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ABSTRACT. We are concerned with the geometric properties of the surface plasmon res-
onance (SPR). SPR is a non-radiative electromagnetic surface wave that propagates in a
direction parallel to the negative permittivity /dielectric material interface. It is known
that the SPR oscillation is topologically very sensitive to the material interface. However,
we show that the SPR oscillation asympotically localizes at places with high magnitude
of curvature in a certain sense. Our work leverages the Heisenberg picture of quantiza-
tion and quantum ergodicity first derived by Shnirelman, Zelditch, Colin de Verdiere and
Helffer-Martinez-Robert, as well as certain novel and more general ergodic properties of the
Neumann-Poincaré operator to analyse the SPR field, which are of independent interest
to the spectral theory and the potential theory.
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1. INTRODUCTION

1.1. Mathematical formulation. In this work, we are mainly concerned with the plas-
monic eigenvalue problem as follows. Let D be an open connected and bounded domain in
R? d > 2, with a C>®, 0 < o < 1, boundary D and a connected complement Rd\ﬁ. Let
~. and 7, be two real constants with v, € Ry given and fixed. Let

D = YeX(D) + ymXx(RN\D), (1.1)

where and also in what follows, x stands for the characteristic function of a domain. Con-
sider the following homogeneous problem for a potential field u € H, lloc(]Rd),

V- (ypVu) =0 in R% u(z) = O(jz[*™%) whend >2 as |z| — oo, (1.2)

where the last asymptotics holds uniformly in & := z/|z| € S? and is known as the decay
condition. Note that (1.2) is equivalent to the following transmission problem:

Au=0 in DU (RYN\D),
ut =u~ on 0D, (1.3)
'ycag—: = fym%‘—; on 0D,

u satisfies the decay condition as || — oo,

where =+ signify the traces taken from the inside and outside of D respectively. If there

exists a nontrivial solution u to (1.3), then =, is referred to as a plasmonic eigenvalue and u

is the associated plasmonic resonant field. It is apparent that a plasmonic eigenvalue must

be negative, since otherwise by the ellipticity of the partial differential operator (PDO)

L, = V(ypVu), (1.3) admits only a trivial solution. The plasmonic eigenvalue problem
1
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is delicately connected to the spectral theory of the Neumann-Poincaré (NP) operator as
follows. Let I' be the fundamental solution of the Laplacian in R¢ :

— L log |z — v if d=2
Pla-y)=1 % I ’ (1.4)
{%’x—y? d if d>27

with @y denoting the surface area of the unit sphere in R?. The Neumann-Poincaré (NP)
operator K}, : L>(0D,do) — L?(0D, do) is defined by

» _ 1 (z —y,v(z))

Kolol@) = — [ El(g)aoty). (15)
where v(x) signifies the unit outward normal at x € 9D. It is remarked that the NP
operator is a classical weakly-singular boundary integral operator in potential theory [5,26].
Then a plasmonic resonant field to (1.3) can be represented as a single-layer potential:

ua) = Soplél(@) = | Ta=)oln)dotu). « €. (1.6
where the density distribution ¢ € H'/2(0D, do) satisfies

,CSD [¢] = )\(707 7m)¢, A(707 ’Ym) = Vet Im

2(’70 - ’Ym) ‘
That is, in order to determine the plasmonic eigenvalue 7, of (1.3), it is sufficient to deter-
mine the eigenvalues of the NP operator K. On the other hand, in order to understand
the peculiar behaviour of the plasmonic resonant field, one needs to study the quantitative
properties of the NP eigenfunctions in (1.7) as well as the associated single-layer potentials
in (1.6). In this paper, we are mainly concerned with the geometric properties of the plas-
monic eigenmode u, namely its quantitative relationships to the geometry of 9D. This leads
us to establish more general quantum ergodic properties of the singularly integral operators
K3p and Spp. The plasmonic eigenvalue problem is the fundamental basis to the so-called
surface plasmon resonance as shall be described in the following. The quantitative under-
standing of the plasmonic eigenmodes would yield deep theoretical insights on the surface
plasmon resonance as well as produce significant physical and practical implications.

(1.7)

1.2. Physical relevance and connection to existing studies of our results. Surface
plasmon resonance (SPR) is the resonant oscillation of conducting electrons at the interface
between negative and positive permittivity materials stimulated by incident light. It is a
non-radiative electromagnetic surface wave that propagates in a direction parallel to the
negative permittivity/dielectric material interface. The SPR forms the fundamental basis
for an array of industrial and engineering applications, from highly sensitive biological
detectors to invisibility cloaks [10, 17,28, 31, 33, 38, 40, 43, 54] through the constructions
of different plasmonic devices. The plasmonics was listed as one of the top ten emerging
technologies of 2018 by the Scientific American, stating that “light-controlled nanomaterials
are revolutionizing sensor technology”. Next, we briefly discuss the SPR in electrostatics
and in Section 5 we shall extend all the results in the electrostatic case to the scalar wave
propagation in the quasi-static regime.

Consider a medium configuration given in (1.1), where 7. and ~,, respectively specify
the dielectric constants of the inclusion D and the background space R\ D. Let ug be a
harmonic function R? which represents an incident field. The electrostatic transmission
problem is given for an electric potential field v € H, lloc(]Rd) as follows,

{V -(ypVu) =0 in RY,

(1.8)
u—up satisfies the decay condition as |z| — oco.
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Denote the perturbed potential field u — ug as a single-layer potential (1.6) with a density
function ¢ to be determined by the transmission conditions across dD. Using the following
jump relation across 0D:

0 1
E (Soplg])™ = (ig—rd + Ksp)lel (1.9)
one can show that
6 C m *
% _ (Mld - /caD> [¢] on OD. (1.10)

Hence, formally there holds

-1
ou
VoD

where A(7e,vm) is defined in (1.7). Clearly, if A(7ye,7m) is an eigenvalue to K}, then
resonance occurs for the boundary integral equation (1.10). Consequently, due a proper
incident field ug, resonance can be induced for the electrostatic system (1.8). These exactly
give the plasmonic eigenvalue problem (1.3) and the NP eigenvalue problem (1.7).

According to our discussion above, the spectrum of the NP operator determines the plas-
monic eigenvalues 7, through the relationship given by A(7,vm). That is, the spectra of
the NP operator determine the negative dielectric constants which can induce the plasmon
resonances. Such a connection has aroused growing interest on studying the spectral prop-
erties of the NP operator [2,6,7,9,13,19,27,29,32,34,35]. The NP operator K}, is compact
and hence its eigenvalues are discrete, infinite and accumulating at zero. Moreover, one has
ANK%p) € (=1/2,1/2]. It can be directly verified that if 4. and +,, are both positive, then
|A(€c,em)| > 1/2. In such a case, the invertibility of the operator (A(ec,em)l — Kjp) from
L*(dD, do) onto L?(0D, do) and from LZ(0D,do) onto LE(0D, do) is proved (cf. [5,26]) via
the Fredholm theory. This once again necessitates the negativity of the plasmonic eigenval-
ues .. It is easily seen, from the properties of K3, that the NP eigenvalues are invariant
with respect to rigid motions and scaling. The spectrum of K, can be explicitly computed
for ellipses and spheres [24,27]. It is worth pointing out that the convergence to zero of
those eigenvalues is exponential for ellipses while it is algebraic for spheres. The exponential
convergence is critical for the construction of plasmonic devices that can induce invisibility
cloaks [3,30]. Some other computations of Neumann-Poincaré eigenvalues as well as the
corresponding plasmonic applications for different shapes can be found in [12,13,23]. More
recently in [34,35], it is derived in three dimensions a quantization rule of the NP eigen-
values, showing that the leading-order asymptotics of the j-th ordered NP eigenvalue with
j > 1 can be expressed in terms of two global geometric quantities of 9D, namely the Euler
characteristic and the Willmore energy.

It is clear to see that if plasmon resonance occurs, the peculiar behaviours of the reso-
nant field critically depend on the quantitative properties of the NP eigenfunctions. Indeed,
according to (1.10) and via the spectral resolution, the density distribution ¢ can be ex-
pressed in terms of the NP eigenmodes, and this in turn gives the resonant modes via the
single-layer potentials. The SPR field is the superposition of those resonant modes. Hence,
in order to gain a thorough understanding of the resonant field, one should carefully study
the quantitive properties of the NP eigenfunctions as well as the associated single-layer
potentials. However, to our best knowledge, there is little study in the literature on this
aspect. It is known the SPR propagation is topologically very sensitive to the material
interface 0D. That is, the SPR is sensitive to any change of the global geometry of 0D.
In fact, such a topological sensitivity forms the fundamental basis of the aforementioned
bio-sensing application of SPRs. Nevertheless, it is speculated that the SPRs may pos-
sess certain invariant/robust property related to the local geometry of 9D. Indeed, it is




QUANTUM ERGODICITY AND LOCALIZATION OF PLASMON RESONANCES 4

observed in several numerics for some specific geometries [12] that the SPR waves reveal
certain concentration /localisation phenomenona at places where the magnitude of the asso-
ciated curvature is relatively high. The aim of this paper is to rigorously establish the local
geometric invariant property of the SPRs in a very general setup. In fact, we show that
the SPR wave localizes in a certain sense at places where the magnitude of the associated
extrinsic curvature (namely the second fundamental form) is relatively high. Since the SPR
depends on 9D globally, it is highly nontrivial to extract the local geometric information.
Nevertheless, we establish a certain more general property of the SPR waves with the help
of quantum ergordicity, with which the localization property is a natural consequence of the
dynamics of an associated Hamiltonian. In addition to its theoretical significance, our result
may have potential applications in generating SPRs that break the quasi-static limit [29]
and produce plasmonic cloaks [2,33], which are worth of investigation in our future study.
Our study also leverages certain novel ergodic properties of the NP operator, which should
be of independent interest to the spectral theory and potential theory.

1.3. Discussion of the technical novelty. Finally, we briefly discuss the mathematical
strategies of establishing the quantum ergodicity and localization results. As discussed
earlier, we need to analyze the geometric structures of the NP eigenfunctions as well as
the associated single-layer potentials; that is, the quantitative behaviours of those distri-
butions that are related to the boundary geometry of the underlying domain. Treating
those layer-potential operators as pseudo-differential operators, we consider the Hamil-
tonian flows of the principle symbols of those operators. In particular, we obtain, via a
generalized Weyl’s law, that the asympotic average of the magnitude of the NP eigenfunc-
tions in a neighborhood of each point is directly proportional to a weighted volume of the
characteristic variety at the respective point. Moreover, following the pioneering works of
Shnirelman [41,42], Zelditch [48-53], Colin de Verdiere [14] and Helffer-Martinez-Robert [20]
(See also [16,18,44,45]), by considering the Heisenberg picture and lifting the Hamiltonian
flow of a principal symbol to a wave propagator, we generalize a result of quantum ergodic-
ity via an application of the ergodicity decomposition theorem to include dynamics which is
not uniquely ergodic. From that, we obtain a subsequence (of density one) of eigenfunctions
such that their magnitude weakly converges to a weighted average of ergodic measures. This
weighted average at different points relates to the volumes of the characteristic variety at
the respective points. We also provide an upper and lower bounds of the volume of the char-
acteristic variety as functions only depending on the principal curvatures. We therefore can
characterize the localization of the plasmon resonance by the associated extrinsic curvature
at a specific boundary point. From our result, we have also associated the understanding of
plasmon resonances to the dynamical properties of the Hamiltonian flows. For instance, a
Hamiltonian circle action will result in a parametrization of ergodic measures by a compact
symplectic manifold of dimension 2d — 4 via a symplectic reduction. Our study opens up
a new filed with many possible developments on the quantitative properties of plasmon
resonances as well as on the spectral properties of Neumann-Poincaré type operators.

The rest of the paper is organized as follows. In Section 2, we briefly discuss the principal
symbols of the layer-potential operators. In Section 3, we recall the generalized Weyl’s law,
and generalize the argument of the quantum ergodicity to obtain a variance-like estimate.
In Section 4, we apply the generalized Weyl’s law and our generalization of the quantum
ergodicity to obtain a comparison result of the magnitude of NP eigenfunction at different
points with extrinsic curvature information at the respective points. These combine to
give a description of localization of the plasmon resonance around points of high curvature.
We present extensions to the plasmon resonance in the Helmholtz transmission problem in
the quasi-static regime in Section 5. In Appendix A, we present further discussion upon
geometric descriptions of the related Hamiltonian flows.
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2. SYMBOLS OF POTENTIAL OPERATORS

In this section, we present the principle symbols of the Neumann-Poincaré operator (1.5)
and the single-layer potential operator Spp in (1.6) associated with a shape D sitting inside
a general space R¢ for any d > 2. The special three-dimensional case was first treated
in [34,35], and the general case was considered in [4]. Since this result is of fundamental
importance for our future analysis, we shall briefly restate here for the sake of completeness.

We briefly introduce the geometric description of D C R?. Consider a regular parametriza-
tion of the surface 9D as

X:UcR*' — 9D cRY
u=(u1,ug,....,uq—1) +— X(u).

For notational sake, we often write the vector X; := g%i, j=1,2,...,d—1. Foragivend—1
vector {v; ?;%, we denote the d—1 cross product x;-i;%vj = v1 X V3... XVg_1 as the dual vector

of the functional det( -, vy, va,...,v4-1), i.e., (w, x?;%vl) = det(w, vy, v, ..., v4—1) for any w,

whose existence is guaranteed by the Reisz representation theorem. Then, from the fact that
X is regular, we know x;-l;%Xj is non-zero, and the normal vector v := x?;llXj/| x?;} X,
is well-defined. Next, we introduce the following matrix A;j(x),z € 0D , defined as
A(x) == (Ajj(z)) = (e(X, X;), va)
where II is the second fundamental form given by
I1: T(OD) x T(dD) — T+(dD),
IMv,w) = —(Vyv,w)v= (v,V,w),

with V being the standard covariant derivative on the ambient space R?. Moreover, we
write H(x),x € D as the mean curvature satisfying

try(a) (A(2)) == D 97 (2)Aji(x) = (d = 1)H(x),

with (¢%) = g~! and g = (gi;) being the induced metric tensor. From now on, we shall
always assume A(x) # 0 for all € 9D in this work. We are now ready to present the
principle symbol of K%, (cf. [4,34,35]).

Theorem 2.1. The operator K}, is a pseudodifferential operator of order —1 on 0D if
OD € C*“ with its symbol given as follows in the geodesic normal coordinate around each
point x:

piy,, (2,€) =piy,—1(2, &) + O(1€] )
=(d—1)H(z) €7 = (A(x) & &) [€]7° + O] ?),

where the asymptotics O depends on ||X||c2. Hence Kfp, is a compact operator of Schatten
p class S, forp>d—1 ford > 2.

(2.1)

A remark is that the above result holds also for Kyp instead of K3, when we only look
at the leading-order term. Here, Kgp signifies the L2(0D, do)-adjoint of the NP operator
K35p- We would also like to remark that if geodesic normal coordinate is not chosen, and
for a general coordinate, we have instead

Py, (0.6) = (d—DH(@) |} — (A) g~ @) & g7 @) €) lel;3, +Oel2)) -

g(x)
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From the fact that the Dirichlet-to-Neumann map Ag : H/?(0D,do) — H~Y/2(dD, do)
of the Laplacian in the domain D C RY satisfies the following [46]:

PAy (l‘, 5) = pAo,l(xv 5) + O(l) = ’§|g(ac) + O(l) ) (2'2)

together with the jump relation (1.9), one can handily compute that:

_ 1., _
PSop (&) = Psyp,—1(2,€) + (9(\€|g(§;)) = §|€|g&) + O(|§|g(§;)) . (2.3)
We recall the following well-known Kelley symmetrization identity:
Sop Kiyp = Kap Sop, (2.4)

which indicates that K}, is symmetrizable on H*1/2(6D,da) (cf., e.g., [8,25]), ie. Kfp

is a self-adjoint operator on L%QD((?D) = (Coo(aD)”'HS@D, (-,)spp), Where, for any f €
L% (0D),

Sap
2
”fHSaD = (f, f)sop == —(Sapnf, f>H1/2(8D,da),H*1/2(8D,da) )
is a well-defined inner product for d > 3 and with a minor modification for d = 2 (see [6,8]).
We remark that there is an equivalence between the two norms || - [|s,, and ||| y-1/2(9p,40)-

Using the symmetrization identity (2.4) and by comparing the corresponding symbols,
together with the fact that Syp is self-adjoint, we have

d—1
1
K5, =|D|7'{ (d— 1) H(z)Ayp — -
5p =|D| {( JH (z)Asp M;ZI @l

9ig" (z)/ |9(fﬂ)|Ajk($)9kl(9C)al} |D|72 mod #5072,
Lo-1 -2
Sop =§|D| mod PSO™~.
(2.5)
In (2.5), App is the surface Laplacian of D, and |D|™! := Op‘£|7(1) where Op, = F 1o
g(z

mg o F is the action given by the symbol without any large/small parameter, where F is
the Fourier transform (defined via a partition of unity, and is unique modulus ®SO™! if
a € S™(T*(0D))) that belongs to the symbol class of order m, and my is the action with
multiplication by the symbol a. We notice that the operator in the curly bracket in (2.5) is
itself symmetric. We therefore have

« 1 1 1
Khop = E’D| 2K5p|D|?

being self adjoint up to mod hq)SO,?. In here, ®SO,™ is the pseudo-differential operator
with action Op, j, = .7-",:1 o mg o Fp, i.e., with a small parameter h (again uniquely defined
modulus h®SO}" ! if a € S™(T*(8D))) belonging to the symbol class of order m. Here, we
would like to clarify the following notations and definitions in our study,

Uvi=oD, F:x7'(U) Ui xR, Y =1, supp(vy) C Us;

S™(T*(0D)) = {a L T*(OD)\OD x {0} — C;a =Y ¢iFai,a; € S™(U; x Rd-l\{()})} ;
S™(U; x R4 ::{a (U x (RT1\{0}) — C;

a € C®(U; x (R1\{0})), [9¢0fa(a, )| < caﬂ(ﬂ)mcw}
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Finally, we note that ()\T?’ |D\7%¢>i) is an eigenpair of [K} ,p]? if and only if ()\22, gbi) is
an eigenpair of K}, (cf. (1.7)). Throughout the rest of the paper, we denote

2 1
08, 0x(0) = (31,101 7401) (2.6

3. GENERAALIZED WEYL’S LAW AND QUANTUM ERGODICITY OVER THE
NEUMANN-POINCARE OPERATOR

In this section, we recall the concept of quantum ergodicity following the pioneering
works of Shnirelman [41,42], Zelditch [48-53], Colin de Verdiere [14] and Helffer-Martinez-
Robert [20], (see also [16, 18,44, 45]). Although it is a classical theorem, we would still
sketch the proofs to some of the materials for the sake of completeness. Meanwhile, for our
subsequent use, we would generalize it in a certain way via the ergodicity decomposition
theorem.

3.1. Hamiltonian flows of principle symbols. We begin by considering the following
Hamiltonian

H :T*(0D) —»R
H(x, &) =[pxs,,—1(, )] > 0.

Note that 7%(9D) is endowed with the standard symplectic form w := Zf::f dx; Nd¢; = da,

where a := Zf::f x; d€; is the canonical 1-form. Now notice that H is only smooth outside

0D x {0} — T*(90D). We now impose an assumption that we will take through our work.
Assumption (A) We assume (A(z) g~ () w, g7 (z)w) # (d—1)H(x) for all x € D and
we{: ]§|3($) =1} CT}(0D).

As we will discuss in Appendix A, this assumption is related to the regularity of the Hamil-
tonian flow generated by H on the set {H = 1}. In particular, Assumption (A) holds if and
only if {H =1} (0D x {0}) = 0. In fact, we realize that this assumption is equivalent
to the condition that the Hamiltonian H # 0 everywhere. With this, gazing at (1.7), we
immediately have that ¢ in (1.7) actually sits in H*(0D,do) for all s, and thus by the
Sobolev embedding, ¢ € C*°(9D).

In this work (up till the appendix), we always assume the validity of Assumption (A).
We speculate that this assumption is not necessary for the conclusions of our theorems to
hold, and that is subjected to future studies.

Now, let us consider the following auxiliary function

(3.1)

p:Ry:={reR:r>0 — R,
p(r) = 1—exp(-r),

which will be very helpful in our subsequent analysis. In particular, we realize that
p(r) > 0 and p/(r) > 0 for all R,. Moreover, one realize that p(1/r%) € C®(R), with
OFlr—o [p(1/r?)] = 0 for all k € N and

—2—k
2

08 p(1/1%)| < C(1+ |r?)
With this function, we define

H:T*(dD) >R,
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We may now handily verify, under Assumption (A), that we have H € C™(T*(dD)), and
in fact, H € S72(T*(0D)), where S™(T*(0D)) denotes the smooth symbol class of order
m defined as

S™T(0D)) = {a :17(0D) = C;a= Z%F{‘ai, a; € S"(U; x Rd_l)} ;

S™(U; x R .= {a U; xR 5 Cra e C®(U; x R

= } .

With the above notations, let us consider the following solution under a Hamiltonian

flow:
{&a(w =—i{H,a(t)},
ao(z,§) € S™(T"(0D)),
where {-,-} is the Poisson bracket given by
{f.9} = Xrg=—w(Xs, Xy),
with Xy being the symplectic gradient vector field given by
Lx,w =df.

0808a(z,€)] < Cop(1+1€%)™

(3.3)

We notice that, away from 0D x {0}, we have

Xp=r(H)Xg,
where p/(H) > 0, whereas X; = 0 on 0D x {0}. With this notion in hand, we have
0

50 = X pa, and it is clear that a(t) = ap(y(t),p(t)) where
);

{ ot (V(8),p(t) =Xy (v(t), p(t)),

(7(0),p(0)) = (,¢) € T*(9D).

To emphasize the dependence of a on the initial value (z,§), we also sometimes write
agg(t) = a(t) with  (¥(0),p(0)) = (z,§).

Next we introduce the Heisenberg’s picture and lift the above flow to the operator level via
Egorov’s theorem. Since this is a well-known theorem, we only provide a sketch of the proof
for the sake of completeness.

Proposition 3.1. [16, 21, 22] Under Assumption (A), the following operator evolution
equation

244(t) = £ [Op g An(t)]
Ah(o) = Opao,h’

defines a unique Fourier integral operator (up to h>° ®SO, )

(3.4)

Ap(t) = e #OPin A, (0) e#OPin + O(h BSO™ )
fort < Clog(h). Moreover,
An(t) = Opq, (1.5 + O(R®SO;" ),

or that pa, ) (7, €) = a6 (t) + O(IE7H) -
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Proof. The existence of the solution to the equation (3.4) comes from first constructing
the symbol in the principle level by noting that [Op,, Opy] = Opyep} + O(h@SOZ”"_Q) if
a € S™(T*(0D)) and b € S™(T*(0D)). Then one inductively constructs the full symbol,
and bounds the error operator via the Calderén-Vaillancourt theorem repeatedly. By Beal’s
theorem, the operator is guaranteed as an FIO.

The proof of both expressions of A (t) comes from checking that the principle symbols
coincide, and then using the Zygmund trick to bound the error operator. O

Let us consider H(z,&) = p <[p’C23D (z, 5)]2). Then we immediately have

Opy = p ([Kh p)?) mod (h®SO;?),
and hence there holds the following corollary.
Corollary 3.2. Under Assumption (A), the symbol of
An(t) = e~ wPKionl) 4, (0)er(Khon) 4 0(h280; 1) (3.5)
s given by
Pay ) (:6) = agg(t) + O(IE[71). (3.6)

3.2. Trace formula and generalized Weyl’s law. We first state the Schwartz functional
calculus as follows.

Lemma 3.3. [21, 22] Let S(R) denote the space of Schwartz functions on R. Then for
feSMR), f(Op,y) € SO, > and

f(Opy ) = Opj) + O(hPSO, ™). (3.7)

Proof. The theorem can be proved via an almost holomorphic extension of f to fC (e.g.
by Hérmander [21,22]) and the Helffer-Sjéstrand formula f(A) = 55 [ 0zfC(z — A) "1z A

— 2m

a7 . U

We proceed to state the following trace theorem, and again give only a brief sketch of
the proof for the sake of completeness.

Proposition 3.4. [14,21,22,41,45,48,49] Given a € S™(T*(9D)), if Op,, is in the trace
class and f € S(R), then

) Opp)) = [ fla)do 2 do™ 4 0),

where do ® do~! is the Liouville measure given by the top form wé=1/(d —1)!.

Proof. For notational convenience, let us first consider the Weyl quantization Opy, instead.
We have from the Schwartz kernel theorem that

(OPYayn())(@) = [ Kn(a,y)d(y)do(y)
oD

for some Kj(x,y) € D'(0D x 0D), which actually has the following explicit expression

@)V Rp) = 7 (T3 )] (e -+ o),

via the partition of unity and the local trivialisation (by an abuse of notation). Then from
the functional calculus we have

tr(f(Opan)) = (O p) = | Knlz,x)do

r+y
2
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To conclude our theorem, we notice the Weyl quantization Opg, and left /right quanti-

L/R

zations Op,~ differ only in the higher order term after an application of the operator

exp (:l:z 10) 85), and our choice of quantization here is Op,, 5, := Opaﬁ. O

Functional calculus and trace theorem combine to give the following generalized Weyl’s
law, together with the fact that (A?(h),¢;(h)) is an eigenpair of [K} )% if and only if

(0 (201 64 i am eigempair of p (1K} ).
Proposition 3.5. [14,21,22,/1, 45,48, 49] Under Assumption (A), fixing r < s, for any
a € S™(T*(0D)), we have as h — +0,

(2rh) DN ¢ (Opg,p $i(h)s 9i(P)) 120D a0y = / ado @ do™" + op,5(1), (3.8)
TS)\Z(h)SS {r<H<s}

2,

H™2(0Q,do)

Proof. Take f. (p <[ Z,BDF)) where f. € (S) approximating X(,(,),p(s)]- Then fe (p ([ 7;78[)]2)) €

®S0O, * by the functional calculus with the trace formula

(2xh) " Dtr (« (p (IK5,00)%)) OPae (0 (IK500)))) = /T o) af2(p(H)) do@do ™ +Or e (h)
(3.9)

where O depends on 7, s,e. Passing € to 0 in (3.9), fe (p ([/C;kl,aD]Q)) converges to the spec-

where ¢; := |¢; 18 the H_% semi-norm and the little-o depends on r,s.

tral projection operator, and f2(p(H)) converges to X{p(r)<p(H)<p(s)} = X{r<H<s}, Which

readily gives (3.8). At last we notice [[¢;(h)| r29p,d0) = ||<;3@||H } (0D do)’ O

We note that if taking a = 1 in (3.8), it leads us back to the well-known Weyl’s law:
Corollary 3.6. [14,21,22,/1,45,48,49] Under Assumption (A), we have

Y 1= / do @ do™ 4 0. 4(h1 7). (3.10)
r<A2(h)<s {r<H<s}

3.3. Ergodic decomposition theorem and quantum ergodicity. Let us denote oy as
the Riemannian measure on {H =1} C T*(@D) Since XyH = 0 and Lx,w? ! =0, we
have that o := lim._,q ¢ X{\H 1|<e} do® do~1 is an invariant measure on {H = 1}. We
also notice that, on {H = 1},

Xg= pl(l)Xg = e_ng .
Let Mx, ({H = 1}) be the set of X invariant measures on {H = 1} and also Mx,, g ({H =
1}) be the set of ergodic measures with respect to the Hamiltonian flow generated by X on
{H = 1}. We realize that since X; = 7' X, we have Mx_ ({H = 1}) = Mx, ({H = 1})
and Mx . erg({H = 1}) = Mx, exg({H = 1}). Therefore, we do not distinguish between
them. Now, since {H = 1} has a countable base, the weak-* topology of Mx, ({H = 1})

is metrizable, and hence Choquet’s theorem can be applied to obtain the following classical
ergodic decomposition theorem.

Proposition 3.7. [/7] Given a probability measure n € Mx, ({H = 1}), there exists a
probability measure v € M (Mx,, erg({H = 1})) such that

pdv(p) .

/MXH,erg({Hzl})
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Applying Proposition 3.7 to og/og({H = 1}), we have a probability measure v €
M(Mx, erg({H = 1})) such that

on = on({H = 1) / v (p) .

MXH,erg({Hzl})

Note by rescaling {H = E} = E~'/2{H = 1}, and therefore do @ do~' = E'"2dE ® doy.
For any p € Mx, eee({H = 1}), let pup = mp12#1 € Mx, ere({H = E}) be the push-
forward measure given by mpy_1/2 : T*(0D) — T*(9D) (x, &) +— (x, E~1/2¢), then

soo~ =ou((n=1)) [ wp B (4 © dv) (. p) .
(O’OO]XMXH,erg({Hzl})

Next, we aim to derive a more general version of quantum ergodicity, following the original
argument in, e.g. [14,18,41,42,44,45,48-53] as follows. To start with, we have the following
application from Birkhoff [11] and Von-Neumann’s ergodic theorems [36].

Lemma 3.8. Under Assumption (A), for any r < s and all ap € S™(T*(9D)), we have
;/DT Uag) (D)t = q.c.dowdo—1 and L2({r<H<s},dowds—1) A(T,§) as T — oo,
for some a € L?>({r < H < s},do ® do™ '), and a.e. E3dE® dv, we have
a(z,§) :/ apdpp  a.e. dug.
{H=FE}

Proof. By Birkhoff and Von-Neumann’s ergodic theorems [11,36] on x{<p<s) do ® do~ 1,
we have

;/OT A(z,6) DA =4 c.dodo—1 and L2({r<H<s},dowdo—1) AT, &) as T — oo,
for some @ € L?>({r < H < s},do ® do~1) invariant under the Hamiltonian flow. Let
£ = {(x,f) e{r<H<s}: listup ‘;/OTa(x’g)(t)dt— a(w,{)‘ > 0} ,
then 0 ® 0~1(£) = 0. Now by Lemma 3.7, we have

on((H=1) [ up(€) B4 dE @ dv (B, ) = 0 © 0~ 1(€) = 0,
[Tvs]XMXH,erg({Hzl})

and therefore, a.e. E-5dE ® dv, we have pp(€) = 0. Meanwhile, by the Birkhoff theorem
[11],

1 /T
T/o Uae)(B)dt —acpp and L2({H=E},dup) /{HE} apdpp asT — oo.

Again let

Eup = {(x,é) € {r < H <s}:limsup
T

1 /T /
— a(z.e (t)dt — aod >0, ,

we have g (&,,) = 0. Therefore, a.e. E%dE® dv, pg (EUEu,) = 0. The lemma follows
by the uniqueness of the limit. O

We can then show the following theorem by following the arguments in [14,16,18,41,42,
44,45,48-53] with some generalizations.
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Theorem 3.9. Under Assumption (A), fizing r < s and writing ¢; := |¢;| > ODdo) to
H™% (0D
denote the H™3 semi-norm, we have the following (variance-like) estimate as h — +0,
1

i |(An ¢i(h), ¢i (1) r2(0D,40) — (OPan ¢i(h)v¢i(h)>L2(8D,da)’2 — 0.

(3.11)

Proof. We lift the Birkhoff and Von-Neumann to the operator level, via the Hamiltonian
flow of the principle symbol. Consider Ay (0) = Aj,. From the definition of ¢;(h), we have
for each i

(An(®)ds(h), di(h) r2(0p o) =(An(0)e™ P KhonP) g, (), e~ 5P (Kh001) 5, (1)) 120 o) + Os(h)

=(An ¢i(h), #i(h)) L2(aD,d0) + Ot(h),
(3.12)

where the second equality comes from Corollary 3.2 and the definition of the NP eigenfunc-
tions (cf. (2.6)), and the asymptotics O depends on ¢. Averaging both sides of (3.12) with
respect to T', we have

1 T
<(T/0 Ah(t)dt) ¢i(h), ¢i(h)>L2(6D,da) = (Anoi(h), ¢z‘(h)>L2(aD7dJ) + Or(h),

where the asymptotics O depends on T'. Then, again by Corollary 3.2, it is handy to verify
that

1 (T
T/[:; Ah(t Opah = Op 1 fo e, 5) t)dt—a + OT(h)
is a pseudo-differential operator. Next from the Cauchy-Schwarz inequality, we have

(Opg poi(h), ¢i(h)>L2(aD doy  (An@i(h), ¢i(h)) 120D, do) i

(¢i(h), i(h)) L2(5Ddor) (9i(h), i(h)) L2(5D,dor)
<< fo Ap(t)dt — Op, h) (Tf t)dt — Opah) ¢i(h), ¢i(h)>
= @ih). >>L2 oo

L2(dD,do)

+ O7(h?).
(3.13)
Therefore, summing up 7 of (3.13) and applying (3.8) and (3.10), we have

1

2
ZTS)\?(h)Ss 1 |

et (A ¢i(h), di() 12(6D.d0) — (OPap di(h), di(h) 12(6D,d0)
T§A2(h)§s
Ll age! t—a)z do ©do~!

f{rgHgs} do @ do—1

fr H<s
Josnsn T tonar(l)

(3.14)

Finally, (3.11) readily follows by noting that the first term at the right-hand side of (3.14)
goes to zero as T goes to infinity.
The proof is complete. O

With Theorem 3.9, together with Chebeychev’s trick and a diagonal argument, we have
the following quantum ergodicity result [14,18,41,42,44,45,48-53] with some generalization.
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Corollary 3.10. Under Assumption (A), given r,s, there exists S(h) C J(h) == {i € N:
r < A2(h) < s} such that for all ag € S™(T*(0D)), we have as h — +0,

ZiGS(h) 1
Dica(n) L

A very important remark of the above corollary is that the set S(h) is chosen independent
of the choice of ag.

max ¢;
i€S(h)

<(Ah - Opa,h) ¢i(h), ¢i<h)>L2(3D7dg) = 05,5(1) and =1+ o0,,5(1) (3.15)

4. LOCOLIZATION/CONCENTRATION OF PLASMON RESONANCES IN ELECTROSTATICS

In this section, we are ready to present one of our main results on the localization /concentration
of plasmon resonances in electrostatics.

4.1. Consequences of generalized Weyl’s law and quantum ergodicity. We first
derive the following theorem to characterise the local behaviour of the NP eigenfunctions
and their relative magnitude. In what follows, we let (\;, ¢;), i = 1,2,..., be the ordered
eigenpairs to (1.7). We denote o, i as the Riemannian measure on {H (z,-) = 1} C T;(9D).
By the generalized Weyl’s law in Section 3, we can first show the following key result in our
study.

Theorem 4.1. Given any x € 0D, we consider {xz s }s>0 being a family of smooth nonneg-
ative bump functions compactly supported in Bs(z) with faD Xp,s do = 1. Under Assumption
(A), firingr < s, a € R and p,q € 0D, there exists a choice of §(h) depending on r,s,p,q
and « such that, as h — 40, we have 6(h) — 0 and

Zr<)\2(h)<s ¢ Jap Xps(w) (@)D ¢i(x)[*do(x) f{H (p,)=1} |5|1+2ad0p,H
Zrﬁ)\?(h <s Ci faD Xq,ﬁ(h (I‘)HD’Q ¢l(1‘)|2d0'(.1‘) f{H(q y=1} |£| Jr20ldo-q,H

+ 07"75717761704(1)7(4'1)

| 2

H™ 7(8D dU)
a. In particular, if « = —5, the right-hand side of (4.1) is the ratio between the volumes
of the two varieties at the respectzve points.

where ¢; = |p; is the H™3 semi-norm and the little-o depends on r,s,p,q and

Proof. Taking p € 0D, we consider a(x,§) = xp5()|¢ ;?;20‘ n (3.8). With this, together
with the fact that Op,y, = h'*2*|D|V2t*0p, ) 1ID[V/*T* — hOp; ,  for some a5 €

S2a(T*(9D)), we have

(2h)+20) Z / Tos(@)||DI* ¢u(a) Pdo(z)
7‘<>\2

(4.2)

— / Xpﬁa(x)yg\;yf)a do®do™ +h / Gpsdo @ do™ + 0,5 (1)
{r<H<s} {r<H<s}

after applying (3.8) once more upon a,s. With (4.2), we have, after choosing another point
q € 0D and taking a quotient between the two, that

> r<n2(hy<s € Jop Xps (@)D ¢i(@)|*do(2)
5 xtmes & Jop Xao@IDI® 64(@) Pdo ()
f{r<H<s} Xps(® )|§|1+2a do @ do~ + h f{T<H<S} apsdo @ do~!

- — a B— + Or,s,a(l)-
f{rSHSS} Xq,8 s(z )|£|1+2 do @do~! +h f{rSHSs} g5 do @ do~!
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Now, for any given h, we can make a choice of §(h) depending on 7, s,p, q,« such that as
h — 40, we have §(h) — 0 (much slower than h) and

h / ap sy do @ do |+ |h / g () do @ do™!
{r<H<s} {r<H<s}

We also realize as h — +0, with this choice of §(h) that 6(h) — 0, one in fact has for
Yy = p,q that

/ Xy,5(h ( )|f|1+2a do ® da |€|;(+y2)ad —1
{r<H<s} (r<H(y,)<s}

— 0.

Therefore, we have

Eroxtmzs & Jop Xpst @D 62 Pdor(a)  Jyrcnipyen Kl 4o 1)
- 07“757 ,q, .
S ext s i Jop Xasn (DIDF Gi@Pdo(@) ™ i pyiyya IElRTdr1

Now to conclude our theorem, we realize that for all y = p, q,

o Sl ,d a
/ |€ ];&2) do~! = < E~ 2 2dE> / |§|l+2 doy.m | -
{TSH(y,)SS} r {H(y’)

The proof is complete. 0

Theorem 4.1 states that, given p,q € 9D, the relative magnitude between a c¢;-weighted
sum of a weighed average of ||D|%¢;|? over a small neighborhood of p to that of ¢ asymp-
totically depends on the ratio between the weighted volume of {H(p,-) = 1} and that of
{H(q,-) = 1}. This is critical for our subsequent analysis since it reduces our study to
analyzing the aforementioned weighted volumes.

Theorem 4.2. Under Assumption (A), there is a family of distributions {®u}my,, .., €
D'(0D x OD) as the Schwartz kernels of K,, such that they form a partition of the identity

operator Id as follows:
Id = / K.dv(p), (4.3)
MXH,em({Hzl})

which holds in the weak operator topology satisfying that for any given r,s, there exists

S(h)  J(h) :={i € N:rh < \? < sh} such that for all p € C®*(dD) and as h — +0,

max / p(@) | e ||D] "2 ¢i()? —/ (@) gi(p)dv(p) | do(x)| = or,s(1) .
’LES(h) oD MXH,erg({Hzl})
(4.4)
In (4.3),
gi) = i (KD 500, D[ 30i) .
, 1 5
/ gi(p)dv(p) =1, Ees(h)l =1+4o0ps(1),
My g erg({H=1}) 2 ie(h)
and moreover,
u@zm/u@W®=L
oD
(4.6)

Ity eng(trr=1yy PO ) [, 1y dop
‘fMXH,erg({Hzl}) M(q)dlj( ) f{H daqH

a.e. (do®do)(p,q).
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Proof. Let f,p € C*°(0D) be given. Let us consider a(z,€) := ¢(z). Then we have

/ pdpp = / pd.
{H=E} {H=1}

Take a partition of unity {x;} on {U;}. With an abuse of notation via identification of
points with the local trivialisation {F;}, we have by Lemmas 3.7 and 3.8 that

lon({H =1})]""[Op; 1 f1(y)
= lon({H =1})]"'[Opgy, »./1(y)
l

- N > ( [, vl v/ mate s>xl<x>f<x>duE>
x B'=% (dE ® dv) (E, p)

= /( el (1) ZZ: ( /{ ) sodu> ( /{ ) exp(z —y,§/h)xi(z) f (w)duE>

x B'=% (dE ® dv) (E, p).

(4.7)

On the other hand, considering Id = Op; , = Opy, (which is independent of h), we can
show that

lor ({H = 1})]7"[Opy . f1(y)
- / 2. (/{HE} exp(z — ¥, S/h)Xz(:U)f(x)duE> E'"% (dE®dv)(E,p).

(0,00]X M py erg({H=1})

If we define K,, (which is again independent of k) to be such that

lon({H =1})]7" /0 Z (/H 5 exp(z — y,&/h)xi(z) f( )duE> E'-"%dE (E),

then we have by definition that

Id = / Kpdv ()
Mx py era ({H=1})

in the weak operator topology. That is,

(fs e 8Ddo)—/ (Kuf, 2.0 v (1) 5

MXH,erg({Hzl})

and
(Opginf, f)r2oD,de) = /
Mx gy erg({H=1})

Recall that dog(x,&)/op({H = 1}) = du(x,&) dv(p) is a probability measure. We now
apply the disintegration theorem to the measure du(x,§) dv(p) and obtain a disintegration
dpp(z,§) dv(p) ® do(p), where the measure-valued map (1, p) — pp is a dv ® do measurable
function together with p, ({H = 1}\({H(p,-) = 1} spt(n))) = 0 a.e. dv ® do. Therefore,
we obtain

(Obant, P r2opds) = / / / (K f ) 120D o) bty (dv ® dor) (1)
0D J M, eeg({H=1}) J{H=1}

/ o (Kuf, f)r2op.doy dpdv () -
(H=1)
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We next observe that

/ @ dpy, = / @ dpy = @(p) pp({H = 1}).
{H=1} {H(p,)=1}

u(p) = pup({H =1}) >0,

then a.e. dv(p), the function u(p) € L1(9€,do). As a result of the disintegration, we have
a.e. dv(u),

If we denote

| utw)o(e) = (t# = 1)) = 1.
o0

Furthermore, we have

(Obants P20y = / / (@) () (K f ) 120Dy (v @ dor) (s ).
oD MXH,erg({Hzl})

Now, we choose f = ¢;(h) = |D\7%¢i and apply (3.15) to obtain the conclusion of our
theorem. It is noted that the choice of S(h) is independent of ¢ € C*(9D). The ratio in
the last line of the theorem comes from the fact that a.e. do(p) we have by definition

_ Jing)=ny dopn

Loy @00 = [ () = i) = S

The proof is complete. O

Her8

Theorem 4.2 indicates that most of the function ci||D|7%qbi\2 weakly converges to a
9i(1) dv(p)-weighted average of u(p), where the ratio between a dv(u)-weighted average
of u(p) and that of u(q) depends on the ratio between the volume of { H(p,-) = 1} and that
of {H(g,) = 1}

For the sake of completeness, we also give the original version of the quantum ergodicity:

Corollary 4.3. Under Assumption (A), if the Hamiltonian flow given by Xy is furthermore
uniquely ergodic on {H = 1}, then given r,s , there exists S(h) C J(h) :={i € N:rh <
A2 < sh}, such that for all ¢ € C*(AD) and as h — +0,

1 f{H( =1 dog g
max z) | ¢l|D|"2¢;(2)|? — z)=1} : do(z)| = 0r5(1),
max /aD<P()< 1D/ (a) = LI ) do(a)| = o0s(1)
S (4.8)
i€S(h)
SIS 1 4 6,4(1).
> ica(ny L

Proof. The conclusion follows by noting that the unique ergodicity of X implies that it is
ergodic with respect to o, and in such a case

O’H(JJ) = / dUw,H// dUH.
{H(z,)=1} {H=1}

([l
By Corollary 4.3, we see that if X is uniquely ergodic, most of the function ¢| \D]_%@'\Q
weakly converges to the volume of the characteristic variety { H(x,-) = 1} up to a constant.
We remark that we expect the above argument can be extended to the comparison between
ci||D|%¢;|?, and we choose to investigate along that direction in our future study.
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4.2. Localization/concentration of plasmon resonance at high-curvature places.
From Theorems 4.1 and 4.2 in the previous subsection, it is clear that the relative mag-
nitude of the NP eigenfunction ¢; at a point = depends on the (weighted) volume of the
characteristic variety {H (z,-) = 1}. Therefore, in order to understand the localization of
plasmon resonance, it is essential to obtain a better description of this volume. It turns out
that this volume heavily depends on the magnitude of the second fundamental forms A(x)
at the point x. As we will see in this subsection, in general, the higher the magnitude of
the second fundamental forms A(z) is, the larger the volume of the characteristic variety
becomes. In particular, in a relatively simple case when the second fundamental forms at
two points are constant multiple of each other, we have the following volume comparison.

Lemma 4.4. Let p,q € 0D be such that A(p) = BA(q) for some B > 0 and g(p) = g(q).
Then |[{H(p,-) = 1}| = B*2|{H(q,-) = 1}|. We also have

’5‘1+2ad0_ H= 5d—1+2a/ ‘£|1+2ad0 H
/{H<p,->—1} sle) TP {Hg)=1 0P

Proof. From —2 homogeneity of H, we have H(p,§) = H(q,&/5), and therefore {H (p,§) =
1} = B{H(q,&)} = 1}, which readily yields the conclusion of the theorem. O

A better understanding of the localization can be achieved by a more delicate volume
comparison of the characteristic variety at different points with the help of Theorems 4.1
and 4.2 and Corollary 4.3. However, it is less easy to give a more explicit comparison of the
volumes between {H(p,-) = 1} and {H(q,-) = 1} by their respective second fundamental
forms A(p) and A(q). The following lemma provides a detour to control how the (weighted)

volume of {H (p,-) = 1} depends on the principal curvatures {x;(p) ?;12 .

Lemma 4.5. Let F : R%2 5 R be given as

d—1 d—1+2c

Fa ({}2d) = |

§d—2

where
d—1
Ri = Z Kj — K. (4.10)
j=1
Then we have the following inequality:
Fo ({ri(p)};=7) < /{H( - €303 doy i < 2F, ({m‘(]?) ?;12). (4.11)
p,- =

Proof. We first simplify the expression of H(p,&) = 0 by fixing a point p and choosing a
geodesic normal coordinate with the principal curvatures along the directions &;. In this

case
-1 \?2 -1 \3
H(p,€) = (Z ki (p) f?) / (Z 5?) .
i=1 i=1
Let us parametrize the surface {H(p,-) = 1} by w € S%2 with £(w) := r(w)w, which is
legitimate due to the —2 homogeneity of H with respect to £&. With this, we readily see

that on H = 1 one has
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Hence by virtue of the Sherman-Morrison formula one has

o€ —~

Lij : = r(w)éij + 2/4:]' (p)iji ,

Ow ij

-y _ Lo s
(L7 r(w)(sm 3r(w)

with which, via a change of variable formula, one can further derive that

d—1 2 d—1 d—1
9 —
€122 o = ()] 4<§jmi<p> w%) —3(2_1jm<p>w$> (}_liwi?)dw-

i=1

(4.12)

ki (p)wiw; , det(L) = 3 (r(w))?®

Finally by the Cauchy-Schwarz inequality, we therefore have

, de1 d—14+2a
ri(p) widw < |E[; 3 doym < 2| mi(p)w?
=1

which readily completes the proof.

Lemma 4.5 supplies us with a strong tool to obtain the comparison between the ratio
of the magnitude of the eigenfunctions via the magnitudes /oi/the principa/lfllrvatures at
the respective points. For instance, if it happens that min; |k;(p)| > max; |k;(q)|, then it is
clear that the weighted volume of {H(p,-) = 1} is much bigger than that at q.

Remark 4.6. As we will explore in Appendiz A, when d =3, {H =1} (0D x {0}) =0 if
and only if A(p) > col for all x € OD. In this strictly convex case with d = 3, we therefore
have

min 1772 (p) < Fo ({i(p)};27) < max w7 ™(p), (4.13)
and hence
. 3+2a < 142« d <9 3+2a . 414

This fully captures the desired behaviour that the NP eigenfunctions localize at point at high
curvature when d = 3 and when the flow on {H = 1} is non-singular. Further remarks and
brief discussions upon certain geometric properties of the Hamiltonian flow is postponed to
Appendiz A.

Finally, we discuss the implication of the localization/concentration result of the NP
eigenfunctions to the surface plasmon resonances. According to our discussion in Section 1.2,
an SPR field u is the superposition of the plasmon resonant modes of the form

u = Z @;Sop|dil, (4.15)

where «; € C represents a Fourier coefficient and each ¢; is an NP eigenfunction, namely
Koploi] = Aigi with A; € R being an NP eigenvalue. As is widely known in the literature,
a main feature of the SPR field is that it exhibits a highly oscillatory behaviour (due to
the resonance) and the resonant oscillation is mainly confined in a vicinity of the boundary
0D. For a boundary point p € 9D, one handily computes from (1.9) that

0 1 . 1

Y (Saplei)™ (p) = (i§fd + Kop)loil(p) = (i§ + Xi)¢i(p). (4.16)
Generically, (4.16) indicates that if |¢;(p)| is large, then |VSyp[¢p;]| is also large in a neigh-
bourhood of p. Hence, by the localization/concentration of the NP eigenfunction ¢; estab-
lished above for a high-curvature point p € 9D, it is unobjectionable to see from (4.16)

that the resonant energy of the plasmon resonant mode Syp[¢;] also localizes/concentrates
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near the point p, in the sense that the resonant oscillation near p is more significant than
that near the other boundary point with a relatively smaller magnitude of curvature. Ac-
cording to our earlier analysis following Theorem 4.1, this is particularly the case for the
high-mode-number plasmon resonant mode, namely Syp[¢;] with ¢ € N sufficiently large,
which corresponds to that A; is close to the accumulating point 0. Consequently, one can
readily conclude similar localization/concentration results for the SPR field w in (4.15).

D. LOCALIZATION/CONCENTRATION OF PLASMON RESONANCES FOR QUASI-STATIC WAVE
SCATTERING

In this section, we consider the scalar wave scattering governed by the Helmholtz system
in the quasi-static regime and extend all of the electrostatic results to this quasi-static case.
Let e, p0,€1, 1 be real constants and in particular, assume that ¢y and pg are positive.
Let D be given as that in Section 1, and set

up = x(D) + pox(R\D), ep = e1x(D) + eox(RA\D).

(e1,p1) and (eq, po), respectively, signify the dielectric parameters of the plasmonic particle
D and the background space R\ D. Let w € R, denote a frequency of the wave. We further
set ko := wy/eopo and ki := w,/e1pu1, where we would take the branch of the square root
with non-negative imaginary part (in the case that £1u1 is negative). Let ug be an entire
solution to (A + kZ)up = 0 in R%. Consider the following Helmholtz scattering problem for
€ H (RY) satisfying

V- (P%DVu) +w?epu =0 in R?,

Cd-1 (5.1)
(52— iko)(u — o) = of|2| ") as |z| > ox,

where the last limit is known as the Sommerfeld radiation condition that characterises the
outgoing nature of the scattered field u — ug. The Helmholtz system (5.1) can be used
to describe the transverse electromagnetic scattering in two dimensions, and the acoustic
wave scattering in three dimensions. Nevertheless, we unify the study for any dimension
d > 2. Moreover, we are mainly concerned with the quasi-static case, namely w < 1, or
equivalently kg < 1.

Similar to the electrostatic case, we next introduce the integral formulation of (5.1). To
that end, we introduce the associated layer potential operators as follows. Let

_d=2
Pi(e —y) = Calklz —yl)~ "7 HiZs (kla —y]), (5:2)

be the outgoing fundamental solution to the differential operator A + k2, where Cy is some
dimensional constant and H & is the Hankel function of the first kind and order (d —2)/2.

2
We introduce the following single and double-layer potentials associated with a given
wavenumber k € R,

Shplol(z) = / Pu(z — )o(y)do(y), =€ RY, (5.3)
Dhplol(x) = /a Da—yyrkx— Yé)do(y), ©eRY (5.4)

The single-layer potential Sé‘“D satisfies the following jump condition on 0D (cf. [5,26]):

O (skplel)” = (kg 1d-+ Khp)lel, (55)
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where the superscripts 4+ indicate the traces from outside and inside of D, respectively,
and K&," : L2(0D) — L?*(9D) is the Neumann-Poincaré (NP) operator of wavenumber k
defined by

= /8D O, Tr(z — y)$(y)do(y) - (5.6)
(R9) in (5.1) can be given by

_ Juo+ Sg% [¥] on Rd\ﬁ,
) Skl on D,

where (¢,1) € L?(0D) x L*(0D) is formally given by (provided that k? is not a Dirichlet
eigenvalue of the Laplacian in D)

Shi (6] — Sk [v] = uo,

With this, v € H}

loc

(5.7)

(= 1rd+ Kk )¢ — = (31d + K59, )] = LG,
or that
1 k k R TP L U g
{2( o (k) sl ) o - iy () st o
_t.1 L o\ 7 _i%
= 2Id+lCaD )o(saD) [wol =, (5.8)

_<1_1)&m
p1 po) Ov

Similar to our treatment in [4] and using (5.8), we can now formally write

LT 1 k)7 ok
u—ug=(———) 8k o { < Id+ (s) 30>
(Ml 1o > 2P =12 \ o RN op
* 1 * - -1 8u0
i ,Cko _ Lk (S’“ ) Sko } [ ] :
Lo m oD oD oD oy
when the inverses in the equation exist. As in [4], we notice that

Skp=Sop +w?Skp s, Kbp =Kop* +w?Khp_s and Ay, = Ao+ w? Mgy —1,(5.10)

where ICgD _3,S§D _g, Aky,—1 are uniformly bounded w.r.t. w and are of order —3, —3 and
—1 respectively. With this, one quickly observes that the following lemma holds (cf. [4]):

Lemma 5.1. There holds

1 ey —1
u—ug = Sh o <{)‘(Mo L Id —Kop*} o Mgy (uo) + w? Ruo,m,ao,al,w,aD,—l(“0)) :
(5.11)

where Ry 11 e0.e1.0,0D,—1 95 uniformly bounded with respect to w < 1 and is of order —1.

Similar to the static case discussed in Section 1.2, for given ug,eo9 and w < 1, if the
following operator equation

1 k1 ko ko * Lok ok \ T ok _
{2<M01d P <86D> Sih )+, /c L Kh (Skp) shpro=0  (5.12)

has a non-trivial solution ¢ € H_1/2(8D, do), then (e1, 1) is said to be a pair of plasmonic
eigenvalue and ¢ is called a perturbed NP eigenfunction. In this case, the plasmon resonant
field in R¥\ D is given by Sg‘l)) [¢]. Next, we consider the geometric properties of the perturbed
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NP eigenfunctions as well as the associated layer-potentials described above. We quickly
realize from (5.10) that (5.12) reads:

{)‘(Nal7 ,Ul_l)Id - ,CBD + wzguo,m,so,shw,aD,:S}(b =0, (5-13)

where &, 11, c0,e1,0,0D,—3 is uniformly bounded with respect to w < 1 and is of order —3.
Furthermore, since K, + w25u07“1’50751’w,ap’_3 is compact but not-self adjoint, we have a
finite dimensional generalized eigenspace whenever the eigenvalue is non zero [15], (we are
unsure of what happens when A = 0, i.e. if the kernal of the operator is finite dimen-
sional and if there is a quasi-nilpotent subspace). We may therefore consider the following
generalized plasmon resonance: find ¢ € H~'/2(dD, do) such that for some m € N,

L L pa L (st) st Lyror = Lk = (sk Y st Vg o0 (5.1
2 g @y \Cap op |+ Rop = Rop (©ob op( ¢=0. (5.14)
We note from our earlier discussion that if (ug, 41, €0, €1, w) is such that (5.14) has a solution,
then m is finite.

The following lemma characterizes the plasmon resonance when w < 1.

Lemma 5.2. Under Assumption (A), suppose w < 1, a solution ((po, f1,€0,E1,W), My Qg p1.c0,1.0,m)
satisfying the generalized plasmon resonance equation (5.14) with unit L?-norm posseses the
following property for all s € R:

{H\D!s%o,m,so,sl,w,m — DI gilleoopy = Ois(w?),
Mug o) = X = 0;(w?),

for some eigenpair (N, ¢;) of the Neumann-Poincaré operator IC%, with zero wavenumber,
and m < m;, where ||¢[|r2(py = 1, and m and m; signify the algebraic multiplicities of A
and \;, respectively. Here the constant in O;, depends on both i and s, and that in O;
depends only on 1.

Proof. Since the family {K},, + w2€u07m,€07517w7aD,_3}w20 is collectively compact, it readily
follows from Osborn’s Theorem [37] and the equivalence of || || -1/2(9p,4s) 204 [l £2 (oD
’ 8D

and that a solution ((t0, f1,€0,€1, W), My Gpg.pr c0.e1,0,m) Satisfying (5.14) will satisfy:

{’¢M07M1,80,817w7m - ¢i|’H*1/2(8D,dU) = Oi(w2)7
Apgtonrh) = N = O0;(w?),

for some eigenpair ();, ¢;) of the Neumann-Poincaré operator K} ,.
It remains to obtain the |[|D[*(-)||co9p) bounds instead of H~'2(dD, do) bounds. For

this purpose, let us look into the generalized eigenspace E)\( pg s

. - . . —1/2
and pick ¢; ; € EA(ugl,ufl) be with unit H /2 norm such that Gim = Puo.ui,e0.61,0,m- Lhen

there exists {e;;-1}].y with [e; ;1| = O; (w?) such that

2
h of K3 p+w o 1 0.61,0,0D,-3

(Kop + @€ coerwon,—3 = Mug iy 1) dij = 10141 for j =2, om,
(]CBD + w2gﬂ07“17507617w7aD773 - )‘(M517 Ml_l)) ¢171 = O’

which can always be done by rescaling the basis giving the Jordan block representation with
a scaling factor of 1/¢; ;1. Then Osborn’s Theorem and the equivalence of norms yield

6i; — Sl r-1/20D,40) = Os(w?)
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for some ¢; ; € C>°(0D) sitting in the eigenspace of K},,. Taking the difference between
the system in the generalized eigenspace and the original eigenvalue equations:
(IC:%D + wQSILO:vaEO,ElevaDv*S) (¢i,j - ¢i7j) - W2SM0,M1,EO,€1,UJ,21_)\,;3¢Z'J
= Mg ' 17 ) (i — dig) + N = Mg s 17" )) iy — €5j-10i5-1 for j=2,...,m,
(]CZ’;D + w2gﬂo7u1,€0,€17g@D,—3) (¢i,1 - ¢i,1) - W2guo,u1,:—:0,51,w,8D,—3¢i,1
= Mpg o1y ) (Gig = di) + (N = Mg s iy )i
Now, under Assumption (A), Kjp + w?Eug p1.coe1won,—3 : H¥(OD) — H*T1(OD), and
therefore we have from the above system that
- 2
lbij — ¢i,jHH1/2(aD,da) = O4(w?),

for all j = 1,...,m with a different constant. One now gazes at the above system. Together
with a bootstrapping argument and the fact that Assumption (A) gives ¢; j € C*°(0D), we
arrive at, for all [ € R,

[¢ij — @il
Our conclusion follows after applying the Sobelov embedding theorem to bound the ||| D|*(-)[|coap)

H(0Ddo) = Oit(w?).

semi-norm by the H*+ (0D, do) norm for large enough I .
The proof is complete. O

We aim to know whether the generalized plasmon resonance (cf. (5.14)) always exists
when w < 1. The following lemma addresses this issue.

Lemma 5.3. Given any non-zero \; € o(K}), the spectrum of K}, for any (fio, fi1) €

Di := {(po, ) € CN{(0,0)} = Afig",ir") = Ai, o — pa # O} (which is non-empty),
there exists 0 < w; < 1 such that for all w < w;, the set

{(“0”“’50761> € C?\{uo — 1 = 0} x (C\R")%;

there exists m € N, ¢ € H_1/2(8D,0) such that ((po, p11,€0,€1,w), ¢, m) satisfies (5.14)}

forms a complex co-dimension 1 surface in a neighborhood of (fi, fi1).

Proof. Given a non-zero \; € o(K}), we consider a function F; defined over 0D and
i € 0(K%p). In particular, by Osborn’s Theorem [37] and the smooth dependence of £ on
(Ho, p11, €0, €1,w), there exists 0 < ©; < 1 (depending on 7) such that we have a (non-unique)
smooth choice of function:

Fys5: C\{po — 1 = 0} x (C\R")? x (0,w;) — C,

E(MO7N17€07€17W) = )\i(MOaMhEO,Ehw) _)\(Nalnu’l_Q)a

where

)‘i(M07 H1,€0,€1, (.U) c€o (’Cg[) + wzgumul,éo,&‘l,w,aD,—iﬁ)
is such that .
lim i (g0, p1, €0, €1, W) = Ai -
e—0
We now note that, for any (fig, fi1) € D; in this set,
Fi(fio, f11, €0,€1,0) = 0,
for all g, €1 in the domain of the function. Moreover, we can directly verify that

awﬂ(ﬂ(]a/]la 5075170) =0, 850,5117@'(/10,/11, 5076170) =0,
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whereas

o R 05 Fo
8#07M1Fi(MOaM175075170) = aﬂmﬂl)\(uo 17:“’1 1) - <_2([L1 — /10)2’ 2(/11 _ ﬂ0)2> :

Hence, we have

auoﬂ(ﬁ07ﬂ17€07€170) #O or a}t1ﬂ(ﬁ07ﬂ17€0781)0) #O

Therefore, applying the inverse function theorem in a neighborhood of any chosen point in
D; x (C\R%)? x {0}, we obtain either a unique smooth function Iy : Bs(fio) — lo(Bs(fi))
fulfilling

Fi(p0, 10,1 (10) 0,2 (10), lo,3(10) lo,a(p0)) = 0,
or a unique smooth function l; : Bs(f11) — lo(Bs(fi1)) fulfilling

Fi(lia(pe1), pens b2 ), lg (i), lra(pe)) = 0.

If we obtain Iy, let us take w; < J; such that w; € Iy 3(Bs(fio)). Otherwise, we take w; < @;
such that w; € l; 3(Bs(fi1)). The conclusion stated in the lemma readily follows. ]

By Lemma 5.3, we easily see that there are infinitely many choices of (€1, u1) such that the
(genearalized) plasmon resonance occurs around )\;. Combining with a similar perturbation
argument as in the proof of Lemma 5.3, our conclusions of the plasmon resonance in the
electrostatic case transfers to the Helmholtz transmission problem to show concentration of
plasmon resonances at high-curvature points. For instance, we have the following result.

Theorem 5.4. Given any x € 0D, let us consider {xzs}s>0 being a family of smooth
nonnegative bump functions compactly supported in Bs(x) with faD Xpsdo = 1. Under
Assumption (A), givenr < s, « € R and p,q € D, we have a choice of 6(h) and w(h) both
depending on r,s,p,q and o such that for any w < w(h), there exists

((Mo,i, H1,i5€0,5E1,iy W)a myg, ¢,uo,i,,u1,i750,i7€1,z‘7w7mz‘)
solving (5.14), and as h — +0, we have 6(h) — 0, w(h) — 0 and

Zrhg,\ggsh Ci faD Xp,5(h) (x)||D|a¢,ufo,ia/l«l.'i750,i»51,i7w7m'i ($)|2d0'($) . f{H(p,.)zl} |£|_(1]E;)2)ado-l)7H

Erhﬁ)@ﬁsh Ci faD Xq,5(h) ($)||D|a¢N0,i7M1,i750,'i751,i;W7mi (x)‘zda(x) B f{H(q,.)zl} |§|;Ez2)a

dog.1r 0r,5,p,0,0(1),

(5.15)
-2

where ¢; ;= |¢p;
! ’¢1’H’%(8D,do)

. Here, the little-o depends on r,s,p,q and .

Proof. From Theorem 4.1, we have a choice of §(h) depending on r, s, p, ¢ and « such that,
for any given € > 0, there exists hg depending on 7, s, p, ¢, @ such that for all h < hg,

ng)\?(h)gs Ci faD Xp,5(h) (z)[| DI~ ¢i(x)‘2d‘7 f{H(p,~):1} ‘f@?ﬁad‘jpﬁ

_ - _ < (5.16)
ng,\f(h)gs Ci faD Xq.oh) ()] D] ¢i(x)|*do f{H(qw)=1} ‘5|;(+q§ dog.n
Now for each h < ho, from Lemma 5.3, there exists w(h) := mingen, p<rz<sny{wi} such

that for all w < w(h), there exists

((,U(),z'; H1,i,€0,i5€1,45 w), mi, ¢,U40,i,/»11,2'750,2'751,2'7W7mi)

solving (5.14). By Lemma 5.2, upon a rescaling of ¢, 4, i.e0.4.61.4,0,m; While still denoting
it as ¢H0,¢,M1,¢,Eo,i,El,i,W,mi7 we have

H|D‘a¢uo,i7u1,i,80,i,81,i,w7mi - ‘D|a¢i”()0(8D) < Ci,aw2'



QUANTUM ERGODICITY AND LOCALIZATION OF PLASMON RESONANCES 24

In particular, we can make a smaller choice of w(h) < @w(h) depending on 7, s, p, q,a such
that for all w < w(h),we have

H||D‘a¢#o,i:M,z‘,ﬁo,i,su,w,mi|2 - HDla(bi'Q”CO(BD)
-2
< 107%/ Z ¢;/ min ¢ 1, min Z ci/ Xy,g(h)(x)”Dr"(m(gj)PdO'
rh<A2<sh P \rexzm<s 79D

Therefore, with this choice of w(h), we have, for all w < w(h)

Zrthfgsh Ci faD Xp,5(h) (z)] |D|a¢#0,i7#1,i750,i751,i7w:mi (z) |2d0(1')
Zrhﬁ)@ﬁsh Ci faD Xq,6(h) (z)] |D‘a¢uo,¢,u1,¢,€0,¢,€1,¢,w,m¢ (z)2do(x)
T

(5.17)
- 2rex2m<s S Jop Xpam) (@)1 DI ¢i(x)[*do .
D r<xz(ny<s G Jop Xa o) (@)D di(x)[?do | —
Combining (5.17) with (5.16) readily yields our conclusion.
The proof is complete. O

Likewise we obtain the following result.

Theorem 5.5. Under Assumption (A), given r,s, there exists S(h) C J(h) :== {i € N :
rh < X2 < sh} and w(h) such that, for all ¢ € C>(dD), we have for any w < w(h), there
erists

(10,05 1,05 €045 €1,6, W) s Ty Ppag s 204,21, x0m1 )

solving (5.14), such that as h — +0, we have w(h) — 0 and

_1
| et ( D1} Gy e o ()

max
i€S(h)

(5.18)

)k ) do ()| = o1.(1).

/MXH,erg({Hl})

Here, S(h), {g9i : Mx, erg({H = 1}) = Clien and p(p) are described as in Theorem 4.2. In
particular, we remind that

ity eogttr=ay PRI [y, 020y dopn
fMXH,eTg({Hzl}) u(q)dl/(,u) f{H(%'):l} daq’H

a.e. (do®do)(p,q).

If the Hamiltonian flow given by Xp is uniquely ergodic on {H = 1}, then

do
A _1 2 f{H(a:,-):l} z,H
/6D QO(.%) (Cl HD‘ 2¢H0,i7M1,i750,i751,i7w7mi (‘T)| O'H({H — 1}) ) dO'(I')

Proof. Let r,s be given. Consider ¢ € C>*(9D). Given ¢ > 0, by Theorem 4.2 and
considering hg small enough such that for all h < hg, we have

/ () ( DI F i) — / u(ﬂﬂ)gi(ﬂ)de)) do(z)
oD My org {H=1})

Now, for each h < hg, from Lemma 5.3, there exists w(h) = min {minies(h) W 1} such that
for all w < @(h), there exists

max
ieS(h)

=or4(1).

max
ieS(h)

<e.

((MO,ia H1,i,€0,,E1,45 w)a myi, ¢,U«0,i7#1,i750,2‘751,2‘7‘U:mi)
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solving (5.14). By Lemma 5.2, again upon a rescaling of ¢, ; u1;.c0.i,e1.i00,m; While still
denoting it as ¢uuq ;.1 ,;.c0,0.1,10,mi» We have

1 1
; D72 ()2 = ||D| 2 . e co s v wms (2)]?) d
ma ci| [ o) (1D 6@ = 1DI 6001000, @) o<x>' 6519
< Csyllelleo@op) w?.
We may now choose
w(h) < min{s,cb(h),cb(h)/CS(h)} .
Then for all w < w(h), we finally have from (5.19) and Corollary 4.3 that
1
) D|™2 i1 ; W, 2
x| [ @) (1D oo (2
-/ ) ) () ) o)
MXH,erg({H:]-})
<1+ llelleoony) €-
The proof is complete. U
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APPENDIX A. FURTHER REMARKS UPON SOME GEOMETRIC BEHAVIORS OF THE
HAMILTONIAN FLOW

In this appendix, we would like to briefly explore some geometric behaviours of the
Hamiltonian flow, which should help our understanding of Mx,, ere({H = 1}) and translate
to the understanding of the NP eigenfunctions. We also want to understand and explore
Assumption (A), which is equivalent to {H = 1} () (0D x {0}) = (), which we always assume
in our work (until now). First, we have the following elementary property of Xp:

Lemma A.1. If £ #0, then Xy # 0.

Proof. Consider S := log H. Since Xy preserves H, let us consider its action only on
{H = ¢} with ¢ # 0. By choosing a local coordinate, one can directly compute that

OeH — HOeS — 2 <2 (d—1)H(x)g~ (z) — g~ (x)A(z)g~ ' (2)€ 9'¢ ) '

((d = DH(2)g~ (2) — g1 (@) A(x)g L (2)&.6) (97 H(@)€,€)
Therefore we immediately have that (0:H,&) = 2(£2 — 3)c, which ensures that 0cH # 0,
and hence our conclusion holds. ]

A.1. The non-singular case when {H = 1} (0D x {0}) = 0. Let us assume {H = 1}
does not contain (z,0) € 9D x {0} — T*(0D). We would like to look into the lo-
cal property of the flow. As an example, let us consider d = 3. In fact, the con-
dition {H =1} (0D x {0}) = 0 readily implies that the Gaussian curvature k(z) :=
k1(z) ka(x) # 0. By the compactness of the surface, we have k(xz) > 0 for some = € 9D.
Then by continuity we have k(z) > ¢ for all x € 9D for some ¢ > 0. An application of
the Gauss-Bonnet theorem readily yields the Euler characteristic of the surface x(9D) > 0,
and hence 9D is diffeomorphic to a sphere. Moreover, there exists ¢y such that the matrix
A(z) > coId for all z € 9D, i.e., the domain D is strictly convex. The following figure
shows a typical example of {H (z,-) = 1}.
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FIGURE 1. Level curve {H(a,§) =1} for a fixed a € 0D when A(a) =
diag(1,0.5), where £ = (z,y).
In this case, locally around a point (z,§) € {H = 1}, the flow Xy given by 0(z(t),p(t)) =
X (z(t),p(t)) projects to the z-coordinate to give dyx(t) = 0¢ H, which is the normal of the
level set {H(x,-) = 1}.

In general when d > 2, suppose Xy generates a Hamiltonian circle action (i.e. T! action)
over T*(0D). Then by Lemma A.1, the circle action has no critical point on {H = 1} =
{H =1}, and that 1 is a regular value of H. We may therefore perform a symplectic
reduction to obtain M := {H = 1}/T!. From the compactness of {H = 1}, M is now a
compact symplectic manifold of dimension 2d — 4. M also provides a parametrization of
the set of periodic orbits (equivalently, of the ergodic measures in this case). In this case,
we can appeal to results of classical symplectic geometry to classify the global structure of
the flow.

We would like to remark that the non-singular case is rather restrictive, e.g. in d = 3,
any 0 not diffeomorphic to S? would admit a flow Xy on {H = 1} with singularities.

A.2. The singular case when {H =1} (9D x {0}) # (. In general, we would also like
to consider the dynamics where { H = 1} may contain points (x,0) € 9D x {0}. The critical
set may now be highly singular and degenerate. To appropriately (and mildly) resolve the
singularity of H and Xy around (z,0), we consider

Ifl(x, €) = arctan(H (z,§)) = arctan(exp(S(z,§))) .

One directly verifies that H removes the (—2)-order singularity of H (which is smooth

away from zero) at £ = 0 in the following sense: that H is now furthermore bounded, and
directionally differentiable at 0, all the while generating a rescaled flow of Xy away from
the singularities. In particular, one quickly checks that

= H

Therefore we have the following lemma.
Lemma A.2. XI:{ =0 if and only if € = 0.

The set of critical points {X 5= 0} = 0D x {0} are still highly degenerate and very
singular. As an example, let us take d = 3 for illustration purpose. When d = 3, one of
the cases that {H =1} (9D x {0}) # 0 is when {H = 1} contains a point (x,0) with its
mean curvature H(z) = 0. Near such point z € 9D, write A\(z) := ki(x) = —k2(z) and
& = rw = r(cos(d),sin(f)), then {H (z,rw) = 1} can be parametrized by

r2(0) = A?(z) cos®(26) .

The following figure shows {H (p,-) = 1} in this degenerate and singular case.
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FIGURE 2. The closure of the level curve {H(a,&) = 1} for a fixed a € 00
when A(a) = diag(1, —1), where £ = (z,y).
Locally around a point (,¢) € {H =1} away from (z,0) where H(z) = 0, the flow X 5

is again given by 0:(x(t),p(t)) = X}:I(x(t),p(t)). It projects to the x-coordinate to give

Oyx(t) = O¢H, which is the normal of the level set {H(z, ) = 1}. However, when (z,&) €
{H = 1} is close to (z,0) where H(x) = 0, we can see from the above figure that the normal
of the level set {H(x,-) = 1} is behaving pathologically, creating a pathological behaviour
of the flow around that point.

Remark A.3. We expect further study of the local and global structures of the flow Xy
(e.g. its dynamical property or its symplectic geometric property) in the singular case to be
possible via the study of X;} near the critical set. For instance, we suspect a generalized

version of Duistermaat-Heckman formula [39] to hold via a stationary phase approzimation
(only along the co-normal directions in a tabulated neighbour of D x {0}) of

/ 92, €) exp(—i/h H(z,€))(do & do)(x, €)
T+(3D)

for any g € C(T*(0D)) as an expansion of h to provide further topological information
of the global structure of flow. The exploration of these properties will be the subject of a
forthcoming work.
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