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DISCONTINUOUS GALERKIN METHODS FOR ACOUSTIC
WAVE PROPAGATION IN POLYGONS

FABIAN MULLER, DOMINIK SCHOTZAU, AND CHRISTOPH SCHWAB

ABSTRACT. We analyze space semi-discretization of linear, second-order wave
equation by discontinuous Galerkin methods in two-dimensional polygonal do-
mains where solutions exhibit singular behavior near corners. To resolve these
singularities, we consider two families of locally refined meshes: graded meshes
and bisection refinement meshes. We prove that for appropriately chosen re-
finement parameters, optimal asymptotic rates of convergence with respect
to the total number of degrees of freedom are obtained, both in the energy
norm errors and the £2-norm errors. The theoretical convergence orders are
confirmed in a series of numerical experiments which also indicate that analo-
gous results hold for incompatible data which is not covered by the currently
available regularity theory.

1. INTRODUCTION

Linear, second-order hyperbolic partial differential equations (PDEs) play a cru-
cial role in simulating wave propagation phenomena appearing in electromagnetics,
elastodynamics or acoustics. To numerically approximate wave equations, we use
the standard “method of lines” approach: the solution u(x,t) is viewed as a map-
ping from ¢ € J = [0, T] into a function space V over a spatial domain §2 (in our case
a closed subspace of H!(Q2)). A Galerkin ansatz with a family of finite-dimensional
subspaces of V leads to an ordinary differential equation (ODE) which can be nu-
merically solved by means of suitable time-stepping methods.

However, even when using an explicit time-stepping scheme, each time-step re-
quires the inversion of a mass-matrix. Therefore, it is desirable to use a spatial semi-
discretization for which mass-matrices are easily invertible. One popular technique
that yields block-diagonal mass-matrices for low-order continuous finite element
methods (FEMs) in space is mass-lumping, see for example [8] and the references
therein. An alternative approach is based on employing discontinuous Galerkin
finite element methods (DGFEMs). By construction, these methods provide block-
diagonal mass-matrices, which can be readily inverted in a block-by-block fashion.

Here, as in the works [I3] [18] [16], we focus on symmetric interior penalty dis-
continuous Galerkin (SIPDG) finite element methods, which yield symmetric pos-
itive definite stiffness matrices in space (for symmetric elliptic spatial operators).
Hence, SIPDG semi-discretizations conserve (a discrete version of) the energy for
all times and are free of any (unnecessary) damping. In addition, SIPDG methods
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are adjoint-consistent in the sense of [2] and yield optimal order £2-norm errors
in space. We point out that although we consider SIPDG methods in detail, our
techniques are equally well and mutatis mutandis applicable to a much wider range
of DG methods, for example, by employing the unifying framework of [2]. We refer
to [33] B0] and the references therein for further details and developments on DG
error analyses.

For elliptic PDEs in polygonal domains €2, the values of the opening angles
determine the Sobolev regularity of the solutions; see [20, [12] [6] (we also refer
to [24] for polyhedral domains). Analogous regularity results for linear, second-
order wave equations are due to [31, 19, 23] and more recently to [28]. There,
the regularity of a wide class of boundary-transmission problems for second-order
linear hyperbolic systems with piecewise constant coefficients was investigated in
polygonal domains. The regularity results in |28 Section 2.6.2] are the basis of our
convergence analysis.

A natural way to approximate singular solutions is to use local mesh refine-
ment near corners of the domain. Here we consider the following two strategies:
(i) graded mesh families as in [5] (we refer to [7} [I] for more recent variants, and
to the LNG_FEM software package [22]), and (ii) bisection refinement meshes ob-
tained by new newest vertex bisection (NVB) as in [I1]. In [26], 27] and based on
the regularity results in [31] [19] 23], it was shown that conforming finite element
semi-discretizations of the wave equation on such mesh families indeed yield quasi-
optimal convergence rates (with respect to the total number of degrees of freedom).
For discontinuous and non-conforming Galerkin methods for wave equations, no
such results seem to be available in the literature. For example, the analysis of [13]
is based on uniform mesh families and on sufficient regularity of the underlying
solutions. Similar assumptions have recently been made in [I8| [16]. On the other
hand, for linear elliptic PDEs in polygonal domains, SIPDG discretizations based
on graded mesh families were investigated in the thesis [37], the results of which
were then substantially extended in the recent work [25]. In particular, bisection
refinement mesh families as in [I1] were also included in the analysis there. Thus,
the main goal of the present article is to extend the results of [I3] to problems with
singular solutions. Analogous to the elliptic case studied in [25], we show optimal
error estimates for the DG energy norm and the £2-norm errors for the above-
mentioned two families of locally refined meshes. These estimates are proved with
the crucial help of the (elliptic) Galerkin projection, whose approximation proper-
ties were established in [25]. We present some numerical experiments to confirm the
quasi-optimality of our error estimates on mesh sequences with local refinement.

The paper is structured as follows: In Section[2] we introduce polygonal domains,
define our model wave equation and review the regularity of solutions in polygonal
domains. In Sections Bl and [ we recall the SIPDG method and state our main
results (see Theorem A.3]). The proofs of these results are provided in Section
Finally, in Section [l numerical tests are shown.

Throughout, we use standard notation. In particular, for a domain G C R?,
d > 1, we write C§°(QG) for the space of all smooth functions with compact support
in G. For g € [1,00], the Lebesgue space of g-integrable functions is denoted by
L(G). The standard inner product in £2(G) or £2(Q)? is written as (-,-)g or
simply as (-,-) if G is clear from the context. For k € N, the classical Sobolev
spaces of functions in £%(G) with g-integrable derivatives of order up to k will
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be denoted by W*4(G), and by H*(G) if ¢ = 2. For J = (a,b) and a Sobolev
space X (G) in space, we denote by C*(J; X(G)) and £9(J; X(G)) the spaces of
all functions J — X (G) which are k-times continuously differentiable in J and
g-integrable in J with values in X (G), respectively.

2. MODEL PROBLEM

We define polygonal domains, introduce our model wave equation and review
regularity results in weighted Sobolev spaces.

2.1. Polygonal domains. Let Q2 C R? be an open, bounded two-dimensional
domain with straight edges. Throughout, we assume €2 to be a polygonal domain
i.e., its boundary 92 can be written as the closure of a finite union of M € N open
and straight line segments e; of positive one-dimensional measure:

M
=]z, /dS>O Vi=1,...M. (2.1)
i=1 €i

The vertices of the polygon () are denoted by ¢; :=€;N€;41, 7 = 1,... M, where the
indices ¢ are taken modulo M, i.e., we have ey = ;. We assume the vertices to be

numbered clockwise. We define the set of all vertices as S := {¢; : i =1,...,M}.
For all i, the interior opening angle of the domain at c; is measured in positive
orientation and will be denoted by w; € (0,2n], i = 1,...,M. The case w; = 7 is

used to describe changing boundary conditions at c; along the straight line segment
€ Ne€;ir1. The case w; = 27 corresponds to a slit (non Lipschitz) domain which is
commonly used in fracture mechanics to model a cracked specimen.

At each vertex c;, we introduce local conical domains defined by

Qi ={xe: |x—c| <R}, i=1,...,M, (2.2)

1
where 0 < R; < 3 m;iér_l |c; — ¢;|. The cones §2; are mutually disjoint and 9€; NI C
J#i

& UBit1.

2.2. Model wave equation. Let 2 be a polygonal domain with straight edges. We
write {1,...,M} = DUN, where D and A/ denote the index sets of the edges e;, on
which Dirichlet and Neumann boundary conditions are applied, respectively. This
leads to the partition 9Q = T'p UTy, where I'p = Ujepe; and I'y = Ujen@. In
order to avoid technicalities associated with the pure Neumann case and to lighten
the notation, we shall assume in the following that D # (). We then introduce the
energy space

Vi={ve H(Q) : v|r, =0} . (2.3)
Then, let 0 < T < co and J := (0, T). For given initial data u® € V, u! € £L2(Q),

a given forcing term f € £2(J; £2(Q2)) and a constant wave speed coefficient ¢ > 0,
we introduce the model acoustic wave equation:
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O*u—V - (cVu) = f inQxJ, (2.4)
u=0  onTpxJ, (2.5)

v-(cVu)=0 onT'y xJ, (2.6)

u(+,0) = u° in Q, (2.7)

opu(-,0) = u' in Q, (2.8)

where v is the outward pointing unit normal on the boundary 0f2. Since c is a
constant, by rescaling we could assume without loss of generality that ¢ = 1.

We consider a standard weak form of (Z4)—-(2.8)), which is pointwise in time and
variationally in space. It reads as follows: Find u € C°(J; V) with d;u € C°(J; £L2(Q))
such that u(-,0) = v® in V, du(-,0) = u' in £2(Q) and

<8t2u(7 t)v U>V*,V + a(u('v t)v U) = (f(v t)? U) ) (2'9)

for all t € J and v € V, where the Galerkin form a(w,v) on V x V is given by
a(w,v) := / cVw - Vodx . (2.10)
Q

Problem (29)- (2.I0) is a special case of the class of problems called “Probléme
Py” in [9]. Therefore, we deduce from [0, Chpt. XVIIL5, Thms. 3 and 4] the
existence and uniqueness of weak solutions u, as well as the stability estimate

||U||c0(j;v) + Hatu”CU(j;ﬁ?(Q)) + ||8t2uHC0(j;V*)
< C(Iflc2scz ) + 1y + lutll 22 )

with V* denoting the dual space of V', and with a constant C' > 0 depending on (2,
T, D, N and on the coefficient c. Moreover, if u®, u! € C§°(Q2) and f € C§°(Q x J),
we have for all s € Ny that

ue TGV NC T (3 £42) N3 V) (212)

(2.11)

see, e.g., [38, Thm 30.1]. This property can also be seen by expanding the solutions
into eigenfunctions using separation of variables.

2.3. Weighted Sobolev spaces. To each vertex c; of ), we assign a weight
exponent §; € [0,1). The entries §; are collected in the weight exponent vector
§ = {6:;}M, € [0,)M. For ¢ € R, we introduce the notation § + & := {5; + £}M ;.
Similarly, inequalities of the form § < & are understood componentwise.

Next, we introduce the weight function:

Ds(x) = [ [ri(x)% . (2.13)
where r;(x) = |x — ¢;|. Given integers k > ¢ > 0, we define the weighted Sobolev
spaces H(];’Z(Q) as the completion of C*°(Q) with respect to the norm
=0,

2
||wH = |w|Hk0(Q),
lolFre-s gy + Il
(2)

@) (2.14)
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Here, the semi-norm |w ¢ is given b
) |w] HE () g Y

k
ey = D 1ot D™l (2.15)
m=/{
and [D™w|? := > lal=m |D*w|?, with D*w denoting the partial derivative of w with
respect to the multi-index o € NZ.

We shall also make use of the weighted spaces Hf;’l(Q), their associated norms
[lw] HE (@) and semi-norms |w| HE (@) which are defined completely analogously,
but with respect to the weight r;(x)%. Furthermore, over subdomains Q' C Q
the weighted spaces and norms are defined by replacing the domains of integration
by €.

We recall the following properties; see [25, Lem. 2.3] and the references there.

Lemma 2.1. Let § € [0,1)M. There holds:
(i) We have the continuous embeddings

HP?(Q) = HP2(Q) = C°(Q), k>2 (2.16)

(ii) Fork>¢>1, letw € Hg’e(ﬂ) and let o € N2 be such that || < €. Then,
we have D®*w € Hg_lal’é_la‘(Q) and

||DawHH(I§cf\o¢\,17\a\(Q) < ||wHH§,e(Q). (2.17)

(iii) Let f € Hg’O(Q). Then [, fvdx is a linear continuous functional on H' (L)
and

| [ fvdx < Clllugogy iy, v e H'(@), (2.18)
with a constant C > 0 depending on 4.

2.4. Regularity in weighted spaces. In polygonal domains, solutions to prob-
lem (24)-2.8)) typically have low regularity due to the appearance of singular so-
lution components near corners. Sharp regularity estimates in two dimensions are
now available in scales of weighted Sobolev spaces, including solution asymptotics
towards corners ¢; € S. These results are due to [31], 19, 23] and, in the particular
form required here, to [28] and to [26, 27]. Specifically, in [28, Cor. 2.6.6], regular-
ity results for solutions u of wave equations with C*-regularity with respect to the
time variable, taking values in H§+1’2(Q) were proved for boundary-transmission
problems for linear second-order hyperbolic systems with piecewise constant coeffi-
cients on polygons, of which the wave equation ([2.4)-(2.38) is a particular case. This
regularity result will be the basis of our analysis.

Proposition 2.2. For smooth data u°,u' € C§°(Q) and for f € C°(Q x J), let u
be the weak solution of (24)-2.8) in the sense of @9). Then, there exists § =
{6, 3M, € [0,1)M such that for all s € Ng and k € N,

ue C*(J; Hy ™ 2(Q) . (2.19)
Remark 2.3. The weights & = {0;}M ;| in Proposition 2.3 are chosen according to

0; > 6f,i=1,...,M, with the lower bounds & defined as follows: There exists a
singular exponent \; > 0 such that

07 :=max(0,1 — \;), i=1,...,M (2.20)

2
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where \; depends on Q, D, N and, in general, on the elliptic part of the spatial
operator in (2.4). Note that the conditions

max(0,67) <& <1, i=1,...,M (2.21)

correspond to the range of the elliptic reqularity shifts of |5l [l [3] in the scale of
corner-weighted spaces HZ;’Z(Q), which arises naturally in the study of polygonal
corner singularities for linear, elliptic problems. More precisely, for weight expo-
nents §; satisfying 221), the weak solution z € V' of the elliptic problem

-V (cVz)=g in Q, (2.22)
z2=0 onTp, (2.23)
v-(cVz)=0 onTn, (2.24)

satisfies the following elliptic reqularity property: for k > 1 and g € H(I;_l’o(ﬂ), we
have z € H§+1’2(Q) and

||ZHH§+1,2(Q) S Cstab,k ‘QHH";*LO(Q) 5 (225)

for a constant Csiap ;> 0 depending on the order k, the domain 2, the sets D,N,
and the coefficient c. In fact, if the coefficient ¢ > 0 is constant in 24)— (Z8), we
have

2.26
7/ (2w;) otherwise ; (2.26)

)\‘_{w/wi if {i,i+1} €D or {i,i+1} €N,

see [21), Chpt. 2.1].

3. DISCONTINUOUS GALERKIN DISCRETIZATION

We introduce discontinous finite element spaces and review the symmetric inte-
rior penalty DG method for the spatial approximation of (2.4)—(2.38]).

3.1. Meshes, edges and trace operators. Let T be a partition of 2 into straight-
sided triangles K. For ease of presentation, we restrict ourselves to regular trian-
gulations and comment on extensions to irregular meshes in Section [/l The trian-
gulations are supposed to be sufficiently fine so that each element K contains at
most one vertex ¢;. For K € T, we denote by PP(K) the polynomials on K of total
degree at most p. The diameter of K € T is denoted by hx and is referred to as the
elemental mesh size of K. Furthermore, we denote by px inradius of K. The mesh-
width of T is given by h = h(T) := maxkeT hx. We assume the triangulations to
be shape-regular: there exists a constant x > 0 such that

pr < hg < kpk, VKeT, (31)

uniformly in the mesh sequence.

Edges are defined as follows: If K and K’ are adjacent elements of the triangula-
tion 7 with faKmaK' dS > 0, we call the intersection e = 0 KNOK' an interior edge.
Elemental edges of K are supposed to lie at most on one boundary segment e;, and
if faKﬁei dS > 0, we call the intersection e = 0K N e; a boundary edge; it belongs
to either I'p or I'y. Accordingly, we distinguish between Dirichlet and Neumann
edges. The set of interior edges of a triangulation 7 is denoted by £, the set of
Dirichlet boundary edges by 87D—, and the set of Neumann boundary edges by E%‘—f .
Moreover, we define &7 := £ U 87D— U 57/\—/. For e € &7, we denote by PP(e) the
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polynomials of degree at most p on e, and by h. the length of e is denoted by h..
With the shape-regularity assumption (B.1J), it can be readily verified that

khg < he < hK7 (32)

foralle C K withee & and K € T.

We next define the usual trace operators. Let KT, K~ € T be two adjacent
elements which share the interior edge e = 0K N 0K’ € £5. We denote by v+ the
outward pointing unit normals on 9K *. For a sufficiently smooth scalar function w
or vector field q, we denote the traces of w and q on e taken from within K+ by w*

and g%, respectively. We then define the jumps and the averages of w and q along e
by

[w] :==w vt +w v, (o) == =(wt +w™), (3.3)

N~ N =

[al :=q"-v"+q v, (q):=z(a"+q7). (3.4)

Ifee 57D— is a Dirichlet boundary edge, we set similarly [w] := w|.v, [q] = q. - v,
as well as (w)) := wle, (q) := qle.

3.2. Corner elements. For a mesh 7 on 2, we introduce the set X¢(7) of corner
elements of 7 abutting at corner c;

K(T)={KeT:Knc;#0}. (3.5)

Without loss of generality, we will assume that (7)) N K/ (T) = 0 for i # j and
that K € K*(T) is located in the cone Q; (i.e., K C €2;). We then set

M
K(T) := U K{(T). (3.6)

The following properties are from [37, Lems. 1.3.2 and 1.3.4]; see also [25, Lem. 5.2].

Lemma 3.1. Let K € K'(T) be a corner element at corner c; and §; € [0,1) a
weight exponent. Then:
(i) Hy'(K) C LY(K) and ||w]|z:x) S h}g5i|w|H§p (i) Jor w € HY*(K).
(i) | [ wodx| S h}(_éi|w|H§?o(K)Hv||£oo(K) forwe HY*(K) and v € L2(K).
(i) [Jw|lz1or) S Nwllz2x) + h}{di|w|H51;1(K) forw e Hy''(K).
(iv) [w]]|e = 0 in L1 (e)? for w e H§1(K) and e € £F witheNc; # 0.

3.3. Discretization in space. For an approximation order p € N and a given
triangulation 7 of Q, we introduce the discontinuous finite element space

Vo(T) :=={ve L3Q) : v|xg e PP(K), K€ T}, (3.7)

Remark 3.2. The dimension N(p,T) := dim(V,(T)) is finite and convergence is
usually achieved if N — oo. Here, we are interested in h-version SIPDG methods,
where convergence is obtained by letting h — 0 at a fized, typically low polynomial
order p. If clear from the context, we write N in place N(p,T).
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Let ul,uk € V,(T) be discrete approximations to the initial data u® € V,
ul € £2(Q). The SIPDG semi-discretization of ([2.9) reads as follows: find uy €
C2(J;V,,(T)) such that un(-,0) = ul;, dun(-,0) = uk and

(0Fun(-,t),vn) + apa(un(-t),on) = Z (f(1),vn) ks (3.8)
KeT

for all t € J and vy € V,(T). Here, apa(-,-) is the symmetric interior penalty
bilinear form defined for v,w € V,(T) by

apg(w,v) := Z /K cVw - Vodx — Z [v] - {(cVw)) dS

KeT c€EIUER ¢
T (3.9)
-y / [w] - (cVo)dS+ > ac[w] - [v] dS .
e€EQUER " E e€EQUER ¢
The interior penalty function a in (39) is defined edgewise as
ac:=jch;', ec&FUER, (3.10)

where ¢ > 0 is the (constant) coefficient in [24), j > 0 is a sufficiently large constant
as specified in Lemma [3.4] ahead, and where we recall that h. denotes the length of
edge e.

Remark 3.3. For f € HY*(Q) and vy € V,(T), the integrals (f,vn)x in the
right-hand side of BR) are well-defined for all K € T. In particular, for corner
elements K € K'(T) at c;, these integrals are to be understood as bounded and
bilinear forms in L'(K) x £>(K). This follows from the properties in Lemma 3]
below.

Upon introducing a basis of the FE space V,,(7T), the semi-discrete problem (3.8)
yields a system of linear, second-order ordinary differential equations in time, which
we assume here to be solved exactly. An error analysis for a fully discrete DG
scheme, for sufficiently smooth solutions, was presented in [I4]; an extension to the
present framework will be presented elsewhere.

We further recall the discrete stability of the DG form apg(-,-) over the FE

space V,(T) with respect to the “DG energy norm” || - | pe defined for v € V,,(T)
by
2 2
lolbe =Y 290, +I@),  J@)= S |||, - G
KeT L0 cCEFUET o

Here, the constants j in the definition (BI0) of a. are assumed bounded from below
by a sufficiently large, positive constant j, > 0 as specified next.

Lemma 3.4. There is j, > 0 only depending on x in (BI) and on the polynomial
degree p > 1 such that for allj > j, in BI0) there holds

apc(vn,vn) = Ceoerllon e oy € Vu(T), (3.12)
lapc(wn,vN)| < Ceontllwnllpcllvnllpe, v, wn € Vp(T) , (3.13)

with constants Ceoer > 0 and Ceony > 0 independent of the elemental mesh sizes.
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4. MAIN RESULTS

Our goal is now to prove that for singular solutions in polygonal domains, optimal
convergence rates in terms of N can be obtained on meshes with suitable refine-
ment towards the vertices of the polygon 2, analogous to what is well-known in
conforming adaptive FEMs for elliptic problems; cf. [29] and the references therein.
To this end, we introduce two types of mesh families with local refinement towards
corners: graded mesh families and bisection refinement meshes. Our main results
are stated in Theorem A3l They show that optimal asymptotic convergence rates
can be recovered on the two locally refined mesh families, subject to sufficiently
strong mesh refinement towards the singular points.

4.1. Graded mesh families. We first recall the definition of graded mesh families
as introduced in [5]. Recall further rom (B.6]) that /C(7) denotes the set of all
elements abutting at corners.

Definition 4.1. A family of triangulations Tg is called graded towards the vertices
in S with grading vector B = (B1,. .., Bm), if there exists a uniform constant Cgr >
0 such that for all elements K € Tg in each triangulation one of the following
conditions holds:

(i) If K € Tg \ K(Tp), then Cp,'h®g(x) < hx < Corh®p(x) for allx € K.
(i) If K € K(Tg), then C,,' sup, e ®a(x) < hix < Cyrhsupyc Pp(x).

In [37] and [25], it was shown that DG methods for elliptic problems on graded
mesh families converge optimally with respect to IV, both in the DG energy norm
and in the £2-norm. Other examples of graded mesh families and their construc-

tions are well-known by now. We refer to [7] and to [22] for the software package
LNG_FEM.

4.2. Bisection refinement meshes. Alternatively, we consider meshes generated
by the bisection refinement algorithm in [IT], Pg. 926]. Its outline is as follows: Given
an initial regular triangulation 7y, the algorithm there takes as input parameters a
granularity parameter h, a weight parameter v > 0 and the number L of refinements
(towards ). In a first loop, it ensures that all elemental mesh sizes hx are smaller
than h. In a second loop, it refines 2L 41 times towards corners using newest vertex
bisection, where L is selected in dependence of h, p and the weight parameter 7 as
in (£2) ahead. This results in a regular mesh denoted by 7}, 2(z+1). We emphasize
that the bisection refinement meshes constructed from the regular, simplicial initial
mesh 7Ty gives rise to a shape-regular mesh family, where the condition B is
satisfied with a constant k depending on To; see [I1, Rem. 4.3, item (iv)].

For conforming finite element methods, it has been shown in [II, Thms 5.1
through 5.3] that the bisection refinement algorithm based on choosing suitable
parameters captures solutions of elliptic problems that allow decompositions into
regular parts and corner singularities at optimal convergence orders in N. In [25]
Sect. 5.7], this result was generalized to the SIPDG framework and to functions in
the weighted spaces H§+1’2(Q).

4.3. Optimal error estimates. We first introduce the notion of a locally refined
mesh.
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Definition 4.2. Let p > 1 and & € [0,1)M be a weight exponent vector. We call a
a family of triangulations T of Q locally refined towards S with respect to § and p
if it is either
(i) a graded mesh family of meshes Tg as in Definition [{_1], with grading pa-
rameters B; € [BF,1), where

Bri=1—-—"1  i=1,...,M (4.1)

(ii) or a family of bisection refinement meshes Ty 2(141) as in [L1, Pg. 926],
obtained by newest vertex bisection with parameters h, v € (0,7*] and L
satisfying

yi=1-— I?I\:gmlxzsi >0 and he 27T/ FD) 9=Ly/(p+1)). (4.2)
see [11, Eqn. (4.1) with d = 2].

Then, to state our a-priori error bounds, we follow [2] and introduce the (“lifted”)
space

Wo(T) ==V +Vu(T), (4.3)
with the energy space V' in (23)). The space V,(T) is equipped with the energy
norm || - ||pe in BII), which is a norm for D # (). In the pure Neumann case

(D = 0), the map w — |Jw|pg is a semi-norm, which is zero if and only if w
is constant. We further introduce the space £>°(J;V,(T)) and equip it with the
supremum norm

Il e vy = sup fo®)lle - (4.4)
The discrete initial data uQ;,u}, in ([B.8) are chosen as:
uly = u’, uy = Iut, (4.5)
where we denote by II,, : £2(Q2) — V,,(T) the L£2-projection.

We now state our main results: optimal £ (J;V,(T))-norm and £ (J; £L3())-
norm error estimates (in space) on locally refined meshes.

Theorem 4.3. Let p > 1 and § € [0,1)M be as in @21I). For 1 < k < p, let the
solution u of the wave equation [ZA)—(28) satisfy

we C20; HY () (4.6)
Let T be a mesh (family) which is locally refined to S with respect to & and p as in
Definition [{.2 Let un be the SIPDG approzimation obtained in [B.8) with j > j.
and with the discrete initial data uQ;,ul € V,(T) in [@H). By introducing the
semi-discrete error
eN('vt) = ’U,(,t) _uN('vt)a tel ) (47)
we have the bound

lenllzoe v () + 10ken |l o (si220)) S Nﬁk/QHUH@(}H(’;HR(Q))- (4.8)

In addition, we have the L (J; L2(Q)))-norm error estimate

S N—(k-‘rl)/?'

llenlleo ez () [uller g 1.2 0y - (4.9)

The constants C > 0 are independent of N.
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Remark 4.4. Note that, if u®,u' € C§°(Q) and f € C§°(Q x J) as in Proposi-
tion [2.2, then the regularity assumption (A6) holds with k = p. Hence, in this
case, the error bounds (L8) and [@E9) hold true with k = p, i.e,. the SIPDG semi-
discretization (B.8) yields quasi-optimal convergence rates in space, which are of
order N=P/2 in the DG energy norm and of order N~P*TD/2 in the L2-norm, as
N — oo.

Remark 4.5. In contrast to the analysis in [13], our results are based on the
weighted regularity shift in Z.25). Therefore, for the L2-norm error estimate (Z9)
we do not need to impose any additional smoothness assumptions on the domain
(or on the regularity of the interfaces for piecewise constant coefficients c).

We also recall that we assume D # ( for simplicity; for the pure Neumann
problem, zero energy “rigid body” related solution components must be removed by
appropriate factor spaces.

5. PROOF OF THEOREM [4.3]

In this section, we provide the proof of Theorem We shall often use the
short-hand notation a < b for inequalities of the form a < Cb, where C' > 0 is
independent of the elemental mesh sizes, but may depend on x in BI), on the
coefficient ¢, on the parameter j in (B3.I0), the polynomial degree p, and on the
particular exponent vector § under consideration. Also, a ~bif a < b and b < a.

5.1. Approximation on locally refined meshes. We review from [25] Sects. 5.6
and 5.7] the following approximation properties on locally refined meshes.

5.1.1. Consistency norm. We first introduce the consistency norm which is appro-
priate for our analysis; cf. [25, Sect. 5.1.3].
For elements away from corners, we introduce the weighted elemental norm

Mic[w]? == hi | wl| 2o gy + I V0l 72 50y + 5 ID* w22y, K € T\K(T). (5.1)
For elements at corner ¢; and §; € [0,1), we set

N [w]? = D[ wl|Za g0y + |Vl Za ey + hic >

’LU|H22( ) KEICl(T)

(5.2)
For & € [0,1)M, we will measure consistency in the norm

s S Mell 4+ Y Nalul (5.3)

KeT\K(T) i=1 KeKi(T)

The DG energy norm (BII) can be bounded by the consistency norm in (G.3));
cf. [28, Lem. 5.5]. Specifically, there holds
lolbe < > (hlwllZze ) + 1Yol Za ) - (5.4)

KeT

for all w € V,(T).
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5.1.2. Approximation bounds. We develop approximation error bounds for an ab-
stract family of local (quasi-)interpolants A : CY(Q) — V,(T), which are given
elementwise as A|x = Ax for K € T, with elemental interpolants

Ak : C°(K) — PP(K), KeT. (5.5)

We suppose that Ay satisfies standard error bound in elements away from S: for
1 <k < p, there holds

Mic[w — Agw]® S hE (D" w2z k), K e T\K(T). (5.6)
In elements K abutting at S, we assume that
N s, [w — Agw]? < hi2% |w|§q§i2 wy K EKUT). (5.7)

Remark 5.1. We will be working with the following two instances of elemental
(quasi-)interpolants Ay : C°(K) — PP(K) satisfying (6.6), (G.1):

(i) (Nodal interpolation): For K € T, let It : C°(K) — PP(K) be the elemen-

tal nodal interpolant (at standard Lagrange nodes). Then, the bounds (5.6)

are well-known interpolation estimates, and estimate (B1) for the linear

interpolant T}, is proved in [35, Lem. 4.16]. As in [25], we introduce
Z,: C°%Q) — V,(T) by

Ti-(wlk) if K € K(T)
1, =9 K ’ 5.8
wli {If((wh() otherwise . (5:8)

Note that T, : C°(Q) — V,(T) obtained as in (58) is well-defined for
w e Hy?(Q) — C(Q) due to ZI86).

(ii) (L%-projection): We denote by 115, : L2(K) — PP(K) the elemental L2-
projection on K € T. We then denote by 11, : £L2(Q) — V,,(T) the (global)
L%-projection. Clearly, 115, is well-defined on C°(K), cf. B.H), and it sat-
isfies the error bounds in (B6l). The approximation estimate (1) follows
from a minor modification of [34, Lem. 8.4] where this result was shown for
quadrilateral corner elements and tensor-product polynomial spaces. For
the sake of completeness, we present a proof.

Lemma 5.2. For 1 <i <M, let K € K{(T) and w € H§2(K) Then, for
any polynomial degree p > 1, there holds

N s, [w — T w]? < Ch%{m |w] (5.9)

2
H3?(K)
with C' > 0 independent of the elemental mesh sizes, but depending on p.

Proof. Let K be a reference triangle of unit size and denote by I the
L2-projection onto the polynomial space PP(K). We first claim that

B ([0) |2 ) S max{p, D482 . p20. k>0, (5.10)
see also [34] Lem. 4.1]. Here we note that (5.10) holds trivially for k& > p+1
(since then D*(IIPw) = 0). Note further that the case k = 0 follows from

the L£2-stability of II? with constant one. This already implies the result
for p = 0, and it remains to consider the case 1 < k < p. Then, we have
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D¥([IP@) = D*IIP(w—I1%~1@). With the inverse estimate in [35, Thm. 4.76]
and standard approximation properties, we conclude that
B D)2, ) S P10 — T 1I2, ) S 10" B2, -
which is (5I0) for 1 <k < p.
With this auxiliary result in place, we now establish (B.9). Again, we
first consider the reference triangle K. Let p > 1. Applying (&I0) for
k=0,1,2, we see that

S 1o = I0EBl, ) + ITP(@ = TED) |7, 2

”@_Hp’@nzz(f( H2(K)

)
81175 _ 111752
/S p ||’LU -1 wHHz(f()
As we are interested in convergence rate estimates for h — 0, it now suffices

to prove (59) for ﬁl, i.e., for p = 1. To do so, we next claim that there is
a constant C' > 0 independent of @ such that

@522z < Ol g2z gy + 1T 0l o ) - (5.11)

The bound (IT)) follows with standard arguments from the Peetre-Tartar
lemma (see [I0, Lem. A.38]) and the fact that the embedding H(?ZQ(I?) —
HY(K) is compact (see [15, Lem. 3.4]). Applying (GIT) to @ — II'@ and
noting that |ﬁ1@|H§12(1?) =0, II'(@ — [I'@) = 0 result in

||1/U\—H11/U\||H§?2(f() < O|@|H§j2(f()’ (5.12)

which is (5.3) on the reference element K. For a general element K € K'(T),
the desired bound in (2.9) follows from (5I2)) and a scaling argument. This
finishes the proof. O

We are now in position to state the convergence rate estimates on locally refined
triangulations in €.

Proposition 5.3. Let p > 1 and § € [0,1)M. Consider a family of locally refined
meshes T as in Definition[{-1} For 1<k <p, let w € H§+1’2(Q) and let Av be a
local (quasi-)interpolant as in [&B), which satisfies (&8, (BX). Then we have

Jlw — Aw|..s < CN_k/2|w|H§+1,z(Q) : (5.13)
with a constant C > 0 independent of N.

Proof. In [25, Props. 5.17 and 5.18], this was proved for the nodal interpolant Z,
in (5.8)) for graded and bisection refinement meshes, respectively. Careful inspec-
tion of the proofs there reveals that the estimate (B.I3]) remains valid for generic
approximants A as in (B.5) provided that the error bounds (5.0) and (51 are
fulfilled. O

5.2. Boundedness. Next, we review the continuity of the DG form apg(+,-). The
following result was established in [25, Prop. 5.7], by employing Lemma B1] to
handle corner weights.

Proposition 5.4. Let 8,8 € [0,1)M. Then:
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(i) Forw = wo +wn with wy € Hy*(Q) and wy € Vy(T), we have
lapc(w,on)| < Carllwllslonlpe, v € Vp(T). (5.14)

(ii) For w = wo + wy and v = vy + vn with wy € Hy*(Q), v € H§;2(Q) and
wn,vN € Vp(T), we have

lapc(w,v)] < Caglwlsllvls - (5.15)
The constants Cq1 > 0 and Cx 2 > 0 are independent of the elemental mesh sizes.

We further recall the following integration-by-parts formula; cf. [25, Lem. 5.12].

Lemma 5.5. Let §,8' € [0,1)M. For w € Hy*(Q), we have cVw € Hy'(Q)?,
V- (cVw) € Hy*(Q) and

Vw-Vvdx = — V- (cVw)v dx + [v] - (cVw) dS , (5.16)

for any v = vy + vn with vy € H§;2(Q) and vy € V,(T). For corner elements K,
the volume integrals are well-defined over LY (K) x L>(K) and the integrals over

edges e € Er running into corners are well-defined over L'(e) x L>®(e); see the
embedding (ZI6) and Lemmal31l

5.3. Galerkin projection. For § € [0,1)M and w € H;*(Q2), the Galerkin pro-
jection Gyw € V,,(T) is defined by

Gow € V(T) :  apa(Gpw,vn) = apc(w,vn) Voy € Vp(T) . (5.17)

Note that G,w is well-defined and, in view of the coercivity (8.12)) and the continuity
bound (&.I4), that there holds

IGswline < CoerCanllwlls.s- (5.18)

In addition, we clearly have

apc(w — Gyw,vy) =0, oy € Vo (T), (5.19)
Moreover, it can be easily seen that G, reproduces DG functions, i.e.,
Gpwn = wn, wy € Vp(T) . (5.20)

5.3.1. Energy norm approzimation. The following DG energy norm approximation
bound is proved as in [25] Lem. 5.15].

Lemma 5.6. Forp > 1 and § € [0, )™, let w € H3*(Q) and let Gyw € V,(T) be
the Galerkin projection in (BIT). Then we have the energy norm bound

lw—Gwlpe < inf
uN

- 8 - 5.21
inf w—vxls (5.21)

5.3.2. L2-norm approzimation. To prove an £?-norm approximation result for G,w,
we consider the dual problem

-V (cVz) =w — Gpw in (5.22)
z=0 onlp, (5.23)
v-(cVz)=0 onTy . (5.24)
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Let § € [0,1)M be as in [Z2ZI). Then, the regularity shift in ([Z25) shows that
2,2
z € Hy™ () and

||Z||H§’2(Q) < Cstav2||w — gpw”Hg‘O(Q) < Cllw = Gyw| 22(e).- (5.25)
As in [25] Lem. 5.16], we obtain the following result.

Lemma 5.7. Let p > 1 and & € [0,1)™ as in @21). Let w € Hy*(Q) and let
Gyw € Vy(T) be the Galerkin projection in (5I7). Let z € Hy*(Q) be the dual
solution of (B.22)-(B24). Assume the approzimation property

Neh‘}f(T) Iz = znll+.6 < Capproad(p, T, 5)”2”1{?2(9)- (5.26)

Then we have the L2-norm bound

[w = Gpwlle2) < Cd(p, T, 6) il‘}f(T) lw —vnlls (5.27)

vnEeVp
with a constant C > 0 independent of the elemental mesh sizes.

Proof. We test (5.22) with w — G,w, integrate by parts with the aid of (5.16]), and
use the Neumann boundary conditions (.24) and the fact that [z]]|. = O for all
e € E5UER. This yields

o — GypolZaggy = 3 /K V2 V(- Guu)dx— 3 [ [w— Gyl - (cV2) dS

KeT ecEr V€

=apc(z,w — Gyw),

where all the integrals over edges are well-defined as in (B.I6) and (EI5). We
now proceed analogously to [25, Lem. 5.16]. That is, we invoke the symmetry of
apc(, ), the orthogonality (5.19), the continuity bound (&I5]), the approximation
assumption (5.26) and the stability bound (525). The estimate (527) readily
follows. O

Consequently, the following approximation properties hold for the Galerkin pro-

jection in (B.I7):

Proposition 5.8. Let p > 1 and § € [0,1)M as in Z20)). Consider a family
of meshes T, which are locally refined towrds S with respect to 6 and p as in
Definition [{.1} For 1 < k < p, let w € H§+1’2(Q) and let Gyw be the Galerkin
projection of w defined in (BIT). Then there holds

lw — Gpwllpe + N'?|jw — Gpwllc2(a) < N_k/2|w|H§+1~2(Q) ‘ (5.28)
Proof. This follows from the bounds in Lemma (DG energy norm error) and

Lemma 5.7 (£2-norm error), in conjunction with the approximation properties in
Proposition[5.3] for the nodal interpolant Z,, in (5.8]) and by noting that d(p, T, 9) <

CN~/2 in (520), due to (GI3) for Z,. O

5.4. Error estimates. We now derive semi-discrete error estimates in space.
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5.4.1. Error equations. We first discuss the error equations.

Lemma 5.9. For § € [0, 1) let the solution u of Z4)—-(Z8) satisfy the regularity
assumption

u e C*(J; Hy*(Q)) (5.29)
Let un € C2(J;V,(T)) be the semi-discrete solution obtained by (B.8) with j > j.
and consider the error ey (-,t) = u(-,t) —un(-,t). Then we have
(0Fen(t),v) + apc(en(t),v) =0, (5.30)
for allt € J and v € V,(T).

Proof. For fixed t € J, we test the equation (Z4) with v € V,(T) and use integration-
by-parts as in (5I6). This results in

> / fodx =Y / cVu-Vodx— > [ [v] - (cVu) dS . (5.31)
KeT /K KeT /K ecEy V€
Since [u]|e = 0in £2(e)? for e € ESUER and [cVu]|. = 0 in L' (e)? for e € ELUEY,
we readily find that

Z fvdx = apg(u,v),

KeT 7K
which in turn implies the error equation (5.30). O

5.4.2. Galerkin projection in space. For w € C°(J; HS’Q(Q)), we apply the Galerkin
projection in space by setting

apc(Gpw(t),v) = apc(w(t),v), (5.32)
for all t € J and v € V,,(T). We have G,w € C°(J; V,,(T)) and
(Gpw)(0) = Gp(w(0)) . (5.33)
In addition, if also dyw € C°(J; Hy*(R)), then 0,G,w € C°(J; V,,(T)) and
AGpw(t) = Gy (Opw(t)), tel (5.34)

Let now u € C%(J; HgQ(Q)) be the solution of (24)-(28), Gyu its Galerkin pro-
jection in (5.32), and ux € C2(J;V,(T)) the semi-discretization obtained by (B.8)
with j > j.. We split the error ey = u — uy into

en(t) = (u(t) ~ Gou(t)) + (Gou(t) —un (D) = n(t) + &), 1€ (5.35)
Then the following result holds.
Lemma 5.10. Let u € C2(J; Hy*(Q)). With (5.35), there holds

(026,v) + apal&,v) = —(92n,v) (5.36)

for allt € J and v € V,(T).
Proof. The splitting (B.35]), the error equation (530) and the definition (5.32]) imply
(07€,v) + apa(&,v) = (Ffen,v) + apc(en,v) — (97n,v) — apc(n,v) = —(97n, ),
which finishes the proof. (|
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5.4.3. Error bounds. We next prove the following error bounds.

Proposition 5.11. Let § € [0,1)M. Let the solution u of @2.4)-2.8) satisfy the
regqularity assumption
u e C*(J; Hy*(Q)) (5.37)
Let un be the semi-discretization obtained by [B.8]) with j > j. and with the discrete
initial data u,uk € Vp(T) in {@H):
uly = Tu’, un = Iul. (5.38)
Let the error ey =n+ & be split as in (530). Then we have

llenll zo v, (1)) + l0een |l zos (502 () < C(|||U — |5

+ [lut = Gputllc2 ) + 0l 2o 3, (7)) (5.39)
10l 2o (s:2)) + 10771l 21 3122 (2))) -
In addition, the £>(J; L2(Q))-norm error is bounded by

lenll 2o se2@)) < C (1w’ — Gpu| £2(0)

(5.40)
+ (191l 2o (ae2 () + 10l o= (1:22(02)) ) -
The constants C' > 0 are independent of the elemental mesh sizes.
Proof. We show (39): With (&33) and the triangle inequality, we have
len |l zoo (5w, (1)) + l0cen || coe 5;22()) < E1 + Ea, (5.41)

where

Er = |Inllzee v, () F 10l oo ss2200)y B2 = €l oo 350, (7)) + 1106 | oo (5522 -

It remains to bound E. To this end, we choose v(t) = 9:£(t) € V,(T) in (B.36)
and use the symmetry of apg(-,-). This yields

52 (10€ ) + apa(6.©)) = ~(@n. 0.6, te )

Fix s € J. By integrating the equation above with respect to t over (0, s), we see
that

SI0E(5) ooy + 3ana(€(5), €05))7 < S10EO)22(0) + 5an(E(0),E(0))

+ [ @09 ar
0

With the inequalities of Holder and Young, we have

/ (077, 0:8)| dt < |0l oo (322 1071l 1322 ()
0

Do =

g
§||3tf||mo(J c2Q) T E||615277||2L1(J;L2(Q)) ;

for any £ > 0. Hence, combined with the coercivity (312)) and continuity (3I3]) of
the form apg(-,-), we find that

18:(5) 1220y + Ceoerllé($) D < 10:€(0)[1 22y + Ceontll€0) e
+ el O 2o (3,2 () € NOFNNZ (32202 -
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Since this holds for any s € J, it also holds for the respective suprema over J. Then,
choosing ¢ sufficiently small allows us to absorb the term e||0,& ||2£oo( Jic2(y) in the
left-hand side, which results in

B3 2 (|01 7 (1;22(0) + €12 v, (7

S N10:(0)1 22 (@) + IEO)De + 1071171 (110252 -

Consider now discrete initial data uQ;,ul € V,(T) in (538). Then, with (5.33)
and (E20), we notice that £(0) = G,u® — ,u’ = G,(u® — I,u"). Hence, from the
stability property (B.I8)), we see that

l€@lpe = G, (w” = Tu’)lpe < llu’ = Mpu'll.s -

Moreover, with (5.34), we see that 9;£(0) = Gyu! — IL,u! = II,(G,u' — u'). The
stability of the £2-projection yields [9;£(0)]|z2(0) < [|u* — Gpu'| z2(q). Hence, we
conclude from (542) that

E3 S’ - HpUOIIIis + Jlut - gpu1||%2(sz) + ||atz77||%1(J;£2(Q))' (5.43)

The definition of E; and the bound (43]) imply the error estimate (5.39). Next,
we establish (540]). From the splitting (5.35]), we obtain

(5.42)

lenllcoe iz < Illeeuic2) + 1]l e ic2(0) -
To bound |[[][ £o(4;22(0)), We proceed as in the proof of [I3, Thm. 4.2]. That is, we
first rewrite (B.30) as

%(atfa v) = (0¢§, Ov) + apc(§,v) = —%(51:77, v) + (9, Opv),

and use that ey = n + &, which results in the identity

~(06,00) + apG(6,0) = — 5 (Duen,v) + (Om0w),  (5.44)

for all t € J and v € V,,(T). Then, for 7 € J, we define the function

v(-,t)—/tT &(-, 8)ds, tel

Note that v(-,t) € V,(T) and
’U(', T) = 05 815’0(', t) = —f(t) (545)

We choose v(-,t) in (5:44) and employ ([.45]) as well as the symmetry of apg(-,-)
to obtain

1d 1d d

55”5”%2(9) - gaaDG(Ua”) = —E(ateva) — (9, §).
By integrating this identity over (0,7), using that v(-,7) = 0 and the fact that
apc(v(0),v(0)) > 0 due to (B12), and by applying the Cauchy-Schwarz inequality,
we conclude that

1E(TZ2 0 < IEO)]IZ2 () + 21(Pren (0), v(0))] + 2/J 19l 22 @) 1€l 22 ) dit-

Since the above bound holds for any 7 € J, it also holds for [|£]|zec(y;c2(q))-
From (5.38) and since II, reproduces functions in V,(7), we have as before that
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£0) = Gpu® — I,u® = II,(G,u® — u®). The stability of the £?-projection thus
implies

1€0) 22y < 1u® = Gpu®ll22().-

In addition, u}, = IT,u' so that (dren(0),v(0)) = (u' — Iut,v(0)) = 0. The last
term above is bounded with the help of the weighted Cauchy-Schwarz inequality as
follows

1
Q/J 10l 2 1€l c2() dt < S 1€l 2w (3.220)) + CNOMNZoo (.22 (02)-

Combining these arguments and bringing the first term above to the left-hand side

implies (B.40). O

5.5. Proof of Theorem For & € [0,1)M and k € N, we write C*(J; || - | «.s)for
all functions w : Q — R which are k-times continuously differentiable in ¢ € J with
finite norm || - ||«,s in space, i.e.,

k

lwller . ) = > sup 07 w5 < oo - (5.46)
m=0 teJ

With this definition at hand, we now complete the proof of Theorem [£.3] To do so,
let § € [0,1)M be as in 220). Then, from the error bound (5.39) and the regularity
assumptions (B.37), (6] and the definition of the consistency norm (53), it follows
that

lenll o e, (7)) + I10renll e iz < C (" = Thullles + [lu = Goulleay . ) -
The approximation results for the Galerkin projection in Proposition (along
with (5.34])) imply
—k/2
lw = Gpullea . ) S N2l 2 -
Proposition for the £2-projection II, shows that

flu® — TL,u’.s < Nik/2|u0|H§+l’2(Q) .

These arguments yield the energy norm bound (4.8]).
Similarly, with (540), (534) and Proposition 5.8 we obtain

||eN||£°°(J;£2(Q)) < C||77||c1(j;52(9)) < CN—(k+1)/2||u||cl(j;H§+l’2(Q)) :

This shows (£9) and completes the proof of Theorem [13]

6. NUMERICAL EXPERIMENTS

In this section, we conduct some numerical experiments for the piecewise linear
(p = 1) and the piecewise quadratic (p = 2) SIPDG methods on graded meshes
and bisection refinement meshes. The value of the penalty parameter j is chosen
in a standard way as j = 10p?. Our main goal is to confirm the theoretical error
estimates in Theorem (.3

6.1. The setting. We first detail the set-up of our experiments.
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Domains. We consider the wave equation (Z24)—(Z8) with constant ¢ = 1. The
physical domain  is one of the two polygons displayed in Figure[lt Both are situ-
ated in the square (—1,1)? and have the origin ¢; := (0,0) as sole re-entrant corner.
The interior opening angle at c; is selected either as w; = 1.57 or as w1 = 1.97.
Homogeneous Dirichlet boundary conditions are imposed on the edges {(z,y) €

b Oy = 15T

e gy = 197

FIGURE 1. The domains €2 used in the experiments with re-entrant
corner ¢; = (0,0) and opening angle wy € {1.5,1.9} .

00 : x = 1}, and homogeneous Neumann conditions on all other edges.
At the re-entrant corner cq, the exponent A; in (2.20)) satisfies A; € {2/3,10/19}.
Hence, in ([2.20), we have

1/3  ifw; =157,

6.1
9/19 ifw =197, (6.1)

07 =max{0,1 — A} = {
where 9/19 € (0.473, A74).

Initial data and right-hand side. In the following, we denote by x 4 the characteristic
function of a set A C R%. Then, let ¢o(z) := x(—1,1)(z) exp(—(1 — #?)7!). This
function is an element of C§°(R) with compact support in [—1,1]. For any zo € R
and € > 0, we denote by ¢, . the affine equivalence from [zg — &,z + €] to [—1, 1].
We set 14,6 := Y00¢y, e, which is in C§°(R) with compact support in [zg—¢, xo+¢].

In the experiments, we now take f =0, u' = 0. As initial condition 1", we select

u(z,y) = X{(z,y):2>0} (T ¥)Y0.2,0.1(x) - (6.2)

That is, the initial displacement u" is smooth, homogeneous in y-direction and
diffracts over the re-entrant corner ¢; = (0,0). The function u° satisfies the ho-
mogeneous Dirichlet conditions on I'p (i.e., u’ € V), but does not have compact
support in €. Strictly speaking, the hypotheses of Proposition 2.2 are not satisfied
by this initial data. On the other hand, we expect the regularity results in [28]
Section 2] to hold for wider classes of compatible C*°-data. This conjecture is in
fact numerically corroborated for the data here.



DGDEMSs for acoustic wave propagation in polygons 21

Discretization in time. To obtain fully discrete approximations, the space semi-
discrete scheme (3.8)) is time-discretized with a Newmark time-stepping scheme;
cf. [32, Chpt. 8] or [13] Sect. 5.1]. To this end, we introduce an equidistant partition
of J given by 0 = tg < At < --- < NAt = T, with the time-step At := T/N. We
denote by {u(™}N_, the fully discrete approximations u(™ ~ wuy(t,) € V,(T).
We also write f(™ := f(-,t,). For o € [0,1/2], v € V,(T), the approximations
{u}IN_ are determined by:

u® = Tl (6.3
At 2w — o — AT Ut v)+
apg (o —u®) +u/2,0) = (of W+ (1/2-0)f,0),
(Da[u™],0) + apG(Ez,0[u™],0) = (B2,0lf™],0) (6.5)
where, for a generic sequence {w(") N o,
Do[w™] = A2 (w("+1) —2w™ + w("_l)) , (6.6)
Soow™] = w4 (1 - 20)w™ + ™D, (6.7)

We remark that the iteration (6:3)—(63]) coincides with the standard two-parameter
Newmark scheme as in e.g. [32] Chpt. 8], with fixed value v = 1/2 for the second
parameter « in the notation of [32]. It is then second-order accurate in the time-
step At.

For ¢ = 0, the time-stepping (63)—(G3]) amounts to solving for a (block-diagonal)
DG mass-matrix in each time-step and thus leads essentially to an explicit scheme.
One the other hand, ¢ > 0 gives rise to an implicit method which is conditionally
stable for 0 < ¢ < 1/4 and unconditionally stable for ¢ > 1/4; cf. [32) Lem. 8.5.1].

To confirm the spatial error bounds in Theorem [£.3] numerically, we take T =1
and discretize [B.8)) in time by using the Newmark method ([@3)—-(G3H) with o = 1/4
and time-step At = 10~*. This time-step is sufficiently small in relation to the
spatial dimension N and thus ensures that the approximation errors stemming
from the time-discretization are negligible with respect to the space discretization
errors.

Error computation and reference solution. In our error computations, we compare
the numerical solutions {u(™IN_, to a reference solution {“(er) 2N which is ob-
tained by the same algorithm, but for a reference mesh where two additional refine-
ments are performed on the finest grid used and for a time partition with time-step
At/2. We then compute the errors

N

(n) _, (2n)
IBE())(HU‘ uref ”7 (68)
for |- || =l - llpg and || - || = || - |z2(), Which are discrete versions of the norms

Il Nl oo sy, )y and || - || 2o (s;22(2)) appearing in ([@.8) and (4.9), respectively.

We visualize the relative errors thus obtained on a bi-logarithmic scale with
#7T ~ N on the abscissa and the error on the ordinate axis. In this scale, the
convergence order O(N ") with respect to N is represented by a line of slope —r.
Conversely, a line of slope —r is said to be convergent of order r. The convergence
order of the line fitted through the data points in the least-squares sense is called
the empirical convergence order.
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Specifications of the code. The code used in our tests is written in Python 2.7 and
depends on the libraries NumPy 1.10.1 and SciPy 0.16.1; see [I7]. The resulting
linear systems of equations are solved using the direct solver spsolve included in
the SciPy submodule scipy.sparse.linalg.

Local mesh refinement. Graded meshes are generated using the free software pack-
age LNG_FEVM; see [22]. To generate meshes with local bisection refinement, we first
create regular and quasi-uniform triangulation 7y of € with mesh-width h(7y) =
0.1, using the Delaunay-based mesh generator contained in the Python library
triangle; see [36]. Then the local bisection refinement algorithm in [I1] with pa-
rameters h, v and L is applied. Elements are bisected according to newest vertex
bisection; see, e.g. [29] and the references therein for a specification. Note also that
the elementary bisection of elements needs to include a recursive call in order to
ensure the output of regular triangulations without hanging nodes. In order to
fulfill the second condition in (£.2), we choose L in dependence of h and ~y as

log, (h)
=[-——=—1]. 6.9
( v(p+1) 1 (69)
The refinement parameters for locally refined meshes in Definition [1.2] are taken

with respect to 07 in (6I). That is, for graded meshes, we choose the grading
1-6;

parameter f; = 7 = 1 — as in ([@I)); for bisection refinement meshes, we
select v = v* =1 — 47 in [@2). Since bisection refinement meshes are nested with
respect to L in (@3], the reference solution can be straightforwardly projected onto

coarser grids for error computations.

6.2. Results. We next present the numerical results obtained in the set-up de-
scribed in Section [6.1]

6.2.1. Piecewise linear SIPDG method. We first consider p = 1, ) = 10 and depict
the results obtained in this way in Figure The relative errors to the reference
solution are evaluated as in (6.8]), i.e., in (the approximate versions of) the norms
|- [l zossv, (7)) (labelled "DG norm”) and || - || zo(s;22(0)) (labelled ”£* norm”),
respectively. We also display the lines of convergence orders r = 0.5 and r = 1.0,
respectively.

The empirical convergence rates for both graded and bisection refinement meshes
are of the orders r = 0.5 and r = 1.0 for the DG energy norm errors predicted by
our theory. The £2-norm errors, respectively, are also in accordance with Theo-
rem 43l As expected, the empirical convergence rate does not change with the
interior opening angle wy, while the number of degrees of freedom naturally does.

6.2.2. Piecewise quadratic SIPDG method. Next, we consider the piecewise qua-
dratic (p = 2) SIPDG discretization with j = 40, and plot the corresponding results
in Figure 3

Again, the empirical convergence rates both for graded and bisection refinement
meshes are of the expected orders » = 1.0 and r = 1.5 in the DG energy norm
errors and the £2-norm errors, respectively, thereby confirming Theorem also
for this example. As before, these rates are quasi-optimal and do not change with
the interior opening angle wj.

We remark that in comparison to the meshes in the piecewise linear case, the
number of elements remains the same for graded meshes. However, the elemental
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FIGURE 2.  Convergence plots for piecewise linear (p = 1)

SIPDG discretization with j = 10. Top: graded meshes with
grading parameter S;. Bottom: bisection refinement meshes with
weight v* =1 — 7.

mesh sizes now decrease faster at the vertex c¢; since the grading is now stronger
according to ([@.1]). For meshes with local bisection refinement, it is not necessary to
construct the mesh anew, but the number L of local refinements increases according

to (I2) and (69).

7. CONCLUSIONS AND EXTENSIONS

We proved that SIPDG discretizations in space of the wave equation converges
in a space semi-discrete sense with optimal convergence rates, both in the DG en-
ergy norm and the £2 norm (where we use the generalized Aubin-Nitsche argument
from 25 Sect. 5.4.2] for the Galerkin projection). We note that these convergence
rates are lost on quasi-uniform mesh families due to the appearance of singularities
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FIGURE 3. Convergence plots for piecewise quadratic (p = 2)
SIPDG discretization with j = 40. Top: graded meshes with
grading parameter S;. Bottom: bisection refinement meshes with
weight v* =1 — 7.

near corners. Our results are based on employing either graded meshes with appro-
priate grading parameters or local mesh refinement towards the corners by newest
vertex bisection. The theoretical convergence orders are confirmed in a series of
numerical tests.

For simplicity, our analysis was carried out for regular meshes. However, with
only minor modifications, it can be extended to simplicial mesh families with k-
irregular nodes, which are a particular case of the shape-regular and contact-regular
mesh families introduced in [30, Sect. 1.4].

For simplicity, we focussed on constant wave speed coefficients ¢, but emphasize
that our results can be readily generalized to transmission problems with piecewise
constant coefficient c. In particular, the regularity results in Proposition hold
true for this case as well; see [28] Section 2.6.2].
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