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HONEYCOMB-LATTICE MINNAERT BUBBLES*

HABIB AMMARIT, BRIAN FITZPATRICK', ERIK ORVEHED HILTUNENT, HYUNDAE
LEE%, AND SANGHYEON YUt

Abstract. The ability to manipulate the propagation of waves on subwavelength scales is im-
portant for many different physical applications. In this paper, we consider a honeycomb lattice of
subwavelength resonators and prove, for the first time, the existence of a Dirac dispersion cone at
subwavelength scales. As shown in [H. Ammari et al., A high-frequency homogenization approach
near the Dirac points in bubbly honeycomb crystals, arXiv:1812.06178], near the Dirac points, hon-
eycomb crystals of subwavelength resonators has a great potential to be used as near-zero materials.
Here, we perform the analysis for the example of bubbly crystals, which is a classic example of sub-
wavelength resonance, where the resonant frequency of a single bubble is known as the Minnaert
resonant frequency. Our first result is an asymptotic formula for the quasi-periodic Minnaert res-
onant frequencies. We then prove the linear dispersion relation of a Dirac cone. Our findings in
this paper are numerically illustrated in the case of circular bubbles, where the multipole expansion
method provides an efficient technique for computing the band structure.

Key words. Honeycomb lattice, Dirac cone, bubble, Minnaert resonance, subwavelength
bandgap
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1. Introduction. Subwavelength crystals are based on locally resonant struc-
tures with large material contrasts, repeated periodically. They are a novel group of
synthetic materials which enables manipulation of waves on very small spatial scales,
known as subwavelength scales. In this setting, a crystal refers to a large structure
with a periodically repeated microstructure. Due to their small scales, subwavelength
crystals are very useful in physical applications, especially situations where the oper-
ating wavelengths are very large. They have been investigated both numerically and
experimentally in [23] 24] 27, 28] 29, [3T], [42].

Recently, there have been many discoveries involving materials that exhibit in-
triguing wave propagation properties due to the presence of a Dirac cone in their band
structures [14} [17), (18, 20}, 211, 26], 34] 36, [37]. A Dirac cone is a linear intersection of
two curves in the dispersion diagram, and is a consequence of non-trivial symmetry of
the lattice. Dirac cones have typically been studied in the context of electron bands
in graphene, where peculiar effects such as Klein tunnelling and Zitterbewegung have
been observed. Moreover, Dirac cones have been demonstrated in acoustic analogues
of graphene, which can give effective zero refractive index materials [34} [30] [16] 41].
Typically, by breaking the symmetry of the lattice, the Dirac cone can be opened to
a bandgap. This is a fundamental mechanism to create topologically robust guiding
of waves [17,, 18], 19}, 25}, B7, B38].

In this work, the acoustic resonant structure is an inclusion embedded in a sur-
rounding material with significantly higher density. Inspired by an air bubble in
water, which possesses a resonant frequency known as the Minnaert resonant fre-
quency [2, 3] 82], we think of the system as a periodic array of bubbles. Physically,
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such systems can be stabilized (preserving the resonant behaviour) by replacing the
liquid with a soft, elastic medium [28] 29]. The high density contrast is crucial for
the resonance to occur at subwavelength scales. Due to its simplicity, the Minnaert
bubble is an ideal component for constructing subwavelength scale metamaterials,
and has been studied, for instance, in [2, Bl 6] [7, 8 T1]. In particular, it was proved
in [6] that a bubbly crystal features a bandgap opening in the subwavelength regime.
Similarly, it is possible to create materials with Dirac cones at subwavelength scales,
resulting in small scale metamaterials with Dirac singularities. Such materials have
been experimentally and numerically studied in [36] B7, 39]. General overviews of
acoustic metamaterials are presented in [15], 31}, 40].

The goal of this work is to study an acoustic analogue of graphene, composed
of bubbles in a hexagonal honeycomb structure. Wave propagation in the crystal is
modelled by a high-contrast Helmholtz problem. The main objective is to rigorously
prove the existence of a Dirac cone in the subwavelength scale in a bubbly honeycomb
crystal.

The mathematical analysis of the band structure of graphene was originally based
on a tight-binding model under certain nearest-neighbour approximations [33}35], and
later generalized to a broad class of Schrodinger operators with honeycomb lattice po-
tentials [19] 20, 25] 26]. In this work, using layer potential theory and Gohberg-Sigal
theory, we demonstrate an original and powerful method for analysing metamate-
rials with honeycomb structures. The method is well-suited for investigating wave
propagation in media with discontinuous material parameters. Such materials arise
naturally when designing subwavelength metamaterials, but are mathematically chal-
lenging to analyse. We consider a general shape of the scatterer, only assuming some
natural symmetry assumptions. This generalizes previous works done with circular
scatterers [34]. Moreover, we derive an original formula for the slope of the Dirac cone
in a bubbly honeycomb crystal and give explicitly the behaviour of the error term in
terms of the contrast in the material parameters.

The paper is organised as follows. In Section [2] we define the geometry of the
bubbly honeycomb crystal and formulate the spectral resonance problem. We also
introduce some well-known results regarding the quasi-periodic Green’s function on
the honeycomb lattice. The computation of the Dirac cone is performed in Section
and Section [4 In Section |3} we derive an asymptotic formula for the quasi-periodic
Minnaert resonant frequency in terms of the density contrast. In Section 4l we rig-
orously show the existence of a Dirac dispersion cone. The two sections complement
each other in the following way: in Section [3] we compute explicit approximations
of the band functions, but cannot prove the existence of an exact Dirac cone. Con-
versely, in Section [d] we a prove the existence of a Dirac cone, but we cannot explicitly
compute the slope and centre of the cone with the method used here. Also, it is worth
emphasizing that the high-contrast condition is needed to guarantee the two-fold de-
generacy found in a Dirac cone, which could fail without this condition. Thus, having
high-contrast parameters is not required due to a limitation of the proof, but should
be viewed as a method to create subwavelength Dirac cones. In Section |5 we nu-
merically compute the Dirac cones in the case of circular bubbles using the multipole
expansion method. The paper ends with some concluding remarks in Section [6}

2. Problem statement and preliminaries. In this section, we formulate the
resonance problem for the honeycomb crystal and briefly describe the layer potential
theory that will be used in the subsequent analysis.
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Fig. 2.1: Illustration of the bubbly honeycomb crystal and quantities in the fundamen-
tal domain Y .

2.1. Problem formulation. In order to formulate the problem under consid-
eration, we start by describing the bubbly honeycomb crystal depicted in Figure
We consider a two-dimensional, infinite crystal in two dimensions. In possible physical
realisations, this corresponds to a structure that is invariant along the third spatial
dimension. Define a hexagonal lattice A as the lattice generated by the lattice vectors:

T E 3 DT
melee) el

Here, a denotes the lattice constant. Denote by Y a fundamental domain of the given
lattice. Here, we take

Yi={sli +tl2 | 0<s,t<1}.
We decompose the fundamental domain Y into two parts:
Y=Y UY,,
where
Yi={sli+tl |0<s,t, andt+s <1}, Yo=Y \Y;.
We denote the centres of Y, Y7, and Y5, respectively, by zg,z1, and x2, i.e.,

l1 +1s - _hit+i - 2l + 1o)
- T B

o =

We assume that the bubbles are static and placed in a periodic crystal. Physically,
this is achievable by placing the bubbles in a soft elastic medium [28], 29]. We will
assume that each bubble in the crystal has a three-fold rotational symmetry and that
each pair of adjacent bubbles has a two-fold rotational symmetry. More precisely, let
R; and Ry be the rotations by —27/3 around z1 and x4, respectively, and let Ry be
the rotation by 7 around xg. These rotations can be written as

Rix=Rx+1;, Rsx=Rx+2ly, Rpxr=2x)—2x,
3
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Fig. 2.2: Different representations of the Brillouin zone, generating vectors ai,as,
and the Dirac points af, os.

where R is the rotation by —27/3 around the origin. Assume that each fundamental
domain Yj;, j = 1,2 contains one bubble D;, which is a connected domain of Holder
class 9D; € C1%, 0 < s < 1, satisfying

RiDy =Dy, RyDy=D;, RyDi=D,.

Denote the pair of bubbles, the bubble dimer, by D = Dy U Ds. Moreover, the full
honeycomb crystal C is given by

c=JD+m
meA

The dual lattice of A, denoted A*, is generated by a3 and «q satisfying

(677 'lj = 271’(52‘]‘ for i,j = 1,2.

27T<1 1) 27T<1 1)
aop=—|—4=,1], ag=—|(—=,—-1].
1 « \3 2 « \V3

The Brillouin zone Y* is defined as the torus Y* := R? /A* and can be represented
either as the unit cell

Then

Y* ~ {sa; +tag | 0 < s,t <1},

or as the first Brillouin zone, which is the hexagon depicted in Figure As usual,
for equivalence classes a, 3 € Y*, with representatives ag, 8y € R?, we write a = 3 to
denote ag = By + ¢ for some g € A*. The points
201 + a2 % o1 + 20
5 Oy = —(—,

3 2 3
in the Brillouin zone are called Dirac points. Observe that, since A* is invariant under
R, we have that R: Y* — Y™* is a well-defined map. Moreover, we have

a =

— 2
Ro['{ _ a13+a2 _ al?:FOZQ :OAT,

where the second equality follows due to the periodic nature of Y*. Similarly,

* %k
Raj = a;5.
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Having defined the geometry, we now define the wave scattering problem in the
bubbly honeycomb crystal. We denote by

p(x) = poxr2\c(z) + poxe (), k() = Kkoxre\c(x) + Kpxe(T),

where pg, kg and pp, kp denote the densities and bulk moduli outside and inside the
bubbles, respectively. Here, x4 denotes the characteristic function of a set A € R2.
For a quasi-periodicity a € Y*, we will study the a-quasi-periodic Floquet component
u of the total wave field. We therefore consider the following a-quasi-periodic acoustic
wave problem in Y:

. i u(x w—zu T) = in R?
Voo Ve e =0 R (2.1)
u(z +1) = e lu(z) for all [ € A.

The differential equation in is the acoustic wave equation applied to time-
harmonic waves of frequency w. The values of w with positive real part such that
there is a non-zero solution to (2.1) are known as Bloch resonant frequencies, or, seen
as functions of «, as band functions. Since correspond to the Floquet transform
of a self-adjoint operator, it is well-known that the band functions are real (see, for
example, [0 Chapter 5.2] for an introduction to Floquet theory with applications to
scattering problems). Let

v:z,/@, vb::M@, k;:ﬂ7 kbzzﬂ, 5.=r
Po Po v Up Po

The parameter § describes the contrast in the density and will be the key asymptotic
parameter. We assume that p; is small compared to py while the wave speeds are
comparable and of order 1, i.e.,

01l and w,v, =0(1).

In the case of air bubbles in water, § ~ 1073, The subwavelength frequency regime
corresponds to frequencies w which are considerably smaller than the lattice constant
a. The motivation for studying systems of high-contrast bubbles is that such systems
have resonant frequencies w satisfying w — 0 as 6 — 0. In this work we say that a
frequency w is a subwavelength frequency if w scales as w = O(5'/?).

With the notation as above, reads

Au+k*u =0 in R2\C,

Au+ kiu=0 in C,

up —u_ =0 on OC, (2.2)
% . — % ) =0 on JC,

u(x +1) = el ly(x) for all I € A.

Here, % denotes the normal derivative on dC, and the subscripts + and — indicate
the limits from outside and inside of C, respectively.
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2.2. Quasi-periodic Green’s function for the honeycomb lattice. In this
section, we introduce the Green’s function and the layer potentials that will be used
in the sequel. A more detailed discussion can, for example, be found in [5, Chapter
2.12).

Define the a-quasi-periodic Green’s function G** to satisfy

AGak+k2Gak Zéxfn foen
neA

If k # |a + q| for all ¢ € A*, it can be shown [5, [10] that G** is given by

1 ei(a—i—q)'x
a,k _ =
G (m) ‘Y| qz k2 — |a + q|2'

From now on, we assume that the lattice constant a is chosen so that |Y| = 1.
For a given bounded domain D in Y, with Lipschitz boundary 9D, the single
layer potential of the density function ¢ € L?(dD) is defined by

Sy [el(x) = - Gz —y)e(y) do(y), = eR”
The following jump relations are well-known [5 [10]:

0 ca
g‘S’D’kM

N (z) = (i;] + (ICDO"k)*) [¢](x), x€dD, (2.3)

where the Neumann-Poincaré operator (ICBa’k)* is defined by

0 Gek(a— y)p(y) doly), « e oD.

(™) o) =pv. [ o

From [5, Lemma 2.9], we know that S5 : L?(0D) — H'(dD) is invertible when
a # 0 and for w small enough.

In the rest of this work, we will assume that « is bounded away from zero. For
some fixed ag > 0,9 € R, we denote by Y = {a € Y* : || > ap}. For o € Y and
k small enough, we have k # |a + g/ for all ¢ € A*. Then, we can expand G** with
respect to k as follows:

> ) o O el (a+q)-
GUF =G0+ KYGTO, where G

= 2ot e

Using this expansion, we can expand the single layer potentials and the Neumann-
Poincaré operators as

Syt =820+ Z k2 S%0 j» where Sg’g [¢](z) := - G?’O(IL‘ —y)¢o(y) do(y),
Jj=1

and

(Kp™h) = (Kp™)" +§:k2ﬂlcm,
Jj=1
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where

0

K30 [g)(x) = . 6—%0;*70(:3 —)é(y) do(y).

Since G?’O is uniformly bounded for x € R?, o € Y and j = 1,2, ..., the operators Sg”(;
and IC%’S are bounded operators for all j, and we have that ||Sg’2 | B(z2(oD),H (9D)) and

||IC%’(;||B(L2(8D),L2(3D)) are uniformly bounded for a € Y*,j = 1,2,... Here, B(A, B)
denotes the space of bounded operators between the normed spaces A, B together
with corresponding operator norm. We therefore have asymptotic expansions

SpE =830+ E2SH +0(kY),  (Kp™) = (Kp™°) + B2K5S + O(kY), (2.4)

uniformly for o € Yy, where the error terms are with respect to corresponding oper-
ator norm. For o € Y, let 1; € L?(0D) be given by

¥

(5?;0)_1 o, i=12 (2.5)

In the following lemma, we collect some key properties of the layer potentials. The
proof is analogous to proofs of similar results, in slightly different settings, found for
example in [5].

LEMMA 2.1. We assume o € Y{'.

. L. . . a,0
(i) jl/z;le denote the L?(0D)-adjoint of the Neumann-Poincaré operator by K3".
en

ker <—;I + (ICBQ’O)*) = span{y1, Y2},

and

1 o
ker (—21 + ICD’0> = span{Xap,, XoD, };

(ii) For any ¢ € L*(OD) and for j = 1,2, we have

1
[ (574065 ) elao = (26)
oD,
(iii) For any ¢ € L*(0D) and for j = 1,2, we have

Kﬁwmmww=1@5#MWMm (2.7)

oD,

Proof. To prove (i), we first observe that the jump relation (2.3) implies that
span{iy, 2} C ker (—%1 + (/c;;*o)*). Conversely, if (—%1 n (ICB“’O)*> [¥] = 0, we

define u(z) = S&°[¢] and conclude from the jump relations that

Au=0 in D,

ou
= 0 on 0D.

It follows that wu|p, is constant, so u|op = a1Xxop, + azxop,. Therefore ¢ = aj1 +
a2, which proves ker (—%I + (ICB‘X’O)*) C span{ty,t¥2}. The second equality of
7



(i) follows from the first, combined with the well-known Calderén identity (see, for
instance, [5])

Sg,O(ICBOt,O)* — ’C%,Osg,o
For the proof of (ii), we use the jump relation (2.3) and integration by parts.

Then
do = / ASY (¢l dz =0
D

/ 5 (-57+ 05 ) oo = | ) 9% E

To prove (iii), we use (ii) to conclude that on one hand

/ODJ_ (if * <’CB“’k>*> [¢] do = &° /ODJ_ K55161(4) doy) + Ok 6]l 2(on)):

On the other hand, as in the proof of (ii) we have

L, (-5r+ 0™ )las = 1 [ sptidas

J

S /D 53016] dz + Ok 6l 12 omy),

where we have used the expansion (2.4). Combined, we have
[, KB o) = = [ 85l61) e+ Ololizom)
D;

and since the leading orders on the left-hand side and right-hand side are independent
of k, they must coincide. O

Next, we derive asymptotic expansions for a near a Dirac point o*. From [5],
we know that G**(z) — G* **(x) is continuously differentiable in o for a € Yy, and
bounded for z € Y and for k in a neighbourhood of 0. We therefore have the following
asymptotic expansion of Gk

. G (a* +¢q) - (a—a*)
a,k e k i . —af 2
G*(z) =G Z yER T o TP (135 (a0 —a™) + = o 1 4 )
qeEN*
+O(Ja — 04*|2)7 (2.8)

uniformly for k in a neighbourhood of 0 and for # € Y. We define G¥ by
ell@™+aq) = 2a* +

Z k2 —|a* +q? (ia:+ 12 E o~ f)q|2> :

qeEN*

and the integral operators SF, K as

B
stidla) = [ Gle—now oty Ko@) = [ Gl =)oty doty).
oD oD OVx
We then have the expansions
Sk =827k L SF . (0 — o) 4 O(la — a*?), (2.9)
(Kp™™) = (Kp* M) + K5 (a = a”) + O(Ja — "), (2.10)

uniformly for & in a neighbourhood of 0, where the error terms are with respect to
corresponding operator norm.



2.3. Quasi-periodic capacitance matrix. Let V;*, i = 1,2, be the solution
to
AVE =0 in R%\ C,
‘/ia = (Sij on 6Dj,

Ve(z +1) = el*lve(z) Vi e A.

The intuitive idea for defining these functions is as follows. In the asymptotic limit
0 — 0, the differential problem decouples into a Neumann problem inside D
and a Dirichlet problem outside D. In the subwavelength limit w — 0, this Neumann
problem is solved by constant functions, and thus the Dirichlet data will be constant
on 9D. Therefore, outside D, a solution u to (2.2)) can be approximated by a linear
combination of V* and V5*. The fact that u is approximately constant on D, and
is thus determined by these constant values, turns the continuous spectral problem
(2.2)) into a discrete eigenvalue problem in terms of the capacitance matrix C* defined
below. This underlying idea is made precise in the proof of Theorem [3.2] in order to
compute the Bloch resonant frequencies.
We define the quasi-periodic capacitance coefficients (Cy) by

Cps = VVe-VVrdz, i,5=1,2.
Y\D

Here, quasi-periodic refers to the fact that (C’g) depend on the quasi-periodicity
a € Y*. In related work [3| (], analogous quantities, without the quasi-periodic
assumption of V;*, have been used to study the resonant frequencies of finite systems
of resonators. The quasi-periodic capacitance matrix C* is defined as

e = <C110¢1 C?2> .
Cy O
The following lemma gives an equivalent description of Cf;.
LEMMA 2.2. For a € Y, the quasi-periodic capacitance coefficients C7s are given

by

o=~ ¢ do, 0,5 =1,2, (2.11)
oD;

with ¢¥; as defined in .
Proof. We will use the general fact that for quasi-periodic functions vy, vo we have
Bl eq. (2.298)]

87)1
—wvo do = 0. 2.12
oy OV : ( )

With 1; as defined in (2.5), we have V;* = S%°[4;] outside C. Then, using integration
by parts, we have

oo = N pma / N pma / N yaa
i = oy o Vi o+ on, o Vi o+ oD, oy Vi ol.

The first integral vanishes due to (2.12) while the second integral vanishes since V. = 0
on 0D;. Then, since V,* =1 on 0D,

ovy
Ci=— / do.
d
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From Lemma we have (%I + (K%’O)*) [¢;] = ;. Then, using the jump relations
[2.3), we find the desired expression for Cf%. O

3. High-contrast subwavelength bands. In this section, we investigate the
asymptotic behaviour of the band structure in the case of small §. As we shall see, this
asymptotic limit enables explicit, approximate, computations of the band functions.
The main results are given in Theorem and in equation . Throughout this
section, we fix a* = af = 29222 and consider a € Y.

From [5, Theorem 5.13], we know that the solution to can be represented

using the single layer potentials Sg’kb and Sg’k as follows:

u(z) = {SJ%M [¢](z), z€D,

S5M (@), wev\D, 31)

where, due to the jump conditions (2.3)), the pair (¢,v) € L%(0D) x L?(dD) satisfies

S [6) - SBH ) = 0

1 ok 1 ke on 0D. (3.2)
(=574 065w ) 1= 8 (514 0657 ) [l =0
We denote by
Sg,kb _Sg,k
AZ = s e |- 3.3
5 (;z+(;<D Ry = (34 05™) &

We emphasise that A3 is a function of w, since k and k;, depends on w. With this
definition, (2.2)) is equivalent to

Ao (f;) —0. (3.4)

It is well-known that the above integral equation has non-trivial solutions for some dis-
crete frequencies w. These can be viewed as the characteristic values of the operator-
valued analytic function A3 (with respect to w); see [ [10] for the definition and
properties of characteristic values. The Bloch resonant frequencies wf are precisely
the positive characteristic values. Moreover, from the original differential problem
, we observe that the characteristic values are symmetric around the origin: if w
is a characteristic value, we have that —w is also a characteristic value.

3.1. Asymptotic computation of the band structure. Here we compute
the asymptotic band structure for a general o € Yy, not necessarily close to a Dirac
point.

LEMMA 3.1. For o € Yy, there are precisely two Bloch resonant frequencies
w§ =wf(9), j=1,2, such that w$(0) =0 and w§ depends on § continuously.

Proof. In order to prove the lemma, we will apply the Gohberg-Sigal theory (see,
for example, [5] [10,22]). We will use the terminology and refer to the results presented
in [B, Chapter 1].

It is clear that w = 0 is a characteristic value of Ay because

Ag0 = ( §5° —53’°>

—3I+(Kp™%) 0
10



has a non-trivial kernel of two dimensions, which is generated by

U, = (Zﬁi) and Uy = @z) , (3.5)

where 1, and 9 are defined in (2.5)). From (2.4), we have that
1
(-37+ 05"y ) lta) = o), weoD, =12 (3

for some function h which is holomorphic as a function of w in a neighbourhood of 0.
Since

/ Splil(z) de £0, i =12,
D;
it follows from that h(z,0) is not identically zero. Therefore, the rank of both
W, and Wy is 2. Since Wi and W, are linearly independent, the multiplicity of the
characteristic value w = 0 is 4.

The Neumann-Poincaré operator (K;,*°)* : L*(dD) — L?(dD) is well-known
to be a compact operator [5], so —%I + (ICBQ’O)* is Fredholm of index zero. Since
8% is invertible, also A is Fredholm of index zero. Since (K;,"*)* and S%* are
holomorphic as functions of w in a neighbourhood of 0, it follows that Ag™* is of
Fredholm type.

Let V C C be a disk around 0 with a small enough radius, chosen such that Ag™
is invertible on OV and w = 0 is the only characteristic value in V. From [5, Lemma
1.11], it follows that Ay is normal with respect to V.

Now, we turn to the full operator A$*. Tt is clear that

0 0
"457 :AO, + (0 -5 (éI—F(KBa’k)*))
=AY 4+ AV (w, §),

where A1) (w, §), as a function of w, is holomorphic in V' and continuous up to V.
For small enough § we have

H(Ag=w>—1 A(l)(w,é)HB(( 1, wedV.

L2(dD))2,(L?(D))?)
Hence, the generalization of Rouché’s theorem [5, Theorem 1.15] shows that A3 has
4 characteristic values inside V', for small enough ¢. Since the characteristic values
are symmetric around the origin, is clear that two of these, namely w{* and w§, have
positive real parts, while two characteristic values have negative real parts.

The fact that w(d) and w§(J) are continuous in § can be deduced in a similar
way: if U € C is a neighbourhood of wf*(d1), i = 1,2, we can write

0 0
oW — o,W 6 _ 6 _
A62 A§1 +( 1 2) (0 %I—f— (’CD(X,IC)*) b
and from the generalization of Rouché’s theorem it follows that w((d2) € U when
|01 — 02| is small enough. O
THEOREM 3.2. The band functions w§ = w$(8), j = 1,2 of AT can be approz-
imated as

o S s
R R
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uniformly for a € Yy, where |D1| is the volume of one resonator and Af, J=1,2are
the eigenvalues of the quasi-periodic capacitance matriz C'™.
Proof. We seek solutions (¢, 1) to the integral equation (3.4)), normalized such

that ||¢[|z2(opy = 1 and [|[¢||z2(9p) = 1. Using the asymptotic expansions ([2.4]), we
find that ¢ and v satisfy

55008 - $3°[] = 0(w?),
(—11 K0 kn) 6]~ o (11 n <K“’°>*) W= 0t +8Y,  (37)
5 D U8 5 D )

uniformly for « € Y, where the error terms are with respect to the norm in L?(9D).
Observe that ngo is invertible, and by the inverse mapping theorem together with
the fact that Y is a closed set we have that H(Sg’o)*l|\B(L2(8D)7H1(3D)) is uniformly
bounded for o € Y. Then, we get

V= ¢+ Ow?),

uniformly for o € Y. Inserting the above approximation into (3.7)), we obtain that
1 —a,0y % 21,0 1 a,0y x 4 2
ST+ GO+ RS ) 6] = 6 ( 51+ 00" ) (6] = 0! + 8%, (38)

uniformly for o € Y. Recall that ker (7%1 + (ICBO"O)*> is spanned by ¥, and s.

Then we write ¢ as

¢ = a1 + by + o, (3.9)

where ¢ is orthogonal to span{y, 12} in L?(dD). We then have from (3.8) that
1 —a,0y%
(—21 +(Kp™) ) ] = O(w® +6).

uniformly for o € Y. Since (—%I + (ICBO"O)*), restricted to the orthogonal com-

plement of span{ti,s}, is invertible with bounded inverse, it follows that, in the
L?(0D)-norm,

0 = O0(w? +46),

uniformly for o € Y. Moreover, find that |a| 4 [b] > 0. Now, we substitute (3.9)) into
(3.8) and integrate around 0D; for i = 1,2. Then, using (2.7)), we get

2
D
e 1')2 1|a +6(aCyy + bO%) = O(w* + 62),
b
w?|D
— 1‘;2 1|b +6(aCSy 4+ bC%) = O(w* + §?),
b
uniformly for a € Y. Therefore, w;l?' approximates the eigenvalues of the quasi-

periodic capacitance matrix. This completes the proof. O
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3.2. Asymptotic band structure close to Dirac points. Theorem [3.2) gives
an asymptotic formula of the band functions in terms of §. In this section, we will
investigate the behaviour of this approximation for « close to the Dirac points. For
a € Y*, we define two transformations T and T, of a-quasi-periodic functions in Y
by

e’ia'llf(Rlx), T €Y,

el f(Ryr), z € Ya, (Tof)(x) == f(220 — ).

(17 f)(@) = {

Observe that 77 f is well-defined on 9Y; N JY5. For any a € Y* we have that Tbf
is a-quasi-periodic, while at &« = a* we have that Tf‘* f is a*-quasi-periodic. We will
denote Ty := T, and define 7 := ¢27/3,

We remark that the quasi-periodic capacitance matrix C'* is Hermitian for any
«. At Dirac points, the following result holds.

LEMMA 3.3. At the Dirac points, the quasi-periodic capacitance matriz is a
constant multiple of the identity matrix.

Proof. Since ToV\* = V5*, we have

oo = VVE -V do = / VTLVE - VIV da = C%.
Y\D Y\D

Hence C{y = C$, for any o € Yy and in particular C{{ = C§,. We can also check
that

TV =TV, Ve =V

Then, it follows that

o = / VVE - VV do = VTV - VTV dz =705 .
Y\D Y\D

Therefore, we have C% = 0 and so, C§; = 0. O

Since the quasi-periodic capacitance matrix has a double eigenvalue at Dirac
points, we have that wf“* = wg‘* + O(8). The following proposition shows that in fact
w§ =wg and that this is a double characteristic value.

PROPOSITION 3.4. At the Dirac point « = «o* and for § small enough, the
first Bloch resonant frequency w* = w is of multiplicity 2, i.e., Ag*’w* has a two
dimensional kernel.

Proof. From Lemma [3.1] we know that there are only two band functions (counted
with multiplicity) converging to 0 as § — 0. Hence, for small enough 4, the dimension

of ker (A?*’w*> is at most 2. Suppose that w* is of multiplicity 1. Suppose also that

A7 (Z) =0,

for a non-trivial pair (¢, ). Denote k* = w* /v and k} = w* /v, and let

u(@) = SE M [gl(z), xeY\D.

13
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We can easily check that Tyu and Thu also satisfy (2.2). Then u, Tiu, and Thu
are linearly dependent and so,

Tiu = ciu, Thu = cou,
for some non-zero constants ¢; and cy. Here, we observe that
T3=1, T =1, T'Tof = ToT\f.
Then, it follows that ¢; € {1,7,7%}, co = &1, and
cicou = Ty Tou = TyTiu = ¢1cou.

Therefore, we get ¢ = 1, i.e., Tiu = u. However, taking the expression for ¢ in (3.9)),
along with the representation (3.1)), we find that u is constant on D;,i = 1,2 up to
an error of order O(¢). This contradicts Thu = u, which completes the proof. O

| NN

<7 Fg >

Fig. 3.1: Fundamental domain Y and the curves I'1,T'y and U's used in the proof of

Lemma @

We define the curves I'y, 'y and I's illustrated in Figure [3.1] as
Fl = 8Y1 N 6Y, FQ = 8Y2 n 8Y, F3 = 8Y1 n 8Y2

In the sequel, we will occasionally need the following additional assumption on the
bubble geometry.

AssUMPTION 3.1. D is symmetric with respect to I's, i.e. D satisfies R3D =
D, where Rj3 is the reflection across I's.  In the next lemma, and throughout the
remainder of this work, we will use bracketed subscripts to denote components of
vectors; as an example we write o = (gg; ) for a € Y*.

LEMMA 3.5. The quasi-periodic capacitance matriz coefficients CYy and C7y are
differentiable with respect to o at a = a*. Moreover,

9CT,

1
=c .,
a=a* —1
where ¢ := 3
(1)

. Under Assumption we have ¢ # 0.
Proof. For a small € € Y*, we have from (2.9)
a*4€,0 -1 a®,0 -1 a®,0 -1 0 a®,0 -1 2
(SD ’ ) = (SD’ ) +<SD’ ) (St -e) (SD’ ) + O(lel),
where the error term is with respect to the operator norm. Therefore, from (2.11) it

follows that the quasi-periodic capacitance coefficients are differentiable at a = o*.
14
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We have the relations

V(R Y,
vt = § 1) ey
e 'V (Rox), T €Y,

VR2a(:,C) _ eia~l1v'2a(R1x)7 T € }/1,
2 Ve (Roz), z € Ya,

from which it follows that
Cp = Cfir=cffe, oy =cohoy,
Differentiating these expressions, and applying Ra* = o, we arrive at

( : )
=cl . ),
a=a* —1

VaCriy

- 0, VQCIQQ

a=a*

where ¢ = 25(1?) . It only remains to show that ¢ # 0 if D is symmetric with
8\/ . .
respect to I's. Let V = Ba(l) ‘ o Which satisfies

AV; =0 in Y\D,
=0 on 0D,
(x4 1) = *V(z) + i)' tve(z), leA,

where 1 = (1@, Then, using quasi-periodicity of V% and V, we have
Lz J J

0CT,
8a(1)

*/\ (vvla* ~vx72+v171.vvza*) da

(v o
_Ay<ay%%ay>da

ay/a* a*
:i\/ga/ ((wl Ve = Ve Vs > do, (3.10)
I

2 ov ov

where we have used the fact that ‘ga is the [(;)-component of the lattice vectors [y
and ls. Using (2.12] , we find that

over over O(TLVe" *
ovi V3t do=— ovi % dg‘:_/ MTJ/? do,
ry ov Ty ov Ty ov

and therefore,

/ Vi Ve do = 7/ Ve Vs do. (3.11)

I al/ I 8”
Assume that % = 0. Then, from (3.10) and (3.11)), we obtain that
v
/ Vs 6V2 —/ al Vs do =0, (3.12)
Ly

15



for j =1,2. Let v3 = (1,0). Then it follows from (3.12)) and Cf, = 0 that

) ——) 7 S .
Ve = VP do = VVe - VVy dz =0. 3.13
/1_‘3 ( 8V3 2 1 aV3 ) YA\D 1 2 ( )

If we write a* = (ZEI;), then (;23?) = o* in Y*. Under Assumption i.e. if
2 2

D is symmetric with respect to I's, we observe that V2 (z) = VQ(_(X(”’Q(Q) (Rsz) =
Vs (Rzx). From this, we have that
. - ov ove”
Ve =y =— T;.
! 20 8V3 8u3 onts
Together with (3.13]), we get
SOV )
2Re [V —2 da:i/ Lyy —vpT—2— | do=0. 3.14
I's ! 61/3 T's < 81/3 2 1 3V3 ( )

We recall that 71V = 7V and observe that I'y = (RiT'3) U ((R1)?I's). Using

these facts and (3.14), we get

Re ‘/104 1
Iy

do =0,
so that

/ [VVE |2 de = 0.
Y2\D2

= 0, this tells us that V* = 0in Y \ D, which is a contra-

Dy

Combined with V" )

26, =c+#0.0

921) |g=a*

Starting from the asymptotic formula for w$" in terms of §, we can now ascertain

the asymptotic dependence for « close to o*. From Lemma[3.5] we obtain that

diction. Therefore, we can conclude that

0CY,
30&(1)

o —a*|+ O(|a — a*|2).

*

a=«

% = O+ Ol — o*[2), (5] = \

Because C“ is Hermitian with identical diagonal elements, the eigenvalues are given
by A$ = Cfy £ |Cfy|. For a close to a*, we find the following asymptotic behaviour:

0CY,
8a(1)

o — a*| + O(Ja — a*|2).

a=a*

Ag:(ﬁli‘

Now, we conclude that A\{” = A3~ = Cf{ and

OCT,
0CY ‘3(1(1) —
w¥(8) = [ Al | 1+ 292" o — 0| + O(la — a*]?) | +0(5).  (3.15)
! D] 201

Equation ([3.15) gives the asymptotic band structure for small §, and suggests that
the system has a Dirac cone. However, we do not know the behaviour of the error

16




term O(4), so we can not conclude the existence of a Dirac cone from equation (3
alone. This will be addressed in the following section.

REMARK 3.1. Theorem shows that (w$)? scales like O(8) for small §. In
[3], it was found the Minnaert resonant frequency wyr of a single bubble in free space
scales according to w3, mwy = O(0) in two dimensions. Thus, w§ has a different
asymptotic behaviour than wyr. The difference is explained by the quasi-periodic single
layer potential not exhibiting a log-singularity as w — 0.

4. Conical behaviour of subwavelength bands at Dirac points. In this
section, we prove the main result of the paper, Theorem[4.1] In contrast to the approx-
imations in Section [3] we here prove the existence of an ezact Dirac cone. However,
unlike Section [3] the method utilized here does not enable explicit computations of
the slope and centre frequency of the cone. As before, let w* be the Bloch resonant
frequency at a* = %‘1%

THEOREM 4.1. For sufficiently small 8, the first and second band functions form
a Dirac cone at o, i.e.,

(0) = w* —)\|a—a*|[1+0(|a—a*|)], (4.1)
ws(0) =w" + Aa —a¥| [1 +O(Ja — a*|)],

&

for some X\ independent of «, where the error term O(|a — a*|) is uniform in §. As
0 — 0, we have the following asymptotic expansions of w* and A:

sCey 1/ 46
= ) A=
w D vy + O(9), |D|C°‘*vb

Under Assumption [3.4, \ is non-zero for sufficiently small 6. Unlike the method
in Section I where the operator A3 Ok was asymptotically expanded in terms of w
and ¢, the idea is now to expand this operator for « close to a*, while keeping the
dependence on w and § exact. In Section we prove some preliminary results, while
the main proof of Theorem is given in Section

0CT,
6a(1)

+0(9).

a=a*

4.1. Preliminary lemmas. Here, we prove Lemmas[1.2] A4 and [4.5] needed
for the proof of Theorem [£.1] In the following, we will interchangeably use T}, T» and

T¢ as operators on L?(0D) and as operators on (LQ(BD))2 (the latter defined by
applying the operator coordinate-wise).
LEMMA 4.2. For every w,a and 6,

TRAR 9 = AGUTY, (4.3)
and
TQ.A?’W = A?’WTQ. (44)

Proof. To prove (4.3), recall that RA* = A*. Therefore, it follows that

el(R?atq)-(x—y) R(R?a+q)-(Rz—Ry)
Gtz —y) = Z 2 2 P2 2 v Z 2 2 2
i 2o - [Fatq ¥ emk R(Patq)]

= G*F(Rx — Ry).

17



Then, we can check that

Sy (Ruy)l(z) = . GoF(z — y)(Riy) do(y)

- GR ¥ (Ryz — Ryy)o(Ryy) do(y)

0D

= SEk () (Riz)

_ {Sﬁfavkwynmm, ven,
eThSE k()| (Roz), ¥ € Yol

Similarly, we obtain that

SoE [ (Ray)) (@) = S “Fy(y)] (Raz)

_ {e”js’;ﬁ“*[w<y>]<R1x>, re:,
S, () (Raz), zeYs.

Thus, we get
o,k o o oR%ak
Sp Ty (x) = T7'Sp " [Y)(x), zeY.
This proves (4.3). To prove (4.4]), we use the fact that
GoF(z —y) = GV ((220 — z) — (220 — v)).

Considering this together with the definitions of Sg’k and (ICE,a’k)*, we find these
operators commute with T3, and hence A§*“ commutes with 7. This concludes the
proof. O

LEMMA 4.3. There are two normalized elements ®1 and ®o in the kernel of

A?*’“* which satisfy
T1®1 =781, Ti®y =720y, Tod; = Py,

where T = 2™1/3,

Proof. Let A be the kernel of A?*’”*. By Lemma T, and T, are operators
from A onto itself. Since 77 = I and ker(T; —1I) is trivial in A by the same argument as
in the proof of Proposition there is an element ® € A such that either 71 = 7®
or Ty ® = 72®. In the first case we let ®; := & and &y := Th®;. We then have

T1®y = T (Th®y) = To(T1®1) = 720.

In the second case we let ®5 := ® and &, := T5P and similarly find that T7®, = 71.
This proves the claim O

Using the expansions (2.9) and (2.10), we decompose A5 into

Sy =8t
Ky —oKkk

=AY LAY - (@ —a*) + O(|la — a*]?), (4.5)

A =A§*"“+( )-(a—a*)+0(|a—a*|2)

uniformly for ¢ in a neighbourhood of 0, with error term with respect to the operator
norm. Here, - means the standard inner product taken component-wise. As shown
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in the proof of Lemma [3.I] w* is a characteristic value of multiplicity 2, and from
Proposition we know that ker AS " is two-dimensional. Consequently, w* is a

pole of order 1 of (.Ag‘*’w)_l7 and we can write
. L
(A5 7)1 = B, (4.6)

w — w*

where L is an operator L : (L2(8D))2 — ker AY " and E¥ is analytic in w.
Next, we investigate some properties of L. It is easy to check that L vanishes on
the range of Ay *“ . By Lemma ﬁ, we have

LTy =TL, LT, =T5L.

We also have the following result.
LEMMA 4.4. For every o € Y* in a neighbourhood of 0, it holds that

L(AS) - )Ty ® = Ty L(AS, - R?a)®,

for every ® in the kernel of .A?*’w*,
Proof. By Lemma [£.2] we have

a,wy — 5% 1% Rza,w —
(AF“)TITE = TE(AR )L, (4.7)
Moreover, since R?a* = o*, we get from Lemma that
TyAY = A2 Ty, (4.8)
Using (4.5)) and the Neumann series, we get, for fixed w, 9,

(AT<)7H = (AF) 7+ (AF) TMAS L (o= ) (AT) T+ Ol —aP?),

(4.9)
(AT )™ = (A7) (A5 ) AR, - (B2 — RPa®) (A5 ) ™!+ O(Jja — a*2),
(4.10)

where error terms are in the operator norm. We also expand 77 as
T =T, +Ti - (a—a*)+O(ja—a*?), (4.11)

where the error is in the operator norm and Ty is given by

—iTllf(Rl.T), r €Y,

(T1f)(x) == {QiTzllf(szf)a x €Y,

Substituting the asymptotic expansions (4.9), (4.10) and (4.11) into (4.7), and col-

lecting terms of order O(|ae — a*]), we get
(AT )T - (0= a7 + (AT ) AR - (o — ) (AT ) 7T
=11 (0 —a") (A )T+ Ti(A] )T AY - (B2 — R2a®)(AF %)~
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Applying A?*’w on the above identity from the right, and using , we obtain
(A7) M - (@ — a*) AT + (AL ) TLAL - (@ — )T
=T1 - (a0 —a*) + Ty (AF *) LAY, - (R2a — R%a).
Integrating over a small contour around w*, we have
LTy - (o — a*) A + LAY, - (0 — )Ty = TILAY, - (R%a — R*a”).
On the kernel of Ag*’“’*, the first term vanishes. Therefore, we get
LAY - (a— )Ty = T1 LAY - (R?a — R*a™),

on the kernel of A?*’w*. This completes the proof. O
LEMMA 4.5. For w = O(V/9) with w — w* = u\/$ for a fived pn # 0, we have

(g™ )71 g™ - Ay = Ol — a*|),

) HB((LZ(@D))2,(L2(6D))2)

uniformly for § in a neighbourhood of 0.
Proof. The difficulty of the proof arises from the singularity of (A5 “)~! as
§ — 0. Since w = O(/9), it follows from the w?-factor in (3.6 that

(5771 = o), (4.12)

where we use the shorthand ||- || for the norm in B((L? (8D))2, (L2(8D))2). We know
that L vanishes on the range of A?*’“’* and similarly, the adjoint L* vanishes on the

range of (.A?*’w*) . Therefore, L can be written as
L= (X1,)®1 + (X2, ) P2 (4.13)

for some X;,X> € ker (Aéa*’w* . Here, (-,-) denotes the standard inner product
in (L2(8D))2. Using Lemma (i
ker (A?*’w*) is given by

{(x:m) +0(9), (X;D) + 0(5)} ;

where the error is with respect to the norm in (LQ(GD))Q. Therefore, from 1) and
(4.6) we have

i), it is straightforward to check that a basis for

== (1) +owB) i=1.2 (1.14)

where x;(z) is a function that is constant for x € 9D;, j = 1,2 and satisfies

lIxillL2(opy = O(1). Combining Lemma (ii) with expansion (2.4), we find us-
ing (L13) and (.19) that

ILAS || = O(V), (4.15)
20



uniformly for @ € Y. Since HAE;*’W - A(;O"WH = O(|la — a*|) uniformly for § in a
neighbourhood of 0, we obtain that

O el e IE e ] R )
= Offa— o)),

uniformly for § in a neighbourhood of 0. This concludes the proof. O

4.2. Proof of Theorem Now, we are ready to prove our main result in this
paper, namely Theorem We first observe that we only need to prove and
(4.2), the remaining statements then follow from and Lemma Throughout
the proof, we assume that ¢ is sufficiently small so that Proposition holds.

Let V' C C be a neighbourhood of w* containing only the two characteristic values
w§(6) for j = 1,2, and satisfying [0V = O(V/$). Then the generalized argument
principle [B] Theorem 1.14] tells us that the characteristic values wf(J) and w§ (d) of
A$ near a* satisfy

Pt @) + F50) = 3 [ (A5*)7 A5 Fw) o

for any analytic function f(w). As in the proof of [I0, Theorem 3.9], we have

P 0)) + (5 0)) = QmZ/W s )] e

Integrating by parts, we find

F@R(0) + F(5 (5 —%Z [ g - )]

v dw p
(4.16)
Using (4.16) twice, with f(w) = w — w* and f(w) = (w — w*)?, and using Lemma
we have
tr

W (8) —w” +wi(6) ~w = o (AF)1AS, - (0 —a*) dw (4.17)
oV
O(Vsla —a*[?), (4.18)
(@55) ~ "+ @5(0) ) = o [ -t [(AT) Az - (0 a)]
ov
+ 08| — a*?), (4.19)

where we have used Cauchy’s theorem to conclude that the term corresponding to
p = 1 vanishes in (4.19)). Here, the error terms hold uniformly for ¢ in a neighbourhood
of 0 and a € Y. To finish the proof, it suffices to show that

" .
(A A (e — ) dw =0, (4.20)
2 Joy ’

. 2
Lr. (w—w") [(A? NTIAY (@ —a*)| dw = Cla—a*]?, (4.21)
27 Jov ’
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for some C' which is constant in « and scales as O(d) as 6 — 0. Indeed, this together

with (4.18)) and (4.19) would imply that
w;‘(5) =w" + Na —a*|[1 4+ O(la — a™|)],

uniformly for 5 in a neighbourhood of 0, where 2A\? = C. The expression for A then
follows from (3.15]). We see that

1

— [ (AT)TTAY, - (a— o) dw = LAY, - (a —a¥), (4.22)
271 oV ’ ?

is an operator that maps the kernel of A?*’w* onto itself. Similarly, we get

i/ (w — w*) [(A‘* )AL - (0 — a¥) * dw = [LAS, - (a— a2 (4.23)
oV

2mi
For a = (gg; ) in a neighbourhood of 0, let

(3)’1 . a = ./4(3)’11&(1) + Ag’lza(Q).
Suppose that

LAS 11[®1] = a®y + b®o,
L.A5 12[ ] = C(I)1 + d(I)Q.

From (4.15) we know that a,b, ¢ and d scale as O(v/9) as § — 0. Since

w34 9)

and 779, = 7P, we obtain

LAY, - Q)T1[@1] = 7(G(1) (a®1 + bP2) + G(a)(cPy + dP2))
—dw) — V3d)
7
V3ag) — dg)
LT

T LAY, - R%3)[@,] = T [ (a®; + b®s)

(Cq)l + d‘l)g)

—a — 3~
=20~V 2\”‘(2) (aT®1 + b7 Dy)

%(m@l +dr2Dy).

By Lemma [£.4] it follows that
20 = —a+ V3¢, 2b=—7b+V37d, 2c = —V3a — ¢, 2d = —/37b — 7d.

V3T _

Solving these equations, we obtain a = ¢ =0, d = —37 —ib, which means

LA, [@1] = by, LAY ,[®1] = —ib®s.
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Fig. 5.1: Symmetry points in the reciprocal space, and the path along which the band
structure is numerically computed.

Similarly, putting
LAG 11 [®5] = a®y + b®o,
LA 1,[®2] = 6@y + dDs.
we carry out the same steps to conclude that
LA [®@o] = a®y,  LAS (o] = iady,
where @ = O(v/9). Now, we arrive at
LAS, - (a = a")[@1] = b ((aq) - afy) — i(a@) — afy)) @,
LAL, - (a—a")[®] =a ((a(l) —afy) +ilae - agz))) ;.
Therefore, we can conclude that
tr LA%’; (a—a*) =0,
tr [LA, - (0 — o)) = 2abla — "2
This, together with and , proves equations and , which com-

pletes the proof.

5. Numerical illustrations. We consider the bubbly honeycomb crystal as de-
scribed in Section [2] and additionally assume that the bubbles are circular with radius
R. The center-to-center distance between adjacent bubbles is assumed to be one and
the material parameters are such that v = v, = 1. The lattice basis vectors are given
by

h=(3.v8), =(3-v3),

and the reciprocal basis vectors are defined as

5 <1 1 > 9 <1 1 >
o =2r|=,— ), aco=27(=-,——= ).
! 6’23 ? 6" 2v3
Using the same notation as in Section [2| this corresponds to a = 2v/3. We also define
the symmetry points in the reciprocal space as follows:
2001 + ag’ M- oy .
3 2
23

I'=(0,0, K=



We use the multipole expansion method to compute the band diagrams [6]. Be-
cause D has two connected components D; and Dy, we can identify L?(0D) =
L2(ODy) x L2(dDs). This gives the following matrix expressions of S&* and (K5**)*:

Sa,k Sa,k: ¢ B (’Cfa,k:)* @Sa,k d)
S(x,k _ D D (1)) K a,kyx — D, v D2 ( (1)> i
e W (¢<2> BRI N R A

Here, ¢ € L?(0D) is represented by ¢ = (ig;) € L?(0Dy) x L?*(dD2). Using these

expressions, the integral operator A5 defined in equation can be discretised
with the multipole expansion method as described in [6l Appendix C]. We consider
the band structure along the line MT'K M, illustrated in Figure in the following
numerical examples:

(i) (Dilute regime). We set R = 1/50 and 6 = 1/9000. The band structure
is given in Figure [5.2] The left subfigure shows the first four bands. The
right subfigure shows the first two bands, which correspond to subwavelength
curves and which cross at K. Observe that the crossing is a linear dispersion
which means that it signifies a Dirac point.

(ii) (Non-dilute regime) We set R = 1/5 and § = 1/1000. The band structure is
given in Figure In this non-dilute regime, there is still a Dirac cone at
the point K.

6. Concluding remarks. In this paper, we have rigorously proven the exis-
tence of a Dirac cone in the subwavelength regime in a bubbly phononic crystal with
a honeycomb lattice structure. We have illustrated our main results with different nu-
merical experiments. In view of the recent results in [1} 12| [13], our original approach
in this work can be extended to plasmonics. In future works, we plan to further study
topological phenomena in bubbly crystals. In particular, we will rigorously show the
existence of localized edge states at the surface of a topologically non-trivial bubbly
crystal. Similar to [I1I], a high-frequency homogenization of a bubbly honeycomb
phononic crystal is performed in [9].
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Fig. 5.2: (left) The band structure of a bubbly honeycomb phononic crystal with R =
1/50 and § = 1/9000. The distance between the adjacent bubbles is one; (right) The
band structure upon zooming in on the subwavelength region.
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Fig. 5.3: (left) The band structure of a bubbly honeycomb phononic crystal with R =
1/5 and 6 = 1/1000. The distance between the adjacent bubbles is one; (right) The
band structure upon zooming in on the subwavelength region.
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