m Seminar for

Applied

Eidgenodssische Technische Hochschule Ziirich .
& Mathematics

Swiss Federal Institute of Technology Zurich

Shape and size dependence of dipolar
plasmonic resonance of nanoparticles

H. Ammari and P. Millien

Research Report No. 2018-18

April 2018
Latest revision: July 2018

Seminar fur Angewandte Mathematik
Eidgendssische Technische Hochschule
CH-8092 Zirich
Switzerland




Shape and size dependence of dipolar plasmonic resonance of
nanoparticles

Habib Ammari* Pierre Millienf

Abstract

The aim of this paper is to present a new approach, based on singular volume integral
equations, in order to compute the size dependency of plasmonic resonances. The paper also
provides rigorous derivations of the extinction and absorption cross sections for elliptical
particles.
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1 Introduction

1.1 Position of the problem

The optical properties of metallic nanoparticle have been a subject of great interest in the past
decades. They have the ability to exhibit plasmonic resonances, which are strong enhancement
of the scattering and absorption cross sections at certain frequencies. This capacity to interact
strongly with light is a key to many major innovations in nanophotonics [37, 9, 41], in biomedical
imaging [25, 31], cancer treatment therapy [10]. For a nice review of some of these applications
we refer the reader to [19].

These resonances have been theoretically and experimentally studied by the physics commu-
nity. It has been experimentally shown [32] (via measurements of the extinction and absorption
cross sections) and numerically (simulations of the Maxwell equations, often via a coupled dipoles
method, see [29, 23]) that the frequency at which a metallic nanoparticle resonates depends on

(i) the shape of the particle;
(ii) the type of metal;
(iii) the surrounding medium;

(iv) the size of the particle.
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Plasmonic resonances have been the subject of some theoretical work as well in the physics
community. In the case of a spherical particle, the classical Mie theory explains points (ii) to
(iv). In the case where the particle is not spherical, using the quasi-static approximation and
solving Laplace equation, computations of the polarizability for some simple shapes have given
a lot of insights on points (7), (i7), and (iii); see, for instance, [44]. Moreover, the conservation
of energy fails in the quasi-static theory, due to the absence of radiative loss. This issue has
been dealt by adding a radiative correction [1].

The size dependence has been more problematic. Some corrections of the quasi-static ap-
proximation, sometimes called the modified long-wavelength approximation, or computations of
a dynamic polarizability have tackled this issue [33, 42, 29, 35]. Nevertheless, they heavily rely
on strong assumptions and are valid only for spheroidal shapes.

In the mathematical community, plasmonic resonances are a more recent subject of interest.
In the quasi-static approximation, plasmonic resonances were shown to be an eigenvalue problem
linked to the Neumann Poincaré operator [22, 6, 26]. It was then showed that Maxwell’s equation
yields a similar type of eigenvalue problems, and a computation of the polarizability for small
plasmonic particle was given, solving items (i) to (iii) for a general regular shape [2]. Note that
these studies were all done in the case where the shape of the particle is assumed to have some
regularity, and the theory breaks down when the particle has corners. Some recent progress has
been made on this topic [11, 24, 39].

The size dependance has been justified in [4, 7] in the scalar case (transverse electric or
transverse magnetic) and in [5] in the Maxwell setting. However, practical computations of
this size dependency remains complicated. We aim here at presenting a new approach, based
on a singular volume integral equation, to compute this size dependency. Our integral volume
approach can be extended to the case where the shape of the particle has corners.

1.2 Main contribution

In this work, using a volume integral equation, we show that the resonant frequencies at which
a nanoparticle of characteristic size § exhibits plasmonic resonances occurs can be written as a
nonlinear eigenvalue problem:

Find w such that f(w) € o (T(W‘S)) (1.1)

for some nonlinear function f and some operator 7“9 (see Definition 2.2).

These types of problems are extremely difficult to handle in their generality. In this work,
we add some assumptions arising from experimental observations and classical electromagnetic
theory to compute solutions of (1.1) in a regime that corresponds to practical situations.

The perturbative analysis presented in this work is based on the following assumptions:

(i) The size § of the particle is small compared to the wavelenght of the lights at plasmonic
frequencies:

52 <« 1;
C

(ii) The particle is constituted of metal, whose permittivity can be described by a Drude-
Lorentz type model [38].



In this regime, we show that (Theorem 5.1):

0 o
= o(TW)y ~ =
ol ) p < 1

And using that we give the following procedure for solving (1.1):
e Find wp such that f(wg) € a(T®);

e Compute U(T(on)) by a perturbative method;

e Find w; such that f(w;) € o(7w0)).

Since, in practical situations % flw) > % (this comes from the fact that the particle is metallic
and can be checked numerically, see Appendix A for more details), one can see that wy is a good
approximated solution of problem (1.1).

1.3 Additional contributions

In this paper, we also show that in the case where the particle has an elliptic shape, the dipole
resonance of the nanoparticle (and its dependence on the size of the particle) can be very easily
computed using the L dyadic that can be found in the physics literature [47, 48]. This dyadic
L is often incorrectly derived in the literature. In Appendix B we give a correct derivation of
L, as well as some precisions on some common misconceptions about singular integrals found
in the classical literature on electromagnetic fields. We also give formulas for the computations
of some observable quantities such as the extinction and absorption cross sections for elliptical
particles (see Section 6). To the best of our knowledge, this is the first time that a formal proof
is given for these type of computations.

2 Model and definition

2.1 Maxwell’s equations

We consider the scattering problem of a time-harmonic wave incident on a plasmonic nanoparti-
cle. Denote by €¢ and pg the electric permittivity and the magnetic permeability of the vacuum
and by ¢y = (eoug)*l/ 2 the speed of light in the vacuum. The homogeneous medium is charac-
terized by its relative electric permittivity €, and relative magnetic permeability p,, while the
particle occupying a bounded and simply connected domain of center of mass z:

D=z+d/BeR?

with C1® boundary is characterized by its electric permittivity €. and its magnetic permeability
e, both of which may depend on the frequency. We assume that Re,. < 0, 3e,. > 0 and define

Ko = —femfims ke = —/Eofic, (2.1)
Co Co
and
ep(w) = emx(RM\D) + cc(w)Xx(D),  pp = pmx(R*\D) + pex(D), (2.2)
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Figure 1: Schematic representation of the scattering problem.

where y denotes the characteristic function. We assume that the particle is nonmagnetic, i.e.,
tm = pe. Throughout this paper, we assume that e, is real and strictly positive and that
Rk, < 0 and Sk, > 0.

For a given plane wave solution (E?, H?) to the Maxwell equations

V x Ef = iwp,, H? in R3,
V x H = —iwe,, E* in R3,

let (E,H) be the solution to the following Maxwell equations:

V x E =iwupH in R3\ 0D,
V x H = —iwepE in R3\aD, (2.3)
wxE|=wxH] =0 on 0D,

subject to the Silver-Miiller radiation condition:

lim |z|(/fm(H — H") x & — /en(E — EY)) = 0,

|z|—o00

where & = x/|x|. Here, [v x E|] and [v x H] denote the jump of v x E and v x H along 9D,
namely,

[VXE]:(VXE)‘+—(V><E)‘_, [VXH]:(VXH)‘JF—(VXH)}_.
Proposition 2.1. IfT [E‘%} # 0, then problem (2.3) is well posed. Moreover, if we denote by
(E, H) its unique solution, then (E,H){D € H(curl, D) and (E, H)|R3\D € Hipe(curl, R3\ D).

Proof. The well-posedness is addressed in [45, 17, 4]. O



We also denote by G¥m the scalar outgoing Green function for the homogeneous medium,
i.e., the unique solution in the sense of distributions of

2
(A + Q}Qesmum> ka(-, z)=0, in R3, (2.4)
U
subject to the Sommerfeld radiation condition. G*m is given by (see [36]):

eikm\xfz\

ka(x, Z) :m (25)

2.2 Volume integral equation for the electric field

We start by defining a singular integral operator, sometimes known as the magnetization integral
operator [20].

Definition 2.1. Introduce

L*(D,R?*) — L*(D,R?)

k .
7o f—s kz/DGk(%y)f(y)dy—V/DVG'“(wy)~f(y)dy~

We then give the equation satisfied by the electric field:

Proposition 2.2. The electric field inside the particle satisfies the volume integral equation (or
Lippmann-Schwinger equation):

( em I—Tl’;)E: ‘m_ g (2.6)

Em — €c Em — Ec

Proof. See [15, Chapter 9] or [16].

2.3 Plasmonic resonances as an eigenvalue problem

Definition 2.2. We say there is a plasmonic resonance if

 _co (7'5) )

Em —E&c

2.4 Dipole resonance

Definition 2.3. The dipole moment of a particle is given by

P- /D p(2)dz = /D erx(2)E(z)dz = / (ee — em)E(x)du.

D



We say that there is a dipolar plasmonic resonance if the dipole moment P satisfies
P> \(ac—em)/ E'(z)dz].
D

Therefore, we want to compute the values of €. and &,, such that

(i)

P p—— 60(75);

Em — Ec

(ii) One of the eigenvectors ¢, associated with A has non zero average:

1
\m/ﬁ”“"

3 The quasi-static approximation

In this section, we study the case when the particle has finite size § # 0 and 0k, < 1. This
corresponds to the usual quasi-static approzimation. It has already been shown in [2, 4] that the
solution of Maxwell’s or Helmholtz equation converge uniformly when dk,, — 0 to the solution
of the quasi-static problem in the case of negative index materials.

Proposition 3.1. In the quasi-static approzimation, the excitation field B becomes constant,
the electric field can be written as the gradient of a potential E = Vu and the scattering problem
described by (2.6) becomes:

V- (ep(x)Vu) =0,

Find u such that ) 1
u(z) —E -z =0 (|z|7").

Equivalently, E = Vu is a solution of the following integral equation:

( cm I7'D0>E: ‘m__ i, (3.1)

E€m —Ec

Remark 3.1. These types of transmission / exterior problems have been extensively treated in
the literature. For more details on the well posedness, the appropriate functional spaces, and the
study of small conductivity inhomogeneities we refer to [36, 3.

Proposition 3.2. Let y = 29 + 07 and write 4(§) = u(y), and @*(j) = u’(y). Then @ solves:

( s 1—7{3’)%: v,

Em — Ec Em —&c

Proof. This is a direct consequence of Theorem B.3.



3.1 Spectral analysis of the static operator, link with Neumann-Poincaré
operator

It has been shown in [2, 4] that the plasmonic resonances are linked to the eigenvalues of the
Neumann-Poincaré operator. In this subsection, we show that the surface integral approach and
the volume integral approach are coherent. The link between the volume integral operator and
the Neumann Poincaré operator is summed up in Corollary 3.1. We first recall the definition of
the Neumann-Poincaré operator

Definition 3.1. The operator K%, : L?(0D) — L*(9D) is defined by
1 (z —y) v(z)
Kplel(x) := / — do(y), 3.2
blelle) = [ T2 oty (3.2

with v(x) being the outward normal at x € 0D, wy the measure of the unit sphere in dimension
d, and o the Lebesque measure on OD. We note that K}, maps L3(OD) onto itself (see, for
instance, [3]).

Recall the orthogonal decomposition
L*(D,R3) = VH} (D) @ H(div 0, D) ® W,

where H(div 0, D) is the space of divergence free L? vector fields and W is the space of gradients
of harmonic H! functions. We start with the following result from [17]:

Proposition 3.3. The operator T3 is a bounded self-adjoint map on L*(D,R?) with VH{ (D),
H(div 0, D) and W as invariant subspaces. On VHE(Q), TSlp] = ¢, on H(div 0, D), TH[e] =0
and on W :

v TSlp) = <;+IC73> o] on OD.

Proof. The proof can be found in [20, 17]. O

From this, it immediately follows that the following corollary holds.

Corollary 3.1. Let A # 1. Let ¢op # 0 be such that

Mep = Tplep] =0 in D.

Then,
YD GW,
App = VSplep - V] in D,
1
App -V = <2+IC*D> [ep - V] on OD.



Letting up = Splep - V], we have:

Aup =0 in R3\ oD,
{ o in R\ (3.3)

[Onup) = @p -V on 0D.

Proposition 3.4. If the boundary of D is C®, then TDO‘W :' W — W is a compact operator.

Proof. The operator T3 is a bounded map from W to H'(D,R3) [20, 34]. The C1** regularity
of 0D and the usual Sobolev embedding theorems ensure its compactness (see [13, Chapter 9]).

Proposition 3.5. The set of eigenvalues (An)nen ofTDO‘W 1s discrete, and the associated eigen-
functions (p,,) form a basis of W. We have:

TB‘W = Z )‘n<90m '>‘Pn'

3.2 Link between o(Lp) and o(73), and the dipole resonances for an ellipse

As explained in Section 2.4, to understand the dipole resonances of the particle, we need to
compute the eigenvectors of ’T]g that have a non zero average, i.e., that are not orthogonal in
the L?(B) sense to every e;, i € {1,2,3}, where (e, ez, e3) is an orthonormal basis of R3.

In general, constant vector fields over B are not eigenvectors of Tp. Nevertheless in the case
where B is an ellipse, then constant vector fields can be eigenvectors for Tg. This is essentially
a corollary of Newton’s shell theorem.

Theorem 3.1. If B is an ellipse centered at the origin, then the following holds: Let ¢ €
L?(B,R3) and let A € R\ {0,1} be such that

/Bcp#o-

()\I—LB)/BQOO = 0.

Then,

Remark 3.2. The operator we are considering is essentially the double derivative of a classical
Newtonian potential. When the domain is an ellipse, the Newtonian potential of a constant is
a second order polynomial. Therefore, its second derivative is a constant. Hence, the possibility
to have constant eigenvectors for Tp occurs. This property characterizes ellipses. In fact, it is
the weak Eshelby conjecture; see [27] for more details.

Proof. For the proof we need the following lemma from [18]:

Lemma 3.1. If B is an ellipse, then, for any @, € R?,

Tslwo] = Lpo-



Combining this with Proposition 3.5, and using the orthogonality between the eigenvectors
of ’7'](5,)7 one gets the result. O

Corollary 3.2. Let E € R?\ {0} be such that \E = LgE. Then,
T[E] = \E.

Proof. This is a direct consequence of Lemma 3.1.

3.3 Static polarizability of an ellipse

In this subsection, we assume that B is an ellipse.

Definition 3.2. The polarizability M is the matriz linking the average incident electrical field
to the induced dipolar moment. It is defined by

pzM(ll)|/DEi>.

Theorem 3.2. The static polarizability M of the particle B is given by

M= 5% (c0 — 1) < m__ LB) o (3.4)

Em —Ec

Remark 3.3. The polarizability is used to compute different observables such as the scattering
and extinction cross sections of the particle (see Section 6).

Proof. We recall equation (3.1) for the electric field inside the particle

< Em I—TB>VUZ L. v
Em — ¢ Em — &c

We now remark that the operator

P: L*(D,R?) —L*(D,R?)

f»—)/f
D

is the projector onto the subspace of L2-spanned by constant functions. Compose the previous
equation with P we get:

Po < I 73) [Vu] = P[Vaud].

E€m — Ec

We now use Proposition 3.5 to diagonalise 77°:

P <Z < = — Ai) (P, V) <pn> = PIVu].

- Em c
K]




Since the particle is an ellipse, we know by Corollary 3.2 that E; € R3, the eigenvectors of Lp
associated with the eigenvalues Ar,;, are also eigenvectors for TO for some eigenvalues Aiys Nig
and \;; . Moreover, \;; = AL1, Ai, = A2 and \j; = A, 3 We can also note that (E;, Eg, E3)
span the image of the projector P. By orthogonality of the eigenvectors of 79, we obtain that

Ec -
P (Z (a?m — e + )\i> (@, V) 90”) - Z <€m e, + )\L,@'> (E;, Vu) E;

i

Noticing that (E;, Vu) = (E;, P(Vu)) = E; - P(Vu), we obtain that the right-hand side of the
previous equation is exactly the expression of

< s +LB> P(Vu)

Em — €e

in the basis (E;, E2). Therefore, we have shown that

Po( s I7'D0>[Vu]:< e +LB)7’(VU)~

Em — €c €m — Ec
Thus
€ -1 ;
/ Vu = < < +LB> / vut.
D €m — &c D
Using Definition 2.3 of the induced dipole moment, we get the result. O

3.4 Static polarizability of an arbitrary particle

In the case where the particle occupies an arbitrary C»® domain, the volume integral approach
does not yield a simple expression for the polarizability. Nevertheless, the layer potential ap-
proach gives the well known polarization tensor. The validity of the polarization tensor formula
for negative index material has been shown in [4, 2].

We recall here the formula for completeness:

Theorem 3.3. [, 2] The static polarizability is given by

o = 83eo(e — 1)/

e+1 N -1
[ (50 Ks) Wt

(e-1)

where € = £<.
Em

10



4 Perturbative approach: spectral analysis of the dynamic op-
erator

In this section, we aim at finding A such that there exists some f # 0 € L?(B,R?) such that
(5\1 - Tgk) [£] = 0.

Let \,, be an eigenvalue of 7°. Let V C C be a neighborhood of ), such that A\ — 770 is
invertible for every A € V. Let ¢, € L*(B,R3) be a unitary eigenvector associated with Ay .

Lemma 4.1. For any A\ € V, the following decomposition holds:

(AT = i‘P_"UA’: Py + R(N),

where

C — (L*(B,R%) — L*(B,R%))
A —R(N)

18 holomorphic in \.

Proof. Denote by Py : L?(B,R3) — L?(B,R3) and Py : L?*(B,R?) — L?*(B,R3?) the orthogonal
projections on VH{(B) and H(div 0, B), respectively. Using Propositions 3.3 and 3.5, we can
write:

A =T% =Y (A=) {(@n: ) + (A= 1)P1+ APy,

The result immediately follows. O

Lemma 4.2. Let \,, be an eigenvalue for T°. Then, if |k| is small enough, there exists a
neighborhood V- C C of A\, such that ’7};’“ has exactly one eigenvalue in V.

Proof. We start by writing:
=T = AL =704 (T0 = 7).

Recall that there exists V' C C such that A —T? is invertible for every A € V'\ {\,,}. Therefore,
for A€ V\ {hng .

A =T% = (A= T°) (14+ (AL =77 (T = 7).

Using Lemma 4.1, we get

{ngs (T° = T°9) [£])
A= Ay

</\I - T‘”“) [f] =+ Gy +R(N) (70 - T‘”“) [£].

11



We can show that
Hﬂ) - T‘”fH 50 (6k—0).
Since A — R(A) is holomorphic, the compact operator
A RO (70 T)
converges uniformly to 0 with respect to A when k goes to 0. Since the operator

L*(B,R3) — L*(B,R?)

k.
et o o (T :”ﬁ) £)

Pno

is a rank one linear operator, the operator I + IC%”f is invertible.
Therefore, there exists K > 0 such that A\I — T% = I + K% + R(X) (T — T°F) is invertible
for every A € V'\ {\,,} and every |0k| < K. O

We can now give an asymptotic formula for the perturbed eigenvalues A of 77

Proposition 4.1. The following asymptotic formula for the perturbed eigenvalues holds:

A~ Ay — <<7‘0 — T‘;k) Prrys gon0> (4.1)

L2(BR3)

Proof. We use the same notations as in the previous lemmas. We have:
Neo (T™)UVA{An} & 320 suchthat (A —T%)[f] =0

& 3f#0 such that (I + (70 - T%) (A= 7°) 1) [f] = 0.

- -1
Using the decomposition stated in Lemma 4.1 for ()\I — TO) , we get the following equation
for f and X:

£+ é“’”ﬂ’ £ (70 = T%) ] + (T0 = T) ROV)IE] = 0. (4.2)

— Ang

We start by proving that (p,,,,f) # 0. Indeed, if one has (¢, ,f) = 0, then (4.2) becomes
(1+ (7= T*)RV) I£] = 0.

If k is close enough to 0, then || (70 — 772) R(N)|| < 1 and then I+ (T° — T°k) R(X) is invertible

and we have f = 0, which is a contradiction.
£
We then note that f and % (T° — T°) [pn,] are terms of order O(|f|) whereas the

no

regular part, the term (70 — 7°F) R(N)[f] is of order O(3k|f]). We drop the regular part, and

12



take the scalar product against ¢, to obtain that

(P £) + i‘pfOA’Z (T = T%) lPu)s 1y ) = 0. (4.3)

Finally, dividing equation (4.3) by (¢,,,,f) # 0 yields
5\ — )\no - <<7-0 - T(Sk) [‘Pno]v (Pno> .

0

We also prove the following lemma, giving an approximation of the resolvent of ’7'[])‘3 along
the direction of the eigenfunction ¢, :

Proposition 4.2. Let g € L?(B,R3). If f € L?(B,R3) is a solution of
()J . Tg’f) f—g,
then, for A\ ~ A, , the following holds:

<g7 sono>L2(B,R3)
A= Apg + <(TO - T5k) [Qono]v 90n0>L2(B,R3)

(f, Sono>L2(B,R3) ~

Proof. The result follows directly from Lemma 4.1 and identity (4.2) with g in the right-hand
side. g

5 Dipolar resonance of a finite sized particle

5.1 Computation of the perturbation via change of variables

By the change of variables: y = z + 07, E(§) = E(y), EX(§) = E'(y), and (2.6) becomes:

Em —&c

< = I—T§k>E g

We are now exactly in the right frame to apply the results of Section 4. We know that there

is a neighborhood V; € C of )\Z(O), i € {1,2,3} such that Tgkm has exactly one eigenvalue in V;
(Lemma 4.2) and that the perturbed eigenvalue is given by

Theorem 5.1. We have

A a? - <(779J - Tﬁk’") @i ‘Pi> (5.1)

L2(BR3)’

(0)

where ; is a unitary eigenvector of ’Tg associated with \;

13



5.2 The case of an ellipse
5.2.1 The perturbative matrix

In the case where B is an ellipse, since the eigenmodes associated with a dipole resonance are
constant ¢; = E; € R? (see Section 3.2) and therefore formula (5.1) simplifies to:

Proposition 5.1. We have

<<T§ o Tgkm> [©il, <Pi> =E,;- M‘];’“mEi

with
M / / (€@ 2) 6™ (2.2)) w(@w(2) Tdo(#)do(2)
0Bx0B
Proof. From
(18- 78 tedei) =B+ [ ¥ [ [6%w0) - 6 (0.)] dyas,
B JB
an integration by parts yields the result. O

5.2.2 The algorithmic procedure

We now give a practical way to compute this perturbation in the case of an elliptical particle:

(i) Compute the resonant value associated with the static problem:

e Compute the matrix Lp € M3(R);
e Compute its spectrum A1, Ag, A3 and corresponding unitary eigenvectors E;, Eo and
Es;
(ii) Compute the perturbative matrix M%km and the perturbed eigenvalues

Ai = \i — E; - MO E;.

6 Computation of observables for an elliptical nanoparticle

6.1 Dipole moment beyond the quasi-static approximation

Denote by A;, j = 1,2,3, the three eigenvalues of Lp. Denote by E; the three eigenvectors
(€ R3) associated with A; such that (E;, Eq, E3) forms an orthonormal basis of R®. Denote by
Q = (E1,E2, E?) € O(3) the matrix associated with this basis.

Since E; are eigenmodes for 77, we can use Lemma 4.2 to find that

<Eiij>
A=A (70— T By, B

<E7Ej> ~

14



We can then write:

1

X= o+ (79— T [B], By 0 0
] 1 1 :
P~ (e - 1)Q 0 A=A+ ((TO — T%k) [Eq), E) 0 Q' (W/DE) (61)
1
0 0

X+ (70— T [By], By}

Remark 6.1. This expression is valid near the resonant frequencies when the corresponding
mode is excited, i.e., when X\ ~ \; and Vu'(zy) - E; ~ |Vu'(29)].

Remark 6.2. The expression

1 0 0
A= +((TO-T°F)[E1],E1)
Mdyn = 6360(6 — ]_)Q 0 )\—)\2+<(T0 T"k)[EQ],E2> 0 Qt
0 0 L 0

A=Xg+((TO—T5)[E3),Es)

is a dynamic version of the usual quasi-static polarization tensor.

6.2 Far-field expansion

Assume that the incident fields are plane waves given by
EZ($) - Eéeik7nd'$7 HZ(ZL') —d x E%‘)eikzmd-x7

with d € S? and E € R?, such that E} -d = 0.

Since we have an approximation of the dipole moment of the particle we can find an approx-
imation of the electric field radiated far away from the particle. The far-field expansion written
in [5] is still valid (Theorem (4.1) in the aforementioned paper), one just has to replace the
dipole moment M (), D)E? where M is the usual polarization tensor defined with the Neumann
Poincaré operator by the new corrected expression obtained in (6.1).

The scattered far field has the form

i iy €7l 1 i
B(a) - B(@) ~ 12 0 Mayu /D E(y)dy (2| - o0), (6.2)

and the scattering amplitude is given by

deyn‘D|/EZ = TTLP

6.3 Scattering and absorption cross sections

Having an approximation of the dipole moment, we can compute the extinction and scattering
cross sections of the particle.

Proposition 6.1. ([12, Chapter 13]) The power radiated by an oscillating dipole P can be

15



written

4
HmW 2
P. = P
" 127 [P

)

and the power removed from the incident plane wave (absorption and scattering) can be written

47 ik
P=—7T 0 d4m”
km E |2

In the same spirit as in [4, 5] we can then give upper bounds for the cross sections as follows.

Proposition 6.2. Near plasmonic resonant frequencies, the leading-order term of the aver-
age over the orientation of the extinction (respectively absorption) cross section of a randomly
oriented nanoparticle is bounded by

Qift Nkn‘LI [Teryn] 3
a k?n 2
Qm N67 ‘Teryn| )
where Tr denotes the trace.
Proof. We start from equation (6.1) and get that
P = My B [1+ f(D, kp, d)]

with )
(D Fod) = / (1-etnde) aa.
1Dl Jp
Here, f represents the correction of the average illuminating field over the particle due to

the finite ratio between the size of the particle and the wavelength. Its magnitude is of the order
of 6k. If we take the average over all directions for E}j and d, then we obtain that

Qert =1 / ar ki [eo - Mayneo(1 + f(D, ky,d)] do(eg)do(d)
™ (4m)? ) Js2 ki AT 0 dyn€0 » oy ol€o)doid).

The term f(D, kp,,d) is a small correction of the order of k¢ that is due to the fact that what
determines the dipole moment is not the incident field at the center of the particle, but the
average of the field over the particle. Therefore, it reduces the dipole response of the particle.
Ignoring it and considering only the leading order term gives:

ext km

m Ar /S1 A [eo . Mdyneo] dU(eo)

~kp L [TrMgyn] -

A similar computation gives the leading term of the absorption cross section.
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Figure 2: Numerical values of the real part of f(w) = A(w) = for a gold nanoparticle

in water.

A Justification of the asymptotic regime

To quickly justify the model and the regime we are working in, we give some values for the
physical parameters used in the model corresponding to practical situations.

In practice: w € [2,5] - 10%Hz; 6 € [5,100] - 107?m; &5, ~ 1.869 ~ 1.5- 1071 F - m~! for
water; po ~ 12-1077H -m™ ' ¢g ~ 3-108m - s71; kp, ~ 107m L.

Therefore, one can see that we have 6k < 10~2 for very small particles, and dk ~ 1 for bigger
particles (of size 100nm).

For the permittivity of the metal, one can use a Lorentz-Drude type model:

with
o T=10"1g;
° w, =2 101951,

This model is enough to understand the behavior of £ but for numerical computations, it is
better to use the tabulated parameters that can be found in [40]. We plot f(w) on Figure 2 and
% on Figure 3. One can see that % is of order 10~ while % ~ 10716 for size particle under

100nm. So the procedure described in Section 1.2 is justified.

B Singular integrals, Calderéon Zygmund type operators

There is an abundant literature on singular integral operators, yet these types of principal value
integrals are misunderstood and misused in some of the physics literature. We include here some
properties that are well known for people who are familiar with these types of operators, but
seem to be often misunderstood.
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Figure 3: Numerical values of the real part of %(w) for a gold nanoparticle in water.

There have been numerous contributions in the twentieth century. Some notable ones are:
Tricomi (1928) [46]; Kellogg (1929) [28]; Calderén-Zygmund (1952) [14]; Seeley (1959) [43];
Gel’fand-Shilov (1964) [21], and Mikhlin (1965) [34].

In the following, we do not state the results in their most general settings and assumptions.
We use some notations and hypotheses that are adapted to our problem (Green’s function
method).

B.1 Principal value integral

Let D C R? be a bounded domain. We are concerned with the existence and the manipulation
of integrals of the type

T—Yy 1
| <|x—y|> wogWd el B

where u is a function defined on D and f a function defined on S%~!. We denote by B(x,¢) the
ball centered at = of radius .

Definition B.1. The principal value of the integral (B.1) is defined by

. T —Yy 1
lim u(y)dy.
e=0 J D\ B(a.) <|CU - y|) |z —yld (

We now give sufficient conditions for the existence of the principal value.

Theorem B.1. If u € C%%(D), o > 0 and [go_, f(0)d8 = 0, then the principal value of (B.1)
does exist.

Remark B.1. These conditions are not necessary, and singular integrals can be defined for a
much larger class of functions. f can be replaced by f(x,6) and u does not need to be chosen as
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Hélder continuous. One can choose u in some Lebesgque space u € LP(D).

Example 1. Consider the Green function for the free space Laplace equation in two and three
dimensions:

1
—loglz—y| if d=2,
2

G(x7y) = 1 1
Ei\x—y\ if d=3,
then Oy, ».G(x,y) = f (ﬂ) —L_ with
Lirty ’ lz—yl ) lz—yl?
NEEAWRE: -y
lz — 9 R N Cr et 1 Rt 7). i d=3
4r \Y |z —yl? '

One can check that [su_, f(0)d0 = 0. Therefore, for u € C%*(D) one can write:

/ 02,2, G(z,y)u(y)dy = lim Oz, ;G (2, y)u(y)dy.
D €20 JD\B(z,e)

B.2 Non spherical volume of exclusion

One common misconception found in the physics literature is that the limit of the integral over
the domain minus a small volume around the singularity does not depend on the shape of the
volume when the maximum cord of the volume of exclusion goes to zero. The limit does depend
on the shape of the volume. This issue has been dealt with by Mikhlin [34, p. 40]. We include
here the formula for the limit, using the notations used in physics literature. Assume that
V(x,e) C D is a small volume of exclusion such that its boundary is given, in polar coordinates
by:

8V(x,s):{y€D,|x—y|zsﬁ<x_y)}.

|z — y|

Theorem B.2. Under the assumptions of Theorem B.1,

. T —y 1 r—y 1
lim f( ) uydyz/f( ) u(y)dy
B Jowie? e —ol) e —oit™ % = [y e =) e

Example 2. Let d =2 and let

r—y\_ 1 (21 —y1)°
f(m—m)‘%(“? !x—yP)

be corresponding to the angular term of 011G (z,y). If V(z,¢) is an ellipse of semi-azis € and
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eccentricity e where x is at one of the focal point

B B (1—62)
8V<$,€)—{yED,‘y—l"—€1_ewl_yl ;

lz—y|

then the correction term is

u(x) 9 1—e¢? u(z) /27r 9 1—¢?
— 1—-207)1 do = ——= 1—2cos“(t)) 1 — | dt.
O [ amos (15 a2 [T zeooon (S

Remark B.2. Note that the correction term does not only depend on the shape of the volume of
exclusion, but also on the position of x inside it. In the previous example, if x is at the center of
the ellipse instead of being one of the focal point, the polar equation, hence the correction term,
1s modified.

B.3 Change of variables

This issue has also been dealt with by Seeley [43] and Mikhlin [34, p. 41]. The classical
formula for a change of variables in an integral cannot be applied in a straightforward way, and
some precautions have to be taken into account. Consider a region D and an homeomorphism
¥ : D — D. Consider f = fot ', & = uoy ', and denote by J(Z) the non vanishing
Jacobian of 9~ 1. The corrective term to the usual change of variables formula is given by the
reciprocal image of the unit sphere by 1. One can establish formulae of the form:

Y(x) —P(y)
(@) —(y)l

and then the change of variables can be written as follows:

Theorem B.3. We have

/Df<|iii) |x—1y|d“<y>dy=/5f<|j:§

& — gl = () — p(y) PF (1#(:6) ) 10 (W) — p(w)),

) @I

2

+ (%) I (F) - f(0)log F(z,0)d6.

Remark B.3. For a dilation : T = %5, the image of the unit sphere is still a sphere and
therefore, F' =1 and the usual change of variables formula is valid.

B.4 Differentiation of weakly singular integrals, integration by parts

We want to differentiate integrals of the type

T —y 1
g u(y)dy, z € D.
Lo(a=n) gy

The following results can be found in [43, 34]:

Theorem B.4. If u is Hélder continuous and if g and its first derivative are bounded, then:
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(i) Differentiation formula under the integral sign:

Lo (e ) Lol (=) w=y]
— u(y)dy = — u(y)d
5z o \e=yl) ey WY = | g |9\ o=yl ey v

+ u(z) 9(0)6;d0;

gd—1

(ii) Integration by parts formula:

Joo (=) e oan == [ oo (5= e |

i /aDg ( F ) iz f(;/,)d_l'/(y) -eido(y) + f(x)/ 9(6)8;d6.

|z —yl §d-1

Remark B.4. Once again we only give sufficient conditions for the validity of theses formulas,
corresponding to our framework. These formulas are valid for w € LP and for more general
kernels.

Example 3. Let d = 3 and consider the second derivative of a Newtonian potential:

1 _ 1 z; —y;
8@«1-@]-/ e =yl uly)dy = —8%/ i pu(y)dy.
D =T D
We can apply Theorem B.4 with g(0) = 0; and get:
0 / Lo~y uly)dy = / Lopa, [lo =yl uly)dy + u(@)
Tt D 47 D 47 Tt 3 '

B.5 The L dyadic
Lemma B.1. Let x € D. Denote by Lp(x) the matriz
VG(z,y)v' (y)do(y).
oD

Assume that D can be written in polar coordinates as

x—y
Dz{yeRd,lfv—ylép(m_y‘)}-

(o)), = [ 00 Glapwln) et =5+ [ 10 ogp(e)as

Then,

with f; ; being defined in Example 1.

Proof. We start by using the integration by part formula from Theorem B.4, with g(0) = %0]-
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if d =2 and g(9) = L0; if d =3, and f = 1. We obtain

1
[ Gty = [ 0,6 0wty) - edoty) +
D oD

In order to compute [, Oz, 2, G(z,y)dy, we use the change of variables [43, 34] : y = x 4 10,

0 € S%! and t € [0, p(0)] to arrive at

/ Ons,2,G (2, y)dy = / / fi i (Ot dtdg
D 0esi—1 Jte[0,p(0)]

- / £1.1(6) log p(6)d.
feSd—1

B.6 Second derivative of a Newtonian potential

In this section we give a correct simple derivation of the formula found in [47, p. 73] and

[48, 30, 8].
Proposition B.1. Let V* C R be such that
(i) 0 € V*;
(i) OV* is a piecewise smooth;
(iii) V* is radially convex with respect to the origin.

Let V(x,e) = v +eV*. Then,

=0 JD\V(z,¢)

Proof. Let x € D and let V(x,e) C D. Assume that V(z,e) can be described by some polar

equation:

V(z,e) = {yep,yx—yy §€p<|i:5|)}.

Before the computation we also recall that 0., ;G (z,y) can be written as

H/) —
— |

axi,ij(l‘ay) = fij <|3§‘

as it was seen in Example 1. Then we have

O, /D G (e, y)uly)dy =0, /D 0, G, y)uly)dy

:Cllu(:c)+/Dc9xi7ij(x,y)U(y)dy.
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Using Theorem B.2 we obtain:

/ On; 0, G(2, y)u(y)dy = lim Oy, G (2, y)uly)dy — U(ﬂﬁ)/ fij(0) log p(6)do,
D =0 /D\V(z,e) Sd-1
and therefore,
. 1
6%./ 02;G(x,y)u(y)dy = lim O, ;G (2, y)u(y)dy — u(x) <— —I—/ fi;(6) log p(G)dG) )
D e=0 JD\V (z,¢) d  Joesi-
Finally, using Lemma B.1 we arrive at

8@-/ 0z; G(z,y)u(y)dy = lim Opy,a; G(, y)u(y)dy — (Ly+),; u(®).
D =0 /p\V(z,e)

Remark B.5. There are several issues and misconceptions in the literature with this formula:

(i) The shape V* cannot be completely arbitrary as often mentioned. It has to satisfy some
reqularity condition, since the construction of Ly« uses some integration on the boundary
of V* involving the normal vector.

(i) The exclusion volume V (x,€) needs to be taken small in the numerical evaluation of the
integral. Only if the test function u is constant then € does not need to be small.

(iii) The derivation of this formula often contains mistakes. One common derivation of this
formula is through a splitting of the integral of the form

D D\V (ze)

z,€)

+ /V(M) Oy, G (2, y) [u(y) — u(x)] dy + u(x)dy, (/V( 8ij(x,y)dy> :

which is a wrong application of the differentiation under the [ sign theorem. The reason
why it is wrong is that, if the limit when € — 0 is to be taken, then one has to take into
account the dependency of the volume of integration on D\ V(z,e) on the variable x and
use Reynold’s transport theorem to compute the derivative and add some boundary integral
terms. The correct splitting would be:

Oz, / 0z, G(x, y)u(y)dy = / Oy z; G, y)u(y)dy— / 0z, G (z, y)u(y)v(y)-eda(y)
D D\V (x,) OV (z,e)

+ / O 2;G(,y) [u(y) — u(z)] dy + / 02,G(z,y) [u(y) — u(z)|v(y) - e;do(y)
V(x,e) OV (z,e)

1
+8ziu(m)/ 0z, G(7,y)dy+u(xr) (/ 0z, G (2, y)v(y) - exdo(y) + p +/ &;hij(x,y)dy) :
V(z,e) OV (x,e) V(z,e)
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In the limit € — 0, the extra terms compensate each other and the first (wrong) splitting
gives the same (correct) result as the second one.
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