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Abstract

In this paper we propose an all-in-one statement which includes existence,
uniqueness, regularity, and numerical approximations of mild solutions for a
class of stochastic partial differential equations (SPDEs) with non-globally
monotone nonlinearities. The proof of this result exploits the properties of an
existing fully explicit space-time discrete approximation scheme, in particular
the fact that it satisfies suitable a priori estimates. We also obtain almost sure
and strong convergence of the approximation scheme to the mild solutions of
the considered SPDEs. We conclude by applying the main result of the paper

to the stochastic Burgers equations with additive space-time white noise.
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1 Introduction

In this work we exploit the properties of the approximation method introduced
in [13] for a class of stochastic partial differential equations (SPDEs) with non-
globally monotone nonlinearities driven by additive space-time white noise and ob-
tain existence, uniqueness, and (spatial) regularity of the solution processes for such
SPDEs. At the same time, we achieve almost sure convergence of the approximation
scheme (see Theorem 3.2 below). The proof of the main result of the paper (see
Theorem 3.2 below) employs a priori estimates obtained in [17, Corollary 2.6] as
well as an existence and uniqueness result for solutions of a class of Banach space
valued evolution equations in [14, Corollary 8.4]. In addition, under the abstract
setting of the main result, we apply a strong convergence result in [17, Theorem 3.5],
and thereby provide an all-in-one statement for existence, uniqueness, and (spatial)
regularity of the solution processes and strong convergence of the approximation
scheme in case of the considered SPDEs (see Corollary 3.3 below).

The approximation method we consider is the space-time full-discrete nonlinearity-
truncated accelerated exponential Fuler-type scheme that converges strongly to the
solutions of certain infinite-dimensional stochastic evolution equations with super-
linearly growing non-linearities and driven by additive noise such as stochastic
Kuramoto-Sivashinsky equations with space-time white noise (see [13, Corollary 5.2]),
stochastic Burgers equations and Allen-Cahn equations both driven by space-time
white noise (see [17, Corollary 5.6 & Corollary 5.11}), and two-dimensional stochastic
Navier-Stokes equations driven by a certain trace class noise (see [18, Theorem 5.1]).
Moreover, [1, Theorem 1.1] establishes spatial and temporal rates of strong conver-
gence for this scheme in the case of stochastic Allen-Cahn equations. We would also
like to mention that explicit approximation methods similar to the one in [13] have
been introduced and proven to converge strongly for some stochastic evolution equa-
tions with superlinearly growing nonlinearities in, e.g., [12], [24], [11], [23], [20, 21],
[10], [16], and [2].



To explain our result better let us consider H to be the real Hilbert space given
by H = L*((0,1);R), A: D(A) C H — H to be the Laplace operator with Dirichlet
boundary conditions on H, and (H,,(-,")y 5 ), 7 € R, to be a family of in-
terpolation spaces associated to —A. The main result of this paper, Theorem 3.2
below, is applicable to a subclass of stochastic evolution equations considered in
Theorem 3.5 in [17]. This subclass has to satisfy an additional regularity condition
on the nonlinearity (see Setting 3.1, in particular, inequality (3.1) below), which is
crucial in the proof of pathwise a priori estimates for the approximation process (see
Lemma 2.2 below). These a priori bounds guarantee that the solution process takes
values in an appropriate proper subspace of H, that is, H, for some p € (0,00),
which determines the spatial regularity. We note that Theorem 3.5 in [17] requires
that there exists a solution X : Q x [0,7] — H, for some appropriate ¢ € [0, 00).
Our main result establishes existence and uniqueness of the mild solution with a
compatible spatial regularity. Techniques similar to the ones appearing in our proof
can, e.g., be found in [4, Theorem 3.1 and Subsection 4.3] which, in particular, pro-
vides existence and uniqueness of the mild solution for stochastic Burgers equations
with additive space-time white noise with values in the Banach space C'((0,1),R)
exploiting spectral Galerkin approximations.

As an example, we choose to apply the main result of this paper to the stochastic
Burgers equations driven by space-time white noise. In this way for every p €
(1/8,1/4) we obtain the existence and uniqueness of the mild solution taking values
in the space H,. In particular, Corollary 4.3 below establishes the existence and

uniqueness of the mild solution of the stochastic Burgers equation
o _ o _ d d

with Xo(z) = &(x), £ € Hy,, and X;(0) = Xy(1) = 0 for t € [0,T], = € (0,1).

We would like to note that there are several existence and uniqueness results in the



literature for mild solutions of stochastic Burgers equations driven by colored noise
(see, e.g., [6]) and by space-time white noise (see, e.g., [5] in the case of cylindrical
Wiener process and [3] in the case of Brownian sheet). Other relevant references can,
e.g., be found in [8, Section 13.9] and [7, Chapter 14| and the references mentioned
therein. Our results extend the strong convergence result for stochastic Burgers
equations in [17, Corollary 5.6] because they yield existence, uniqueness, and spatial
regularity of the mild solution and at the same time not only strong but also almost
sure convergence for the numerical scheme.

To conclude, let us mention the fact that our main all-in-one results (in particu-
lar, Corollary 3.3 below) can also be applied to the Kuramoto-Sivashinsky equations
considered in [13], recovering the strong convergence result for the numerical scheme
obtained there and also recovering the existence and uniqueness of the mild solution

obtained in, e.g., [9].

1.1 Outline of the paper

First, in Section 2, we analyze pathwise regularity properties of the considered ap-
proximation scheme for a certain family of evolution equations. In particular, we
obtain in Section 2 pathwise a priori estimates and convergence to a local mild
solution (see Lemma 2.2 and Lemma 2.3, respectively). The non-explosion of the
approximation scheme then leads to non-explosion of the unique maximal solution
and therefore to pathwise existence and uniqueness of the global solution (see Propo-
sition 2.4). The main result of the paper is given in Section 3 in Theorem 3.2. It
allows us to obtain an all-in-one statement for existence, uniqueness, and (spatial)
regularity of the solution processes and strong convergence of the approximation
scheme in Corollary 3.3 below. Finally, in Section 4 we apply the latter to the

stochastic Burgers equations with space-time white noise (see Corollary 4.3).



1.2 Notation

Throughout this article the following notation is used. Let N = {1,2,3,...} be the
set of all natural numbers. We denote by |-|,: R — R, h € (0,00), the functions

which satisfy for all ¢ € R, h € (0,00) that
|t]n = max((—o0,t] N {0, h, —h,2h, —2h,...}). (1.2)

For a set A we denote by #4 € NU {0} U {oo} the number of elements of A and
we denote by Id4: A — A the function which satisfies for all a € A that Ida(a) = a
(identity function on A). For a topological space (X,7) we denote by B(X) the

Borel sigma-algebra of (X, 7).

2 Pathwise global solutions

This section is devoted to prove a pathwise existence of a unique global solution
and convergence of the approximation scheme. We establish this result in Propo-
sition 2.4. The main ingredients of the proof of Proposition 2.4 are Lemma 2.2
and Lemma 2.3. The latter establishes convergence and non-explosion of a (local)
solution in a certain general setting and the former shows suitable a priori bounds

for the (deterministic) approximation scheme.

Setting 2.1. Let (H,(-,")y,|ll5) be a separable R-Hilbert space, let H C H
be a nonempty orthonormal basis of H, let 7,k € [0,00), let \: H — R sat-
isfy that inf,cy Ay > —min{n, s}, let A: D(A) € H — H be the linear operator
which satisfies D(A) = {v € H: >,z |A(b,v)u|* < 0o} and Vv € D(A): Av =
> ber —Aolb, v) b, let (Hy, () g 5 ||l ), 7 € R, be a family of interpolation spaces
associated to k— A (see, e.g., [22, Section 3.7]), and let T, ¥, ¢ € (0, 00), 0, € € [0, 00),
a,p €10,1), v €(0,1), p € [-a,1 —max{a,7}), 0 € (p,1 —7), x € (0,min{(0 —
0)/(1+9/2),(1—a— p)/(1+ D)}



2.1 A priori bounds

Lemma 2.2 (A priori bounds). Assume Setting 2.1, assume in addition that supycy ||
< 00, let § € (0,00), h € (0,min{1,T}|, and let Y,0,0: [0,T] — H, F € C(H, H),
¢, P: H — [0,00) satisfy for all v,w € H, t € [0,T] that nO € C([0,T],H), O, =

O Jy ™A n0, ds, | F(0)|lu_, < c@etl|oll), I1F(0)IIF_, < 6max{1,[lv]F"},

(v, F(v+w)) y < 50(w)|[vllF + ¢ll(n — A)0lf + 58 (w), (2.1)

1 = A)"(F(v) = F(w)

< Omax{L, [[vl[g, Hlv — wllz, + 6 v — wlF?,

(2.2)

and

t
Y;t - /0 e(tfs)A ]1[07h*X](||YLSJhHH9 + HOLSJ’IHHQ)F(YLSM) ds -+ Ot- (23)

Then it holds that nO € C([0,T], H) and for all t € [0,T] that

e+ sup [0y, |3 ds

2C et‘% t(lfgfv)
1Y = Ol <
s€[0,7

T (1-0-7)

1 4 0 O (e it s —nle) [ (v= APl oy + VB4 4
A (1=¢)(1—a=p)+?)

T T 29(1+8) d (24)
[ e et [5(0,,) + 0.
+ |max{1,n,T}|(4+3ﬂ) max{l, I3 H\/'r_yOqu:w) du}] ds).
Proof of Lemma 2.2. First, observe that for all s € (0,7) it holds that
|(k — A)(Q+’Y)€SAHL(H) — 68ﬂ57(g+7)|’<8</i _ A))(Qﬂ)es(A’“)HL(H)
(2.5)

(cf., e.g., Lemma 11.36 in [19]). This, (2.3), the triangle inequality, and the assump-

tion that Vv € H: ||[F(v)||g_, < ¢(2¢+ |lv[|;) imply that for all ¢ € [0,77 it holds

6



that

IY: — Oilln, < /n A A L 1 (Vi) ds

| /\

/0 907 (¢ — )@ (96 4 Y1, |%) ds (2.6)

t
< c[2e+supse[o,t] HYLthH?{] / = (t — )~ (et g,
0

This together with the fact that Va,b € R: |a+ b|> < 2|a|* + 2|b|? and the fact that

0+~ < 1 shows that for all ¢ € [0, 7T it holds that

1Y: = Ollm,
t
<c|2¢+2 sup HYLSJh @LSJhH?{"i_Z sup H(O)LSJhH%T] em/ (t_5>7(g+w ds
s€l0,T s€[0,T7 0
=2c|e+ sup g O, |15 + sup [|OQ4, 13 M (2.7)
s€[0,T Lol = el s€[0,T] el (1—0—7) .

Next note that the assumption that sup,cy |As| < 0o assures that A € L(H). Corol-

lary 2.6 in [17] therefore ensures that nO € C([0,T], H) and that

T T
up 1Yie)s, = O, 17 S/O els #OL ) d [‘I’(@Lth)JF%H@sH?I

tel0,T
|(2+19)

0 1 (s Al =l (5= A) 2l iy O+ [mac{ L [y Oullary s}
+ (el

. max{hz(g_p_X), p2—amp=(149/2)x) h [T ||\/ﬁ0u||fqg du}

Nmax{h X, [T ||/70ulln, du}ﬂ ds (2.8)

< (1 2 0O Mt il = Al ary B+ )
=\ 1= (—a—p)ED)

T
/ efsT¢(@Lth)+2n(1+/B)du [(I)(@LSJh) + %H@SH%
- masc{ BP0 20mamp- (00N pioxd (T 0,1 du)

Jmac{1, 3 Ol | [max{ 1, % [ /O, du}| ] ds

Combining this with the fact that h < 1, 1 — yd > 0, 1%19{’) > X, éi};’i) > X




demonstrates that for all ¢ € [0, 7] it holds that

sup HYLtJh - @LtJhH%{
te[0,7)

< (1 4 8OOttty | (n—A)P g o) + VO D)
=M (- —a-p =7

(2.9)

T
/ oli ¢y, +2n(1+6) du [CD(@LSM) + %H@SH%
0

(2+29)
+ max{l, fOT H\/ﬁOuH%,Q du} ‘max{l, foT |v/1nOu|| =, du}| ] ds.
Moreover, note that Holder’s inequality implies that

max{L, 7 | /0., du} [max{L, [T |\/iOull s, du} "’

9

< max {1y [J [OulFy, du} [max{1 0T 17 |0ul3, du}|
(2.10)

< |max{1,77,T}‘3+w

2+
max{1, [T |0u]%, du}’

< |ma}<:{1,77,T}‘Mg19 max{1, [f ||Ou||%j+ﬁ) du}.

This together with (2.9) yields that

sup ||YLtJh - @I_tJhH%’I

t€[0,T]

< (14 0~ T [14 (ki /Tl —nle) || (k= A)P || 1 (1) +VO+y/m)* T
= (I-p)(1—a—p)*+

' (2.11)
T
/O T GOy, ) +20(1+46) du [‘I)(@Lth) + 2511041 %

+ |max{1,n,T}}4+3ﬁ max{1, [g ||Ou||§}j+l9) du}}ds.
Combining this and (2.7) completes the proof of Lemma 2.2. ]

Lemma 2.3 (Pathwise convergence and non-explosion). Let (V. ||-]|;,) be a separable
R-Banach space, let (W, ||-||,) be an R-Banach space, letT, x € (0,00), let J C [0,T]

be a convex set satisfying 0 € J, let F'€ C(V,W) and V: [0, 00] — [0, 00] satisfy for



all r € [0, 00] that ¥([0,00)) C [0,00) and

w(r) = sup ({ LW 0,0 € Vo 2w, oy + wlv < 7} U{0}), (212)

l[o—wllv

let S:(0,T) — L(W,V) be a B((0,T))/B(L(W,V))-measurable function, let o €

0,1) and (P),eny © L(V) satisfy that supgery s®|Ss|lLowyy < oo, limsup,,

HPmHL(V) < 00, and

T
lim sup/ |(Idy — Pp)SslLw,vy ds = 0, (2.13)
0

m—o0

let O € C([0,T],V) and O™: [0,T] =V, n € N, satisfy that

limsup sup [|Os — Oy =0, (2.14)

m—o0  s€[0,7)

let (hy) C (0,00) satisfy that limsup,, . hm = 0, and let X € C(J,V) and

neN

X" [0,T] =V, n €N, satisfy for allt € J, n € N that X; = fg Si—s F(Xs) ds+ Oy,

[slhp

t
X[‘:/O Py Sims Lo a3 (| X5y, [y + 108, 1) F (X, ) ds + O, (215)

and liminf,, o sup,c; [| X" ||y < oo. Then it holds
(i) for allt € J that limsup,,_, . sup,epq | Xs — A7y =0 and
(1) that sup,c; || Xs|lv < oo.
Proof of Lemma 2.3. First, observe that Item (i) in Proposition 3.1 in [13] shows

that for all ¢ € J it holds that

limsup sup || X5 — X7y = 0. (2.16)

n—oo  s€0,t]



This establishes Item (i). Next note that for all n € N, ¢ € J it holds that

[ Xillv < ([ [y + [[Xe = v
< supge || lv + (1 X = & [|v (2.17)

< SUPgseg ||Xsn||V + SUDselo,4) ”XS - XSTL“V

This together with Item (i) implies that for all ¢ € J it holds that

| Xel|v < ligr_l)iorc}f (sup | XM v + sup || Xs — X"HV)

s€[0,t]
< liminf sup || A7 ||y + limsup sup [|X; — X7|v (2.18)
N0 seJ n—oo  s€[0,t]

= liminf sup || X[y < oo.
n—oo seJ

Therefore, we obtain that

sup,ey || Xelly < liminf,, o sup,e; ||V < oo. (2.19)

This establishes Item (ii). The proof of Lemma 2.3 is thus completed. O

2.2 Pathwise existence, uniqueness, regularity, and approx-
imation

Proposition 2.4 (Global solutions). Assume Setting 2.1, let F € C(H,, H_,),

(Pn)pen © L(H), let H,, CH, n € N, be finite subsets of H satisfying for all n € N,

u € H that P,(u) = oy (b,u)ub, let ¢, @: Hy — [0,00) be functions such that for
alln € N, v,w € P,(H) it holds that F(v) € H, |[F(v)||ln_, < c(2e+ |v||F),

(v, PaF (v +w))y < d(w)[vllFy + ll(n = A) Pl + @ (w), (2.20)

10



and
IF(v) = Fw)lly_ < 0Q+]olly, + lwllg) v —wlm,, (2.21)

let (hn),eny € (0,T] satisfy that limsup,, ,o, hm = 0, assume in addition that o €

[0,4/2], ¢ € (p, 1 = max{a,~7}), x € (0, min{(¢ — p)/(1 + V), (1 — v = p)/(1 + 20)}],

and

T
imsup [ (1d, ~ Pola ) oy ds = 0. (2.22)
0

let O € C([0,T],H,) and O",0": [0,T] — H,, n € N, be functions which satisfy
for alln e N, t € [0,T] that O™([0,T]) C P,(H), nO™ € C([0,T], P.(H)),

limsup sup [|Os — O ||, =0, (2.23)

m—oo  s€[0,T]

Of = OF — [ == 9O ds, lmsup,, . supciom 107y, [ < o0, and

liminf/ e 2O, M ax [@ (O ), 03,1, J NOm 154 du} dr < oo,
0

m—00 |_7’J hm

(2.24)
and let X™: [0,T) — H,, n € N, be functions satisfying for alln € N, t € [0,T] that

t
n —s)A n n
X :/0 Poe™ M gan g ion,, y<inal-x) F (X, ) ds+ O (2.25)

[s)hy,
Then
(i) it holds that liminf, . supseio 1 | X3 ||, < o0,
(i1) there exists a unique continuous function X : [0,T] — H, which salisfies for
all t € [0,T) that [ ||e"=94 F(X,)||u, ds < oo and

t
X, = / eI R(X,) ds + Oy, (2.26)
0

and

11



(i) it holds that limsup,, ., sup,eo 7 | X — &z, = 0.

Proof of Proposition 2.4. Observe that (2.22) allows us to assume w.l.o.g. that for
all n € N it holds that P,(H) # {0}. Throughout this proof we assume that for
all n € N it holds that P,(H) # {0}, let € € (0,1 — a — p) be a real number, let

6 c [0,00) be the real number given by

6 = max{1,||(n — A) "}k — A)lleen '}

llull 32
: max{(802 +2||F(0)]3_.) max{l7 sup ”u”%}, (2.27)
ueH,\{0y "I,

Hm‘%i ||u||219 nax B
362 |: sup WHW} |:1 +  sup ﬁ] (1 +9 {29 1,0})}’
ueH_,\{0} —a u€H,\{0} 0

let W: [0, 00] — [0, 00| be the function which satisfies for all r € [0, co| that ¥(r) =
sup({[|F(v) = F(w)lla_o/llv = wlla,: v,w e Hy,v # w, |[v]la, + |[wl[m, <7} UL{0}),
and let ¢: (0,7) — (0,00) be the function which satisfies for all ¢ € (0,7") that

P(t) = e — 1+t (2.28)

Note that (2.21) ensures that for all r € [0,00), v,w € H, satisfying v # w and

||| &, + [Jw]|, <7 it holds that

[1F () =F(w)la_, < lv=wls, )
lv—wlz, = lv—wla,

(1 + lloll3, + [lwllz,)

1l (2.29)
< [SupueHg\{O} HZ‘TZZ} 0 (1 + 27'19) < Q.
Therefore, we obtain that for all r € [0, 00) it holds that
U(r) <6(1+2rY) [supueHg\{O} %] < 0. (2.30)
This establishes that
¥([0,00)) € [0, 00). (2.31)

12



Next observe that for all n € N, ¢ € [0, 7] it holds that
X M, < 1Oellm, + 107 = Olla, + 114" = OF [, (2.32)
This and (2.23) yield that

lim inf sup ||X”HH < sup O]\ &, +11m111f sup X" — Ol a, - (2.33)
te[0,T tefo,T

Furthermore, note that (2.21) and, e.g., Lemma 2.4 in [13] (with V = H,, V = H,,
W =H_ o, W=H_, e¢=0,0=max{l,||(n —A) " (r — A)llran}* 0, e =,

¥ = 29, in the notation of Lemma 2.4 in [13]) ensures for all v,w € H, that

1 — A)~(F () = Fw)l
< |ltn = A) (5 = Allean|IF(v) = Fw)l ,, (2.34)

< 0 (max{1, ol o = wlf, + llo - w]3?)

and
IF ()17, < 6max{1, |[v]7>"}. (2.35)

In addition, observe that the assumption that Vn € N: O™([0,7]) C P,(H) implies
for all n € N that O"([0,7]) U X™([0,T]) € P,(H). Combining this, (2.34), (2.35),
and Lemma 2.2 (with H = P,(H), 3 =1,0 =0, 9 = 20, A = (P,(H) > v
Av € Py(H)) € L(Po(H)), h = hy, Y = ([0,T] 3t — X € Py(H)), O = ([0,T] >
t— O} (w) € P,(H)), O = ([0,T] 5t O}w) € P,(H)), F=(P,(H)>v+—
PuF() € PuH) A H-0) € C(PA(H), Pa(H)), & = 20lp,in, © = 2B|p, ) for

n € {m € N: h,, < 1} in the notation of Lemma 2.2) yields that for all n € {m €

13



N: h,, <1} it holds that

| 2
H

. " 2ceTr T-0=)
SUP¢e(0,17] X" — O; HHQ < (1—0—7)

+_(1_%55““2mﬂ+w+vﬁ+vﬂﬁ—neﬂIW—AVﬂhun+v@+¢ﬂ2”ﬂ>

(6 —|— SupsG[O,T} H@TI_LSJ hn

(1—¢)(1—a—p)+2?

Ty o " (2.36)
[ e (o, ) + 41021
0

+ |max{1,77,T}}4+619 max{1, [j ||\/ﬁ(9$||}1j;419 du}} ds).

Hence, we obtain that

lim inf supcio) |4 — OF 1, < e+ limsupsup, ) [Ofy, 5

n—0o0

(I-=0-7)

+ (1 + ée”(2+219)[1+(”+\/77+\/77"“_77|€”)||(H—A)pQL(H)+\/5+\/77]2+219)
(I—p)(1—a—p)2+29

2c e T=e=7) (

T n ”
~liminf/ efs 2¢(®Mhn)+4nd [2@( n )‘i‘lng(O)?H%I
0

n—o0 LSJ hn

+ [max{1, 7, T} max {1, [ ||y/7O0|44 du}] ds). (2.37)

Combining this, the assumption that limsup,, . Supsep ||©TLZJhmH%I < 00, and

(2.24) assures that

liminf sup || — OF|lm, < oco. (2.38)

N0 ¢e0,1]

The assumption that O € C([0,T], H,) and (2.33) therefore prove that

liminf sup ||| #H, < oo. (2.39)

=00 40,

This establishes Item (i). In the next step we observe that (2.28) yields that

lim sup ¢ (t) = 0. (2.40)
N0

14



Moreover, note that the fact that Vr € [0,1],¢ € (0,7): ||(t(k — A))" " rr) < €'
and [|(t(k — A))~" (et(A*”) — IdH) oy < 1 (cf, e.g., Lemma 11.36 in [19]) implies
that for all s € [0,7T),t € (s,T] it holds that

SO e — ey = | (sl = 4) e (I 1y )|

< $° H(SO{L . A))(a+g)6sA (e(tfs)A i e(tfs)n) HL(H)
+5° H(S(”“ - A))(QH)GSA (e(t_s)ﬂ - IdH) ||L(H)
< 00— A 5 4)F (A 1)
+5° (e(t_s)ii —1) ”(8(“ - A))(a+g)e$A||L(H)
S etn (t . S)e + S¢ (e(t—s)n . 1) S
< max{1,T°} e’ (e(t_s)"’” — 14 (t—s)). (2.41)
and
ST | Lipr_a ) = 5 || (s(k = A))(QJFQ)BSAHL(H) < s < Tt (242)
This together with (2.28) yields that
tA _ _sA
sup |s®tete HeSAHL(H,a,Hg) + sup le el [TUSNTA
s (0.T) een =) (2.43)

< 2e" max{1,T¢} < oco.

Combining this, (2.30), (2.40), and Item (i) in Corollary 8.4 in [14] (with (V,||-||;,) =
(Ho l-ll,), W llHllw) = (Heas Flg_,): 8 = ((0.T) 5t = (Hoo 3 v > elo €
H,) € L(H_,,H,)), S = ([0,T] > ¢t — (H, > v —~ €*v € H,) € L(H,)), 0o = O,
¢ = 1 in the notation of Corollary 8.4 in [14]) demonstrates that there exists a

convex set J C [0,7] with {0} C J such that there exists a unique continuous
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function X : J — H, which satisfies for all ¢t € J that
t t
/ =94 F(X)||m, ds < 00,  X;= / I F(X,) ds + Oy, (2.44)
0 0
and

lim Sups/SHP(J) |:(T_1—s) + HXSHHQ:| = OQ. (245)

Next observe that Item (i) ensures that liminf,,_,. sup,c; [|X]' ||z, < co. Lemma 2.3
(with (V. [-ll) = (o [l)s W -hy) = (e [l )s @ = 0+ 0y § = ((0,7] 3
t— (H_q > v+ e e H,) € L(H_o,H,)), (Py)nen = (H, 2 v+ Py(v) € Hy)nen

in the notation of Lemma 2.3) hence shows that for all ¢ € J it holds that

limsup sup || Xs — X||x, = 0. (2.46)
]

n—oo  s€[0,t

This, in particular, implies that sup,; [| X[z, < co. Item (iii) in Corollary 8.4 in
[14] therefore assures that J = [0, T]. This together with (2.44) establishes Item (ii).
Next observe that the fact that 7" € J and (2.46) prove Item (iii). The proof of

Proposition 2.4 is thus completed. O

3 The main result: Existence, uniqueness, and
strong convergence

In this section we accomplish in Theorem 3.2 global existence and uniqueness of
the solutions for certain class of SPDEs. Moreover, Theorem 3.2 shows an almost
sure convergence of the approximation scheme (3.4) below. The other result of this
section is Corollary 3.3, which establishes a strong convergence of the approximation

scheme and follows from Theorem 3.2 and [17, Theorem 3.5].

Setting 3.1. Let (H,(-,)y,|ll5) be a separable R-Hilbert space, let H C H
16



be a nonempty orthonormal basis of H, let 7,k € [0,00), let \: H — R sat-
isfy that inf,cy Ay > —min{n, s}, let A: D(A) C H — H be the linear operator
which satisfies D(A) = {v € H: >,z | (b, v)u|* < 0o} and Vv € D(A): Av =
> ber —Aolb, )b, let (Hy, () g 5 ||l ), 7 € R, be a family of interpolation spaces
associated to k — A (see, e.g., [22, Section 3.7]), let T, ¥, c € (0,00), 0,¢ € [0,00), a €
[0,%2], ¢ €10,1),7 € (0,1), p € [~a, 1 =max{a,7}), ¢ € (p, 1 —max{a,7}) N[0, 1],
¥ € (0,min{(0— p)/(1+9), (1—a— p)/(1+20)}], let F € C(Hy, H_y), (Pa)yen €
L(H), let H,, C H, n € N, be finite subsets of H satisfying for all n € N, uw € H
that P,(u) = > e (b, u)pb and liminf,, . inf({A,: b € H\H,,} U {o0}) = oo, let

¢, ®: Hy — [0,00) be functions such that for all n € N, v,w € P,(H) it holds that

F(v) e H,
IF@)a, < c(2e+lvll), (3.1)
(0, PaF (v +w)) 5 < d(w)ollF + @ll(n — A) 0| F + @ (w), (3.2)
and
|F() = F(w)lly_, <0+ llg, + lwllg,) o = wlla,, (3.3)

let (An),en € (0,77 satisfy that limsup,, ., hm = 0, let (€2, F,IP) be a probability
space, let X™: [0,T] x Q2 — H,, n € N, be stochastic processes, let O": [0,T] x Q —
H,,neN,and O: [0,T] x Q2 — H, be stochastic processes with continuous sample
paths, let X" Q™: [0,T] x Q — H,, n € N, be functions, and assume for all n € N,

t € [0, 7] that

n t —5)A n n
&:hﬂﬁt)hwnnwwmwwwwﬂ”%m)%+q7 (3.4)

[s)hy,
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O"([0,T] x Q) C P,(H), O} = OF — [1 elt=)A=m nO" ds, and P(X} = &) = 1.

Remark. The above setting can be interpreted in the following way. The operator
A is diagonal linear with respect to the orthonormal basis H and with the point
spectrum —A\. The parameter T is the end time of the SDE we consider, the param-
eters 9, 0, a, and p represent a semi-global Lipschitz continuity of the nonlinearity
F (see (3.3) above), the parameters ¢, €, and 7y are involved in the condition ensuring
at most quadratic growth of F' (see (3.1) above), the parameters ¢, n and the func-
tions ¢, ® describe the coercivity-type condition of F' in (3.2), and the parameter
o determines the domain of F' (F' takes values from H,). Moreover, we think of
the stochastic process O as the noise part of the SDE we consider and we think of
(O™),en as certain approximations of this noise. Given all these, the approximating
scheme is constructed as follows. We take the projection mappings (P, ),en, the time
discretizations (h,)nen, and the truncation parameter x to construct the approxi-
mating processes (X"),en (and (X™),en) as in (3.4). Additionally, we consider the
noise processes (0"), ey which satisfy below certain regularity conditions (see (3.5))
and which we think of as spectral Galerkin approximations of the noise process of a
shifted version of the SDE we consider (with the shift parameter 7, the same as in

coercivity-type condition of F' (3.2)).

Theorem 3.2 (Existence, uniqueness, and almost sure convergence). Assume Set-

ting 3.1, let Qg € {B € F: P(B) = 1}, and assume that for w € Qq it holds that

m—00 7] hm

T T m w u
iminf [ F D 1 @(0p, @)+ A 10T d
0

+ ||@;”(w)||§{] dr < oo (3.5)
and

limsup sup [|O¢(w) — O (w)||u, = 0. (3.6)

m—o0  t€[0,T]

18



Then

(i) there exists an up-to-indistinguishability unique stochastic process X : [0,T] x
Q — H, with continuous sample paths which satisfies that for all t € [0,T)] it

holds P-a.s. that

and

(i1) there exists an event 0y € {B € F: P(B) = 1} such that for allw € Qy it holds

that

limsup sup || X(w) — X} (w)|lm, = 0. (3.8)

n—oo  t€(0,T

Proof of Theorem 3.2. Throughout this proof let €2; C 2 be the set given by

U= N{weQ: (VmeN,se0,T]: X[}, (w) =4, (W)} (3.9)

5] hum

and let X": [0,7] x Q@ — H,n € N, be the functions which satisfy for all n € N,

t € [0,T] that

t
X?Z/O Poe™ 0 0 gtliop,, it (X, )ds+ 07 (3.10)

sy, Ls)hy,

Observe that the assumption that Vn € N, t € [0,7]: P(X}? = &}*) = 1 yields that

{w €Q: (VmeN,se0,T]: X[}, (v)= X@hm(w))} eF (3.11)
and
]P’(VmeN,se 0,7]: X7, zxgjhm> ~ 1 (3.12)
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Combining this and (3.9) demonstrates that

M e{BeF:PB)=1}. (3.13)

Next note that the fact that for all » € [0,1], ¢ € [0,7] it holds that ||(t(k —

A)) e iy < € (cf., e.g., Lemma 11.36 in [19]) implies for all € € [0,1 — a — ¢]

that
(o+e+a) || ,sA
SUPgcio.1) (8 e N er_amos2)
epor { o+2) (3.14)
= sup,co.q I(s(k — A)HF e Ly < €™ < o0,
Therefore, we obtain for alln € N, t € [0,T], ¢ € [0,1 — 0 — «) that
t
/ 1(Ida, — Pala,) €| o, ds
0
t
< [ M = Pl sttt N it
0 (3.15)

t
< H("’i _ A)—E(IdH B Pn)HL(H)/ elr g—(eteta) g
0

e |[(k — A) 7 (1du — Pa)ll7 tlimeme=e)
(-0—c-a) |

This together with the assumption that liminf,, ., inf({\,: b € H\H, }U{c0}) = o0

proves that

n—oo

T
lim sup (/ H(Ing — Pn|HQ)68AHL(H,a,HQ) dS) = 0. (316)
0

Moreover, observe that the assumption that ¥n € N, t € [0,7], w € Q: O} (w) =

O} (w) — fot et=9A=1) nOn(w) ds and the fact that V¢ € [0,T]: ||| ) < e (cf.,
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e.g., Lemma 11.36 in [19]) imply that for all n € N, ¢ € [0,T], w € Q it holds that

10} (w) = O} (W),

t t
OfH AN Lty InO% ()|, ds < Of 6= 1nOH(w) |, ds (3.17)
T
<n/ T O w) |, ds < T ™" [sup,epo ry 1O (@) 1,].

Therefore, we obtain for all w €  that

limsup sup ||O} (w )HHQ
n—oo  t€[0,T]

n—00 t€[0,7)] t€[0,T)

< lim sup ( sup [|Of(w) — O (w)l[m, + sup ||@f(W)HHQ> (3.18)

< (nT e 1) limsup sup (|0} (w)]|n,-

n—oo  t€[0,7T]

Furthermore, note that the assumption that O: [0,7] x Q@ — H, has continuous

sample paths and (3.6) ensure that for all w € §2; it holds that
limsup sup |0} (w)| &,
n—oo  te[0,T]

<limsup sup ||Of(w) — Oy(w)||a, + SElp]HOt(W)HHQ (3.19)
tefo,T

n—oo  t€[0,7T]

= sup [|O¢(w)||n, < 0.
te[0,7)

Combining this with (3.18) we obtain for all w € Q; that

lim sup sup H@LtJh

n—oo  t€[0,7

)HHQ < 00. (3.20)

The fact that H, C H continuously hence shows that for all w € {2 it holds that

limsup sup H@LtJhn )HH < 0. (3.21)

n—oo  te[0,7T]
This, (3.16), and Proposition 2.4 (with O = ([0,T] 2 t = Oy(w) € H,), (O™)pen =
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([0, T] 3 t = O} (w) € Hy) ey (0M)nen = ([0,T] 3 ¢ = OF (w) € Hp),epy, (X" )nen =

neN?
([0,T] >t X} (w) € Hy), oy for w € Q) in the notation of Proposition 2.4) assure

that for all w € €; it holds that

liminf sup || X} (w)||a, < oo (3.22)

and that there exists a unique function Y (w) € C([0,T], H,) which satisfies for all
t € [0,7] that [) e 94F (Yy(w))]|m, ds < oo and Yi(w) = [5 e=94 F(Y,(w)) ds +
O¢(w). Let X: [0, T]xQ — H, be the function which satisfies for all t € [0, 7], w € 2

that

i(w) :we)
Xi(w) = : (3.23)

Ofw) :wé

Observe that for all w € €2 it holds that
X(w) € C([0,T], Hy). (3.24)
Moreover, note that for all ¢ € [0, 7], w € 4 it holds that
t
X,(w) = / =94 B(X () ds + Oy(w). (3.25)
0

Furthermore, observe that (3.3) proves that for all r € [0, 00), v,w € H, satisfying

v # w and ||v|| g, + ||w||, < r it holds that

|1 £ (v)—F(w)llm_, flo—w]]
||U_w||HQH < Hv—w”ZZ 0(1+ ||U||119{p + ||w||119-1p)

] (3.26)
< [supueHg\{O} ﬁ} 0 (14 2r’) < oco.

Combining this, the fact that limsup,, HPn]HQ =1 < oo, (3.16), the as-

Iz,

sumption that limsup,_,. h, = 0, (3.25), (3.10), and (3.22) allows us to apply
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Lemma 2.3 (with (V, [|-|ly,) = (H, Il g,), W, - lw) = (H-a, Il ), T =T, x = X,
J=100T),F=F S=(0T]>tw (H., >v~ e € H,) € L(H_,, H,)),
a=0+a, (Puen = (Hy > v+ P(v) € Hy)pen, O = ([0,T] 5t — O(w) € H,),

(On>n€N = ([0>T] Sl Of(w) € H@) (hn)neN = (hn)nENa X = ([O>T] >t

neN?

Xi(w) € Hy), (X)nen = ([0,T] 2t — X} (w) € Hy)nen for w € Oy in the notation

of Lemma 2.3) to obtain for all w € € that

limsup sup || X} (w) — Xy(w)||a, = 0. (3.27)

n—oo  te[0,7]

This, in particular, implies that for all ¢t € [0, 7], w € €2; it holds that

limsup || X} (w) — X¢(w)||a, = 0. (3.28)

n—o0

Moreover, note that Lemma 2.3 in [13] and the assumption that O™: [0, T]xQ — H,,
n € N, are stochastic processes with continuous sample paths ensure that X" :
0,T] x @ — H,, n € N, are stochastic processes with right-continuous sample
paths. This, (3.28), the fact that V¢ € [0,7]: Xi|o\a, = O|a\q,, and the fact that
Q, € F prove that X: [0,7] x Q — H, is a stochastic process. Combining this, the
fact that P(2;) = 1, (3.24), and (3.25) ensures X : [0,7] x Q@ — H, is a stochastic
process with continuous sample paths which satisfies that for all £ € [0, 7] it holds

P-a.s. that
t
X, = / eV P(X,)ds + O, (3.29)
0

In the next step let Z: [0,7] x @ — H, be another stochastic process with con-
tinuous sample paths which satisfies that for all ¢t € [0,7] it holds P-a.s. that

7, = fot elt—s)4 F(Zs)ds + O;. This ensures that there exists an event 2y € {B €
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F: P(B) = 1} such that for all t € [0, T], w € Q5 it holds that
t
Zi(w) = / =94 B( 7. () ds + Oy(w). (3.30)
0

Combining this, (3.26), (3.25), (3.14), and, e.g., Corollary 6.1 in [14] (with (V, ||-|;,) =
(Hos IF0)s W, o) = (oIl ), T =T, 7 =T, F = F, ot = ((0,7) 3 5
Xi(w) € Hy), 2* = ([0,T] 2 t = Zy(w) € H,), 0 = ([0,T] 2t — Oyw) € H,),
S =((0,T)> s~ e € L(H_o,H,)) for w € Q; N in the notation of Corol-
lary 6.1 in [14]) demonstrates that for all ¢ € [0,7], w € Q; N Qs it holds that
Xi(w) = Zy(w). This and the fact that Q, Ny € {B € F: P(B) = 1} show
that the stochastic processes X and Z are indistinguishable. This and (3.29) es-
tablish Item (i). In the next step we combine (3.10), (3.27), and the fact that
Vn e Nte|0,T),we Q: X} (w) =X} (w) to obtain that for all w € Q; it holds

that

limsup sup || Xi(w)—XP(w)|m, = 0. (3.31)

n—oo  te[0,T]
This and (3.13) establish Item (ii). The proof of Theorem 3.2 is thus completed. [

Corollary 3.3 (Strong convergence). Assume Setting 3.1, let p € [2,00), and as-

sume that lim sup,,_, SUP;e(0,77] E[[|O?[%] < oo,

lim supE[min{l, SUPepo,r) 110 — OfHHg}] =0, (3.32)

n—oo

and

T T n w V4
imsup| [ (14 fo(or, )| + 021
0 n

n—o0

T N0 du) dr| < o0, (3.33)

Then
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(i) there exists an up to indistinguishability unique stochastic process X : [0,T] x
Q — H, with continuous sample paths which satisfies that for all t € [0,T)] it

holds P-a.s. that

t
X, = / eI R(X,)ds + Oy, (3.34)
0

(11) it holds that X": [0,T] x Q — H,, n € N, are stochastic processes with right-

continuous sample paths and

lim supE[min{l, SUPsepo,r) || Xt — X?HHQ}} =0, (3.35)

n—oo

(iii) it holds that limsup,, . sup,ero r E[I| Xl + [ ] < 00, and
() it holds for all g € (0,p) that limsup,,_, ., SuPsepo 1y E[||X; — X"|%] = 0.

Proof of Corollary 3.3. First, note that (3.32) implies there exists a strictly increas-

ing function k£: N — N such that

ZE[min {1, supejo ) |0 — Of(")HHQ}} < 0. (3.36)

n=1

Lemma 3.1in [17] (with (Q, F,P) = (2, F,P), E = C([0,T], H,), d = (C([0,T], H,) x
C([0,T], Hy) 3 (z,y) = supiepo gy [2(t) — Y], € [0,00)), (Xn)new = (O e,

Xo = O in the notation of Lemma 3.1 in [17]) hence proves that
]P’(lim SUD,, 00 SUDsefo,7 [|Or — ok o, = 0) =1. (3.37)
Next observe that (3.33) implies that

T (T, sk
f'r p¢(® u )du n b)
limsupE{/ e Loy (1 + ‘(I)(@k( ) )"2’ + |OF™ |15,
0

n—00 L] hke(n)

T 0N du) dr| < oo (3.38)
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This, in particular, yields that

T fr2e©) )du
]P’(liminfnﬁoo/ e k) 1+ |CI’(@]E£“) )|+ ||@qlf(n)||§{
0

Iy

+ g 055 du] dr < oo) = 1. (3.39)

Combining this with (3.37) and Item (i) in Theorem 3.2 (with P, = Py, H, =
Hi(nys b = Bigny, X" = X¥0 0" = OFW 0 = O, X" = X¥W and Q" = QF™
for n € N in the notation of Theorem 3.2) assures that there exists an up-to-
indistinguishability unique stochastic process X: [0,7] x Q@ — H, with continuous

sample paths which satisfies that for all ¢ € [0,77] it holds P-a.s. that
t
X, = / eI P(X,)ds + O, (3.40)
0

This establishes Item (i). Next note that the assumption that X O™: [0,T] x Q —
H,, n € N, are stochastic processes and (3.4) prove that for all n € N it holds that
X": [0,T] x Q — H, is also a stochastic process. The assumption that O™: [0, 7] X
Q0 — H,, n € N, are continuous, and, e.g., Lemma 2.2 in [13] therefore ensure that
X":[0,T] x Q — H,, n € N, are stochastic processes with right-continuous sample
paths. Next observe that the fact that H C H_; = HY-' and the fact that for
all n € N it holds that P, € L(H) imply that there exist P, € L(H_1,H),n € N,
such that for all v € H,n € N it holds that P,(v) = P,(v). Items (i),(ii) and
(i) in Theorem 3.5 in [17] (with P, = P,, n € N, in the notation of Theorem 3.5
in [17]) therefore establish Items (ii),(iii), and (iv). The proof of Corollary 3.3 is

thus completed. O

4 Example: Stochastic Burgers equations

In this section we apply Corollary 3.3 to the stochastic Burgers equations with

space-time white noise. Throughout this section we use the following notation. For
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a set A € B(R) we denote by Aa: B(A) — [0, 00| the Lebesgue-Borel measure on A.
For a measure space (€2, F, 1), a measurable space (S5,S), a set R, and a function

f: € — R we denote by [f], 5 the set given by

[fl,s =1{9: Q= S: g is F/S-measurable and (1)
’ 4.1

JAe F: u(A)=0and {w e Q: f(w) #gw)} C A}.
We denote by (-): {[v]x,,,.80) € L'(Ao1);R): v e C((0,1),R)} — C((0,1),R) the
function which satisfies for all v € C((0,1),R) that [v],, , s®) = v
The following setting is a special case of Setting 3.1. In particular, we set the
underlying space H to be the space of all square-integrable functions over (0, 1)

and the linear operator A to be the Laplacian with Dirichlet boundary conditions

multiplied by some positive constant.

Setting 4.1. Let ¢; € R, T, ¢y € (0,00), k € [0,00), a = Y2, p = 1/3, v € (3/4,7/3),

o€ (8,1 —7), 9 =1, x €(0,n/1+v)], let

(H7 <'7 >H ’ ||||H) = (Lz()\(()’l);R), <'7 '>L2()‘(0,1)§R)7 ||.||L2(>\(0,1)2R))7 (42)
let (€n),cn © H and (Ay),cn € (0,00) satisfy for all n € N that

en = [(V2 sin(mrx))356(0,1)])\(0,1)73(]1{) and A\, = com’n?, (4.3)
let A: D(A) € H — H be the linear operator which satisfies D(A) = {v €
H: Y oy | Aeler,v)a> < oo} and Vv € D(A): Av = 37, oy —Aelew, v)m ex, let
(Hyy ()5 Il g, ), 7 € R, be a family of interpolation spaces associated to x — A

(see, e.g., [22, Section 3.7]), let F': Hy/s — H_y 5 satisfy for all v € Hy /g that
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let (P,), .y € L(H) satisty for all u € H, n € N that

neN

Po(u) = Z<€k,U>H Ck» (4.5)

k=1

let (hy),eny € (0,77 satisfy that limsup,, ,o hm = 0, let £ € Hip, let (Q,F,P)
be a probability space with a normal filtration (Fy).cjo,77, let (W)icpo,r) be an Idy-
cylindrical (€2, F, P, (F;)¢cjo,r))-Wiener process, let X", O™, ¥™: [0,T] x Q — P,(H),
n € N, be stochastic processes which satisfy for all n € N, ¢ € [0,T] that U} =
P, 407,

t
[OZL]P,B(H) = /0 Py e AW, (4.6)

and
P(* ‘I’"+fP e Ly, HQ+wrsjhnmﬂhnrx}F(Xfljhn)d5>:1- (4.7)

4.1 Properties of the nonlinearity

The following lemma shows that the function F' in Setting 4.1 above satisfies the

elementary property (3.1).

Lemma 4.2. Assume Setting 4.1 and let r € (3/4,00). Then it holds for allv € H,
that F(v) € H and that

1/2
IF)|li. < el (ZQW (k4 com®n?)~ QT) |v]|% < oo. (4.8)

neN

Proof of Lemma 4.2. Throughout the prooflet v € Hij,. Observe that, e.g., Lemma 4.5
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in [15] ensures that F'(v) € H. Hence, we obtain that

|(F(v),(s—A)~" u) i |

[F)lm_, = SUPye H\{0} Talla (49)
_ (@) (k=) " w) i | '
= |C1] |SUPyem\{0} Tallz
Next note that for all uw € H it holds that (k — A)™" v € H, and
(h=A)Tu=73 K+ X)) (U, en) e (4.10)
This ensures that for all u € H it holds that
(= A)7u) =3 cnlk +X) 7 (u,en) e, (4.11)
— 2 2\—r " 2 :| .
Yonen(FFcomn®) T (u,en) [(\/_WTL Cos(ﬂnx))xe(m) o BE)
The Cauchy-Schwarz inequality hence imply that for all w € H it holds that
| (= ) w)’ < S en V2R (5 + com?n?) 7 |(u, e0)|
L (X0,1);R)
< (ZneN 2m*n? (’f =+ ¢o s n2)_2r)1/2 (Zn€N<en) u)%{)I/Q
— (3,0 27202 (5 + co 72 02) ) P lul . (4.12)

Combining this with (4.9) yields that

@2 ((s=A)""u) )
[ F)a_. < el [SupueH\{O} | Tullm q

u _or\Y/2
< e [SUPUeH\{o} %] (ZneN 21°n® (K + com* n?) 2 ) HU2HL1(A<0,1>;R)

1
— o] (3,0 27202 (5 + co 2 n2)~2) " 0], (4.13)

Moreover, observe that the fact that r > 3/4 assures that >,y 27°n? (k+co 72 n?) %" <

0o. The proof of Lemma 4.2 is thus completed. n
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4.2 Existence and uniqueness of the solution and strong

convergence of the approximation scheme

Corollary 4.3. Assume Setting 4.1 and let p € (0,00). Then there exists a unique
stochastic process X : [0,T] x Q — H, with continuous sample paths which satisfies

for allt € [0,T] that

¢
P (/ e 4 F(X,)]|,, ds< oo) =1, (4.14)
0 o
that
t t
[(Xilp ey = {etAf + [et=94 F(X,) ds] +/ =24 aw, (4.15)
0 P.B(H) O
and that
limsup sup E[||X, — &|}]=0. (4.16)

n—oo  t€[0,7]

Proof of Corollary 4.3. Throughout this proof let ¢ € [max{2, p}, c0) be a real num-

ber, let 6, ¢ € (0,00) be the real numbers given by

2
IIuI|L4(/\(0’1);R)

0= ’Cl||CO|—1/2 SuPuEHl/g\{O} W +1 (417)

and ¢ = |e1| (X,cn 27707 (K + co 72 nz)*27)1/2, and let ¢, ®: H; — [0,00) be the

functions which satisfy for all v € H; that

6(v) = max { 22L 4L [1 4 sup, (o) [0(2) ] (4.18)

and

(v) = max {22 4} 1+ sup e [oo) 200 (419)

Then note that Lemma 5.3 in [17] shows that for all v,w € H, it holds that
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F(v+w) € H and that

(v, F(v+w))

C 2 :
< ma (20 Al oo [ + 304

&)

s {2204} [1 s ()i oot
< (ol + (-4l + D).

Moreover, observe that Lemma 5.4 in [17] demonstrates that for all v,w € Hi it

holds that

2
el a0 0

| F(v) = F(w)[lg_,,, < le1]|co| ™ SUDuer, ;\(0} T ) V5ul,
1 1 1 4.21
(L A0+ (= A) w1 (= A) (0 — w)||a (4.21)
<O+ [0l , + lwll, ) llo = wly, .-

Furthermore, note that Lemma 4.2 assures that for all v € H.j, it holds that F'(v) €

H and
1F ()|, < cl|v]l%- (4.22)

In addition, observe that Proposition 4.6 in [17] (with p = ¢ in the notation of Propo-
sition 4.6 in [17]) proves that there exist a real number 7 € [0,00) and stochastic
processes O: [0,T] x Q — H,, Q",Q": [0,T] xQ — P,(H), n € N, with continuous
sample paths which satisfy for all n € N, ¢ € [0,T] that [O¢p ) = f; elt=s)A g1y,

[O7]p 5(m) = fot P, e84 dW,, QF = QP+ P,etd¢ — fot elt= A=y (Qn + Pe*t¢) ds,

P(limsup sup [|(Oy + €*¢) — (QF + Ppe®” )||HQ: O) =1, (4.23)

m—00  s€[0,7)
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that

T T
lim sup (EU o (f qﬂﬁ(amhm)du) ma {|0(2f, )|, 1 12713
0 T

m— 00

T{|Qm + Pre |27 qu } dr] + sup E[||Q;"||‘}{]) < oo, (4.24)
¢ $€[0,7T

and that

t
n __ (t—s)A n
]P)(Xt o gpn € ﬂ{HXlzjh" “HQ+“QILSJhn +PneLSJhnA§HHg§|hn‘7X} F(XI_SJhn) dS

+ PoetAe + Q?) = 1. (4.25)

Combining this with (4.20)—(4.22), as well as Item (i) and Item (iv) in Corollary 3.3
(withH={e, e H: ke N}, H, ={e, e H: k€ {1,...,n—1,n}}, ¥ =1, e =0,
p=31a=12p=1fs0=00"=([0,T]xQ23 (t,w) = (Q}(w)+ Pe ) € H,),
O =([0,T]xQ2 3 (t,w) = (Oy(w)+€€) € Hy), 0" = ([0, T]xQ > (t,w) — Q7 (w) €
H,), n € N, p = ¢ in the notation of Corollary 3.3) we obtain that for all ¢ € [0, T

equations (4.14) and (4.15) hold and that for all u € (0, ¢) it holds that

limsup sup E[||X, — &[] = 0. (4.26)

n—oo  t€l0,T

This, in particular, establishes (4.16). The proof of Corollary 4.3 is thus completed.
]
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