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Abstract

We develop a distributional framework for the shearlet transform S, : Sp(R?) —
S(S) and the shearlet synthesis operator S},: S(S) — So(R?), where Sp(R?) is the
Lizorkin test function space and S(S) is the space of highly localized test functions on
the standard shearlet group S. These spaces and their duals S)(R?), §'(S) are called
Lizorkin type spaces of test functions and distributions. We analyze the continuity
properties of these transforms when the admissible vector ¢ belongs to So(R?). Then,
we define the shearlet transform and the shearlet synthesis operator of Lizorkin type
distributions as transpose mappings of the shearlet synthesis operator and the shearlet
transform, respectively. They yield continuous mappings from Sj(R?) to S'(S) and
from S'(S) to S(R?). Furthermore, we show the consistency of our definition with
the shearlet transform defined by direct evaluation of a distribution on the shearlets.
The same can be done for the shearlet synthesis operator. Finally, we give a recon-
struction formula for Lizorkin type distributions, from which follows that the action
of such generalized functions can be written as an absolutely convergent integral over
the standard shearlet group.

Key words. shearlet and shearlet synthesis transforms; distributions of slow growth;
Lizorkin type spaces of test functions and their duals;
2010 Mathematics Subject Classification. 46F12, 42C40

1 Introduction

In this paper we provide a sound mathematical background for the shearlet transform
and the corresponding shearlet synthesis operator when acting on test function and
distribution spaces. This is done by studying the continuity properties of these two
integral transforms on the Lizorkin type spaces of test functions and, by duality, on
the corresponding distribution spaces. Our results are consistent with the ones given
in [6] (3, 18] for L?-functions. Actually, concerning the continuity results, we extend
the corresponding ones of quoted papers.
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The theory of shearlets emerged from the research activities aimed to create a
new generation of analysis and processing tools for massive and higher dimensional
data which could go beyond traditional Fourier and wavelet systems, [3 [19]. In signal
analysis it is customary to transform a signal, modeled as an element of a Hilbert space
H, into a new function or distribution over a convenient parameter space in order to
extract the most relevant information in the most efficient way, [4]. For example, the
wavefront set carries both the information on the location and the geometry of the
singularity set of a signal and it can be resolved by means of the shearlet transform,
[12, 13].

In a certain sense, shearlets behave for high-dimensional signals as wavelets do
for one-dimensional ones. We refer to [I] for the link between these two classical
transforms in the framework of square-integrable group representations theory, which
offers a unified approach to treat different relevant representations in signal analysis
when the parameter space forms a group. In such a case, signals are mapped via the
so-called voice transform in a new function on the group, which is square-integrable
with respect to a Haar measure under some technical assumptions.

An important issue in harmonic analysis is the extension of an integral transform
from a Hilbert space to a more general framework of generalized function spaces, and
there are two basic approaches to deal with this problem. The first approach is to
define the generalized transform through the action of a distribution on a family of test
functions in a suitable test function space. In this respect, the coorbit space theory
introduced by Feichtinger and Grochenig in [8, @] is a powerful tool which applies
when the integral transform is the voice transform associated to a square-integrable
representation of a locally compact group. This is the case of the shearlet transform,
and we refer to [6] for its extension based on the coorbit space theory, which yields
completely new regularity spaces, the shearlet coorbit spaces, and the corresponding
dual spaces of distributions. The second approach, which we employ in the current
paper, consists in defining a formal transpose of the integral transform, and then the
extended transform between pairs of dual spaces by transposition. The equivalence
between these two approaches can be showed by comparing them on the intersection
of their domains.

We follow the second approach based on the duality theory related to locally convex
spaces, i.e. the distribution theory introduced by Schwartz in [24]. Moreover, we give
the necessary comparison with the direct approach. Our work is motivated by the
lack of a complete and rigorous distributional framework for the shearlet transform in
the literature. On the contrary, related integral transforms, such as the Radon and
the wavelet transforms, are well understood and deeply studied in the context of test
function and distribution spaces in e.g. [14} [I5] [16], 20} 23].

It turns out that the Lizorkin type spaces of test functions Sp(R?) and S(S) are the
natural domain and range space for the shearlet transform. The same holds for the
shearlet synthesis operator but in the opposite direction. Recall, the Lizorkin space
So(R?) consists of smooth, rapidly decreasing functions with vanishing moments of any
order. Kostadinova et al. [20] showed that the domain of the ridgelet transform can be
enlarged to its dual space S)(R?), known as the space of Lizorkin distributions. The
proof exploits the close connection between the Radon, the ridgelet and the wavelet
transforms. This result, in combination with [I], yields a relation formula between the
shearlet transform and the ridgelet transform, as it is shown in [2].

The vanishing moments condition for the functions in the test space is not surpris-
ing. Indeed, as pointed out in the wavelet [21] and the shearlet analysis [12], as well as



in the recent study of the Taylorlet transform [I0], vanishing moments are crucial in
order to measure the local regularity and to detect anisotropic structures of a signal.
Furthermore, we notice that the rectified linear units (ReLUs), which are important
examples of unbounded activation functions in the context of deep learning neural
networks, belong to the space of Lizorkin distributions, see [25] for details.

Our main results are continuity theorems for the shearlet transform and the shearlet
synthesis operator on appropriate test function spaces. Since the image of a signal
under the shearlet transform is a function over the shearlet group S = R? x R x
R*, and our aim is to analyze its regularity and decay properties with respect to
all parameters, the corresponding topology is given by a family of norms determined
by eight indices. We prove that the shearlet transform Sy: So(R?) — S(S) and the
corresponding synthesis operator Sfp: S(S) — S(R?) are continuous mappings, where
S(S) is endowed with the above mentioned topology. Then, we use these continuity
results to extend the shearlet transform and the shearlet synthesis operator to the space
of Lizorkin type distributions S}(R?) and &’(S) by the duality approach and following
several ideas in [20]. We show the continuity properties of the shearlet transform when
acting on Sj(R?). Observe that many important Schwartz distribution spaces, such
as &'(RY), OL(RY), LP(R?) and D}, (R?) are embedded into the space of Lizorkin
distibutions S} (R?), see e.g. [20] for details.

We complete our analysis by showing that our definition of the shearlet transform of
distributions extends the ones considered so far in e.g. [I9][12], and that it is consistent
with those for test functions. Moreover, it follows from our analysis that our duality
approach is equivalent to the one based on the coorbit space theory presented in [6].

1.1 Notation

We briefly introduce the d-dimensional notation. We set N ={0,1,2,...}, Z, denotes
the set of positive integers, R, = (0,+o0c) and R* = R\ {0}. When z,y € R%,
Ty = T1Y1 + Toys + -+ + Tqya, |z| denotes the Euclidean norm, (z) = (1 + |z|?)'/2,
o™ ="y and 0 = O = Ot ... O, m € N?. We write also (™) = 9™,
m € N%. By a slight abuse of notation, the length of a multi-index m € N¢ is denoted
by |m| = mj+---+mg and the meaning of |-| shall be clear from the context. For every
b € R?, the translation operator acts on a function f : R? — C as Ty f(z) = f(x — b)
and the dilation operator Dy : LP(R?) — LP(R%) is defined by D f(z) = |a|~2 f(z/a)
for every a € R*. We write A < B when A < C - B for some positive constant C.

As usual, LP(R?), p € [1,+c0), is the Banach space of p-integrable functions
f: R4 — C with respect to the Lebesgue measure dz and, if p = 2, the corresponding
scalar product and norm are (-,-) and || - ||, respectively. The space L>(R?) consists
of essentially bounded functions. The Fourier transform F is given by

FIO = [ f@e e, fe LR,

and it extends to L?(R?) in the usual way.

The dual pairing between a test function space A and its dual space of distributions
A’ is denoted by 4/( -, - )4 and we provide all distribution spaces with the strong dual
topologies. For simplicity in the notation, we also use dual pairings without explicitly
stating the spaces A, A" and they will be clear from the context.

The Schwartz space of rapidly decreasing smooth test functions is denoted by S(R%)
and S’'(R?) denotes its dual space of tempered distributions. Concerning the family of



norms which defines a projective limit topology on S(R?), we make the choice

pu(p) = sup  (x)"[0™p(z)],
z€RY,|m|<v
for every v € N and ¢ € S(RY).

If G is a locally compact group, we denote by L?(G) the Hilbert space of square-
integrable functions with respect to a left Haar measure on G. If A € M4(R), the
vector space of square d x d matrices with real entries, ‘A denotes its transpose and we
denote the (real) general linear group of size d x d by GL(d, R).

2 Preliminaries

In this section we first introduce the shearlet transform. We refer to [I1] as a classical
reference for the theory of group representations of locally compact groups and to [19)]
for a complete overview of shearlet analysis. Then, we introduce the Lizorkin space of
test functions, a closed subspace of S(R?) which plays a crucial role in our analysis,
and the space S(S), which contains the range of the shearlet transform when acting
on the Lizorkin space. As already mentioned, both spaces and their duals are called
Lizorkin type spaces of test functions and distributions.

2.1 The Shearlet transform

Although we will give the definitions of multi-dimensional Lizorkin test and distribu-
tion type spaces, when dealing with the shearlet transform and the shearlet synthesis
operator we consider R? and the standard shearlet group S = R? x R x R* endowed
with the group operation

(b, s,a)(t),s" a’) = (b+ N A, s + |a]*/?s, ad’),

where

1 o—s 1o «
vl T ae=aly ] semacrs

A left Haar measure on S is given by
du(b,s,a) = |a|~3dbdsda,

where db, ds and da are the Lebesgue measures on R?, R and R*, respectively. The
group S acts on L?(R?) via the square-integrable representation

T5af (@) = |a| 2/ f(A; NS (z — b)), (1)
or, equivalently, in the frequency domain
Fysaf (€) = lal*/ e T Ff(ALNE). 2)

We denote by C(S) the space of continuous functions on S and by L*(S) the space of
essentially bounded functions on S with respect to the Haar measure du.

Definition 1. Let ¢ € L?(R?). The shearlet transform associated to v is the map
Syt L2(R?) — C(S) N L>=(S) defined by

Sy fb,s,a) = (f,mpsat) = la|™% [ fla)d(Aa'Ns (z - b))dz,

for every (b,s,a) € S.



It is well-known that the shearlet transform S is a non-trivial multiple of an isom-
etry from L?(R?) into L2(S,du) provided that ¢ € L?(R?) satisfies the admissibility
condition

_ [ FU©P
0<Cw—/]RZ e d¢ < +o0, (3)

where £ = (£1,&) € R?, or equivalently
CM=/L/VM%W£W®f17 for a.c. £ € R?\ {0}, (4)
Rx JR al2

see e.g. [5]. Functions ¢ € L?(R?) which satisfy are called admissible shearlets.
Furthermore, if ¢ € L?(R?) is an admissible shearlet then for every f € L?(R?) we
have the reconstruction formula

dbdsda
Sy f(b,s,a) Ty s.q , 5
= | L seresam e SRS 6

where the equality holds in the weak-sense, i.e.

1 dbdsda
<ﬁm=——/ / Spf(b,5,0) (Tpsathg) ot g e [2(R2).
C’q/} RX JR JR2 |a‘

We can also consider a reconstruction formula when the analyzing and the synthesis
vectors do not coincide. Precisely, for every pair of functions ¢, ¢ € L?(R?) which
satisfy the admissible condition

FY(E)F (&)

0<Cypy=
20 Jpe |€1]?

dé < +o0 (6)

(or equivalently

Cyoo :/ /.7-'1[; (AN Fd(A'N,€) (Iisldf’ for a.e. £ € R2\ {0}), (7)

we have the reconstruction formula

dbdsda
Syf(b,s,a)myeadp , f e L?(R?), 8
Owaﬁ/Rx/ 2V ) CalP (&) ®)

where again the equality has to be interpreted in the weak-sense (L2-weak convergence).
It is immediate to see that if ¥ = ¢ we recover . Reconstruction formula is a
consequence of the orthogonality relations for square integrable representations proved
by Duflo and Moore in [7]. We refer also to [27, Chapter 9]. In Section 4 we show
that under suitable choices of the vectors 1, ¢ and of the function f formula holds
pointwise, see Proposition

2.2 The spaces

In this subsection we introduce the functional analytic background for our investiga-
tions, and state some auxiliary results which will be used in the proofs of our main
results.



The Lizorkin space Sp(R?) consists of rapidly decreasing functions with vanishing
moments of any order, i.e.

So(RY) = {p € S(RY) : pm(p) =0, ¥m € N},

where fiy,(p) = [pa 2™ @(x)dz, m € N%. Tt is a closed subspace of S(R?) equipped with
the relative topology inhered from S(R?) and its dual space of Lizorkin distributions
S)(R?) is canonically isomorphic to the quotient of S’'(R?) by the space of polynomials
(cf. [16} 20]).

We are also interested in the Fourier Lizorkin space So(R?) which consists of rapidly
decreasing functions that vanish in zero together with all of their partial derivatives,
ie.

So(RY) = {p € S(RY) : 9™ p(0) =0, ¥m € N"}.
This is also a closed subspace of S(R?) endowed with the relative topology inhered
from S(RY).

We observe that, since So(R?) and Sy(R?) are closed subspaces of the nuclear space
S(RY), they are nuclear as well. We denote by X®Y the topological tensor product
space obtained as the completion of the tensor product X ® Y in the inductive tensor
product topology e or the projective tensor product topology 7. Then, we have the
following result.

Lemma 2. The spaces So(R?) and So(R?) are closed under translations, dilations,
differentiations and multiplications by a polynomial. Moreover, the Fourier transform
is an isomorphism between So(R?) and So(RY) and we have the following canonical
isomorphisms

So(RY) 2 Sp(R™)@Sy(R%),
So(RY) = So(RM)&8(R™),
where d =d; +dy € Z.

Proof. The proof is based on classical arguments and we omit it (cf. [26] Theorem
51.6] for the canonical isomorphisms). O

The next Lemma is a reformulation of [2I, Theorem 6.2].

Lemma 3. Let f € So(R?). Then, for any m € N¢ there exists g € So(R?) such that

FfE)=¢€"Fg(€), EeR%

and vice versa. Furthermore, for such f and g and for every v1 € N, there exists
v9 € N and a constant C > 0 such that

pvi(9) < Cpuy (f). 9)

Proof. We start proving the first part of the statement for d = 1 and m = 1. Let
f € So(R) and consider

x +o0
sw)= [ foae=— [ s
It is easy to show that g is a well defined function and

Stég(@’“lg(w)l < pokya(f) < +oo, (10)



for every k € N (cf. [2]). Furthermore, ¢’'(x) = f(x), and then

sup(z)*|g" ()] = sup(z)*| f171 (@)] < +oo, (11)
z€R z€R

for every k € N and [ > 1. Moreover, since f € Sy(R), for any n € N we compute

/+OO 2"g(z)dr = — /+OO 2"ty (2)dr = — /+OO 2" f(z)dx = 0.

— 00 — 00 — 00

Then, g € Sp(R) and by the definition of g we have

Ff(&) =Fg'(§) = (2mi)sFg(§),  EE€R

The opposite direction is obviously true since the space Sy(R) is closed under multi-
plication by a polynomial, and this concludes the proof of the first part of the statement
for d = 1 and m = 1. The analogous statement holds true for |m| > 1 by iterating
the above proof |m|-times. The case d > 1 follows by analogous but cumbersome
computations, and it is therefore omitted.

Finally, (9) follows immediately by and ([LI). More precisely, if f € So(R) and

Fr) =¢"Fg(&), C€R,
for some g € Sp(R) and m € N, then by and for every v € N we have

pulo) = s (a)"lg"(@)| S pausal).
z€R,I<v
and this concludes the second part of the statement for d = 1. The analogous result
holds true for d > 1 by using similar arguments. O

By Lemma [3] if f € Sp(R?), then for any given k,I € N there exists g € Sp(R?)
such that

Ff&, &) = &6TFg6, &), (&4,&) e R

Moreover, it is worth observing that by Lemmas [2| and |3} f € So(R?) if and only if it
satisfies the directional vanishing moments

[t e =0

for all m € N and for every j € {1,...,d}. As noted in [I3], a sufficient number
of directional vanishing moments imposes the crucial frequency localization property
needed for the detection of anisotropic structures.

In order to study qualitative properties of the range of the shearlet transform,
we introduce appropriate norms which measure regularity and decay properties with
respect to all of the parameters. To this aim it is necessary to involve eight indices.
More precisely, we denote by S(S) the space of functions ® € C°°(S) such that the
norms

PRl (@)

1
= sup ()" (b)) (s)! (lalm + m) 070805205 @((b1,b2),5,a)|  (12)
((b1,b2),s,a)€S |a‘



are finite for all k1, ko, I, m, a1, g, 8,7 € N. The topology of S(S) is defined by means
of the norms ([12)). Its dual S'(S) will play a crucial role in the definition of the shearlet
transform of Lizorkin distributions since it contains the range of this transform.

If F' is a function of at most polynomial growth on S, i.e., if there exist positive
constants v, Vo, 3 and C such that

Pl <@ (4 ). Gsaes.

then we identify F' with an element of §’(S) as follows

dbdsda
S’(S)(F7(I))S(S) = /RX /]R/]R2 F(basaa)(l)(ba S’G)W7 (13)

for every ® € S(S).

3 The continuity of the Shearlet Transform

We are now ready to state our first main result. Let f,1 € L?(R?). By Definition
the Plancherel theorem, and formula we obtain

S’Ll)f(bvsva) = <]:fa ]:7Tb,s,aa¢>

= lal / /ff(él,§z)€2m(b1§1+b252)f¢(a£17alal‘%(& — s€1))d&1d&y,
RJR ( 4)
1

for every (b,s,a) € S. Moreover, we can consider this transform as a sesquilinear
mapping S: (f,¥) — Sy f.

Theorem 4. The operator S: (f,v) — Sy f is a continuous sesquilinear mapping from
So(R?) x So(R?) into S(S). In particular, for every 1 € So(R?) the shearlet transform
Syt LA(R?) — C(S)NL>(S) restricts to a continuous operator from So(R?) into S(S).

Proof. We must prove that for every f,v¢ € SO(RQ), given ky, ko, l,m, a1, a9, 8,7 € N,
there exist vy, 5 € N such that

AL S h) S (Npus (). (15)

First, in three steps, we show that without lost on generality we can assume a; =
ag = ==k = ko =1=0. Then, in the last step we finish the proof by taking an
arbitrary m € N and proving that

Po e (Suf) S Cpuy (f)pus (V)

for some v1,v9 € N. The idea of the proof is similar to the one given in [20] which
concerns the continuity of the ridgelet transform on Sy(R?). We note that formula
and Lemma [3] play a crucial role in the proof.



1. We first show that the derivatives of Sy, f are bounded by appropriate norms of
the family with oy = ay = = v = 0. By formula we have that

050,201 8y (b1, b2), 5, a)|
= lailmies [ [ e s et
x O (Fip(agy, alal =2 (& — s&1)))d&1dé|
- \a|%+§\(2m)m+a2/R/Rfi”ﬁﬁéwff(&,52)62”("151“’252)X
0y Fp(aty, alal =% (& — s&1))d&rdé). (16)

Then, by formula and the Liebniz formula, we compute

0705 0,205 Sy (b1, b2), 5, a)|
I 27‘_7[ a1 t+az / / §a1+552az}'f 517£ ) 27’ri(b1§1+b2§2)x
x 0] (|| 2 0f Fip g1, alal (& — s&1)))d€adés|
_| Z le 27.” a1+a2|a‘4+2 J//£a1+ﬁ€asz(€l,€ ) 27i( b1§1+b2§2)x

JHl=y

x OL(9y Fip(ay, alal =2 (& — s&1)))dérdes, (17)

where the constants c¢;; depend only on j, [ and 8. The last expression in is
bounded from above by a finite sum of terms of the form

|a‘%+g—j—3%2—7“1|Cj7l(2ﬂ.i)al+oéz//g?l‘i‘ﬁgéﬁe]:f(gl’52)62ﬂi(51§1+b2§2)X
RJR

X @20 T (G — 560)72 (9] 0P F b (ay, ala| ~E (€ — s61)))dé1dé|

0,0,0,0 a1+8 qa
S Po0.0.15+5 -8 | (S g (0777052 )),

With ¥y, r, given by Fiby, p,(61,&) = €T 08T Fy(&y, &) for every 71, 12 € N,
r1 + ro < [. Since differentiation and multiplication by polynomials are continuous
operators from Sp(IR?) into itself, we can assume oy = g = § = = 0.

2. In the second step we estimate multiplications by b = (b1, b2) € R?, and show
that it is enough to consider k; = k3 = 0 when proving . Observe that we can
assume |b| > 1, |bo| > 1. By formula ([14), and since

(1 _ 852 )NeQTriflb1
1

627ri§1b1 _
(27b; )2N




for every N € N and &1, b; € R, it follows that
(b1)*1Sy f((b1,b2), 5, a)|

1— 92 \Ne2mitiby i
= it [ [ 71066 e e F el 6 el
(br)*

= el [ [ (0= 08) (6 e Filatr ala] F — 560 a6

b
= <2<7Tll)>>2N| Z Ia,|4+7"1+7// jr1,T2 (9 ]:f(€17£2)

3,r1,r2<2N

x 071 052 Fp(a&y, ala| =2 (&2 — s€1))e*™ &1 dEy,

for some polynomials P, r,(t) = ngib” cmt™, and b€ = b1&1 + ba&e. Then, we
obtain

(b1)" Sy f((b1,b2), 5,0)]
Pj,ry,ra

k| g|N (g)2N
cBhmd—l X 3 elalt [ [ o7 s

7,r1,72<2N m=0

A7 052 Fup(aky, ala| =3 (€2 — s&1))e? ™6 dE, dEs|,

where the last inequality follows by the fact that we can assume |a| > 1 and |s| > 1.
The above estimate yields

bk Pj,r1.m2
R D DID D A LN}

7,r1,72<2N m=0

with Ff;(61,62) = 8{]—']”(51,52) for every j and ), ,, given by Fior, r,(£1,&2) =
011052 F1p(&1,&2) for every pair r1,re € N, r1,r2 < 2N. Analogously, for every M € N
we have that

(b2)"2[Sy £((b1,2), 5,a)]

—82 M 27\'152!)2 ) .
= (ba)*|a| |//]:f 51752 <2§;Z 23 > Fop(ay, alal =2 (& — s&1))dérdEy|

<2§f§ arlal ] / / 1= 02)M(F (&1, &) Fip(agy, alal =% (& — s61)))e*™ 4 dé d&|
< a5 \al%/ / O F f(&1,£)05 Fibagy, ala] =3 (& — s&1))e*™ ¢ g d&y|
<27Tb2>2M jr<2M R JR
ko M
< {b2)2a] ol / / RF f(&1, €205 Fth(aky, alal =3 (&2 — s€1))e* 4 d€ |

~ 2M
(2mba) 4, r<2M

where the last inequality follows by assuming |a| > 1. Hence, we obtain

b ~
a8 (b)) < 2L ST RRES (805

10



with f; given by F £;(&1,&2) = B F f(&1, &2), and o, given by Foiy. (&1, &2) = 05 F (&1, &2)
for every j,r € N, 5,7 < 2M.

Therefore, recalling that we have assumed |b1| > 1 and |bo| > 1, if we choose N = k;
and M = kg, we obtain

<b1>k1 <b2>k2|8¢f((b17b2>7S7a)|2 ~ < 1>2k1 <62>2k2 x
Pj.kq .k
% [ Z Ji: : |C | 0,0,0,0 ( . 0,0,0,0 S rs
m1P0,0.2N,N Oty ry i Z po,o,o,M( v fi)]
Jyk1,ko<2N m=0 3,r<2M
Pj,kq,ko
SEYD D lemloonon v (S f)l 000 (Su, f3)]
~ Cm1P0,0,2N,N\Cpr, vy Jj P0,0,0,M\ Py J5)]-
jk1,k2a<2N m=0 §r<2M

and we conclude that we can assume k; = ky = 0 since differentiation and multiplica-
tion by polynomials are continuous operators from So(R?) into itself.

3. The third step consists in showing that when considering multiplications by
powers of s, we can assume [ = 0 in . By formula and

14 &2
&2

<S> < <S§1> ( ) P S, 51 S Ra
it follows that
()18 f((b1,b2), 5, a)|

= lal] /R/R]:f(fh52)62”(b151+b2§2)<3>l]:¢(a§1, ala|~% (& — s&1))dérdé|

< lal| / / E72UE )2 F (€, €)M G0 (56 VU (afy alal 3 (€ — s61))déydeal.
RJR
By Lemma [3| there exists f; € So(R?) such that
Ff(&,&) =8 Fhl&, &),
for every (£1,&2) € R?, and then
()18 f((b1,ba), 5, a)]
<l [ [ @ F Al ) 00 () Fiaga.alal 1 — s6a))dérdal.

Without loss of generality, we may assume that [ is even. We divide the proof in
the two cases |a| <1 and |a| > 1. If |a| > 1, by Peetre’s inequality we have that

(s61)! < (ala|~¥s61)! < 2(alal "3 (&2 — s€1)) {ala| 36, s, €1, & €R.
Then
(s)!Sy f((b1,b2), 5, a)]
< laf* |// Y (ala| =2 &) F fi(6r, &) e?m P8 thata)

X (a\a|_§( 2 — 561)) Fip(aéy, ala| =2 (& — s&1))d&rdéol,
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which is less than or equal to a finite sum of terms of the form

ot 2] [ [ e Fae et
x (ala| "% (& — s&1)) Fuo(aéy, alal =2 (& — s€1))dé1dés| S 08:8:8:972(51/3(3{1852fl))7

where 0 < 71, ro < 31 and with ) given by Fip(£1, &) = (&2)' Fu(&1, &), Analogously,
if |a| < 1, by Peetre’s inequality we have

(s&1)! < |a|~2 (ala| "7 s&1)! < |a]"224alal "3 (& — s&1)) ala| T, s, &1, & ER,
and then

()18 f((b1, b)), 5,a))|
SMﬁfﬂA;@f@nﬂmmr%@ﬁfﬁ@h@w%Mﬁﬁh&&
x (ala| "% (& — s61)) Fo(akr, alal 2 (&2 — s61))dE1dés),

which is less than or equal to a finite sum of terms of the form

|a‘4 2+ ) |//25 4]:'fl 51752) 27ri(b1§1+b2§2)><
x {alal =% (&2 — 5€1))' Fup(ay, ala] =3 (&2 — s61))d61dEa] < pyoTe 1 (S5 (07 05" 1),

2

where 0 < r3, ry < 3l. Therefore, by Lemma [3| and since differentiation and multipli-
cation by polynomials are continuous operators from Sy(R?) into itself, we can assume
l=0.

4. Finally, we consider multiplication by positive and negative powers of |a|, a €
R*. Let m € N. By Lemma [3| there exists g,, € So(R?) such that

]:f(617§2) = gln]:gm(é-héé)a

for every (£1,&2) € R2. Then, assuming |a| > 1, we have
la|™|Sy f((b1,b2), 5, a)]
—lali] [ [ Fon(r, @)t O am e Fofagy, ala] 1 - s))d6rdéa
RJR

< Jaft / / F g (€1, &) IF @ 0(ats, alal ¥ (€ — 51)))|dérdes
< lgmlnlal? /R /R (07 aty, ala] (& — s61)))|dErdee

ammw%AAM@W@@wmmgmMMM%wwwl
< p2(gm) p2(FOT*Y).

Therefore, by Lemma [3] and since the Fourier transform and the differentiation are
continuous operators from Sp(R?) into itself, we conclude that there exist vy, v € N
such that

|a]™[Sy f((b1,b2), 5, a)| S pun (F)pws (¥) (18)
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for every (by,b2) € R?, s € R and |a| > 1.
We finish the proof by considering multiplications by negative powers of |a|. Let
m € N. By Lemma [3| there exists v, € So(R?) such that

Fp(&r, &) = & Fpn (61, 62),
for every (£1,&) € R%. Assuming |a| < 1, we compute
|al =" |8y f((b1,ba), 5, a)]
=Mﬂéé#ﬂﬁ@@wwm%@MM@mm%@—ﬁmmw

S |a|£ /R/R I]—'((?{"“f)(gh52)||}'wm(a§17a\a|‘%(52 — 51))|d&1dEs
< lalF 0P £ / / Fiom(aé, alal ¥ (€ — s61))|dérdéy
RJR

S al 7107 FIl I FYmllt S prsrsz(F)p2(Fibm).

By Lemma [3] and since the Fourier transform and the differentiation are continuous
operators from Sy(R?) into itself, we obtain

|a] ™Sy f (b1, b2), 8,0)| S pun () oy () (19)

for some v1, vo € N and for every (by,by) € R?, s € R and |a| < 1.
Equation together with show that for every f,1) € Sp(R?), given m € N,
there exist vy, 5 € N such that

2000 (Suf) S P (F)pus (¥)
and this concludes the proof. O

Theorem [ shows how the regularity and decay properties in the range of the
shearlet transform are controlled by the corresponding properties of both the shearlet
1 and the analyzed signal f.

4 The Shearlet Synthesis Operator

Reconstruction formula suggests to define a linear operator which maps functions
over S to functions over the Euclidean plane R?. The operator that we are after is
analogous to the wavelet synthesis operator considered by Holschneider [16].

Definition 5. Let ¢ € L*(R?) and let F' € S(S). We define the shearlet synthesis
operator S@F of F' with respect to 1 as the function

Sy F(z) = / / / F(b,s,a) mpsq() M7 r € R2. (20)
rx JR JR2 w |af?

Tt is immediate to verify that for every F' € S(S) the integral in is absolutely
convergent for all z € R?. Moreover, S : (F,¢) — S|,F is a continuous bilinear
mapping from S(S) x L'(R?) into L*°(R?), which is proved in what follows. Let

13



F € 8(S), z € R?, and € > 0. Indeed, by the Fubini theorem and the definition of the
shearlet representation it follows that

1 dbdsda
sl [ [ e G s e e N ) S

3 1 dbdsda

s [ e e s ) g v e - ) S
0000 —3 -1 dbdsda

N I e e e

_3 T dbdsda
+ 0000 () / i / / o~} Y (A7 N (o — py)| S2dsda

jal =
la|>e (1 + 82)

dsda 9 dsda
0000 0,0,0,0 —3

||w|\1/ / 4 0000 >||¢||1/ a / _dsda
0029 la|<e 1+82 0.0,2.0 la|>e R (1+S2)

0,000 0,0,0,0
S ¥l (pg g5 (F) + pojo2i0(F)) < +oo.

The terminology shearlet synthesis operator follows by an analogy with the frame
theory. Indeed, an admissible shearlet ¥ for the shearlet representation gives rise to
the continuous frame {7y 5.a%} (5 5,a)s, see e.g. [12], and the frame synthesis operator
associated to such a frame is actually the shearlet synthesis operator Sfb given by (20| .

We consider the shearlet synthesis operator as the bilinear map S*: (F, ) = Sy F
for a wide class of pairs (F,1) for which Definition [5 I makes sense, and prove 1ts
continuity from S(S) x So(R?) into Sp(R?). We refer to [16, Theorem 19.0.1] for the
analogous statement for the wavelet synthesis operator.

Theorem 6. The operator S§': (F,v) — SyF is a continuous bilinear mapping from
S(S) x So(R?) into So(R?). In particular, the shearlet synthesis operator S} is a
continuous operator from S(S) into So(R?) for every ¢ € Sp(R?).

Proof. We start by proving the continuity, and we refer to [2] for the analogous proof
under stronger conditions on the admissible vectors. Indeed, compared to [2], here we
consider general admissible shearlets 1) € Sp(R?).

We need to show that for every F € S(S), ¢ € So(R?) and v; € N, there exist
ki,ka,l,m, a1, a9, 8,7,v2 € N such that

P, (SLF) < Cppt 2 (F) pu, (1),

We use the fact that the families 5, () = p, (Ff) and g 2207 (F) = ppl 020 (FF),
where FF' denotes the Fourier transform of F' with respect to the variable b, are bases
of norms for the topologies of Sp(R?) and S(S), respectively (cf. [20]). Furthermore,

by the Plancherel theorem, equation and the Fubini theorem we have that

dsda
|al?

- / e [ [l AFR s 0) Fo(agialal (-6 +6) Tdé (21)

for every F € S(S) and 9 € Sp(R?).

= [ 1Pt [ FPs0) o agialal F 6+ ) de

14



We first consider the derivatives of St F.Let e >0and N € N, N > 2. By formula
. for every a € N we have that

|09 (SLF)(z1,22)|
/ / /|a| 1| FE (€, s,a)| | Fo(—Ad'NE)| deTdéldfz
. g st
/RQ/||<E/ s)?lal” |fl| |FF(E, s,a)| |[Fip(—Ay N BEGL
/Rg /a|>6/ V2a| =T &1 || FF(E, 5, a)| |[Foo(—A.NL€)| e

~ p?\]g,(;?]\]’z% (FF)po () + P?Vg-?xozv 2 O(FF)PO(w)

which is dominated by a single product of norms. The terms |97, (Sy,®)(z1,22)], B €N,
can be estimated in a similar fashion.

Next we consider multiplications by monomials z%, k € Z,. By formula we
have

|} (S F) (21, 22)]

=1 [ ater [ ] iR s FoC gl T + o) SR
27r7,:n§ dsdad
=1 [ G [ [tk PR s 0) FolagialalH (6 s6)]) S
dsdad§

S [ L [ laltios 7R s Fo(atialal—H -6+ sl S

which is less than or equal to a finite sum of addends of the form

k
/]1{2 /RX/]R|a|%+k2+73‘8‘k3|8§11]:F(€’3’a)|><

1 dsdad§&d
x |02 0 Fup(—agy, alal ¥ (—& + 551))|%
k3 M
= [ [ [t e g ) i PR sl
R2 JRX JR
dsdadé; dé
(1+s)F 1+ g7

where kq, ko, ks € N are less than k£, N > 2 and M > k3 + 1. Then, splitting the
integral over R* into integrals over |a| < € and |a| > €, with € > 0, we obtain

2 k
L[ [ralts s isgok mre.s. o)l
R2 JRX JR

X |0F2 082 Fyp(—aéy, ala| "2 (=& + s61))]

_1 dsdadé,dé
X |0F2 052 Fip(—agy, alal % (—& +sfl>>\T”
< k1:0,0,0 k1,0,0,0
S PN van 8 pry i) T Photks (D) 200wy (FE) Do (1),

which is dominated by a single product of norms.
Obviously, we can treat |x2k(Sbe)(ac1, x2)|, k € Z4, in the same manner, and we

conclude that the operator S is continuous from S(S) x Sp(R?) into S(R?).

15



Finally, we have to show that S, F € Sy(R?) for every F € S(S) and ¢ € Sp(R?).
The idea is to prove the equivalent condition

FSLF()
lim —% =2 =, 22
&0 [¢]F #2)
for every k € N, see [16, Lemma 6.0.4]. We first observe that by formula and the
Fourier inversion formula we have

fS@F(gl,gQ):AXA\a|3/4fF(g,s,a) Fo(—atrala k(=& + s61)) 242 93)

laf®
where we recall that FF denotes the Fourier transform of F' with respect to the variable
b. We will prove that for every k& € N there exists N € Z; and a constant C' > 0 such
that
|FSy, F(rcosf,rsin)]
rk
for every r € Ry and for every 0 € [0,2n). Indeed, by equation (23), we have

< CTN",

|fo,}F(rcosﬂ,rsin9)|§/ /\a|3/4|]—'F((rc089,rsin0)7s7a)\><
rRx JR

dsda

X | Fip(—ar cos b, a|a|_%r(— sin @ + scos6))] TaF
a

By Lemma [3] for every m € N there exists g € Sp(R?) such that
Fip(61,6) =" Fg(&1,&2), &, &R
and we can continue the above inequality as follows
| FS,F(rcos 0,7 sin0)]

g/ /|ar%+m|fF((rcose,rsmo),s,a)|rm|cosa|mx
RX JR

dsda
(1+s2)

x | Fg(—arcos 6, ala| 2r(—sinf + s cos0))|(1 + s2)

Next, by splitting the integral over R* into integrals ove |a| < € and |a| > € for
some € > 0, we obtain
. 0,0,0,0 0,0,0,0
FSLE(rcos0.rsinb)| < (68099 (FF)po(g) + p3535 (FF)pola)] < ™.

where the hidden constant is independent of € [0, 27). Therefore, by choosing m > k,
we obtain

| FS;, F(rcosf,rsin)|
%

m—k
~Y r b)

r

which implies that holds true for every k € N, and we conclude that S}, F' belongs
to S() (R2> O

Next we show that the shearlet synthesis operator is in fact the adjoint of the
shearlet transform in the following sense. Let 1 € So(R?). If f € L'(R?) N L*(R?) and
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F € §(S), then by Fubini theorem we have that

[wssr@ae= [ e [ [ [ s i)
/RX/ RQFbSa/ f(@)7b, 5,00 (x)dz db|d‘|9da

:/ / Syf(b,s,a)F (b, s,a) %‘f“. (24)
R* JR JR? |al

Therefore, since L!'(R?) N L?(R?) naturally embeds into S;(R?) and by the identifica-

tion , we may write as

51)(Spf, Fssy = syw2)(f, %F)SO(W)-

This duality relation will motivate our definition of the distributional shearlet trans-
form in Section [El

If f € L?(R?) then, by using the definition of the shearlet synthesis operator, we
can rewrite reconstruction formula as

f= G (ShoSf, (25)

where the equality holds in the weak-sense. Next we show that if ¥, ¢, f € So(R?),
then the reconstruction formula holds pointwise.

Proposition 7. Let 1, ¢ € So(R?) be such that holds true. If f € So(R?), then

f@) = 5—(8508y)f(x), =eR” (26)

Cw

Proof. We recall that by Theorem I if 1 and f belong to SO(JRQ) then Sy f € S(S).
By the Plancherel theorem, Fubini theorem and formula (2] for every z € R? we have

dbdsda
(S5 o8y)f /RX / /R2 Sy f(b,s,a) T s.ad(x) al?
dfdbdsda
27rzb§ tN
= [ L L F e F AN @ S
— [ [ [ FrFIANG [ e m o S
Rx JR JR? R2 la|2
—_— dédsd
:/ / ]:f(g)]:w(Aathg)]:ﬂ-fw,s@(b(g) g 89 -
rx JR JR2 la|3
— [ [ | FreFiamgroa.gens SO
rx JR JR2 |al2
Hence, by equation for every x € R?
. S dsd
(Sposf@) = [ FreE [ | FANGFoANE e = Cuafl)
R2 R JR la|2
and this concludes the proof. O
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5 The shearlet transform on S)(R?)

In this last section, we extend the definition of the shearlet transform to the space of
Lizorkin distributions and we prove its consistency with the classical definition for test
functions. Then we extend reconstruction formula to S)(R?).

Definition 8. Let f € S)(R?) and ¢ € Sp(R?). We define the shearlet transform .7, f
of f with respect to v as the distribution in S&’(S) whose action on test functions is
given by
519) (L fi ®)ss) = syr2) (S St@‘b)so(wy ® € S(S).
The validity of this definition follows from Theorem [} Moreover, Definition [§] and
Theorem ] motivate the next one.

Definition 9. Let ¥ € §'(S) and ¢ € So(R?). The shearlet synthesis operator . ¥
of U with respect to v is defined as the Lizorkin distribution whose action on test
functions is given by

sy @) (Y, fsome) = s15) (¥, Spf)ss), | € So(R?).

The consistence of Definitions [§] and [9] is guaranteed by Theorems [6] and [4] respec-
tively. Furthermore, we immediately obtain the following result.

Proposition 10. The shearlet transform %: S(R?) — S'(S) and the shearlet syn-
thesis operator . : 8'(S) — Sy(R?) are continuous linear operators.

Proof. The proof follows immediately by Theorem [4] and [6] O

We now extend the reconstruction formula to the space of Lizorkin distribu-
tions.

Proposition 11. Let ¢, ¢ € So(R?) be such that holds true. For every f € S}(R?)

1
f = (Fe At
Cyo *
Proof. Let f € S{(R?). By Definitions |§| and by Proposition m we have that for
every ¢ € Sp(R?) the following equalities hold:

(S0 S)f.0) = (Fuf.550) = (£.(Sk 0 55)¢) = C55(f.9) = Cuolf.0),
as claimed. O

The next theorem shows that Definition [§ is in fact consistent with the shearlet
transform for test functions introduced in Definition [I] Furthermore, it also shows
that our definition is a natural extension of the one considered in [I8, 12], where the
shearlet transform of a tempered distribution f with respect to an admissible vector
1 € S(R?) is defined as the function on S given by

Sy f(b,s,a) = sir2)(f,Tb,5,0)s(R2)>

for every (b,s,a) € S. Following the coorbit space approach, given a suitable test
function space usually denoted by H; ., where w is a weight function, and its anti-
dual H7,, the extended shearlet transform of f € MY, with respect to ¢ € Hy 4, is
defined by

Sd)f(ba S, a) = Hf:w (fv Wb,s,aw)?-h,w?
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for every (b,s,a) € S, [6]. Theorem [12| shows the equivalence of our duality approach
with the coorbit space one in the sense that it identifies the shearlet transform of any
Lizorkin distribution with the function given by

(b785a) — S(’)(Rz)(fv 7Tb,s,(ﬂb)so(R2)7 (b,S,CL) €S.
Theorem 12. Let 1) € So(R?) and f € S{(R?). The function Sy f defined by

Sy f(bys,a) = s;r2) (f, Tb,5,0%) 50 (R2) (27)

is a smooth function of at most polynomial growth on S. Furthermore, by identifica-

tion it follows that
s'©) (L], ®)sis) = s5)(Suf, ®)s(s),  for every @ € S(S). (28)

Proof. Consider f € S)(R?) and ¢ € Sp(R?). Since the derivatives of m, s 4t are still
in Sp(R?) it immediately follows that the function given by is smooth. We prove
that Sy f(b, s, a) is a function of at most polynomial growth on S dividing the proof in
three steps.
We start by considering Sy f(b,0,1) for every b € R2. Since f € Sj(R?), it follows
that there exists v € N such that
1Sy f(0,0,1)] = |(f, m,01¢)| < sup  (@)"[0™ (mp,0,19) ()]

z€R?, Im|<v

— s (@07 D).

z€R?, Im|<v
Then, by Peetre’s inequality we have that
1Spf(6,0,1)] < sup  (@)"(z—b)"" < (b)”

z€R?, Im|<v

and Sy f(b,0,1) is of at most polynomial growth in b € R2.
We now consider Sy f(0,s,1) for every s € R. Since f € S)(R?), it follows that
there exists v € N such that

1Sy f(0,8, )| = [(f,mo,s1)| S sup  (2)"|0™ (mo,5,19) ()]

z€R?, [m|<v

Pm Pm
= swp (@) es(moe ) (@) < sup (@)Y fellsl 0 (N] )|
=0 =0

z€R2?, Im|<v z€R2, Im|<v

P
S sup (@)Y fells (14 NS ) E

z€R?, Im|<v i—0
We recall that, for any x € R? and M € GL(2,R)
M~ | = [|M]| 7 ],

where || M]| denotes the spectral norm of the matrix M. Thus, since |Ng|| = (1 +
§2/2 4 (52 +52/2)1/%)1/2 for all s € R, we have that

Pm
Spf(0,5,1)] S sup (@) D feslls[ (I N7 )™
=0

z€R?, |m|<v
Pm ] Pm )
S sup (@) ) feillsINGlI (=)™ = sup D feill || N1,
z€R2, |m|<v =0 Im|<v ;g
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which proves that the function Sy f(0, s, 1) is of at most polynomial growth in s € R.
Finally, we consider Sy f (0,0, a) for every a € R*. Since f € S;(R?), it follows that
there exists v € N such that

1S55£(0,0,a)| = |(f, m0,0a¥)| S sup  (2)"[0™ (m0,0,a%)(w)]

z€R?, [m|<v
= sup (@)"]al "™ F 0,00 (4, )|
z€R2?, Im|<v
vy, |—my— a2 —3 -1, \—v
S osup (@)Yal T T (][ AT )T,
z€R?, |m|<v
where (m1,ms) € N2 and my + mg = m. Since ||A,|| = |a|z for |a| < 1, then

1Sp£(0,0,a)| S sup  {x)¥]a] ™ F i @) SaP,
z€R?, |m|<v

for some p € N. If |a] > 1, then ||A,| = |a| and we have

1S5 £(0,0,a)] S sup  (z)V]a| T TF I (@) < o,
z€R2?, |m|<v

which proves that the function Sy f(0,0,a) is of at most polynomial growth in a on
R*.
Therefore, since
Sy f(b,s,a) = (fT,0,170,5,170,0,a%),
we conclude that there exist C, v, 19,3 > 0 such that

Sufb.sl <™ (@4 2 )

avs

for every (b,s,a) € S, and we finally identify Sy f as an element in S’(S) by for-

mula .

To prove we use the fact that the space of Lizorkin distributions Sj(R?) is
canonically isomorphic to the quotient of S’(R?) by the space of polynomials. By the
Schwartz structural theorem [24] Theorém VI], we can write f = 9%g+ p, where ¢ is a
continuous slowly growing function on R?, o € N? and p is a polynomial. Then it can
be easily shown that

(Bag,é%(l)) = /@(b,&a) (0%g, mp,5,0¢)dpu(b, s,a), @€ S(S),
S

and analogously,
(1.558) = [ 205, (0710000, 5.0), @ € S(6).
S
Then, for f € S, (R?) represented by f = %g + p we obtain

(f, S%q)) = (0% +p’StE<I>) = /@(b,s,a) (0%g + p, Tb.5,a¢)d (b, s, a)
S

= [@0.5.0) (1.7 a)st5.0)
= /Swf(b7s7a) ®(b, s,a)du(d, s, a),
S

which concludes the proof. O
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We finish the paper by showing that the shearlet transform may represent the action
of a Lizorkin distribution on any test function in the form of an absolutely convergent
integral over R? x R x R*. This is sometimes called desingularization, we refer to [20]
for details, see also [16], Theorem 24.1.4, Chapter I] for analogous statement related to
the distributional wavelet transform.

Proposition 13. Let ¢, ¢ € So(R?) be such that holds true and f € S{(R?).
Then, for every ¢ € So(R?)

dbdsda
fe Sy f(b,s,a b,s,a . 29
=G fo S SeS0n ) Syt S 2

Proof. Let 1, ¢ € So(R?) satisfy (7) and let f € Sj(R?). By Proposition for-
mula , and the identification ([13)), it follows that

1 1 1
) = ——((F} 0.7, = — (S f,S50) = =——(Su f, S50, € So(R?),
(f, ) Cw,qs(( 60 L)) Cw,¢( Wl Sz¢) Cw,qs( vl Sgp), ¢ € So(R7)
where Sy f is the function on S defined by and we conclude that formula
holds true. O
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