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Exponential Convergence of Mixed hp-DGFEM for the
incompressible Navier-Stokes equations in R?
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In a polygon 2 C R?, we consider mixed hp-discontinuous Galerkin approximations of the sta-
tionary, incompressible Navier-Stokes equations, subject to no-slip boundary conditions. We use
geometrically corner-refined meshes and hp spaces with linearly increasing polynomial degrees.
Based on recent results on analytic regularity of velocity field and pressure of Leray solutions
in 2, we prove exponential rates of convergence of the mixed hp-discontinuous Galerkin finite
element method (hp-DGFEM), with respect to the number of degrees of freedom, for small data
which is piecewise analytic.
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1. Introduction

In a bounded polygon 2 C R? with n > 3 vertices and with n straight sides, we consider vis-
cous, incompressible Newtonian flow subject to a body force acting on the fluid. The velocity
and pressure fields of the fluid are solutions of the Navier-Stokes equations (NSE) in €2, subject
to homogeneous Dirichlet boundary conditions on 9€2 for the components of the velocity field.
Due to the numerous models of viscous, incompressible flow in computational modelling for
engineering and life-sciences, the numerical analysis of discretization methods for this bound-
ary value problem has spawned a significant body of research during the past decades. Due to
its elliptic nature, velocity and pressure fields exhibit elliptic regularity, as was observed rather
early in Masuda (1967) and the references there. Analyticity of Leray-Hopf solutions up to an-
alytic boundaries 92 of bounded domains {2 was established, also for rather general nonlinear
elliptic systems, in Morrey (2008, Chap. 5.7). Domains of engineering interest, however, typi-
cally contain corners and (in three space dimensions) edges. Also, even for smooth domains, in
numerical simulation often changing boundary conditions are of interest. In these cases, ana-
lyticity of solutions of elliptic PDEs with otherwise analytic data is well-known to be lost. High
regularity, however, is a necessary mathematical ingredient in the convergence analysis of so-
called “high order numerical methods”, such as higher order Finite Element Methods (FEM for
short), Finite Volume and Finite Difference Methods (FVM and FDM for short). In particular,

TEmail: schoetzau@math.ubc.ca. Supported in part by the Natural Sciences and Engineering Research Council of
Canada (NSERC).

¥Email: carlo.marcati@sam.math.ethz.ch. Corresponding author.

$Email: schwab@sam.math.ethz.ch



2 of 31 D.SCHOTZAU ET AL.

hp-FEM and so-called spectral element methods allow in principle arbitrary high, algebraic conver-
gence rates and, in the presence of analytic regularity of solutions, also exponential convergence
rates. Principal obstructions to realizing these rates in computational practice are twofold: first,
due to the incompressibility constraint, mixed variational formulations of saddle point type need to
be discretized and, second, due to the mentioned appearance of corner singularities in velocity
and pressure fields, overall regularity in standard Sobolev or Besov spaces is rather low.

Both obstructions have been overcome. The incompressibility constraint has been handled
by development of inf-sup stable velocity / pressure discretizations where the stability is either
independent of or only weakly dependent on the discretization order. We refer to Baker et al.
(1990); Karakashian & Jureidini (1998) and, for high order methods, to Stenberg & Suri (1996);
Bernardi & Maday (1999); Schotzau & Schwab (1998); Schotzau & Wihler (2003) for results
of this type. Also, nonconforming high-order discretizations have been developed which yield
weakly or even exactly divergence-free velocity approximations. We refer to Cockburn et al.
(2002, 2005, 2009, 2004, 2007); Schotzau et al. (2003); Baker et al. (1990); Waluga (2012); Lederer
& Schoberl (2018). This topic continues to attract attention in the numerical analysis community,
see, e.g., Cesmelioglu et al. (2017) and the references there.

The analytic regularity theory for solutions which was developed in Morrey (2008) and the
references there has been extended to linear, elliptic boundary value problems with analytic co-
efficients and forcing, in domains with point singularities in Bolley et al. (1985); Babuska & Guo
(1988). For the linear Stokes problem in polygonal domains, the results in Guo & Schwab (2006)
prove analytic regularity and the exponential convergence for mixed, hp-DGFEM is shown in
Schotzau & Wihler (2003). In recent work (Marcati & Schwab, 2019), corresponding analytic
regularity results have been obtained by us for the NSE in polygonal domains.

In this paper, we establish exponential convergence rates of suitable hp-discontinuous Galer-
kin discretizations of the NSE in plane and polygonal domains, based on the analytic regularity
results in Marcati & Schwab (2019). Specifically, we consider the symmetric interior penalty
discontinuous Galerkin method (Wheeler, 1978; Arnold, 1982) and construct the hp spaces on
geometrically refined meshes and with linearly increasing polynomial degrees. Our results are
limited to incompressible flow at small Reynolds number, where the Leray-Hopf solutions of
the NSE exist and are unique. They do constitute a basis exponential convergence results for
more complex rheological models, which are built around the classical, Newtonian viscous, in-
compressible models. We refer to Barrett & Boyaval (2018); Schwab & Suri (1999) and to the
references there.

1.1 Notation

We use standard notation. For vector fields v, w :  C R? — R2? and tensor fieldso, 7 : @ € R? —
R?%2, we write (Vv);; = d;v;, (V- 0); = 25:1 d;joi;,and g : T = Z?,j:l 0i;7;j. Furthermore,
we denote by v ® w the tensor whose components are given by (v ® w);; = v; w;, and use the
identity v - g - w = Z?,j:l vioi;wj = o : (v ® w). For a multi index @ € N, @ = (a1, a2), we
write |a| = a1 +az and 0% = 051 092. Forn € N, 5 = (71,...,7) € R",and 3 € R, we write, for
example, ¥ > fify; > fforalli=1,...,n. Wealsowritey+ 5= (1 + 5,...,v, + ) and do
the same for all arithmetic operators. By d(-, -) we denote the (Euclidean) distance between sets
and/or points. For two quantities A and B, we write A ~ B if there exist constants C,Cy > 0
which are independent of any discretization parameter such that C1 A < B < CYA.

1.2 Outline

The structure of this paper is as follows. In Section 2, we present the boundary value prob-
lem and function spaces for its variational formulation. We recapitulate known existence and
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uniqueness results. In Section 3, we introduce a mixed hp-DG interior penalty discretization and
alongside with it in particular the notation and basic DG approximation results which will be
required in the ensuing hp-error analysis. In Section 4 we present proofs of existence and sta-
bility bounds in mesh-dependent norms for the hp-DG discrete solution. Section 5 recapitulates
analytic regularity results for the Leray solutions of the NSE from Marcati & Schwab (2019),
and some corollaries from the regularity theory developed there, in order to be able to rely on
known hp-approximation results in the proof of exponential convergence in Section 6. A short
section on the main conclusions completes the paper.

2. The incompressible Navier-Stokes equations

Let Q2 be a bounded Lipschitz polygon in R?. Given the source term f € L?(2)? and the constant
kinematic viscosity v > 0, the stationary, incompressible Navier-Stokes equations with so-called
“no-slip” (i.e., homogeneous Dirichlet) boundary conditions on u at 02 consist in finding a
velocity field u and a pressure p such that

—vAu+ (u-Vu+Vp=f in Q,
V-u=0 in Q, (2.1)
u=0 on 0f).

On the Sobolev spaces
Ve HOF, Q=13 = {¢e 1*@): [ ade =0},
we introduce the forms
A(u,v):/QVVu: Vv dx, B(u,p):—/QpV-udw,

O(w;u,v) = / ((w-V)u) -vde.

Q

Then the variational problem corresponding to (2.1) consists in finding (u,p) € V' x @ such that

A(u,v) + O(u;u,v) + B(v,p) = /Q f-vde, (2.2)

B(u,q) =0,

forallv € Vand g € Q.
Problem (2.2) admits at least one solution (u,p) € V' x @ and the velocity u belongs to the
kernel
Z:={veV :Bv,q=0Y%ecQ}={veV :V.-v=0in L*(Q)}. (2.3)

Furthermore, this solution satisfies the stability bound

Crllflrz@

IVl < ===, (2.4)
with Cp denoting the Poincaré constant in €. It is in addition well known that under the small
data assumption

CoCp|fllL2e) -

v2

1, (2.5)
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with o
Co := sup (w;u, v) < 00
vauwev [[V[1ellulielw|ie

denoting the boundedness constant of the trilinear convective transport form O, problem (2.2)
admits a unique, so-called Leray-Hopf solution (u,p) € V' x Q); see, e.g. Girault & Raviart (1986,
Chap. IV.2), Di Pietro & Ern (2012); Quarteroni & Valli (1994) and the references therein.

3. A mixed interior penalty discretization

We introduce a mixed hp-DG discretization of (2.2). Itis based on an interior penalty discretiza-
tion for the Stokes terms (see Schotzau et al., 2003), combined with a discontinuous version of a
skew-symmetrized form for the convection form (Di Pietro & Ern, 2010; Karakashian & Jureidini,
1998).

3.1 Meshes and finite element spaces

Let ¥ denote a collection of meshes 7 on (2 comprising shape-regular and convex quadrilateral
or triangular elements. We assume that each element K € T is the affine image of the reference
square Q = (0,1)2 or of the reference triangle T = {(z,y) € R3 : 2 4+ y < 1} under the affine
element map F.

We denote by hx the diameter of the element K € 7. Remark that since the elements are
shape-regular, there exist constants 1, ko > 0 such that, uniformly in the mesh family ¥, holds

VK €T : el S w1hk [ Tp1llpeex) < m2h 22,

where Jp (resp. Jp-1) is the Jacobian of Fx (resp. of Fz') and K is either Q or T, depending
on the element K, see Girault & Raviart (1986, Sections A.1 and A.2).

We allow for 1-irregular meshes, i.e., we allow hanging nodes but insist on each edge e being
an entire edge of at least one element K € 7 abutting at E. In particular, this allows for geometric
corner refinement in meshes 7 consisting only of quadrilaterals, as e.g. in Schétzau & Wihler
(2003). See Figure 1 in Section 6 for an example of geometric corner refinement with a 1-irregular
mesh of quadrilateral elements.

Further, we assign to each element K € 7 an elemental polynomial degree kx > 1. The local
quantities hx and kg are stored in the vectors h = {hx } ke and k = {kx } kc7, respectively.
We introduce the meshwidth of 7 as h = maxgc7 hx and the maximum polynomial degree
|k| = maxger ki The mesh sizes are assumed to be of bounded local variation: there exists a
constant k3 > 0 such that for all 7 € ¥, there holds

kshi < hgr < k3 'hie, K, K' €T (3.1)

whenever K and K’ share an interior edge.
We also assume a similar property for the polynomial degrees: there is a constant x4 > 0
such that
kKakr < kg < IiZle, (32)

whenever K and K’ share an interior edge, uniformly in the mesh family %.

An interior edge E of T is the (non-empty) interior of 9K+ N 0K, where K+ and K~ are
two adjacent elements of 7. We suppose that E is an entire edge of at least one of the adjacent
elements K and K, for all edges. Similarly, a boundary edge of 7 is the (non-empty) interior
of 0K N J§2 which consists of entire faces of K. We denote by ££(7T) the set of all interior faces
of T, by Ep(T) the set of all boundary faces, and set £(T) = E(T) U Ep(T).
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For a given mesh 7 on € and for a polynomial degree vector k = {kx : K € T }, we introduce
on every element K € 7 the local polynomial space S (K) := {q¢ = go Fx' : €S}y, }, where

e Si = Qy, the tensor product polynomials of maximum degree k in each coordinate direc-
tion, if K is a quadrilateral;

o S =Py, the space of polynomials of tofal maximum degree k, if K is a triangle.
We define the generic hp-version discontinuous Galerkin space
SET) :={v e L*Q) : vk € Sy (K), K€ T}. (3.3)
We wish to approximate the velocities and pressures in the discontinuous finite element spaces
Vpa and Qpe given by
Voe = [SE(T)]?,  Qoe =QnSENT). (3.4)

where the degree vector k — 1 is given by {kx — 1} xe7.
For the derivation and analysis of the DG discretizations we will make use of the auxiliary
space X defined by

2X2

pa = [SE(T)]
Note that V, Vpg C Xpq, where V), is the broken gradient taken element by element.

(3.5)

3.2 Trace operators

In this section, we define the trace operators needed in our discontinuous Galerkin discretiza-
tions. To this end, for a partition 7 of {2 we introduce the broken Sobolev space

HYT):={veL*) : v|g c H(K), KeT}. (3.6)

Let v, ¢, and 7 be piecewise smooth functions in H'(7)?, H(T),and H'(T)?*?, respectively.

Let E C £7(T) be an interior face shared by K+ and K ~. Let us denote by n* the unit outward

normals on 9K+, and by (v, ¢*, %) the traces of (v, q,7) on E from the interior of K*. Then,

we define the mean values {{-}} at « € F as
o} =@ +07)/2, fahi=(¢t+a)/2  frh =t +1)2
Furthermore, we introduce the following jumps at « € E:
[d=¢d"n"+¢ n, [wl:=v"-n"+v"-n", [v]:=vie@n"+v @n".

On a boundary face E C Ep(T) given by E = 0K N 0N, we set accordingly {v} := v, {q} :=¢,
{z} =1, aswell as [q] := qn, [v] := v - n, [v] := v ® n, where n is the unit outward normal
on 0§ T

3.3 Discretization

Given forms Apg, Bpg, and Opg, chosen to discretize the vector Laplacian, the divergence
operator, and the convection term, respectively, we consider mixed methods of the form: find

(upa, ppc) € Vba X @Qpg such that

Apc(upg,v) + Opc(upa; upa,v) + Bpa (v, ppa) = / frvdez, (37)
Q .

BDG (uDGa q) = Oa
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for all (v, q) € Vpa X @pg-
Let us now specify the forms Apg, Bpg, and Opg involved in (3.7). In what follows, we shall
use the notations [ gds := 3" pcr [ gdsand ||gl|], 5 = Y ger l9]75 g for any subset F C

£(T).

3.3.1 Thediffusion form. To discretize the diffusive terms, we take the symmetric interior penalty
term written in terms of lifting operators (see Arnold et al., 2001; Schétzau et al., 2003). It is ob-
tained by first defining the stabilization form I}, as

I (u,v) == V~/£'(T) j [u] : [v] ds, w,v € H'(T)?, (3.8)

where j is the interior penalty stabilization function. It is defined edgewise as
i|le =jp=iokphy',  E€&(T), (3.9)

with jo > 0 sufficiently large, independently of &, k, and v, and with hg and kg defined by

min{hK,hK/} ifE:@Kﬂ@K’egz(T),
hp = . (3.10)
hi it E=0KNoNe&p(T),
respectively,
max{kK,kK/} if E =0KNoK' EEI(T),
kg = . (3.11)
kk if E=0KNoNe&p(T).
Then, the form Apg is chosen as
Apg(u,v) = / v[Viw: Vv — L(u) : Vi — L(v) : Viu] dz + o (u,v), (3.12)
Q
for u,v € H'(T)?2. Here, L is the lifting operator £ : H'(T)? — £ defined by
/ L(v):rdx = / [v] : {=} ds VT € Epas, (3.13)
Q &(T)
see Schotzau et al. (2003). Notice that restricted to discrete functions u, v € Vpg, we have
Apg(u,v) = / vViu: Vyvde — {rviv} o [u]ds
Q E(T) -

| (3.14)
_ / {vVviu}: M) ds + I (u,v).
&)

which corresponds to the symmetric interior penalty discretization of the vector Laplacian.

3.3.2  The divergence form. Following Schétzau et al. (2003), the divergence form Bpg will be
taken as

Bpg(v,q) = —/Q q[Vh-v— M(v)]de, ve HYT)? qeQ, (3.15)

where the lifting M : H'(T)? — Qpg is given by

/ M(v)qda = / [l{ahds Vg€ Q. (3.16)
0 &(T)
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For discrete functions (v, q) € Vpbg X Qpg, we have

Bpg(v,q) = —/Q qVy -vde + /5(7’) {q}v] ds. (3.17)

We notice that, if (u,p) € V' x @ is a solution of (2.2), then there holds

BDG (uaq) = Oa qc QDG- (318)

Hence, the form Bpc is consistent in enforcing the divergence constraint.

3.3.3 The convective form. We consider the following discontinuous convection form (cf. Di
Pietro & Ern, 2010; Karakashian & Jureidini, 1998):

1
Opg(w;u,v) = /Q ((w-Vp)u) -vde + 3 /Q (Vi -w)u-vde 19)

1
_/&m fo} - [u] - {w}ds — 2/gm [w]{w- v} ds

It is well defined on H'(T)? x H'(T)? x H'(T)?, see Proposition 4.1 below. Clearly, the form is
linear in each argument. Moreover, it is consistent in the sense that

Opg(w; u,v) = O(w; u, v), weZ ueV,ve Vpg. (3.20)

4. Stability and existence and uniqueness of discrete solutions

We discuss the hp-version stability properties of the discrete forms involved in (3.7). Conse-
quently, we shall establish the existence and uniqueness of solutions to (3.7) under a discrete
version of the small data assumption (2.5).

41 Auxiliary results

We first show the embedding of the broken space H!(T) into LP(f2) with constants independent
of h and k; see also Girault ef al. (2005); Karakashian & Jureidini (1998) for related results in the
context of h-version approximations. To that end, we introduce the broken norm

Joll2 7 = V]2 + / i (41)

where we seth|g := hg for E € £(T), with hg defined in (3.10).
The following results follow along the lines of Waluga (2012). We start from an embedding
result.

LemMma 4.1 For any p € [1,00), there is an embedding constant C' > 0 such that
lollze@) < Cllvlr,  ve HY(T).

The constant C' > 0 only depends on (2, p, the shape-regularity of the meshes, and the bounded
variation of the local mesh sizes in (3.1).

Proof. We recall the proof from Waluga (2012, Theorem 5.16). Consider first the case p > 2.
For v € HY(T), let vy := mov be the L2-projection of v into the piecewise constants over the
partition 7. By the triangle inequality, we have

llvllLe(o) < v —vollLe) + lvollLe()-
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By Di Pietro & Ern (2012, Theorem 5.3, item (ii)) and by adding and subtracting v, we obtain

ool <€ [ 2l ds <0 [ =l s+ Ol

Then, by the shape-regularity of the meshes, the bounded variation of the local mesh sizes, and
standard approximation results for my, we obtain

/ “Hlv —wolPds <C Y it v —wolfaor) < C Y IVollEa () < Cllvlli -
E(T) KeT KeT
These bounds yield ||vo|| zr() < Cllv|l1,7-

To bound the second term ||[v — vg||Lr (), by Sobolev’s embedding, the Poincaré inequality,
and a scaling argument, we conclude that

1/p
o = vollzsiey = (D o =0l )

KeT
/
( AN K)) < c( 3 ||W||§2(K))1 p
KeT KeT

Since ||z||;» < ||z[|;2 for any p > 2 and any sequence x € R}, it follows that

1/2
lo = vollr@ <C( D IVelle) < Cllolhr.
KeT

This yields the assertion for p € [2, c0).
If now 1 < p < 2, we have |[v]|zr(0) < C||v|[z2(0) < C|lv||1,7, due to the boundedness of €,
and the above result for p = 2. This completes the proof. O
The trace estimates of Karakashian & Jureidini (1998) allow us to establish the following
bounds.

Lemma 42 1. Thereis a constant C' > 0 independent of K € 7 such that

il ol s orey < € (ol + V0]l z2x6)) (42)
forany v € H'(K).

2. There is a constant C' > 0 such that

4 1/4
(D nlielitaony) " < Cllvlr, (43)
KeT

for any v € HY(T).

Proof. The trace estimate (4.2) has been proven in Karakashian & Jureidini (1998, Equation (7.7))
for v € C*(K). By the density of C*°(K) in H'(K), the fact that the trace operator is contin-
uous from H'(K) onto H'/?(9K), and the continuous embeddings of H'(K) in L*(K) and of
H'Y?2(0K) in LI(0K) for all 1 < ¢ < oo, respectively, it is also valid for v € H'(K), which
establishes the first item.
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To prove (4.3), we employ (4.2) to obtain

1/4 1/4
(D mxlvolbaory)  <C( D2 Uwlhage + 1V0liiew)

KeT KeT

1/4
< Cllellzsey + (3 190l
KeT

< C ([[ollza) + IViollL2) »
where in the last step we have used that ||z||7 < ||z||7 for any sequence z € R”}. The embedding

in Lemma 4.1 with p = 4 yields the assertion. |

4.2 Stability

We introduce the broken hp-version DG norm
lolba = IVavla + [ illlPds (44)
£(T)

where j is the edgewise constant interior penalty function defined in (3.9). From Lemma 4.1 and
supposing that jo in (3.9) is big enough so that jo(min k)? > 1, there exist constants CBG, Comb >
0 such that for any v € H'(T)? there holds

Cp%vllbe, (4.5)
Cembl/v|IDC- (4.6)

The constants depend on the shape regularity of the triangulation but they are independent of
h, kand v.

0] z2(0) < CRC vl

NN

vl za) < Compllvll1,7

4.2.1 The elliptic forms. In Schotzau et al. (2003), the elliptic forms Apg and Bpg have been
thoroughly studied in the context of the Stokes problem. First, we have the following continuity
properties: there are constants C4,, > 0 and Cp,, > 0 independent of h, k, and v such that

|ADG(U7w)‘ < CADGV1/2HU”DGVUQHUJHDGM v, we Hl(T)Q? (4'7)
|Bpa (v, )| < CppellvlpelldllLz ), veHY(T), q€Q. (4.8)

Then, the form Apg is coercive over the discrete space Vp: there exists a parameter jo min >
0 independent of h, k, and v such that for any jo > jo,min there exists a coercivity constant Ceoer >
0 independent of A, k, and v with

Apg(v,v) > Ccoeru||v||2DG, v € Vpa. (4.9)

Throughout, we shall assume that jo > jo min-

Finally, we establish an hp-version inf-sup condition for the divergence form Bpq. As usual,
we do so by combining a global low-order condition with a local high-order one, which follows
from the results in Schotzau et al. (2003) and Lederer & Schoberl (2018). Specifically, we shall
assume the meshes 7T to be inf-sup stable for discontinuous [S3]? — Sy elements:

BDG ('U, q)

inf sup " > (50 > 0, (4.10)
0£4€S9(T)NQ 0xveisz(T)2 [VlIpcllal L2

with a constant Cjs o independent of h, k and v.
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Remark 4.1 We are not aware of a systematic treatment of the condition (4.10) on generic, ir-
regular meshes with hanging nodes. In Stenberg & Suri (1996) it was shown that (4.10) holds
true for conforming [S2]? — So elements (i.e., for the spaces [SZ(T)]> NV x S%UT) N Q) on 1-
irregularly refined geometric meshes of affinely mapped quadrilaterals with hanging nodes, as
also considered in Section 6.3.1 ahead.

On the other hand, for reqular meshes with no hanging nodes consisting of affinely mapped
quadrilaterals and triangles, condition (4.10) can in fact be shown to hold for (the divergence-
conforming subspace of) [S;]> — Sy elements (see Becker et al., 2003; Cockburn et al., 2007).
Indeed, for v € V, we define the divergence-conforming projector wv by

/71'1)~an5:/1)-an3. (4.11)

for all K € T and e an elemental edge of 0K, with ng the unit outward normal on 9K. No-
tice that the moments in (4.11) correspond to the lowest-order Raviart-Thomas (RT) degrees of
freedom if K is a quadrilateral and to the lowest-order Brezzi-Douglas-Marini (BDM) degrees
if K is a triangle (see Brezzi & Fortin, 1991). In the case that the mesh 7 is regular, i.e., without
any hanging nodes, the definition (4.11) implies the Fortin property

BDG (’07 Q) = BDG (TF'U, Q)
for any piecewise costant pressure ¢ € S(7). This then allows one to prove (4.10).

Next, we recall high-order stability results from Schétzau et al. (2003) (for quadrilaterals) and
Lederer & Schoberl (2018) (for triangles), respectively. To state them, we introduce for K € T
the local finite element spaces

vE = {v €[Sk (K)?:v-ng =0on aK} . QK =S, 1 NLA(K). (4.12)
The spaces VX and Q¥ are inf-sup stable in the sense that

BX BE
inf  sup —DG(U’q) = inf sup ('u,q)
gcox vevrs |[VlpalldllLz k) geox vevr IVllpakllgllzz (k)

> CisJk;{aK > 0, (413)

with a constant Cis; > 0 independent of K, h, k and v. Here, BE (v, q), BX (v, q) and ||v|pc
are restrictions of Bpg(v,q), B(v,q) and ||v||pg to K € T (by extension of v and ¢ by zero).
The exponent ax quantifies the algebraic dependence of the inf-sup constant on the polynomial
degree kk. For an affinely mapped quadrilateral K € 7T, the local condition (4.13) was shown
in Schoétzau et al. (2003, Section 6) with ax = 1. For a triangle K € 7, it was proved in Lederer
& Schoberl (2018, Corollary 3.3) to be valid with ag = 0.

The combination of (4.10) and (4.13) implies the following result (see Schotzau et al., 2003;
Girault & Raviart, 1986).

Lemma 4.3 Assume the low-order condition (4.10), suppose that minge7 kx > 2 and let

_ )1 if the mesh 7 contains at least one affinely mapped quadrilateral,
~ |0 otherwise.

Then the following discrete inf-sup condition for the finite element spaces Vpg and Qpg in (3.4)

holds true:

B
inf sup —2RGOD ey (4.14)

0#9€QDG 0£vEVDhG ||'U||DG||Q||L2(Q)

with a constant Cjs > 0 independent of h, k, and v.
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Proof. We present the proof for the sake of completeness and follow Schétzau et al. (2003). To
this end, we fix 0 # ¢ € Qpg and decompose it into

q=q +¢q, (4.15)

where ¢ is the L?-projection of ¢ into the subspace of L3(f2) consisting of piecewise constant
pressures. Then, [|q[|72q) = ll90/172(q) + 1l172(q)-

We first consider the piecewiese constant part g in (4.15). Owing to (4.10), there exists a
low-order velocity field vg € Vpg such that

Boc(vo,q0) = llaollZz ). lwollbe < CollaolZz(o- (4.16)

Next, we treat g in (4.15). For K € T, we set §i := q|x and note that, by L?-orthogonality,
there holds gx € Q¥, with Q¥ in (4.12). Then, due to local inf-sup condition (4.13), there is a
velocity field v € VE such that

Bla(r.an) == [ iV owde > laxlfago.  Ioxlbax < CulkPlax e, (417)

with C; > 0 solely depending on the shape-regularity of the meshes 7. We define © € Vpg by
setting ¥|x := Uk for K € T.
Now, to show (4.14), we introduce

v =vg+ v € Vpg,

with § > 0 still to be selected. First, we note that from (3.17)

Bpg(D,q0) = — ZCIO|K/ V g de =— Z q0|K/ Vg -nids=0,
K oK

KeT KeTn
since o is piecewise constant and v € VX. In addition, we obtain from (4.8) and (4.16)

CBDG Co

|Bpa (vo; @) < Cngllvollpellgllzz @) < 901|720 + eChoc 1l 72 (0):

with another parameter € > 0 to be chosen. Therefore, the above results with (4.16) and (4.17)
yield

BDG (’U, q)

Bpa(vo, q0) + Bpa(vo, ¢) + 0Bpa (v, q)
CBpeCo

> (1 =

)||q0\|%2(9) + (60— €CBDG)HQ||2L2(Q)
It is then clear that we can choose § and ¢ independently of k and k, such that that

Bpa(v,9) = cillal 20 (4.18)

for a constant ¢; > 0 independent of i and k. Furthermore, from (4.16) and (4.17), we conclude
that

||’UHDG CH’UOHDG +c6” Z ||’UKHDGK CHQOHL2(Q)+C\k|2a||11||L2(Q) 02\E|2a||‘J||2L2(Q)- (4.19)
KeT

with ¢ > 0 independent of h and k. The inequalities (4.18) and (4.19) imply (4.14). O
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4.2.2  The convection form. The next result shows two crucial properties of the convection form.

ProrosiTioN 4.1 There holds:
1. For w,u € Vpg, we have Opg (w;u, u) = 0.
2. There is a constant Cp,, independent of h, k, and v such that
|Opc(w; u, v)| < Cope llwllpellulbellvlpe (4.20)
for all w, u,v € H*(T)2.

Proof. Item 1: To verify the first item, we note that, by integration by parts, there holds

Z/ ud:c_—fZ/ (V- w) \u|2d:c+ / w - ng|ul? ds.

KeT KeT KET
Then, by employing the formula in Arnold et al. (2001, eq. (3.3)) and since [|u|?]; = 2 Zle {{“}}ZMU
for j = 1,2, we find that

> | wensupas= 3 [ pitppass 3 [ qud-uflas

KeT Ee&(T) Eec&(T)
= > [ wltrase2 3 [ qup-ful - gup s
Ec&(T) Ee&(T)

Using these auxiliary calculations in the expression for Opg (w;u, u), the assertion readily fol-
lows.
Item 2: We write Opg (w; u,v) = Ty + T» + T3, where

le/g ((w-Vh)u)mdsc—l—%/Q(Vh-'w)u-'udac,
T3 = —2/5(7_) [w]{u-v}ds.

The volume terms in 7T’ can be readily bounded by employing Holder’s inequality and the em-
beddings in (4.5), (4.6). This results in the existence of a constant C' > 0 (depending only on
the shape regularity of 7') such that for every w,u,v € H'(T)?

11| < Cllwlpellulpellvlpe:
To bound 75, we apply Holder’s inequality over £7(7). Since ki > 2, we find that

1To| < 152 1[ullll e ez cmn i~ oMl sz i 1w acer ()

1/4 1/4
< Cllullba ( Y- hxllvliaom) (D huclwliser) -
KeT KeT

Hence, by Lemma 4.2 we obtain

15| < Cllullpellv]pe [[wllpe-
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Similarly, since |[w]| < |[w]|, a repeated application of the Cauchy-Schwarz inequality yields

1. .
T3] < 5“11/2M”L2(€(7’)”J V2w v}l

1/2
< Cllwlloa (D hrclie- il )
KeT
1/4 1/4
<Clwloa( Y hcluliaon) (D hrclolison )
KeT KeT

Again with Lemma 4.2, we conclude that
T3] < [lwllpe||ullpellvlpe.

This implies the desired continuity bound. O

RemMark 4.2 From (4.20) there exists a constant Co,, > 0 which is independent of the polyno-
mial degree or of the level of geometric mesh refinement such that for all w, u,v € Vpg holds

[Opc(w;u,v)| < Copg llwpeullpallvlpe - (4.21)

4.3  Existence and uniqueness of discrete solutions

We introduce the discrete kernel
Zpg = {v € Vpg : BD(;(’ILq) =0Vqe€e QDG } (4.22)

With the stability results from Section 4.2, the following result is standard. It follows by pro-
ceeding as in the continuous case (see Di Pietro & Ern, 2012; Girault & Raviart, 1986; Quarteroni
& Valli, 1994).

Prorosition 4.2 There exists a solution (upc, ppa) € Vba X @pa to (3.7) such that upg € Zpg,

" CROIf]
2(0
|upclipe < it 20 A O (4.23)
Vccoer
Moreover, under the small data assumption
C CDG
00 CROF e _ | w2

2 2
Ccoery

the discrete problem (3.7) has a unique solution (upg,ppc) € Vba X @pe-

Proof. We show existence of a discrete solution. To this end, let ® : Zpg — Zp be the mapping
defined by

D(v) € Zng /

®(v) - wdx = Apg(v,w) + Opg(v; v, w) — / [ wdx
Q Q

for all w € Zpg. Then, by the coercivity of Apg, (4.9), Item 1 of Proposition 4.1, the Cauchy-
Schwarz inequality, and inequality (4.5), we have

/l@(v) vdz > vCee|vlbe — IF 2@ llvllLe()
¢

= (VccoerHU”DG - CIE’)G”.fHLz(Q)) ||’U||DG.
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CRON £l 2@
VCoer ’

/@(v)-vdw > 0.
Q

Furthermore, by (4.7) and (4.21), ® : Zpg — Zpc is continuous. Then, by the Brouwer’s
fixed point argument given e.g. in Lions (1969, Chapter I, Lemma 4.3) —see also Girault &
Raviart (1986, Chapter IV, Corollary 1.1)— there exists upg € Zpc such that (4.23) holds, and
@(UD(;) = 0, i.e.,

Hence, for all v € Zpg such that ||v|pg >

Apc(upa,v) + Opc (upg; upg, v) = / f-vdx forallv € Zpg.
Q

Given a DG velocity solution upg, due to the discrete inf-sup condition (4.14), and with the
continuity of the forms Apc and Opg, the linear problem of finding ppc € @pg such that

BD(;(’U,pD(;) = / f cvdx — AD(;(’U,D(;, ’U) — OD(;(’U,D(;; upaG, ’U) forallwv € VDG (425)
Q

is uniquely solvable. Therefore, there exists (upa, ppc) € Zpe X Qpe solution to (3.7).
To show the uniqueness of the solution under hypothesis (4.24), we introduce the map 7 :
Zpc — Zpe such that u = T'(w) is the solution of the linear Oseen problem

u € Zpg : AD(;,(’U,,’U) + OD(;('H); u, ’U) = / f-vdx forallv € Zpg. (426)
Q

Then, as above, from the coercivity (4.9) of Apg, Item 1 of Proposition 4.1, the Cauchy-Schwarz
inequality, and inequality (4.5), we have

VCeoer||lullpg < Apc(u,u) = Apc(u,u) + Opg(u;u, u)
= /Qf'udm < flzz@llwllzz) < CREN£llr2@ lullpe,

CREI £l L2 (o)

C . We now show that T'is, under (4.24), a contraction on the ball
v coer

ie, [lullpe <

CREfll L2 } (427)

Bpg = {'U € Zpg : ||v|pe <
I/CCOCI'

Let w1, w2 € Bpg and u; = T'(w;), i = 1,2. Then, from (4.26) and using Item 1 of Proposition
4.1 and the boundedness of Opg, we obtain
Apc(u1 — ug, w1 — uz) = Opg(wz; uz, uy — uz) — Opa(wr;ur, U — us)
= Opa (w2 — wi;uz, uy — ug)
< Copg llwi — wa|pellur — usllpel|uz([pe-
Therefore, from (4.9) and (4.27),
CBCI £l 20
I/CCOQI‘

Under assumption (4.24), then, the map 7" is a contraction on Bp¢ and admits a unique fixed
point upg € Bpg. Since, due to the discrete inf-sup condition (4.14), the problem (4.25) is
uniquely solvable for pp, it follows that the solution (upc, ppc) € Vbe X @pg is unique in the
ball BDG. O

VCeoer||t1 — uslpa < Copg |wi —wa|pa-
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RemMark 4.3 Assumption (4.24) (as well as its continuous counterpart in (2.5)) is a contraction

property. Banach’s fixed point theorem implies that, for arbitrary initial guess ug)é € Vpe (an

initial guess for the discrete pressure pp is not required), the Picard iteration: given u](:)"gl) €

Vba, find the next iterate (ug’g , pg'é)) € Vba x Qpg solving the linear Oseen problem

ADG(U](:)nZ;)vv) + ODG(U](jng;il%u]()@av) + BDG(%ng;)) = / f-vdz,
Q (4.28)

BDG(u](D@a q) = 07

forall (v, ¢) € Vbe X @pg, converges linearly to the unique solution (upg, ppc) of the non-linear

problem (3.7). As US)G already belongs to Bpg, all subsequent iterates will also be in Bp¢. In
particular, no smallness condition on the initial iterate is required.

5. Analytic regularity of Leray-Hopf solutions to the Navier Stokes equations
5.1 Weighted Sobolev spaces in the polygon

For n € N, we suppose that the polygon 2 has n vertices ¢;, internal angles ¢; such that ¢; €
(0,m) U (m,2m), and edges e;, i = 1,...,n. Wewrite r; = |z — ¢;|, ¥ = {Vi}i=1,...n and

= H rli.
i=1,...,n
For / € Ny, 1 < s < o0, and for 7 € R", we introduce the homogeneous, corner-weighted

seminorm
1/s

[oleeeiey = | D2 17177005 o)
|a|=¢

and the weighted Sobolev space IC%’S(Q) as the closure of C§5°(12) with respect to the corner-

weighted norm
1/s

¢
lelleze@) = | 22 o)
=0
We also introduce countably normed, weighted spaces of locally analytic functions
K2 (Q) = {v € KZ*(Q) tex. A,C > 0L W EN: [lollgesq) < CA%} . (D)
: l _ 142 w 1,2
We write K2 (22) = K37(2) and K2 (€2) = £37(Q).

5.2 Finite order regularity shift in corner-weighted spaces

When the source term f in (2.1) belongs to L?(2)?, there holds the following basic regularity
result.

Proposimion 5.1 In the polygon €2, consider the Navier-Stokes equations (2.1) with f € L?*(2)?
under the small data assumption (2.5). Let furthermore (u,p) € V x @ denote the unique
(Leray-Hopf) solution to the Navier-Stokes equations (2.1). Then, there exists ¥ > 3/2 (de-
pending on the opening angles of the corners of 2) such that

ue k()  peki ().
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Proof. From Marcati & Schwab (2019, Lemma 2.5), there exists Ymax > 1/2 such that u €
IC,1~Y’5(Q)2 andp € K%’fl(ﬂ) forall1 < s < coand 7 € R™ such thaty — 2/s < yax - This implies,
in particular, that there exists ¢ > 2 such that w € W'(Q2)? and, by Sobolev’s embedding,
u € L>(Q)2. Therefore, (u - V)u € L*(Q)? and, writing (2.1) as

—Au+Vp=f—(u-V)uinQ,
V-u=0in{,
u = 0 on 01},

we obtain, by Marcati & Schwab (2019, Theorem 1.1) applied to every corner sector of the poly-
gon, that u € K2(Q)* and p € KI_ | (Q), forall § — 1 < Ymax- O

Remark 5.1 In Schtzau & Wihler (2003), for the linear (Stokes) problem in a polygon 2 C R?,
the solution is considered as an element of the Hilbertian weighted spaces I g’Z(Q), for integer

¢ < k and with 8 € (0,1)". The spaces H ge(m are non homogeneous weighted Sobolev spaces,

while the spaces IC%(Q) we use here are homogeneous weighted Sobolev spaces. When dealing
with homogeneous Dirichlet boundary conditions, the solutions to the (Navier-)Stokes equa-
tions belong to corner-weighted Sobolev spaces with homogeneous norms. These spaces are
smaller than their non-homogeneous counterparts: specifically, we have for all £ € N and for all
integer 0 < ¢ < k, the continous embeddings

Ky 5(Q) c HI'(9). (5.2)
This follows from the definitions of ICZ E(Q) and H SF(Q) Specifically, we have
lolis o = 22 I 70l
‘ o<k

and N
||UH§{§,£(Q): Z 10%0]|72 () + Z |\r‘a|_e+ﬂa%”%2(9)~

lal<t-1 e<lal<k

Since for any B e (0,1)" and |a| < £ — 1 there holds |a| — ¢ + B < 0, there exists a constant
depending only on f3, ¢, and Q such that xr!®=*+% > 1in Q, for all |a| < £ — 1 and 3 € (0,1)".

Hence, N
Z Haa?)HL?(Q) <k Z ||r\a|*€+ﬁaa,UHL2(Q)
la|<e—1 la|<e—1
and (5.2) follows. As a consequence, if we consider the analytic-type classes Bé(Q) defined,

among others, in Schétzau & Wihler (2003), we also have

w _ 0 w l
K=5(Q) = BY(Q) and K7 4(Q) C BYQ),¥LEN.

Furthermore, given an opening angle ¢ € (0, 27), we consider the corresponding sector with
vertex at 0, i.e. S = {z € R? : r(z) € (0,00),0(z) € (0,¢)}, where r(x),0(x) are the polar
coordinates at a point z € R?. If the weight exponent £ is such that 3 € (0, 1), then

HZ?(S) = H3' () =K3_4(S) @R and Hy'(S) = K| _4(S),
see Kozlov et al. (1997, Theorem 7.1.1) or Costabel et al. (2010, Theorem 3.23).
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5.3 Analytic reqularity

If the right hand side of the Navier-Stokes equations is analytic in weighted Sobolev spaces, so
is the solution. To show this, we introduce three auxiliary lemmas.

Lemma 5.1 Let1 <t < s < ocoand?,7 € R" such thaty —2/s > 77— 2/t. Letv € K37°(Q?). Then,
for all £ € Ny there exists C' > 0 independent of ¢ such that

|U|’Cf7,t(ﬂ) < C|’U|K§,S(Q). (5.3)
Proof. Let1/q =1/t —1/s. Then, by the Holder inequality,

711 =0% || ey < Ol =T9%|

Le@ I Lo (54)

We consider the corner sectors S; = {z € Q : |z — ¢;| < R}, i =1,...,n, choosing a sufficiently
small R > 0 so that they do not overlap. Then, denoting by xs, the characteristic function of .S;,

B sl 1
%q(ﬂ) :(bi/o r—ma+1

If (7 —m)g > —2,ie, 7 —2/s > 1 —2/t, then, the second norm at the right hand side of (5.4) is
bounded by a constant that depends only on 7, 7, s, t and on the domain €. O

”75—77)(81_

Lemma 5.2 Lety € R" suchthaty — 1 > 0,and ¢ € Ny. Letv € IC%O’Q(Q). Then, there exists C
independent of £ such that

lollee ) < O+ 12olgesa oy (5.5)
Proof. We consider a unit plane sector with vertex at 0 and opening angle 0,,.x € (0, 27), i.e.
S={xcR?:r(z)€(0,1),0(x) € (0,0max )},
where 7(z), 6(x) are the polar coordinates at a point z € R?. Let then v € R, consider the annuli
Ij={zeS:2777 ' <|z[ <277}, €N

and letT' = T'y. Forall j € N, let ¢; be the homothety from I to I'; and denote by ¢ = v o ¢ the
quantities rescaled on I'. Then, by a scaling argument and since 1/2 < 7| < 1, we have

|a\7"/+16a - < 2|’Y*1‘27(’7*1) A|O“§O‘A ~.
&1‘35”7’ vl () S &1&)‘;”7’ ”HLOC(F)

By the embedding of H?> (T') in L ('), then, there exists C' > 0 independent of ¢ and j such that

el =v 41900 || ooy < €291 AGD| oy
max lIr Ol < max [[F0% 0 ey

Hence, by a simple differentiation, inserting the necessary weight, using again that 1/2 < 7#_ <
1, and bounding the maximum over |a| < ¢ with the respective sum, we arrive at

1/2

ma [ 0% ey S CPOTVEH NP ST IO,
= || <e+2
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Scaling back to the original annulus I';, we obtain the existence of C' > 0 independent of ¢ and
j such that

max ||r|0“77+180‘

‘a\

Hence there exists C' > 0 such that for all / € N holds

Ve, < CUEA Dol

2
HU”;Cg«jOl(s) = ]S;ll\li ||U||;cfy$f°1(rj) <C+1) HUH}cﬁ?(s)-

This argument extends easily to the whole polygon 2 by localizing to a sector around each corner
and using the classical theory of Sobolev spaces in the remaining (smooth) part of the domain.
O

Lemma 5.3 Lety € R" and 2 < s < oo. In the case that v € K (), there holds v € K77>*(Q2) for
ally—2/s <y —1.

Proof. By Lemma 5.2 and by the hypothesis on v, there exist C;, A > 0 such that, for all £ € Ny,
o]l e (@) < C€+ 1)2\\v||,cg+2,2m) SO0+ 1)2A2 (0 4+ 2)1. (5.6)

Furthermore, from Lemma 5.1, for 2 < s < oo and 17 — 2/s < 7 — 1, there exists Cy > 0 such that
for ¢ > 1 holds

[Vllces @) < Callvllge= @) (5.7)
Therefore, by (5.6) and (5.7),

HvllzdﬁvS(Q) < C1Co (L + 2)4A€+2€! .

We now introduce A and C such that (¢ + 2)*A¢ < A’ for all ¢ € N and 24C,C», A2 < C; hence,
there holds forallj — 2/s <5 — 1

Hv||,cf7,s(ﬂ) < CAY , (=12, ...

O
The following statement is, then, our analytic regularity assertion.

ProrosiTion 5.2 Under the small data assumption (2.5), let (u, p) denote the unique solution in
V x @ to the Navier-Stokes equations (2.1). Suppose furthermore that there exists 7y € R"™ with
3¢ > —1such that f € IC;*Z_(Q)Q.

Then, there exists 7 > 1 such that

u € KZ(Q)?, peKZ (). (5.8)

Proof. By Lemmab.3, forall2 < s < oo, f € KZ*() for 31 —2/s < 57 — 1. Therefore, by Marcati
& Schwab (2019, Theorem 2.6), there exists 7, with 72 — 2/s > 0 such that u € K7 *()* and
D€ IC%”2 ”1(2). Then, by Lemma 5.1, we conclude that there exists 7 > 1 such that u € K ()2
and p € £, (2). O

6. Error analysis

We are now in position to provide the proof of exponential convergence of the hp-DGFEM in a
polygon 2. The present section is structured in several parts. First, in Section 6.1, we provide in
Theorem 6.1 an abstract consistency error bound of the hp-DGFEM.
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6.1 Abstract error estimates

As is well-known, due to the use of the lifting operators, the DG forms Apg and Bpg are not fully
consistent (cf. Schotzau et al., 2003). As a measure for the inconsistency of a solution (u,p) €
V x @ of (2.2), we introduce its weak residual as

Rpa(u, p;v) := Apc(u, v) + Opc(u; u,v) + Bpa (v, p) —/ frvde, (6.1)
Q

for all v € Vpg. We point out that, due to the consistency of the convection form (3.20), the
residual has the same form as in the Stokes case considered in Schotzau & Wihler (2003), apart
from the inclusion of the nonlinear convection term in (6.1). Our abstract error estimates will
then be expressed in terms of the weak residual Rpg(u, p) given by

|Rpa(u, p; v)|

Rpa(u,p) == su 6.2
pc(u,p) orvevoe V¥ [vlba (62

We define ba
O e max{Co, Cop } max{Cp, Cp*“} . (63)

min{1, C2

COEI'}

Hence, under the small data hypothesis Csmv 2| f|| L2(0) < 1, both the continuous and discrete
solutions in (2.2) and (3.7) exist and are unique. For simplicity, we further set

(. p)I* := vllulpe + v plF2 ). (6.4)

TueoreM 6.1 Assume thatin (2.1) the volume force f is such that there exists a constant Cy,,, > 0

so that for 0 < v < 1 holds )
Csml/72||.f||L2(Q) < 5 (65)

Let (u,p) € V x @ be the solution of (2.2), and let (upg, ppa) € Vbe X @pc denote the DG
approximation in (3.7) obtained with jo > jo,min-
Then we have the error estimates

v 2lu—unglio < CE| it fl@w=vp=gll+Rocwp) | (66)
(v,9)€Vbe XQpa

and

v o= poclloa <OEP[ it flw=vp -0l + Roc(wr)],  (67)

where a is defined in Lemma 4.3, and where the constant C' > 0 is independent of A, k, and of v.

Proof. The proof extends the one given in Schotzau et al. (2003) for the Stokes equations to the
presently considered Navier-Stokes equations.
Step 1: We first claim that

v'?|u — upclpe < C <( inf lI(w = z,p =)l +RDG(U7P)>- (6.8)

z,9)€Zpc xQpa

To show (6.8), fix z € Zpg, and ¢ € Qpg. We write the velocity error as

u—upg = (u—2)+ (2 —upg) = Ny + &u- (6.9)



20 of 31 D. SCHOTZAU ET AL.

By the triangle inequality

J1/2 J1/2

u —upclpe < Inullpe + v*/2)|€ullpc. (6.10)

Hence, it is sufficient to bound the term ||&,||pg. To do so, notice that &, € Zpg. From the
coercivity of Apg in (4.9) and from the definition of the residual Rp¢ in (6.1), we readily find
that

VccoerHSu”QDG < Apg (£u7 su)

(6.11)
= —Apc(Nu,&u) + Apc(u —upc, &) = T1 + 1o + T3 + Ty,
with
T1 = —Apc(Mu, &u); T, := —Opa(u;u,&,) + Opc(upa; una, &u),
T3 := —Bpa(&u,p — Ppa), Ty := Rpc(u,p; &u).
Obviously, by (4.7),
IT1| < Capev*?|Inullper'?€ullpe- (6.12)
For the term T5, we first write
Ty = —Opc(u — upc; u, &) + Opc(upa; unc — u, &u),

= _ODG(T]u; u, £u) - ODG(£u§ u, £u) - ODG(UDG; N, £u) - ODG(“DG; Euv £u)

Due to the first item in Proposition 4.1, we have Opc (upc; &u, &u) = 0. Moreover, by the bound-
edness of Opg in (4.20), the stability bound (4.23), and the small data assumption (6.5),

|ODG(UDG§TIua£u)| CODG||uDGHDG||77u||DG||€uHDG
CODGCD £l 20 /2

\
CCOBF V2

1/2

[mullpar ™ “[[€ullpe

1
< iccoeer/QHnuHDGV1/2”£u”DG'

Similarly, using the continuous stability bound (2.4) and (6.5), we obtain

1 . 1
|Opc(§us u, &u)| < imm{lv coer}l/”SUHDG coerV”éunDGv

as well as

1/2

1
|ODG(T’u; u, fu)| < Eccoery ||77uHDGV1/2H£u||2DG-

It follows that 1
15| < Cv?|Inullper'?||€ullpe + §C°°erV||€uH2DG- (6.13)

To bound T3, we notice that, since €, € Zpg,

= Bpa(&u,p — ppc) = Boa(&u,p) = Bpa(&u,p — q).

Hence, from the boundedness of Bpg in (4.8) we obtain

T3] < Cpev'?(|€ullpar ™ |Ip — allz2(0)- (6.14)
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Finally, by the definition of Rpg, the term 7} is bounded by

ITy] < Roa(u, p)v'/?|€ullpe- (6.15)

By combining (6.11) with the bounds for T; through T} in (6.12)-(6.15), respectively, and
by bringing the term 1 Ceoerv/||€u]|B in (6.13) to the left-hand side of the resulting inequality,
we conclude that

1

iccoervl/2||£u||DG <C (V1/2||"7uHDG +v2|p— qllz2 o) +RDG(U,p)> )

which implies (6.8).
Step 2: We now prove the velocity error bound (6.6). Let v € Vpq, and consider the problem
of finding z € Vpg such that

Bpa(z,q) = Bpa(u — v,q) Vg € Qpa-

Thanks to the discrete inf-sup condition in (4.14), the continuity of Bpg in (4.8) and Brezzi &
Fortin (1991, Proposition 1.2, p. 39), there exists a solution z € Vpg to this problem. Further-
more,

_ Bpc(z Bpa(u — v,
Culkllzlpe < sup DRGEA _ g, Boelumvia) o e,

0#¢c@ns lallz2@  ozgeqne  lldllzz)
where we have used the continuity of Bpg in (4.8). By construction and property (3.18), we
have z + v € Zpg. Therefore, By inserting z + v in (6.8), using the triangle inequality, and
applying the above bound for ||z||pg readily yield the error estimate (6.6).
Step 3: Finally, we show the pressure bound (6.7). To that end, fix ¢ € Qpg, and setp—ppg =
(p—a) + (¢ —poc) =t 1p + &
Due to the inf-sup condition in (4.14), we have

o Bpg(v,q — ppa)
C.lk|—8,~1/2 Ellrziay < sup :
lb|7| || PHL (U 0£vEVba V1/2||U||DG

Then, employing the residual expression in (6.1), it can be readily seen that
Bpg(v,&p) =: 51+ 5,
for any v € Vpg, where
S1:= —Bpg(v,n,) — Ape(u — upg,v) + Rpa(u, p;v),
Sz := —Opg(u;u,v) + Opc(upc; upc, v).

By the continuity of Bpa, Apg, and the definition of Rpg, the first term S; can be bounded by

1911 < (Coner ™ 2Inpllr2@) + Canev?lu = upc o + Roa(u,p) ) v/ vllbe.

To bound the second term S>, we use elementary manipulations, the boundedness of Opg in
Proposition 4.1, the stability bounds in (2.4) and (4.23), respectively, and the small data as-
sumption (6.5). This results in

|S2] < |Opc(u — upg; u, v)| + |Opg(ung; u — upg, v)|
Cope (u]lpe + [lupc|pe) v — upclpcllvlpa

<
< Cv'2|lu — upgllpar?||vpe-
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Hence, with the above estimates we obtain

v 2116l 2 ) < CIEI® ([l(w = unc, )| + Roa (u,p) ) - (6.16)

The pressure error bound (6.7) follows now from the triangle inequality, the bound (6.16),
and the velocity bound (6.6). O

6.2 Bounding the weak residual

Due to (3.20) and the definitions of Rpa, Apg, Ope, and Bpg, we immediately obtain the fol-
lowing result.

Lemma 6.1 Let f € L?(Q)? and (u,p) € V x Q be a Leray-Hopf solution of (3.7). Then we have

RDc;(u,p;'u):/Q(VVu—pD:thdw—/g((u-V)u—f)-vdw

—/Q uvuzg(v)der/QpM(v)dw,

for any v € Vpg.

Thanks to Proposition 5.1 and Remark 5.1, the following two results can therefore be proven
as in the proofs of Lemma 6 and Theorem 2 of Schétzau & Wihler (2003), respectively.

Lemma 6.2 Let (u,p) € V' x @Q denote the weak solution of (2.1) with f € L?(2)2. Then, there
exists a constant C' > 0 depending only on the shape regularity of 7 such that for all w € Vpg
holds

Roglupiw) <C inf <|<uv,pq>||||w|m
(v,9)EVba XQpa

+‘/5{{V“V”}} :M/g{pq}}[[wﬂ‘) . (6.17)

Remark that, by Proposition 5.1, we have Vu € KI_,(Q)**? and p € KI_(Q) for 7 > 3/2.
Hence, the edge integral terms in (6.17) are well defined due to Schotzau & Wihler (2003, Lemma
1) and relationship (5.2).

Given a triangulation 7, we collect all elements abutting at one of the corners in the set

Teert ={K €T :KN{c1,...,cn} #0}. (6.18)

We then define 7y so that Tint U Tvere = 7. We also suppose that the mesh is fine enough so that
every element K € Ty, touches at most one corner. For a weight vector 7 = {v;}}_; and for an
element K € Tye abutting at corner ¢;, we write vx = ;.

ProrosiTiON 6.2 Assume that the small data hypothesis (6.5) holds. Let (u,p) € V x @ de-
note the solution to (2.1) with f € L?(Q)?, and denote by (upc,ppc) € Vbe x Qpc the DG
approximation in (3.7) obtained with minimum polynomial degree mink > 2.

Then we have the error estimate

ll(w — upc, p — poa)|| < Clk[**H inf (E1+ Ea + E3), (6.19)
(v,9)€EVbe xQpa
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where a is defined in Lemma 4.3 and where the terms E; are given by

B} = Z (\u - ”|?{1(K) + h;(2||u - 'U”QL?(K) +llp — Q||2Lz(K)) , (6.20a)
KeT
By = > Dk (Iu—vléz(m +p - ql?p(K)), (6.20b)
K€Tint
2 -1
By = Z ha Y (|u - U|2K3K(K) +1lp- Q|;QC;K_1(K)> . (6.20c)
Ke7—vert

6.3  Exponential convergence

When the right hand side of the Navier-Stokes equation belongs to analytic-type weighted Sobolev
spaces, it was shown in Marcati & Schwab (2019) that the solution (u,p) likewise belongs to
such spaces. Here, we prove exponential convergence of suitable mixed hp-DG discretization,
which combines sequences of meshes with geometric refinement towards the corners of the domain
Y with corresponding order increase. Specifically, we consider discontinuous, piecewise poly-
nomial approximations with elemental polynomial degrees which are increasing linearly away
from the corners. We prove that this provides numerical solutions that converge with exponen-
tial rate in terms of the total number of degrees of freedom.

6.3.1 Geometric mesh and discrete space. We outline here the construction of the hp-DG spaces
for the approximation of the velocity field u and the pressure variable p in €. The spaces use
sequences of partitions of Q with isotropic geometric mesh refinement and linear polynomial slope.
These ingredients are classically used to obtain exponential convergence of the approximation
in problems with point singularities (see, e.g., Schwab (1998); Feischl & Schwab (2018) and
references there). We fix a refinement ratio o € (0, 1/2) and a polynomial slope s > 0. Let R > 0
be such that |¢; — ¢;|/2 > Rforall ¢,j = 1,...,n; we start by considering the mesh around a
corner of the domain.

MEesH IN A CORNER SECTOR Let £ € N and fix n;, € N. We consider a corner ¢ € {cq,...,¢,} and
the elements of the mesh T = {K € T : d(K,¢) < R}. Suppose that the mesh is fine enough so
that we can partition 7 into mesh layers

TE=giugtu...ugl (6.21)
such that
(i) the layer 22 contains the elements that touch the corner, i.e., K N¢ # () for all K € £¢,
(i) maxgeer d(K,c) ~ mingecer d(K,¢) ~ Ro’,
(iii) forall K € £f there holds hx ~ Ro7,
(iv) #£§~ng,

where all relationships are uniform in ¢ and j. For each mesh element 7' € 7 that is a triangle,
we assume additionally, as in Feischl & Schwab (2018), the existence of an affine map Fr such

that T = FT(ZA“) and that, denoting

-~

Qr = Fr(Q), (6.22)
there holds
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£ 1&
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Fic. 1: Example of geometrically refined corner mesh with quadrilateral elements, containing
1-irregular nodes (left panel), and corresponding conforming subdivision of it containing trian-
gular elements (right panel).

(v) Qr CQ,
(vi) d(Qr,¢) > Cd(T, ¢) uniformly with respect to T" and ¢.

Furthermore, we suppose that refinement happens only at the corner, i.e., given (6.21) the

refined mesh is obtained by
T = g0 0. O g,

with 2? = 2?“ forall j = 0,...,¢ — 1. This implies also that for all elements K abutting at ¢,
hr =~ o*. See Figure 1 for an illustration of the corner mesh and of the mesh layers.

We fix kmin > 2 and, for a slope parameter s > 0, introduce the linear polynomial degree vector
k such that, for j € 0,...,¢, R R

krx = kmin + [s(¢ — j)] (6.23)

is the degree associated with all elements K of the mesh layer £§.

MESH AND DISCRETE SPACE IN THE POLYGON {) The mesh 77 in the polygon (2 is obtained by col-
lecting the corner meshes 7/, for i = 1,...,n and by introducing a quasi-uniform partition in
the remaining part of the polygon. The polynomial degrees correspond to the degrees (6.23) in
the corner meshes, while they are equal to \E = kmin + [§¢] in the remaining elements of the
mesh T*. See Figure 2 for an illustration of the distribution of polynomial degrees. Recall from
(6.18) that we denote by 7ye,t, the collection of elements abutting at one of the corners, while 7iy
contains all the other elements.

6.3.2 Exponential Convergence. The exponential convergence of the mixed DG approximation
follows from the error decomposition of Proposition 6.2 and the regularity result given in Propo-
sition 5.2. The proof is by now classical in the analysis of exponential convergence for hp FEM.

THEOREM 6.3 Assume that the small data hypothesis (6.5) holds. Let (u,p) € V x Q be the
solution to the Navier-Stokes problem (2.1) with f € K (92)? for a weight vector 7y > —1.

Let (upa,ppa) € Vbe x Qpc denote the DG approximation in (3.7). Let Vpg and Qpg be
the spaces defined in (3.4) and constructed in Section 6.3.1, with linearly increasing polynomial
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Fic. 2: Sketch of geometrically refined corner patches in the polygon Q2. In hp-DG FEM, the re-
maining part of the polygon (2 is assumed partitioned in a regular, fixed triangulation whose
elements are affine-equivalent to either the reference square or the reference triangle (elements
not shown). On all elements of this fixed partition, local polynomial approximations with in-
creasing elemental polynomial degrees k., + |s¢] are considered where ¢ denotes the number

of mesh layers in the geometric refinements at the corners.

degree vector k with slope s > 0 and geometrically corner-refined mesh 7 with refinement
ratio o € (0,1/2). Then, with the norm ||-|| as defined in (6.4), there exist C,b > 0 such that for
every N = dim(Vpg) ~ dim(Qpg) there holds

[l(w — upc,p — ppoa)|| < Cexp (—bN1/3) .

Proof. The statement of the theorem follows directly from an exponential convergence bound
on the terms (6.20a) to (6.20c) of Proposition 6.2. This follows along the lines of, e.g., Schotzau
& Wihler (2003), which considered the case of geometric meshes of quadrilateral elements. We
outline the proof for readers’ convenience and to render our exposition self-contained.

Using Proposition 5.2, we fix ¥ € R" such thaty > 1, u € K?(Q)z, and p € £Z_,(2). Given
an element K € Ty abutting at a corner c;, we write vx = ;. Then, we remark that there
exists C' = C(2,0,7) > 0, such that, for all K € Tyert,

rnE =0 o ThET > C (6.24)
We start by considering elements abutting at a corner, i.e., the elements in 7y, defined in (6.18).
Let us split (6.20a) as

Ef= ) (|U—v|§11<x)+h?<2H“—”H2L?(K>+||p—q“2L2<K>)
KeTint

+ 0 (= gy + h2lu = vlla) + o — e ) (6:25)
Keﬂert
= E]?,int + Eivert'
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Then, choose v, = 0 and ¢, = 0 for all K € Tyt and note that, thanks to (6.24),
Z (|U*’U|§11(K) +hilllw— o) 72 ) + ||p*QH%2(K))

Keﬂert
<O Y (BTGB + R Il e+ B T )
K€eTvert
—1)¢
<G Y o0l ey + Il ) -
KeTvert
where the last inequality follows from assumption (iii) of Section 6.3.1. Therefore, there exists
Cyert, byert > 0 independent of £ such that
Eivert + E:’% < Cuert eXp(_bvertg)- (626)

The terms from (6.20a)—(6.20c) left to estimate are thus given by

2(e—1 1
E12,int +E} = Z Z hK( )\u - Uﬁfr(}() + Z hi'lp — Q\?qi(z() . (6.27)
KeTim \i=0,1,2 i=0,1

For a j € N, we consider an element K € Sf. We start by considering the case where K is a
quadrilateral. Let then s € N such that s < kx and let 3 € N3 be a multi index such that | 3| = s.
There exists a polynomial v € Qy, (K)? such that

2(i—1) 2 2s (kg — s)! 2lal=2 qa+8,,112
D b V=l SCRE D | Gmreraay &t 10T Pulagg
i=0,1,2 i=0,1,2 la|=1,2,3
ki —s)! 2|2
g Ch2s ( h « 8a+ﬁ 2
Ki;z (b +s+2- 20! |—21:23 ko N0l )

(6.28)
see Schwab (1998, Corollary 4.47). Then, by items (ii) and (iii) of Section 6.3.1, there holds
T = hi =~ o7, uniformly in j and /. Writing Ymin = min?7, it holds furthermore

2(i—1
i=0,1,2
o kr —s)! 5
< Cs+1h§((vmm 1) Z ( Z Hrlal+\l3l—~/aa+ﬁu|‘22
< —om L2(K)
o\ s 22 L (6.29)
g CS+1O-2(’Ymm_1).7 ( - ,r\oz|+|ﬁ\—’yaa+5u 2
i:;Z (ki +5+2—20)! alZI:QSH 122 (k)

We now consider the case where K is a triangle and denote it by 7' = K. We then consider
the quadrilateral Qr defined in (6.22) and remark that for all integer &, @Lk 2] C I@k ; hence, a
function in Q| /2| (Q1) can be restricted to a function in Py,.(T'). Then, the function u can be
approximated in the quadrilateral ) and subsequently be restricted to T, i.e., for i = 0,1,2
there exists a polynomial v € Q|4 /2) (Q7)? such that v, € Py, (T)? and

|’LL — v Hi(T) < C|u — v Hi(QT).
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where the constant C' > 0 depends only on the shape regularity of 7', but is independent of hr
and of kr. Since by items (iii) and (vi) of Section 6.3.1, 1, =~ hg, =~ hr =~ o7 we obtain, by the
argument above, the existence of a polynomial v € Py,.(K)? such that for s < |kr/2],

Z hQT(i_l)|u —v

i=0,1,2

2
HY(T)

(6.30)

o k2] — s)! 5

< 051 52(Mmin—1)j (Ler ([l B3 gatBay |2, .

< 3 — L3(7)
iZo1o \ (LFr/2] 4542 =2 laf=1,2,3

As before, we denote S, (K) = Qg, (K) if K is a quadrilateral, and S, (K) = Py, (K) if it
is a triangle. We also remark that estimate (6.30) is weaker than (6.29), hence it also holds for
quadrilateral elements and will be used in the sequel.
Now, since u € IC;F (2), there exists C,,, A,, > 1 such that, for all multi indices a € N there
holds Hr‘o‘|’58au||L2(Q) < C, Al |a|!. Therefore, choosing Ci, A independent of s such that
<

9Cs+1C2 A2 (5 4 3)3 < C1 A% in (6.29) or (6.30), we obtain that for all K € T there exists
v € Sk, (K) such that

2(1—1
Z hK( )‘U_Uﬁﬁ(K)
i=0,1,2

, s ki /2] — s)! ,
< Cé+1030.2("{mm 1)J <|‘ K - Ai(b—‘r’H) S + n !2 6.31
i:OZ,l,z (lkr /2] + s+ 2 — 2i)! n:lZ,Z,B ( ) ( )

~ 2'Ymin71j(U€K/2J_s)! As 2
< Cho? ) () +8)!A1(s!) :

This gives an estimate on the velocity term at the right hand side of (6.27). An equivalent es-
timate for the second term at the right hand side of (6.27) can be obtained following the same
steps. Specifically, we remark that p has the same regularity as the elements of Vu (i.e., both p
and the components of Vu are in £F_, (€2)). Hence, by the same arguments as in (6.28), (6.29),

and by (6.31), we obtain that there exists a polynomial ¢ € Qy, (K) and a constant Cy > 0'such

that |
—1)j (LkK/2J — S)A's(5|)2

DD 2 B2

i=0,1

Then, denoting k; = kmin +s|¢ — j], and A= max(gl, A,), there exist constants Cipg, bing > 0
such that forall ¢ > 1

-1
B+ B3 <C)Y o®0mn=t min (R /2L = 9 o 1)2 < e tmt (6.32)
,int = s=1,..., k; /2] (LkJ/QJ +s)! ’

where the second inequality is a consequence of, e.g., Schotzau ef al. (2013, Lemma 5.12). The
proof is then concluded by combining (6.26), (6.32) and noting that N ~ ¢3.
O

7. Conclusions and Generalizations

We proved exponential convergence of an hp-version DG finite element discretization of the sad-
dle point formulation of stationary, viscous, incompressible Navier-Stokes equations in a plane
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polygon, provided the problem data are analytic in a setting of countably-normed, weighted
spaces. The analysis required a small data hypothesis to ensure uniqueness of the Leray-Hopf
solution, and uniqueness and quasioptimality of the DG projection. The present result is the
first exponential convergence proof for a nonlinear PDE in a nonsmooth domain, and we sketch
possible generalizations.

7.1  Other Boundary Conditions

The present analysis and the analytic regularity result in our paper (Marcati & Schwab, 2019)
were formulated for homogeneous essential boundary conditions for the velocity (so-called “no-
slip” conditions). The analytic regularity results and the present hp-error analysis do allow
extension to the “usual”, variational boundary conditions for the Navier-Stokes equations, as
described e.g. in Maz’ya & Rossmann (2010, Chap. 11.2). Naturally, the extension of the analytic
regularity to the three-dimensional setting remains to be done. Here, for small data, Leray-Hopf
solutions are once more unique, and admit, in bounded polyhedral domains, regularity shifts
for the velocity and pressure in scales of corner and edge-weighted Sobolev spaces, see Maz’ya
& Rossmann (2010, Chap. 11).

More general nonlinearities, in particular in the context of non-Newtonian rheological mod-
els, could also be considered in the context of so-called “three-field formulations” (see, e.g.,
Schwab & Suri (1999) and the references there) of the Stokes, resp. Navier-Stokes equations.

7.2 Other hp-DG FEMs

The hp-DG FEM considered in the present paper is nonconforming as far as the velocity field
is concerned. In recent years, a number of alternative, so-called hybridized mixed discretiza-
tions of the NSE have been proposed and also analyzed, mostly in an h-version setting (see also
the hp analysis in Waluga (2012)), and under strong (unrealistic) regularity hypothesis in stan-
dard, non-weighted Sobolev scales H*(2)? x H*~1(Q) with k > 2. Using the analytic regularity
results from Marcati & Schwab (2019) and corresponding hp-versions of these hybridized DG-
FEMs will allow to prove also for these methods exponential convergence rates. The details are,
however, yet to be worked out.

7.3  Standard Mixed hp-FEM

Although the present results were formulated for a mixed DG FEM discretization of the NSE,
corresponding exponential convergence rate bounds can reasonably be expected also for several
classes of “standard”, H'(Q) conforming mixed hp-FEM, i.e., with continuous piecewise poly-
nomial velocity approximation: based on the regularity results in Marcati & Schwab (2019) and
on the proof arguments in Schotzau & Wihler (2003), a version of our main result (i.e., The-
orem 6.3) can be established also for these FEMs. The detailed development of these lines of
research will be presented elsewhere.
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