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Abstract

For a long time it is well-known that high-dimensional linear parabolic partial differ-
ential equations (PDESs) can be approximated by Monte Carlo methods with a computa-
tional effort which grows polynomially both in the dimension and in the reciprocal of the
prescribed accuracy. In other words, linear PDEs do not suffer from the curse of dimen-
sionality. For general semilinear PDEs with Lipschitz coefficients, however, it remained
an open question whether these suffer from the curse of dimensionality. In this paper we
partially solve this open problem. More precisely, we prove in the case of semilinear heat
equations with gradient-independent and globally Lipschitz continuous nonlinearities that
the computational effort of a variant of the recently introduced multilevel Picard approx-
imations grows polynomially both in the dimension and in the reciprocal of the required
accuracy.
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1 Introduction and main results

Parabolic partial differential equations (PDEs) are a fundamental tool in applied mathematics
for modelling phenomena in engineering, natural sciences, and man-made complex systems. For
instance, semilinear PDEs appear in derivative pricing models which incorporate nonlinear risks
such as default risks, interest rate risks, or liquidity risks, and PDEs are employed to model
reaction diffusion systems in chemical engineering. The PDEs appearing in the above examples
are often high-dimensional where the dimension corresponds to the number of financial assets
such as stocks, commodities, interest rates, or exchange rates in the involved hedging portfolio.

In the literature, there exists no result which shows that essentially any of the high-
dimensional semilinear PDEs appearing in the above mentioned applications can efficiently
be solved approximately. More precisely, to the best of our knowledge, there exists no result in
the literature which shows in the case of general semilinear PDEs with globally Lipschitz con-
tinuous coefficients that the computational effort of an approximation algorithm grows at most
polynomially in both the PDE dimension and the reciprocal of the prescribed approximation
accuracy. In this sense no numerical algorithm is known to not suffer from the so-called curse
of dimensionality, see also the discussion after Theorem [T below for details.

In this work we overcome the curse of dimensionality in the numerical approximation of
semilinear heat equations with gradient-independent and globally Lipschitz continuous nonlin-
earities. As approximation algorithm we analyze a variant of the recently introduced multilevel
Picard approximations in E et al. [11], see (II) below for the method and the paragraph after
Theorem [T below for a motivation hereof. The main result of this article (Theorem [Tl below)
shows in the case of general semilinear heat equations with gradient-independent and globally
Lipschitz continuous nonlinearities that the computational effort of the proposed approximation
algorithm grows at most polynomially in both the PDE dimension d € N and the reciprocal of
the required approximation accuracy € > 0. More specifically, Theorem [B.8 below proves for
every arbitrarily small § € (0, 00) that there exists C' € (0, 00) such that for every PDE dimen-
sion d € N we have that the computational cost of the proposed approximation algorithm (see
(@) below) to achieve an approximation accuracy of size ¢ > 0 is bounded by Cd'+P(1+9)g=2(1+9)
where the parameter p € [0,00) corresponds to the polynomial growth of the terminal condi-
tion and the nonlinearity of the PDE under consideration (see Theorem [Tl below for details).
This is essentially (up to an arbitrarily small real number § € (0, 00)) the same computational
complexity as the plain vanilla Monte Carlo algorithm (see, e.g., [14], 19l 20, 8, [16]) achieves
in the case of linear heat equations. In particular, in the language of information-based com-
plexity (see, e.g., Novak & Wozniakowski [27]) this work proves, for the first time, that general
semilinear heat equations with gradient-independent and globally Lipschitz continuous nonlin-
earities and polynomially growing terminal conditions are polynomially tractable in the setting
of stochastic approximation algorithms (cf., for instance, Novak & Wozniakowski [27]). To
illustrate the contribution of this article, we now present in the following result, Theorem [L1I
below, a special case of Theorem [3.8 below, which is the main result of article.

Theorem 1.1. Let T € (0,00), L,p € [0,00), © = U 7", let & € RY, d € N, satisfy
supgen |€allre < o0, let g4: R — R, d € N, and f4: [0,T]xR*xR — R, d € N, be continuous
functions which satisfy for all t € [0,T], d € N, z € R, v,w € R that | f4(t, z,0)| + |ga(z)] <
L(1 + ||z %) and |fa(t,z,v) = fat,z,w)] < Llv —w|, let (Q,F,P) be a probability space,
let W0 [0,T] x Q — R%, 6 € O, d € N, be independent standard Brownian motions, let
RY:[0,T] x Q = R, 0 € O, be i.i.d. continuous stochastic processes which satisfy for all
t €[0,T], 0 € © that RY € [t,T] is uniformly distributed on [t,T], assume that (R%)geco and
(W) gco.qen are independent, let Und:z/fz [0, T]xR¢xQ =R, n,M€Z,0c0O,decN, satisfy
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and for everyd,n € N, 0 € ©,t € [0,T], v € R? let Costy,, € N be the number of realizations of
scalar standard normal random variables which are used to compute one realization of Uff:z(t, x)

(see (IZ0) below for a precise definition). Then

(i) for every d € N there exists a unique at most polynomially growing continuous function
ug: [0,T] x RY — R which is a viscosity solution of

(grua)(t, @) + 3(Agua)(t, @) + falt, 2, ua(t, z)) = 0 (2)
with ug(T,z) = ga(x) fort € (0,T), r € RY and

(ii) for every § € (0,00) there exist n: N x (0,00) — N and C € (0,00) such that for all
d €N, ¢ € (0,00) it holds that Costyy,. < Cd" P20 gpg

(E[Jua(0,&0) = UZ° . (0,60)]) " <. (3)

Theorem [L.T]is an immediate consequence of Theorem [B.8], Corollary [B.11] and the Feynman-
Kac formula. We now motivate the multilevel Picard approximations in (Il). For this assume
the setting of Theorem [Tl and let d € N. The Feynman-Kac formula then implies that the
exact solution ug of the PDE (2)) satisfies for all ¢ € (0,T), x € R? that

T
ug(t,z) = E|gq(x + Wf{f)t)] +/ E[fd(s x4+ W ug(s,x + W) ds. (4)

This is a fixed-point equation for uy. To this fixed-point equation we apply the well-known
Picard approximation method and a telescope sum and let ug,: [0,T7] x R = R, n € Z, be
functions which satisfy for all ¢t € [0,T], x € RY n € N that ug_1(t,z) = ugo(t,r) = 0 and
that
d,0
tan(ts) = B | ga(w + Wi2,)
T

E[f (8,2 + W tg (s, :c—l—WgOt))] ds.

‘ ~+

1

3

T
/ E[fd(s SL’—l—W t,udl(s a:+WSd%)) In(1) fa(s, :1:+W t,udl 1(s, :c+WSd%)) ds.
t

(5)

Next we apply a multilevel Monte Carlo approach to the non-discrete expectations and time
integrals. The crucial idea for this is that the summands on the right-hand side of (B are
cheap to calculate for small [ € Ny and are small for large [ € Ny since then ug; — ug;—1 is
small. For this reason, for every n € N we approximate the expectation and the time integral
on level | € Ny with an average over M"~! independent copies for the n-th approximation. This
motivates the multilevel Picard approximations (Il). For more details on the derivation of the
multilevel Picard approximations see E et al. [I1]. The main difference between the method ()
and the method introduced in [II] is that here we approximate time integrals by the Monte

=0
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Carlo method (this is inspired by [23] 32]) instead of quadrature rules with fixed time grids,
and this modification simplifies the analysis considerably.

Next we relate Theorem [l to results in the literature. Classical deterministic methods such
as finite elements or sparse grid methods suffer from the curse of dimensionality. Also methods
based on backward stochastic differential equations (introduced in Pardoux & Peng [28]) such
as the Malliavin calculus based regression method (introduced in Bouchard & Touzi [6]), the
projection on function spaces method (introduced in Gobet et al. [15]), cubature on Wiener
space (introduced in Crisan & Manolarakis [9]), or the Wiener chaos decomposition method
(introduced in Briand & Labart [7]) have not been shown to not suffer from the curse of
dimensionality, see Subsections 4.3-4.6 in E et al. [I2] for a more detailed discussion. Moreover,
recently a nested Monte Carlo method has been proposed in Warin [32, 31]. Simulations show
that the nested Monte Carlo method is efficient for non-large T" but the method has not been
shown to not suffer from the curse of dimensionality. Branching diffusion methods (cf., e.g.,
[211, 24, 23] [5]) exploit that solutions of semilinear PDEs with polynomial nonlinearities are equal
to expectations of certain functionals of branching diffusion processes and these expectations are
then approximated by the Monte Carlo method. Branching diffusion methods have been shown
to not suffer from the curse of dimensionality under restrictive conditions on the initial value, on
the time horizon and on the nonlinearity; see, e.g., Henry-Labordere et al. [23] Theorem 3.12].
If these conditions are not satisfied, then the approximations have not been shown to not suffer
from the curse of dimensionality and simulations, e.g., for Allen-Cahn equations, indicate that
the method fails to converge in this case. Moreover, the multilevel Picard approximations
introduced in E et al. [I1] have been shown to not suffer from the curse of dimensionality under
very restrictive assumptions on the regularity of the exact solution; see [I1, 25]. In addition,
numerical simulations for deep learning based numerical approximation methods for PDEs (cf.,
for example, [10) 17, 3, 33} 13} 18], 22, 29, 30} 4, 2]) indicate that such approximation methods
seem to overcome the curse of dimensionality in the numerical approximation of nonlinear PDEs
but there exist no rigorous mathematical results which demonstrate this conjecture. To the best
of our knowledge, the scheme () in Theorem [[T] above is the first numerical approximation
scheme in the scientific literature for which it has been proven that it overcomes the curse of
dimensionality in the numerical approximation of general gradient-independent semilinear heat
PDEs.

2 Analysis of semi-norms

2.1 Setting

Throughout this section we frequently consider the following setting.

Setting 2.1. Let d € N, T € (0,00), L € [0,00), £ € RY, let F: C([0,T] x R4, R) —
C([0,T] x R4, R) be a function which satisfies for all u,v € C([0,T] x R4, R), t € [0,T],
z € R? that

|(F'(w))(t,2) = (F()(t, 2)] < Llu(t, z) = o(t, 2)], (6)

let (0, F,P) be a probability space, let W: [0,T] x Q2 — R? be a standard Brownian motion with
continuous sample paths, and for every k € Ny and every (B([0, T] x RY)® F)/B(R)-measurable
function V: [0,T] x R4 x Q — R let |V]|,, € [0,00] be the extended real number given by

EHV(O,@\Q] k=0
VIE={ .
ﬁ/o = E[|V(t,& + W,)[*] at k> 1



2.2 Expectations of random fields

In this subsection we derive in Lemma 2.2 Lemma 2.3 Lemma 2.4] and Corollary below
some elementary consequences of Fubini’s theorem.

Lemma 2.2. Let (Q,F,P) be a probability space, let G C F be a sigma-algebra on Q, let
(S,8) be a measurable space, let U = (U(s))ses = (U(s,w))seswen: S X @ — [0,00) be an
(S ® G)/B([0, 0))-measurable function, let Y : Q — S be a F/S-measurable function, assume
that Y and G are independent, and let ®: S — [0,00| be the function which satisfies for all
s € S that ®(s) = E[U(s)]. Then

(1) it holds that U(Y) = (Q > w — U(Y(w),w) € [0,00)) is an F/B([0,0))-measurable
function and

(i) it holds that
E[U(Y)] =E[®(Y)] = /SE[U(S)] (Y (P)s)(ds). (8)

Proof of Lemma[23. Throughout this proof let Z: Q — € be the function which satisfies for
all w € Q that Z(w) = w. Observe that the hypothesis that G C F ensures that Z is an F/G-
measurable function. The hypothesis that Y is an F/S-measurable function hence proves that
Q3w Y(w),Z(w)) = (Y(w),w) € SxQisan F/(S® G)-measurable function. Combining
this with the hypothesis that U is an (S®G)/B([0, c0))-measurable function establishes Item (f).
It thus remains to prove Item (). For this observe that the hypothesis that Y and G are
independent proves that

(Y, 2))(P)(s0g) = (Y (P)s) @ (Z(P)g). (9)

Fubini’s theorem and the integral transformation theorem hence demonstrate that
BU(Y)) = [ U(Y().0) P / (Y (@), Z()) B(@)

/SXQ

2 ((
- [ v (e <P>g>)<dy,dz> (10)
) (2

// (y,2) (Z(P)g)(d2) (Y (P)s) (dy) = // (y,w) P(dw) (Y (P)s) (dy)

- / U()] (Y (P)s)(dy).

Y, 2))(P)seg) ) (dy. d2)

This establishes Item (). The proof of Lemma is thus completed. O

Lemma 2.3. Let (Q, F,P) be a probability space, let (S,0) be a separable metric space, let
U= (U(9))ses = (U(s,w))seswen: S XQ —[0,00) be a continuous random field, let Y : Q — S
be a random variable, assume that U and Y are independent, and let ®: S — [0,00] be the
function which satisfies for all s € S that ®(s) = E[U(s)]. Then

(1) it holds that U(Y) = (Q > w — U(Y(w),w) € [0,00)) is an F/B([0,0))-measurable
function and

(i) it holds that
E[U(Y)] =E[e(Y)] = /SE[U(S)] (Y (P)s(s))(ds). (11)



Proof of Lemma[2.3. First, observe that the hypothesis that U is a continuous random field and
[2l Lemma 2.4] (with (E,d) = (5,9), £ =[0,00), (2, F) = (Q,0q(U)), X = U in the notation of
[2, Lemma 2.4]) assure that U is an (S®oq(U))/B([0, c0))-measurable function. Combining this
and the hypothesis that 0o(U) and Y are independent with Lemma[2.2 establishes Items (i)—(i).
The proof of Lemma is thus completed. O

Lemma 2.4. Let (2, F,P) be a probability space, let (S,0) be a separable metric space, let U =
(U(8))ses = (U(s,w))seswen: SxQ — R be a continuous random field, let Y : Q@ — S be a ran-
dom variable, assume that U andY are independent, and assume that [(E[|U(s)|] (Y (P)g(s))(ds) <
0o. Then

(1) it holds that U(Y) = (23 w— U(Y(w),w) € R) is an F/B(R)-measurable function and
(i1) it holds that E[|U(Y)|] < co and
B = [ Liees: swionens () EIT )] (¥ (Placs) ). (12)
Proof of Lemma[2.4. Throughout this proof let U, 4: S x © — [0, 00) be the functions which
satisfy for all s € S, w € 2 that
U(s,w) = max{U(s,w),0} and  (s,w) = max{-U(s,w),0}. (13)

Observe that U = U — 4. Item ({) in Lemma hence implies that U(Y) = U(Y) — (Y is
F/B(R)-measurable. This proves Item (). In addition, note that Item (i) in Lemma and
the fact that |U| = U + 4 assures that

E[U(Y)] +E[UY)] =E[UY)] = /SEHU(S)H (Y (P)5(s))(ds) < oo. (14)

Moreover, note that the hypothesis that [ E[|U(s)|] (Y (P)g(s))(ds) < oo ensures that
(Y (P)s(s))({s € S: E[|U(s)[] = o0}) = 0. (15)
Item (i) in Lemma 23] and (I4]) therefore demonstrate that

E[U(Y)]

Eu(Y) = U(Y)] = EU(Y)] - E[U(Y)]

EU(s)] (Y (P)s(s)) (ds) — /S E[S(s)] (¥ (Pss))(d5).

—

Lises: mu(s)<oo} (8) EU(S)] (Y (P)5(5))(ds)
(16)

= [ Vs o< (s) BV (Y (Placs) ).

This establishes Item (). The proof of Lemma 2.4 is thus completed. O

Corollary 2.5. Let (2, F,IP) be a probability space, let (S,§) be a separable metric space, let
(E, ) be measurable space, let Uy, Uy: S x Q — R be continuous random fields, let Y1,Ys: E X
Q — S be random fields, assume for alli € {1,2} that U; and Y; are independent, assume that
Uy, and U, are identically distributed, and assume that Y1 and Yy are identically distributed.
Then it holds that U;(Y1) = (E x Q2 3 (e,w) — Ui(Yi(e),w) € R) and Uy(Ys) = (E x Q >
(e,w) = Us(Ya(e),w) € R) are identically distributed random fields.
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Proof of Corollary[2.8. Throughout this proof let n € N, eq,¢es,...,¢, € E, B1,Bs,...,B, €
B(R), let U;: S™ x Q@ — R", i € {1,2}, be the functions which satisfy for all i € {1,2},
51,82,...,8, € 5, w € () that

Ui(s1, .-, 8n,w) = (Us(s1,w), ..., Ui(sn,w)), (17)
let Y;: Q — S™ i € {1,2}, be the functions which satisfy for all i € {1,2}, w € Q that
Y;(w) = (Yi(er,w), ..., Yi(en, w)), (18)
and let I: R™ — [0, 00) be the function which satisfies for all x = (21, z,...,x,) € R" that
I(z) =1p,(z1) ... 1g,(zn). (19)

Note that the fact that for all i € {1, 2} it holds that U; is a continuous random field and Beck
et al. 2 Lemma 2.4] assure that for every i € {1, 2} it holds that U; is (B(S™)®0q(U;))/B(R")-
measurable. The fact that I is B(R")/B([0, c0))-measurable hence assures that for every i €
{1,2} it holds that I o U; is (B(S™") ® 0q(U;))/B([0,00))-measurable. Combining this, the
fact for every i € {1,2} it holds that Y, is F/B(S™)-measurable, and the hypothesis that for
every i € {1,2} it holds that oq(U;) = 0q(U;) and Y; are independent with Lemma (with
(Q,F,P) = (Q, F,P), G =0q([);), (S5,5) = (5", B(S")),U =1oU,, Y =Y, for i € {1,2} in
the notation of Lemma 2.2)) demonstrate that for all ¢ € {1,2} it holds that

P(U;(Y;(e1)) € By,...,U;(Yi(en)) € By)

= E[lg, (Ui(Yi(e1))) - - . - L, (Ui(Yi(en)))] = E[L(U(Y))]

(20)
- / CE[I(Ui(s1,- -, 5))] (Yi(®))sismy(dlsn, - 50).

In addition, observe that the hypothesis that U; and U, are identically distributed assures that
for all s1,...,s, € S it holds that

E[L(U,(s1,...,5,))] = P(Uy(s1) € By, ..., Ui(sn) € By)

= P(Us(s1) € By, ..., Us(sy) € By) = E[I(Us(s1,. ... 5,))]. (21)

Moreover, note that the hypothesis that Y; and Y, are identically distributed ensures that
(Y1(P)) (s = (Ya(PP))s(sm)- (22)
Combining this, (20), and (2I)) demonstrates that
P(U;(Yi(er)) € By,...,Ui(Yi(en)) € By)
— [ BRG] (o (Al 50)

- / E[L(Us(s1, .- -, 50))] (Ya(P))sism(dls1,- ., 5n))
— P(Us(Ya(e1)) € By, ..., Us(Ya(en)) € By).

(23)

Hence, we obtain that U;(Y;) and Us(Ys) are identically distributed random fields. The proof
of Corollary is thus completed. O

2.3 Properties of the semi-norms

In this subsection we establish in Lemma 2.0] Lemma 2.7 Lemma 2.8 Lemma 2.9 Lemma 2.10,
and Lemma 21T a few basic properties for the quantities in () in Setting 2.1l above. The proof
of Lemma is clear and therefore omitted.



Lemma 2.6 (Semi-norm property). Assume Setting[21], let k € No, A € R, and let U, V: [0, T]x
R? x Q = R be (B([0,T] x RY) ® F)/B(R)-measurable functions. Then

(1) it holds that ||U + Vi < |U|lx + ||V]||x and
(ii) it holds that | AU ||k = |\|||U]||x-

Lemma 2.7 (Expectations). Assume Setting[2.1, let k € Ng, let U: [0,T] x R x Q — R be a
continuous random field, assume that U and W are independent, and assume for allt € [0,T],
r € R? that E[|U(t, x)|] < oo. Then it holds that

1[0, 7] x R x Q3 (t,z,w) — E[U(t, z)] € R||, = |E[U][l, < |U]],- (24)

Proof of Lemma[2.7. Throughout this proof let v: [0,7] x R — R be the function which
satisfies for all ¢ € [0, 7], z € R? that

v(t,z) = E[U(t, x)] (25)

and let p;: B(R?) — [0, 1], ¢t € [0, T], be the probability measures which satisfy for all ¢ € [0, 7],
B € B(R?) that
wui(B) =P+ W, € B). (26)

Note that Jensen’s inequality and ([7]) assure that
IEWIG = llvlls = E[l0(0, )F] = (0, O = [E[U(0, ] <E[U O, )] = [Ullg- (27)

Next observe that ([7]) ensures that for all [ € N it holds that

1 /7
2 2 -1
BN = 0l = 7 | A Blioce ¢+ W] . (28)
Moreover, note that the integral transformation theorem, Jensen’s inequality, Lemma 2.3 the
hypothesis that U is a continuous random field, and the hypothesis that U and W are inde-
pendent ensure that for all ¢t € [0, 7] it holds that

E[Jo(t, & + W] = /

Rd

olt.)” ulde) = [ BV (da)

29
< /]R E[IU()] plde) = E[U(E+ WP )
This and (28)) imply that for all [ € N it holds that
B < / " LB+ WP di = U] (30)
Combining this and (27)) establishes (24]). The proof of Lemma 27 is thus completed. O

Lemma 2.8 (Linear combinations of i.i.d. random variables). Assume Setting 21, let k € Ny,
neEN,r,....,rn €R, let Up,...,U,: [0,T] x R x Q — R be continuous i.i.d. random fields,
assume that (Us)icq12,..ny and W are independent, and assume for all t € [0,T], x € R? that
E[|U(t,x)|] < oco. Then it holds that

Tz UZ E = ||U1 - E[Ul]Hk

k

n 12 n 12
> Inlzl <0l |3 In'IQ] : (31)
i=1 i=1




Proof of Lemma[2.8. Throughout this proof let G C F satisfy that G = 0o ((Ui)icf1,2,...n}), let
v;: [0,T] x R x Q — R, i € {1,2,...,n}, satisfy for all i € {1,2,...,n}, t € [0,T], » € R4
that

vi(t, ) = Ui(t, x) — E[U;(¢, )], (32)

and let p;: B(R?) — [0, 1], ¢t € [0, T], be the probability measures which satisfy for all ¢ € [0, 7],
B € B(RY) that
1(B) = P(¢ + W, € B). (33)

Note that the fact that vy, ..., v, are continuous random fields, Beck et al. [2, Lemma 2.4], and
Fubini’s theorem imply that for every i € {1,2,...,n} it holds that v; is a (B([0,T] x R%) ®
G)/B(RR)-measurable function. The hypothesis that G and W are independent, Lemma2.2] the
fact that for all ¢t € [0,T], * € R® it holds that v (¢, ), va(t, ), ..., v,(t, ) are i.i.d. random
variables with E[|vy(¢,2)|] < oo and E[v,(t,z)] = 0, and Klenke [26, Theorem 5.4] therefore
demonstrate that for all ¢ € [0, 7] it holds that

E[’ Yo vt €+ Wt)}z] = /]Rd E[} Yo vt x)ﬂ p(dx)

= [ T Blrryutt o) t.0)] u(da)

= [ T Pt )] () (34)
S (Inf? S Bllut, )] )

1] S Eller (8, 2)P] ()
= [ S Il Bl (1.6 + W),

This and (7)) imply that
IS0 7 (Ui = EIUD| = || S0y v = E[\ > i1 Tivi(O,S)}z]

= [ S0 | Bla 0.2 = [ S0y I el (35)
= [ S ni] oy - B,

Moreover, observe that () and (34]) show that for all [ € N it holds that

|52 (U = B = | 2y vl
1T
:ﬁ/o (=] DZZ 17ﬂzvz(t§+wt)”dt

-7 e [ B+ WP )
= [ i [l = [ i Il 0 - Bl
Next observe that (7)) assures that
102 = B0l = Il 5 = E[[en(0.)7) = E[[L(0,€) = E[U1(0, )] ] (37)

= E[|U1(0,)] — [E[U:(0,9)]" < E[|U:(0,)"] = IU1I5.

Furthermore, note that the hypothesis that G and W are independent and Lemma assure



that for all ¢ € [0, 7] it holds that

E[|vi(t, & + W,)[? :/ E[lvi(t,2)]?] pue(dz)

RA

I
S

E[|Ui(t,z) — E[U1(t, z)]|?] pu(dx)
- (38)
E[|Ui(t, 2)"] — [E[UL(t, 2)] pe(de)

|
S~

R4

< [ B[00 ) = B[ (1.6 + WP

This and (7)) demonstrate that for all [ € N it holds that

I
0= BIIE = lll = 77 [ Ellnte. € + W] d

1 T -1
<30 | Bl e+ W di = Ui

Combining this, (35)), (36]), and (B7) establishes that

n 2 n n
| Sy =B} = [ S bl 100 = B0 < [ Sy niP] 0002 (40)
This completes the proof of Lemma 2.8 O

Lemma 2.9 (Lipschitz property of F'). Assume Setting 2], let k € Ny, and let U,V : [0,T] x
R? x Q — R be continuous random fields. Then

(i) it holds that F(U) = ([0,T] x R x Q> (t,z,w) — [F([0,T] x R? > (s,2) — U(s, z,w) €
]R)} (t,z) € ]R) s a continuous random field and

(i) it holds that ||F(U) — F(V)|lx < LU — V.
Proof of Lemma[29. Throughout this proof let m;,.: C([0,T]x R4, R) — R, t € [0,T], = € RY,
satisfy for all t € [0,T], x € R%, v € C([0,T] x R4 R) that
(V) = v(t, z) (41)
and let 4: Q — C([0, 7] x R%, R) be the function which satisfies for allw € 2, ¢ € [0,T], z € R?
that (U(w))(t,z) = U(t,z,w). Note that for all t € [0,T], z € R?, w € Q it holds that
(FU))(t,2,w) = [FEw))](t, 2) = mo[F(Hw))]. (42)
Hence, we obtain for all t € [0,T], z € R? that
Q2w (FU))(tz,w)) =m0 Foll (43)

The fact that & is F/B(C([0,T] x R¢, R))-measurable, the fact that for all ¢t € [0,7T], + € R?
it holds that 7, is B(C([0,T] x R%, R))/B(R)-measurable, and the fact that F' is B(C([0,T] x

4 R))/B(C([0,T] x R4 R))-measurable (cf. (@) hence assure that for all t € [0,7], z € R?
it holds that (2 3> w +— (F(U))(t,z,w)) is F/B(R)-measurable. Combining this with the fact
that for all v € C([0,T] x R% R) it holds that F(v) € C([0,T] x R% R) demonstrates that
F(U) is a continuous random field. This establishes Item (fl). Next observe that (@) and (7))
show that

IF(U) = F(V)l5 =E[|(F(U) = F(V))(0,)"]
<E[L*|(U - V)(0,8)]] = L*||U - V]; .
10
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Moreover, note that (@) and (7) imply that for all [ € N it holds that

@) - FOIE = 3 [ 5[l (F(0) - P+ W] a
< %/ EGE 2|0 = V)it g+ W) at (45)

=L*|U - V.
Combining this and (44)) establishes Item (iil). The proof of Lemma 2.9 is thus completed. [

Lemma 2.10 (Monte Carlo time integrals). Assume Setting[21, let k € Ny, let U: [0, T]x R x
Q — R be a continuous random field, let v: Q — [0,1] be a Uy qj-distributed random variable,
let R: [0,T) xQ — R satisfy for all t € [0,T] that Ry = t+ (T —t)t, let W: [0, T] x Q — R be
a standard Brownian motion with continuous sample paths, and assume that U, W,t, and W
are independent. Then it holds that

[10,7] x RY x Q3 (t,z,w) = (T — ) [U(Ry, # + Wr, — W,)] (w) € R||, < T||U|lr1.  (46)

Proof of Lemma[ZI0. Throughout this proof let V® = (V¥ (W))sepmwen: [t T] x Q = R,
t € [0, 7], be the random fields which satisfy for all ¢ € [0,T], s € [t,T] that

VO =U(s, € + W, + W, —W,). (47)

s

Observe that the fact that W, W, and U are independent, the hypothesis that U is a continuous
random field, Lemmal[23] and the fact that for all ¢t € [0, T], s € [¢, T] it holds that W;+W,—W,
and W are identically distributed ensure that for all ¢t € [0, 7], s € [t,T] it holds that

E[[VOP] =E[|U(s, & + W, + W, — W,)[?]

_ /R E[|U(s,€ + )] (W, + W, — W,)(P)se)(d) 48)
= [ BIUGs.& +-0)F] (W) Phaguo)da) = B[JU(s.€ + WL)P].

The fact that V(@ is a continuous random field, the fact that V(© and R, are independent,
Lemma 2.3, the fact that Ry is uniformly distributed on [0, 7], and ([7]) hence establish that

110, 7] x R x @3 (t,2,w) = (T — 1) [U(Ry, & + Wg, — W,)](w) € R,
= E[|TU(Ro, & + Wg,)|?] = T2E[|[V)?] = T?/O E[[V,”?] dt (49)
_ T Mg

= | E[U®&+W)I’] dt =T*|U]}.
0

In addition, observe that the fact that (V(t))te[o,T] and R are independent, the fact that V®,
t € [0,T], are continuous random fields, the fact that for all ¢ € [0,7] it holds that R; is
uniformely distributed on [¢, T], Lemma [23] Tonelli’s theorem, and ([48) demonstrate that for

11



all { € N it holds that
10, 7] x R x @3 (t,,w) = (T — 1) [U(Ry, & + Wr, — W,)] () € R||;

S

_ 7/ L E[(T — U(Ry, & + W, + We, — W,)’] dt
0

== | & 2E[|Vie)|] dt

(T
7 -0ty [ BV s (50

T
1

(
T
(

T pT

1
!
1
0
ol
0
/0 /O Lorctoms: ey (b )y (T — O E[[U(s, € + W,)[?] dtds
T T
—Tl/o |

T
~ r [ ARG €+ W] ds = P20

-1

L At E[|U(s, € + W) ds

Combining this and (@9]) establishes (46]). The proof of Lemma 210/ is thus completed. O

Lemma 2.11. Assume Setting [2.1], let k € Ny, let g: R — R be a B(R?)/B(R)-measurable
function, let v: [0,T] x R¢ — R be a B([0,T] x RY)/B(R)-measurable function, let W: [0, T] x
Q — R? be a standard Brownian motion with continuous sample paths, and assume that W
and W are independent. Then it holds that

(i) [|[[0,T] x R x Q 3 (t,2,w) = g(z + Wr(w) — Wy(w)) € R|[; = ZE[|g(€ + Wr)["] and

(ii) ol < S (supreior) (E[lu(t,€ + Wo)PT)").

Proof of Lemma (211l First, observe that () and the fact that Wy — Wy = W, and Wy are
identically distributed ensure that

110, 7] x R x 23 (t,2,w) = g(z + Wp(w) — Wy(w)) € R,

: ) 1)
=E[|g(§ + Wr — Wo)[*] =E[|g(¢ + Wr)[’].

Next note that the fact that W and W are independent standard Brownian motions assures
that for all ¢ € [0, 7] the random variables Wy = W, + Wy — W, and W; + Wy — W, are
identically distributed. The definition of the semi-norm in (7)) therefore shows that for all [ € N
it holds that

110, T] x R x Q 3 (¢, ,w) — g(z + Wr(w) — Wi(w)) € R|;

I
= [ Ellate + W+ wp — WP
0

==
ro , 52
— [%/0 ﬁdt] E[lg(¢+ Wr)|7] "
I
_ [ﬁl'} [|g(§+W ) ] [|9(§ +Z!WT)| ]

Combining this and (5I]) proves Item (). Next note that (7)) implies that

loll§ = E[[v(0,&)"] = E[[0(0,€ + Wo)"] < sup E[[u(t,& + W)[*] . (53)

t€[0,T]

12



Furthermore, observe that ([7]) ensures that for all [ € N it holds that

N 2
ol = 5 | g Ellete €+ W] ae

< [% /0 hdt] sup E[Ju(t, & + W,)[?] (54)

t€[0,T]

! t€[0,T] _l! t€[0,T]

- [ﬂ} sup EUU@afﬂLWt)‘Q] - ( sup E“U(taéjLWt)‘Q}) :

This and (B53)) establish Item (). The proof of Lemma 2.11]is thus completed. O

3 Convergence rates for multilevel Picard approxima-
tions for semilinear heat equations

In this section we establish positive convergence rates for certain multilevel Picard approxi-
mations in the case where the nonlinearity is independent of the gradient of the solution and
satisfies the Lipschitz condition ({@l).

3.1 Setting

Setting 3.1. Assume Setting 2, let g € C(RYL,R), v € C([0,T] x R R) satisfy for all
t€[0,T], v € R? that

E[lg(z + W,)|] + / (E[Ju(s, & + WJ)[2])"* ds
T ’ (55)
+/t E[[(F(u))(s,z+W_¢)| +|(F(0)(s,z + W,_y)| ] ds < 00
and u(t,z) =E {g(:p +Wr) + /t (F(u))(s,z+ W,_)ds|, (56)

let © = UpenZ®, let W9 [0,T] x Q — R%, 6 € ©, be independent standard Brownian motions
with continuous sample paths, lett?: Q — [0,1], 6 € O, be independent Uo,11-distributed random
variables, assume that (W%)pco, (t%)sco, and W are independent, let R?: [0,T] x Q — [0,T],
0 € ©, satisfy for allt € [0,T], 0 € © that R} = t+(T—t)t’, and let U, ,;: [0, T]xRIxQ = R,
n,M € Z, § € ©, satisfy for alln,M € N, § € ©, t € [0,T], x € R? that Ufl’M(t,x) =
Uyt z) =0 and

1 [ y §
UgM(t, x) = G [Zg(aj n W}Q,O, ) Wt(e,o, ))]

i=1

n—1 (T — 1) Mt (57)
— 0, 0,—1,i 0, 0.1,i 0,
Y S | 2 (FES) - 1P (RO, 2+ Wi, - wit))
=0 1=1

3.2 Properties of the approximations

Lemma 3.2. Assume Setting[F1. Then

(i) it holds for all n € No, M € N, 0 € © that Uf 1;: [0,T] x R* x Q = R is a continuous
random field,

13



(ii) it holds for alln € No, M € N, 6 € © that oo(UY ;) C oa((t¥)geco, (WO)yeo)),
(i4i) it holds for alln € No, M € N, 6 € © that Urez,Mi WP, and ® are independent,

w) it holds for alln,m € No, M € N, 4,5, k,l,€ Z, 0 € © with (1,) k1) that 7 0id)
( ) J J n,M

U(GM are independent, and

(v) it holds for all n € No, M € N that (U?

wa)oce are identically distributed.

Proof of Lemmal3.2. First, observe that the hypothesis that for all M € N, § € © it holds
that U§ ), = 0, (B7), Ttem () in Lemma 2.9} the fact for all § € © it holds that W and R? are
continuous random fields, the hypothesis that ¢ is continuous, and induction on Ny establish
Item (). Next note that Item (i) in Lemma 20 Beck et al. [2, Lemma 2.4], and Item (fl) assure
that for all n € No, M € N, § € © it holds that F(U! ,,) is (B([0,T] x R?) ®OQ(U;2M))/B( )-
measurable. The hypothesis that for all M € N, § € © it holds that UOM = 0, (57), the
fact that for all @ € © it holds that W is (B([0, T]) ® oq(W?))/B(R?)-measurable, the fact
that for all # € © it holds that R? is (B([0,T]) ® oq(x?))/B([0, T])-measurable, and induction
on Ny prove Item (). Furthermore, observe that Item (i) and the fact that for all 6 €
© it holds that (t"))yce, (W@)yco, W and v’ are independent establish Item ().
addition, note that Item (i) and the fact that for all ¢, j,k,l,€ Z, 0 € © with (i,5) # (k,1)
it holds that ((t®"9)y e, (W) g) and ((x@FL) e, (WEORLD), o) are independent
prove Item (fvl). Finally, observe that the hypothesis that for all M € N, § € © it holds
that U¢,, = 0, the hypothesis that (W?)gce are ii.d., the hypothesis that (R?)sco are ii.d.,
Items ({)-(iv)), Corollary 23] and induction on Ny establish Item (). The proof of Lemma
is thus completed. O

Lemma 3.3 (Approximations are integrable). Assume Setting [31. Then it holds for all n €
No, MeN,0e€0,te0,T],s€[t,T], v € R? that

T
U o u(s,x+ Wl ’Jr/ U ai(rye+ W)+ [(FUL ) (o + W] dr| < oo, (58)
t

Proof of LemmalZ.3. Throughout this proof let M € N, § € ©, x € R%. We claim that for all
n € Ny, t € [0,T], s € [t,T] it holds that

T
B{ [0 (s, + W]+ [ 02 W]+ | @)+ WL dr| <6 (59)
t

We now prove (59) by induction on n € Ny. For the base case n = 0, note that (53]) and the
fact that U§ 5, = 0 ensure that for all ¢ € [0,T], s € [t,T] it holds that

E[}Ug,M 5,0+ W) +/ |Uoas (2 + W)+ [(F(Ug ap)) (2 + W) dr}
(60)

< 00.

_E MT (FO)(r, + WP_,)| dr

This establishes (B9]) in the base case n = 0. For the induction step No > n —1 — n € N let
n € N and assume that for all k € NoN[0,n), t € [0,7T], s € [t,T] it holds that

E[}UﬁM s,z +WE) ‘—i—/ ‘U,va('r,:c—i-We )|+ [(F UkM))(r,x—i-Wf_t)} dr| < oo. (61)
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Observe that the triangle inequality and (B7) ensure that for all ¢t € [0,7], s € [¢t,T] it holds
that

[}UgM s, x4+ W]

0,0,—1) —i
MZEHQ x+W€t+W( 0, —.[/‘/;’\(‘9’07 ))

]

M
3 S E[|(FWS) - InOFED)) (RO, 2+ W+ WD, — w1)

s
l =1

n—l1

I
—

I~

|

(62)

Il
o

In addition, note that the fact that for all 7 € Z it holds that W and W% are independent
Brownian motions assures that for all ¢t € [0,7], s € [t,T], ¢ € Z it holds that

E[|g(e + W + W — w0 ] = E[lg(e + Wiyl = Ellgle +WE_)[] . (63)

Moreover, note that Lemma .2, the hypothesis that (W%)yce are i.i.d., the hypothesis that
(R%)gco are i.i.d., the hypothesis that (W%)sece and (R?)gece are independent, Lemma 2.3, and
the triangle inequality assure that for all ¢ € [0, T}, s € [t,T] it holds that

1 Ml
2 5 B[|(FOG) ~ WP (RO, o W2, + WD, — wioto)

i=1

3
I

|

(T~ S)EH (F(Uz(,%’o’) — In()F (U )) (R, &+ WL, + WG, W<9J70>)H

s

E

~
o

—

n—

(]

T
=

—1
<25 (T - S)EH (FUSEO) (RO, 2+ WE, + WD, — Ws(e’l’o))H :
=0

3

(64)

Furthermore, observe that Lemma B2 the fact that for all [ € Z it holds that W, W®:40)
R0 "and U9 are independent, and Lemma 2.3 demonstrate that for all t € [0,T], s € [t, T],
[ € NgN[0,n) it holds that

(T_S)EH(F(UZ%O))(R(“O r+ WP t_'_We;lOO) W(e,z,o))H

s

T
= [ B[P0+ WL+ WO — W] ar (65)

:/ E[}(F(Ul{%m))( T+ W 5)}] dr:/ E[[(F(U)(r,z+ WE)|] dr.

s

Combining this, (62), (63), and (64]) with (B3]), (61]), and Tonelli’s theorem establishes that for
all t € [0,T], s € [t,T] it holds that

E[|US yi(s,z+ W2)|]

1 & 6
SW; }g (x+W2E_) +22/ UIM)(T,ZL‘+WT7t)H dr 6)
1=0 t

15



This, Tonelli’s theorem, and (61]) imply that for all ¢ € [0, 7] it holds that

E{/tT]UfL,M(S,ijWft)} ds} :/ E[|US yi(s, 2+ WZ)|] ds
(67)

B[lg(z +Wr_,)]] +2Z/ F(U) (rz+ W] dr]m

The triangle inequality, Tonelli’s theorem, (@), and (55) hence prove that for all ¢ € [0, 7] it
holds that

E UtT (F(U ) (5,2 + WP,) ]ds} - /tTE[}(F(UiM))(s,ijWft)}] s

< [ B Wi - FO) e+ W Jas+ [ E[jEO) 6w f|as  (6)

s[ LUy (s, + WL >»]ds+[TE[»<F<o>><s,x+Wft>!}ds<oo-

Induction, (66), and (67]) hence establish (59). The proof of Lemma B3] is thus completed. [

3.3 Upper bound for the exact solution

In this subsection we establish the upper bound (€9) below for the exact solution which is
well-known in the literature and included here for the reason of being self-contained.

Lemma 3.4 (Upper bound for exact solution). Assume Setting[31. Then it holds that

sup (Eﬂu(t, &+ Wt)m )1/2

t€[0,T]

< | Ellgc+ W) +TIFOL] . (69)

Proof of Lemma[3.4 Throughout this proof let W: [0, T] x  — R? be a standard Brownian
motion with continuous sample paths, assume that W and W are independent, let y;: B(RY) —
[0,1], t € [0, T], be the probability measures which satisfy for all t € [0, 7], B € B(R%) that

1(B) = P(€ + W, € B), (70)

and assume w.lo.g. that E[|g(¢ + Wy)[*] + ||F(0); < co. Observe that the integral transfor-
mation theorem, (Bd), and the triangle inequality assure that for all ¢ € [0, T] it holds that

1/ 1/ /2
(Ellote &+ W) = ElJutt € + 0] = ([ futto)P o))

( /}R ) 2 ut(dfc)>l/2
(

/}Rd E[g(z + Wr_y)] ‘2 Mt(daz))l/2 + </]Rd E [/tT(F(u))(s, r+ Wg_y) ds]

Jensen’s inequality hence assures that for all ¢ € [0, T] it holds that

E [g(:c +Wr_y) + /tT(F(u))(s, r+ We_y) ds]

IN

2 12
Mt(dx)> :

(71)

1/2
E[lg(e + Wr_o)[’] m(dx))

</t E@ s+ W) dS) 2] m(dx)>l/2. (72)

16

(B lutt.¢ + WoP])" < (/R

d

(/




Furthermore, observe that Lemma 23 (70), and the fact that W and W are independent
Brownian motions demonstrate that for all ¢ € [0, 7] it holds that

1/2 "
(/]R Ellg( + Wr_,)|’] Wm) = (E[lg(¢ + W + Wr_)])"

— (E[lg(¢ +Wq)[2])".

In addition, note that Minkowski’s integral inequality, Lemma 23], (70), and the fact that W
and W are independent Brownian motions imply that for all ¢ € [0, 7] it holds that

(/tT ‘(F(U))(S,:c + stt)‘ ds) 2] ut(dx)>l/2
/ (/]RdE (5,24 Wo)l] Mt(d:t))l/2 ds (74)

- [ @I e W WP s [ @) WP

This, the triangle inequality, and ([6]) assure that for all ¢ € [0, T it holds that

</]Rd ) </tT ‘<F(u))(s’ o Ws*t)‘ ds) 2] “t(dx)>l/2

S/t (E[I(FO)(s,€ + W)[2])” ds + / (E[(F(u) — FO)(s.6 + Wo)[2])* ds  (T9)

(73)

< [ EIEO)er WoR))™ ds+ [ (B[Lu(s,6 + W) ds

Furthermore, note that Jensen’s inequality and ([7]) ensure that for all ¢ € [0,7") it holds that
T
1/2
| ENFEO) s WoP)™ is
¢

T Yo

— -0 (ks [ EIEO)s e+ W) as)
t

T 1/2 (76)
< (-0 (5 [ BIEO)6.+ WP )
T 1/2
< VI ([ EIE) .6+ WP as) = TR0
Combining this with (72)), ([3]), and (7)) implies that for all ¢ € [0, T it holds that
(E[Ju(t, & + W,)[2))"*

. r . ()
< Ello(s + WP + TP+ L [ (Bllu(s.€ + WoP])" ds

The hypothesis that fo E[u(t, & + W) ])I/ * dt < oo and Gronwall’s integral inequality hence
establish that for all ¢ € [0, 7] it holds that

(B[u(t, €+ WP])™* < 400 [(E[lg(é + Wa)P]) + TIFO)]1]

< e [(Elg(¢ + W) + TIFO)L] .

The proof of Lemma [3.4] is thus completed. O

(78)
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3.4 Error analysis for multilevel Picard approximations

Theorem 3.5. Assume Setting[31 and let N,M € N. Then it holds that

(B][03,0.0) ~ 0.0} < 7 [(Ellote + W)} + Tleo)),] So0H 2D

(79)

Proof of Theorem[Z3. Throughout this proof assume w.l.o.g. that E[|g(£ + W) |2] +[F(0)|, <
oo. Note that Item (fl) in Lemma 2.6l and Lemma B3] assure that for all n € N, k € Ny it holds
that

1O 0 = wlly, < 1Unas = E[UR sl + (B[O 00] = .- (80)

Next observe that Lemma 2.3, Item (il) in Lemma 2.9] Lemma B.2] Lemma [3.3] Corollary 2.5]
and the fact that for all € ©, t € [0,7] it holds that RY is uniformly distributed on [t, 7]
assure that for all t € [0,T], x € R*, n € N, i,j,k € Z, § € © it holds that

(T - tE[!(F(Ué?XZ’“))(R?“ x+ W(G(gj{) Wt(e,jvz‘)}]
T 3 .. ..
= [ E[ @ s w9 -] o
T
= / E[|(F(UL ) (s, 2+ WE)|] ds < cc.
t

Combining this with the fact that for all ¢ € [0, 7], § € © it holds that E Hg x+ Wh — WP H =
E[|g(z + W¥_,)|] < oo and (57) ensures that for all n € N, t € [0, 7], z € R it holds that

IE[UOM (t, 37 ZE[ T+ W}O’O’_i) _ Wt(o’o’_i))}]
n—1 (T B t) Ml ' |
Y S | D E(FOS) — i OF L)) (RO, e + Wi, - wi))
=0 i=1
(82)
This and (57) imply that for all n € N, k € No it holds that
1T ar = E[UR I,
= H 0,7) x RT x Q3 (t,2,w) = U 1y (1, 3,w) — E[US (1, 2)] |,
[0, 7] x R* x Q > (t,z,w)
M™n | | | |
= | 2w <[g (w+ W — Wt(o’o’fz))} (w)—E [g (z+ W00 — Wt(o,o,fz))D ] cR
i=1
n—1 k
+ 0,T] x R x Q> (t,2,w)
=0

M=l

%([(F(Ul(f;j’“)—HN(Z)F(U}_O’LX?))(REO’” o+ WD = W) @)

~E[(FU5") = IO FUL)) (RO 2+ WD, — Wé°’“’)]>] €R

(83)
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Moreover, note that Lemma 3.2, the hypothesis that (W%)yce are i.i.d., the hypothesis that
(R%)gco are ii.d., Item (fl) in Lemma 2.6 and Corollary ensure that for all [ € Ny it holds
that

([O,T] X RYx Q> (t,2,w0)
(0,1,2) (0,—1,7) (0,,2) (0,1,4) (0,,2) <84)
= [(F<Ul,M ) — HNU)F(UFI,M )) (Rt T+ ano,l,i) - W )] (w) € R)

1€EZ

are continuous i.i.d. random fields. Lemma 3.2, the hypothesis that (W?)gco are i.i.d., (83),
and Lemma therefore show that for all n € N, k € Ny it holds that

1U%0r = B[ 0]

1/2
< {Z ]ﬁ}z] [0, 71 xR x5 (12,0) = g+ WO w04 w) e R||

n—1
[ Sy I}Mn 1’2]1/ H[O,T] xRYx Q53 (t,z,w)
1=0

= (T =) [(FOUS) = IxOFP D) RO 2+ W, - W) @) e R

k

0, 7] x R% x Q 3 (¢, 2,w) — [g(x WO Wfovo’*”)] (w) € IRHk

[0, 7] x R x Q3 (t,z,w)

+
(]

M(n 1)

= (T =) [(FSY) = nOF L)) RO, 2+ W, - W) @) e R

(85)

Moreover, observe that Item (f) in Lemma .11] and the hypothesis that (W%)yce and W are
independent assure that for all £ € Ny it holds that
H[O,T] X RT3 (t,w) = [g(e+ WP = w00 () € RH
) (56)
= & (Eflgc+Wr)P])"

Furthermore, note that the hypothesis that (W?)geco are i.i.d., the hypothesis that (R%)sco
are i.i.d., the hypothesis that (W%co, (R%)sco, and W are independent, Lemma 3.2 and
Lemma imply that for all n € N, k € Ny it holds that

n—1
Z\/ﬁ [O,T] X Rd x5 (t,.’lﬂ',W)
=0

= (1= &) [(FUSY) = QPO D) RO 2+ W, - W) @) e R

k

n—1
0,l,1 0,—1,1
<Y gt |[FUSH) - 1 OF @D
=0

(87)

Item () in Lemma 28] the hypothesis that Ug,, = 0, and Lemma 29 therefore demonstrate
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that for all n € N, k € Ny it holds that

n—1
W [0, 7] x R* x Q > (t,z,w)
1=
= (1= 8) [(FWSY) = InOF L) RO, 2+ W, - W) @) e R
k
n—1
0 0
S L HF(UOM Hk+1 + \/ﬁ (HF(Ul,M) - F(U)HkJrl + HF(U) - F(Ul—l,M)Hkqtl)
=1
n—1 n—
0
< \/% ||F(0)||k+1 + Z M(n D) HUIM quH Z\/% HUl—l,M _qu+1]
=1 =1
n—1
2T (n_ (l ))LT
1=0
(88)
In addition, observe that ([7]) ensures that for all £ € Ny it holds that
T k
IEO) 7 =g | GE[IFO)(E+ W] dt
k
0
o 2 (89)
< g [ EIFO@E+ W] di = 4IFO)E
0
Combining this (85), (86), and (88) establishes that for all n € N, k € Ny it holds that
1Un s = EU a]]],
n—1
12 (2100 1y (D)LT
< ——— (E[lg(¢ + Wr)*]) + o 1 FO) )+ ) et || Uy — |, (90)
1=0

n—1
&MUMWK*WﬂWY*JW’ o]+ 3 SO Uty —
=0

Next observe that, (81)), (82), and (84) demonstrate that for all n € N, ¢t € [0,7], € R it
holds that

E[Uy 1 (t, )]

=ﬁ;;mme—wﬂ
+ ] (LZ? Z E[(F(UJ?M) - ILN(Z)F(UZO_LM))(Rg,x + ng — V[/to)}
- - n—1 (91)
= Elo(o + W = W) + (T 1) ( B[ (U (Rl 4 Wy — )]
1=0

— N E[F(UL, 1) (R, + Wiy — WP )
=E[g(z+Wp_,)] + (T - t)E [(F(U,?_LM)) (R?, @ + Wgo — W,?)] :
In addition, note that (55)), (B6]), Fubini’s theorem, and Lemma [2.4] assure that for all ¢ € [0, T,
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z € R? it holds that
u(t,z) = E[g(x + Wrp_y)] + /tTE[(F(u))(s, v+ W, —W,)| ds
= Elg(z + Wr_)] + (T = )E[(F(w))(R), 2 + Wgo — W,)] (92)
= E[g(z+ Wi_)] + (T — DE[(F(u))(R},z + Wiy = WP)] .
Combining this with (@) yields that for all n € N, ¢ € [0, 7], = € R? it holds that
E[U (¢ 2)] —u(t, z)
= (1= 1) (B[ (P01 00) (RE &+ Why = WD) | — E[(F) (R 2+ Wiy —W)]) (03
—E|(T = 1) (F(UZ_1 1) = F(u)) (R, + Wiy = WD)

Lemma 2.7, Lemma 210, Lemma 2.9 and Lemma hence show that for all n € N, k € Ny
it holds that

|E[UR vf] —ull, = ||10,T] x RT x Q3 (¢, 2,w)

— E[(T —1) (F(Ugfl,M) - F(“))(Rg’x + ng B Wto)} < RHk

IN

[0, 7] x R* x Q > (t,z,w)

(94)
= (T = 1) [(FUR_ p0) = F() (R, 2+ Wiy = W) (@) € R|
<T HF(U&LM) —F U)Hk+1
< LT HUrOL—l,M - quH ’
This, (80), and (O0) demonstrate that for all n € N, k € Ny it holds that
[Unar = ull,, < 7 [(EUQ(S - WT)|2D1/2 + T||F(0)||1}
n—1
n )
< % HUl M qu+1 + LT HU}@LLM - u”k-‘,—l
1=0
< i [Ellote + W) + TIFO) L] + 3 552 08—l
1=0
(95)
For the next step let €, € [0,00], n € [0, N] NNy, satisfy for all n € [0, N] NNy that
e = sup { = [0 = ull, : 5k € No,j+n+ k= N} (96)

and let a, as € [0,00) be given by
1/2
s [Ellge+ WP+ TIFO)), | and  a =207 (97)

Observe that (@5) implies that for all n € [1, N|NN, j,k € Ny with j+n+k = N it holds that

\/% HUYOL,M - u”k
< o= [Elloe + W) 1) + TIFO), | + Y o2l |08 — ull,,
=0

» 98
< \/ﬁ [(E[\g(f—i—WT)‘QD/ +THF<O>H1} +Z% (e _quH .

n—1
< a; + as E £l
=0
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Hence, we obtain for all n € [1, N]N'N that

n—1

n—1
En < ai + as ZE{ = (CLl + a260) + as ZE{. (99)
=0

=1

The discrete Gronwall-type inequality in [I, Corollary 4.1.2] hence proves that for all n €
[1, N] N N it holds that
En S ((ll + (1250)(1 + a2)"_1. (100)

This, (@), and (@6]) imply that

(E[|080.6) ~ u(0.&)])" = [URas — ully = x

< (ay + ageo)(1 4 ag)V ™ < max{ay, o} (1 + az)™. oy
Moreover, observe that
o0 M
S S = 5 Lo < T RZ:O M= (102)
Therefore, we obtain that
27172 el
a < [(Ello(¢ + WP+ TIFOL ] (103)

In addition, note that the hypothesis that Ug,, = 0, Item () in Lemma XTI, (I02), and
Lemma [3.4] ensure that

el 21\2 !
go= sup ——— < | sup (E||lu(t,E+W sup —
’ kef0,...N}y vV MN=F) t€[0,7] (E [Jul ) kefo,..., Ny VMO PR (104)
1V1/2
1/2 e
< " [(E[lg(e + Wo)P]) " + TIF O] 177
This and (I03]) assure that
i ) 1/2 eM/2
max{ar, 20} < 7 [(E[lg(& + W) )" + TP O] 175 (105)
Combining this with (@7) and (I0T]) establishes that
2]\ 1/ e"?(1 4 2LT)N
(E[[03000.8) — u0.0)]) " < 7 [®[1ate + W) + TP, ] - EEAED
(106)
The proof of Theorem is thus completed. O

3.5 Analysis of the computational effort

In Lemma below, for every n € Ny and every M € N let RV, 5; be an upper bound for
the number of realizations of random variables, which are scalar standard normal or uniformly
distributed on [0, 1] and required to compute one realization of U} ;,(0,0).

Lemma 3.6 (Computational effort). Let d € N, (RV,, pr)n.mez € No satisfy for alln, M € N
that RV y = 0 and

n—

1
RV, < dM™ + Y [M"™(d+ 1+ RViy +In() RVimi )] - (107)

1=0
Then it holds for all n, M € N that RV, p < d (5M)".
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Proof of Lemma(3.8. First, observe that (I07) and the fact that for all M € N it holds that
RV p = 0 imply that for all n € N, M € NN [2,00) it holds that

—

n—

(M™"RV, ) <d+ Y [M'(d+ 14 RV +1In(l) RVi_1 )]

n—2

> MRV,
=0

n—1
+ > MRV,
=0

M +

1
MRV | + i (108)

n—2
> MRV,
=0

=3d+2+ (14 3)

The discrete Gronwall-type inequality in [, Corollary 4.1.2] hence ensures that for all n € N,
M € NN [2,00) it holds that

(M™"RV,a) < (3d+2) (2+ )" (109)
This establishes that for all n € N, M € NN [2,00) it holds that
RV, n < (3d+2) 2+ &)" ™ M" < (5d)3"'M"™ < d(5M)". (110)

Moreover, observe that the fact that RVy; = 0 and (I07)) demonstrate that for all n € N it
holds that

n—1
RV, <d+z (d+1+RVy+Ix()RVi_yg) Sd+n(d+1)+2) RV (111)
1=1
Hence, we obtain for all n € N, k € NN (0, n] that
k-1
RVii <d+n(d+1)+2) RV,;. (112)

=1

Combining this with the discrete Gronwall-type inequality in [I, Corollary 4.1.2] proves that
for all n € N, k € NN (0, n] it holds that

RVi1 < (d+n(d+1))3"1 (113)

The fact that for all n € N it holds that (1 4 2n)3"~! < 5" hence shows that for all n € N it
holds that

RVy1 < (d+n(d+1)3""'=d (1+n(1+1))3" " <d(1+2n)3"" <d5" (114)
Combining this with (II0) completes the proof of Lemma O

Corollary 3.7. Assume Setting [31], and let § € (0,00), C € (0,00], (RVynm)nmez € Ny
satisfy for all n, M € N that

n—1

RVon =0,  RVuu <dM"+ )  [MO(d+ 1+ RV +In()RViiy)] . (115)
=0
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1/9 246 (2
ad € = [ [(E[lg(e + Wo))) + T | FO)],]] [g%} (116)

ne

Then it holds for all N € N that

—(249)

RV, < dC [(B[|U,(0,6) — u(0,6)1])"] (117)

Proof of Corollary[3.7 Throughout this proof let N € N, assume w.l.o.g. that C' < oo and
E[|UR n(0,€) —u(0,£)[*] >0, and let ¢, k, & € (0,00) be given by

=T [Elge+ WP+ TIFON, ], m=ve 20T, ()

1
and e = (B[|UR.x(0.6) —u(0.0)P])". (119)
Observe that Theorem (with N = N, M = N in the notation of Theorem B.5]) proves that

ceM2(1+2LT)N  crN

e < N2 = NVE (120)
Lemma hence demonstrates that
C:‘iN 240
RVyy < d(BN)Y = d(5N)Ne? o=+ < q(5N)N ( v /2) g=(2+9)
5 5 5
_ d (5N )N N+ )e_(2+5) g2t 5N (N (2+6) (249 (121)
NN+B N((N5)/2)
(246)\n
245 (5k ) —(2+96)
sdc [:gg n(9)/2) } c
In addition, observe that the fact that V/5e < 4 assures that
5210 < (VBe(1 + 2LT)) ) < (4(1 + 2LT)) 9 = (4 4+ 8LT)+). (122)
This and (I21) establish that
245 (4+8LT)"*] o5 _ —(249)
RVyny <dc ilelHI\)I 1P € =dCe¢ : (123)
The proof of Corollary B.7] is thus completed. O

Theorem 3.8. Letd € N, L, T,6 € (0,00), C € (0,00], £ € R%, © = U2, Z", et f € C([0, T]x
R¢ xR, R), g € C(RL,R), u € C([0,T] x R4 R) be at most polynomially growing functions,
let (2, F,P) be a probability space, let W: [0,T] x Q — R%, § € ©, be independent standard
Brownian motions with continuous sample paths, let t: Q — [0,1], § € O, be independent
Ujo 1)-distributed random variables, assume that (W%)pco and (t%)geco are independent, assume
for allt € [0,T], z € RY, v,w € R that

u(t,z) = E[g(x +W2_,) + ftTf(s, x4+ W2, u(s,z+W2,)) ds} : (124)
C = (125)
1/2 1/2 é n(2+48
T ((B[lge + WO + VT | [ B17 (s, 6+ W2, 0)P] as|”) | [sgng %} ,
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and | f(t,x,v) — f(t,z,w)| < Llv —w]|, let R?: [0,T] x @ = [0,T], 6 € ©, and U ,,: [0,T] x
9

RixQ — R, n,M €7, 0 € O, satisfy for alln,M € N, § € ©,t € [0,T], v € R that
n—1 Mt
7 0,1,0) (0,,i 0.1,4) /7o (0,1, 0.,
UL (L) = [ =Dy f(R( Wit Uiy (R >,x+W;§e,l,’iLt>)
1=0 i=1 . 00 (126)
0,0, (0.1,3) 0,0, o) (0.0,6) gl +Wp2 ™)
(R W U, )] 3 S
and let (RV,, ar)n,men, € No satisfy for all n, M € N that RV = 0 and
n—1
RV, < dM™ + ) " [M"™(d+ 1+ RViy +Ix() RVimy )] - (127)
1=0

Then
(i) it holds that limsup,, . E[|u(0,£) — U2 (0,€)*] =
(i1) it holds that C < oo, and

(iii) it holds for all N € N that RV y n < dC [(E[[u(0,€) — U% v(0,6)[2])"*]"**.
Proof of Theorem[Z8. Throughout this proof let F': C([0,7] x R4, R) — C([0,T] x R4, R) be
the function which satisfies for all v € C([0,T] x R%, R), t € [0,T], z € R? that

(F(v))(t,z) = f(t,z,0(t, x)). (128)
Observe that the hypothesis that for all ¢ € [0,T], € R?, v,w € R it holds that |f(t, z,v) —
f(t,z,w)| < Ljv — w| ensures that for all v,w € C([0,T] x R, R), t € [0,T], x € R? it holds
that

Moreover, note that the hypothesis that f: [0,7] x R x R — R, g: R? = R, and u: [0,T] x
R¢ — R are at most polynomially growing functions and the fact that for all p € (0, 00) it
holds that

E[SUPte[QT} ||Wt0||%d] <0 (130)

demonstrate that

Mwawm+/(Mwaaw®mﬂws
0 (131)

+[EWN)Wx+W%HH(UWw+WLM@<m

Combining this and (I29) with Theorem B.5] establishes Item (f). In addition, observe that the
hypothesis (I30) and the hypothesis that f: [0,7] x R x R — R and g: R — R, are at most
polynomially growing functions ensure that

[eLT((E[|g(§ + W) })/2 +VT Uo E[|f(s, &+ W, 0)] ds‘w)rM < 00. (132)

The fact that
5
(4 + 8LT)n(2+5) B [(4 + 8LT)2(2+5)/5]" /2
Sub 1 ((n8)/2) - oW

neN neN n'

00 2(2 n\ 72 133
S PR

=1

exp(g [ 4+ 8LT) 2+5)/5D < 00
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hence establishes Item (). In addition, observe that (129), (I31]), and Corollary B.7 establish
Item (il). The proof of Theorem B.§ is thus completed. O

3.6 Existence, uniqueness, and regularity properties for solutions of
certain stochastic fixed point equations

In this subsection we employ in Corollary B. 1Tl below the Banach fixed point theorem to establish
the existence of unique solutions of certain stochastic fixed point equations (cf. (I124]) above and
(I43) below). Our proof of Corollary B.IT] uses Lemma [3.9] and Lemma below. Lemma
and Lemma [B.10] establish basic a priori estimates for such stochastic fixed point equations.

Lemma 3.9. Let (2, F,P) be a probability space, let T,p, L € [0,00), d € N, f € C([0,T] x
RYxR,R), g € C(RLR), u € C([0,T] x RY, R) satisfy for allt € [0,T], x € R, v,w € R that
max{|f(t, 2, 0)|, lg(@)|, [u(t, 2) } < L(L+ |2]2) and | f(t,2,0) — f(t,2,w)] < Llv — w], and
let W:[0,T] x Q — R® be a standard Brownian motion with continuous sample paths. Then it
holds for allt € [0,T], x € R that

E[lg(w+ Wr_ol + [T 17 (5,2 + W, uls, 2 + W) | ds]
< 27O L(LT T 1) (L [+ E[IWr ) e
< (L (LT + T+ 1) (L+E[|Wrlg])) (1+ el < oo.

Proof of Lemma[3.9. Observe that for all t € [0, 7], x € R it holds that

E[lg(z + Wr_)l] < E[LO+ o+ Wr_|2)] = L (1 +E[[|lz + Wr_|%.])
< 2ma =LV (14 |22, + E[|Wr—e|2a]) (135)
< oma =LV (1 4 2|2, + E[|Wr|2u]) -

Moreover, note that for all t € [0, 7], € R it holds that
. T
E [ft |f(s,2 4+ Wep,u(s,z + W,y))]| ds} = / E Uf(s, T4+ Weg,u(s, x4+ Wi_y)) }] ds
t
T
< / E Df(s, x+ Wy, u(s,xz+ Ws,t)) — f(s, x+ Wy, 0) ‘ + }f(s, x+ Wiy, 0) }] ds
- (136)
< [ BlLluts.o+ W |+ 15+ Weer, 0)] ds
o
< / E[Llu(s,z + Was)| + L(L+ | + Woi|%..)] ds.
t
Hence, we obtain that for all ¢ € [0,T], € R it holds that
E[ftT‘f(S’ x4+ We_g,u(s,z+ Ws_t)) ‘ ds]
T
< L/ Ellu(s,z + Wey)| + 1+ ||z 4+ We_e|[2.u] ds
o
< L/ E[L(1 + || 4+ We|[20) + 1+ |z + Woy|Pu] ds (137)
t
T
= L(L+1) U 1+ E{llz + W[ %] ds}
t
T
< omax{p=LO} (T, 4 1) [/t L+ ||z|pg + B[ Wt ||] ds] :
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Therefore, we obtain that for all ¢ € [0, 7], z € R? it holds that
E[ftT‘f(S’ x4+ We_g,u(s,z+ Ws_t))} ds]

T
< gm0} (], 4 1) {/ 1t )% + B[ Wee|2] ds} (138)

t

<L LT(L 4 1) (14 |J2)2 + E[IWrl2.]) -
Combining this with (I33]) establishes (I34]). The proof of Lemma .9 is thus completed. [

Lemma 3.10. Let (Q, F,P) be a probability space, let T,p, L € [0,00),d € N, u,v € C([0,T] x
R4 R), f € C([0,T] x RY x R, R) satisfy for allt € [0,T], v € RY, a,b € R that |f(t,z,a) —
f(t,z,b)| < Lla—b|, and let W : [0, T|xQ — R? be a standard Brownian motion with continuous
sample paths. Then it holds for allt € [0,T], x € R, X € (0,00) that

A E[LTV(S’ x4+ We_g,u(s,z+ Ws_t)) — f(s, x4+ Ws_,v(s,x+ Ws_t)) ‘ ds}

3 [ omax{p=LO} T, (1 4 |||, + E[[|Wr|[B]) “up sup (eks‘u@,y) —v(s,y)\)

o I A s€[t,T) yeR4 (1+ ”y”%d) (139)
[ gmax{p—1.0} [ (1 4 E[||Wp||" eMlu(s,y) —v(s,y

S ( )\ [ ]Rd]) sup sup ( | (1 ) - ( )‘) (1 + Hx”%d) )
I s€[t,T) yeR4 (1+ Hy”]Rd>

Proof of Lemma[ZI0. Observe that for all t € [0,T], x € R? it holds that
E [ftT}f(s, T+ Wepul(s,x+Wey)) — f(s,2+ Wy, v(s,z + Wey))]| ds]

— /TE[’f(S, x+ W u(s,z+ Ws_t)) — f(s, r+ W u(s,z+ Ws_t)) }] ds
f o (140)
< L/t E[}u(s, x4+ Wsy) —v(s,x+ Ws_t)}] ds

_ L/TE[(|U(S,ZL‘ + Wiy) —v(s,z+ Wi_y)|
. 1+ ||x+WS_t||%d

) (1+ [z + Wst”%d)] ds.
Therefore, we obtain that for all ¢ € [0,T], z € R? X € R it holds that

E [ S f (502 + Wi, uls, o+ W) = f (.2 + Wisg,v(s, @ + Wisy)) | dS]
< L/t E <sup [\u(s,y) _ v(s,y)|]) (L4 llz + Wei|%a)

yera | 14 [|ylga
<L [/TeAsE[(l—l—HerW 1 )]ds] W s (6A5|U(S,y)—v(s,y)\)
< e
t R s€[t,T] yeR4 (14 lylE.a)

T As —
S Qmax{Pfl,O}L |:/ efAs (1_'_ ”xH%d_'_E[”WTH%d])dS} lsup sup (6 |u(5>y) 'U(S,y)|)] )

: selt,T] yeRd (1 + llylika)

ds

(141)
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This shows that for all t € [0, 7], z € R%. )\ € (0, 00) it holds that

MR |:j;€T}f($’ x4+ Wiy, u(s,z + Ws_t)) — f(s, x4+ Wy, v(s,x + Ws_t))} ds]

T As —
< gmax{p—1,0} 1 / A=) (1 + ||5L'||%d + E[HWTH%d]) d$:| [ sup sup (6 |U(S,y> U<37 y)‘)]
t

L s€[t,T] yeR4 (1 + ||y||151){d)
_ [t M u(s,y) — v(s,
= om0 [ ] (1 ol + B[R] | sup sup (L)
L O s€ft,T] ycRd (1 + ”y”]Rd>

[o0 eMlu(s,y) — v(s,
< om0 [Fe ] (1 ol + E[IWrl]) | sup sup (L2l
K e T i)

B gmax{p=10} [, (1 4 ). + E[[Wr|2.]) s sup <6A5|u(s,y) — (s, y)\)
A s€[t,T] yeRd (1 + llyllga)
(142)
This establishes (I39). The proof of Lemma [3.J0is thus completed. O

Corollary 3.11. Let (Q,F,P) be a probability space, let T,p,L € [0,00), d € N, f €
C(0, 7] x R* x R,R), g € C(R%4R) satisfy for all t € [0,T], € R%, v,w € R that
max{|g(z)|,|f(t,z,0)|} < L(1+||z|n.) and |f(t,z,v)=f(t,z,w)| < Llv—w|, and let W : [0,T]x
Q — R? be a standard Brownian motion with continuous sample paths. Then there exists a
unique continuous function u: [0,T] x R — R such that for allt € [0,T], x € R? it holds that

lu(s.y)|
SUPse(o0,7] SUPyeRrd (1+”y”%d) < 0o and

u(t,z) =E [g(x + Wr_y) + ftTf(s, x4+ W u(s,z+ Ws_t)) ds} ) (143)

Proof of Corollary[3.11. Throughout this proof let V be the set given by

t
V=<{uecC(0,T] x R, R): | sup sup (L’x)}i) < 00 (144)
tefo.1]zere \ (1 + [[7]za)
and let ||-]|, : V — [0,00), A € R, be the functions which satisfy for all A € R, v € V that
e*lu(t, z))|
|ul|, = sup sup (7’) : (145)
Y e zera \(1+ [|2[[Fa)

Observe that Lemma ensures that there exists a unique function ®: ¥V — V which satisfies
forallu e V, t € [0,T], x € R? that

(®(u))(t,z) = E[g(x + Wr_y) + LTf(s, T+ Wi, u(s, x + Wy_y)) ds} : (146)

Moreover, note that Lemma proves that for all A € (0,00), u,v € V it holds that

2max{p—1,0}L 1+ E ”WTHP
5() — B0, s[ (L BIWrlgal) |y, — o, (147)
Combining this with Banach’s fixed point theorem establishes (I43]). The proof of Corollary B.11]
is thus completed. H
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