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Abstract

The aim of this paper is to derive a formula for the subwavelength resonance frequency of an
encapsulated bubble with arbitrary shape in two dimensions. Using Gohberg-Sigal theory, we derive
an asymptotic formula for this resonance frequency, as a perturbation away from the resonance of
the uncoated bubble, in terms of the thickness of the coating. The formula is numerically verified
in the case of circular bubbles, where the resonance can be efficiently computed using the multipole
method.
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1 Introduction

A gas bubble in a liquid is an acoustic scatterer which possesses a subwavelength resonance called the
Minnaert resonance [3,/17]. A remarkable feature of this resonance is its subwavelength scale; the size of
the bubble can be several orders of magnitude smaller than the wavelength at the resonant frequency.
This is due to the high contrast in density between the bubble and the surrounding medium and it opens
up a wide range of applications, some examples being the creation of subwavelength phononic crystals [16]
or to achieve super-resolution in medical ultrasoud-imaging [11].

Despite having interesting properties with regards to the creation of subwavelength scale metamateri-
als |11[2)5,/6,9], bubbly media comprised of air bubbles inside water is highly unstable. There exist various
approaches to stabilizing such structures. One approach is to replace the background medium, water,
with a soft elastic matrix, and it has been demonstrated that this technique results in metamaterials
having properties similar to those of metamaterials comprised of air bubbles in water [15}/16]. Another
approach is to encapsulate the bubbles in a thin coating [10,/12], the aim being to prevent the fast disso-
lution and coalescence of the bubbles. Encapsulated bubbles have long been used as ultrasound contrast
agents, whereby the gas is trapped inside a coating of an albumin, polymer or lipid. However, the effect
of such coating on the acoustic properties of the bubbly media has not yet been fully described.

Clearly, the introduction of a coating will affect the resonance frequency of the bubble, with the
thin coating causing a slight perturbation of the Minnaert resonance. Through the application of layer
potential techniques, asymptotic analysis and Gohberg-Sigal theory, we derive an original formula for the
subwavelength resonance of an encapsulated bubble in two dimensions. Our results are complemented
by several numerical examples which serve to validate them.

The paper is organized as follows. In Section [2| we introduce some basic results regarding layer
potentials and review the subwavelength resonance of an uncoated bubble in two dimensions. We also
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provide a correction to the formula for the Minnaert resonance in two dimensions, given in [3]|. In Section
[l we state the resonance problem for the encapsulated bubble. In Section [@] we perform an asymptotic
analysis in terms of the thickness of the coating, and use this to derive the resonance frequency in terms
of the Minnaert frequency of the uncoated bubble. The main result is stated in Theorem [2| and equation
. In Section |b, we perform numerical simulations to illustrate the main findings of this paper. We
make use of the multipole expansion method to validate our asymptotic formula for the subwavelength
resonance of the encapsulated bubble in terms of its thickness. The paper ends with some concluding
remarks.

2 Preliminaries

In this section we state some well-known results about layer potentials. We also provide a correction to
the Minnaert resonance formula in two dimensions given in [3].

2.1 Layer potentials

Let T'* for £ > 0 and k = 0 be the fundamental solution of the Helmholtz and Laplace equations in
dimension two, respectively, i.e.,

1
I (a,y) =~ Hy (Fa —yl), k>0,
1
Fo(xvy):%hl“r_yL ICZO,

where Hél) is the Hankel function of the first kind of order zero. In the following, we will omit the
superscript and denote this function by Hy.
Let S¥ : L2(0D) — HLL.(R?) be the single layer potential defined by

Shldl(x) = / I*(2,y)é(y) doly), @< R

oD
Furthermore, let D% : L2(0D) — H} (R?\ dD) be the double layer potential defined by
0 i
(Db) [9](=) = I (2,9)é(y) do(y), = €R*\oD.
oD 81@

We also define the Neumann-Poincaré operator (IC,’%)* : L?(0D) — L?(0D) by

(K5 [6](x) = /8 O ke, y)é(y) do(y), z < dD.

D an

In the case when k£ = 0, we will omit the superscripts and write Sp and K7,, respectively. The following
so-called jump relations of S¥ and D% on the boundary D are well-known (see, for instance, |4]):

sidl, =sbiell_.  Phlal. = (v57+Kb) ol
and 0 1 0 0
sesbiel = (231 () )i gobia| - ooblal]

Here, 0/0v denotes the outward normal derivative, and |1 denotes the limits from outside and inside D.

We now state some basic properties of the single-layer potential in two dimensions, given in [4]. The
operator —31 + K7, is known to have a kernel of dimension 1. Let ker(—1I + K},) = span(¢) with
[|Yo]] = 1. Also, denote by ¢ = xop. Then

Sp o] = Yoo,



for some constant 7. It can be shown that Sp is invertible if and only if vy # 0. In two dimensions,
the fundamental solution of the free-space Helmholtz equation has a logarithmic singularity. Indeed, we
have the following expansion [4]

; 1 — j
~ UHy(Mr —yl) = oo nfe gl bt Y (ke o) + o) (e )Y, (1)

j=1

where In is the principal branch of the logarithm and

1 i (-1 1 it 1

n=1

and -y is the Euler constant. Define

Splel(x) = Splel(@) +m. [ ¢ do. (2.2)
oD

Then the following expansion holds:
Sh=8h + K2 kSy), + k2S5 + O(k' Ink), (2.3)
where
S = [ ble—yPum)dat),
Sg’)j [W](z) = /BD |z — y|# (bjIn |z — y| + ¢;)¥(y)do(y).
Turning to the expansion of (IC’“D)*, we have
(Kh)" = KCp + k2 kKD, + K25, + Ok k), (2.4)
where
R . R

oD
2 d(lz —y|*(bjln|z — ¢
K5 wl(@) = /BD -y UL@' Lio

Y(y)do(y).

The operator S% is known to be invertible for any & |4]. From this follows that S% is invertible for &
small enough. For later reference, we conclude this section by defining the constant a as

Yo + W’O, ¢0>77kw '

2.2 Subwavelength resonance of a bubble

Here, we briefly review the subwavelength resonance of a bubble as described in [3].

Assume that the uncoated bubble occupies the bounded and simply connected domain D with 9D €
C1* for some 0 < s < 1. We denote by p, and & the density and the bulk modulus of the air inside the
bubble, respectively. We let p,, and k,, be the corresponding parameters for the water. We introduce

the variables
K Kb w w
Vyy = Yowy=4]—, ky=— and ky=—
Pw Po Uy Up




which represent the speed of sound outside and inside the bubble, and the wavenumber outside and inside
the bubble, respectively. Also, w means the operating frequency of acoustic waves. We also introduce
the dimensionless contrast parameter
5="0
Puw
By choosing proper physical units, we may assume that the size of the bubble is of order one. We assume
that the wave speeds outside and inside the bubbles are comparable to each other and that there is a
large contrast in the density, that is,
0 < 1.

We consider the problem

w2

1
V.—Vu+
Pw Raw
2

V~iVu+w—u:0 in D,

u=0 in R*D,

K
Pb b 25)
uly —u|-=0 on 9D,
1 1
Lo oy
pwau+ Py OV | _

u satisfies the Sommerfeld radiation condition.

A resonance frequency to this problem is a complex number w with negative imaginary part, such that
a nonzero solution to equation (2.5)) exists. In [3], it is proved that there exists a resonance frequency of
subwavelength scale for this problem. The solution of (2.5 has the following form:

u_{S?W] in R?\ D,

Syl D, 20

for some densities v, vy, € L2(0D). Using the jump relations for the single layer potentials, one can show
that (2.5)) is equivalent to the boundary integral equation

Mo(w, 8)[@] =0, 2.7)

where

She -8k
P
Moy(w,d) = * N |, &= .
o= (4 ey o i) o= 6)
Since it can be shown that w = 0 is a characteristic value for the operator-valued analytic function

Mj(w, 0), we can conclude the following result by the Gohberg-Sigal theory [4}[13].

Lemma 1. For any ¢ sufficiently small, there exists a characteristic value wyr = wpr(9) to the operator-
valued analytic function My(w,d) such that wpr(0) =0 and wyr depends on § continuously.

In [3], an asymptotic formula for this characteristic value is computed. The formula in two dimensions
is corrected in the following theorem.

Theorem 1. In the quasi-static regime, there exists resonances for a single bubble. Their leading order
terms are given by the roots of the following equation:

279 2 al
wglnw—i—Kl—i—cl—lnv)—i—]w2—b—0, 2.8
b ) o] T WaDy by (28)

where the constants by, c1,v9 and a are defined in Section [2.1].

The root with positive real part is known as the Minnaert resonance frequency, and will be denoted
by wy = war(9).



3 Encapsulated bubble: problem formulation

Consider now an encapsulated bubble, in which case D is coated by a thin layer D; with a characteristic
thickness €. Let Dy = D; U D be the encapsulated bubble. We consider the following problem:

1 w? . 9
V-—Vu+—u=0 in R*\Dy,
Pw K
1 2
V-—Vu—kw—u:O in D,
Pb Kb
1 w? .
V:-—Vu+—u=0 in Dy,
uly —ul- =0 on ODUOIDy,
10 10
2 22 20 on oD,
Pl ov + Pb ov _
10 10
S 29U g on 0Dy,
Pw ov + Pl ov _
u satisfies the Sommerfeld radiation condition.

Here, k; and p; are the bulk modulus and density of the thin layer. Let

p(x) = pu + (pb — pw)XD () + (p1 — pu)XD, (7),  K(T) = Kw + (Kb — Kw)Xe(®) + (k1 — Kw)XD, (T),

where xp and xp, are the characteristic functions of D and Dy, respectively. Furthermore, define the
two density contrast parameters d; and d;,, as

Po

I
Pl Pw
Observe that 6 = ;05 We will consider the case when §,; is small while §;,, is of order 1.
In this paper, we want to show that, by encapsulating the bubble D, there is a specific frequency
we at which a non-trivial solution to the problem exists. Moreover, we want to find an asymptotic
formula for the frequency w. when ¢ is small.

Op =

3.1 Integral representation of the solution

We seek a solution u(x) of the form

S]E)b [$1](x) r €D,
u(x) = { S5 [ga) () + Sp3, [ds)(x) @ € Dy, (3.2)
5,}51: [¢4] () r € R2\ Dy.

A solution of this form satisfies the differential equation in (3.1). Using the boundary conditions and the
jump relations, it can be show that the problem ({3.1) admits a nonzero solution if and only if the layer
densities ¢, ..., ¢4 are a nonzero solution to

A(W,E, 5)@ — 0’ (33)
b1
where ® = iz and
3
Pa
S]Lf)b 7’68% 78§,Dd Ok
0 Sh b SDldk -Sp
_ « * a8}
A(w, €, 0) —ir+ (]CIB’) —6p; (%I—&- (IC%) ) — 0y —5 0
o5™ * )
0 pat 31 (KB,) o (31 (K )



Here the operator SEf;D = Sg“’ |zcop, is the restriction of Sg‘“ onto 0D, and similarly for Sg“de. Define
H = L?(0D) x L?>(0Dg) x L*(0D) x L?(0Dg) and Hy = H*(OD) x H*(0Dg4) x L?*(0D) x L*(0Dy). It is
clear that A is a bounded linear operator from #H to H, i.e., A € L(H,H1).

4 Asymptotic analysis

In this section we expand the operator A(w, €, d) in terms of the small parameters ¢, w and d. Using these
expansions, we derive a formula for the perturbation w. —wjys, which represents the shift of the resonance
of the encapsulated bubble w. away from the resonance of the uncoated bubble, that is, the Minnaert
resonance frequency wy;. The key idea involves the use of a pole-pencil decomposition of the leading
order term in the asymptotic expansion of A in terms of €, followed by the application of the generalized
argument principle to find the characteristic value.

4.1 Expansions as ¢ — 0

Observe that the mapping p : 0D — 90Dy, p(z) = x + v, is bijective. Let ,y € 0D and let T = p(x) €
ODg4 and § = p(y) € dDy. Define f : L2(0D) — L?*(0Dy), f(¢)(Z) = ¢(p~1(Z)), and for a surface density
¢ on 0D, define ¢ = f(6) on 0D,.
We define the signed curvature 7 = 7(x), x € 0D in the following way. Let 2z = 2(t) be a parametriza-
tion of @D by arclength. Then define 7 by
2
j?m(t) = —TU,.

Recall that v, is defined as the outward normal, and observe that 7 is independent of the orientation of
oD.
The following proposition gives the expansion of the operators S gd,S 1’57 p, and Sﬁh p for small .

Propostition 1. Let k > 0. Let ¢ € L?(OD) and let x,y,T, 7, 5 be as above. Then

b, 101 = Sblol(a) += (31 + (5" ) 6le) + o(e) (1)
Sh,[31@) = Sblol(w) + = (K% + (kb)) [6)@) + £8b [rél(@) + o). (42)
Sb.p.d1(0) = Sblele) +2 (3145 ) 6160) +Sblrol(a) + o), @3)

Here the o(e) terms are in the pointwise L? sense, i.e., for any fixed ¢ we have

Sbaplél@ - (Sbioio) —< (=31 + (kb)) 4]

1
lim —

= O,
e—=0 ¢

L2(8D)

and similarly for the other expansions.

Proof. The proof is given in [7], but in our case with the Taylor expansions in the L? sense (as given
in |18], Theorem 3.4.2). O

Propostition 2. Let ¢ € L2(8D) and let x,y, 7,7, ¢ be as above. Then
(Kb,) 0@ = (K5)" [¢](x) + eKf[@](x) + o(e). (4.4)
Let ¢ be the curvature of D. Then K¥ is given by

8D’f7 0?
O [¢] (z) - o912

K = (Kb [rel(z) — m(x) (K%) [¢](x) + Shlel(z) — K2Shlel(z),  (4.5)

where 88% denotes the second tangential derivative, which is independent of the orientation of 0D.



Proof. The explicit expansion of K, | is derived in [4] for the Laplace case. We compute this in our case
using similar arguments. As derived in [4], we have

do(y) = (1 +e7(y)) do(y), (4.6)

Because the shapes of 9D and 0D, are the same, we have vz = v, for all x € 9D. Furthermore, we have
9 = o ~ Ty )
g Hok[E = 7)) = kg (HE - 7) =2 (17)
We have
7 —* = |z —y]? +2e(x —y,vp — ) + % |ve — 1%,

and therefore the following expansions hold as € — 0,

-~ T— Y, Vy —
7] = o -y + TV ) o2y

[z —y
and ) ) ( >
T =Y, Uy — Uy N
— = —¢ + O(e%).
Fa a0
We therefore expand
HY(KIE ~ 71) = H (ko — o) + ekt (kia = o) T 222 4 0e2), (4.8
and
<§~_ g?fa:> _ <{,E -y, V:L’> te (<Vx — Uy, Va:> . <£L‘ — Y, Vg — Vy>gx - Y, V:r:)) + 0(82). (49)
1z -yl [z -yl [z -yl [z —y
Using the expansions , (4.7), (4.8) and (4.9) we obtain
oo~ i 0 N ~
(Kh,) [01(@) = =7 | = Ho(k[Z - 7)é(y) do(y)
4 Dy 3VI
i <$ - Y, Vz>
= kH| (k|lx —y|) ——-"2¢(y) do(y
t ]k e o) S o) aoty)
7 T—Y, Uy
el = [k =) I ) 60) do(y)
4 Joap |z —y|

_ % /aD k2H6/(]€‘.I‘ _ y‘) <.T -, Vx|;_l/yy>|<2x -, I/x>d)(y) do-(y)

i / (Vo —vy, V) (T =y, Ve —vy) (T — Y, V)
S G - )wmdaw]

lz —y| |z — g3

+0(e%),

giving us the intermediate result

(K5.)" [0)@) = (K5)" [l () +¢| (K&)" [r)(x)

1 | ke -y R 2 ) 45y
oD

4 |z —yl?
i y (Vo — vy, ve) (T =y vs — ) (T — Yy, ) ,
- 1/f;)D £Ho (Klz =) < le—yl lz — gy > P(y) do(y)| + O(e*). (4.10)




Observe that

k ) T — vy, —V, )T — Y, Vs
TRt == [y — ) T 60 aoy)
[ e g () - S B ) o) 40y, e op,
and that
0? _ i " (z — yaTw>2
SraShlalw) == 1 | #(ke —y) 2 o(0) doty)

. R Y TR
g s e =gy (T 28 ) doty), e om.

Using these expressions in equation (4.10)), together with the identity |z —y|? = (v —y, v.)2 + (x —y, T)?,
we obtain

k 2
(K5)" [rel@) — (@) (K5) [6)(e) + S 2[61(2) ~ s SHI01(2)

(K5,)" [01(@) = (K5 [#)(z) + ¢

i i [ kHj(Klz—y))

—2 /6D F2HG (klz = y))é(y) do(y) = 5 /8D Wqs(y) do(y)| + O(e?). (4.11)

Applying standard relations for Bessel functions, we have the relation

Hy(klz —yl)

HY(k|lx — y|) = —Ho(k|x — y]).
b g+ Hi (kle = yl) = ~Ho(klz —y))

Using this in equation (4.11)), we find

(Kb,)" [81() = (K§)" [8)(w) + | (K§)" [rel(2) — () (Kb)" [8)(x) + 5 2 [¢](x)

82

~ 572 Splol(@) — K*Sp[¢](z) | + O(?),

which is the desired result. O

Propostition 3. Let ¢ € HY(OD) and let x,y, 7,7, 5 be as above. Then

Sk .
bty — (114 (b)) 10 + R0 + o) a
aSk 1, (9] .
o0ulf) ) (if + (k%) ) [6](2) + =L 6)(2) + ofe), (4.13)

where RY, and L%, are given by

Rbfele) = ~Kblele) — (o) (51+ (KB)) o) — = Shlol(a)

k
ehlolta) = (~57+ (b)) lrele) + 222 10l




Proof. The proof is similar to the one given in [14], but adjusted for the Helmholtz case. Because
¢ € H'(0D) we have that S¥[¢] € H?(OD). Because the normals 7z and v, coincide, we have

osk ~
2900 ) — 1.5}, pl01(E)

_ 9Spl4]
Y

82
@)+ (8 5Sblo

(x)) + o(e).
L

Using the Laplacian in the curvilinear coordinates defined by T, v, for x € 0D,

o2 " Tor T ar?
e find o oSk 4] 0255 ¢)
5b0)| (@) = K SbloIe) @ =H T @)~ Tt @)

so equation (4.12)) follows using the jump relations. To derive equation (4.13)), pick a function f € H(9D).
Then there exists a solution u to the Dirichlet problem

Au+ k*u =0 in D,
u=f in 0D.

Using duality and integration by parts in the interior region, we obtain that

OSk b, 1@
/8Da’ydw)](:p)f(a:) do(z) = /(UASDDd Sp,p,Au) d$+/ SDDd[¢]( )%(m) do ()

= | sho @3 @) dota)
- [, Sho m @) do @)

Combining Proposition [I] together with (4.6]), we find
Sboo | 5| @@ ao@ = [ (sh| 5] @ +e (574 05)") || @) 60 1+ 7o) dote) + o0

:/aDsg [gi] ngdo—i—s/aD <T(x)8}3+;f+(/c’5)*) {gf] ¢ do + o(e)
:/E)Dsg [¢]§J;dg+e/w (S,’f—,[msH (;IHC’B) [¢]) gf do + o(e)

B oSk oSk oDk,
— aDay[qS]‘_fda—i—a/aD <8y ey [@] | fdo+ o(e).

0Dg

[ro] +
Therefore, (4.13]) follows using the jump formulas. O

4.2 Expansion of A

Observe that Proposition [3| assumes ¢ € H'(0D). Define by Ho = HY(OD) x HY(0D4) x H*(0D) x
HY(0Dy). We seek the solution to equation (3.3), and it is clear that this solution satisfies ® € Hy. In
the following, we will consider A as an operator on the space Hs.



Define the bijection F : (H1(6D))4 — Ha, F = (id, f,id, f), where f is defined as in Section
Using the asymptotic expansions (4.1]), (4.2]), (4.3)), (4.4), (4.12) and (4.13)), we can expand the operator
A as

Alw,e,8) = Fo (Ao(w, 8) + e A (w,6) + 0(5)) o FL,

where
Sy -8y -Sp 0
) 0 Sp Sp ~Sp
Aowrd) = | 314 (kB)* —ou (82 + (KB)")  —ou (=31 + (K)") 0 ’
0 1T+ (Kb ST (KR o (31 (k) )
and
0 0 — (3r+ KB +s50) 0
Aoy = [0 31+ (KB) kh+ (KB) +shirl - (Kb + (k) + ki)
0 0 —ouLh
0 Ry K S

It is clear that w. is a characteristic value for A if and only if w. is a characteristic value for FloAoF =
Ao(w, 6) + eAy(w,d) + o(e). Recall that the three contrast parameters are related by § = ;0. Using
elementary row reductions, it is clear that this operator has the same characteristic values as

Ag +eA1 +o(e),

where
Spy 0 0 Sk
Sp -Sp -8y 0
Ao(w, d) = 0 %H(’C’B)* —%H(IC’B)* b (%14-(/61’“5“)*) 7
—31+(Kp)* 0 0 5 (%14— (/cgw)*)
and
() () () s
Ar(w,8) = | ° 0 - (31+ ’CJ’S;+S’S [7) o
0 Rp Kyt S
0 5blR’B O (T(x)] + 'R’B) _6]C/1€w

The following proposition is one of the key steps in computing the resonance frequency.

Propostition 4. Let wy; be the Minnaert resonance for the uncoated bubble. For w in a punctured
neighbourhood of wy and for & small enough, Ag(w,d) is an injective operator. Furthermore, the following

pole-pencil decomposition holds

(Ao(w,8) " = _L + R(w), (4.14)
Ww—=wm

where R(w) is holomorphic, L : (L2(8D))4 — ker(Ag(wpr, 9)) and dimker(Ag(wpr,d)) = 1.
Proof. The first and the fourth row of Ay decouples, which leads to the matrices

Sk ~Sp'
= (—éu () 6 (31 + (’CIB”)*D

10



and

5 s
(;H (kh) -3+ (xh)

My is the operator which corresponds to the uncoated bubble, and is known to have a discrete set of
characteristic values |3|. Hence there is a punctured neighbourhood of wjs where Mj is invertible. It is
easily shown that My is invertible if and only if SIB" is invertible. Because wj; is of subwavelength scale,
and tends to zero as § — 0, Slg" is invertible for ¢ small enough. It follows that A is invertible for w
in a punctured neighbourhood of wy,. Because ker My(was,d) is one-dimensional [3] and because My is
invertible, if follows that ker(Ag(was, d)) is one-dimensional. Finally, because wys is a pole of order one
for My |3|, and because My is invertible, it follows that wys is a pole of order one for Aj. O

Using the expansion of A, Lemma [I] and the observation that 4y has the same characteristic values
as My, Gohberg-Sigal theory implies the following result.

Lemma 2. For any € and 0 sufficiently small, there exists a characteristic value we. = wc(g,9) to the
operator-valued analytic function A(e,w,d) such that w:(0,9) = war(d) and we depends continuously on
€ and .

Since ker Ag(wps, d) is one-dimensional, define ¥ and ® by
ker Ag(war, 0) = span(¥),
ker Af(war, 9) = span(®).

In the next sections, we compute ¥, ® and L.

4.3 Computation of ¥ and ¢

We make use of the computations in [3], and asymptotically expand Agp(w,d) in terms of w and §. We
are interested in the case when the contrast parameter J is small, while d;, = O(1), i.e. the contrast
between the layer of coating and the water is of order one. Taking into consideration Lemma [2] we will
assume w is close to wys, and Theorem [I| shows that this gives

w?Inw = O(6). (4.15)
Define AJ as
Shy 0 0 — S
oo | s s s .
0 5[ + (]CD)* *§I+ (’CD)* 010 (51 -+ (/CD) )
—3+I+ (Kp)* 0 0 0

In light of the expansion (2.3)), we have Ag(w,d) = AJ + B(w, ) with B(w,8) = O(8). Let ¥y be such
that span{¥,} = ker(.AJ). Then ¥(w,d) = Yo + O(J). Let us write

where ag is a normalization constant. Observe that the equation AJWq = 0 is equivalent to

( Sp —35“’) (%01) 0 and ( Sp Sp ) (%Dz) _ ( Sp (1] )
11y K 0 o I+ Ky —i1+Kp) \Ws 1w (3 +K3) [tha]

As before, let ¢g = xop and let 1y be the unique solution to

1
(—QI—I-KE) Yo =0, / [to]? do = 1.
oD

11



Moreover, define by ¢ := (19, ¢p). Clearly, we can choose ¥; = 1g. In [3], it is shown that ¥4 = at,

where
a= 10 =+ Cn,

Yo + cnk,,

as defined in Section 2.1} Defining
a = Yo + Tk,

Yo + cng,
it is easily shown that
Yo

O @
(ar —l a5zu?)1/)0 (4.16)

azo

We now turn to ®. Define &g by (Ag)*fbo = 0. Then ® = &y + Py, where &; = O()). A direct
computation gives

Yo = ap

0

0
by = o K

oo

where [y is a normalization constant. We will also need the leading order term of ®;. It is easily seen
that ®; has the form

Ug

where u = (3} ). Using the methods from |[3|, it is easily shown that u is given b
4 g ) y g y

w=—B (Mg)flzg;; ((;30) :

Here, By is the 2 x 2 matrix given as the first and fourth rows and columns of B, and My is given by
Y * 0 P
My = Mg +<'7 (4)0) > (adi)) :
From the expansions given in (2.3) and (2.4)), we have
—2o() 2 (M)
- v, “Sph Y (KD,l) 0 0 2

Uy D,1 0

In [3], it is shown that (Kg?l)* [po] = 401V ol(D)gy. It follows that
% 0 4b1 VOZ(D) _ _ (bo 0
By <¢0> = Tw?wlan 0 -4 o + O(w?).
Now, the leading order term u(!) of v is the solution to the equation
~ 40,1 Vol(D) _ _ 10) 0
Mpu® = _50705 @iy In@ay <00 + 6 )
Observe that
(85) ol = Sploo] + i [ wodo
aD
= (70 + Mkc) do.

12



In this equation, recall that ¢ = (1, $o). Assume now that ") has the form u(1) = (v10). Then

ra® — v — <— (70 -tﬁkbc) ¢0> .
ot ot P\ (0 + 7l ©) 0

Finally, by Theorem [T] we have

0= wwfw Inwys + O(w?),
Ay ;
which shows that y, = —Bom, and that
5 Yo
¢, = —50m § +O(w?)

4.4 Computation of L
Let L be defined by (4.14). From (4.14)) we obtain
LAo(wM) =0 and .AQ(UJM)L =0.

Therefore, L maps L?(0D) into ker(Ag(wys)) and L* maps L%(0D) into ker(Aj(war)). These facts,
together with the Riesz representation theorem show that L = [{-, ®)¥ for some constant [. To compute
I, we use the generalized argument principle for operator valued functions. The operator Ajg is known to
have a discrete spectrum [3|, so we can find a small neighborhood V' of wy, that contains no characteristic
values other than wj;. Then we have

1 4 d

1= %tr - Ap(w) @Ao(w) dw,

This, together with Proposition [4] gives

1 LLA
1= —,tr/ Zdw’0 4.,
2 Joy w —wpr

d
L AU, O
—l / 7<dw 0 >dw,
ov

21 w— Wy

1

and using Cauchy’s integral formula we obtain that [ = (Ao T,8)

SO

<7(I)>

L= 3 .
<%AO(WM)\I/a o)

4.5 Computation of resonance perturbation

Again, let V' be a neighborhood of wyy, this time containing only one characteristic value of A, that is, V'
contains only the characteristic value w, corresponding to a perturbation of the characteristic value wy,
of Ag. Using the eigenvalue perturbation theory found in [8], the leading order term of w. — wyy is given
by

We —wpr = S, Ao(w) T A (w) dw + O(e?),
2t Jov

13



which gives

We —wp = fitr/ LA ) dw 4+ O(?)
o

2m VW= WM
= —i/ 7”“41(“})\1]’ ) dw + O(£?).
2m Joy  w—wum

Because (A (w)®, ¥) is holomorphic in w, Cauchy’s integral formula yields

- ¢ <A1(WM)‘11,<I>> 82
We — Wy = (L Ag(or) ¥, D) + O(e%). (4.17)

We now state the main result of this paper, which gives the leading order term in the expansion of
the encapsulated bubble resonance frequency.

Theorem 2. In the quasi-static regime, for any € sufficiently small, there exists a resonance frequency
we = we(g, ) for the encapsulated bubble such that w.(0,d) = war(6) and

c 27era (6lw — 1)
dre (yo + M, e) — 2 (1 —a)

We = wpr + + O(ew?) + O(£?). (4.18)

Proof. We compute the expression (4.17)). We use subscripts to denote a specific component of a vector.
Furthermore, as in (4.15), we will work in the regime w? Inw = O(J). Using the expressions for ¥ and ®
from Section we find that the numerator in (4.17)) is given by

(A1 (war) ¥, @) = ((A1(wnr)To)1, u1 ) + (A1 (wrr)To)a, do) + O(52). (4.19)

We begin with the first term of the numerator. Using the low-frequency expansions (2.3)) and (2.4), we
find

(Ar(oar.69), = s (574 K ) ] + (o0 = adn) (=37 + K ) ] = 0 (<o + K)ol — aSfy ] + 00
= adpwtho —a (;I + /CD> [t0] — aST* [ribo] + O(6).

From this, we can compute

(A1 (wr)¥o)1,u1) =41 <G5Zw<1/}0a1/]0> —af (;I + /CD) [tho], o) — a<$g“ [T%]’%O o)
=1 (a (6lw - 1) — a<$l[c)w [Tw0]7z/}0>) + 0(62)
Define ¢, as ¢, = (T1bg, ¢o). Then we can compute the term <$‘§w [0, o) as

(Shlriol, o) = (rio, (85) " [ol) = (T, (10 + kc)o) = (30 + ) cr.
Using this expression, we find that
(A1 () Bo)1, 1) = i (0 (B — 1) = a (30 + 1) &) + O(5%)
(a0~ 1)~ a (0 + ) ) + O(6?)

_70 + Mk, C
O — 1

= —da ( — cT> + (’)(62).
Yo + Mk, C

14



We now turn to the second term of the numerator. It is easily shown that S¥ [1] = adg + O(w? Inw) for
some constant a, so 8T2 SE[to] = O(w? Inw). Hence

(./41 (wM, 5)\11)4 = aélwéblR’B‘ [1/10] + (al — af;lw)(;bl (TI + Rkl) [’l/)g} — aélC’f“’ [1/)0} + 0(52)
aD’c

= —adtthy — ad <IC73[7'1/J0] — %wo + [wo]) + 0O(6?)

k

= —ad (’CB[T%] + %lﬁo + WO]) 0(8%).

It follows that

8Dk

(A1 (wrr)¥0)a, ¢o) = —ad <<”/J07 Kpléo]) + %(T%, do) + < [Yo], ¢0>> +0(8%)

o
= —ad (CT <8D [vbo], ¢0>> +0(5%).

kw
[¥o], ¢0>. We know from the expansion 1

O(w?Inw). Furthermore, because 8{? D s self-adjoint, we have

Next we compute the term <8D

ko
0Dy [wo] bo) = <¢0,6DD

(=3

where the last step follows from the well-known fact that Dp[¢o](x) = 1 for z € D |4]. In total, the
second term of the numerator is

[b0]) + O(8) = O(9),

<(.,41(UJM)\I/0)47 ¢0> = —adc, + 0(52)
Next consider the denominator (%AO\II, ®). As with equation 1) we have
d d d 9
——AolwWm) Y, = {7-\Aolwnm)¥0)1, Y1 ——(Aolwar)¥o)4, Po . .
(L Aofeonn) W, ) = (- (Aofnr) o), 1) + (- (Aofwrr)¥o)s do) +O().  (4:20)

We begin with the first term of the denominator. Using the asymptotic expansion of the fundamental
solution for small w given in equation (2.1]), one can see that the following approximation holds:

ool = ([ o= [ i) n+ Omne)
= 27TZ)M (1—-a)¢do+Owlnw).

It follows that

d
<%(A0(WM)‘I’0)1, Y1) =i QmCuM (1 —a){¢o,%0)
0 “ (1—a)+ Ow?Inw)
Yo+ Mk, € 27wy '

To compute the second term of the denominator, we use the expansion ([2.4) to find that

d wpr lnw
o (Aolwan) Wo)a = 275K, [l + O(w).
W Uy,
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It follows that

wpr Inwys

<%(AO(WM)‘I’O)4, do) = 27— (t, (;cg;)* [90]) + O(w)
b

8b1Vol(D
= %()CWJW lan + O(w%
Yp
where we have used the fact that (Kg?l)* [po] = 401V ol(D)po.

In total, we have

Spw—1
—da ('yoz-nkwc - C.,-> — ade; ) )
+ O(sw?) + O(e7)

We —WM =

—&
8b1Vol(D)c _ ) c2 _
v war Inwy YoMk € 27w (1-a)

- 27TOJMa (5lw — 1) 2 2
= 64776(’}/0 e — 2 (1=a) + O(ew?) + O(e).

O

Remark 1. From formula , we see that, to leading order, w. = wy; if d;, = 1, di.e. there is no
shift in the resonance if there is no density contrast between the layer of coating and the water. This is
expected in the case when k; = Ky, i.e. if there is no contrast in the bulk modulus. In this case the layer
of coating and the water have identical wave properties, but the formula shows that this is true even if
we have a contrast in the bulk modulus.

Remark 2. All the terms in equation (4.18) can be numerically computed using standard methods.
Moreover, the equation simplifies when D is a circle with radius r. In this case we have

o = In(r) 0= Mo
2y7’ Mk

For the unit circle with r = 1, we get

c=V2nur.

e WM, (01 — 1)
ATy Moy — (M — Mk

We —WM =

+ O(ew?) + O(?).

5 Numerical illustration

Here we give numerical examples to verify the formula for the encapsulated bubble frequency in
the specific case of a circular bubble. In this case, the resonance frequency is easily computed using the
multipole method.

Consider again the equation . If D is a circle with radius R, the encapsulated bubble D, will also
be a circle with radius R+ ¢. Using polar coordinates (r,#), is clear that the solution u can be written as

S oo oo AnIn (kyr)e™® if r < R,
u(@) =30 (bndp(kir) + coHn(kir))e™? if R<r < R+e.
Yoo Ay (k)™ if R+e<r,

for some set of constants a,,, by, ¢n,dn, n € Z. Using the boundary conditions, we find that the constants
satisfy

Jn(kbR) —Jn(k‘lR) —Hn(klR) Qp,
0 Jn(kl(R+5)) H7L(kl(R+8)) _Hn(kw(R+5)) bn, =0
kyJ! (kyR)  —0ukJ,(kiR)  —SukH! (kR) 0 e | T
0 k! (ki(R+¢e)) kH.(k(R+¢)) —0mwkoH, (ko(R+¢))) \dn
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for all n € Z. We seek w such that for some n, the corresponding system is not invertible. In particular,
we seek the encapsulated bubble resonance, which corresponds to the lowest resonance of the system. It
is clear that at the lowest resonant frequency this system features a factor with n = 0, because the lowest
resonance has the least number of oscillations. Thus, at the lowest resonant frequency the matrix

Jo(kyR)  —Jo(kiR) —Ho(kR) 0
Alw) = 0 Jo(ki(R+¢))  Ho(ki(R+¢)) —Hy(kw(R+¢)) (5.1)
= b dy(koR)  —bukiJy(kiR)  —SykiHY (ki R) 0 :
0 kiJy(ki(R+¢€)) kiH)(ki(R+¢€)) —wkwH)(kw(R+¢€))

becomes singular. Approaching this as a root-finding problem and setting f(w) = det(A(w)), we have
we = minfw | f(w) = 0}.

The equation f(w) = 0 can be solved numerically using Muller’s method [8], and by choosing initial
values in the vicinity of the Minnaert resonance of the uncoated bubble we can ensure that we find the
lowest resonance frequency.

The numerically computed resonance w. is compared against the encapsulated bubble resonance w,
given by equation in Figure [1} for the case v, = v; = v, = 1, radius R = 0.5, § = 10~2 and
01 = 0.5. In this case, the coating shifts the frequency to a higher value. We observe a good agreement
between the the numerical resonance w., computed using , and the “Gohberg-Sigal” resonance w,,
computed using (4.18)), as the the thickness of the coating decreases. In Figure 2 we again plot the
encapsulated bubble resonance &, using the same parameters as in Figure [I] apart from the contrast
parameter d;,, which this time we set to be d;, = 1.5 instead. It can be seen that the presence of the
coating shifts the frequency to a lower value. In summary, if §;, > 1, the layer of coating increases the
effective density contrast between the gas and the liquid, resulting in a lower resonance frequency, while
on the other hand, if §;, < 1, the effective density contrast is reduced which leads to a higher resonance

frequency.
T T T
——— Multipole

0.0424 + Gohberg-Sigal A
. Uncoated P
3 "
2 =
S, 0.0423 = i
@) o
c o
[} -
=} T
o ///
2 0.0422 _— .
(= _~
Q =
9 -
C o
© =
c =
S 0.0421F - i
Q _
& -

//’,V
00420 L 1 1 1 1 1 1 1 1 1 ]
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Perturbation ¢

Figure 1: Comparison between the numerically computed resonance w. and the resonance we. given by the formula
n , for the case of a disk with radius R = 0.5, § = 1072 and 6, = 0.5.
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0.0420 m~ -

€
/

0.0419 - S -

Resonance frequency Re(w )

0.0418 |- S~ 1
~_
\\‘\
Multipole o :~:\\\\
——— Gohberg-Sigal N
Uncoated NI
| | | | | | 1 | | ™
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Perturbation e

Figure 2: Comparison between the numerically computed resonance &. and the resonance we given by the formula
mn , for the case of a disk with radius R = 0.5, § = 1072 and 6 = 1.5.

In Figure [3, we plot the relative error of the w. when ¢ is fixed and § € [1078,1072]. As expected,
the error reduces with decreasing 6, and for § = 1073 the error is ~ 0.04%.

0.16
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L

Relative error of w [%]
_(3 o
o o
[¢)} o4}
T T
Il 1

°
o
=
T
\
L

<
o
]
T
\
\
\
\
1

—
 — 1 1 | | 1

0 e
108 10”7 10® 107 104 103 1072
5

Figure 3: Relative error of w. as a function of 8, for the case of a disk with radius R = 0.5, § = 1073, 6, = 0.5
and fized e = 0.1R.

6 Concluding remarks

In this paper, we have proved an original asymptotic formula for the resonance shift that occurs when a
gas bubble in water is encased in a thin layer of coating. The formula is valid for an arbitrarily shaped
bubble, and we have numerically verified it in the case of a circular bubble. The findings are of interest for
the application of encapsulated bubbles as ultrasound contrast agents. Furthermore, the subwavelength
nature of the encapsulated bubble resonance implies the that encapsulation of bubbles can be a useful
approach when synthesizing bubbly phononic crystals. In future work, we plan to study wave scattering
by encapsulated bubbles in the full elastic case, thereby providing an even more realistic description of
encapsulated bubbles as ultrasound contrast agents.
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