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TIME-DEPENDENT POLARIZATION TENSORS:
DERIVATION OF ASYMPTOTIC EXPANSIONS FOR
THE TRANSIENT WAVE EQUATION

LORENZO BALDASSARI

ABSTRACT. This paper aims at introducing the concept of time-dependent polariza-
tion tensors for the Helmholtz equation. One considers solutions to the frequency-
domain Helmholtz equation in two and three dimensions. Based on layer potential
techniques one provides for such solutions a rigorous systematic derivation of complete
asymptotic expansions of perturbations resulting from the presence of diametrically
small targets with constitutive parameters different from those of the background
and size less than the operating wavelength. Such asymptotic expansions are based
on careful and precise estimates of the dependence with respect to the frequency of
the remainders. By truncating the high frequencies of the Fourier transform of these
asymptotic expansions, one recovers the time-domain formulas. The threshold of the
truncation is determined by the size of the target. The time-dependent asymptotic
expansions are written in terms of the new concept of time-dependent polarization
tensors. It is expected that our results will find important applications for developing
time-domain algorithms for target classification.

1. INTRODUCTION

Echolocating bats can detect changes as small as 500 nanoseconds in the arrival time of echoes when
these changes appear as jitter or alternations in arrival time from one echo to the next. The bat
perceives the phase of the sounds, which cover the 25- to 100-kilohertz frequency range, as these are
represented in the auditory system after peripheral transformation. The acoustic image of a sonar
target is apparently derived from time-domain or periodicity information processing by the nervous
system [20, 21].

The aim of this paper is to introduce the concept of time-dependent polarization tensors for the
Helmholtz equation. Experimental data suggest that bats use temporal information for most, if not
all, perceptual tasks [20]. Therefore, it is expected that our results will find important application for
developing time-domain methods for target classification in echolocation by extending the correspon-
dent frequency-domain methods [2, 11] and the elecro-sensing case [9]. Since a signal in time contains
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more information from a frequency point of view, they are expected to give a better performance in
target classification if treated directly in the time domain.

We consider the case of a bat which is not moving and is sending a signal in time. This problem has
to be evaluated in the frequency-domain first. We derive an asymptotic expansion for the perturbed
wave in terms of the frequency-dependent polarization tensors by taking care of the frequency of
the remainder associated to the asymptotic formulas. The target has to be small compared to the
wavelength. Note that high frequencies correspond exactly to small wavelengths. The basic idea is
then to truncate the high frequencies, as in [7]. The threshold of the truncation is determined by the
size of the target. The truncation is not just a mathematical assumption: CF (constant frequency)
bats cannot hear all the frequencies outside a certain range of finite values [20]. By truncating the
high frequencies of the Fourier transform of the asymptotic expansion, we recover the time-domain
formulae. These time-dependent asymptotic expansions are written in terms of the new concept of
time-dependent polarization tensors.

To be more precise, suppose that the target D is of the form

D =¢eB+ 2,

where B is a bounded Lipschitz domain in R%, d = 2,3, containing the origin and € is the order of
magnitude of the diameter of the target. A cylindrical or spherical wave

ety g,
Uy(z,t) = H&-\Z—yn

274/ t2 —|z—y|? ’

is generated by a point source located at y far away from z. When this wave hits the target D, it
is perturbed. We will derive complete asymptotic expansions of this perturbation far away from the
target as e — 0. In fact, we will derive asymptotic expansions of the perturbation v, — U, after having
the high-frequency component truncated, where u, is the solution to

(1.1)

O2uy — V- (X(RT\ D) + kx(D))Vuy = 0,—ydi—o  in R? x (0, 00),

uy(z,t) =0 for z € R and t < 0.
The leading-order term in this asymptotic formula has been derived by Ammari et al. [7] for the
three-dimensional case. The proof of our asymptotic expansion is different, is written for dimensions
d = 2,3 and is complete. It is based on layer potential techniques and the decomposition formula

v@wy:{%%m+SﬂW@%:MHW\Q
s v, D,

of the solution v, to the Helmholtz equation associated (1.1). Here the background solution Vj, is
defined as follows: e
eyl d=3,

Vy(z,w) := {4’”’3_3”
HY (wlz—yl) d=2,

where Hél) is the Hankel function of the first kind of order zero. One of the main achievements of
this paper is a rigorous derivation of a complete asymptotic expansion of v, with careful and precise
estimates of the dependence with respect to the frequency of the remainders, see Theorem 3.3 and



Theorem 6.4. Note that these estimates are much more involved in two dimensions than in three
dimensions because of the logarithmic behavior of the Hankel function at the origin [1, 18, 19, 22].

Finally, we recover the time-domain formulas by truncating the high frequencies of the Fourier
transform of the asymptotic expansion of v,. Note that the polarization tensors introduced by Ammari
et al. in [6] are not defined for any frequency. Therefore, the threshold of the truncation is determined
by the diameter of the target and is of order O(e~%) for 0 < o < 1, that is less than the lowest Dirichlet
eigenvalue for —A on D. The time-dependent asymptotic expansions allows us to introduce the main
concept of this paper, that is the concept of time-dependent polarization tensors, see Theorem 4.2
and Theorem 7.2. They are the truncated Fourier transform of the frequency-dependent polarization
tensors.

This paper is organized as follows. In Section 2 we consider the Helmholtz equation in three
dimensions. We derive in Section 3 complete asymptotic formulas for the three-dimensional Helmholtz
equation and estimate the dependence of the remainders in these formulas with respect to the frequency.
Based on these estimates, we obtain in Section 4 formulas for the three-dimensional transient wave
equation that are valid after truncating the high-frequency components. They are written in terms of
the new concept of three-dimensional time-dependent polarization tensors. In Section 5 we consider
the Helmholtz equation in two dimensions. In Section 6 we derive complete asymptotic formulas for the
two-dimensional Helmholtz equation and estimate the dependence of the remainders in these formulas
with respect to the frequency. Note that these estimates are more involved in two dimensions than
in three dimensions because of the behavior of the Hankel function. Based on these estimates, we
obtain in Section 7 asymptotic formulas for the two-dimensional transient wave equation that are valid
after truncating the high-frequency components. As in the three-dimensional case, these formulas are
written in terms of the time-dependent polarization tensors.

2. THE THREE-DIMENSIONAL CASE: PRELIMINARY RESULTS

Let D C ER?’, D =z+¢eB,0<e<1,|B|l =1. Denote by V, the time-harmonic wave generated at
y € R3\ D, with dist(y, D) > ¢y > 0 (we assume that the inclusion D and the point z are away from
the source y), and operating frequency w > 0:
v r ewlz—yl
y(@,w) =Ty (z,y) = m,
with = # y. Note that I, (z, y) satisfies
(Az + MQ)FW(I,y) = 7624(33)7

and |T',(x,y)| does not depend on w.
Let k> 0, k # 1. The pertubed field v, is solution to

V- (X(RS \D) + kx(D)) Vv, + w2vy = —0y, (2.1)

and satisfies the Sommerfeld radiation condition. Equation (2.1) can be written as follows

Avy + w?v, = —4,, R3\ D,
Avy + %vy =0, D,
vyl = vy, oD,
v-Vuyly = kv - Vuy|_, oD,

v, satisfies the Sommerfeld radiation condition.



Note that v, can be represented as follows [8]:

oy 0) = {Vyg:c,w)wg[w](x), z €R*\ D,
o SyFlel(x). veD,

where (¢,v) € L?(0D) x L*(9D) is the unique solution of

VR 4] — G [oh] —
S5 10 - Splvl = Vi, on 0.
kv - VS [Gll- —v - VSRl =v-VV,,
provided that w? is not a Dirichlet eigenvalue for —A on D. Here, the single-layer potential is given
by
SH[e)(z) = / T (z — 8)¢(s) do(s) for ¢ € L*(OD).

oD

3. ASYMPTOTIC EXPANSION FOR THE THREE-DIMENSIONAL
FREQUENCY-DEPENDENT EQUATION

Suppose that w? is not a Dirichlet eigenvalue for —A on D. In addition, suppose that w € (0,e"%),
with 0 < a < 1. Note that there exists ¢y > 0 such that, for e sufficiently small, ew < ¢y < 1, i.e., ew
can be taken arbitrarily small. We need the following result.

Lemma 3.1. Let D =eB+z, |[B| =1 and D C R®. Denote by (¢,) € L*(0D) x L*(dD) the unique
solution of the following system:

ﬁ _ w — F
Sp' 4] LSD ] ’ on 0D. (3.1)
kv - VS0l — v VS50l = G,
Suppose there exists g > 0 such that ew < €y < 1. We have
9llz2 0Dy + 1Yl 20Dy < C(€_1HF||L2(6D) + IVF|| 20Dy + |Gl 22(0D)) (3.2)
where C does not depend on F', G, € and w.

Proof. Let ~
o(z) = d(ex + 2), Z € 0B,

and define ¢, F and G likewise. After a change of variables, (3.1) becomes

{S;fﬁ 9] - Sl = ' F,
by VSEE G| — v VS =G,

on 0B.

Define an operator T : L?(0B) x L?(0B) — H'(0B) x L*(0B) by

T(3,D) == (S5* [d] — S [d], kv - VSEF[d]|- — v - VSE]]4).



We then decompose T as
T=T+Te,

where
Ty(¢, ) := (SB[0] — SH[D), kv - VS| — v - VSE[Y]]4),

and
T. =T —Tp.

For ew < €y, with €y small enough, we have
1S5 (0] — SB[ om) < Cew|dlL20m),

v VSE[d]l+ — v VS%[&]HHL?(@B) < CEWH&HLZ(BB)?

where C' does not depend on € and w. Therefore
I Te(6, %) || 1 0By x 2208y < Cew(||D]l2(am) + 1] 2(a8))-
Since Ty is invertible [13, 16], T is invertible for ew small enough and
T'=T,"'+E,
where the operator E satisfies
|E(e ' F,G)||120m)x 12(08) < Cewl|(€ ' F, G) || mam)x12(08),

with C being independent of F, G, € and w. Finally, we have

(6,9) =T e 'F,G) =Ty (e 'F,G) + E(c 'F,G).
Assuming ew small enough, it follows that

16, V)l L2om)xr2(08) < Cll(€ " F, G|l 08)x L2(05)-

where C' does not depend on F, G, € and w. By scaling back, (3.2) holds true. O

Since dist(y, D) > ¢ > 0, the function V,(z,w) is smooth for z € D. Then, for z € 9D and z away
from y, the following function is well defined:

Vyn(z,w) = Z M(m — z)i.

i!
|i|=0
Denote by (¢, %) € L?(0D) x L?(0D) the unique solution of the following system:

o on 0D. (3.3)

{Sﬁ [bn] — SE[n] = Vymi1,
kv - VSEF [on]l- —v-VSP[n]ly =v - VVynia,



Then (¢ — ¢n, ¥ — 1y,) is the unique solution of

{SD&% [¢ _w¢n] - SEW - wn} = Vy - Vy,n+1» on dD.

kv - VSEE (6 = dull- — v VSE[Y = dulls = v V(Vy = Vi),
By Lemma 3.1, we have
¢ — dnllz2op) + ¥ — ¥nllr2opy < C(eHVy = Vymsllz2op) + IV (Vy = Vit £2(a0))5

where C' does not depend on € and w. By Cauchy-Schwartz, we have

1/2
1V, ~ Vosalle(om) = ( | - Vy,n+l2) < 10DI"2(Vy — Vit |~ 01).

In the following estimates, we assume that w > 1, since the case w < 1 is much easier to handle. By
the definition of Vj, 41, we have

Vy — Vy,n+1HL2(3D) = O|6D‘1/2||Vy = Vymsilloe < C‘8D|1/25n+2HVyHC"”(D)’

and
IV(Vy = Vyms1)l20p) < CIODIM €|V, [l s ().

By a straightforward calculation, we observe that ||V, [|ce(p) < Cw*, where C does not depend on w.
We have
IVy = Vymtillr2opy < C|OD|Y2e" 2w T2,

and
IV(Vy = Vynt1)llz20p) < C|oD|Y/2entiynt2,

We have proved that
|6 — bull2op) + 1YY — Ynllz200) < C|oD|Y/2em T t2, (3.4)
For x € R®\ D, x # y, dist(z, D) > ¢; > 0, the representation formula (2.2) yields
v(z,w) = Vy(z,w) = SHvn () + SH[¢h — Pul(2).
Note that [|[T'y (2, )|z~ @p) < C, where C that does not depend on w. By Cauchy-Schwarz and (3.4),
we have
1/2
1SHl — ¥n](@)] < [/Em Tu(z,8)Pdo(s)| ¥ = ¥ullz2o)
<Py (2, ')||L<>c(aD)\3D|1/2\3D|1/2€"+1wn+2 < Ce" 3t
where C' is independent of € and w. Then we have proved that
v(z) — Vy(z) = SHby (@) + O("Pw™t?), for x € R*\ D, z # y. (3.5)
For each multi-index ¢, define (¢;, ;) to be the unique solution to
cw (5 % (7)) — ~1
{SB 01@) = ST i@ =3t  secom
kv - VSEI0)@)|- — v VSY @) = v- Vi,

where & = e (2 — 2), z € D. The following proposition has been proved in [3].



Proposition 3.2. We claim that

fasy V(2w
oulw) = 3 i1 EVBO) gy (3.6)

7!
li|=0

sy (2, w
balw) = 3 i1 EED) ) (3.7)

il
li|=0
for x € 0D and (pn, 1) defined as in (3.3).
Expansion (3.5) together with formula (3.7) yields:

e LV, (2, w
o) = Vo) = S I EIED gy (i) o), (39

[i|=0
for € R3\ D and = # y. Note that
SBile (- — 2)](z) = /6 Tuas)inle (5= 2) dols) = / Py (e, €8 + 2)ia(3) do(3).

OB

By a straightforward calculation, we observe that [Ty (z,-)]
depend on w. Therefore, for sufficiently small e, we have

cn+2(py < Cw™ 2, where C' does not

ol A
To(r,e5+2)= Y “0ily(2,2)F + O("2w"+?).
=
Finally, we get
n+1 E‘j|+2 ) )
Sl (- =2)(@) = > — 3§Fw(w)/ §1i(3) do(3) + O(e" W *2). (3.9)
: OB

|71=0

For multi-indices ¢ and j in N3, the frequency dependent polarization tensors (FDPTs) Wi, :=

Wi;(B, ew, 6—\/‘%) are defined as follows [6, 8]:

Wij = /83 §4;(3) do(3). (3.10)

We obtain the following theorem from (3.8) and (3.9).

Theorem 3.3. Suppose that w? is not a Dirichlet eigenvalue for —A on D and w € (0,e~%), with
0 < a < 1. The following asymptotic expansion holds:

kB il )41

vy(z,w) = Vy(z,w) = Z

lil=0]i|=0
forz € R3\ D and x # y.
By using [3], one can recover from (3.11) the leading-order term of the scattered field derived in [7]

vy (z,w) — Vy(7,w) = €V, V, (2,w) M (B)V.T, (7, 2) + O(e*w?),

OV, (2, W), (x, 2)Wij + O("T3(1 +w™+2)),  (3.11)

il !

where M is the polarization tensor [4] and w > 1.



4. THREE-DIMENSIONAL TIME-DEPENDENT ASYMPTOTIC EXPANSION

Define
6(t — |z —yl)

Uy(z,t) == prp—

b

where § is the Dirac mass at 0. U, satisfies

(02 — A)Uy(x,t) = 6pyyi—o, (x,t) € R3 xR,
Uy(z,t) =0, for z € R and t < 0.

For p > 0, we define the operator P, on tempered distributions by
PJ)(t) = / N (W) d, (4.1)
lwl<p

where 1[1 is the Fourier transform of 1. The operator P, truncates the high-frequency component of
. Since

R ) eiw|$—y|
Uy(z,w ::/e“”tU z,t)dt = — =V, (z,w),
o) = [ (w0 dt = o = V()
it follows that ot — | )
—lz—y
P,|U, ) =12 = 7
AUt = P,

where

2sin pt ;
Yy(t) := s1;1p = / et dw.

lwl<p
Therefore, P,[U,] satisfies

(07 = D)P,[U)(w,1) = domythp(t) in R® X R,
For u, = uy(x,t), we consider the wave equation
Oy — V- (x(R®\ D) + kx(D)Vaty = dpyio in B x (0,0),
uy (2, t) =0 for x € R? and t < 0.
We want to derive an asymptotic expansion for P,[u, — Uy](x,t). We have
P,luy|(z,t) = / ey, (z,w) dw,
lw|<p

where v, is the solution to (2.1). To introduce P,[W;;|(z,t), we must remember that the frequency-

dependent Wij are defined when system (3.3) has unique solution, i.e., w?

for —A on D. Given the n-dimensional isoperimetric inequality [10, 17]:

is not a Dirichlet eigenvalue

1 2/n
A(D) > (m) Ci/njn/Qfl,h

where jy,.1 is the first positive zero of the Bessel function J,,,, C', the volume of the n-dimensional unit
ball, and A;(D) > 0 is the lowest eigenvalue for —A on D, it is sufficient to take |w| < 1/e.



Definition 4.1. For p < 1/e and multi-indices ¢ and j, the three-dimensional truncated time-
dependent polarization tensors (TTDPTs), P,[W;;], are defined as follows:

Pp[Wij](l‘7t) = / e_i“’tWij dw, (42)

|wl<p
where VAVij are the FDPTs given by (3.10).

From Theorem 3.3, we have

, ot B i1 . , .
/ e "M vy (2, w) — Vy(z,w)) dw =€ Z T / e ALV, (2,w) 0T, (z, 2) Wiy dw
lwi<p l1=0""1i|=0 lwi<p

+ / e ' R(z,w) dw,
lw|<p

where
/ e I R(x,w) dw = O(e" 3 p"T3).
lwl<p

Suppose that p = O(e™®) for some positive & < 1. Then

/ eI R(x,w) dw = O (e("+3)(17°‘)) .

lw|<p
Since
/ efi“’tﬁivy(z,w)ﬁgfw(x,Z)WZJ( B) dw = 5‘1 Uyl (2, t—T—T )GJP U.)(z, 7)P,[Wy5](7") dr d7',
RZ
lw|<p

we have proved the following theorem.
Theorem 4.2. For 0 < a < 1, the following asymptotic expansion holds:
Pyluy)(z,t) = PplUy](z,1)

et AL il
+€ Z Z /R@] ) (z,7 (/ 81 (z,t — 7 —7")P,[Wy;](7") d’r’) dr (4.3)

T
g=o fi=o "7’
+0 (€(n+3)(1—a)) 7

where x € R\ D, D = €B + z, |B| = 1, P,[W,;| are the TTDPTs defined in (4.2) and p = O(e~?).



5. THE TWO-DIMENSIONAL CASE: PRELIMINARY RESULTS

Let D C RQ, D =z+€eB,0<e<1,|B|l =1. Denote by V, the time-harmonic wave generated at
y € R?\ D, with dist(y, D) > ¢y > 0 (we assume that the inclusion D and the point z are away from
the source y), and operating frequency w > 0:

T (1
Vy(a,w) = To(a,y) = 7Hy" (wlz —y)).
with « # y. Note that ', (z, y) satisfies

(A + w)Tu(z,y) = =0,(2),

for x € R2.
Let £ > 0, k # 1. The pertubed field v, is solution to

V- (x(R*\ D) + kx(D))Vov, + w?v, = —d,, (5.1)

and satisfies the Sommerfeld radiation condition. Equation (5.1) can be written as follows

Avy, + w?v, = =4, R2\ D,
Avy + %Uy =0, D,
'Uy|+ :vy‘—a oD,
v-Vuyly = kv - Vo, |_, oD,

vy satisfies the Sommerfeld radiation condition.

As in the three-dimensional case, v, can be represented as follows:

() = {Vyga;,w) +5%[¢)(x), =eR2\D, 52)

Sy* el(x), z €D,

where (¢,9) € L?(0D) x L*(dD) is the unique solution of

{ S5 18] - S0l = Vi, .

kv -VSEF[g)l- —v- VSB[l = v-VV,

provided that w? is not a Dirichlet eigenvalue for —A on D.

6. ASYMPTOTIC EXPANSION FOR THE TWO-DIMENSIONAL FREQUENCY-DEPENDENT
EQUATION

Suppose that w? is not a Dirichlet eigenvalue for —A on D. In addition, suppose that w € (0,e™%),

with 0 < a < 1. Note that there exists ¢y > 0 such that, for e sufficiently small, ew < ¢y < 1, i.e., ew
can be taken arbitrarily small. We need the following result.

10



Lemma 6.1. Let D =¢B+z, |B| =1 and D C R2. For each (F,G) € H'(0B) x L*(0B), denote by
(¢,v) € L2(0D) x L*(0D) the unique solution of the following system:

TP

{SD i LSD[’L/}] £ on 0D. (6.1)
kv VST 6)|- — v VSl = G,

Suppose there exists ¢g > 0 such that ew < eg < 1. We have

6]l 22a0) + %]l 22op) < C(e M IFllL2(om) + IV L200) + |Gl L2 (o)) (6.2)
where C' does not depend on € and w.

Since the two-dimensional fundamental solutions I'c,(z,y) and T'(c)/k(z,y) do not converge to
To(z,y) = 1/(2m)log |z — y| as € goes to zero, we need a few facts to prove Lemma 6.1. The following
results are an application of [8, 14, 15].

Lemma 6.2. Suppose that OB is of class C2. For each (F,G,a) € H'(0B) x L*(0B) x R, there exists
a unique solution (¢,,c) € L*(0B) x L?(0B) x C such that

Splo] — Syl —c=F
kv-VSY[d)|l- —v-VSE[W]|ly =G  on dB. (6.3)

faB (/(/} - d)) =a,
Proof. We set f =1 — ¢. By Lemma 2.2 of [15], there exists a unique solution (f,c) € L?(0B) x C
such that
{S% fl+e=-F

faB [ =a,
Therefore, ¢ and ¥ = ¢ + f will be the unique solution of (6.3) provided

kv - VSplgll- = v- VSl + G,

on 0B.

) (1= ) (g1~ K3 ) 10l = (57 + K5 ) U]+ .

where K7 is the Neumann-Poincaré operator. Hence (see [12])

6= (%f_zc;g)l [llk ((;1%3‘3) il +G)} 7

o ety a) e () )]

Lemma 6.3. For each (F,G) € H'(OB) x L*(dB), there exists a unique solution (¢,1) € L*(0B) x
L?(0B), such that

O

{S%[(b]‘f’ﬁew faB(b_S%[w]_ﬁewfan:F on aB, (64)

kv - VSplel|- —v- VSl =G,

11



where B, = (1/27)Inew + v — i/4, 7 is the Euler constant. Moreover, for ew < €y, €y sufficiently
small, there exists C' > 0 independent of F', G, € and w such that

éll2am) + 1¥ll2om) < CUI1F a1 08) + IGllL2a8))- (6.5)
Proof. Existence

Define (¢o, %0, o) by

Splbo] = Splth] + co
kv-VS%[po]|- —v-VSS[o]l+ =0 on dB.

Jop (o — d0) =1,

This has a unique solution (¢g, %o, co) € L?(0B) x L?(0B) x C by Lemma 6.2. Obviously, there exists
a constant C7 > 0 independent of ¢ and w such that

¢ollz2am) + [YollL2(am) < Ch. (6.6)
Define (¢1,v1,c1) € L?(0B) x L?*(0B) x C by
Spld] = Spln] + e + F

kv - VS%)l- — v VSY[n)le =G on 9B,
faB(wl - ¢1) = 0,

This has a unique solution (¢1,1,c1) € L?(0B) x L?(0B) x C by Lemma 6.2. Moreover, there exists
a constant Cy > 0 independent of F', GG, € and w such that

p1llz208) + 1¥1ll20B) < Coll[Fl|a108) + Gl 22(08))> (6.7)

and
ler| < Col||Fl|mram) + Gl L2 oB))- (6.8)

These estimates are a consequence of solvability and the closed graph theorem. Let

(¢,9) = (¢1,¢1) + p(¢o, %), (6.9)

for some p € C being dependent of € and w. This will satisfy (6.4) provided

S%[(bl] +ps%[¢0] +Bew /aB ¢1 +pﬁ6w AB ¢0 _S%[wl] _pS%W)O] _Bew /53 1/}1 _pﬁew /anO = F7

or
Cl+F+pCO_pﬂew:Fv

or
C1

p= .

BCUJ —Co

Note that ¢g is a complex constant but independent of € and w (or B, ). Thus ¢y would possibly equal
to one value of B, which we rule out by taking ew < €y, with €y being sufficiently small.

(6.10)

12



Uniqueness

Consider

S0l + Bew Jop ¢ =SB = Bew Jop ¥ =0 o (6.11)
kv - VS%[¢ll- — v - VSE[e]l+ =0,

Case (i): faB(w —¢)=0

This is the homogeneous case of Lemma 6.2 and we find (¢,v) = (0,0).
Case (ii): [,5(1h — @) #0

Define

.y

U= T e

. ¢

Oy e &
then

System (6.11) becomes
SR — SB] — Bew = 0
kv-VS%[pl|l- —v-VSY[4ll, =0, ondB.
f{)B(,(/) - ¢) = 17

Lemma 6.2 for ' = G = 0 yields ¢, = cg, but this could not happen since ¢y is independent of € and
w. Hence uniqueness is proved.

Estimate (6.5)
The estimate (6.5) is a consequence of (6.6), (6.7), (6.8), (6.9) and (6.10). We have
I6llL208) + 1¥ll2(0m) < 191llL2(0m) + 1¥11lL2(08) + [PI(Id0ll2(08) + [[Y0llL2(05))

< Co(|F Nl mrom) + Gl 20m)) + C1C2(Inew) " (|| F || g2 o) + |Gl 12(o8))
< C([|F|larom) + |GllL208))

where C' is independent of F, G, € and w, for ew < €, with €y being sufficiently small. O
We are now ready to prove Lemma 6.1.

Proof of Lemma 6.1. Let B
o(z) = dp(ex + z), Z € 0B,

and define ¥, F and G likewise. After a change of variables, (6.1) becomes

kv - VSYF[0)l- —v- VSE[|; =G,

13



Define an operator T : L?(0B) x L?(0B) — H'(0B) x L*(0B) by

ew

T(3,D) == (SY* 6] — S (9], kv - VSEF[B]|- — v - VSE]]4).

We then decompose T as
T=Ty+T.

where
To(d,§) = (S%[é] 4 B /an*s— S910] — B /83 kv - VSYB]|- — u-vs%mu) ,

and
T =T —T,.
For ew < €g, with ¢y small enough, we have [8, 14]

ITe(, )l i1 08)x 22 (08) < Clew)*(Inew) (|l L2(am) + 1Yl 2 08)):

where C does not depend on € and w. By Lemma 6.3, Tj is invertible. Therefore, T is invertible for
ew small enough and
T'=T;'+E,

where the operator F satisfies
IE(e F,G) L2 0)x 12(08) < Clew)*(Inew)||(e7 F, G| 1 08)x 12 (08)
with C being independent of F', G, € and w. Finally, we have
(6,9) =T e 'F,G) =Ty (e 7' F,G) + E(e ' F,G) = (¢0,¥0) + E(c ' F,G).
Assuming ew small enough, it follows that

||(¢~571/~J)||L2(013)xL2(aB) < CH((IF,é)HHl(aB)xw(aB) + C(GW)QOHEW)”(E%Ré)HHl(aB)xm(aB)
< CI(e"F,G)luroB)yxL208),

where C' does not depend on e and w. By scaling back, (6.2) holds true.

For x € 9D, z away from y, and w > 0, the following function is well defined:

Vinl@,w) = 3 M(% —2)".

1!
|i|=0

Denote by (¢n,1y,) € L?(0D) x L?(dD) the unique solution of the following system:

w on 0D.

{Sb/z [QSH] - SB hbn] = Vy,n-{-lv
kv - VS[\)/E [(énH— —v: VS%[wnH-i- =v-VV, n+1,
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Then (¢ — ¢n, ¥ — 1y,) is the unique solution of

{Sg%[(b_qﬁn]_sﬁ[w_wn}:Vy_vy,n+1a on &D.

kv - VSE o — ¢l — v VSEW — U]l = v V(Vy = Vi),
By Lemma 6.1, we have
¢ — nllr2om) + 1Y = Yullr2op) < CleH|Vy = Vymstllrzon) + IV(Vy = Vymt)lL2o0)),

where C' does not depend on € and w. By definition of V, =V}, 41, we have

1/2
IVy = Vynsillz2op) = (/aD vV, — Vy,w?) < |OD|M2||Vy — Vi nsi | L= (oD)-

The derivation of asymptotic expansion (3.11) is more involved in two dimensions than in three di-

mensions because of the logarithmic singularity of the Green function [1, 8]. For n > 0, Hﬁl)(w|z —yl)
is bounded when w > 1. In particular, we have

HD(w]z —y|) = O@w™'/?).
For w < 1, Hél)(w|z —y|) = O(Inw). For n > 1, we have
HP(wlz = yl) = O@w™).
Moreover, recall that
(") (2) = ~H}" (),
and 1
(HD) (2) = 5(~H,(2) + B} (2)).

In the following estimates we assume that w € (0,¢~%), with 0 < a < 1. By expanding in Taylor series,
we obtain
||Vy — Vy,n+1||L2(8D) S C|8D|1/26n+2(1 + w”+3/2),

and
IV(Vy = Vyms1)llr20py < C|OD[Y 2™ (1 4 w"T3/2).

We have proved that
6 — dnllr200) + 1% — ¥nllr20py < C|OD[Y2e™ (1 + w"T3/2). (6.12)
For z € R2\ D, x # y, dist(z, D) > ¢; > 0, representation formula (5.2) yields
v(z,w) = Vy(z,w) = SHvn () + SH[1h — Pul(2).
By Cauchy-Schwarz, we have

1/2

WwaA@HS[/ Loz, )2do(s)] 11— dullz2om)

aD
< |Tw (2, )20yl 0D 2[4 — n |l 12(oD)-
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By (6.12),
1S5 — ¥n](2)| < O (| Inw| +w"*),

where C' is independent of € and w.
As in the three-dimensional case, we obtain the following theorem.

Theorem 6.4. Suppose that w? is not a Dirichlet eigenvalue for —A on D and w € (0,e~%), with
0 < a < 1. The following asymptotic expansion holds:

n+l n=31+1 ;14
elil+13l

vy(z,w) = Vy(z,w) = Z Z Tﬂai%(z,w)ﬁgfw(x,z)wij + R(z,w), (6.13)
l71=0 " [i]=0
where
R(z,w) < Ce"?(|Inw| +w™™), (6.14)

for x € R?2\ D, x # vy, and the two-dimensional FDPTs Wij.

7. TWO-DIMENSIONAL TIME-DEPENDENT ASYMPTOTIC EXPANSION

Define
H(t — |z —yl)

om\/12 — |z — y[2’

where H is the Heaviside function at 0. U, satisfies

Uy(z,t) =

(02 — AU, () = Soeydreo, (2,8) € RZ X R,
Uy(z,t) =0, for x € R? and t < 0.

For p > 0, consider the operator P, on tempered distributions defined (4.1). Note that
P,[U,)(z,t) = / et </ et (x,t) dt) dw = / e*iwtiHé”(wm —y|).
R
lw|<p lw|<p

and satisfies
(07 — A)P,[U,)(x,t) = 0pmytbp(t) in R* x R,

For u, = uy(x,t), we consider the wave equation
02uy — V- (x(R?\ D) + kx(D))Vuy = 0—ydi—o in R? x (0, 00)
uy (2, t) =0 for x € R? and t < 0.

We want to derive an asymptotic expansion for P,[u, — U,](z,t).

Definition 7.1. For p < 1/¢ and multi-indices ¢ and j, the two-dimensional truncated time-dependent
polarization tensors (TTDPTSs), P,[W;;], are defined as follows:

Py Wiy (1) = / e, dos, (7.1)

lw|<p

where Wij are the two-dimensional FDPTs.
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From Theorem 6.4, we have

‘ n+1 n—|j|+1 (lil+1] . A ‘ R
/ e vy (w,w) = Vy(@,w)) dw = > T / eIV, (2, w) T, (x, 2)Wij dw

lwi<p 71=0"1il=0 lwi<p
+ / e WIR(x,w) dw.
lwl<p

Suppose that p = O(e~®) for some v < 1. Then

/ e W R(z,w) dw| = O (6(”+2)(1_a)) .

lw|<p
Since
/ e OV, (2,w) T (x, z)VAV” dw = OLP,[U)(z,t — T — TP, U] (2, T) P, [Wij|(7') dr d7’,
jwl<o .
we have proved the following theorem.
Theorem 7.2. For 0 < a < 1, the following asymptotic expansion holds:

Poluy|(z,t) = By[Uy (1)
HMWHHW

+3Y Y T / i P, U (2, 7) (/a Py[Uy)(2,t = 7 = ') P, [Wyj](7") dT’) dr (72)

l71=0 |i|=0
L0 (E n+2)(17a)> ’

where x € R\ D, D = €B + z, |B| = 1, P,[W,;| are the TTDPTs defined in (7.1) and p = O(e~?).
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