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Abstract

For a parameter dimension d € N, we consider the approximation of many-parametric maps
u: [-1,1]¢ — R by deep ReLU neural networks. The input dimension d may possibly be large,
and we assume quantitative control of the domain of holomorphy of u: i.e., u admits a holomor-
phic extension to a Bernstein polyellipse £,, x ... x &,, C C? of semiaxis sums p; > 1 containing
[~1,1]%. We establish the exponential rate O(exp(—bN'/(@+1)) of expressive power in terms
of the total NN size N and of the input dimension d of the ReLU NN in W1>°([—1,1]¢). The
constant b > 0 depends on (pj);-l:l which characterizes the coordinate-wise sizes of the Bernstein-
ellipses for u. We prove exponential convergence in stronger norms for the approximation by
DNNs with more regular, so-called “rectified power unit” (RePU) activations.
Key words: Deep ReLU neural networks, approximation rates, exponential convergence
Subject Classification: 41A25, 41A10, 41A46
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1 Introduction

In recent years, so-called deep artificial neural networks (‘DNNSs’ for short) have seen a dramatic
development in applications from data science and machine learning.

Accordingly, after early results in the ’90s on genericity and universality of DNNs (see [22] for
a survey and references), in recent years the refined mathematical analysis of their approxima-
tion properties has received increasing attention. A particular class of many-parametric maps
whose DNN approximation needs to be considered in many applications are real-analytic and
holomorphic maps. Accordingly, the question of DNN expression rate bounds for such maps has
received some attention in the approximation theory literature [16, 17, 7].

It is well-known that multi-variate, holomorphic maps admit exponential expression rates
by multivariate polynomials. In particular, countably-parametric maps v : [-1,1]° — R can
be represented under certain conditions by so-called generalized polynomial chaos expansions
which, in turn, can be N-term truncated with controlled approximation rate bounds in terms
of N. The polynomials which appear in such expansions can, in turn, be represented by DNN,
either exactly for certain activation functions, or approximately for example for the so-called
rectified linear unit (“ReLU”) activation with exponentially small representation error [13, 26].

The purpose of the present paper is to establish corresponding DNN expression rate bounds in
Lipschitz-norm for high-dimensional, analytic maps u : [~1,1]¢ — R. We focus on ReLLU DNNs,
but comment in passing also on versions of our results for other DNN activation functions.
Next, we briefly discuss the relation of previous results to the present work and also outline the
structure of this paper.

1.1 Recent mathematical results on expressive power of DNNs

The survey [22] presented succinct proofs of genericity of shallow NNs in various function classes,
as shown originally e.g. in [11, 10, 15] and reviewed the state of mathematical theory of DNNs
up to that point. Moreover, exponential expression rate bounds for analytic functions by neural
networks had already been achieved in the ’90s. We mention in particular [17] where smooth,
nonpolynomial activation functions were considered.

More closely related to the present work are the references [7, 16]. In [16], approximation
rates for deep NN approximations of multivariate functions which are analytic have been inves-
tigated. Exponential rate bounds in terms of the total size of the NN have been obtained, for
sigmoidal activation functions. In [7], DNN approximation of certain functions u : [-1,1]¢ — R
which admit holomorphic extensions to C* by deep ReLLU NNs has been considered. In partic-
ular, it was assumed that « admits a Taylor expansion about the origin of C¢ which converges
absolutely and uniformly on [—~1,1]¢. Tt is well-known that not every u which is real-analytic
in [~1,1]¢ admits such an expansion. In the present paper, we prove sharper expression rate
bounds for both, the ReLLU activation o; and RePU activations o, for functions which merely
are assumed to be real-analytic in [~1,1]¢, in L>°([—1,1]%) and in stronger norms thereby gen-
eralizing both [7] and [16].



1.2 Contributions of the present paper

We prove exponential expression rate bounds of DNNs for d-variate, real-valued functions which
depend analytically on their d inputs. Specifically, for holomorphic mappings u : [-1,1]¢ — R,
we prove expression error bounds in L>([—1,1]%) and in W*>°([~1,1]4), for k € N (the precise
range of k depending on properties of the NN activation o). We consider both, ReLU activation
o1 :R— Ry 2+ x4 and RePU activations o, : R — Ry :  — (x4)" for some integer r > 2.
Here, 24 = max{x,0}. The expression error bounds with o; as activation are in W*°([—1,1]%)
and of the general type O(exp(—bN'(4+1)) in terms of the NN size N and with a constant
b > 0 depending on the domain of analyticity, but independent of N (however, with the constant
implied in the Landau symbol O(-) depending exponentially on d, in general). With activation
o, for r > 2, the bounds are in W*>°([-1,1]¢) for arbitrary fixed k € N and of the type
O(exp(—=bN'/?)) in terms of the NN size N. For all r € N, the parameters of the o,-neural
networks approximating u (so-called “weights” and “biases”) are continuous functions of u in
appropriate norms.

1.3 Outline

The structure of the paper is as follows. In Section 2, we present the definition of the DNN
architectures and fix notation and terminology. We also review in Section 2.2 a “ReLU DNN
calculus”, from recent work [21, 8], which will facilitate the ensuing DNN expression rate analy-
sis. A first set of key results are ReLU DNN expression rates in W1 ([—1,1]¢) for multivariate
Legendre polynomials, which are proved in Section 2.3. These novel expression rate bounds are
explicit in the W *-accuracy and in the polynomial degree. They are of independent interest
and remarkable in that the ReLU DNNs which emulate the polynomials at exponential rates,
as we prove, realize continuous, piecewise affine functions. They are based on [13, 26]. The
proofs, being constructive, shed a rather precise light on the architecture, in particular depth
and width of the ReLU DNNSs, that is sufficient for polynomial emulation. In Section 2.4, we
briefly comment on corresponding results for RePU activations; as a rule, the same exponential
rates are achieved for slightly smaller NNs and in norms which are stronger than W,

Section 3 then contains the main results of this note: exponential ReLU DNN expression
rate bounds for d-variate, holomorphic maps. They are based on a) polynomial approximation
of these maps and on b) ReLU DNN reapproximation of the approximating polynomials. These
are presented in Sections 3.1 and 3.2. Again we comment in Section 3.3 on modifications in
the results for RePU activations. Section 4 contains a brief indication of further directions and
open problems.

Acknowledgement: SNSF Early Postdoc.Mobility Fellowship 184530 to JZ. Research per-
formed in part during a visit to the CRM Montreal, Canada, of CS and JZ in May 2019.

1.4 Notation

We adopt standard notation consistent with our previous works [29, 30]: N = {1,2,...} and
Np := NU{0}. We write Ry := {z € R: z > 0}. The symbol C will stand for a generic, positive
constant independent of any asymptotic quantities in an estimate, which may change its value
even within the same equation.

In statements about polynomial expansions we require multiindices v = (Vj) j=1,..d € Ng for

d € N. The total order of a multiindex v is denoted by |v|; := 2?21 v;. The notation supp v

stands for the support of the multiindex, i.e. suppv = {j € {1,...,d} : v; # 0}. The size of the
support of v € N¢ is |supp v|; it will, subsequently, indicate the number of active coordinates

in the multivariate monomial term y* := H?Zl y;/j .



A subset A C N¢ is called downward closed, if v = (l/j)?zl € A implies p = (ﬂ)?:l € A for
all u < v. Here, the ordering “<” on N¢ is defined as pj <wj, forall j=1,...,d. We write |A]
to denote the finite cardinality of a set A.

We write B. := {z € C : |z|] < €}. Elements of C? will be denoted by boldface characters
such as y = (yj).‘f:1 € [-1,1] c C% Forv € Ng, standard notations y* := H;l:l y}’j and
vl = H?:l v;! will be employed (with the conventions 0! := 1 and 0° := 1). For finite index sets
A C N¢ we denote Py := span{y” },ex.

2 Deep neural network approximations

2.1 DNN architecture

We consider deep neural networks (DNNs for short) of feed forward type. Such a NN f can
mathematically be described as a repeated composition of linear transformations with a nonlin-
ear activation function.

More precisely: For an activation function o : R — R, a fixed number of hidden layers
L € N, numbers N, € N of computation nodes in layer £ € {0,...,L}, f : RNo — RNt+1 g
realized by a feedforward neural network, if for certain weights w j € R, and biases bé eRit

holds for all 2 = (;)~°,

No
z;:a<2w}7jxi+b}>, jef{l,...,N}, (2.1)

i=1
and
#4tl =g (Zu/“ ‘+b”1> . le{l,...,L—1}, je{l,...,Nu1}, (2.2)
and finally
Npi1
f((E) (ZL—H NL+1 _ (Z U)L+1 L bL+1> (2 3)
J . .
j=1

In this case n = Ny is the dimension of the input, and m = Ny is the dimension of the output.
Furthermore zf denotes the output of unit j in layer £. The weight w ; has the interpretation
of connecting the ith unit in layer £ — 1 with the jth unit in layer £.

Except when explicitly stated, we will not distinguish between the network (which is defined
through o, the wf’j and b?) and the function f : RNo — RNz+1 it realizes. We note in passing that
this relation is typically not one-to-one, i.e. different NNs may realize the same function as their
output. Let us also emphasize that we allow the weights wf,j and biases b? for¢ e {1,...,L+1},
ie€{l,...,Ny—1}and j € {1,..., Ny} to take any value in R, i.e. we do not consider quantization
as e.g. in [1, 21].

As is customary in the theory of NNs, the number of hidden layers L of a NN is referred to
as depth? and the total number of nonzero weights and biases as the size of the NN. Hence, for
a DNN f as in (2.1)-(2.3), we define

size(f) = [{(6,5,0) - wi; # O} +[{(j;€) : b; #0}[  and  depth(f) := L.

Tndex sets with the ”downward closed” property are also referred to in the literature [18] as lower sets.

2In other recent references (e.g. [19]), slightly different terminology for the number L of layers in the DNN differing
from the convention in the present paper by a constant factor, is used. This difference will be inconsequential for all
results that follow.




In addition, sizei, (f) := |{(4,]) : wild» #£0}H+{J : b} # 0} and sizeou (f) := |{(¢,7) : wile #
0+ H{j : bJLH # 0}, which are the number of nonzero weights and biases in the input layer
of f and in the output layer, respectively.

The proofs of our main results Theorem 3.7 and Theorem 3.9 are constructive, in the sense
that we will explicitly construct NNs with the desired properties. We construct these NNs
by assembling smaller networks, using the operations of concatenation and parallelization, as
well as so-called “identity-networks” which realize the identity mapping. Below, we recall the
definitions. For these operations, we also provide bounds on the number of nonzero weights in
the input layer and the output layer of the corresponding network, which can be derived from
the definitions in [21].

2.2 DNN calculus
Throughout, as activation function o we consider either the ReLLU activation function

o1(z) := max{0,x} reR (2.4)
or, as suggested in [16, 14, 12], for » € N, r > 2, the RePU activation function

or(z) ;== max{0,z}" x € R. (2.5)

If a NN uses o, as activation function, we refer to it as o,-NN. ReLU NNs are referred to as
01-NNs. We assume throughout that all activations in a DNN are of equal type.

Remark 2.1 (Historical note on rectified power units). “Rectified power unit” (RePU) activa-
tion functions are particular cases of so-called sigmoidal functions of order k € N for & > 2,
ie. limy o0 % =1, lim; o ”if =0 and |o(z)| < K(1+ |z|)* for + € R. The use of NNs
with such activation functions for function approximation dates back to the early 1990’s, cf. e.g.
[16, 14]. In fact, proofs in [16, Section 3] proceed in three steps. First, a given function f was
approxzimated by a polynomial, then this polynomial was expressed as a linear combination of
powers of a RePU, and finally it was shown that for r > 2 and arbitrary A > 0 the RePU o,
can be approzimated on [—A, A] with arbitrary small L*°([—A, A])-precision € by a NN with a
sigmoidal activation function of order k > r, which has depth 1 and fized network size ([16,
Lemma 3.6]).

The exact realization of polynomials by o.-networks for r > 2 was observed in the proof of
[16, Theorem 3.3], based on ideas in the proof of [3, Theorem 8.1]. The same result was recently
rediscovered in [12, Theorem 6], whose authors were apparently not aware of [3, 16].

We now indicate several fundamental operations on NNs which will be used in the following.
These operations have been frequently used in recent works [21, 19, §].

2.2.1 Parallelization

We now recall the parallelization of two networks f and g, which in parallel emulates f and g. We
first describe the parallelization of networks with the same inputs as in [21], the parallelization
of networks with different inputs is similar and introduced directly afterwards.

Let f and g be two NNs with the same depth L € Ny and the same input dimension n € N.
Denote by ms the output dimension of f and by m, the output dimension of g. Then there
exists a neural network (f, g), called parallelization of f and g, which in parallel emulates f and

g, i.e.
(f,g):R" > R™ xR™ : & — (f(x),g(x)).

It holds that depth((f, g)) = L and that size((f, g)) = size(f)-+size(g), sizewm ((f, g)) = sizein (f)+
sizein(g) and sizeous ((f, 9)) = sizeous (f) + sizeous (g)-



We next recall the parallelization of networks with inputs of possibly different dimension
as in [8]. To this end, we let f and g be two NNs with the same depth L € Ny whose input
dimensions n; and n, may be different, and whose output dimensions we will denote by m; and
mg, respectively.

Then there exists a neural network (f, g) 4, called full parallelization of networks with distinct
inputs of f and g, which in parallel emulates f and g, i.e.

(fy9)q : R™ x R"™ — R™ x R™ : (x,2) — (f(x),9(x)).

It holds that depth((f,g)y) = L and that size((f,g),) = size(f) + size(g), sizein((f,9)q) =
sizein (f) + sizein(9) and sizeou ((f, 9)4) = sizeout (f) + sizeous(9)-

Parallelizations of networks with possibly different inputs can be used consecutively to em-
ulate multiple networks in parallel.

2.2.2 Identity networks

We now recall identity networks ([21, Lemma 2.3]), which emulate the identity map.
For all n € N and L € Ny there exists a o1-identity network Idg~ of depth L which emulates
the identity map Idg~ : R® — R" : & — 2. It holds that

size(Idgn) < 2n(depth(Idgn) + 1), sizej, (Idgn) < 2n, sizeout (Idgn) < 2n.

Analogously, for r > 2 there exist o.-identity networks. To construct them, we use the
concatenation f e g of two NNs f and g as introduced in [21, Definition 2.2]. As we shall make
use of it subsequently in Propositions 2.3 and 2.4, we recall its definition here for convenience
of the reader.

Definition 2.2 ([21, Definition 2.2]). Let f, g be such that the output dimension of g equals the
input dimension of f, which we denote by k. Denote the weights and biases of f by {uf,j}i,M and
{al};.e and those of g by {v{ ;}ije and {cS}; . Then, the NN f e g emulates the composition
x — f(g(x)) and satisfies depth(f e g) = depth(f) + depth(g). Its weights and biases, for
£=1,...,depth(f) + depth(g), are given by

Vi, ¢ < depth(g), 'y ¢ < depth(g),
wf_’j = 25:1 vﬁqu;j ¢ =depth(g) + 1, b? = Z’;Zl cf;u;j + a} ¢ = depth(g) + 1,
uf,;depth(g) ¢ > depth(g) + 1, aﬁ_depth(g) ¢ > depth(g) +1

L

Proposition 2.3. Forallr > 2, n € N and L € Ny there exists a o.-NN Idgn of depth
emulates the identity function Idg» : R® — R" : © — x. It holds that

which

size(Idgn) < nL(4r% + 2r), sizei, (Idgn ) < 4nr, sizeout (Idgn ) < n(2r + 1).

Proof. We proceed in two steps: first we discuss L = 1, then L > 1.
Step 1. It was shown in [12, Theorem 5] that there exist (ay)i_, € R™"* and (by);_, € R”
such that for all x € R

T =ag+ Zak(ﬂc +bp)" =ao+ Zakor(x + b) + Z ar(—=1)"op(—x — bg).
k=1 k=1 k=1

This shows the existence of a network Idg: : R — R of depth 1 realizing the identity on R.
The network employs 2r weights and 2r biases in the first layer, and 2r weights and one bias
(namely ag) in the output layer. Its size is thus 6r + 1.

Step 2. For L > 1, we consider the L-fold concatenation Idg: e - - @ Idg: of the identity
network Idg: from Step 1. The resulting network has depth L, input dimension 1 and output



dimension 1. The number of weights and the number of biases in the first layer both equal 2r,
the number of weights in the output layer equals 2r, and the number of biases 1. In each of the
L — 1 other hidden layers, the number of weights is 472, and the number of biases 2r. In total,
the network has size at most 47 + (L — 1)(4r? + 2r) + 2r + 1 < L(4r? + 2r), where we used that
r>2.

Identity networks with input size n € N are obtained as the parallelization with distinct
inputs of n identity networks with input size 1. O

2.2.3 Sparse concatenation

The sparse concatenation of two 01-NNs f and g was introduced in [21].

Let f and g be 01-NNs, such that the number of nodes in the output layer of g equals the
number of nodes in the input layer of f. Denote by n the number of nodes in the input layer of
g, and by m the number of nodes in the output layer of f. Then, with “e” as in Definition 2.2,
the sparse concatenation of the NNs f and g is defined as the network

fog:= feldg eg, (2.6)
where Idgx is the oi-identity network of depth 1. The network f o g realizes the function
fog:RY S R™:z > (f(g(x)), (2.7)

i.e., by abuse of notation, the symbol “o” has two meanings here, depending on whether we
interpret f o g as a function or as a network. This will not be the cause of confusion however.
It holds depth(f o g) = depth(f) + 1 + depth(g),

size(f o g) = size(f) + sizein(f) + sizeout(g) + size(g) < 2size(f) + 2 size(g) (2.8)
and

o (foa — dSizem(g)  depth(g) > 1, : oy Isizeaue(f) depth(f) > 1,
At {QSiZGin(Q) depth(g) =0, SitCou(f 0 9) = {QSizeout(f) depth(f) = 0.

For a proof, we refer to [21].
A similar result holds for ¢,-NNs. In this case we define the sparse concatenation fog as in
(2.6), but with Idgs now denoting the o,.-identity network of depth 1 from Proposition 2.3.

Proposition 2.4. Forr > 2 let f,g be two o,.-NNs such that the output dimension of g, which
we denote by k € N, equals the input dimension of f, and suppose that sizein (f), sizeout(g) > k.
Denote by f o g the o.-network obtained by the o.-sparse concatenation.

Then depth(f o g) = depth(f) + 1 + depth(g) and

size(f o g) < size(f) + (2r — 1) sizein (f) + (2r + 1)k + (2r — 1) sizeout (9) + size(g)
<size(f) + 2rsizein (f) + (4r — 1) sizeous (g) + size(g) (2.9)
< (2r + 1) size(f) + 4r size(g).

Furthermore,
i in h Z 1)
sizenn(f o g) < 4 (9) . depth(g)
2r sizein (g) + 2rk < 4rsize;,(g) depth(g) =0,
i h >1
sizeon(f 0 g) < 51ze'0ut(f) ‘ depth(f) > 1,
2rsizeout (f) + k < (2r 4+ 1) sizeout (f)  depth(f) = 0.



Proof. 1t follows directly from Definition 2.2 and Proposition 2.3 that depth(fog) = depth(f)+
1+depth(g). To bound the size of the network, note that the weights in layers £ = 1,. .., depth(g)
equal those in the first depth(g) layers of g. Those in layers £ = depth(g) +2,...,depth(g)+2+
depth(f) equal those in the last depth(f) layers of f. Layer £ = depth(g) + 1 has 2r sizeout(g)
weights and 2rk biases, whereas layer ¢ = depth(g) + 2 has 2r sizej, (f) weights and k biases.
This shows Equation (2.9) and the bound on size;, (f o ¢) and sizeou (f © g). O

Identity networks are often used in combination with parallelizations. In order to parallelize
two networks f and ¢g with depth(f) < depth(g), the network f can be concatenated with an
identity network, resulting in a network whose depth equals depth(g) and which emulates the
same function as f.

2.3 ReLU DNN approximation of polynomials
2.3.1 Basic results

In [13] it was shown that deep networks employing both ReL and BiS (“binary step”) units
are capable of approximating the product of two numbers with a network whose size and depth
increase merely logarithmically in the accuracy. In other words, certain neural networks achieve
uniform exponential convergence of the operation of multiplication (of two numbers in a bounded
interval) w.r.t. the network size. Independently, a similar result for ReLU networks was obtained
in [26]. Here, we shall use the latter result in the following slightly more general form shown in
[25]. Contrary to [26], it provides a bound of the error in the W1>°([—1,1]) norm (instead of
the L>°([—1,1]) norm).

Proposition 2.5. For any § € (0,1) and M > 1 there exists a 01-NN Xg . : [-M,M]?> - R
such that

)

a— aig,M(a,b)‘} <4,

ob
(2.10)
where %QQM(@, b) and %QiM(a,b) denote weak defz'vatives. There exists a constant C>0
independent of § € (0,1) and M > 1 such that sizei, (Xsn) < C, sizeou(Xs.01) < C,

- 0 -~
sup Jab— xga(a,b)| <9, ess sup max{‘b — —Xg.m(a,b)
Jal, [bl<M Jal bl <M da

depth(xs.7) < C(1 +logy(M/9)), size(X5,ar) < C(1 + log,(M/9)).

Moreover, for every a € [—M,M], there exists a finite set Ny C [—M,M] such that b —
X s,m(a,b) is strongly differentiable at all b € (—M, M)\N,.

It is immediate, that Proposition 2.5 implies the existence of networks approximating the
multiplication of n different numbers. We now show such a result, generalizing [25, Proposition
3.3] in that we consider the error again in the W'* norm (instead of the L> norm).

Proposition 2.6. For any § € (0,1), n € N and M > 1 there exists a 01-NN ]:I&M :
[-M, M]" = R such that

sup xj — (x1,...,2n)| <9, (2.11a)
(z3)7_, €[- M, M gEII Hd,k[
0 0
ess sup sup |— || z; — =— (x1,...,2n)| <9, (2.11b)
(2)7_, €[~ M, M) i=1,...,n | OT; ]1;[1 T Owy H&M
where % denotes a weak derivative.



There exists a constant C independent of 6 € (0,1), n € N and M > 1 such that

size(HévM) < C(14+nlog(nM™/6)) and depth(HéM) < C(1+log(n)log(nM™/d)). (2.12)

s

Proof. We proceed analogous to the proof of [25, Proposition 3.3], and construct H5,1 as a
binary tree of x..-networks from Proposition 2.5 with appropriately chosen parameters for the
accuracy and the maximum input size.

We define 71 := min{2* : k € N, 2% > n}, and consider the product of 7 numbers 1, ..., z; €
[-M, M]. In case n < n, we define ,,11,...,25 := 1, which can be implemented by a bias in
the first layer. Because n < 2n, the bounds on network size and depth in terms of n also hold
in terms of n, possibly with a larger constant.

It suffices to show the result for M = 1, since for M > 1, the network defined through
[s a1, zn) o= M [ s ppq (@1 /M, ... 2, /M) for all (z;)i_, € [-M,M]" achieves the
desired bounds as is easily verified. Therefore, wlog M = 1 throughout the rest of this proof.

Equation (2.11a) follows by the argument given in the proof of [25, Proposition 3.3], we
recall it here for completeness. By abuse of notation, for every even k € N let a (k-dependent)
mapping R = R' be defined via

R(y1, .. uye) = (Xs/az2(1,42), - -5 Xs/a2,2(Yr—1,Yk)) € RF/2 (2.13)

and for £ > 2 set R’ := Ro R‘~!. That is, for each product network >~<5/ﬁz;2 as in Proposition
2.5 we choose maximum input size “M = 27 and accuracy “0/n%”. Hence R’ can be interpreted
as a mapping from R2" — R. We now define [Is::[-L1" = Rvia

H5 1(331, o y) = RO (g )

and next show the error bounds in (2.11) (recall that by definition ;41 = -+- = x7 = 1 in case
> n).
First, by induction we show that for £ € {1,...,log,(7)} and for all z1,..., 29 € [-1,1]

2° 22[

[z — B, mae) | < 0= (2.14)
n

Jj=1

For ¢ = 1 it holds that R(x1,22) = Xgs/2,2(21,22), hence (2.14) follows directly from the

choice for the accuracy of ig/ﬁZ’Q, which is 6/f%. For £ € {2,...,logy(R)}, we assume that

(e-1) -
Equation (2.14) holds for ¢ — 1. With |H§:11 zj] < 1 and 22(;2 V5 < 1, it follows that

|R (@1, ..., 29¢-1)| < 2, hence R*"(z1,...,25¢-1)) may be used as input of X;/z2.0. We




find

ot g1 ot
H:cj — R%(z1,...,m90)| < H xj— RN @y, .. w90 )] - H x;
J=1 J=1 J=207141
9t
+|Refl(x1,...,xze71)| : H xijgil(ng—l_;'_l,...,xQZ)
j=20-141
+ ‘Ré_l(x17 e 7$22—1)R€_1(CE22—1+1, e ,./L'QZ)
— ;(6/712,2 (Réil(l’l, ey Tge-1), R£71($2e71+1, ceey CEQz)) ‘
22(@—1) 22([—1) 22(@—1) 1
< —5 o+ = (5(1+~25)+~2(5
n n n n

2(¢-1) 2(£—1) 20
2 +2-2 +16< 2~7
72 = 52

0,

where we used (14 §22(¢=1) /p2?) < 2. This shows (2.14) for £. Inserting ¢ = log,(7) into (2.14)
gives (2.11a).

We next show (2.11b). Without loss of generality, we only consider the derivative with
respect to x1, because each X /a2 2-network is symmetric under permutations of its arguments.

For ¢ € {1,...,logy(7)} we show by induction that for almost every (mz)fil € [-1, 1]21’

2 224
H f—R (21, 00| S 55 (2.15)

Again, R(x1,%2) = Xs/a2,2(x1,22) and for £ = 1 Equation (2.15) follows from Proposition 2.5
and the choice for the accuracy of X525, which is §/n%.
For ¢ > 1, under the assumption that (2.15) holds for £ — 1, we find

2£
P o
nglng_aile (x1,...7.'172l)
2[ 2[—1
0 0 1
< . H Zjl| - 3561 ij—(?TR (1'17...7.’)32171)
j=2¢-141 j=1
2@
+ H Re ($22 L P ./L'Qé ’Ré 1(.’1/'1,...,3322—1)
j:2l*1+1
0 -
+ Rl_l(I'QZ—l_;’_l,... ,flle) — (aaxg/fﬂg) (Rl_l(x17...7$2€—1)7Rl_1(x22—1+1,...71'25))
‘ailRf Yy, .. 2gen)
22(€ 1) 22(Z71) 22(671) 1 22(471)
B (PO L E
n n n n n

22(471) +92. 22(€71) ) 92¢
= PP 05 T2

9,
where X552 » denotes the (weak) derivative of Xs/2.0 1 [-2,2] X [-2,2] = R w.r.t. its first

argument as in Proposition 2.5. This shows (2.15) for £ > 1, as desired. Filling in ¢ = log,(7)
gives (2.11b).
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The number of binary tree layers (each denoted by R) is bounded by O(log,(72)). With the
bound on the network depth from Proposition 2.5, for M = 1 the second part of (2.12) follows.

To estimate the network size, we cannot use the estimate size(f o g) < 2size(f) 4 2size(g)
from Equation (2.8), because the number of concatenations log,(7) — 1 depends on n, hence the
factors 2 would give an extra n-dependent factor in the estimate on the network size. Instead,
from Equation (2.8) we use size(f o g) < size(f) + sizein(f) + sizeout (g) +size(g) and the bounds
from Proposition 2.5. We find (21032(’3)_3 being the number of product networks in binary tree
layer ¢)

~ log, (71)
size(Hé 1) < Z ologz (1)~ (sizei,{l (;&6/;‘7}’2) + size (>~<5/ﬁ2’2) + sizeout (5(5/752’2))
' (=1
log, (7i) _
< > 20e (04 O(1 4 log (277/6) ) + C)
(=1
<(n—1)C(1+1log (7/6)) < C(1+ nlog(n/d)),

which finishes the proof of (2.12) for M = 1. O

The previous two propositions can be used to deduce bounds on the approximation of uni-
variate polynomials on compact intervals w.r.t. the norm W1, One such result was already
proven in [19, Proposition 4.2]:

Proposition 2.7. There exists a constant C' > 0 such that the following holds: For every é > 0,
n € Ny and every polynomial p = Z;—Z:o c;y? € P, there exists a 01-NN ps : [-1,1] — R such
that

lp — Bsllwr.e(—1,1) <90
and, with Cy := max{)_7_, |¢;|, 9},

size(ps) < C(1+ nlog(Cy/d) + nlog(n)), depth(ps) < C((1 + log(n)) log(Co/8) + log(n)?).

Remark 2.8. Ifyo € R and p(y) = Z?:O ¢j(y—yo)?, then Proposition 2.7 can still be applied for
the approzimation of p(y) fory € [yo—1,yo+1], since the substitution z = y—1yq corresponds to a
shift, which can be realized exactly in the first layer of a NN, cp. (2.1). Thus, if q(2) := Z?:O cjzd
and if ||g — Gsllwree(=1,1)) < 0 as in Proposition 2.7, then y — ps(y) = Gs(y — o) 15 a NN
satisfying the accuracy and size bounds of Proposition 2.7 w.r.t. the W1°°([yo —1,yo+1]) norm.

2.3.2 ReLU DNN approximation of univariate Legendre polynomials

For j € Ny we denote by L; the jth Legendre polynomial, normalized in L?([—1,1], A/2), where

A/2 denotes the uniform probability measure on [—1,1]. For j € Ny it holds that L;(z) =
> crxt, where, with m(¢) == (j — ¢)/2,

o j—tefo,....)}N2Z+1,

= TN : : (2.16)

(=127 () (T)V2T+T j—Led0,....j}N2Z,

see e.g. [9, Section 10.10 Equation (16)], (the factor /25 + 1 is needed to obtain the desired
normalization). We define ¢ := 0 for £ > j.

Analogous to [19, Equation (4.17)] it holds that ZZ:O |cz| < 4J for all j € N (we use
that /27 +1 < y/mj). Inserting this into Proposition 2.7, we find the following result on the
approximation of univariate Legendre polynomials by o1-NNs.

11



Proposition 2.9 ([19, Proposition 4.2 and Equation (4.17)]). For every j € Ng and § € (0,1)
there exists a 01-NN L; s with input dimension one and with output dimension one such that
for C independent of j and §

IL; — ij,6||vv1=oc([f1,1]) <9, (2.17)
depth(L; ) <C(1+ log, ])(] + log2(1/5)),
size(L;5) <Cj(j + logy(1/8)) + 1.

For future reference we note that by (2.17) and Equation (2.19) below, for all j € N,
5 €(0,1) and k € {0,1}

g sllwreo -1y < (24 + DV2P2R 46 < (2 + D)V 41 < (25 4 2)P (2.18)

2.3.3 ReLU DNN approximation of tensor product Legendre polynomials

Let d € N. Denote the uniform probability measure on [—1,1]¢ by pg, i.e. ug := 279\ where A
is the Lebesgue measure on [—1,1]¢. Then, for all v € Ng the tensorized Legendre polynomials

L,(y) == H;lzl Ly, (y;) form a pg-orthonormal basis of L?([—1,1]%, uq). We shall require the

following bound on the norm of the tensorized Legendre polynomials which itself is a consequence
of the Markoff inequality, and our normalization of the Legendre polynomials: for any k € Ny

U

Yv € Ng : ||LV||Wk,oo([71$1]d) < (1 + 21/j)1/2+2k. (219)
=1

J
To provide bounds on the size of the networks approximating the tensor product Legendre

polynomials, for finite subsets A C N& we will make use of the quantity

m(A) == Il?ea/)\th' (2.20)

Proposition 2.10. For every finite subset A C N& and every 6 € (0,1) there exists a o1-NN
fa,s with input dimension d and output dimension |A|, such that the outputs {Ly s}tvea of fas
satisfy

YveA: ||L,/ — iu,6||wl,oc([_171]d) <9,

sup ‘i/uﬁ((yj)jewpp v <(2m(A) + 2)d7
yE[—l,l]d

and for a constant C > 0 that is independent of d, A and § it holds

depth(fa,s) <C(1+ dlogd)(1 +logym(A))(m(A) +logy(1/9)),
size(fa,s) < Cd®m(A)? + Cd*m(A)? logy(1/8) + Cd?|A|(1 + logy m(A) + logy(1/6)).

Proof. Let 6 € (0,1) and a finite subset A C N¢ be given.

The proof is divided into three steps. In the first step, we define ReLU NN approxima-
tions of tensor product Legendre polynomials {I:,,,(;},,E A and fix the parameters used in the
NN approximation. In the second step, we estimate the error of the approximation, and the
L>=([~1,1]%)-norm of the f/,,’g, v € A. In the third step, we describe the network f s and
estimate its depth and size.

Step 1. For all v € N¢, we define n,, := |suppv| and M,, := 2|v|; + 2. We can now define

Eu,é((yj)jEsuppu) = HJVIJ?’&/Q,JVIV <{[~/I/j,5/ (yj)}jesuppu) ) (221)

12



where r[MJ36/2 M, - [~M,,, M,]Is"PP¥l — R is as in Proposition 2.6. For the approximate
univariate Legendre polynomials {I~/,,j75/} jesuppr.ved as in Proposition 2.9, we set the accuracy

parameter as ¢’ := $d~!(2m(A) +2)7%71§ < 1. Let us point out that by (2.18) for all v € N¢
and all j € supprv

Lo, 5 | pos (=11 < 2vj +2 < 2Jv)y +2 = M, < 2m(A) +2,

so that, as required by Proposition 2.6, the absolute values of the arguments of I:[ M 28/2,M, in
(2.21) are all bounded by M,,. ~
Step 2. For the L*°([—1, 1])-error of L, s we find

sup |Lu(y) — Ly ((yj) €suppu)

ye[-1,1]4

< sup |Lu(y) - H i’uj,é’(yj)

d
ye[-1,1] jEsupp v

s |IT Bt~ Ty, (B} )

d
yE[—l,l] jEsupp v

3 . 1)
< s YT L) B0~ Eos | | TT Lo )| + 5y
’yE[*Ll]d kesuppu jESu<p)5)V: jes}gﬁfu: v
J I

Using Proposition 2.10, (2.18), (2.19) and M, = 2|v|;1 + 2 < 2m(A) + 2, the last term can be
bounded by

6 M1 )
‘ supp V|Mn,, 15/ 5 | Supp V| v 5

)
d  (2m(A)+2)dF12 "2

+5 <0

It follows that for all v € A

sup | Lu s((y))jesuppr)
ye[-1,1]d

< sup  |Ly(y)|+ sup |Lu(y) — Lus((y)jesuppr)
ye[-1,1]4 ye[-1,1]4

d
[T +2v)2+5
j=1

IN

d
H (14202 41 < M2

To determine the error of the gradient, without loss of generality we only consider the derivative
with respect to y1. In the case 1 ¢ suppw, we trivially have %(Lu(y) — L, s(y)) = 0 for all

13



€ [~1,1]%. Thus let vy # 0 in the following. Then, with §' = 2d~'(2m(A) +2)74716

9 d -

sup —— Ly, (y) — — Ly 5((y;) jesupp

yel-1,1)7 | Oy (¥) o ((y5)jesuppv)
9 0 .

< sup |m—Lu(y)— =— Ly, s (y;

yel-1,1]¢ | Oy1 (¥) A jesl}pu (y;)

0] ~ 0 -
L, s(y;) — — L, s (y;
+ ?ulpl d ayl H 30 (y]) 8y1 HM;sé/Q,Mu <{ 020 (yj)}jesuppu>

jEsupp v
< L) = L) | TT L)
= Ssup Y1) — 5Ly ,6\Y1)| - v \Yj
ye[-1,1]¢ ayl ! ayl : j€supp v: ’
i>1
o - . ~
+ sup 7L1/1,5’ (yl) . H LVj,(S’ (yj) . LVk‘ (yk) - Luk,é’ (yk)‘ . H Luj (y;)
Ye[-L1¢ 1y csuppr 1 1#€supp v d€supp v:
+ sup H flyj,af(yj)— (81;[ s > ({f}yj,éf(yj)} > "aim,é’(yl) >
ye[—1,1]4 1#£j€Esupp v 0z Mg °8/2,M, jEsupp v 8y1
where a%lﬂM;?’é/Q,M,, denotes the (weak) derivative of ﬂM,jSé/Q,M,, D [~ My, M,]Iswervl 5 R

with respect to its first argument, cf. Proposition 2.6.

Using (2.19) and Proposition 2.9 for the first term, Proposition 2.9, (2.18) and (2.19) for
the second term and Proposition 2.6 and (2.19) for the third term, we further bound the NN
approximation error by

0

5/Mn1,71 -1 MSMTLL,725/
v* " +([suppv|—1) M M, NEIYE

)
M2 < |supp1/|M[}”+1%d*1(2m(A)+2)*d715—|—§ <4

Step 3. We now describe the network f, s, which in parallel emulates {zy’g}ye A. The
network is constructed as the concatenation of two subnetworks, i.e.

an—f(l) f(2)

The subnetwork fl(\Q()S evaluates, in parallel, approximate univariate Legendre polynomials in
the input variables (y;)jesuppr- With T := {(j,v;) € N? : v € A,j € suppr} it is defined as

) (w)jza) = <{IdR oLy, <yj)}<j,uj>eT> ’

where the pair of round brackets denotes a parallelization. The depth of the identity networks
is chosen such that all components of the parallelization have equal depth.

The subnetwork f/(\{g takes the output of f/(\zzs as input and computes

Fs (dza) = 135 (£33 (i)i<0))

7

({ vo (¥5)i<d) }ueA)
({IdR Uarsos2.0, <{Eyj’6,(yj)}jesupp1') }u€A> ’

14



where in the last two lines the outer pair of round brackets denotes a parallelization. Again,
the depth of the identity networks is such that all components of the parallelization have equal
depth.

We have the following expression for the network depth:

depth(fa,s) = depth (£1}) + 1+ depth (£3}) -

We can choose the depths of the identity networks in the definition of f A 5 such that (denoting
here and in the remainder of this proof by C' > 0 constants independent of d, A and & € (0,1))

depth (fji%;) =1+ max depth(L,, 5)

JjEsupp v

< C(1 +logym(A)) (m(A) + logy(1/4"))
< C(1 +1ogy m(A)) (m(A) + logy(d) + 1+ (d + 1) logy(4m(A)) + log,(1/6))
< Cd(1 + logy m(A)) (m(A) + log,(1/4)),

where we used that 2m(A) 4+ 2 < 4m(A) when A # {0}.
Similarly, due to M,, = 2|v|; +2 < 4m(A) (if A # {0}), we can choose the identity networks
in the definition of fl(\l?s such that

M) = H
depth (f ) =1+ Iglea/}\i depth ( M;36/27M,,>
< ma}\(C (14 logy(ny) logy (ny, M»T32/6))
ve

< C’gleaic (1 + logy(ny) (logy ny 4+ 1+ (ny + 3) logy (4m(A)) + logy(1/6)))
< C(1+ dlogd)(1 4+ logy m(A) + logy(1/4)),
where we used that n, < d. Finally, we find the following bound on the network depth:
depth(fa,s) <C(1+ dlogd)(1 + logy m(A))(m(A) + logy(1/6)).
For the network size, we find that
size(fa,5) <2size ( a )> + 2size ( /(\2()5) .
To estimate the size of f,(\23;, we note that the depth of each of the identity networks in the

definition of fA 5 is at most depth(f,(i);) < Cd(1 4+ logy m(A))(m(A) + logy(1/6)). To estimate
the number of evaluations of approximate univariate Legendre polynomials, we use that |T'| =

15



{(j,v;) e N? : v € A, j € suppr}| < m(A)d. Using this, it follows that
size (fj(f%) = Z size (IdR oil,j’(;/)
(4,vj)ET

3" 2size (Idg) + 2size (Jiyj,é,)

(J,vi)ET

IN

m(A)
<4m(A)d (depth (f2) +1) +2d S size (Lis
(o (12 1) 25 e (1)
< Cdm(A) - Cd(1 + logy m(A)) (m(A) + logy(1/6))
m(A)
+2d Y Ck(k+1+logyd+ (d+1)log,y(4m(A)) +logy(1/6)) + 2dm(A)
k=1
< COd*(1 + logy m(A)) (m(A)? + m(A)logy(1/5))
+ Cdm(A)? + Cd*m(A)* (1 + logy m(A) + logy(1/6))
< Cd*m(A)? + Cd*m(A)? logy(1/0).

The depth of each of the identity networks in the definition of f /(\133 is bounded by depth( [(\1;) <
C(1 + dlogd)(1 + logy m(A) + logy(1/6)). It follows that

size ( 1(\1();) = Z size (Id]R OHM’36/2 " )

veA

< Z 2 size (Idg) + 2 size (HMuf»a/z,Mu)

veA

<4|A] (depth (£)) +1) + C Y (1+nu logy(ny My +32/5))
veEA

< C(1+ dlogd)|A|(1 + logy m(A) + logy(1/8)) + C(1 + dlog d)| A

+Cd Y (1+ (ny + 3)logy (4m(A)) + logy(1/6))
veA

< Cd?|A|(1 + logy m(A) + log,(1/6)).

Hence, we arrive at

size(fa,5) < 2size (f/(\%) 1 9size (ff()s)
< Od?m(A)? + Cd*m(A)? logy(1/6) + Cd?A|(1 + logy m(A) + log,(1/8)). O

2.4 RePU DNN emulation of polynomials

The approximation of polynomials by neural networks can be significantly simplified if instead
of the ReLU activation o1 we consider as activation function the so-called rectified power unit
(“RePU” for short): recall that for » € N, r > 2, the RePU activation is defined by o,(x) =
max{0,z}", € R. In contrast to ¢;-NNs, as shown in [12], for every r € N, r > 2 there
exist RePU networks of depth 1 realizing the multiplication of two real numbers without error.
This yields the following result proven in [12, Theorem 9] for r = 2. With [12, Theorem 5] this
extends to all r > 2.

Proposition 2.11. Fixd € N andr € N, r > 2. Then there exists a constant C > 0 (depending
on d) such that for any finite downward closed A C Ng and any p € Py there is a o,.-network
p: R4 — R which realizes p exactly and such that size(p) < C|A| and depth(p) < C'logy(|A]).
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Remark 2.12. Let ) : R — R be an arbitrary C? function that is not linear, i.e. it does not hold
" (x) =0 for allx € R. In [23] it is shown that v-networks can approzimate the multiplication
of two numbers a, b in a fized bounded interval up to arbitrary accuracy with a fixed number
of units. We also refer to [30, Section 3.3] where we explain this observation from [23] in more
detail. From this, analogous to [12, Theorem 9], one can obtain a version of Proposition 2.11 for
arbitrary C? activation functions. To state it, we fir d € N. Then there exists C > 0 (depending
on d) such that for every § > 0, for every downward closed A C N¢ and every p € Py, there exists
a -neural network q : [—M, M]¢ — R such that SUPge(— e |P(2) — q(z)| < 0, size(q) < CA]
and depth(g) < C'log,(|A]).

3 Exponential expression rate bounds

We now proceed to the statement and proof of the main result of the present note, namely the
exponential rate bounds for the DNN expression of d-variate holomorphic maps. First, in Section
3.1 we recall (classical) polynomial approximation results for analytic functions. Subsequently,
these are used to deduce DNN approximation results for ReLU and RePU networks.

3.1 Polynomial approximation

Fix d € N. For p > 1 define the open Bernstein ellipse

1
8,,::{Z+2Z :z€(C,1§|z|<p}C(C’

and for p = (pj)?zl C (1,00)% set

d
Ep =X E,, CCL (3.1)
j=1
Let u : [~1,1] — R admit a complex holomorphic extension to the polyellipse &p. Such a

function can be approximated on [—1,1]¢ by multivariate Legendre expansions, with the error
decaying uniformly like exp(—AN'/ 4) for some 8 > 0 and in terms of the dimension N of the
approximation space. This statement is made precise in the next theorem.

Remark 3.1. Suppose that u : [-1,1]% — R is (real) analytic. Then it allows a complex
holomorphic extension to some open set O C C? containing [—1,1]%. Since for p > 1 close to
1, the mazimal distance of a point in &, to the interval [—1,1] becomes arbitrarily small, there

always exists p > 1 such that u allows a holomorphic extension to ijl &,.
For the proof of the theorem we shall use the following result mentioned in [27].
Lemma 3.2. Let (a;)%_, € (0,00)%. Then, with a := Z;l:l 1/a;

d

d
- 1
uGNﬁ:Z%Sl < S0+ a) ] (3.2)
! i

j=1 "

The lemma is proved by computing (as an upper bound of the left-hand side in (3.2)) the

volume of the set {(asj)?zl eRY : Z?Zl @ < 1}, which equals the right-hand side in (3.2).
J

The significance of this result is, that it provides an upper bound for multiindex sets of the type

Ao:={veNl:p¥>c}, e€(0,1). (3.3)

17



To see this, note that due to log(p™) = — 2?21 vjlog(pj), for any € € (0,1) we have

d

A.={veN:: Zl/j log(p;) < log(1/e)
j=1

Applying Lemma 3.2 with a; = log(1/¢)/log(p;) we thus get (also see [2, Lemma 4.2]):
Lemma 3.3. It holds

d
d
1
A < = | log(1 1 4
R CORE ) = o0
Remark 3.4. Note that
log(e) } { d —log(e) }
veNd:0<vw giw CA.CrveNj:0<y,; < Viop- 3.5
{ 0 Y7 = dlog(p;) : 0 77 log(py) 3.5)

This implies the existence of a constant C (depending on p) such that for all € € (0,1) with
Pmin = Milj—1,__ 4p; and Pmax ‘= Max;=1 __qp; (cp. (2.20))

m(A;) =max{|v|; : p7¥ > e} =max{n € Ny : p_ I\ >¢} (3.6)
1/d

—log(e) log pmax —log
= Ng :n<——2-3<d
max {n €Ny :n< o2 (o) oa(s H

< Cd|A Y. (3.7)

We are now in position to prove the following theorem, variations of which can be considered
as classical.

Theorem 3.5. Letk € No, de N and p = (,oj)?:1 € (1,00)% Letu: &, — C be holomorphic.
Then, for all k € Ny and for any 5 > 0 such that

1/d

d
g < |d]]losg(p)) (3.8)

Jj=1

there exists C > 0 (depending on d, p, k, 8 and u) such that with
b [ L), e (39)
1,1

and A¢ in (3.3) it holds for all e € (0,1)

U — Z L,

veA,

< Ce_ﬂ‘Asll/d .

Wk ([-1,1]4)
Proof. Due to the holomorphy of w on &,, [, € R satisfies the bound

d
| < Julleeyp™ T +20)'2, v eNg. (3.10)
j=1
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For d = 1 a proof can be found in [6, Chapter 12]. For general d € N the bound follows by
application of the one dimensional result in each variable. For more details we refer for instance
to [4] or [28, Corollary B.2.7].

Since (Ly),eng forms an orthonormal basis of (the Hilbert space) L2([-1,1]¢, ug) we have

=> LL, (3.11)

veNd

converging in L?([—1,1]%, j14). Furthermore, with (3.10) and (2.19), for & € Ny and every v € N¢

d

I llwioe (—1,130) < Il poee,yp™ TT(L+ 205) 25 (3.12)
j=1

Using [30, Lemma 3.13] (which is a variation of [5, Lemma 7.11]) ZueNg [T || Lo [l woe (= 1,174y <

oo, and thus (3.11) also converges in W*>([—1,1]4).
Next, for j € {1,...,d} let e; := (§;;)%_; and introduce

A ={v e Ng cpV<e Jjesupprst. pm V) > e}.
Note that for ¢ € (0,1)
(veNl:p“<el={u+n:peA, neNi}. (3.13)

Furthermore, since for every v € A, there exists j € suppv C {1,...,d} such that p~=ei) > ¢
and therefore v —e; € A., we find with (3.4) that there exists a constant C depending on d and
p but independent of € € (0,1) such that for all € € (0,1)

|A.| < d|A.| < C(1+log(1/e))<. (3.14)

Furthermore, for such v € A, and j € suppv C {1,...,d} with puin := min;eqy .. 4y pi We get

Tl e s
and therefore log(1
vhi—1< log(1/e) (3.15)
IOg(Pmm)
Now
u= > bl < Y llbelwesgere
vEA, Whioo([—1,1]4) {veNd: p—v<e}
d
< > [ull Lo g,y 0~ @ TT (142w + py)) 2
{v,p:veA,, peNg} J=1
d
oV p 1+2k
< lullp<(e,) > (1 +205) (1 +25))
{v,n:veA,, peNg} J=1
d d
< ullpoee | Do JTA+20) ™ | [ D2 p7# [J( +2u)" 2"
vEA, j=1 peNd j=1
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The sum in the second brackets is finite independent of £ by [30, Lemma 3.13]. The sum in the
first brackets can be bounded using (3.14) and (3.15) to obtain a constant C' > 0 depending on
u, d, p and k such that for all € € (0,1)

u— Z I,L,

veA,

d
< CelAc| max T +20;)" 2% < Ce(1 +log(1/2))2 2%,
1= :1

Wkoeo([-1,1]4)

To finish the proof, note that our above calculation shows that for any 7 € (0, 1) there exists

C; > 0 depending on u, d, p and k such that ||u = ven. wlv HW,c e (1)) < C,e™ for all
€ (0,1). Moreover, (3.4) implies

1/d
d /

d
> loglps) = | 1A<ld! [T108(ps) | = log(e). (3.16)

=1

Hence for all € € (0,1)

u— Z L,

veA,

1/d

d d
<Cre" <Crexp | T Zlog(pj) — | |Ac|d! H log(p;)
j=1

W ([=1,1]4) =t

= Cexp (—BIAEIW)

where C := C;exp(T Z?zl log(p;)), B = 7(d! H;l:l log(p;))/¢ and where 7 € (0,1) can be
arbitrarily close to 1. O
We note that by Stirling’s inequality, with pyi, = mm —1 pj and pmax = max —1Pj)

1/d

(d/e)1og(pmin) < | d! H log(p;) < (d/e)(e*d)" D log(pmax)- (3.17)

We shall also use the following classic result for Taylor expansions of holomorphic functions.
Lemma 3.6. Let 0 < v < k, k € No, 2 € C and assume that u : BS(x) — C is holomorphic.
Then with C i == (Zfzo(fi/’y)l)/(l —7/k) and Cy := supycge(py [u(y)|, for all j € No it holds
lu)(2)]/4! < Cur™ and

[

" u)(x)

— ) < CyxkChy (%) vYm € N.
7= Wk (BS (@)

Proof. By Cauchy’s integral formula, for any & € (0, x) it holds
(4) 1
ull@) _ —/ _uQ ¢ VjeN,
I¢

J! 2mi Ji¢—a)=r (( — )T

which implies |u) (x)/4!| < C,&~7, and since & € (0, k) was arbitrary [u9)(x)/5!] < C,kx~7 for
all j € Ny. The bound on the truncated Taylor expansion can be deduced from the fact that for
alll € Ny we have uV (y) = ijl(y—m)j_lu(j)( z)/(j—1)! and for uy, = 377 1(y x)7ul) () /5!,

u%)(y) ="My — )@ (2) /(5 — 1)! so that for all | € Ny

j=l

s [u00) -] <cn Y () = O < o e

yeBS(z) Kk 1_7/’{ - ul_’Y/

J>max{m.l}

which implies the lemma. O
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3.2 ReLU DNN approximation

We now come to the main result, concerning the approximation of holomorphic functions on
bounded intervals by ReLU networks. The following theorem improves upon [7, Theorem 2.6]
in two ways: first, we merely assume u to be analytic from [~1,1]¢ — R (and not analytic from
(Bf)? — C, cp. [7, Theorem 2.6] and Remark 3.1), and second, we consider the error in the
Whoe([~1,1]¢) norm instead of the L>([—1,1]%) norm.

Theorem 3.7. Fiz d € N and let p = (p;)}—, € (1,00)%. Assume that u : [-1,1]* = R admits
a holomorphic extension to &,.

Then, there exist constants 8 = '(p,d) > 0 and C = C(u, p,d) > 0, and for every N € N
there exists a o1-NN iy : [—1,1]¢ — R satisfying

size(iin) <N,  depth(iin) < CN T logy(N) (3.18)
and the error bound
() = AN (Yo 1,270 < Cexp (~FNTT) (3.19)

Proof. Throughout this proof, let 8 > 0 be fixed such that (3.8) holds. We proceed in five steps:
In Steps 1-2 we treat the case d = 1. Subsequently, in Steps 3-5 we treat the case d > 2.

Step 1. We start with d = 1. Throughout this step fix m € N. We now construct a NN 1,
approximating u with accuracy

d:=p ™

(up to some constant), where by assumption u : £, — C is holomorphic. First, we assume
Cy 1= supyeg, u(y)] < 1.

Fix x € (0,1) so small that BS(x) C &, for all € [-1,1]. Let —1 =29 <--- <z, =1 be a
finite sequence of equidistant points with n € N so large that

1 &
- < -
noop
Then (x;)’_, induces a partition of [—1, 1] into n intervals of length 2/n. For every 0 < j <n
and y € I; == [-1,1] N [z; — 1/n,z; + 1/n] C BS(z;) we have
® ()
ul® (z
u(y) = Z tin(y —z;)", ljk = ij
keNp

and, because C,, < 1, by Lemma 3.6 (with v := 1/n and v/k = 1/(kn) < 1/p) with u, ;(y) =
m—1
YkSo tik(y —xp)"
= il (1) < Cont Culkn) ™ < Coo1p™™ = Cyet (3.20)

Moreover, Lemma 3.6 implies that it holds for all 0 < j < n (here we use x € (0, 1))

[u

m—

e K7™ —1
tixl <C Rh<X — —<Oor™,
|]’k|— UZ —H_l_l—
k=0 k=0
for C depending on k, which depends on p.
Let @y j6 : [—1,1] — R be an approximation to the polynomial u,, ; as in Proposition 2.7,

ie.

[, — Tm,jslwies((-1.17) <0,
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and thus

||U—am’j,5||wl,oc([j) <Cé (3.21)

for C' depending on p, but independent of u. Therefore, and due to § = p~"", Proposition 2.7
gives

size(tim,j.5) < C(1 4+ mlog(Ck™™/8) + mlog(m)) < Cm?, (3.22)

depth(ii, ;5) < C((1+log(m))log(Ck™™/38) + log(m)?) < C(1 + mlog(m)), '

for a constant C' depending on p, but independent of m and w.

Next, denote by ((pj)?zo the continuous, piecewise affine functions on the partition induced
by (z;)7—¢ on [~1,1] such that p;(x;) = d;; for all i, j. As is well known, each p; can be
expressed without error with a ReLU network of depth 1 and size at most 3 (see for example
[25]). For C' > 0 as in (3.21) and M := C' + 1 we define a network 4, approximating u by

G =Y X5 (05 m.j.6)- (3.23)

We observe that for all 0 < j <n

sup |im,js(y)| < sup  |imjs(y) —u(y)|+ sup |u(y)| < Co+Cy < M,
ye[—l,l] ye[—l,l] yE[—l,l]

so that by Proposition 2.5

essSup |;tim, j.6 — X5, (5, Um.j.5)| < 6,

ye[-1,1]
essSup |t j.5 — afigyM(ng,ﬂmJ,é)‘ <4,
ye[—1,1] a
esssup [y — %0105, mg.0)| < 6
y€e[—1,1]

where here and in the following all derivatives are interpreted as weak derivatives. These esti-
mates will be used repeatedly in the following.
We now provide an upper bound for [[u — @y, |y, (j—1,1])- For every 0 < j <n it holds

lpju — X500 (P55 Um,j.5) [ wrsee ((-1,1))
< lpju = @jiim .

Lo (—1,17) + i tm g6 — >~<5,M(90j7ﬁm,j,é)”LOO([—l,l])

I~ ' 0 - o~
PiUm,j,6 — ‘Pj%xé,M(@Jv“m,Jﬁ)

+ [|fu - ‘P;ﬁm’jﬁHLw([q,u) +

Lm([_lvl])
’ ~/ ~/ 0 - - <
+ H‘pju - @jum,jﬁHLm([_Ll]) 1|95 Um,j,5 — %X&M(@j’umvjaé)um,jﬁ :
Lee([-1,1])
Using (3.21) and § = p™™ as well as [|¢}||p~(-1,1)) < n and suppyp; = I; = [-1,1] N [z; —

1/n,z; + 1/n], these norms can be bounded by C¢ for a constant C' depending on n, u and on
p. Hence

n
[ = Ao 1. (127 = || D 58 = Xo,m (955 Tm 5,5)

=0 Wee ([—1,1])

< Z HSOju - >~<§,M(<pjaam,jﬁ)HWl,m([,l’l])

=0
< Cs. (3.24)
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The constant C' depends on the number of intervals n in the partition induced by (;Cj)?:07 but
we emphasize that n is a fixed constant in this computation and does not increase as § — 0.
We now describe the network ,,. The following o1-NN realizes (3.23):

Uy, = Sumy, 41 0 ({ ié,M}?:0>d o ({IdR op;, Idr Oﬂm,j,a}?:0> ,

Here, Sum,, 1 is a network with input dimension n + 1, output dimension 1, depth 0 and size
n + 1 which implements the sum of its inputs. Round brackets denote parallelizations. The
depth of the identity networks is chosen such that all components of the parallelization have
equal depth, which is 1 4+ max}_, depth (T, j,5)-

Next, we bound the size and depth of the network @,,. By (3.22), the identity networks
contribute at most (2n + 2)2(1 + max]_j depth (iim, j,5)) < C(4n + 4)(1 + mlog(m)) to the

network size, for C' independent of u, but depending on p. Using the bound size(xs ) <
C(1+1log(M/0)) < Cm (by Proposition 2.5), (3.22) and size(¢;) =3 forall 0 < j <n

28) & -
size(ty,) < E 4 size(Sumy, 1) + 4size(p;) + 4size(x5nr) + 4 size(Unm 5,5)
=0

+4C(4n + 4)(1 + mlog(m))
< Cim?, (3.25a)

for a constant C; depending on n and on p but independent of m € N and u. Similarly one
obtains
depth(d,) < C(1+ mlog(m)), (3.25b)

for a constant C' that does not depend on m € N and .

Now, for u with Cy, = sup,c¢, |u(y)| > 1 we approximate u/C’, as above, and multiply all
weights and biases in the output layer of the resulting network by C,. This does not affect the
network’s depth and size, and it follows that (3.24) holds for C replaced by C,C.

Step 2. Fix AV in N. Define m(N) := [(NV/C1)Y?] and @iy := @, (nr) whenever m(N) > 1,
i.e. whenever N’ > C (here C; is as in (3.25)). From (3.25) we deduce (3.18). A bound on the
error (for N' > C) is obtained via (3.24):

~ ~ _ 1/2
lu = v lwse 1,1y = llu = @ yey ey llwses 1y < Cp L/

= Cexp (* log(p) L(N/Cl)l/zJ) < Cpexp (k;gl(/?f\fl“) :

1

This implies (3.19) for d = 1 with
B =log(p)Cy /> (3.26)

and for all N > C;. With @y := 0 (i.e. a trivial NN giving the constant value 0) for all (finitely
many) N < C1, we obtain (3.19).

Step 3. We now consider the case d > 2. In this step, for any ¢ € (0,1) we introduce a
network 4. approximating u (with increasing accuracy as € — 0).

Fix € € (0,1) arbitrary, let A, C Nd be as in (3.3) and set u. = >
Legendre coefficients I, of u as in (3.9).

Let Affine, be a NN of depth 0, with input dimension |A.|, output dimension 1 and size at
most |A.| which implements the affine transformation RI*<| — R : (z,),ea EueAs l,z,. Fur-
thermore, let fa_ s be the network from Proposition 2.10, emulating in parallel approximations
to all multivariate Legendre polynomials (L, )yea,. We define a NN

ven, lvLy with the

U, := Affine, ofa_s.
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Then

te(y) = Z lviu,ﬁ(y)v ye[-1, 1]d7
veA,

where (with 8 > 0 as in (3.8)) the accuracy § > 0 of the 01-NN approximations of the tensor
product Legendre polynomials is chosen as

0 = exp (—6|A5|1/d> .
Step 4. For the NN 4. we obtain the error estimate

Z | 1Ly = Ly sllwroo (- 1,179)
veA.

> Ils

veEA,

S llexp (—BIA4) .

veA,

IN

e = tiellyy1.o0 (= 1,179)

IN

With Theorem 3.5 this yields the existence of a constant C' > 0 (depending on d, p, 5 and u)
such that

[ = Gellyr.o0 1,170y < Cexp (—ﬁ\AEP/d) . (3.27)
We now bound the depth and the size of .. Using (3.6), we obtain

depth(@.) < depth(Affine,) + 1 + depth (fa, s)
<C(1+dlogd)(1+ log, m(A.)) (m(AE) + 10g2(1/5))
< C(1 + dlogd)(1 + logy(d) + log, [Ac|) (Cd| A"/ + BA:|Y)
<O(1 4 B)(1 + d*(logd)*)(1 + |Ac|"/"logy |Ac|) (3.28)

for C' > 0 depending on p. To bound the NN size, Proposition 2.10 and (3.6) give

size(t.) <2size(Affine,) + 2size(fa, s)
<2YA.| + 20d*m(A.)? 4+ 20d*m(A.)? logy(1/8) + 2Cd%|A.| (1 + logy m(A.) + logy(1/6))
<2Ae| + C (A )? + O (|42 1A
+ Cd?|A-| (1 + log(d) + log |Ac| + BlA-|7)
<O+ B)P AN+ C(1+ B)(1 + d*log d)[ A4 < Co(1 + B)d°|A [T/ (3.29)
for a constant Cy > 0 which depends on p, but is independent of d, 3, u and of € € (0,1).

Step 5. Finally, we define @,s. Fix 3 > 0 satisfying (3.8) and A € N such that N' > Nj :=
Co(1 + B)d®, with the constant Cy as in (3.29). Set

R A\ /(@D
N = (No> €R. (3.30)
Next, let € € (0,1) be such that
d
- log(1/2) )
N = ( +1]), 3.31
H (Goay (331

which is possible since N > 1 due to the assumption N > Ny = Ca(1 + 8)d°. Define tipr = ..
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First let us estimate the size of dxr. By (3.5)

/\/>HQ1Og UEJ—l—l)zHVEN%:O<z/j<10g(1/€)VjH>|AE|.

log(p;) log(p;)

Hence (3.29) and the definition of A imply
size(tp) = size(te) < Ca(1 + 5)d5|A5|1+1/d < Co(1+ B)d5/\71+1/d < WN.

Similarly one obtains the bound on the depth of @ by using (3.28). This shows (3.18).
Next we estimate the error ||u — Gin|[yy1.00((=1,17¢)- By (3.5)

o< (] o) - R O (-

i=1 J=1 dlog(p;)

< |A|(d+ 1)%

Thus (3.27) gives

= iy o130y € Coxp (=BIAL ) < Cexp (=B(d+ )TN
By (3.30) this is (3.19) for any N' > Ny and with
B = B(d+ 1) (Co(1 + B)d®) /(@) (3.32)

for Cy as in (3.29) (independent of d, 5 and w). Similar as in Step 2 (by increasing C' > 0 in
(3.19) if necessary) we conclude that (3.19) holds for all N € N. O

Remark 3.8. Note that in step 1 of the proof, the network t,, only depends on u through
the NNs {arrt,j,é}?:o- The weights and biases of those networks continuously depend on u with
respect to the L>(E,)-norm (because the only u-dependent weights and biases are the Taylor
coefficients of u, which are bounded in terms of C,,).

Similarly, in step 4, the network 4. depends on u only via the Legendre coefficients {ly }ven. ,
appearing only as weights in the output layer. In particular, the weights and biases of t. contin-
uously depend on u with respect to the L?([—1,1]%, ug)-norm, because the Legendre coefficients
do so. Finally, the L?([—1,1]%, ug)-norm is bounded by the L>([—1,1]%)-norm.

3.3 RePU DNN approximation

For RePU approximations, with activation o, (x) for integer » > 2, we may combine Proposi-
tion 2.11 (which is [12, Theorem 9]) and Theorem 3.5 to infer the following result. Note that
the decay of the provided upper bound of the error in (3.33) in terms of the network size N is
slightly faster than the one we obtained for ReLU approximations in (3.19).

Theorem 3.9. FizdeN, ke N andr € N, r > 2. Let p = (p;)9_; € (1,00)%. Assume that
u:[~1,1]% - R admits a holomorphic extension to &,.
Then, there ezists C' > 0 such that with 8 as in (3.8), for every N € N, there exists a o,.-NN
Nt [=1,1]% = R satisfying

size(uy) < CN, depth (i) < Clogy(N) (3.33)
and

() = @x (@)l 1,130y < Cexp (—BNH) (3.34)
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Proof. For € € (0,1) let A; be as in (3.3). This set is finite and downward closed. Hence, by
Proposition 2.11 there exists a 0,-NN . such that i.(y) = >, Lo (y) for all y € [-1, 1]4.
According to this proposition, the NN 4. satisfies size(t.) < C|A.| and depth(i.) < Clog |A.|.
This is (3.33) for A/ := |A.|. By Theorem 3.5, it holds (3.34).

For general N' > 1, it follows as in Step 5 of the proof of Theorem 3.7 (with N taking the
role of A) that there exists ¢ € (0,1) such that (d + 1)~ < |A.| < A. This implies that
(3.34) holds for any N € N with a constant C' depending on d. O

Remark 3.10. It follows from the proof of [12, Theorem 2], which is the basis for the proof of
Proposition 2.11, that the weights of iy depend continuously on the Legendre coefficients of u,
which themselves depend continuously on u w.r.t. the L?([—1,1]%, uq)-norm, which is bounded
by the L>=([-1,1]%)-norm.

Remark 3.11. A similar result as in Theorem 3.9 was obtained in [16, Theorem 3.3]. It
assumed a different class of activation functions, termed “sigmoidal functions of order k > 2”
(see Remark 2.1). The L*>([—1,1]%) error bound provided in [16, Theorem 8.3] is, in our
notation, of the type exp(—bN/?) for a suitable constant b > 0 and a DNN of size N'log(N).
This is slightly worse than Theorem 3.9.

4 Conclusion

We review in Section 4.1 the main results obtained in the previous sections and indicate in
Section 4.2 some implications of these.

4.1 Main Results

We have established for analytic maps u : [~1,1]¢ — R exponential expression rate bounds in
Wko°([-1,1]%) in terms of the DNN size for the ReLU activation (for k = 0,1) and for the
RePU activations o,., r > 2 (for k = 0,...,7). The present analysis improves earlier results in
that the NN sizes are slightly reduced and we obtain exponential convergence of ReLU and
RePU DNNs for general d-variate analytic functions, without assuming the Taylor expansion of
u around 0 € R? to converge on [—1,1]%. We also point out that by a simple scaling argument
our main results in Theorem 3.7 and Theorem 3.9 imply corresponding expression rate results
for analytic functions defined on an arbitrary cartesian product of finite intervals x?zl[aj, b,
where —oco < aj <b; < oo forall j € {1,...,d}.

4.2 Applications and generalizations

4.2.1 Solution manifolds of PDEs

One possible application of our results concerns the approximation of (quantities of interest) of
solution manifolds of parametric PDEs depending on a d-dimensional parameter y € [—1,1]¢.
Such a situation arises in particular in Uncertainty Quantification (UQ). There, a mathematical
model is described by a PDE depending on the parameters y, which in turn can for instance
determine boundary conditions, forcing terms or diffusion coeflicients. It is known for a wide
range of linear and nonlinear PDE models (see e.g. [4]), that parametric PDE solutions depend
analytically on the parameters. In addition, for these models usually one has precise knowledge
on the domain of holomorphic extension of the objective function w, i.e. knowledge of the
constants (pj)?zl in Thm. 3.5. These constants determine the sets of multiindices A. in (3.3).
As our proofs are constructive and based on the sets A., such information can be leveraged to
a priori guide the identification of suitable network architectures.
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4.2.2 Infinite-dimensional (d = o) case

The expression rate analysis becomes more involved, if the objective function u depends on an
infinite dimensional parameter (i.e., a parameter sequence) y € [—1,1]. Such functions occur in
UQ for instance if the uncertainty is described by a Karhunen-Loeve expansion. Under certain
circumstances, u can be expressed by a so-called generalized polynomial chaos (gpc) expansion.
Reapproximating truncated gpc expansions by NNs leads to expression rate results for the
approximation of infinite dimensional functions, as we showed in [25]. One drawback of [25] is
however, that the proofs crucially relied on the assumption that w is holomorphic on certain
polydiscs containing [—1, 1]N. This criterion is not always met in practice [4]. To overcome this
restriction, we will generalize the expression rate results of [25] in the forthcoming paper [20],
by basing the analysis on the present results for the approximation of d-variate functions which
are merely assumed to be analytic in some (possibly small) neighborhood of [—1,1]%.

4.2.3 Extension to non-holomorphic settings

The present results were based on the quantified holomorphy of the map u : [~1,1]¢ — N.
While this can be perceived as a strong requirement (and, consequently, limitation) of the
present results, let us indicate that, in fact, the present deep ReLU NN emulation rate bounds
do cover more general situations. The key observation is that deep ReLU NNs are closed under
concatenation (or under composition of realizations) as we explained in Section 2.2.3.

Let us give a specific example from high-dimensional integration, where the task is to evaluate
the integral

[, i (@)

Here, u : [-1,1]¢ — R is a function which is holomorphic in a polyellipse £, as in (3.1) and
7 denotes an a-priori given probability density on the co-ordinates yi,...,yq. Assuming that
the co-ordinates are independent, the density 7 factors, i.e. 7 = @ =17 with certain marginal
probability densities 7; which we assume to be absolutely continuous w.r. to the Lebesgue
measure, i.e. i.e. fi1 m;(§)d¢ = 2. In the case that the marginals 7; > 0 are simple functions
for example on finite partitions 7; of [-1,1] (as e.g. if ; is a histogram for the law of y; estimated
from empirical data), the changes of coordinates in (4.1)

T;(y;) ==—1+ /ylj m;(§)d¢; 1,1 - [-1,1], j=1,..,d (4.2)

are bijective. Furthermore, in this case each component map Tj : [—1,1] — [—1,1] is bijective,
continuous and piecewise affine, and can therefore be exactly represented by a o1-NN of depth 1
and width proportional to #(T;).

Denote by T' = (T1,...,Ty) " the d-variate diagonal transformation, and let 77! : [-1,1]? —
[~1,1]? denote its inverse (which is also continuous, piecewise linear). Denoting by d7~!(x) the
Jacobian matrix of 77! at « € [~1,1]? we may then rewrite (4.1) as

/[_1,1” u(y)ﬂ(?J)dy:/[_M]d w(T™ (x))n(T~ (x)) det dT~ " (x)dx :/ g(x)de, (4.3)

[_171]d

where g = u o T~! is not continuously differentiable. Here we have used that dT~*(T(y)) =
(dT(y))~! and det(dT'(y)) = 7(y), i.e. det dT~(z) = n(T1(x))~ L.

Now, the function gnr := @iy o T~! with the 0-NN @ constructed in Theorem 3.7 is a
o1-NN which still affords the error bound (3.19): Denote for n € N and f € W1>°([-1,1]¢,R")

fx) — fly
[flwree((—1,10,rn) == sup [#) = /)]
xAye[—1,1]¢ |z —yll

)
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where ||-|| is the Euclidean norm on R™ resp. on R?%. As usual, for n = 1 we write | f|y1.00(_1,14) =
| flw.e0(j=1,1]4,r) instead. With these conventions, it holds

19() = an (llwroe 1,0 = luo T7H) — tin o T7H () [lwroo ((—1,179)
=uoT () —tn o T (Mzoo(or,1yay + luo T7H() = din o T7H(:) lwrroe ((—1,1]4)
< lu) = @n ()l poo (o age) + () = @ (lwros (1,19 | T wtes (21,104 )
< Cexp (—ﬂ’Nﬁ) (4.4)

for a constant C' which now additionally depends on |7~} (*)lw1.0¢(j=1,1]¢,r4y- The approximation
of the integral (4.1) can thus be reduced to the problem of approximating the integral of the
surrogate gar, which can be efficiently represented by a o1-NN.

More generally, if 7 : [-1,1]¢ — (0,00) is for example a continuous density function (not
necessarily a product of its marginals) there exists a bijective transport T : [—1,1]¢ — [-1,1]¢
such that analogous to (4.3) it holds f[71,1]d u(y)m(y)dy = fif1,1]d uw(T~(z))dz (contrary to the
situation above, this transformation T is not diagonal in general). One explicit representation
of such a transport is provided by the Knothe-Rosenblatt transport, see, e.g. [24, Section 2.3].
It has the property that T inherits the smoothness of 7, cp. [24, Remark 2.19]. In case T~! can
be realized without error by a o1 (or o,.) network, we find again an estimate of the type (3.19).
If T~' does not allow an explicit representation by a NN however, we may still approximate
T-! by a NN S to obtain a NN gn = Tpn o Sn approximating ¢ = woT~!. This will introduce
an additional error in (4.4) due to the approximation of 7! addressed in [20].
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