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We propose and analyze several multilevel algorithms for the fast simulation of possibly
non-stationary Gaussian random fields (GRFs) indexed, e.g., by the closure of a bounded
domain D C R"™ or, more generally, by a compact metric space & such as a compact
n-manifold M. A colored GRF Z, admissible for our algorithms, solves the stochastic
fractional-order equation A8 Z = W for some 3 > n/4, where A is a linear, local, second-
order elliptic self-adjoint differential operator in divergence form and W is white noise
on X. We thus consider GRFs on X with covariance operators of the form C = A~28,

The proposed algorithms numerically approximate samples of Z on nested sequences
{T¢}e>0 of regular, simplicial partitions 7; of D and M, respectively. Work and memory
to compute one approximate realization of the GRF Z on the triangulation 7, of X
with consistency O(N, ), for some consistency order p > 0, scale essentially linear in
N¢ = #(T¢), independent of the possibly low regularity of the GRF. The algorithms
are based on a sinc quadrature for an integral representation of (the application of)
the negative fractional-order elliptic “coloring” operator A~# to white noise W. For the
proposed numerical approximation, we prove bounds of the computational cost and the
consistency error in various norms.

Keywords: Gaussian random fields, Matérn covariances, spatial statistics, fractional op-
erators, multilevel methods.

AMS Subject Classification: 35515, 65C30, 65C60, 656N12, 65N30.

1. Introduction

1.1. Gaussian random fields in computational uncertainty
quantification

Gaussian and transformed Gaussian random fields (GRFs) are widely used to model
spatial or spatiotemporal real-world phenomena with uncertainty. We first mention
their relevance for geosciences such as for particulate matter concentration, temper-
ature distributions, precipitation, and subsurface flow.'32757 Further applications
include, e.g., biomedical imaging,®® astrophysics,* and material models in compu-
tational mechanics.%

The efficient, approximate sampling of GRF's on unstructured meshes of various

physical domains is a key ingredient for several computational methodologies in
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spatial statistics and data science; it therefore has received increasing attention in

19,20,43,44, 53,54

recent years. In addition, such samples are needed, e.g., in Markov

chain Monte Carlo algorithms for Bayesian estimation or filtering subject to PDE
constraints.?” %8

In computational spatial statistics or computational uncertainty quantification
(UQ), a GRF Z, defined on a complete probability space (2, F,P) with expectation
operator E, typically needs to be sampled at only finitely many locations in a
“physical domain” X (e.g., a bounded Euclidean domain D C R™ or a closed,
connected, orientable, smooth, compact 2-surface M C R3 such as the 2-sphere S?)
and not on the entire domain of its definition (e.g., R™ or M). In this case, if the
covariance function

o(z,2') :=E[(Z2(z) - E[Z(2)])(2(2') —E[2(=")])],  =z,2" €&,

of Z is explicitly available, a direct approach to numerically simulate the GRF Z
at N locations 1, ..., zn € X is to assemble the covariance matrix C € RV >N with
entries Cj; := o(z;, ;). A sample of the random vector (Z(z1),...,Z(zn))" can
then be obtained by computing the square root v/C of C and by multiplying the ma-
trix v/C with a realization y(w) of the random vector y = (y1,...,yn) "
of N i.i.d. standard normally distributed random variables. This direct approach,
however, entails high computational effort, because the covariance matrix C is, in
general, dense so that calculating the square root requires O(N?3) operations and
additional O(N?) operations are needed for the matrix-vector multiplication.
Reducing this computational complexity has been subject of recent research in

consisting

both areas, computational statistics and numerical mathematics, and many different
approaches have been suggested.

1.2. Existing methods

A widely used computational method is the circulant embedding of the covariance
matrix C.1*26:33 Here, stationarity, i.e., invariance of the Gaussian distribution
under translation in R™ enters in an essential fashion: It facilitates the applicability
of the fast Fourier transform (FFT) to numerically approximate the square root
V/C and to perform the matrix-vector multiplication v/Cy(w) for a collection of
N sampling nodes at a computational cost of O(N log(N)) operations per sample.
For many applications, stationarity severely limits the scope of modeling: spatial
random data often does not satisfy tests for stationarity.® For a set X' that does not
afford invariance under translations, FFT-based methods require rather specific,
other invariances of X' to achieve linear scaling, e.g., isotropic GRFs on X = S2.19
Furthermore, in order to apply such methods for the simulation of a GRF
in a Euclidean domain D C R™, as proposed in Ref. 26, the sampling locations
Z1,...,2N € D have to be situated on a uniform grid. For the finite element dis-
cretization of a PDE with random coefficient or forcing, one typically needs to sim-
ulate a GRF on a triangulation 7 of D with local mesh refinement. Sampling based
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on circulant embedding mandates to simulate the GRF on a uniform “background”
mesh of D and to reinterpolate these samples to the unstructured triangulation 7°.33
The spatial resolution of this uniform “background” mesh therefore must equal the
smallest mesh width of 7. This may obviate possible complexity gains from mesh
adaptation in the physical domain.

Sampling algorithms based on hierarchical matrices (H-matrices) overcome
these limitations at the cost of requiring the covariance function g to be asymptoti-
cally smooth.'%:28 29 In this case, it has been shown?? that combining an approxima-
tion of the covariance matrix C in the H-matrix format with an iterative algorithm
for realizing the matrix-vector product v/Cy(w) can reduce the computational ef-
fort for generating one sample of the field Z to an optimal cost of essentially O(N)
operations. In this work we pursue a different idea which has its roots in computa-
tional spatial statistics,*® and which will allow us to formulate an efficient sampling
algorithm for GRFs which neither are stationary nor have asymptotically smooth
covariance functions. To put the results of this article in context, in the following
we first present the key idea formulated in Ref. 46 as well as related developments
since then. Subsequently, we delineate our novel contributions.

The stochastic partial differential equation approach formulated in Ref. 46 ex-
ploits the following observation going back to Ref. 64: In the case that D = R" is
the whole Euclidean space, W denotes Gaussian white noise on the Hilbert space
Ly(D), and x > 0 is constant, then the solution Z to the fractional-order stochastic
partial differential equation (SPDE)

(K2 = A)PzZz=wW, a.e. in D, P-a.s., (1.1)

has a stationary covariance function ¢ of Matérn type, given for x,x’ € R" by

2

ox,x) = oollx =X, eo(r) = i () Koler). - (12)

Here, || - || is the Euclidean norm on R™ and T', K, denote the gamma function and
a modified Bessel function of the second kind, respectively. The marginal variance
in (1.2) is given by 02 = T'(28 — n/2)T(28) ' (4r)~"/2k"~*8 and the parameter v,
related to the fractional exponent § in (1.1) via v = 28 — n/2, determines the
smoothness of the Matérn field. With the objective of modeling non-stationary
effects, in Ref. 46 the SPDE (1.1) has been considered on a bounded Euclidean
domain D C R”, where the differential operator x? — A is augmented with Neu-
mann boundary conditions. Then, non-stationarity enters in two ways: firstly, a
(generalized) Whittle-Matérn field with spatially varying correlation range can be
obtained via a function-valued parameter k: D — R; secondly, for D C R™, the
solution Z of (1.1) with Neumann or Dirichlet boundary conditions is, in general,
non-stationary, even if x > 0 is constant. Furthermore, note that the covariance
operator C: La(D) — La(D) of the GRF Z is known, namely C = (k* — A)~2% but
the covariance function p of Z is usually not explicitly available in this case.

In Refs. 7,8 the numerical solution of fractional-order stochastic partial differ-
ential equations including (1.1) has been considered in the general framework of
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the stochastic (pseudodifferential) equation A°Z = W, holding P-almost surely in
a separable Hilbert space H (here, W denotes white noise on H). Based on a sinc
quadrature for the Balakrishnan integral representation of the fractional-order in-
verse A=P, for the first time a numerical approximation has been proposed, which
is computable for the whole range of admissible parameters § > n/4. If A is a lin-
ear, symmetric, second-order elliptic differential operator in divergence form and
H := Ly(X,vx) for the closure of some spatial domain X, this approach can be
realized in practice by applying only inverses of discretized local linear operators to
a consistent numerical realization of white noise. The method is formulated with
respect to a subspace Vj, C H of finite dimension N}, (here and throughout, h > 0
shall denote the discretization parameter which could indicate, for instance, the
mesh width in a finite element method). The corresponding random load vector be-
comes a centered, Np-variate Gaussian distributed random vector, whose covariance
matrix corresponds to the Gramian (aka “mass matrix”) M of a basis for V4. This
numerical approximation has been justified by a rigorous error analysis providing
explicit convergence rates for (i) the strong mean-square error with respect to H,”
and (ii) the weak error.® For the case of a bounded Euclidean domain, X = D, the
error analysis of Refs. 7,8 recently has been complemented by bounds for the strong
mean-square error with respect to the (fractional-order) Sobolev space H? (D) and
the Hélder space C7(D) for o € [0,1] and « € (0,1).'® Furthermore, rates of con-
vergence for the covariance function of the approximation have been derived.'®

1.3. Present work

Until now the following computational aspects of the approximation introduced
in Ref. 7 have remained open questions: (I) Assuming an asymptotic target accu-
racy O(N, ”) (in strong mean-square Lo-sense) for some convergence rate p > 0,
generating one sample of Z via the approach of Ref. 7 will require the numerical
solution of (’)(logQ(Nh)) linear systems of size Nj, out of which some correspond
to singularly perturbed problems. For this reason, the applicability and complexity
of multilevel preconditioning methods for solving these linear systems is unclear.
(IT) The problem of calculating v/C for the dense covariance matrix C has been
reduced to the computation of the matrix square root v'M needed to simulate the
random load vector. Even though the Gramian M usually is sparse, it is not obvious
how to numerically realize v'M in order to minimize the computational cost.

The novel contributions of the present work are to address the problems (I)—(II)
above in detail. Theorem 2.1 bounds under minimal assumptions on the operator A
and under certain conditions on the iterative solver involved (see Assumption 2.7)
the consistency error when approximating the GRF Z on a general compact metric
space X via the approach of Ref. 7. In Propositions 3.2, 4.1, and 5.1 it is shown
that these conditions hold on bounded Euclidean domains, X = D, and on closed,
connected, orientable, smooth, compact 2-surfaces, X = M, for finite element and
wavelet methods combined with BPX%% and diagonal preconditioning, respectively.
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These multilevel techniques are combined with the approach formulated in Sub-
section 2.2.4 to approximate the action of the matrix square root vM. Our main
result is that we are thus able to generate one approximate sample of the (general-
ized) Whittle-Matérn field Z at a total cost of O(Ny, log®(Ny,)) operations for some
a > 2 and at target accuracy of O(N, ”) for a convergence order p > 0 admitted
by regularity of Z and dimensionality of X. The presented algorithms allow, e.g.,
for non-stationary GRFs in the Euclidean case X = D, as well as for GRFs on
the sphere X = S? which are non-isotropic, so that two-point correlations are not
rotation-invariant.

1.4. Outline

After a brief comment on notation in Subsection 1.5, we introduce GRF's indexed
by a compact metric space X in Section 2. For this general setting, we specify
admissible covariance operators of GRFs on X in Subsection 2.1. In Subsection 2.2
we then recall the sinc-Galerkin approximation of Refs. 7,8 and we furthermore
address the numerical matrix-vector multiplication for the matrix square root of
the Gramian, needed for simulating the random forcing. Subsection 2.3 is devoted
to a unified numerical analysis of (i) the discretization error induced by the sinc-
Galerkin approximation and (ii) the consistency error, assuming that the arising
linear systems are approximately solved by an iterative solver which is robust under
singular perturbations.

Subsequently, we explicitly formulate sinc-Galerkin approximations based on
finite element discretizations on bounded Lipschitz polytopes X = D C R"
in Section 3 and on closed, connected, orientable, smooth, compact 2-surfaces
X = M C R? in Section 4. For the efficient solution of the arising second-order,
local, elliptic boundary value problems, we propose multilevel preconditioning al-
gorithms on hierarchies of unstructured, regular simplicial triangulations. We prove
their essentially linear complexity, uniformly with respect to singular perturbations
originating from the sinc quadrature, which allows us to apply the unified error anal-
ysis of Subsection 2.3. The results of Sections 3—4 are based on BPX preconditioning
and cover unstructured, shape-regular triangulations of D and M, respectively. Sec-
tion 5 develops the alternative approach of wavelet preconditioning. While providing
a unified framework for optimal preconditioning on X € {D, M}, it is based on the
assumed availability of wavelet bases for Galerkin discretizations of the parametric
elliptic problems stemming from the sinc quadrature. Their construction commonly
requires hierarchic triangulations with some degree of regularity, whereas the BPX
techniques are readily applicable also for discretizations which are based on un-
structured, nested grids.

In Section 6 several numerical experiments for convex and non-convex poly-
gons D C R? and the sphere M = S? are performed, which verify our theoretical
results. Section 7 collects the principal contributions of this work, and indicates
several generalizations and extensions which follow from the present results.
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1.5. Notation

If not specified otherwise, E* denotes the dual space of a Banach space F and
(-, - )m is the inner product on a Hilbert space H. The domain of a linear opera-
tor A, which is possibly unbounded on H, is denoted by 2(A) C H.

Throughout, (2, F,P) denotes a complete probability space with expectation
operator E. We mark equations which hold almost everywhere or P-almost surely
with a.e. and P-a.s., respectively. For a Banach space E and p € (0,00), L,(; E)
denotes the space of (equivalence classes of) E-valued random variables with finite
p-th moment, equipped with the norm (respectively, quasi-norm if p € (0, 1))

XL, @p) = E[IXI1EDY", X € L E).

For a compact, connected metric space X', B(X) is the Borel o-algebra on X.
If, in addition, vy is a Borel measure on X then L,(X,vx) is the corresponding
L,-space of p-integrable real-valued functions, with norm

1/p
Ml ) = ( /X |f<x>|PduX(x>) L 1<p<oo,

and with the usual modification for p = cc.

For a Euclidean domain D C R™, D is its closure, and the L,-space with respect
to the Lebesgue measure is abbreviated by L, (D). Furthermore, for ¢ > 0, H?(D)
denotes the (integer- or fractional-order) Sobolev space.

For a closed, connected, orientable, smooth, compact 2-surface M, the set
OPST (M) comprises all pseudodifferential operators of order r € R in the sense
of Def. I1.1.4 in Ref. 62.

2. Gaussian random fields on compact metric spaces
2.1. Admaissible fields

Let us first assume that Z is a centered (i.e., E[Z] = 0) GRF on a com-
pact, connected metric space (X,dy) and let vy be a strictly positive and fi-
nite Borel measure on (X, B(X)). The covariance operator of the GRF Z, denoted
by C: La(X,vx) — La(X,vx), is then defined via

(C¢51/})L2(X7VX) =E [(Zv¢)L2(X,VX)(Zaw)L2(X,VX)] V(ybad) S LQ(Xa VX)~

This integral operator is self-adjoint and compact on Lo(X, vy ). Furthermore, while
being in general only positive semi-definite, the covariance operators considered in
this work exhibit positive definiteness.

More precisely, we focus on the following class of admissible covariance struc-
tures: We consider GRFs, whose precision operator C~! is a linear operator A as
specified in the assumption below or—motivated by the example (1.1) of Whittle—
Matérn fields—more generally, by a fractional power of such an operator.

Assumption 2.1. The linear operator A: Z(A) C Ly(X,vx) — Lo(X,vx) is
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densely defined, self-adjoint, and positive definite. Furthermore, it has an inverse
A7Y: Lo(X,vx) — La(X, vy) which is compact.

Assuming compactness of A~! ensures the existence of a countable, orthonormal
basis {e; }jen of La(X, vy ), consisting of (equivalence classes of) eigenvectors of A.
We let them be enumerated such that the corresponding eigenvalues {\;}jen C R
of A are in nondecreasing order, i.e.,

0</\1§)\2§...§)\j§)\j+1§..., hm)\j:oo,
j—o0

and repeated counting multiplicity.
For any o > 0, the fractional power operator A?/2 is well-defined on the domain

D(A7/?) = {¢ € La(X,va) 1 YA (1h,€,)7 () < oo}
jEN
via the spectral representation A%/2¢) := ZjeN A?/Z(z/),ej)b(;(’,,x) ej. For ¢ > 0,
we thus introduce the subspace
(HZla('a ')0')7 Hféfl = ‘@(AU/Q) gLQ(X7VX)7 (21)
which is equipped with the inner product
(&, 9)0 = (A720, A7) )y = D AT(00€7) o) (8 €7) Lo ()
jEN
and the induced norm || - ||,. Note that (-, -), renders H% a Hilbert space. In
addition, we define H,(z)t := Lo(X,vy) and, for o > 0, we let H;l” denote the dual
space (Hjl)ak after identification via the inner product on Lo(X,vx) (continuously

extended as duality pairing). In this way, we obtain, for 0 < oy < o1, the following
chain of continuous and dense embeddings

HY < HY < HY = Ly(X,vx) = Lo(X,vx)* < H7 < H".

We furthermore recall from [48, Thm. 4.36] that, for all 0 < oy < o1 and every
6 € [0,1], the space HE_Q)JOMM is equivalent to the complex interpolation space
[, 7], .

361 = 01(0'070'1,6‘) >0: Yv € Hzl . ||v||(1—9)00+901 < 01”’[}”[]_'1:07]_‘1;1]9, (22)
Jes = ¢3(00,01,0) > 0: Vo€ HY : ||U||[H;o7gll]9 < ollvla-0oe+o0,- (2-3)

We then consider the generalization of the Whittle-Matérn field (1.1) to a cen-
tered, possibly non-stationary GRF Z#, defined on the compact metric space X,
with distribution

28 ~N(0,C5),  Cpi= AT (2.4)

Here, we emphasize the dependence of the covariance structure on the fractional
exponent by the index S. Note that any system of eigenvectors for A is one for
the covariance operator Cg and, in particular, Cge; = )\;213 ej. Furthermore, the
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definition (2.1) of Hj renders C;/ ? = A~# an isometric isomorphism as a mapping
from HY to HT’M for any o € R.

This property and a Karhunen-Loeve expansion of the GRF Z? in terms of the
eigenpairs {(A;,e;)}jen of the operator A can be exploited to show the following
regularity results for Z° in (2.4) with respect to the spaces (Hj)a>0 in (2.1).

Lemma 2.2. Let A be an operator satisfying Assumption 2.1, B > 0, p € (0,00),
o >0 and Z be a GRF with distribution (2.4). Suppose furthermore that the eigen-
values {\;}jen of A satisfy the spectral asymptotics

Jer,c0 >0 VjeEN: c1j® <A <eaj?, (2.5)

for some a > 0. Then, IE[HZBH{,’] < oo if and only if 28 — o > a1,

Proof. By Fubini’s theorem and by (2.4), (2.5) we find

E[I2%2] = 3 X (Coesies)o = DA < o B Y e,
jEN jEN JEN
and this series converges if and only if «(28 — ) > 1. By observing that similarly
oy %) ZjeNj_“(Qﬂ_“) < E[||2°)|2], this shows that Z7 is a zero-mean Gaus-
sian random variable in Lo (2; Hfj‘) if and only if 28 — o > a~!'. By the Kahane-
Khintchine inequalities [45, Thm. 4.7 and p. 103] this statement remains true for
L,($ Hj) and an arbitrary p € (0, c0). O

We close this subsection by observing that a centered GRF Z# with distribu-
tion (2.4) can be represented as the solution to the stochastic equation

APZP =W, P-a.s. (2.6)

Here, W denotes Gaussian white noise on Lo (X, vy), i.e., W is a weak random vari-
able in the sense of [3, Ch. 6.4], with values in HY = Lo(X,vy) and characteristic
function given by HY 2 1 +— Elexp(i(1), W)o)] = exp(—3[|¥[|3).

2.2. Sinc-Galerkin discretization

The numerical solution of white noise driven, fractional-order equations of the
form (2.6) for 8 € (0,1) has been analyzed in a general Hilbert space framework in
Refs. 7,8.

We adopt this approach, based on an integral representation of the negative
fractional power A~ due to Balakrishnan? and a quadrature for this integral with
exponential convergence, first proposed in Ref. 10. This method reduces the appli-
cation of A~ to the numerical realization of finitely many inverses of local second-
order elliptic operators. In the following, we clearly exhibit the structure of these
local operators, since this will be key to the multilevel preconditioning techniques.
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2.2.1. Integral representation and sinc quadrature

A linear operator A satisfying Assumption 2.1 is closed. Therefore, for g € (0,1),
the negative fractional power A~# of the operator A admits the Balakrishnan rep-
resentation?

AP =2 / B 4T) "V dt = e / (WAL T)  dy,  (27)
0 —o0
where cg := 77 1(2sin(73)) and Z denotes the identity on La(X,vx).

In Ref. 10 it has been proven that the latter integral in (2.7) fulfills the require-
ments for convergence with respect to the operator norm when approximated by a
sinc quadrature (see, e.g., Refs. 49,60). For K € Nand k € {—K, ..., K}, we define
the following quadrature parameters:

6, = 1/VK >0, Yi = Koy, e = exp(—yk)- (2.8)

If f € Ly(X,vy) and B € (0,1), the sinc approzimation ug of u = A=P f with A=#
as represented in (2.7) then reads

Uk 1= Qf_(ﬁ(A)f, Q[_(ﬁ(A) 1= cgly Z Eiﬁ (5%“4_"1)_1'

[k|<K

(2.9)

In [10, Lem. 3.4] exponential convergence for the sinc quadrature (2.9) (with A
replaced with an element A of the positive real-valued spectrum of A) is proven.
The next lemma is an immediate consequence of that result.

Lemma 2.3. Let A: 2(A) C Ly(X,vx) — L2(X,vx) satisfy Assumption 2.1,
B€(0,1) and Q[_(B(.A) be the sinc quadrature in (2.9). Then, for every 0 < o <1,
there exists a constant C' > 0, independent of K, such that, for all f € HY,

AP f = Q2 (A)f||, < Cem2mniBI=BWE | ||

holds with respect to the norm || - ||, on HY, see (2.1).

2.2.2. Galerkin discretization

For f € La(X,vx) and K € N, we can write the sinc quadrature approximation ug
from (2.9) as

- 2
uk = QP (A f = cgdy Y e, (2.10)
|k|<K
i.e., as a linear combination of the 2K + 1 solutions to the non-fractional equations

(7 A+I) " =f,  k=-K,. .. K (2.11)

Recall the Hilbert space (Hj\, (-, +)o) from (2.1), and suppose that we are given
a family (Vj,)n>o of finite-dimensional subspaces,

Vi HY,  dim(V}) := Nj, < co. (2.12)
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A Vj,-valued Galerkin approximation for ux in (2.10) is then based on weak formu-
lations of the problems in (2.11). To state these, we first introduce, for n > 0, the
parametric bilinear form

ay: Hy x HY = R, an(w,v) :==n(w,v); + (w,v)o, (2.13)

where (-, -); and (-, ) are the inner products on H}4 and H& = Lo(X,vy),
respectively, cf. (2.1). In addition, we let

[olla = y/an(v,0),  ve Hy, (2.14)

be the corresponding 7-dependent energy norm on H}A' Note that, for any n > 0,
the norms || - [|4,, and || - ||; are equivalent (with equivalence constants depending
on 7). The Galerkin discretization of (2.11) with respect to V3, then reads, find

uﬁ e Vy: aei (ufwvh) = (f, ’Uh)() Yo, €V, k=-K,... K. (215)

Since A: H,14 — H;tl is bounded, symmetric and positive definite, the Lax—Milgram
lemma, ensures that the numerical approximations {u,:K ey uhK } C V4 in (2.15)
are well-defined. Furthermore, we have optimality with respect to the energy norm,

Huk - UZHa,si = wiréf\/;L Huk - wh‘

ety k=-K, . K (2.16)

Finally, by exploiting the Galerkin approximations from (2.15) in the sinc
quadrature (2.10), we arrive at the sinc-Galerkin approzimation u p, for u = ABf,

- 28, k
UK K 1= g0y g € Ups
[k|<K

with the sinc parameters d,, e, > 0 from (2.8). We note that

Uk, h = a0y Z Si’g (e7Ap +Ih)71 f= Q}’B(Ah)fa (2.17)

|k|<K

where Z;, denotes the identity on Vj, and Ay : Vj, — V}, is the Galerkin discretization
of the operator A. Thus, the Galerkin discretization for the sinc quadrature equals
the sinc quadrature formulated for the Galerkin operator Aj,.

2.2.3. Fully discrete approzimation for B € (0,1)

Besides an approximation of the negative fractional power operator A~" we need a
(P-a.s.) Vi-valued approximation of white noise W on the Hilbert space La(X,vy)
in order to solve (2.6) numerically for the GRF Z7.

To this end, let I, : Lo(X,vx) — Vi, denote the Lo(X, vy )-orthogonal projec-
tion onto the finite-dimensional subspace V}, C H}“. Although Gaussian white noise

on Ly(X,vy) is only HAé_E—regular for « > 0 as in (2.5) and € > 0 (P-a.s. and in
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L,-sense, p € (0,00), see [7, Prop. 2.3]), the Gaussian random variable W), := I, W
is a well-defined element of L,(£2; Lo (X, vx)) as shown in the following lemma.

Lemma 2.4. Let the operator A satisfy Assumption 2.1 and I, : La(X,vy) — V
be the Ly(X,vx)-orthogonal projection onto Vi, C HY with dim(V;,) = Ny, and the
space HYy be defined as in (2.1). Then, for Wi, := II,W, we have E[|Whl[3] = Nn.
Furthermore, for any p € (0,00), there exists a constant C, > 0, depending only
on p, such that (E[HW;LHSDUP < CpV/ Ny, holds.

Proof. Let {(Agn, ek,h)}]kvzhl be eigenpairs of the Galerkin operator Ap: Vi, — Vi,
with {ek7h}kN:hl orthonormalized in La(X,vy) so that |lex ||3 = 1. Then, for p = 2,
we find by Fubini’s theorem,

Np
E[IWali§] =EY_ (W, e)f = > ITnesllf = llewnll§ = Nu-
jEN JEN k=1

For a general p € (0,00), the assertion of this lemma follows from the Kahane-
Khintchine inequalities [45, Thm. 4.7 and p. 103]. |

Thus, for any 8 € (0,1), we may approximate the Lo(X, vy )-valued Gaussian
random variable Z° in (2.6), with distribution (2.4), by the GRF

20 = Qi (AWn,  Pas, (2.18)

taking values in the finite-dimensional space V}, (P-a.s.).

As mentioned already in Subsection 2.2.2 for the deterministic setting, comput-
ing (a sample of) Q;(ﬁ (Ap)Wh, requires to solve 2K +1 integer-order problems. More
precisely, the sinc-Galerkin approximation in (2.18) equals the linear combination

Zﬁ,h = cgdy Z EiﬁZ}f, P-a.s., (2.19)

|[k|I<K
where the random fields {Z}j Ko Z,f( } are solutions to the stochastic equations
(2 Ap +Ip) ZfF =Wy,  Pas, k=-K,... K. (2.20)

These discrete problems in turn lead to 2K + 1 systems of linear equations of
size Ny, namely

(A + M) Z} = b, k=-K,... K, (2.21)

where the symmetric matrices M, A € RY"*Nn are the Gramian and the matrix
representation of the discrete operator Ay : V;, — V},, which both depend on the
choice of basis ®, := {¢1.1,...,0n,.n} for V}, C H}4. Their elements are given by
(recall the inner product (-, -), on HY from (2.1))

M. == (Dj,ns Pi,n)os A = (Andjn, din)o = (j.h, Pin)1s (2.22)



October 14, 2019 10:18 WSPC/INSTRUCTION FILE hks-sincML-revise

12 L. Herrmann, K. Kirchner, & Ch. Schwab

for i,5 € {1,..., N }. The load vector b has entries b; := (Wm(bi,h)o- Thus, it is
multivariate Gaussian distributed with b ~ N(0, M), since

E[(Wh, ¢5,0)0 Wh, ¢5.1)0] = E[(TIW, ¢i.n)o (T W, @5.1)0] = (b4, &5.0)o-

The vector Z[;( of coefficients for the sinc-Galerkin approximation Zlﬂ(’h in (2.18),
(2.19) with respect to basis ®;, is then given by

Ziy =cpdy > e’Zy, Ly ~N(0,QpxMQs ).
|k|<K

Here, Qg x € Rgﬁnx Nn is the matrix representation of the sinc-Galerkin operator
Q;(’B(Ah) from (2.17) with respect to the basis ®;, = {¢1.4,..., N, .0}, L€,

Q,B,K = CB(Sy Z e’:‘iﬁ (é‘iA + M)_l .
|k|<K

Remark 2.1. The random fields {Z}:K, e Z,f(} in (2.20) are independent of the
fractional exponent 3 € (0,1). Thus, having simulated ZF for every k, we can gen-
erate samples of the sinc-Galerkin approximation Z[ﬁ{’ , in (2.18) simultaneously for
different values of 8 € (0, 1) by taking the corresponding linear combinations (2.19).

2.2.4. Simulation of the noise Wy

Simulating the random load vector b ~ N(0,M) in (2.21) requires the matrix-
vector multiplication of (an approximation for) the matrix square root VM of the
Gramian M € RN in (2.22) with a vector y of Nj, ii.d. N(0,1)-distributed
random variables. In this part we address how this matrix square root can be
efficiently approximated. Specifically, we apply the method proposed in Ref. 35
based on contour integral representations to the well-conditioned Gramian M and
are thus able to generate an approximation of the load vector b ~ N(0,M) at a
complexity of O(Ny log(Ny)) and at certified accuracy.

In what follows, let m > 0 be a lower bound for smallest eigenvalue and M >0
be an upper bound for the largest eigenvalue of the Gramian M. Furthermore, we
set oy = M\/ﬁz Following [35, Eq. (4.4) and comments below], for K € N, an
va
K

approximation MY of the matrix square root M can be obtained via

Nz ij dn (t;]1 - 55))

< en? (£5]1 — 24y')

FomT (M +w?T) (2.23)

Jj=1

Here, I € Rg,’;nXN’L denotes the identity matrix, sn,cn and dn are the Jacobian
elliptic functions [1, Ch. 16], J’ is the complete elliptic integral of the second kind
associated with the parameter 21\7[1 [1, Ch. 17] and, for j € {1,..., K},

— sn (t|1 — 35,")

.1 /
— and tj:zu.

TN S ) R
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Note that (2.23) was obtained by reformulating [35, Eq. (4.4)] in order to clearly
exhibit symmetry, positive definiteness and condition of the matrices M + wsz,
whose inverses have to be applied to the vector y. We furthermore emphasize that,
even though (2.23) results from a quadrature for a contour integral with complex
arguments, all quantities in (2.23) are real-valued. In addition, the Gramian M is
symmetric, positive definite and, thus, efficient methods are available to compute
approximations 77, M of the smallest and largest eigenvalue of M, which are nec-
essary for (2.23). We mention here the power method and the inverse iteration?®,
respectively, which performed well in our numerical experiments, see Subsection 6.1.

The following result, taken from [35, Thm. 4.1], shows exponential convergence
of the approximation in (2.23) to the matrix square root vM as K — oo with
respect to the 2-norm || - || (i.e., the operator matrix norm).

Proposition 2.1. Let M be a matriz with eigenvalues in the interval [m,f\ﬂ for
some 0 < < M. Then M}é defined for K eNin (2.23) converges to the matriz

square root VM of M and there exist constants ¢,C' > 0, which depend only on
2 = M /m, but not on the dimension of M, such that

VM - MY || < Ce 7K, (2.24)

Remark 2.2. If (Mh)h are mass matrices corresponding to finite element spaces
(Vi)p, induced by a quasi-uniform family of triangulations and indexed by the mesh
width h € (0, ho), it is well-known that the condition number s and, thus, the
constants ¢, C'in (2.24) are independent of h € (0, hy), see, e.g., 65, Eq. (5.8)]. Since
the sum of two well-conditioned, symmetric, positive definite matrices is again well-
conditioned, the same is true for the matrices M + wsz appearing in (2.23).

2.2.5. The case > 1

We briefly comment on the case of an exponent 5 > 1. If § = ng+ 5, > 1 for some
ng € N and j, € [0,1), we approximate Z3 in (2.6) by

25 = Qi (AR) A" W,

cf. (2.18), where we set Q% (An) := Zy.
If 5, = 0, no sinc quadrature is needed, and we obtain the approximation Zﬁ A
from an iterated finite element approach, i.e.,

ng—1

Zh = A~ (MA™Y) ng, y ~ N(0,T).

Here, M}é denotes the approximation (2.23) of the matrix square root v M. The
inverse of A can be numerically approximated for example by means of multilevel
methods as described in Sections 3-5.

aFor a convergence analysis of the power method and the inverse iteration, see [32, Section 8.2].
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For 3, € (0,1), samples of the approximation ZIB(’ ,, can be efficiently obtained
by solving the 2K + 1 linear systems in (2.21) for the random load vector, approxi-
mately given by b ~ (MA‘l)nﬁ M}éy for y ~ N(0,I), and by evaluating the linear
combination (2.19) with 8 replaced by f,.

2.3. Unified error analysis

The purpose of this section is to provide a complete error analysis for the sinc-
Galerkin approximation Zlﬂ(’h in (2.18), (2.19), including rigorous bounds for the
consistency error if the linear systems (2.21) are approximately solved by an iterative
method generating approximations ZN}’j of Z}f in (2.20). For linear iterative methods,
after any finite number of steps the resulting approximation ZN}’f is again a centered
GRF.

We first discuss the discretization error of the sinc-Galerkin approximation Zlﬁ{, A
from (2.18) in a different manner than in Refs. 7,18: In contrast to Ref. 18 we
consider GRF's on general compact metric spaces instead of on bounded Euclidean
domains, and compared to [7, Ass. 2.6], we impose less restrictive assumptions on
the family of discrete spaces (Vi)n>o-

We develop our error analysis under the following assumptions on (V4)n>o-

Assumption 2.5. Let (V3)r>0 be a one parameter family of subspaces V}, C H}‘l of
finite dimension dim(V}) = N}, < oo such that:

(i) There exists a linear projection Pp: Lo(X,vx) — Vj, which is stable on
Lo(X, vy), uniformly in N, and whose restriction to H}L\ is stable on Hi‘,
uniformly in Nj,. Moreover, it allows for convergence rates po1, po2, p12 > 0

such that
v — Provllo < CorN;, Mol Vv € HY, (2.25)
v — Prollo < Co2N;, P ||vll2 Vv € HE, (2.26)
v — Ppov|l1 < C12N;, P2 ||vll. Vv € HE, (2.27)

with constants Cp1, Cya, C12 > 0 which are independent of Ny,.
(ii) There exists p > 0 such that, for every 0 < o < 1, the inverse inequality

lonlle < CoNEllgnllo Yo € Vi, (2.28)
holds. Here, the constant 50 > 0 is independent of Nj,.

Lemma 2.6. Suppose that Assumptions 2.1 and 2.5(i) are satisfied for the opera-
tor A and the family (V3,)n>o, respectively. For 8 € (0,1), let Q;(ﬁ(/l) and Q;(B(.Ah)
be the sinc quadrature in (2.10) and the sinc-Galerkin approzimation in (2.17). As-
sume further that v, € (0,8) and 0,6’ > 0 are such that

o< (B-ymin{152 ) o <(@B-y)min {5 251 (229)
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There exists a constant C > 0, independent of K, Ny, such that, for all f € H;‘a/,

HQ;{B(A)f _ Q;(ﬂ(Ah)ng < CN}?(’HFY,)min{pOl’pm}||fH,U/,

Proof. Recall from (2.14) that HU”isi = e2||v||? + |lv]|2 and, thus, [lv]lo < [0]la,e2
[lv] < E,;l|\v||a7€i, for all v € HY. For 0 <& < 1, we exploit the equivalence of H%
with the complex interpolation space [HEU H}d , see (2.2)—(2.3), and conclude that

-

there exists a constant C5 > 0, independent of K, Ny, such that, for all v € H}47
lollz < Callvllo, ) < Coer Mol (2.30)

Thus, u* € Hil defined for k € {—K,..., K} as in (2.11) satisfies, for f € H;E,
a2 (u¥, uf) = (f,u*)o < || fll-5llu*llz < Coe 7|1 fll-5]lu"la,e2 - (2.31)

In the case that f € Lo(X,vy), we furthermore obtain that [|u*|y < ||uk||a’€i <
[[£llo and

erllu®l13 = llef Au (1§ = 11 — «*[I5 = I1£13 — 2(f, u)o + "3

= 113 = 2llu®lI2 2 + ™15 < 1 £15-
This shows, for 0 < o < 1, the ex-dependent stability estimates
lu*llo < [1£llos  Nlu¥llh < e Hlu¥ ez < Coei lIfll-5,  u*ll2 < &l fllo-

Using the equivalence in (2.2)-(2.3) once more, we find that for all 0 < ~',5 < 1,
there exist constants C; = C;(v/,¢) > 0, j = 1,2, independent of K, N, such that

—' (145 —1—'—(1—7")7
bl < Crer” TN Fllyrzs by < Cogy Y "7 fllioiys. (2:32)

Now fix v,v" € (0,8) and o,0" > 0 satisfying (2.29) and f € H;”,. First, let
k€{0,...,K} and u*, uf be defined as in (2.11), (2.15). Since u¥ € Vj, is the best
approximation of u* with respect to the energy norm, see (2.16), we find

= upllaez < erllu® = Prully + u* = Pruo,

where Py, : H}L‘ — V}, is the operator from Assumption 2.5(i). The approximation
properties (2.25), (2.27) of P;, may be interpolated to hold for elements in Hlt with
rate 7'pp1 and in H}“H with rate 7/p12, respectively. Thus, by (2.32) applied for
the choice of parameter ¢ := ¢//(1 — max{l —+',~4'}) < 1, there exists a constant

C > 0, independent of K, Ny, such that, for all k € {0,..., K}, we have
et = wlly ep < O (N0 N £ 0 maxta ),
< CSI:W/_,;/N}ZW' min{po1, p12} (W (2.33)

where & := ¢’ max{1 — v/,v'}/(1 — max{1 —+',+'}).
For k € {-K,...,—1}, we consider v* := £2u* and v} = Zuf, where u”, uf
are again as in (2.11), (2.15). Then v* solves (A+ ¢, ?T)vx = f (in weak sense) and
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”Z is the respective Galerkin approximation. Since 5,;1 < 1 for k < 0, the operator
(.A—i—s,;QI) is not singularly perturbed. Thus, by a standard argument there exists a
constant C' > 0 that does not depend on K, N, such that, for all k € {—K,...,—1}

— 1—o’ —~’
Io* = vf s < CNG P2 F Lo < ONZYP £, (2.34)

where 1 — ¢’ > 4/ is implied by the assumption on ¢’ in (2.29).

Let G € H;” be arbitrary such that ||G||—, = 1 and denote by u,, ug)h, v, v’é,h
the respective solutions to the adjoint equation (2.11) with right-hand side G. The
differences u¥, — u’&h, vk, — v’é,h satisfy (2.33) and (2.34), respectively, with || f||_
replaced by ||G||—,. By an Aubin—Nitsche duality argument, we then obtain

K

1GQL (A F — QR (AW )| < €9, (Z e — ufllocz lluls — u pllac

k=0

-1
26—2
Yy ||vk—v';|1||vz—vah||1>
k=—K

K —1
—(y+7") mi , 28—~y—G—~' -5’ 2B8—2
< CN, (v+~") min{po1 pl2}||f”—0" <5y +6, Zak,@ VO T s, Z Ekﬁ > )
k=1 k=—K
By a geometric series argument and the fact that 1/(e” —1) < 1/x for every z > 0,

K —1
28—y—G—+'—5' 1 26-2 1
L < ey and 8 ) &) < gy
k=1 k=—K
The claim follows upon taking the supremum over G € H;l” with ||G]l-e = 1. O

Exploiting Lemmata 2.3, 2.4 and 2.6 allows us to bound, for § € (0,1), the
strong L, (Q; Hj)—error between the generalized Whittle-Matérn field Z# in (2.4),
indexed by a compact metric space X, and the sinc-Galerkin approximation Zl’? A
in (2.18). This generality comes at the expense that for the Euclidean case X = D in
connection with uniformly refined finite element meshes, analyzed in detail in [18,
Thm. 6.23], the error bound of the following proposition will be as strong only if
po1 = p12 = 1 and pg2 = 2, i.e., if the elliptic problem associated with the differential
operator A is H?(D)-regular in the sense of [18, Def. 6.20].

Proposition 2.2. Let the operator A satisfy Assumption 2.1 and the spectral
asymptotics (2.5) for some a > 0. Suppose Assumptions 2.5(i)—(it) for the dis-
crete spaces (Vi)n>o. For B € (0,1), let Z° be a GRF with distribution (2.4) and
Zé,h be the sinc-Galerkin approzimation in (2.18). Assume further that v € (0, 3)
and o > 0 are such that 28 — o > a~! and (2.29) hold. Then, for every § > 0 and
all p € (0,00), there exists a constant C' > 0, independent of K and Np, := dim(V},),
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such that
<E[H2ﬁ_Z£,hHﬁD Y/ <CN—poz/2(2ﬁ o—a1—5)

+C (6_2 min{ﬂ,l—ﬁ}\/?Nga + N}:2vmin{pm,p12}) Né/2
Here, po1, po2, p12,p > 0 are as in Assumption 2.5.

Proof. We consider the case p = 2 first. Then we bound the error as follows,
E[12° - 2iall;] < 3E |40 - W[2] + 3E[|(A7 - QP
+3E [|| (@ (A) — Q& (AW [2] = (1) + (1) + (110).

The terms (II) and (III) can be bounded by Lemma 2.3 and by Lemma 2.6 (applied
for v = 4/ and ¢’ = 0), respectively, combined with Lemma 2.4 and Assump-
tion 2.5(ii). Thus, there exists a constant C' > 0, independent of K, N}, such that

(II) < 026—4min{[’3,1—5}\/?N;+2§0, (III) < O2N 4’Ym1n{P01,P12}+1

It remains to estimate term (I). To this end, we recall the definition of H% from (2.1)
and find by Fubini’s theorem

ZAU]E[ BT — )W, ¢;) } =3 AT - ey 3

jEeN JjEN

We use the fact that IIpe; € Vj, is the Lo(X, vy )-best approximation of e; and we
find with (2.26) of Assumption 2.5(i) that

I(Z —Th)ejllo < II(Z = Pu)ejllo < CoaN,, 2 [le2-

Since also ||(Z —1Ix)ejllo < |lej]lo = 1, we obtain, for 0 < ¢’ < 2, by the equivalence
of HY with [H%,HA} ol 2 cf. (2.2)—(2.3), that there exists a constant C,s > 0,
independent of K, N}, such that

o' /2 o' /2

I(Z = TWesllo < 1T = Pa)esllo < Cg Ny llesl s sz
ol /2

—poz20’/2 —po20’ /2 0" /2

< C,N, pozo’/ lejller = Cor N, pozo’/ )\j /2

Without loss of generality we may assume that 6 € (0,28 — o — a™!). We then
conclude with the choice ¢/ := 28 — o0 —a~! — § € (0,2) and the spectral asymp-
totics (2.5) that there exist constants C,C > 0, independent of K, Ny, such that

~ = —o—a" - — —o—a"t-
(D < CNh P02(25 5) Zj_l_m; < CNh P02(2,3 5)-
JEN
Applying the Kahane-Khintchine inequalities, see, e.g., [45, Thm. 4.7 and p. 103],

for the zero-mean Hj—valued Gaussian random variable Z° — ZI‘;_ ;, shows the as-
sertion for all p € (0, 00). O
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The final component in our unified error analysis is the consistency error. For
this, we suppose that a bound for the consistency error of each Galerkin approxima-
tion uf in (2.15) with respect to the respective energy norm || - l[a,c2 holds, which

is uniform in k. Below, we formulate this assumption for general ¢ > 0.

Assumption 2.7. Suppose that A: P(A) C La(X,vy) — La(X,vx) is a lin-
ear operator satisfying Assumption 2.1 and that V}, C H}L‘ has finite dimension
dim(Vy) = Nj. For € > 0, let a.2(-,-) and || - ||, 2 denote the bilinear form
in (2.13) and the corresponding energy norm in (2.14) with n = 2. Assume that
f € La(X,vy) and that @ € V}, is an approximation to the Galerkin solution

up, € Vit a2 (uf,vp) = (fyop)o Vop € V,

which is obtained by approximate solution of the linear system of equations by an
iterative solution algorithm, whose number of iterations is uniquely determined by
ng € N and Ny,. Suppose, there exist constants Ceon > 0, ¢ € (0,1), independent of
€, no, f and Np, such that uj satisfies the consistency error bound

a7, — tjllae2 < Ceon ¢"[[ttf ]| a,e2- (2.35)

Proposition 2.3. Suppose that we are given an iterative solution algorithm satisfy-

ing Assumption 2.7 which generates approximations ﬂﬁ of the Galerkin solutions uZ

in (2.15). Let cg := n~1(2sin(wB)) and 0y, ey be as in (2.8). Then, Uk, defined as
the linear combination

~ . 2 : 2B~k
UK h = Cﬁ5y Ek Up
|k|<K

approzimates the sinc-Galerkin solution ug p in (2.17), and there exists a constant
C > 0, independent of q,ng, K and Ny, such that, for § € (0,1), 0 < o < 1 with
0<28,0<0" <min{l,26 -}, and all f € H,° the consistency error bound

ler,n —uknlle < Cq™| fll=os (2.36)

with respect to the norm on HZ‘ from (2.1) and on the dual space [-.IZU, holds.

Proof. Let 0 <& < 1and Ci—5 > 0 be a constant such that ||v||z < Ciwz||v||1 for
allv € HY — Hf‘. Then, by definition of the bilinear form ac2, cf. (2.13), we obtain,

for v € H}L‘, the following relations for the corresponding energy norm (2.14),

Cies 5]:1||U||a,ei> k <0,

[ollo < [lv] 5
CE Ek H’U”a,a§7 k Z 07

acts Il < et vllae,  lvls < {

where C5 > 0 is a constant, independent of K, Ny, see (2.30). The ei-dependent
stability estimate (2.31) holds also for the Galerkin approximation u} in (2.15), i.e.,

[ufillacz < Coer’lIfll-s,  0<a <1 (2.37)
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With these preliminary observations on the energy norm || - 2 at hand, we

lla.e
proceed similarly as in the proof of Lemma 2.6 and find

lurn —cnlls < cady Y e lluf —p o
|k|<K

<cf<sy(zg2ﬁ L +ze2ﬂ “uk — )

where C" := c¢gmax{Ci<,Cr}. We use the consistency error bound (2.35) of
Assumption 2.7 for each term in the sums, [uf — Upllae2 < Cconq"°||uZ||a7ai, and
set C" := CeonC’ > 0. By recalling the definition of & from (2.8), we then obtain
with (2.37) (applied for & = 1 and & = o', respectively) that, for 0 < o < 2,

0<o <min{1,26 -0} and all f € H,"

lugn — dxcnlls < C"q"6, (a Z e P g 1+CJ'Z€26 e ||faf>

k=—K k=0

K K
< Cq™||f]-o (% +0, ) eI 48, e‘@’”—“’)k%) 7

k=1 k=1

where C = C" max{C1,Cy } > 0. Finally, bounding the sums by geometric series
and using the relation (e’ — 1)_1 < (ad,) ™', which holds for any a > 0, gives

||’U,Kh*UKh||g<C(\/» S0SF) T 25me= 0) g fll-os

and (2.36) follows for C := C (1+@2-28)"t4+(28-0c—-0)7"). O
Theorem 2.1. Let § € (0,1) and suppose that the operator A satisfies Assump-
tion 2.1 and the spectral asymptotics (2.5) for a > 0. Assume that we are given an

iterative algorithm satisfying Assumptzon 2.7 which generates approzimations Zh
of the GRFs Zh in (2.20). Then, ZK n» defined as the linear combination

gﬁ’h = cply Z P zk, P-a.s., cp =7 H(2sin(7p)), (2.38)
k|I<K

with 8y, ey from (2.8), approzimates the sinc-Galerkin GRF Z?h in (2.18)-(2.19).
Furthermore, for allp € (0,00), there exists a constant C' > 0, which is independent
of q¢,ng, K, and Ny, such that
~ 1/p
(Bl12%, - 2kali]) < Camon? (2:39)

holds, with respect to the norm on HZ‘ in (2.1) for any 0 < o <1 with o < 20.

Proof. The claim follows from Proposition 2.3 (with ¢/ = 0) and Lemma 2.4. O
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3. GRF simulation on bounded Euclidean domains
3.1. Admissible fields

In what follows, we let D be a bounded, connected, open polytope in R" for
n € {1,2,3}, with Lipschitz continuous boundary 9D, and we consider GRFs as
described in Subsection 2.1 on X = D, equipped with the Euclidean distance and
the Lebesgue measure.

We furthermore assume that the operator A: Z(A) C La(D) — Lo(D) is a
linear, self-adjoint, elliptic differential operator of second order. Specifically, given
functions A: D — R™™ and x: D — R, we let A: 2(A) C Ly(D) — La(D) be
the maximal accretive operator on Lo (D) associated with the coefficients A, x2, and
with domain 2(A) C Hg(D). By this we mean that, for u € Z(A), the element
Au € Ly(D) is uniquely defined via the relation

(AVu, VU)LQ(D)d + (K%, V)L () = (A, )0y Vv € Hol(D). (3.1)

We work under the following minimal assumptions on the coefficients A, k (we
shall add further, more restrictive assumptions as required in the ensuing analysis).

Assumption 3.1. kK € Lo(D) and A € L (D;R"X”) is symmetric and uniformly
positive definite, i.e.,

da_ >0: VEER™: ess in%fTA(:v)ﬁ >a_|¢)?. (3.2)
S
The corresponding bounds for the essential suprema on D are k4 > 0, ay > 0, i.e.,

ess sup |k(z)| = K4, VEER™: esssup & A(x)E < ap|E)?
€D xzeD

Under Assumption 3.1 the operator A: 2(A) — Lo(D) in (3.1) is densely de-
fined, self-adjoint and by the Lax—Milgram theorem, it admits a bounded inverse
A7t HY(D)* — H}(D). By the Rellich-Kondrachov theorem, A~! is compact on
Ly(D), see, e.g., [31, Thm. 7.22]. Therefore, A satisfies Assumption 2.1 for X = D
and we are in the setting of Subsection 2.1. For 8 > 0, we may then consider the
GRF 27 in (2.4)/(2.6) with covariance operator Cs = .A~27.

By Weyl’s law, the second-order differential operator A defined via (3.1) admits
the spectral asymptotics (2.5) for a = 2/n, see [23, Thm. 6.3.1]. Thus, Lemma 2.2
shows that

B8 >n/4, (3.3)
is sufficient for Z# € Ly(D) to hold P-a.s. and in L,-sense for p € (0, 0o).

Remark 3.1. For the Whittle-Matérn field (1.1), the assumption (3.3) corresponds
to a positive smoothness parameter v > 0, i.e., a non-degenerate random field.
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Below, we briefly recall the relation between the space HZ\ in (2.1), defined for
the differential operator A in (3.1), and the Sobolev space H? (D), cf. [47, Ch. 11].

Lemma 3.2. Let Assumption 3.1 be satisfied and A: Z(A) — Lo(D) be the differ-
ential operator in (3.1). In this case, the space Hj‘ defined via (2.1) satisfies

(Ha | - llo) = (HOD), || - llaemy),  0<o<1,
and the norms || - ||, || = [|zo(p) are equivalent on HY for0< o <1 ando#1/2.

Remark 3.2. Lemma 3.2 shows that all results of the presently developed, unified
error analysis in Subsection 2.3 can be formulated with respect to the norms on

the Sobolev space H7 (D) and the dual H~7'(D) = H”'(D)" instead of || - |5 and
| - ||-o’, respectively.

3.2. Finite element discretization

The discretization of the 2K + 1 reaction-diffusion equations (2.11) for ¥ = D C R"
proceeds by a standard Galerkin finite element method (FEM). We confine our error
and preconditioning analysis to first order, Lagrangean nodal FEM on regular,
simplicial partitions 7j, of D of mesh width h := max{diam(7T) |T € T;}. We add
that higher order, Lagrangean FEM can be analyzed in exactly the same fashion.
The corresponding subspace Vj, of HY = HJ(D) in (2.12) is of finite dimension
Ny = dim(Vy,) = O (h™").

In the context of multilevel methods, we shall also stipulate the availability of a
nested sequence {T;}e>0 of such triangulations, with mesh width h, and correspond-
ing finite element (FE) space Vy := V4, of dimension Ny := dim(V;), with nodal
FE basis ®,. We also write A, and Z, for the corresponding Galerkin-FE operator
Ap,: Vi = V; and the identity on V;, respectively.

We note that in the Euclidean case with A defined via (3.1) the local linear,
second-order divergence form differential operators in (2.11) are formally given by

(PA+T)w(z) = —*V - A(z)Vw(z) + (14 *k*(z)) w(z) (3.4)

where the parameter € > 0 stemming from the sinc quadrature ranges from
exp(—VEK) to exp(VEK), cf. (2.8). Consequently, if the coefficients A, r satisfy
Assumption 3.1, the differential operator in (3.4) is a) regularly perturbed for
1<e< exp(\/[?), and b) singularly perturbed for exp(f\/E) <e< 1l

3.3. Multilevel preconditioning

The key to the efficient simulation of the sinc-Galerkin approximation Zgh
in (2.18), (2.19) of the GRF Z# in (2.6) with distribution (2.4) is the numeri-
cal solution of the linear systems (2.21). The corresponding solution vectors enter
the sinc approximation (2.19) additively; accordingly, the 2K + 1 linear systems
(2.21) can be solved in parallel. The main issue in proving linear complexity for
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iterative solvers is preconditioning of the coefficient matrices in (2.21). Due to the
above-mentioned range of the parameters 5 standard preconditioning arguments
for second-order, elliptic PDEs do not robustly precondition (2.21), i.e., the condi-
tion number of the preconditioned coefficient matrices cannot be bounded uniformly
with respect to h and to &y.

In the following, we present and analyze multilevel preconditioning methods
which are robust with respect to ;. Specifically, we consider the BPX multilevel
preconditioner which is applicable to any available FEM implementation for the
operator A that affords a multilevel structure. We remark that in this section we
first develop the preconditioning techniques for the Euclidean case, but their scope is
considerably wider: they extend to n-variate manifolds X = M, thereby facilitating
efficient numerical simulation of the GRF in (2.4). For 2-surfaces in R3, this is
discussed in Section 4.

For symmetric problems like (2.15) multilevel preconditioners afford fast solu-
tion methods, see, e.g., Ref. 65. In our setting, an estimate for the condition number
of the preconditioned coefficient matrix is required, which is uniform with respect
to the parameter € in (3.4). We thus consider the BPX preconditioner for the para-
metric family of bounded linear operators {A +e~2Z: H}(D) — H~1(D), € > 0},
i.e., the elliptic operator A “shifted” by the factor ¢ 2

The finite-dimensional operators Ay: V; — V;, £ > 0, introduced in Subsec-
tion 3.2 are symmetric, positive definite (SPD), and there exists a constant C' > 0
such that the condition number of A, satisfies 3(A;) < Ch; ? (e.g., [65, Eq. (5.8)]).
This limits the applicability of iterative solvers such as conjugate gradient (CG),
which converge linearly, with contraction number §, = (\/ ) (\/ (Ap) —|—1)
Thus, it may happen that §;, — 1 as £ — oo. Appropriate precondltlonlng of Ay
by By : Vy — Vi can provide linear convergence of preconditioned CG (PCG) with
contraction numbers that only depend mildly on £. For every discretization level
L € N, the BPX preconditioner, see Ref. 65, on V}, is defined by

L
By =Y _ R, (3.5)
£=0
where, for £ € {0,...,L}, Ry: V; — V; is an SPD operator that is referred to as
smoother and Il;: Vi, — V; is the Lo(D)-orthogonal projection. For simplicity the
dependence on L is not explicitly reflected in the notation of these operators.
We recall that H§ = Ly(D) and (-, -)o = (-, - )L.(D), see Lemma 3.2. In what
follows, we assume that there exists a constant C' > 0 such that for every ¢ > 0, for
all vy € Vp, and for every ¢ € (0, 0),

C (Reve,ve)o < by (IVvell§ + e 2hZ vellg) < C(Reve, ve)o. (3.6)

Proposition 3.1. Suppose that the coefficients A, k of the differential operator A
n (3.1) satisfy Assumption 3.1 with bounds ay > a_ > 0, ky > 0 and that the
smoothers {Re}e>0 in (3.5) satisfy (3.6). Then, there exists a constant C' > 0,
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depending on ay, k4, D and independent of € € (0,00), such that
s (Bp (AL +e7%I.)) < C|log(hy)| VL €N.

Proof. For all £ > 0, the FE-discretized Dirichlet Laplacian —Ay: V, — V} satisfies
(—Apve,we)o = (Vue, Vwg)o Vv, we € V.
By Assumption 3.1 and the Poincaré inequality we have, for £ > 0 and v, € V,

a— (=g, ve)o < (Aeve, ve)o < (ag + Cpr?) (—Agvg, ve)o, (3.7)

where C'p > 0 is the constant in the Poincaré inequality, which depends only on D;
namely C'p, ! is the smallest positive eigenvalue of the Dirichlet Laplacian on D.
Thus, we find with (3.7) and [42, Lem. 6] that, for every vy € Vp,,

(AL +e7%Z) vp,vr), < (ay + Cpk?) (—Apvr, vr)o + (6 2vr, vL)o
S CA,K,D| log(hL)\ (BZLUL/UL)O s

and the constant Cy . p := max {17 at + CDH%F} > 0 does not depend on € > 0.

We conclude that A\jax (BL (AL +8_2IL)) < Ca,x,p|log(hr)|. Here and below,

Amax(*)s Amin(-) denote the largest and smallest eigenvalue of an operator on V7.
Similarly, we obtain by [42, Lem. 8] and (3.7), for every vy, € Vg,

(By'vr,vL), < Cp ((—Ap +e7%Zy) v, o)y < Cap (AL +eI1) v, v),
where again the constant Cy p = 5@ max{l,ajl} > 0 is independent of ¢ > 0.
Thus, Amin (BL (AL + €*2IL)) > C’Z}D and the claim of this proposition follows,

—2
since 5 (By, (Ar, +27°T1)) = Re(GLigins). g

Remark 3.3. Assumption (3.6) is satisfied by Jacobi and Gauss—Seidel smoothers,
cf. [42, Thm. 1 and Rem. 2]. Thus, by Proposition 3.1 they may be used with respect
to the shifted operator A 4+ ¢~2Z;, for implementations in practice.

Recall the bilinear form a,, with corresponding energy norm || - ||4,,, depending
on the parameter n > 0, from (2.13)—(2.14). For given f1, € V, and € > 0, we wish
to approximate the solution uy, € Vj, of the parametric linear system

asz(uL,vL) = ((EQAL +IL) UL,UL)O = (fLaUL)O Yvr € Vi, (38)

by an iterative solver which converges at a rate independent of € and L € N.

Proposition 3.2. Suppose that the coefficients A, k of the differential operator A
in (3.1) satisfy Assumption 3.1 and that the smoothers {Re}i>0 in (3.5) sat-
isfy (3.6). Let L € N, ng > 1 be given and set the number of iterations to
n = [ngy/|log(hr)| |. Let U € VL, be an arbitrary initial guess.

Then, there exist constants C > 0, q € (0,1), independent of €, ng, hy, and U?
such that the n-step BPX preconditioned CG approzimation Uy € Vi, of uy, in (3.8)
satisfies

HUL - U£||a,€2 < anOHUL - Ug”tl,s?a
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where || - ||q,c2 is the norm in (2.13). The computational cost is O(ngNr+/log(NL)),
with the constant implicit in O(-) independent of €.

Proof. For any U? € Vy, holds (see, e.g., [32, Eq. (11.3.27)])

V#(BL(AL +¢7211))
V#(BL(AL +e7%11))

By Proposition 3.1, there exists a constant ¢ > 0, which is independent of € and Ay,
such that the BPX PCG algorithm converges linearly with contraction number

(v/c|log(hr)] —1)/(y/cllog(hr)| + 1). The statement
( [Tog(hr) 1)\/10g(hL)|

n
-1
”uL - UZHa,sQ <2 ( I 1) HUL - Ug”a,eQ' (3'9)

<qg<1 (3.10)

Vellog(hp)|+1

is equivalent to

\/W <\/0|10g +1> (q_l).

c|log(hr) =1

The facts that lim, o xlog((x+1)/(x—1)) = 2 and that z — zlog((z+1)/(z—1))
is monotonically decreasing on (1, c0) imply that (3.10) holds for ¢ = exp(—2/1/¢).
The assertion follows then by the usual convergence estimate of PCG in (3.9). O

Remark 3.4. It is also possible to apply the BPX preconditioner combined
with a relaxed Richardson iteration and relaxation parameter in the interval
(0,25~ Y(BL(AL + £72Z1))) instead of PCG, cf. [65, Prop. 2.3]. Then the state-
ment of Proposition 3.2 holds with number of iterations n = {no | 1og(hL)H and
computational cost O(noNplog(NyL)) (with O(-) independent of ¢ > 0). In the
case of a BPX preconditioned relaxed Richardson iteration, the approximate so-
lution depends linearly on the right-hand side, which is generally not the case for
PCG. Thus, Z~5k in (2.38) generated with BPX preconditioned relaxed Richardson
iteration will be a GRF and unbiased.

Remark 3.5. The assertion of Proposition 3.2 verifies Assumption 2.7 for PCG
using standard multilevel preconditioning by BPX. Thus, the main result on the
consistency error for approximate simulation of the GRF Z# (2.4), Theorem 2.1,
holds with Lagrangean FE for GRF's that belong to the class induced by the minimal
Assumption 3.1 on the coefficients A and k. The computational cost for generating
one approximate sample Z:i ny, Of Z8 is shown in Table 1, assuming the calibrations
K = O(log*(Ny)) for the number of sinc quadrature nodes, ng = O(log(Np,)) for
the number of PCG iterations, and K = O(log(Ny)) for the approximation of the
matrix square root in (2.23).

In the case that, in addition to Assumption 3.1, D is convex and the coefficient A
is of class C%1(D)™*" then Assumption 2.5 and, thus, Proposition 2.2 hold with the
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rates pg1 = p12 = 1/n and pga = 2/n. This follows from elliptic regularity results,
see, e.g., [34, Thm. 3.2.1.2], where Pp,, may be taken as the La-projection Ily, cf. [59,
Eq. (9.27)] and Ref. 12. The corresponding accuracy of the approximation Z;i Iy
in La(92; Lo(D)) is presented in Table 1 for this case.

Table 1. Computational cost and unbiasedness for simulating 2@ L in (2.38) on a Euclidean

domain X = D with BPX. In addition, the L2(Q; L2(D))-accuracy of this approximation is shown
for the case that the operator A is H2(D)-regular.

p— —
Solver Cost for ZhL Total cost for ZK>hL Unbiased B é/cfuracy
cf. (2.20) cf. (2.38) |2 — ZKJLL||L2(Q;L2)
PCG O(Nr log®/?(Ny)) O(Nr log"/3(NL)) No
—1/n(2B—n/2—35)
reled o (N log?(N2)  O(Nx log! (N1) veo | OV )
Richardson

4. GRF's on surfaces

In this section, we consider GRFs on a closed, connected, orientable, smooth, com-
pact 2-surface M immersed into the Euclidean space R3 and endowed with the
positive surface measure vy (induced by the first fundamental form). The GRF
ZP with distribution (2.4) is again considered as the solution to the stochastic
fractional-order PDE (2.6), where A is a self-adjoint, second-order, elliptic differ-
ential operator in divergence form, i.e., w + Aw = —V - (AVpmw) + k2w for
w € P(A), where V- and V denote the surface divergence and gradient. In
this case, A is a symmetric tensor field, i.e., A(z): T, M — T, M is linear and sym-
metric for almost all x € M, where T, M denotes the tangent space at z. Below,
we collect all assumptions on the coefficients A and x. In order to use pseudod-
ifferential calculus, we assume that they are smooth. However, we add that the
preconditioning results of this section only require A and « to be positive, bounded,
and measurable.

Assumption 4.1. The symmetric tensor field A and x: M — R are smooth. Fur-
thermore, there exist constants a_, x_ > 0 such that, for almost all x € M,

|k(z)| > K-, VEEeT,M: €£TA(x)E>a_|€. (4.1)

Under Assumption 4.1, the Lax—Milgram lemma implies that A: H}A — H;l is
boundedly invertible, with H% defined as in (2.1). Furthermore, A € OPS} y(M)
is a self-adjoint, elliptic pseudodifferential operator of second order. By the spectral
theorem it admits a countably infinite sequence {(};,e;)}jen of eigenpairs with
eigenfunctions {e; } ey C C°°(M) constituting an orthonormal basis of La(M, vaq)
when normalized in La(M,vaq), ie., (e;,e5:) = 55, where 0;;, denotes the Kro-
necker delta.
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It follows from [62, Thms. XII.1.3, XII.2.1] that, for all § € R, the fractional
power AP of A € OPS} (M) is well-defined and (using that dim(M) = 2) that
Aj(AP) ~ j# as j — oo. In particular, @ = 1 in (2.5). Thus, by Lemma 2.2 the
SPDE (2.6) admits a unique solution in L, (£2; Lo(M,vaq)) for any § > 1/2.

Furthermore, as ¢; € C°(M), for every f € C>°(M)* and every j € N, we
may define ]/”; = (f,e;) (with (-, -) denoting the extension of the Lo(M,vpq) inner
product to the C*°(M)* x C°(M)-duality pairing). Then [62, Ex. XII.2.1]

N

- 12 . ~ R

VoeR: feH' (M) < EN‘fj’j <0 = J\}I—Igoélfj%:me (M).
JjE Jj=

In particular, we have the isomorphy
Vo ecR: H(M)=HY, (4.2)

and the norms are equivalent with constants depending only on ¢ and M.
As M was assumed compact, for every > 0, A=F € OPS;SB(M) is a compact,
self-adjoint operator on Lo(M, vaq), since

A_BLQ(M,I/M) = H2’8(M) — LQ(M,UM),
with the last injection being compact by Rellich’s theorem [62, Ch. 1.5, Eq. (1.5.15)].

Remark 4.1. If the assumption that the coefficients A and k are smooth is
dropped, then by the Lax-Milgram lemma A: H}L\ — HZI is still boundedly in-
vertible and the equivalence H?(M) = H4 follows for ¢ € [~1,1]. Furthermore,
also the spectral asymptotics (2.5) with & = 1 can be shown by exploiting the min-
max principle (which shows that a_\;(—=Ax) + k2 < Xj(A) < ayj(—Apm) +K2)

combined with the corresponding asymptotic behavior of the eigenvalues for the
negative Laplace—Beltrami operator —A; on M.

For the finite element discretization, we suppose available an inscribed polyhe-
dron and denote its surface by M with plane faces {F1,..., F;} which is enclosed
by M and which is such that the vertices of M are situated on the surface M. The
surface measure of M is denoted by vi7. Moreover, we assume that there exists a
bijective, piecewise smooth mapping F: M — M such that the Jacobian DF is
invertible a.e. The FE spaces on M will be defined patchwise, where the patches
are given by F(F;)) C M, i=1,...,J. Let Vi, be a first order FE space on M with
maximal mesh width A, i.e., let it be the space of piecewise affine functions on a
triangulation of M. A FE space V on M results by

Vi, = {v S H_/14 : El'ﬁh c ‘7}1 s.t. vho]-':ﬁh}.

The bilinear form corresponding to A, upon pullback in local coordinates to
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Mc R3, is, for v,w € Hi‘, given by
/ [AVMU -Vyw + szw] dv g
M

= /~ [(Df)*TZ(Df)*lv o0 Vg + Fw| dvy,  (4.3)
M

where duj\% = +/det((DF)T(DF)) dvy; and the composition of a function g

with F is denoted by g. In particular, also the Lo(M, vaq)-inner product may

be pulled back and results in a weighted Lg(./T/l/, Vﬂ)—inner product with weight

V/det((DF)T(DF)).

Multilevel preconditioning by BPX can be analyzed via the correspondence
in (4.3). Let Vi, £ > 0 be a nested sequence of FE spaces that result by uniformly
refining an initial triangulation on M with maximal mesh width h¢. The correspond-
ing nested FE spaces on M are denoted by V4, £ > 0. Denote by Ay, £ > 0, the FE-
discretizations of A. Recall that HY = La(M,vaq) withnorm || - [lo = || - |1, (Movne)
and consider the BPX preconditioner with SPD smoothers R;, £ =0, ..., L, which
satisfy for some constant C' > 0

C™ (Reve,ve)o < By (IV mvellg + e 2hE[|vell3) < C(Reve, ve)o. (4.4)

This property is satisfied, e.g., for Jacobi smoothers, see Subsection 3.3 for details.

Proposition 4.1. Suppose that the coefficients A and k are bounded, measurable,
and satisfy (4.1). Further, suppose that the smoothers {R¢}e>o satisfy (4.4). There
exists a constant C > 0, independent of € € (0,00), such that

#(Br(Ap +¢727)) < C|log(hy)| VL €N.

Proof. We begin by verifying the statements of [42, Lem. 6 and 8] in the case of
the operator —A & + e~17 on M , where A i denotes the Laplace-Beltrami on M.
Denote by A ML the FE discretized Laplace—Beltrami operator on level L.

The proof of [42, Lem. 6] is based on a strengthened Cauchy—Schwarz inequality,
cf. [65, Lem. 6.1]. Since the strengthened Cauchy—Schwarz inequality is proven in
Ref. 65 element-wise without requiring boundary conditions, the same proof is also
applicable for boundaries of polyhedra. Thus, as in [42, Lem. 6], there exists a
constant C' > 0, which does not depend on hp, such that for every v € Vi

(—Ag, +e720)3,0), < Cllog(hy)|(BL'0,) (4.5)

o
Here, B 1. denotes the corresponding linear operator on the FE space ‘N/L.

The proof of [42, Lem. 8] is based on an identity from the abstract theory of
parallel subspace correction, cf. [66, Lem. 2.4], which implies with the assumption
on By, in (4.4) a version of [42, Eq. (4.7)]. For all ¥ € V,, we have

L
O YB;'9,0)p < inf {((AM’,L + &7 2T) 00, To)o + Z h;2|§g||§} (46)

=
D4 Ve=0 /=1

S 0(55167 6)07
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where C' > 0 is a constant that does not depend on L. For £ € {0,...,L}, let ﬁg
denote Ly-projection onto Vp. The next step is to verify that there exists a constant
C > 0 which does not depend on hy, £ =0,..., L, such that, for every v € V,,

L
IV oI5 + > by 2 (I — I—1)B§ < C||V 7013 (4.7)

=1
The estimate (4.7) has been verified in the Euclidean case in [11, Eq. (4.5)]. The
particular ingredients of the proof are estimates [11, Eq. (4.6) and (4.7)]. A first
order approximation property of the Lo-projection ﬁg and stability in the H 1(/(/7)—
norm results in [11, Eq. (4.6)]. In our case, for the approximation property of II,
see, e.g., [59, Thm. 10.2] and for the stability in the H'(M)-norm see, e.g., [59,
Lem. 9.13] (and also Ref. 12) for the Euclidean case, which can be applied patchwise.
Furthermore, since —A +1 is boundedly invertible from HY' (M) = H-1+' (M)
for some &’ > 0 and since the FE spaces ‘7@ satisfy an approximation property (see,
e.g., [59, Lem. 10.8]) the estimate [11, Eq. (4.7)] holds with oo = ¢’ in the notation
of Ref. 11. As a result, the proof of [11, Eq. (4.5)] is applicable line by line and we
conclude (4.7). Inserting the decomposition & = ITj + Zle(ﬁg —TI,_1)7 into (4.6),
we find with (4.7) the following version of [42, Lem. 8]: There exists a constant

C > 0, which does not depend on L and ¢ € (0, c0), such that, for all v € ‘7L,

(By'9,9), < C((~Agq,, +e72D)7,9),, (4.8)

Recall that the proof of Proposition 3.1 relied on the estimates from [42, Lem. 6
and 8], which we have derived for the setting here as (4.5) and (4.8). By (4.3) the
FE operator on V; corresponding to A + £ 727 can be identified with a symmetric,
elliptic FE operator with variable coefficients on %7 given by

Ve x V> (0,@) — /N [(Df)*ﬁ(pf)*lvﬂg. V@ + (7 + 5*2)515] L.
M

Thus, the proof of Proposition 3.1 is applicable, where we point out that here also
variable coefficients appear in the shifted term £~2; that is due to the transformation
of the measure. This constitutes a simple extension of Proposition 3.1 and we omit
the details. D

Remark 4.2. The error bounds of Proposition 3.2 for PCG with BPX hold also
in the setting of this section. Thus, Assumption 2.7 is satisfied and the unified
consistency error bound of Theorem 2.1 applies also for the approximate simulation
of the GRF 2% with distribution (2.4) on a closed, connected, orientable, smooth,
compact 2-surface M.

Remark 4.3. The sinc-FE algorithm discussed in this section can also be consid-
ered on piecewise smooth Lipschitz surfaces. The presented analysis may be recon-
ciled. We refer to [22, p. 2259] for gaining an impression of such an extension which
would partly be beyond classical theory of pseudodifferential operators on smooth
surfaces as, e.g., presented in Ref. 62.
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Remark 4.4. For the particular choice F(z) := = — d(2)Vd (z), where 4 is the
signed distance function with a negative sign inside M, explicit formulae have been
derived in [24, Eq. (2.10) and (2.12)] that allow for an implementation of the al-
gorithm provided d is accessible. The signed distance function admits a closed
form expression in the case of M = S2, i.e., the 2-sphere. FE approximations have
been computationally realized in [37, Sec. 6]. Thus, fast sampling of non-isotropic
GRFs on S? is admissible by the algorithms presented in this work. The simula-
tion of isotropic GRFs, whose covariance structures are invariant under rotations,
was previously treated with fast Fourier techniques in Refs. 19,43. In addition, the
presently developed methods extend in a unified way to any smooth surface that is
homeomorphic to the 2-sphere.

5. Wavelet preconditioning

The BPX preconditioning techniques of the previous Sections 3—4 allowed under
Assumption 3.1 (respectively, under (4.1) as part of Assumption 4.1, see also Re-
mark 4.1) for an iterative solution of the linear systems (2.21) at accuracy O(N, ”)
for a prescribed consistency order p > 0 (limited by the regularity of the GRF
ZP and the order afforded by the Galerkin discretization), cf. Proposition 2.2 and
Theorem 2.1. The incurred computational costs in work and memory are essentially
O(Np), see Table 1. As we have explained, BPX preconditioning applies to unstruc-
tured regular triangulations of X in both cases, for a Euclidean domain X = D and
for a 2-surface X = M. In the following, we present an alternative approach which
is based on the (assumed) availability of a multiresolution analysis (MRA) in the
spaces Lo(X,vy) and HY, see (2.1). To streamline the discussion, we provide all
statements and proofs in a unified fashion, with X € {D, M}, where D C R" is
as in Section 3, and where M is as in Section 4. Throughout this section, we work
under Assumptions 3.1 and 4.1, respectively.

We recapitulate, from Refs. 22,52, 61, notation and basic results on wavelet
Galerkin discretizations of operator equations. We limit the presentation to Riesz
bases, and norm equivalences required for the multilevel preconditioning of the
parametric linear systems (2.21). We remark that having at hand a wavelet basis ¥
of the spaces Hjl which is stable in a range of Sobolev orders s € (—7, ) for some
5 > 0, v > 1 allows compressive numerical approximation of samples of the GRF
ZP in (2.4). Wavelet-based approximation methods can, therefore, in principle also
exploit more regularity of the GRF Z# that is afforded, for example, by a higher
fractional exponent 3 > 0, see [18, Lem. 4.1].

Wavelet preconditioning (see, e.g., Refs. 21,61 and the references there) is based
on the observation that wavelet FEM provide Riesz bases for Hf\ for a range of o
around o = 0. As is customary (see, e.g. Ref. 22), we let ¥ = {9 : A € J} denote
a countable collection of wavelets. Here, J is a countable index set of multi-indices
A= (4 k,e), with £(\) = || € Ny denoting the scale of resolution, k(\) denoting
the spatial location of wavelet 1) in X and (optionally) e(\) is the type of wavelet.
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In particular, we view W as infinite collection of wavelets; Galerkin approximations
will of course only use finite sections of these which correspond to a finite set A C J
of “active indices” \ € A.

We require ¥ to be a Riesz basis of Lo(X,vy), which is to say that for every
v € Lo(X,vy), there exists a unique vector v € ¢5(J) such that

v = vab)\ =v'w (5.1)
reJ
holds, with equality in Ls (X, vx). We shall require systems ¥ which are localized,
ie.,

Xy = supp(yy) C X, diam(Xy) ~ 27 xe g (5-2)

For a function v € La(X,vy), the vector v € £5(J) of coefficients with respect
to the multiresolution system W characterizes the regularity of v on the scale of
spaces {Hf{‘ : 0 € (—7,7)} for some constants v,4 > 0 (which depend on W).
To formally state this property, we introduce bi-infinite diagonal scaling matrices
D = diag{wy : A € J} with diagonal elements wy > 0. More generally, for s € R,
we write D® = diag{2|)“s A E J}. The key observation for preconditioning is then
the following norm equivalence on H? 5 ., 7. For o € (—7,7), there exist constants
0 < ¢, < C, < oo such that the coefficient vectors in (5.1) satisfy

collVile, < ||vTD—<T\IJ||H3AX+I < Collvlle, Vv € La(T). (5.3)

In order not to clutter the exposition, we restrict ourselves here to compactly sup-
ported wavelets and remark that certain wavelets with sufficient decay also allow
norm equivalences of type (5.3), see [51, Section 6.10]; the unbounded support en-
tails significant technical repercussions.

Equation (5.3) implies in particular that the scaled basis D=°W is a Riesz basis
for Hf{t in (2.1), i.e., every v € Hf{\ admits a representation v = v D™°W¥ with a
unique v € ¢3(J) such that (5.3) holds.

An immediate consequence of (5.3) is the following result on robust wavelet
preconditioning.

Proposition 5.1. Let W be a Riesz basis for Lo(X,vy) which satisfies (5.3) for
some § >0 and vy > 1. For e > 0, define on HY the parametric norm || - | a.(x) by

[0l1F. 20 = € [(Vav, Vav) Ly wr) + (0:0) Lo wn)] + (0:0) o), (5:4)

where Vx denotes the Euclidean gradient if X = D and the surface gradient if
X = M. Then, for every e > 0, with the constants c¢,,Cy > 0 from (5.3), and with
the bi-infinite diagonal preconditioning matrix

D. = diag{(1 +2*): X e 7}, (5.5)

we have, for every v € l5(J) and for all e > 0,

1/2|

2 (g + ) 2 vl < IV DI 2y < (C24+CD P V]I, . (5.6)
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If, in addition, Assumption 3.1 (or Assumption 4.1) is satisfied, then there exist
constants 0 < ¢ < é < oo (depending on ay, ki in Assumption 3.1/4.1, and
on ¢;,C; > 0,4 =0,1, in the norm equivalence (5.3)) such that for the parametric
bilinear form ay,(-, -) in (2.13) we have, for any e > 0,

VWelb(T): E|v|i <ax(vIDI'E,vIDIIE) < &v|7 . (5.7)
In particular, there exists a constant ¢ such that, for every e > 0,
» (D (MY +2AY) DY) <e, (5.8)

where M¥ and A¥ are the Gramian and operator matriz in (2.22) with respect to
the wavelet basis ¥ .

Proof. Statement (5.6) can be proven as in [21, Rem. 1] by replacing the H!
semi-norm by the H!'-norm in the proof of [21, Rem. 1], which is justified by our
assumptions on ¥ in (5.3).

To show (5.7)—(5.8), we observe that under Assumption 3.1/4.1 the parametric
bilinear form a.2 (-, -) =e*(V-, AV -)o+ (-, (1 +&?K?%) - )o corresponding to (3.4)

is uniformly equivalent to the parametric norm || - ||z, (xy in (5.4) with respect to
€ > 0. We will show this first for X = M, i.e., in the setting of Assumption 4.1.
Specifically,

Vo e Bl minfas, k2, Y ol3 ) < ae(v,0) < max{as, £, 103 -

In the case X = D, Assumption 3.1 permits essinf,cp{s?(z)} = k2 = 0, since
the boundary conditions (homogeneous Dirichlet) facilitate a Poincaré inequality
with constant Cp > 0, ie., |v||r,) < Cp|| Vo 1,y for every v € HY. As a
consequence, the lower bound of a.2(v,v) uniformly with respect to € > 0 follows,

Yo € HY : min {50+ CpY), 1} Hv||%{€(){) < a.2(v,v) < max{a;, k3, 1}||v||?{E(X).

Thus, assertions (5.7) and (5.8) follow from (5.6). O

Proposition 5.1 and its proof do not require the smoothness assumption on A
and k2 in Assumption 4.1. We add some further comments on Proposition 5.1.

Remark 5.1. For computational purposes, indices of “active” wavelets need to be
restricted to finitely many indices contained in some index set A C J. Suitable
choices of A can accommodate, for example, local mesh refinement in bounded
domains that account for corner singularities (see, e.g., Ref. 39 and references there).

The norm equivalences (5.6)—(5.7) of Proposition 5.1 are valid for every infinite
coefficient sequence v € ¢5(J). They hold in particular for A-“supported” subse-
quences, i.e., for vp = {vy : A € A}. We furthermore note that the constants in
(5.6)—(5.7) and also in the condition number bound (5.8) are independent of A.
Thus, for L € N and Ap := {A € J : |\| < L} with #(Az) = O(25"), the
norm equivalences (5.6)—(5.7) hold on ¢3(Ar) with constants ¢, ¢ and ¢ which are
independent of the refinement level L and of € > 0.
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Furthermore, by Proposition 5.1 the singularly perturbed, truncated Galerkin
projected operators in wavelets (M¥ + c2A %), allow for uniformly optimal diago-
nal preconditioning by (D;l)A,
particular, the occurring condition number bounds hold without log-factors. This
therefore improves the BPX results of Propositions 3.1 and 4.1 (which, however,
might be an artifact of the method of proof). As a consequence, Assumption 2.7
is satisfied with ng denoting the iteration numbers of either PCG or a relaxed
Richardson iteration. The system matrices that are Ap-sections of M¥ and AY
have O(Q”LL) non-zero entries. However, by compression techniques from Ref. 22
exploiting certain vanishing moment properties of the MRA, a consistent approxi-
mate matrix vector product can be realized that only uses O(2"L) matrix entries.
Thus, the overall computational cost for the sinc quadrature combined with MRA is
in the setting of Table 1 reduced to O(Np, log(Ny,)) for ZNI,jL and to O(Np, log3(NL))

for ZNI’B( n, at the same accuracy.

i.e., with condition bounded uniformly in € > 0. In

Remark 5.2. The preconditioning result requires only the Riesz basis property
of W; it does not suppose specific properties on the dual wavelet system U (see,
e.g., Refs. 21,61 for a definition). Such assumptions usually appear in the analysis
and synthesis operations in signal processing. This affords extra flexibility in the
construction of explicit systems W which can be exploited for minimizing condition
numbers of Gramian matrices and support sizes.

Remark 5.3. We refer to Ref. 56 and the references there for the construction of a
continuous, piecewise quadratic spline wavelet basis on regular, simplicial triangu-
lations of bounded polygons D C R? with straight sides. This construction affords
the stability (5.3) with ¥ = v = 3/2, and also extends to Lipschitz polytopes in R®.

6. Numerical experiments

In this section we study the numerical approximation of the GRF Z# in (2.4) on
a convex polygon D; C R? on a non-convex polygon Dy C R2, and on the 2-
sphere S? C R3. To this end, we consider the operator A = —Ay + k2. Here,
Ay denotes the Laplace operator with homogeneous Dirichlet boundary conditions
if X € {Dy,Ds}, and, for ¥ = M, —Ay,, is the Laplace-Beltrami operator on
M = S2. The coefficient function x? will be piecewise constant. We suppose given
a sequence of nested FE spaces Vp, £ > 0, which results by an uniform refinement of
an initial regular triangulation of D in affine triangles or of S? in curved triangles
as discussed in Section 4. In particular, we realize an ezact triangulation of S2, i.e.,
absence of geometry approximation errors.

6.1. Approximation of the square root of the mass matriz

We numerically test the performance of the algorithm discussed in Section 2.2.4 to
approximate the square root of the mass matrix. Specifically, we require the action
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of this approximation on a vector of i.i.d. N(0,1)-distributed coefficients. In for-
mula (2.23) the required solutions to linear systems are performed with CG. Since
the condition number of the mass matrix does not depend on the mesh width for
quasi-uniform refinement, CG converges linearly with a convergence rate that is in-
dependent of the dimension of the FE space. Also note that the condition number of
the sum of two SPD matrices is upper bounded by the sum of the individual condi-
tion numbers. The algorithm in (2.23) requires values for M and 7 that upper and
lower bound the spectrum of the mass matrix. These are obtained by multiplying,
respectively dividing, the result of 20 iterations of the power method, respectively
of the inverse iteration, by the value 1.1. In Figure 1, the relative error is visualized
for the approximation of vMy in the Euclidean norm, where y has i.i.d. N(0,1)-
distributed entries. In the case dim(V;) = 1985, the approximation can be compared
to the exact vector vMy. For dim(V}) = 130561, we use a reference vector obtained
with K = 20 in (2.23). The linear systems in (2.23) were approximately solved by
CG with error tolerance 10~'2, which also limits the approximation quality. This
is visible in Figure 1 in the case dim(V;) = 1985, where the approximation is com-
pared to the exact vector vMy. These tests were performed for D; = (0,1)? with
homogeneous Dirichlet boundary conditions.

6.2. Simulation of non-stationary GRF's in bounded Fuclidean
domains

We consider two bounded polygons Di,Ds and impose homogeneous Dirichlet
boundary conditions. For 8 € (0,1), the sinc-FE approximation Zf(qh in (2.18)
of Z° in (2.4) depends on the FE mesh width » and on the number K, where the
sinc quadrature has 2K + 1 terms. Since D; = (0,1)? is convex, the inverse of the
shifted Dirichlet Laplacian (—A + x2(x))~! is bounded from Ly (D) to H?(D). Con-
sequently, Assumption 2.5 holds with pp1 = p12 = 1/2, pp2 = 1, and the FE error is
asymptotically (as Ny — o) O(N[BH/H&), see Proposition 2.2 and Table 1. Bal-
ancing the bounds for the sinc quadrature error O(e*“/?) for ¢ = 2min{3,1 — B}
yields K = ((8 — 1/2)log(N¢)/c)®. We use K, = 4K} in our simulations. In Fig-
ure 2, we plot the CPU time for § = 0.75 as an average of 40 runs, where we apply
PCG with BPX and Jacobi smoothers. PCG is stopped with an error tolerance of
10712 and we use K = 10 on all levels. As a comparison, Ny log®(Ny) is also shown,
which would be the computational cost if one PDE solve in the sinc formula were of
computational cost O(Ny). The slopes are fitted with least squares in log scale. The
function x%(z1,x2) is chosen to be 7 if 71 < 1/2 and k% otherwise for k2, k3 > 0.
In Figure 2, k2 = 20, k3 = 200.

The relative Lo (§2; Lo(D;))-error, i = 1,2, is studied in Figures 3—4. To this end,
the Ly(€); Lo(D;))-error is approximated with R = 60 Monte Carlo samples and
with a reference solution, which is obtained for Figure 3 on a FE mesh with two
additional levels of refinement with 2095105 degrees of freedom using a sparse direct
solver SuperLU, see, e.g., Ref. 25, and K¢t = K42+ 10 for the sinc quadrature. The
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Figure 2. CPU time per sample versus Ny, = dim(V},) for Z}ﬁ( , for B=0.75

random forcing is approximated with K = 20 on the reference discretization level
and subsequently projected using the Lo(D;) projection onto coarser discretization
levels. This enables a comparison of the approximate GRFs on different levels of
accuracy in the error plots. In Figure 3, we choose again D; = (0,1)? and 3 = 0.75.
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The convergence rate expected from the presented theory is &~ 1/4 with respect to
the degrees of freedom Ny of the FE space. We observe a pre-asymptotic regime,
whose size seems to depend on the function k2, which determines the spatial cor-
relation length of the GRF. More precisely, the particular form A,, = Ag + k2 with
Ap = —A entails a (S-independent) pre-asymptotic regime in the onset of FE con-
vergence which, for x = const., corresponds to h~! < k. This is due to the lack of
scale-resolution in the FE eigenfunction approximation in this regime. This effect
is also visible in the present numerical experiment until the FE mesh is sufficiently
fine to resolve the correlation length scale of the GRF Z# in D;.

We furthermore investigate in Figure 4 the effect of a non-convex polygon on
the asymptotic FE convergence rate. There, the convergence behavior for the square
D; = (0,1)? and for the polygon Dy = (0,1)?\A are compared, where the triangle
A has corners (1,0)7, (1,1/10)T, and (1/2,1/2)7 (the largest interior angle at
(1/2,1/2)T is 6 ~ 1.967). Here, we set 3 = 1.5 and follow Section 2.2.5, where Kj
is chosen as above with ¢ = 1/2. The reference solution is obtained as before with
K = 20, but with one further level of refinement with 523265 degrees of freedom
using a sparse direct solver. The expected convergence rate is ~ 1 for the convex
polygon Dy, see Table 1. For the non-convex polygon Dy, we observe a reduced
convergence rate with uniform refinement. This is explained by the fact that the
inverse of the Dirichlet Laplacian is bounded from Ly(Ds) to H*!(Dy) for every
t € (0,min{n/6,1}) ~ (0,0.51). The empirical convergence rates in Figures 3 and 4
are computed by least squares taking into account the five data pairs corresponding
to the five finest resolutions. The observed convergence rate for D is in accordance
with the recently derived results on convergence of Whittle-Matérn fields if A is
only H'*!(Dy)-regular for some t € (0,1), see [18, Def. 6.20 and Thm. 6.23]. The
tests in Figure 4 were performed with k3 = £ = 10.

6.3. Simulation of non-isotropic GRFs on the sphere

We consider the 2-sphere S? = {x € R® : 22 + 23 + 23 = 1} as a special case
of a 2-dimensional closed, connected, orientable, smooth, compact surface. For
isotropic GRFs on S? (with isotropy taking the role of stationarity in the Eu-
clidean case), fast simulation on equispaced partitions via FFT are possible. Here,
we address a more general, non-isotropic setting where the function x2(z) is given
by k%(z1,29,23) = Ky if 21 < 0 and by w%(x1,22,23) = k2 otherwise for some
k1, k2 > 0. The resulting GRF Z# is non-isotropic, i.e., the two point covariance is
not given by a scalar function evaluated at the geodesic (here great circle) distance,
since its covariance operator is not diagonalized by spherical harmonics, a necessary
condition for isotropy of Z?, see [50, Thm. 5.13].

Finite Elements with nested spaces have been computationally realized on S?
for example in [37, Sec. 6]. We use again PCG with BPX and Jacobi smoothers.
The stopping criterion for the iterative linear system solvers is as above the error
tolerance 10712, The steering parameters of the sinc quadrature are likewise chosen
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Figure 3. Relative L2(Q; La(D1))-error of ZIB( n D1 = (0, 1)2, B8 = 0.75 various values of K2,
i =1,2. Onset of asymptotic convergence is delayed for large values of k (corresponding to small
spatial correlation length).
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Figure 4. Relative L2(Q; La(D;))-error, ¢ = 1,2, of gf(h D1 = (0,1)2 vs. D2 = (0,1)%\A,
B = 1.5. Reduced convergence rate for uniform refinement due to low path regularity caused by
corner singularities in polygonal domain.
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as above; the domain is again 2-dimensional. In Figure 5 the CPU time is plotted as
the average of 40 runs using k2 = 20 and k3 = 200. In Figure 6, the Ly(Q; L2(S?))-
error of the sinc-FE approximation for the non-isotropic GRF Z? is shown, where
the rate is again computed via a least squares fit. The Ly(£2; L2(S?))-norm is ap-
proximated as the sample average of 60 Monte Carlo samples. The random forcing
is as above approximated with K = 20 on the discretization level of the reference
solution and projected onto coarser levels with the L (S?) projection. The reference
solution is as above the numerical solution taken on two additional levels of mesh
refinement with 4194306 degrees of freedom using a sparse direct solver.

4 g
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10° { —e— CNlog2o(N)
()] —--- fit: 1.1984 /
-8 1024 /
o
D 101
A 10%4
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q_) 10° 4
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102 103 104 10° 106
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Figure 5. Simulation of non-isotropic GRFs on the sphere. CPU time per sample versus Nj =
dim(V},) for Zi 5 with 8= 0.75 on S?

The implementation for all numerical tests is based on the C++ library BETL,
cf. Ref. 41. The CPU time in Figures 2 and 5 has been computed sequentially using
the CPU Intel(R) Xeon(R) CPU E5-2697 v2 @ 2.70GHz.

7. Conclusions

We have developed the mathematical analysis and implementation of a class of
Gaussian random fields Z” on certain compact metric spaces X, particularly on
closures of bounded Euclidean subdomains P C R¢ and on compact 2-surfaces
without boundary. The fields Z? are obtained as solutions of the fractional-order
equation A% Z# = W, where W denotes white noise and where A denotes a linear,
self-adjoint, second-order, elliptic reaction-diffusion operator on X'. The numerical
simulation of the GRF Z? has been realized by approximating A~? via a sinc
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Figure 6. Simulation of non-isotropic GRFs on the sphere. Relative Lz2(£2; L2(S?))-error of 2?{ A
for B =0.75, k2€ {2,20}, k2€ {20,200}

quadrature combined with a multilevel FE discretization of A. Under the minimal
Assumption 3.1 on the coefficients of A, we have provided two computational strate-
gies to numerically generate samples of Z? on simplicial triangulations 7 of X in
essentially linear complexity O(#(7)) (up to log-terms) per sample. Here, X may
be the closure of a bounded Euclidean domain or a manifold satisfying certain
conditions. We note that these two strategies can furthermore be combined with
approaches, where the fractional inverse A~7 is treated numerically via a rational
(Padé) approximation, such as in Ref. 6, since they typically also require solving
singularly perturbed elliptic problems.

In Section 5 we introduced MRA’s on X € {D, M} for the purpose of multi-
level preconditioning. Having at hand a FE wavelet basis ¥, which is stable in the
spaces Hf{‘ in a range of Sobolev orders o € (—7,v) for ¥ > 0 and v > 1, allows
for a compressive numerical simulation of the GRF ZP. The localization of sup-
ports of elements in such bases is also the key in linear scaling quasi-Monte Carlo
algorithms.30:38-40 For this reason, wavelet-based approximations of the equation
AP ZP = W can, in principle, exploit higher P-a.s. Sobolev regularity of the GRF
Z that is afforded, for example, by a greater value of 5 > 0, see [18, Lem. 4.1] for
the case of convex Euclidean domains. We remark that the assumption of global
smoothness of the surface M which we imposed in Sections 4-5 can be relaxed to
piecewise smooth surfaces which admit a global Lipschitz atlas, see Remark 4.3 and
Ref. 22.

The presently developed multilevel approaches allow the fast simulation of GRF's
also in a number applications which are currently of interest in computational UQ
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and in data assimilation, e.g., when X is a high-dimensional data graph G.16-17:36
The need for fast (multilevel) simulation of GRFs arises, e.g., in (multilevel) Markov
chain Monte Carlo methods in Bayesian UQ, see Ref. 5 and the references there.
They also extend to spatiotemporal GRFs that are of interest in data assimilation
and spatial statistics, see, e.g., Ref. 13.
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