proof of Lemma 4.8
employs analogous techniques to the proof of Lemma 4.1. By using only the growth hypotheses on
Be,d, Oe.d, Ve,d (see Assumption 4) the exponential dependence on the Lipschitz constant (but not
on C) can be avoided.

The following result provides an estimate for the error arising from the neural network approxima-
tion of the coefficients. The result holds both for 6 = 0 (no truncation of jumps) and § > 0 (jumps
smaller than ¢ are removed). The constant cg > 0 in Proposition 4.10 only depends on C, L and
T.

Proposition 4.10. Suppose Assumptions 1 and 4 hold.
Then there exists cg > 0 such that for alld € N, z € R%, h € (0,1), § > 0, € € (0,1] holds
(4.31) E | sup [[Y;78"0 = Z0000%) 21 < egeS T d (1 + ||z]?).

t€[0,T]

Proof. Fix d € N, 2 € R? h € (0,1), § > 0, € € (0,1]. To simplify notation write Z = Z=®m0e,
Y = y=dh Let G(t) = E[supsepy |ydho _ godhoe) 2] for ¢ € [0,T]. Then by the triangle
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inequality, Doob’s martingale inequality and It6’s isometry we obtain

(4.32)
_ s 2 s 2
G(t) < 3E | sup /ﬁd(YLr—jh)5s,d(ZLr—Jh)d7" +3E | sup /Jd(YLr—Jh)Ue,d(ZLr—jh)ng
s€(0,t] 11J0 s€[0,¢] 11/0
s B 2
438 [ sup (| [ 310 02) = a2y, )N 2 ]
SE[O,t} 0 As

t 2 2
< Bt/o E _Hﬁd(YLr—Jh) - 5e,d(ZLr—Jh)H } dr +12E

t
/0 o' (Y},_y,) — 0ca(Z),—),)dBE

2

t ~
‘ /0 /A /Vd(YL'r’—Jha Z) - Vs,d(ZLr—Jha Z)Nd(dT, dZ)
8

+ 12E

=3t /OtE :HBd(YLrJh) — Bed(Zpry,)

e[l

The triangle inequality, the Lipschitz-continuity of 8% and Assumption 4(i) then yield for any
r € [0,T]
(4.33)

Hﬁd(Ypﬂ—Jh) — Bea(Z)r—},)

1 dr +12 /OtIE [Had(YLmh) —o0ca(Z)r-1,)

2
}dr
F

d 2 d
VIV 2) = e Zr g, )| V()| dr.

"< 2HBd(Yp«—Jh) - B84 Z,-),) 2+2HBC[(ZU—M) — Bea(Zr—),) ;

< 2L |[Vipoy, = Zop, |* + 24 O (1412, )

and similarly

d 2 d
oV ),) = 0aZ),) vi(dz)

2
“
F Rd

< 2L ||V}, — Zppey, ||+ 288 AP (14 112, 1),

d
Y er sy 2 —’Y,erf )y %
(4.34) Yoy 2) = 122y, )‘

Inserting the two estimates (4.33), (4.34) into (4.32) yields

(4.35) G(t) < 2(3t +12) /t LG(r)dr 4 2(3t +12) /t IO+ E (|2, |1%])dr.
0 0

By using Gronwall’s inequality in the first step and (4.26) in the second step we therefore conclude
that

T
G(t) <2(3T + 12) / eMHICdP (1 + E [[|Z),—),|1%] )dr exp(2(3T + 12) Lt)
0

< 2(3T 4 12)TeY T CdP (1 + cr||2||* + cgdPe™9) exp(2(3T + 12)LT)

which proves (4.31) with cg = max(acz,a(l + cg)), a = 2(3T + 12)CT exp(2(3T + 12)LT). O
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4.4. Monte Carlo approximation of the compensator integral. For 0 < § < 1 write Z :=
Z%dh0  Then for t € [t,,t,11] the process Z in (4.25) can be written as

t
Zy = Zi, + Bed(Zu,)(t — tn) + 0.4(Z1, ) (B — BE) + / /A Ve.d(Ztn, 2)N(dt, dz)
tn 9

= Zt,, + Be.d(Ze,)(t = tn) + 0e,4(Z0,)(Bf = B )+ Y edlZe,, AP{)1a,(APY)

tn<s<t
- (t - tn) / 7€,d(Ztn7 Z)l/d(dz)
As

where Ptd = an yNd(t, dy), see for instance [App09, Section 4.3.2], and APtd = Ptd - Ptd_ is the
jump size of P? at t.

The final approximation step that we carry out now allows us to approximate the last integral above
by a finite sum over random samples. In case of a Lévy-driven SDE (that is, when Assumption 3(i)
is satisfied) this procedure is not required in the proof of Theorem 5.3 and so, in the current
subsection, we work exclusively under Assumption 3(ii).

To this end, notice that

) LA 2] o
(4.36) ve(As) = — g (dz) < 672 1 A 2|2 v (dz) < 672Ld9
as LA 2]
is finite. This shows that 7¢(B) := vUBOA) g B e B(RY) defines a probability measure on

vi(As)
(Rd, BR%)). Let M € Nand let V;,,i=1,...,M,n=1,..., N beii.d samples with distribution

4 independent of B% and N¢. We now define the continuous-time process 7= Zx’d’h"S’E’M, which

is the unique cadlag process satisfying Zx dihde, M =z,

(4.37)

dodhseM _ 5s,d(thth66M)dt+Us,d(thth seMypd | /A %d(ththaaM 2Nt dz)
s

vi(A5) & .d,hd.e M
- ;7 (ZLtJ Vile—1,)dt, t € (0,T).

We first need a dimension-explicit bound on the second moments of Z7 A28 M The constants
¢7,¢8 > 0 in Lemma 4.11 only depend on C and 7.

Lemma 4.11. Suppose Assumption 4 and Assumption 3(ii) hold. Then there exist constants
¢7,¢s > 0 such that for alld € N,z € RY, ¢t € [0,T], h € (0,1), 5 € (0,1), € € (0,1] and M € N with
M > 672Ld7 it holds that

(4.38) E[|| 27" M) < &l|o]® + ésdPe .

Proof. The proof proceeds similarly as the proof of Lemma 4.8. Fix d € N, z € R%, h € (0,1),
5 €(0,1), € € (0,1], M € N and write Z = Z»%"95M and G(t) = sup,<, E[|| Z,||%] for t € [0, 7).

Then from (4.37) we obtain for ¢ € [ty t,11]
(4.39)

t
Ty = T+ Bea(Z0)(t — t) + 00a(Z0,) (BE — B ) + / / vea(Zu,, 2) N (dt, d2)
tn JAs

— ) M R
# = t) [ aldn, i) - AN 2 Vi),

=1
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Suppose for now Ztn € L*(Q, F,P), the last difference can be estimated in L? as follows: by
definition of Vi, we obtain for any x € R that v4(A;)E[yea(z, Vi) = an Ye.a(, 2)vi(dz).
Hence, by independence, elementary properties of variance and with the growth hypothesis on 7, 4
(Assumption 4) we obtain

o1 1/2

||/ Ve,d Ztn’ dZ

1/2
2
v4(A M
=E|E ‘/ fys,d(x,z)z/d(dz) - /(\/{;)Z’Ye,d(ﬂfavi,tn)
As i=1 5
ZEZZtn
- 1/2
(4.40) = v (AMPE | Y7 BB (@, Vi )] = veas (@ Vi)l oz,
]:1
- 1/2
d
< v (A5 )M™2E > Elea(@ Vi)l
j:1 x:Ztn
1/2

WA ME | [ etz )P

As

< G2 A P MR (e ) + |20, IP]12).

Thus, if Ztn € L%(Q, F,P), then using first the triangle inequality and precisely the same arguments
used to obtain (4.28) and then inserting (4.40) and employing that v(As) < M (due to (4.36) and
the assumption M > 5_2Ld‘j) we deduce

E[||Z:*]"/? < (1 +3CY2)E[| Z,, P/ + 3(CdPe™0)!/2

; d vi(Ag) & .
[ et 2w - S (B Vi)
i=1

As

27 1/2

(4.41) T (t—to)E

< (1+ @+ T)CYV2E[Z,, 11 + 3+ T)(CdPe™)' /2,

Starting with Z;, = = we may now inductively obtain from (4.41) that Zy, € L2(Q, F,P) for n =
0,1,..., N and furthermore G' € L'([0,T]). Next, we insert (4.37) and apply the same arguments
used to obtain (4.29) in the first inequality and the Minkowski integral inequality combined with
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(4.40) to estimate for any ¢ € [0, 7]
(4.42)

¢ 1/2 ¢
B[ Z|4Y2 < ||2|| + T(CdPe™9)Y/2 + (CT)Y/2 </ G(s)ds) + 20172 [pos—u/ G(s)ds]
0 0

97 1/2

1/2

+E

’Yad (Z)5— . 20" Zis— 1, Vis—),)ds

t 1/2 t 1/2
< ||z|| + T(CdPe=N)'/2 + (CT)"/? < / G(s)ds> + 20172 [pos—q + / G(s)ds]
0 0

t
+ / O (e )2 L E[|Zy,_, [21/?)ds
0

t 1/2 t 1/2
< lz|| 4+ 2T (CdPe=)/2 4 2(CT)V/? ( / C:(s)ds> + 2012 [poe—q - / @(s)ds]
0 0

This bound is, up to factors of 2, identical with (4.29). The proof can now be completed using
Grénwall’s inequality as before, yielding G(T) < aexp(bT') with a = 6||z||? + [24T? + 48T|CdPe 4,
b= 24CT + 48C. This proves (4.38) with é; = 6exp(bT") and &g = [24T2 + 48T]C exp(bT). O

The next result provides an estimate for the error arising from the Monte Carlo approximation for
the compensator integral. The constant ¢g > 0 in Proposition 4.12 only depends on C, L, L and
T.

Proposition 4.12. Suppose Assumptions 1, 3(ii) and 4 hold. Then there exists a constant ¢o >0
such that for alld € N, x € R%, h € (0,1), 6 € (0,1), € € (0,1] and for M € N with M > §~2Ld7
it holds that

(4.43) E
t€[0,T]

sup ”dehé th,d,h,(s,s,MHQI < 69[€3q+1d2p + 5—2d3p+q€—3qM—1] (1 + HwH2) )

Proof. The proof is analogous to the proof of Proposition 4.10. Fix d € N, z € R? h € (0,1),
§ € (0,1), e € (0,1] and M € N with M > §=2Ld7. As before we simplify notation by writing
7 = Zudhbe My = yudhd Define G(t) := Elsup,ep Vi7" — Z&0SM2) for ¢ € [0, 7).
Then by the triangle inequality we obtain

(4.44)
2

+4E | sup

G(t) < 4E lsup >
s€|0,t

s€[0,t]

/ BUY,_y,) — BealZry,)dr

/Oad(YLr—Jh) ed(Z)r J)dBd

2
+4E | sup / / Yl_r Ins ? 'YEd(ZI_r Ins ? ) d(dT,dZ) ]
SEDt As
v Ag) 2
+4E | sup // Ved(Z),_),, 2V (dz) — M5 Z Ved(Z1r— 1, Viry, )dr
As i=1

s€[0,t]

Denote the sum of the first three terms by G(t) and the last term by Ga(t). Then Gi(t) can
be handled by the precise same argument used in (4.32)-(4.34). For these terms we obtain the
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analogous upper bound to (4.35) (up to a factor 4/3):

(4.45) Gi(t) < 2(4t + 16) /t LG(r)dr + 2(4t + 16) /t I CdP(1 + [HZLT,MHQ} )dr-.
0

0
2
dr)

On the other hand, using Minkowski’s integral inequality and (4.40) we obtain
(4.46)

Go(t) < 4E | sup (/
s€[0,t] 0

. a vl As) RN
Ved(Z|r—y,,, 2V (dz) — Y vedlZir g Vilr- 1)
As M=

- ! 5 d Vd(Ad) A 5 i
<4E / / Ve, d(Z|r— ), 2)V(dz) — > Ved(Zyy Vi) dr
0 As M =1
1/2 2
t A oo A 1"
<4 /E / Ved(Z)r—p, 2V (d2) — — > AedZir—y Vitr—1,) dr
0 As i=1

t 2
< achagva ([ B2, g, P

~ — t A
< 8CF2LdIM™! <T2dp5_q —|—T/ IE[|ZLT_Jh||2]dr> .
0

Combining (4.44)-(4.46) and Gronwall’s inequality in the first step and applying (4.38) in the
second step we hence conclude (with ¢ = max(2(4T + 16)C max(T,1),8CLmax(T?,T)), a =
max(l, T57, 1+ T&g))

T
G(t) < et lap + 5 2aP eI M (1 + / Ell|Z)—), H?]dr> exp(2(4T + 16)Lt)
0

< et dP + 572 e IM T (1 + Téq||x||® + TésdPe ™) exp(2(4T + 16) Lt)
< @@ + 52T IM T (1 4 ||2||?) exp(2(4T + 16) Lt),
which proves (4.43) with ¢é9 = a¢exp(2(47T + 16)LT). O

5. DNN APPROXIMATIONS FOR JUMP-DIFFUSION PROCESSES

This section contains our main results. We start by specifying in Section 5.1 the assumptions on
the path-dependent functional. Section 5.2 contains the main result of the article and its proof.
In Section 5.3 we then specialize this result to functionals which do not exhibit path-dependence
and in Section 5.4 we apply these results to provide expression rate estimates for PIDEs. Finally,
Section 5.5 provides an application to basket option pricing.

5.1. Admissible Payoff. Fix k € N. For each d € N we consider a function ¢4: R? x R¥ — R.
We aim at approximating the map

(5.1) (2, K) v E[pa(X3%, K)]

by deep neural networks. In the context of mathematical finance @g4 is a parametric European payoff
and the right-hand-side of (5.1) is the price at time 0 of a derivative written on an asset with price
X;’d and payoff pg4(-, K) at maturity 7" (at least of P is a risk-neutral measure). The parameter K
captures the characteristics of the payoff such as, e.g., the strike price of an option.
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More generally, we will be interested in approximating expectations of certain path-dependent
functionals (or derivatives in a mathematical finance context) ®4: ([0, 7], R?) x R¥ — R, i.e. the
map

(2, K) = Ug(a, K) = E[@a((X) sefo,1, )
is to be approximated by deep neural networks. Here ([0, T], R?) denotes the space of all cadlag
functions y: [0, T] — R? (also referred to as “Skorokhod space”, see e.g. [JS03]).
For our results on expression rates, we make the following assumptions on the functional ®,;. The
case of “European payoffs” ¢4 is a special case and the assumption simplifies in this case; see
Remark 5.1 below. Recall that 7' > 0 denotes a fixed time horizon.

Assumption 5. Assume there exist C' > 0, p,q > 0 and that for each d € N, € € (0, 1] there exist
Ds. € N, 0 < t‘lj’E < ... < t%ia < T, neural networks ®. 4: RPdac x RF — R and probability
measures p¢ on R% x Rk 5o thai for each d € N, € € (0,1],

(i) for all K € R¥ ¢ € ©([0,T],RY)

|Da(y, K) = o aly(t), -, y(t]s ), K)| < eCdP(1+ || K| + s ly@1)
’ telo,
size(Pe q) + Dy < CdPe™?,
Lip(®. ) < CdPe™,
(i1) Jyoga(1+ 2] + | K2 (d, dEK) < Cav.
Here, for a function g: R? x R" — R, the quantity Lip(g) is defined as

Kp) — K.
Lip(g): sup lg(x1, K1) — g(x2, K2)|

(01,K1), (22, K)eRaxRr |71 — 22| + | K1 — Ko
T1#£w2, K1#£ K2

Assumption 5 includes many important derivatives such as discrete and continuously monitored
Asian options or discretely monitored barrier options.

Remark 5.1. In the special case when @4 is in fact a so-called European-type payoff in financial
models of baskets, i.e., when @d((Xf’d)se[o,T], K) = 0a(X5% K) for some @4: R x R¥ — R then
we may set Dg. = 1 in Assumption 5 and Assumption 5(i) reduces to the requirement that there
exist neural networks ¢, 4: RY x R¥ — R such that for each d € N, e € (0,1] it holds for all
(z, K) € R x R* that

[pa(z, K) = ¢ea(z, K)| < eCdP(1 + [lzf| + [|K])
(5.2) size(¢e,q) < CdPe™,
Llp(¢5 d)

In typical applications in mathematical finance cpd(-, K ) represents the payoff of a financial deriv-
ative with characteristics K and written on d underlyings. In many relevant examples the initial
condition ¢4 can be represented exactly by a ReLU DNN. In this case one can choose ¢, 4 = ¢4 for
all d € N, e € (0,1] and (5.2) holds with ¢ = 0. Examples include, e.g., basket call options, basket
put options, call on max options, call on min options, and many more, we refer, e.g., to [GHJvW18,
Lemma 4.6, Lemma 4.8, Lemma 4.12, Lemma 4.14].

Remark 5.2. The probability measure u¢ in Assumption 5 is the measure with respect to which
the approximation error is measured. The only requirement imposed on pu? in Assumption 5 is
that the second moments of u? grow at most polynomially in d and therefore Theorem 5.3 below
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holds for a wide range of measures. For example, u? could be chosen as the Lebesgue measure on
[0,1]% x [0,1]% or as Ajo,1]¢ @ Ok, for some fixed Ky € R* and with Ajo,7¢ the Lebesgue measure
on [0,1]¢ (analogously to [GHJvW18, Theorem 1.1]). More generally, u¢ could be chosen as the
normalized Lebesgue measure on X% x K¢ for any Borel measurable set X% x K¢ ¢ R? x Rk
satisfying supgey SUp (e, k) xaxca ([[2]% + | K|?) < 0.

5.2. Main result. We now turn to our main approximation result. Theorem 5.3 shows the fol-
lowing expressivity result for the approximation of U? by deep neural networks: an approximation
accuracy of € > 0 can be achieved by a neural network with size bounded at most polynomially in
d and in e~!. Hence, the neural network approximation does not suffer from the CoD. Note that

the probability measure u? may have atoms. Theorem 5.3 can thus also be used to obtain DNN
expression rates for Uy(-, K4) for single values K4 € R¥ (cf., e.g., Remark 5.2 above).

Theorem 5.3. Assume that

e the coefficients of the SDE (2.1) satisfy the Lipschitz and growth conditions in Assumption 1,

o the jumps of the process satisfy Assumption 3, that is, either we are in the case of a Lévy-
driven SDE or the small jumps exhibit decay (2.5), (2.6),

e the coefficient and payoff functions satisfy the approximation hypothesis, Assumptions 4, 5.

Then there exist constants k,p,q > 0 and, for any d € N and target accuracy ¢ € (0,1] exist neural
networks Us 4: R? x RF 5 R such that
(5.3) size(Ug q) < kdPe™1,

1/2
(5.4) ([, 10 8) = Vel O ar) ) <
Rd xRkd

Proof. Let € € (0,1] be given and consider M € N, £ € (0,1), h € (0,1), 6 € [0,1) and M € N to
be selected later. Essentially the proof consists in two steps: in a first step we carry out various
approximation procedures to construct i.i.d. stochastic processes Z®m0&EML - 72,dh 05 M 5
find w € 2 such that

(5.5) /R .

where egz(y) = (y(til’g), e ,y(t%‘;)) for y € ([0, T],RY).
In a second step we prove that

2 1/2

pd(dz, dK) <e

RI

1 _ .
Ud(l‘, K) - a Z q)é,d(ed,é(zx’d’h’&E’M’l (w))7 K)
=1

N

U.a(z, K) = % Z; D (g (Z0EnOEME()) K
is indeed a neural network with weights satisfying (5.3).
The proof is slightly different depending on whether Assumption 3(i) or Assumption 3(ii) is satisfied.
Hence, we prove the two steps separately for each case. In particular, in each of these two cases
a different choice is made for Z#&h0EML - Zo,dh0EMN Ty the first case this will be 91 i.i.d.
copies of the process introduced in (4.25), whereas in the second case instead 91 i.i.d. copies of
(4.37) will be chosen.
The case of Assumption 3(i)
Consider first the case of Lévy-SDE, i.e. when Assumption 3(i) is satisfied. Let § =0, M =1 and
let Zz»dhoEML 72 d R0 S MR e 91 44.d. copies of the process Z%®M9¢ introduced in (4.25).
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Step 1: Denote Z;(z, K) = ®z 4(eq (25005 M) K, Zi(z, K) = Zi(x, K) — ®z 4(eq(0), K) and
write Z = Z%%"0Z We start by estimating the following L2-approximation error.

(5.6)
/ E
R xRkd

— [, Wi )~ Bz K+ B
RI x Rkd

Ug(z, K) p(dx, dK)

nﬁﬂg

n 2

E[Z(z, K)] — Z (z, K)

p(de, dK)

_ / Uy, K) — E[21(z, K)]|? + %E [|E[Zl(x,K)] ~ Zi(a, K)ﬂ 1 (dz, dE).
RI x REd

We now estimate these two terms separately. For the first term, the triangle inequality and As-
sumption 5(i) yield for any (z, K) € R? x Rk

(5.7)
|Ua(z, K) — E[Z1 (2, K)]|
< E[®a((X2 ey K) — Pealeas(Z), K)||
< E[®a((X2 ey K) — Pealeqs(X5), K)|] + E[| @z a(eqs (X ™), K) — @z q(eqe(Z), K)|]
SE|ECAP(1+ |lz|| + | K| + S[UP] 1X7 | + CdPe™ E|eq:(X ™) — eq(2)]]
tel0,T
<ECd’(1+ |lol| + || K|l + B[ sup [ X)) + CdPe D4 B[ sup || X7 = Zy|].
te[0,T] te[0,T]

Using Lemma 4.3, Lemma 4.6 and Proposition 4.10 we obtain

E[ sup [|X{ = Z,]]
te[0,T)

d & x,d.h ,d,h d,h,& d,h,é
<E[sup [|X7"— X7+ E sup X7 — v+ B sup [V — Zy]]
te[0,T) t€[0,T] t€[0,T)]

< [h(esd* + ead® ||l )]2 + [esh(d* + d||«]|?) + esdPd?(|J]|? + d?)] V2 + [eoe® 1 d?P (1 + [l ]*)]V/2.

Inserting this estimate and estimate (4.18) from Corollary 4.4 into (5.7) we obtain
(5.8)
Ua(z, K) —E[Z1(z, K)]|” < 68°C?d*(|l2]|* + || K |* + &5d® + &l|«]?)

+ 6C3d3 3 h(cgd + cad?||z)|?) + esh(d 4+ d2||z]|?) + c60Pd?(||z]|? + d?) + co23 T d?P (1 + ||z]|?))]

with ¢é3 = 2max(¢s,1),é4 = 2¢4. To estimate the second term in (5.6), we apply the Lipschitz
condition and the moment bound (4.26) to obtain

E UE[ZI (2, K)] — 21 (z, K)ﬂ <E [@g,d(ed,g(Z), K) — @z 4(eq(0), K)\Q]
< G2z E [leg.(2) - eas(0)?]
]

< O3d3PE39(cgdPE + ¢ ||2)|).

Dy
— 2?2y E [Hzt?,g
=1
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Inserting (5.8) and (5.9) into (5.6) and using the growth condition on the integral in Assump-
tion 5(ii) we obtain

n 2
1
Ualwr, K) = 52 2w, )
i=1

p(d, dK)

/ E
(5.10) RA xRkd

< ed[E% + e739(2h + ST 4 e

with & = 6 max(C3 max(1, &3, 1 + 1), C* max(cs, ¢4, c5, g, ¢9), C* max(cs, ¢7)), r = max(5p, 6p + 4 +
g). Now choose & = e(max(6¢,1)d") ! and h = £2(9cd"z734)~1, M = [3e=2ed"2=*7]. With these
choices, the bound in (5.10) becomes

(5.11)

E
R xRkd

Hence, there exists w € §2 such that (5.5) holds.
Step 2: '
Let i € {1,...,M} and write Z% := Z=dh6&Mi  Denote by LI = I3 Jra GUHz)N%i(dt, dz) the
jump part of the (i-th i.i.d. copy of the) Lévy process driving the SDE (2.1). Let ¢° = depth(8z.4)
g = depth(ozq,;), Ef = depth(Fzq;) and set e = max(2,€5,€‘f,...,€g,€’f, ..., 05, For any
¢ € N denote by Z; a f-layer ReLU-DNN that emulates the identity on R¢. By [PV18, Remark 2.4]
(see also [OPS20, Proposition 2.4]) it can be chosen so that size(Z;,) < 2d¥.
Then from (4.25) we have for any ¢ such that t € [t,, tp41]
(5.12)

t

ZP = 200+ Bea(ZE)(t — tn) + 02a( 25 (B = BE') + Fea(Z]) / | GIERNY(dt, d2)
tn

2

N
1 A € € €
Ug(x, K) — = e g(eqe(27M05MN K| pt(de, dK) | < Tt3+t3= 2,

d
= Ti e (Z50) + Bed T tr— e (ZE) (= 10) + Y 02, (Ti a2 (ZE) (B — B
j=1

d
) i d7 i d? )
+ Z Fé’d’j (Idvemaac _Zf (thnz))(Lt,]Z o Ltnla.]) ’
j=1 '

Next we use a result on compositions of DNNs, [PV18, Remark 2.6] (see also [OPS20, Proposi-
tion 2.2]), which essentially states that the composition of a DNN ¢; with L; layers and a DNN
@2 with Lo layers can be realized as a DNN ¢ := ¢ ©® ¢2 with L; + Lo layers and size(¢) <
2(size(¢p1) + size(¢2)). This shows that the last line in (5.12) can be realized as the (randomly
weighted) sum of DNNs of the same depth evaluated at an’l. A weighted sum of DNNs of the same
depth £,,4, can again be realized by a DNN of depth £,,,, by [GS21, Lemma 3.2] and therefore we
obtain

(5.13) 2 (w) = 242, (W)
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for a neural network ®: R? — R? with neural network weights depending on t,t,,Z,d,i, h and w
(but not on x) and satisfying

size(@i) <size(Zaye,,,,) + size(fza © Id,ﬁmaz—éﬂ) +

d
Jj=

si2€(02.,5 © Ld fyna0—t3)
1

d
4 Z size(Fé,d,j © Idfmaw_ef)

(5.14) =

d
< (6d + 8d*)limay + 2size(Bz.a) + 2 Z size(ozq5) + size(Fzq, ;)
j=1

< (14 6d + 8d*)2CdrPs1,

where in the last step we used Assumption 4 and that w.l.o.g. each layer has at least one non-zero

parameter. '

Iterating (5.12), applying (5.13) in each time-step and using Z;"* = z, we obtain for ¢ € (ty,, tn1]

ZP (W) = @) o @) o ®}
= Vi(z)

10...0@;1(;3)

(5.15)
with U) =00} 0@, ©-- 0P} .

From [OPS20, Proposition 2.2] in fact we have the refined bound size(¢1 © ¢2) < 2size(¢1) +
sizeout(P2) + size(¢2) and the property sizeyu(d1 © ¢2) = sizeou(¢1) (provided that ¢, has at least

one hidden layer). But each of the networks ® has at least one hidden layer (as £,4, > 2) and so
by iteratively applying these properties and using (5.14) we obtain

size(V}) < 2size(®}) + sizeu (P}, © P} | @ - @ P} ) +size(®] @ P  ©--© P} )
) ORERXO) (I)IZ;I)
< 2size(P?) + sizeout(fb;‘;n) + QSize(<I>in) + sizeout(<1>§n71) + size(@i%l ORRR¥O)! <I>§1)

= 2size(®}) + sizeou (P} ) + size(®], © D)

(5.16)

IN

< 2size(®})) +3 ) _size(®}, ) < (2+ 3n)(1 + 6d + 8d*)2CdPe .
k=1

Next, recall that tcll’é <...< t%ig. Denote by ¢; = depth(\IJidf) for j=1,...,D with D := Dy,
J
and note that ¢; is non-decreasing in j. We now use (5.15) to write

Deg0a (Z5HIEMI)), ) = Do g((Z5 (W), ... 25 (w)). K)

1 D
(517) = [(I)é,d (@] (Id,ED—€1 O \I]i‘fvg(‘r)’ ceey \Ili%g(m),IdegD (K))]
= Vi(z, K)

for the neural network ¥ = @4 © [(Zarp—o, @ \I/id,é,Idng_@ ® \Ilid’g, e \Ijid,é)vl'k‘d,fp)d] where
1 2

D
(¢1,...,¢r) denotes the parallelization of the m € N neural networks ¢1,. .., ¢ and (¢1,. .., dm)d
is the parallelization with distinct inputs (see for instance [OPS20, Section 2.1]). The network size
is additive with respect to these operations in the sense that size((¢1,...,¢m)) = > ivy size(¢m)
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and size((¢1, ..., Pm)a) = D iy size(¢m). The size of ¥! can thus be estimated using (5.16) and
(5.17) by

size(W") < 2size(Pz ) + 2size((Zapp—r, © \Ilj;,ll,é,IMD,gZ ® xpig,g, e q/t% )y Trdep)d)

D-1
= 2size(Pz q) + 2size(Trae,, ) + 2size(\If )+2 Z size(Za,ep,—t; © \Il’d )
7=1
(5.18) D-1
< 20dPe 9+ 2kdlp + 4D(2+ 3N)(1 + 6d + 8d*)2CdPe 7+ 4 " 2d((p — {;)

j=1
< [1+ (4D + 2kd +8Dd)(2 + 3N)(1 + 6d + 84%)]2CdPz 1
< éh—1d2p+4€——2q’

with C' = 4200 max(C, 1)kTC.
Inserting (5.17) into the definition of U, 4 we thus obtain

N
(5.19) U.a(z, K) = Z\I/ (z,K) = ¥(z,K)

for a neural network ¥ e.g. obtained from [GS21, Lemma 3.2] and satisfying

N
size(0) < Zsize(@) < Chtd?rrig=2am

(5.20) =1 X
< Cle?(9ed z30) "~ ta? =203 2ed e + 1)

< 18 max(3¢, 1)eC max(6¢, 1)%9e 494 g2p+4+2r+9r

where we used (5.18) in the second inequality and inserted the choices of 91, Ak in the third inequality
and the choice of & in the last inequality. Setting s := 18 max(3¢, 1)éC max(6¢,1)%, p = 2p + 4 +
2r + 9qr, g = 4 + 9q we have thus proved in (5.19) the claimed neural network representation and
provided in (5.20) the polynomial bound (5.3) on its size. This concludes the proof of Step 2 and
finishes the proof of the theorem in the case of Assumption 3(i).
The case of Assumption 3(ii)
Consider now the case when Assumption 3(ii) is satisfied. Let
i.id. copies of the process Z*4h0&M which was introduced in (4.37). Recall that & € (0,1),
h € (0,1), 6 € (0,1) and M € N are for the time being arbitrary and will be selected later.
Step 1: Denoting Z;(x, K) = @z 4(eqz(Z%M05M) K and Z,(z, K) = Zi(z, K) — @z 4(eq£(0), K)
we obtain the same error decomposition (5.6) as in the case above. Furthermore, for the first term we
proceed by precisely the same arguments used to obtain (5.7) and obtain for any (z, K) € R? x R*
(5.21)

|Ud(x7 K) - ]E[Zl (‘Tv K)”

< ECAP(1+ ||z]| + | K| + E[ sup | X)) + CdPe=9Dy B sup || X4 — ZF 05 M ).
te[0,T] te[0,T]

Z:):,d,h,(s,z-f,./\/[,17 . Zx,d,h,&,é,./\/l,‘ﬁ be
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As above, we now estimate the last expectation above using Lemma 4.3, Lemma 4.6 and Proposi-
tion 4.12. This yields for M > 6 2Ld7 that

7d i ad’h»&_’M
E[ sup [|X; — Z5 o]
t€[0,T]

7d V4 ’d’h vV ’d’h ?d?h75 7d?h7§ > 7d7h767_7M
<E[sup [|X;7 - X[ +E[ sup [ X" = Y290+ E[ sup [[Y;740 — ZP0m00 ]
te[0,T] te[0,7] t€[0,T]

< [h(csd* + cad?||z)|®)]H? + [esh(d® + d?(|z||?) + es0Pd? (||| + d?)])/?
+ [Go[E3T PP + 57243 T aET3IM T (1 4+ [|2)|?)] M2,

Inserting this estimate and (4.18) from Corollary 4.4 into (5.21) we obtain
(5.22)
Ua(, K) = E[21(z, K)]|” < 62C%d*(|l2]|* + || K|* + &3d® + &lz]|) + 6C°d* e [h(csd” + ead?||z]|?)]

1+ 6C3dPE s h(d + a2 ]|2) + cobd(||z]|? + d2) + o (¥ 4 62d MM (1 4 [l2)?)]
with ¢3 = 2max(53, 1), Cq4 = 2¢4.

For the second term in the error decomposition (5.6) one may use precisely the same arguments as
in (5.9) (but now with the moment bound (4.38) instead of (4.26)), which yields

(5.23) E [|E[21(x,z<)] ~ Zi(a, K)ﬂ < C3d%PE3(3gdPe1 + 7|z |2).
Estimates (5.22) and (5.23) can now be inserted into (5.6), this yields

(5.24)

E
Rd x Rkd

— [ Wala ) ~ B2, KO+ B [[BZ o K] = Za(o K] ' d, dEC)
RdxRkd

n 2

Uylz, K) — % Y Zi(x,K)
=1

p(da, dK)

<ed / (14 ||lz||? + | K||?)[E% + 739(2h 4 67 + &30+ 4 5723 M) 4 L a9 1% (da, dK)
Rd x Rkd
< Ced™ P2 + £731(2h + 0P + B30T p 57253 M ) a4

with ¢ = 6 max(C? max(1 + &, 1,¢3), C® max(cs, ¢4, ¢35, C6, 7,8, Co)), ¥ = 6p + 4 + .

Now set é = C¢, p = 7 + p and choose & = e(max(8v/3¢,1)d?)~!, h = £?(max(48¢, 1)dPe—37)~1
6 = hYP M = [e25 2 bagmax(5:0) max(12¢, L)], M = [12e2edPe—47].

Denote by R = [pa, gra |Ua(z, K) — Z;ﬁ:l Zi(z, K)|?u?(dr,dK). Inserting these choices in the
bound (5.24) we obtain

g2 e g g2

5.25 E S LS s =
(5.25) Rl<5+5+5 =73
i.e. that the bound (5.11) also holds with the current choice of Z»®¢M%&Msi and % instead of &2.

Combining this with Markov’s inequality, the fact that N%(-, As) is a Poisson process with intensity
v?(As) and estimate (4.36) yields
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E[R] E[NUT,As)] 1 viAs) 2
2 <D
g2 3T6—2Ldl 3 362Ldil — 3

(5.26) P ({R > 2V U {NYT, Ag) > 3T5*2Ed‘f}> <

Consequently, P(R < €2, N4(T, As) < 3T5_21~Ld‘7) > % > 0. Thus, there exists w € £ such that
(5.5) holds and, in addition,

(5.27) NYT, As)(w) < 376 2Ld.

Step 2: Let i € {1,...,9M} and write Z%% := Z7&h0EMi Recall that Z% is an independent copy
of the process Z%®M0.&M introduced in (4.37). Denote by Ptd’l = an yN%(t,dy) the compound
Poisson process of jumps larger than § associated to Z%¢. Then for t € [t,,tn11]

(5.28)
ZE = 25 4 Bea(Z0 ) (E = ta) + 02a(Z0)(BY = Bi) + > valZ, AP )14, (APEY)
tn<s<t
(t— ta)rh(4y) t 4(Ay) L :
Z tn? mtn)
=

where the first sum is only over finitely many non-zero summands, see for instance [App09, Sec-
tion 4.3.2] (the number of non-zero terms is N(t, As)(w) — N(s, As)(w), which is finite due to

[App09, Lemma 2.3.4]). Let gy = max(2,6°,69,..., 05,05 0V, ... %,) with ¢ , (09)j=1,...d as
before, ZV depth(%d( 7V;tn( w))) for j = 1,...,M and £, = maxgcp 107, Where KP =

depth('y§7d( AP "(w)))1La, (AP‘“( )). Then precisely the same reasoning that we employed to
obtain the neural network representation (5.13) from (5.12) can be applied here. More specifically
for each t € [t,,t,41], there exists a neural network ®: RY — RY with neural network weights
depending on t,t,,&,d,i,h,6, M and w (but not on ) such that for all z € R? the representation
Z5Nw) = @%(anl (w)) holds true and the number of non-zero weights can be estimated by
(5.29)
d

size(®}) < size(Zyy,,,.) + size(Bzq ® L tan—t8) T Z size(0z,4,; © Zd,gm(w,g;f)

j=1

M
+ Y L (APH(w))size(vza( AP (W) © Tyg,ier) + Y size(veal Vi, (@) © g,y

tn<s<t m=1

d
< 2dlaz (3 + 2d + 2NUT, As)(w) + 2M) + 2size(Bz4) + 2 Z size(0z,a;) + 2(NUT, As)(w) + M)size(yzq)
j=1
< 20dPe79(1 + NUT, As)(w) + M + 3d + 2d* + 2dN(T, As)(w) + 2dM)
< 12C max(1, 2T L)dPHT279(1 4 262 + M),
where we used the bounds on the size from Assumption 4 and employed (5.27) for the last step.

For the remainder of the proof we can now repeat precisely the same arguments used to obtain first
the neural network representation (5.15) with a bound on the weights (obtained as in (5.16))

(5.30) size(U!) < (24 3n)12C max(1,2TL)dP 722791 4+ 262 + M).
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Letting Cp := 12C max(1,2TL) we then obtain the neural network representation (5.17) with
weights bounded (as in (5.18)) by

(5.31)
size(U") < 2size(®Pz 4) + 2size(Zraep, ) + 2size(V', - Z size(Zgep—0; © V' de)
Dae = b
Dgz—1
< 20dPe 7 + 2kdlp + 4Dg (2 + 3N)Cod? T2 (1 + 26 2 + M) +4 > 2d(Lp — ;)
j=1

< 20dPE™9 + (4Dg e + 2kd 4 8D zd)(2 + 3N)CodP 725791 + 2672 + M)
< 20dPE™9 + 14kC(2 + 3Th™ 1) Cod®+1+35724(1 4 2672 4+ M)
< Ch™1672d2P+ 037241 + M)

with C' = 60C max(1, 7ké’0) max(7,1). Altogether, we obtain the representation (5.19) also in this

case for a neural network VU satisfying (analogously to (5.20)) the bound
(5.32) 7
size(W) < Ch™12d?PHa+3724(1 + M)M

Ce 25 (max(486 1)dPz=30) 15 2p+T+35=20(1 4 c=25=0agmax(P.d) 1o (126, L)) (1 + 12~ 2edPe—49)
1

IN

~ 8 ~ 4p - ~ ~ 12q
. —6-28 2p+4E 4o _—15¢— 124
max(48c H't , max(1,12¢ L)e ° rd?t s T P8 tmax(p.g) g~15¢=

_6_8_159—12¢ 4p | 5 g 54 129p
c 6 5 15¢—=5 d3p+§+q+2p+q+3+15qp+ 5

IN

IN
=

Y

where we have set x = 4C max(1,12¢, L) max(48¢, 1)1+%(max(8\/§6, 1))15q+% and we used (5.31)
in the first inequality and inserted the choices of I, h, M,d in the second inequality and the
choice of € in the last inequality. This finishes the proof of the Theorem also in the case of
Assumption 3(ii). O

Remark 5.4. The proof crucially relies on a refined bound for the size of compositions of neural
networks, see [OPS20, Proposition 2.2], which guarantees that the constant appearing in (5.16) does
not grow exponentially in d and e~!. Using instead the bound size(¢; ® ¢2) < 2(size(¢1) + size(¢pz))

would lead to a factor 2" in (5.16) and thereby yield constants that grow exponentially in d and
—1
e

5.3. Case without path-dependence. As a first consequence of Theorem 5.3 we obtain a DNN
approximation result for European options, i.e., functionals which only depend on the terminal
value. For each d € N let pq: R? x R — R be a parametric European payoff function. In this
section the function to be approximated is Uy: R? x R — R given by

(,K) = Ug(z, K) := Elpa( X5 K)].

This is a special case of the situation considered in Theorem 5.3 with ®4(y) = p4(yr). Thus, Theo-
rem 5.3 can be directly applied. To facilitate reading we have written explicitly the simplifications
that appear in this case for the assumption on the payoff, Assumption 5, cf. also Remark 5.1. In
particular, the assumptions imposed in Corollary 5.5 are precisely the same as in Theorem 5.3 but
specialized to the case ®4(y) = waq(yr).
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Corollary 5.5. Assume that

o the coefficients of the SDE (2.1) satisfy the Lipschitz and growth conditions in Assumption 1,

e the jumps of the process satisfy Assumption 3, that is, either we are in the case of a Lévy-
driven SDE or the small jumps exhibit decay (2.5), (2.6),

e the coefficient functions satisfy the approximation hypothesis Assumption 4 and Assump-
tion 5(ii) holds,

e there exist C > 0, p,q > 0 and for each d € N, ¢ € (0,1] there exist neural networks
Ge,d: R? x R¥ — R such that for each d € N, ¢ € (0, 1], the European payoff approximation
condition (5.2) holds.

Then there exist constants k,p,q > 0 and neural networks U, 4: RIxRF 5 R, deN, e e (0,1]
such that for any d € N and target accuracy € € (0, 1]

(5.33) size(Us 4) < kdPe™

1/2
(5.34) ( / \Ud(:c,m—Ug,d<:c,K>|2ud<d:c,dK>) <e.
Rd xRkd

5.4. Expression rate results for PIDEs. As a second consequence of Theorem 5.3 we obtain
a DNN expression rate result for the solution of the PIDE (1.2) (which is identical to (2.4)). For
each d € N let ¢g: R? — R be a continuous function with polynomial growth. With Assumptions 1
and 2, Proposition 2.8 ensures existence of a unique viscosity solution with polynomial growth of
the PIDE (1.2). We denote this solution by ug € C([0,T] x R% R). The next result proves that
u4(0, -) can be approximated by ReLU DNNs without the CoD. We write u¢(dx) for the z-marginal
probability measure of p?, i.e., pf(A) = [pra n*(A,dK) for A € B(RY).

Corollary 5.6. Assume that

e the coefficients of the PIDE (1.2) satisfy the Lipschitz and growth conditions in Assump-
tions 1 and 2,

o ¢ satisfies Assumption 3,

e the coefficient functions satisfy the approximation hypothesis Assumption 4 and Assump-
tion 5(ii) holds,

e there exist C > 0, p,q > 0 and for each d € N, ¢ € (0,1] there exist neural networks
Ge,d: R? — R such that for each d € N, e € (0,1], » € R?

[pa(z) = pealz)| < eCdP(1 + |z + [ K1),
(5.35) size(¢e q) < CdPe™?,
Lip(¢e,q) < CdPe™1.

Then there exist constants k,p,q > 0 and neural networks ue q4: R >R, deN,ee (0,1] such that
for any d € N and target accuracy ¢ € (0, 1]

(5.36) size(ug q) < kdPe™ 1

(5.37) ( /R Jua0,2) - ue,d<x>|2ud<da:>)l/2 <e.

Proof. Fix d € N. Under Assumptions 1, 2 we obtain from [BBP97, Theorem 3.4] that u4(0,-)
has a representation in terms of stochastic integrals: for all z € RY, uq(0,z) = Vi, where )y is
deterministic and there exist an R%*%-valued progressively-measurable stochastic process Z* and a
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mapping U*: Q x [0,T] x (R?\ {0}) — R with
T T R
(5.39) Vi =Xy - [ zrawi - [ [ ure)Nana),
0 0 R4

E[fOT | Z#||%.dt] < oo, U* is PRB((R4\{0}))-measurable (with P denoting the predictable o-algebra)
and EJ fOT Jga [UF(2)|?v%(dz)dt] < co. These conditions guarantee that the stochastic integrals in
(5.38) are martingales (see for instance [RY99, Theorem IV.2.2] and [App09, Theorem 4.2.3)).
Taking expectations in (5.38) we thus obtain uq(0,z) = V§ = E[gpd(X%’d)]. Setting Ug(z, K) =
uq(0, x) we are thus precisely in the setting of Corollary 5.5. So, the claim follows from Corollary 5.5.

t

5.5. Application to basket option pricing. Theorem 5.3 can be applied in valuation of deriva-
tive constracts on baskets in mathematical finance. Corollary 5.7 shows that if market option prices
are “generated” from an (unknown) underlying market model with jumps satisfying the Lipschitz,
growth and approximation conditions formulated in Assumptions 1, 3, 4, then prices of derivative
contracts can be approximated by suitable DNNs without the CoD.

Corollary 5.7. Fiz starting values 3 € R? with ||zd|| < CdP. Let N € N, Ky,..., Ky € [0,00)
and w? € R? with sup ey max; |wi| < oo be given. Assume that Assumptions 1, 8 and 4 are satisfied
and

~

(5.39) O(T, K;) = E(w® - X5 _K,),], i=1,...,N.

Then there exist constants k,p,q > 0 and neural networks C. 4: R = R, d € N, e € (0,1] such that
for any d € N and target accuracy ¢ € (0, 1]

(5.40) size(Ce q) < kdPe™1
1/2
1o - )
(5.41) ¥ 2 |C(T K3) = Cea(K55)) <e.
=1

Proof. Let p®(dx,dK) = 6{$g} ® % sz\il 0{K,e,} Where e¢ = (1,0,...,0) € R*¥. Then, for all d € N
it holds that [pa, gra(1+ |z]>+[| K|?)pd(dz, dK) = + SN (1 [zd)? + | Kif?) < CdP and therefore
Assumption 5(ii) is satisfied. Furthermore, ¢4(z, K) = (w? -z — K1), is a ReLU DNN with L = 2,
Ny =1, Ny =1, 42 =10 =0, Al = [(wh)T,-1], b! = 0. Setting ¢ 4(z,K) = pa(x, K) for
each € € (0, 1], we obtain that the European payoff approximation condition (5.2) holds. Thus, the
hypotheses of Corollary 5.5 are satisfied and therefore there exist constants x,p,q > 0 and neural
networks U, 4: RY x R¥ — R, d € N, € € (0,1] such that for any d € N, ¢ € (0, 1] condition (5.33)
and the error estimate (5.34) hold. Rewriting

N
1 xd.d
[ Wi ) = Ul BOP e, ) = 3 [Bl6eaX5, 1 160)) = Ul )P
R4 xRkd i—1

d d N
using that IE[@,d(X;O’d, e K;)] = ]E[(wd-X;O’d—Ki)ﬂ = C(T, K;) and setting C. 4(K) = U. 4(z¢, e1 K)
(which is a DNN satisfying (5.40)) then yields the claim. O
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6. CONCLUSIONS

We have shown that a certain class of deep ReLU neural networks can approximate viscosity
solutions of a suitable class of linear partial integrodifferential equations without the CoD. In
addition, we have shown that deep ReLU NNs can approximate expectations of certain path-
dependent functions of stochastic differential equations with jumps without the CoD. Due to the
rather weak assumptions (global Lipschitz and polynomial growth of the characteristic triplets
of the (Feller-)Lévy process), the main results on DNN expression rate bounds comprise a large
number of special cases: pure diffusion, linear advection and pure jump.

The present analysis can also serve as building block in the analysis of nonlinear cases, as considered
e.g. in [BBP97]. There, Feynman-Kac type representations of viscosity solutions of semilinear
parabolic PDEs with integrodifferential terms have been established via backward SDEs with jumps.
The present analysis constitutes, together with a so-called Picard-iteration approach of [BGJ20],
[BHH"20], [EHJK19], [HK20] a foundation to develop high-dimensional approximation bounds to
certain nonlinear PIDEs, such as the recent work [NW22].

ACKNOWLEDGEMENT

This project has been partially funded by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) — 464123384.

REFERENCES

[App09] David Applebaum, Lévy processes and stochastic calculus, second ed., Cambridge Studies in Advanced
Mathematics, vol. 116, Cambridge University Press, Cambridge, 2009. MR 2512800

[ARO1] S¢ ren Asmussen and Jan Rosinski, Approzimations of small jumps of Lévy processes with a view towards
stmulation, J. Appl. Probab. 38 (2001), no. 2, 482-493. MR 1834755

[Bacl7] Francis Bach, Breaking the curse of dimensionality with conver neutral networks, J. Mach. Learn. Res.
18 (2017), Paper No. 19, 53. MR 3634886

[Bar93] Andrew R. Barron, Universal approximation bounds for superpositions of a sigmoidal function, IEEE

Trans. Inform. Theory 39 (1993), no. 3, 930-945. MR 1237720

[BBP97] Guy Barles, Rainer Buckdahn, and Etienne Pardoux, Backward stochastic differential equations and
integral-partial differential equations, Stochastics Stochastics Rep. 60 (1997), no. 1-2, 57-83. MR 1436432

[BCJ19] Sebastian Becker, Patrick Cheridito, and Arnulf Jentzen, Deep optimal stopping, J. Mach. Learn. Res.
20 (2019), Paper No. 74, 25. MR 3960928

[BGJ20] Christian Beck, Lukas Gonon, and Arnulf Jentzen, Overcoming the curse of dimensionality in the numer-
ical approximation of high-dimensional semilinear elliptic partial differential equations, Preprint, arXiv
2003.00596 (2020).

[BGTW19] H. Buehler, L. Gonon, J. Teichmann, and B. Wood, Deep hedging, Quant. Finance 19 (2019), no. 8,
1271-1291. MR 3977742

[BHH'20] Christian Beck, Fabian Hornung, Martin Hutzenthaler, Arnulf Jentzen, and Thomas Kruse, Overcoming
the curse of dimensionality in the numerical approxzimation of Allen—Cahn partial differential equations
via truncated full-history recursive multilevel Picard approximations, J. Numer. Math. 28 (2020), no. 4,
197-222. MR 4191733

[BHJK20] Christian Beck, Martin Hutzenthaler, Arnulf Jentzen, and Benno Kuckuck, An overview on deep
learning-based approximation methods for partial differential equations, Preprint, arXiv 2012.12348

(2020).
[BS11] Bjorn Bottcher and Alexander Schnurr, The Euler Scheme for Feller Processes, Stochastic Analysis and
Applications 29 (2011), no. 6, 1045-1056.
ristian Bayer an enjamin Stemper, eep calibration of rough stochastic volatility models,
BS18 Christi B d Benjamin S D librati f h hasti latili del
arXiv:1810.03399, 2018.
[CKT20] Christa Cuchiero, Wahid Khosrawi, and Josef Teichmann, A generative adversarial network approach to

calibration of local stochastic volatility models, Risks 8 (2020), no. 4, 101.



36

[EGJS18]

[EHJK19]

[EMW22]

[EW21]

[FK85]

[GGJIt21]

[GHIVW18]

[Gla16]
[Gon21]
[GPW21]
[GS21]
[Her17]
[HIK*20]

[HJKN20]

[HKO05]

[HK20]

[HMT19)]
[HRSW09)

[JS03]
[KP15]

[KS19)]
[LP21]
[Mai99)

[Mha96]

LUKAS GONON AND CHRISTOPH SCHWAB

Dennis Elbrichter, Philipp Grohs, Arnulf Jentzen, and Christoph Schwab, DNN Ezpression Rate Anal-
ysis of High-dimensional PDEs: Application to Option Pricing, Tech. Report 2018-33, Seminar for
Applied Mathematics, ETH Ziirich, Switzerland, 2018, (to appear in Constr. Approx. (2021)).

Weinan E, Martin Hutzenthaler, Arnulf Jentzen, and Thomas Kruse, On multilevel Picard numerical ap-
proximations for high-dimensional nonlinear parabolic partial differential equations and high-dimensional
nonlinear backward stochastic differential equations, J. Sci. Comput. 79 (2019), no. 3, 1534-1571.
MR 3946468

Weinan E, Chao Ma, and Lei Wu, The Barron space and the flow-induced function spaces for neural
network models, Constr. Approx. 55 (2022), no. 1, 369-406. MR, 4376565

Weinan E and Stephan Wojtowytsch, Kolmogorov width decay and poor approximators in machine learn-
ing: shallow neural networks, random feature models and neural tangent kernels, Res. Math. Sci. 8 (2021),
no. 1, Paper No. 5, 28. MR 4198759

Tsukasa Fujiwara and Hiroshi Kunita, Stochastic differential equations of jump type and Lévy processes
in diffeomorphisms group, J. Math. Kyoto Univ. 25 (1985), no. 1, 71-106. MR 777247

Lukas Gonon, Philipp Grohs, Arnulf Jentzen, David Kofler, and David Siska, Uniform error estimates
for artificial neural network approrimations for heat equations, Early access version available online.
IMA J. Numer. Anal. (2021), 64 pages.

Philipp Grohs, Fabian Hornung, Arnulf Jentzen, and Philippe von Wurstemberger, A proof that arti-
ficial neural networks overcome the curse of dimensionality in the numerical approximation of Black-
Scholes partial differential equations, To appear in Memoirs of the American Mathematical Society;
arXiv:1809.02362 (2018), 124 pages.

Kathrin Glau, A Feynman-Kac-type formula for Lévy processes with discontinuous killing rates, Finance
Stoch. 20 (2016), no. 4, 1021-1059. MR, 3551859

Lukas Gonon, Random feature neural networks learn Black-Scholes type PDEs without curse of dimen-
sionality, Preprint, arXiv 2106.08900 (2021).

Maximilien Germain, Huyén Pham, and Xavier Warin, Neural networks-based algorithms for stochastic
control and pdes in finance, Preprint, arXiv 2101.08068 (2021).

Lukas Gonon and Christoph Schwab, Deep ReLU network expression rates for option prices in high-
dimensional, exponential Lévy models, Finance Stoch. 25 (2021), no. 4, 615-657. MR, 4318896

A. Hernandez, Model calibration with neural networks, Risk (2017).

Martin Hutzenthaler, Arnulf Jentzen, Thomas Kruse, Tuan Anh Nguyen, and Philippe von Wurstem-
berger, Overcoming the curse of dimensionality in the numerical approximation of semilinear parabolic
partial differential equations, Proc. A. 476 (2020), no. 2244, 630-654. MR 4203091

Martin Hutzenthaler, Arnulf Jentzen, Thomas Kruse, and Tuan Anh Nguyen, A proof that rectified deep
neural networks overcome the curse of dimensionality in the numerical approximation of semilinear heat
equations, SN Partial Differential Equations and Applications 1 (2020), no. 2, 10.

D. Higham and P. Kloeden, Numerical methods for nonlinear stochastic differential equations with jumps,
Numerische Mathematik 101 (2005), 101-119.

Martin Hutzenthaler and Thomas Kruse, Multilevel Picard approximations of high-dimensional semi-
linear parabolic differential equations with gradient-dependent nonlinearities, STAM J. Numer. Anal. 58
(2020), no. 2, 929-961. MR 4075337

Blanka  Horvath, Aitor  Muguruza, and Mehdi Tomas, Deep  learning  wvolatility,
https://ssrn.com/abstract=3322085, 2019.

Norbert Hilber, Nils Reich, Christoph Schwab, and Christoph Winter, Numerical methods for Lévy
processes, Finance and Stochastics 13 (2009), 471-500.

Jean Jacod and Albert N. Shiryaev, Limit theorems for stochastic processes, 2nd ed., Springer, 2003.
Idris Kharroubi and Huyén Pham, Feynman-Kac representation for Hamilton-Jacobi-Bellman IPDE,
Ann. Probab. 43 (2015), no. 4, 1823-1865. MR 3353816

Franziska Kiithn and René L. Schilling, Strong convergence of the Euler-Maruyama approzimation for a
class of Lévy-driven SDEs, Stochastic Process. Appl. 129 (2019), no. 8, 2654-2680. MR 3980140
Fabian Laakmann and Philipp Petersen, Efficient approzimation of solutions of parametric linear trans-
port equations by ReLU DNNs, Adv. Comput. Math. 47 (2021), no. 1, Paper No. 11. MR 4206659

V. E. Maiorov, On best approzimation by ridge functions, J. Approx. Theory 99 (1999), no. 1, 68-94.
MR 1696577

Hrushikesh N. Mhaskar, Neural networks for optimal approxzimation of smooth and analytic functions,
Neural computation 8 (1996), no. 1, 164-177.



[NW22]
[OPS20]

[0SZ19)

[PBL10)]
[PMR*17]
[Pro04]
[PTY7]
[PV18]
[RDQ19]
[RW20]

[RY99]

[RZ19]

[SX22]

[Yarl7]

DNNS OVERCOME THE COD FOR PIDES 37

Ariel Neufeld and Sizhou Wu, Multilevel Picard approximation algorithm for semilinear partial integro-
differential equations and its complexity analysis, Tech. report, 2022.

Joost A. A. Opschoor, Philipp C. Petersen, and Christoph Schwab, Deep ReL U networks and high-order
finite element methods, Anal. Appl. (Singap.) 18 (2020), no. 5, 715-770. MR 4131037

Joost A. A. Opschoor, Christoph Schwab, and Jakob Zech, Exponential ReLU DNN expression of holo-
morphic maps in high dimension, Tech. Report 2019-35, Seminar for Applied Mathematics, ETH Ziirich,
Switzerland, 2019, (to appear in Constr. Approximation 2021).

Eckhard Platen and Nicola Bruti-Liberati, Numerical Solution of Stochastic Differential Equations with
Jumps in Finance, Springer, 2010.

T. Poggio, H. Mhaskar, L. Rosasco, B. Miranda, and Q. Liao, Why and when can deep-but not shallow-
networks avoid the curse of dimensionality: A review, International Journal of Automation and Com-
puting 14 (2017), 503-519.

Philip E. Protter, Stochastic integration and differential equations, 2nd ed., Springer, 2004.

Philip Protter and Denis Talay, The Fuler scheme for Lévy driven stochastic differential equations, Ann.
Probab. 25 (1997), no. 1, 393-423.

Philipp Petersen and Felix Voigtlaender, Optimal approximation of piecewise smooth functions using
deep ReLU neural networks, Neural Netw. 108 (2018), 296 — 330.

F. Regazzoni, L. Dede, and A. Quarteroni, Machine learning for fast and reliable solution of time-
dependent differential equations, J. Comput. Phys. 397 (2019), 108852, 26. MR 3990714

Johannes Ruf and Weiguan Wang, Neural networks for option pricing and hedging: a literature review,
Preprint (2020).

Daniel Revuz and Marc Yor, Continuous martingales and Brownian motion, third ed., Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 293, Springer-
Verlag, Berlin, 1999. MR 1725357

Christoph Reisinger and Yufei Zhang, Rectified deep neural networks overcome the curse of dimensional-
ity for nonsmooth value functions in zero-sum games of nonlinear stiff systems, arXiv:1903.06652 (2019),
34 pages.

Jonathan W. Siegel and Jinchao Xu, High-order approximation rates for shallow neural networks with
cosine and ReLU* activation functions, Appl. Comput. Harmon. Anal. 58 (2022), 1-26. MR 4357282
Dimitry Yarotsky, Error bounds for approximations with deep ReLU networks, Neural Networks 94
(2017), 103-114.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MUNICH, THERESIENSTRASSE 39, 80333 MUNICH, GERMANY
Email address: gonon@math.lmu.de

SEMINAR FOR APPLIED MATHEMATICS, ETH ZURICH, RAMISTRASSE 101, CH-8092 ZURICH, SWITZERLAND
Email address: christoph.schwab@sam.math.ethz.ch



	1. Introduction
	1.1. Problem Formulation
	1.2. Previous Results
	1.3. Contributions
	1.4. Layout

	2. Setting and Notation
	2.1. Itô processes
	2.2. Regularity and Growth Conditions
	2.3. Existence and Uniqueness

	3. Deep neural networks (DNNs)
	3.1. Notation and Definitions of DNNs
	3.2. DNN approximations of the coefficients

	4. Dimension-explicit bounds for SDEs with jumps
	4.1. Discrete-time approximation
	4.2. Small-jump truncation
	4.3. Approximation of coefficients
	4.4. Monte Carlo approximation of the compensator integral

	5. DNN Approximations for jump-diffusion processes
	5.1. Admissible Payoff
	5.2. Main result
	5.3. Case without path-dependence
	5.4. Expression rate results for PIDEs
	5.5. Application to basket option pricing

	6. Conclusions
	Acknowledgement
	References

