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Abstract A new space-time finite elements methods (FEM) approximation for
the solution of parabolic partial differential equations (PDE) is introduced. Con-
sidering a mesh-dependent norm, it is first shown that the discrete bilinear form is
coercive and continuous, yielding existence and uniqueness of the associated solu-
tion. In a second step, error estimates in this norm are derived. In particular, we
show that combining low-order elements for the space variable together with an
hp-approximation of the problem with respect to the temporal variable allows us
to decrease the optimal convergence rates for the approximation of elliptic prob-
lems only by a logarithmic factor. For simultaneous space-time hp-discretization in
both, the spatial as well as the temporal variable, overall exponential convergence
in mesh-degree dependent norms on the space-time cylinder is proved, under an-
alytic regularity assumptions on the solution with respect to the spatial variable.
Numerical results for linear model problems confirming exponential convergence
are presented.

Mathematics Subject Classification (2000) 65M12 - 656M15 - 656M60

1 Introduction

Let D c R? (d =1,2,3) be a bounded convex polyhedral domain, 0 < T’ < co and
f € L*(Q), where Q := D x I :== D x (0,T). Furthermore, let A € (WQ’OO(D))2X2
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be symmetric and such that there exist bounds 0 < A_ < A4 < oo satisfying

d
> Aij(@)g; = A |8, vé eRY, z € D, (1a)

i,j=1
sup | A; j(2)| < A+, vi,j e {1,...,d}, (1b)
zeD

i.e. A is continuous and uniformly positive definite.
We are then interested in solving the following problem: find u : @ — R such
that

Ou(z,t) — div (A(z)Vzu(z, t)) = f(z,t), (z,t) € Q, (2a)
u(z,t) =0, (z,t) € I'U Ty, (2b)

where I' := 8D x I and Ip := D x {0}. The system (2a)-(2b) is used to model for
instance heat diffusion in an material. We point out that the matrix A allows for
heterogeneous material properties.

Standard approximation techniques to solve these equations are based on time
stepping or time marching schemes, such as the method of lines where the evolu-
tion equation is first discretized in space, yielding a system of ordinary differen-
tial equations (ODE). The resulting system is then approximated using an ODE
solver such as Runge-Kutta methods or backward differentiation formulas [6,21].
Time marching schemes are “oblivious” in the sense that they only track the cur-
rent state and, possibly (in multistep methods), the state of a few previous time
steps. In many applications, however, the solution of the evolution problem over
the entire time horizon is of interest. We mention only optimal control problems,
data assimilation and uncertainty quantification. Space-time methods, on the con-
trary, interpret the evolution problem as an operator equation on suitable Bochner
spaces. We refer to [18,19,10] and the references there for such formulations, for
linear and certain nonlinear parabolic evolution and control problems. The numer-
ical solution of such operator equation formulations results in iterative schemes
which approximate the solution of the evolution problem on the entire space-time
cylinder. At first sight, this produces massively larger volumes of data. However,
parabolic regularity and multiresolution space-times data compression can result
in competitive schemes. In recent years, several algorithms based on these ideas
have emerged. We mention the parareal method, which aims at improved compu-
tational efficiency by time-parallel integration. Here, no data compression of the
space-time solution is foreseen. Space-time adaptive, compressive discretization
based on suitable multiresolution representation of approximate solutions achieves
compression at runtime, and produces optimally compressed, approximate solu-
tions, with optimality with respect to best n-term approximation rates. We refer
the reader to [7] for a survey on such algorithms. More related to our method,
hp-FEM time-discretizations based on discontinuous Galerkin (dG) approxima-
tion were proposed in [15,16,22]. There, it was proved that parabolic (analytic)
regularity allows exponential convergence of hp-time (semi) discretizations. Several
algorithms based on a continuous approximation (c¢G) in time were also analyzed,
based on saddle-point formulations of the evolution equations with respect to
the time variable. We mention [1,2,14,18,13]. In particular, in [18] the authors
prove that it is possible to adaptively compute approximate wavelet solutions of
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parabolic equations with a rate depending only on the spatial discretization. Our
goal in the present paper is to derive a similar result based on non-adaptive FEM
solutions. To this end, we develop a coercive space-time variational formulation.
Due to the saddle point nature of the continuous problem which is due to the non
self-adjointness of the parabolic operator, in [12], Langer, Moore and Neumiiller
present a method based on a space-time isogeometric analysis in mesh-dependent
norms for the approximation of (2a)-(2b). In the present paper, we present an
hp-error analysis of coercive space-time formulations which are similar to the one
used in this reference, and in [20]. In particular, it is based on a coercive space-time
variational formulation in a mesh-degree dependent family of norms.

Assuming that the right-hand side f of (2a) is smooth in time, we obtain that
the associated solution exhibits the same regularity except for a potential algebraic
singularity at the initial time due an incompatibility between f and the initial
condition. As discussed in [5], this lack of regularity can be overcome by considering
a continuous hp-approximation for the time variable. Considering such technique
in time together with a standard low order h-FEM for the spatial component, we
show that solutions of the heat equation can be approximated with the same rate
as elliptic equations up to a logarithmic factor with respect to the total number
of degrees of freedom. This is a consequence of the exponential convergence of the
time hp-approximation. Furthermore, we also discuss higher order approximation
for the spatial variable in a two dimensional polygonal domain. In particular,
considering an hp-approximation for both the time and space discretization, we
show that it is possible to obtain exponential convergence with respect to the total
number of degrees of freedom.

The paper is organized as follows. In the following section, we present a weak
formulation associated to the heat equation (2a)-(2b). Well-posedness of the vari-
ational problem and a regularity result are discussed. In Section 3, our space-time
discretization is introduced and we provide convergence rates for the discrete so-
lution. Finally, a numerical example is presented in Section 4.

Throughout this manuscript, we use the notation A ~ B if there exist two
constants c1,ce > 0 independent of A and B such that c;A < B < c2A. In inte-
grals over space-time domains, we omit the differential dzdt to lighten notation.
Furthermore, for two vector spaces A and B, A ® B refers to either the algebraic
tensor product space in the case of finite dimensional spaces or to the Hilbertian
tensor product space if A and B are separable Hilbert spaces. Given normed vector
spaces A and B, L(A, B) denotes the space of linear continuous functionals from
A to B. In the case A= B, we simply write £(A) and A* := L(A4,R).

2 Space-time weak formulation
2.1 Problem formulation

For I,k € Ny, let

HYF(Q) = {v e L2(Q) ‘ 9%v e L2(Q), 0< |a| <1, dv e L2(Q), 0<i < k}

1 (Q) = {ve L(Q) | 989jv e L(Q), 0< ol <L 0<i <k}
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Here LQ(Q) is the usual space of square integrable functions over @ and for a

multi-index o = (a1,...,aq), |a| i= a1 + -+ a4 and 95 = %. We equip
Ty PTg
HY*(Q) and Hé’)k(Q) with the norms
2 2 2 2 2
lole) = 2 Phoo+ D Mhag:  Iolfrg = > liq:
0<;5<! 0<i<k 0<5<l
0<i<k

where ‘”@,i,@ = Z\alzj ||8§‘8§v{|;(@). Furthermore, for I'r := D x {T'}, let
Hy(Q) = {ve H(Q)|vl = 0},
HYMQ) = {ve 1@ N H” (@)
H33 Q) = {v e By°(@) N H'(Q)

”|FuFT :0}7
U|FUF0 = 0} .

We point out that H*(Q) = H'(D)®L*(I)nL*(D)oH*(I) and H"(Q) = H!(D)®
H*(I). Moreover, the embeddings Hé;gl (Q) c HY(Q) c H'Y(Q) are continuous for all
| € No, where H' (@) denotes the classical Sobolev spaces over Q. The first inclusion
is strict if [ > 1 while the second one is strict in the case I > 2. The spaces Hl’k(Q)
and H(lg’)k(Q) are usually called mixed Sobolev spaces in the literature. The weak
formulation of (2a)-(2b) is then: find u € Hy*(Q) N L*(D;C (1)) such that

alu,v) =1(v), Ve Hé%(@), (3)

where

a(u,v) = _/ uat’l)“‘/ AV zu - Vv, l(v) ;:/ f’l}.
Q Q Q

It was shown in [11, Theorem 2.3 p.115] that (3) is well posed, i.e. it admits a
unique solution which depends continuously on the data f. Furthermore under
the assumption that u € H&’Ql(Q) N H*%(Q), we obtain using integration by parts

in (3) that for all v € C§°(Q) C H;%(Q)

/QfUZZ(v):a(u,v):—/Quatv—f—/Q.AV;cu-VxU:/Q(@tu—diV(Aqu))v.

Since C§°(Q) is dense in L?(Q), we obtain that (2a) holds in L?(Q) under theses
assumptions.

2.2 A regularity result

In this section, we derive a regularity result with respect to the time variable. To
treat the time regularity, we consider the following classes of functions. We point
out that the usual regularity theory for solutions of parabolic equations deals with
analytic right-hand side functions. This is a special case of the following result
for § = 1. The motivation for developing a theory for more general forcing terms
comes from other PDEs. Indeed, in [4], it has been shown that solutions of Euler



Space-time hp-approximation of parabolic equations 5

equations for incompressible fluids fulfill such type of regularity for some § > 1
even in the case of analytic right-hand side. Furthermore, for § > 1 it is possible to
construct functions of Gevrey type with compact support, allowing then to localize
any global forcing function while keeping smoothness properties.

Definition 1 (Gevrey class) Let I = (a,b) be a bounded interval. Then for k €
No, § > 1 and 6 > 0, we say that f is of Gevrey type (k,d,0) and we write f €

H* (D;%‘w([)) if f € H* (D;C(I)) and if there exist Cy,d; > 0 such that

1/2
Z Haaal 2 l 5 0—1
0 <O I +1°(t—a)’,  leN tel, (4)

0<|al<k

L*(D)

where I'(s) denotes the Gamma function for s > 0. We also define H} (D; g579([)>
as the space of functions f € H! (D; g‘w(l)) such that f|;, = 0in C(I). Moreover

we say that f is of Geuvrey type (k,6) and write f € H” (D;%‘S(I)) if there exist
Cy,dy > 0 such that

>

0<|al<k

1/2

2
020! tH <Cpdir(1+1)°  1eNo tel. (5
rso), | <cdras : )

Proposition 1 Let f € L? (D;g6(1)> for some § > 1 and A € (VVQ’OO(D))2><2

satisfy (1a)-(1b). Then
we L? (D;g‘s’l(l)) N He (D;%5’1/2(I)) nE2YQ),
where u denotes the solution of (2a)-(2b) associated to f.

Proof The proof of u € L? (D;%‘s’l(l)) N Hy (D;%5’1/2(1)> can be found in [5,

Proposition 3.6.7]. To obtain that u € Hé’l(Q), we have used that v € H*(I; D(A)),
where D(A) denotes the domain of the operator Av := —div (AV,v) for all v €
H§ (D). Indeed this follows the same lines as the proof of Proposition 3.6.7 in [5].
Then, from [9, Theorem 3.2.1.2], we have that D(A) = H?*(D) N H}(D) and the
result follows since H'(I; H?(D)) is isomorphic to Hé’l(Q).

3 Space-time discretization
3.1 The discrete problem

In the following, we present a full space-time discretization of (3). It is based on
the idea that the continuous space has a specific tensor structure. We show that
the bilinear form is coercive (Lemma 1) and continuous (Lemma 2) with respect
to a mesh-dependent norm. Using these results, we obtain the best approximation
property (10) in this norm. The ideas used in the following are based on the devel-
opment presented in [12], where a space-time isogeometric analysis approximation
is considered.
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For M; e N, let T]\tJt = {In}ﬁi‘l and Qn := D x I for n € {1,..., M;}, where
O0=:tp<t1 <---<tpy, =T, In := (tn—1,tn), n=1,..., M.
We assume that A} :=t, —tn—1 < 2 and that there exists Cy > 1 such that
AY < APt <Ch},  n=1,...,M;—1. (6)

This assumption is fulfilled for uniform as well as for geometric meshes. Given
pt,pz € N and a mesh 7% of D, let

8P (D, T%) = {u € HY(D)

v € PP (K), VKGT“},

SPU(I,Thy,) = {v e H'(I)

’U|In e’])pt(]'n)7 n = 17"'5Mt}7

where PP=(K) denotes the set of polynomials of degree at most p; over K € T~
and PP¢(I) the set of polynomials of degree at most p: over In, n = 1,..., M.
Moreover, SY*(I,T4y,) := {v € SP*(I1, T4, )| v(0) = 0}. We point out that the poly-
nomial degrees p; and p; are fixed over the whole partition. In the following, we
will consider p; = 1. The case p; > 1 as well as non-constant polynomial degrees
over the mesh 7% are discussed in Section 3.3. We then define the mesh function
by € Sl(I,T]\Zt) through

bt(tn):h?+h?+1, n:07'“7Mt7

where hY = hiw"H = 0. For ¢ € I, we then have

he(t) = % (he(tn—1)(tn = 1) + be(tn)(t = tn-1))
_ % () 1 e = B+ (= 1) (7)
so that

hi <bi(t) <2Cthy,  Vt€In, n=1,..., M. (8)

On the space Vi, 1= S§*(D, T%) © S8*(I, T4y, ), we define for 0 < 6 < %/\1 and
Upp € Vhp the norm

2

L*(Q)

2 CrO) 2 0
Jonall = (3= = Fotz® ) I smp gy + 35

+ %/ |vhp(x,T)}2 dz.
D

(COREETM

If ||v][,, = O for some v € H&’QI(Q), it means that v is constant over @. Due to the
initial and boundary conditions, it holds v = 0 in Q. Since the other properties
can be obtained easily, we have that ||, defines a norm on H&’Ql(Q) and in
particular it is a norm on Vj,,. Furthermore, it can be shown that it is equivalent
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to the ||-[| 1.1 () norm on Hé é(Q) We then introduce the bilinear and linear forms
app @ Vap X Vip = Rand lpy, : Vi, — R defined as

ahp(vhp7whp) = / [atvhpwhp + (Avahp) 'vfwhp}
Q Yhp, Why € Vip,

+ %/ bt [OtvnpOrwnp + (AVavnp) - Vadrwpy|
tJQ

(%
hp(whp) = /Q f [whp + Fbtatwhp] , Ywp, € Vi
t

On the space V) . = Hé"gl (Q) + Vip, we define the norm

22 —1/2
[0ll3ep . = lIvlI7, + H(fl ‘ oy T E Vi

Using the same argument as above, we obtain that [-[|;,, , indeed defines a norm
on Vy,, .. We then have the following important lemmas.

Lemma 1 It holds
2
Ohp (Vhps Vhp) > ththp, Vopp € Vhp-

Proof For vy, € Vy,,, it holds using integration by parts in time and the boundary
conditions

1
ahp(vhpavhp) = 5 /Q Ot !Uhp’2 +L (.AVz’Uhp) -Vzvhp

0
H ht / atvhp‘ @/ btat (.AVmUhp) . vahp
tJQ

L*(Q)

= f/ |vhp(x,T)} dm+/Q(.Avahp) - Vaupp

2 2/ be(T) (A(2)Vavpy(z,T)) - Vavpy(z,T)dx

/ (be)" (AVazvpy) - Vac'Uhp+ A H(ht) /2 atvhp‘ ’

- 2p? L2(Q)

>3 / oy, ) o+ A || Vg 22 g

00 o[ o = 5z [ 00 (AVstg) ot
‘ Pz 202 P v

Using (1b), (6) and (7), we have

t hn+1 _ hn—l
( T )/ (AV=vip) - Vv

M,
/Q (00)' (AVavnp) - Vavnp =D

n=1
t
< Crat Z/ }Vﬂhpf = CtAy Hvﬂv”thi?(Q) )

and the result follows from

o c N
2p2 / (be)' (AVaunp) - Vavny > =05+
Py JQ

[Vavnp HL2(Q)
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Lemma 2 There exists v > 0 such that
anp (0, Whp) < 0]l . Hwhp”hp, Vv € Vip «, Whp € Vip.

Proof For v € Vy,p « and wpy, € Vyp, it holds

app (v, whp) = —/ v Whyp +/ v(:E,T)whp(w,T)dm—l—/ (AVzv) - Viwpy
Q D Q

0 0
+ 7/ bt OrvOrwy, + 7/ bt (AVzv) - VaOrwpy,
Py Jqg Py Jqg

1/2 1/2
(1o ) Gl aml )
+2 (% /D o, T)[? dw) - (% /D Jonp (@, 1) dﬁ”) "
+ A Vvl 2y HVIthHLz(Q)
1/2 1/2
) (loooml,,)”
+ A4 Vvl 2y (p@tz Hht@thwthLz(Q)> :
We then need to estimate the last term. From the inverse estimate [17, Theorem

12(Q)
3.91 p.148], it holds

12p}
loblliecr,) < Gy IeolZecr,y

+ ([0

Yop € SPH(I1,Tag,), n=1,..., M.
Since this result remains valid for functions taking values in a Hilbert space, we

obtain
M,

1 9 1 )
g ”htatvf”th”Lz(Q) = 7;1 E /Qn (ht)2 |8Nzwhp|

My 2 r1n\2
4C5¢ (h
<2 tp(?t)/cg 0V wnp|” < 48CF || Vowmy |12 -
n=1 "

Pi 1/2 V20 1/2 g v
2 _
W (v, Whp) < (? GO L2(Q)> (E H(bt) atwhp’ L?(Q))

1 1/2 /4 ) 1/2
—|—2<7/ lv(z, T)|? dgs) <7/ ‘whp(ﬂaT)’ dm)
2J/p 2J/p

+ A+ HVa:UHLz(Q) HwahpuLz(Q)

Hence

/2 1/2
0 1/2 2 ! 0 H 1/2 ‘2
i (p? H(bt) o LZ(Q)) P} (Be) ™ Gy L@
+ A4 [Vavll 2y (4\/§Ct9 ”wathLQ(Q))
2max (1, Ay (1+4v3C:0))
<= (ir - %) 1ol 0l =2 Y 10l 0y
) pt
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The definition of I, yields for f € L?*(Q) and Whyp € Vip

Ohe(t 1/2
lhp(whp) < 2max <1,r?ealx h;%( )) ||f||L2(Q) (Hwthip + HwthQL?(Q)> .

Since Vy,, is finite dimensional, all the norms are equivalent on this space and
80 lpp € Vpp*. Hence it follows from Lax-Milgram’s Theorem (3, 2.5 p.38] that,
assuming f € L?(Q), there exists a unique upp € Vpp satisfying

ahp(uhp, vhp) = lhp(vhp)a Vvhp € Vhp. (9)

Lemma 3 Let u € Hé’O(Q) be the unique solution of (3) and assume that u €
Hy'o(Q) N H*(Q). Then

ahp(u, ’Uhp) = lhp(Uhp)v Vvhp (S Vhp.

Proof We know that if u € Hé”gl(Q) N H*9(Q), then (2a) holds in L?*(Q). Hence

multiplying this equation by vy, + I%btatvhp for some vy, € Vp,, integrating over
t

Q@ and performing integration by parts with respect to x yields the desired result.

It follows from the previous lemma that the following Galerkin orthogonality
holds if u € Hy (Q) N H>(Q)

app (8 — Upp, Vpp) = 0, Ynp € Vhp,
so that for any wy, € Vp,;, it holds
l[wnp — Uhp||ip < pp(Whp = Uhp, Whp = Unp) = Ghp(Whp — U, Whp — Upp)
<7 Hwhp - “th,* Hwhp - “thhp'
Hence we obtain the following best approximation property for all wy, € Vy),

H“ - uthhp = H“ - wthhp + H“hp - wthhp <(1+9) H“ - whp”hp,*’ (10)

3.2 Error estimates in the ||-[[,,, , norm
As a consequence of (10), we need to derive error estimates in the |-, , norm

in order to obtain convergence rates for the discrete solution in the ||-[[;,, norm.
Using that for a.e. z € D

T . 1/2
v(x,T) = / Opv(z, s)ds < T'/? (/ 0sv(, s)|° ds) , Yo € H%I(Q),
0 0 -

we have

/D |’U(.CL‘7T)|2 dx <T ||atv‘|%2(Q) y
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where H?’QI(Q) :
Hy'o(Q) it holds

{ve Ho’l(Q)| v(z,0) =0, for a.e. z € D}. Hence for all v €

||v||ip* <A ||vmv||%z<@ +T ||aw||%2<@
+ o0 A

LZ(Q) 2@’

Let us consider the weighted mixed norm

Blew (@ > (% H(bt)l/“’agaw i

+ 97 || (b)) 7% 00|

Lz(Q))

vl 3.2
0<al< "D
1,1 .
From (6) and (8), || ||Hz L@ is a norm on Hg" equivalent to |H|H§1(Q)' Then
there exists C' > 0 such that [Vl hp,s < Cllvllpp, ax» Where
2 2 2 2 1,1
vllhp, v 7= [IVavllz2(qy + 10e0l 120y + ||v”ng>’,lhtm @)’ Vv € Hyp (Q).

We then only need to derive error estimates in the ||, ., norm. Let 77%-1 :
H?(D)NH(D) — S§(D, T*) and g : Hy(I) — Sb*(I,T4y,) be the interpolation
operators defined in [6, Corollary 1. 109 p.61] and [17, Theorem 3.17 p. 76] respec—
tively, where H{ (1) := {v € H'(I)| v(0) = 0}. Then for I ’ftTt =Tk ® i,

v > P My

Hé:Ql(Q) N Hé’l(Q) — Vpp, We write

Pt
L = (d-nh ) @ld+ ke @ (Id m) .

Using the tensor structure of the continuous space, it is possible to estimate the
errors for the space and the time approximations separately. Indeed, since W%—z €
L(L*(D)) N L(H (D)), we obtain that there exists C > 0 such that for all v €

Hyg (@) nHZ'(Q)

v—1IT 1,pe

T T, * <

hp,**

+C

v — (71'%—7 ®1d)v .
Pyk*x

’U—(Id@?‘(’pt )v

Mt

. (11)

hp,**

Lemma 4 Let D C R? (d =1,2,3) be a bounded convex polyhedral domain and T~
be a quasi-uniform mesh of D with meshsize hy. Then there exists C > 0 such that for
all v € Hy'o (Q) NHZ'(Q) it holds

v— (W%-x ® Id)v

s < Ol (IWlir0c) e (Plznco + ol 1))

Proof In [6, Example 1.111 (i)], it has been shown that

+ hg |6 — 7 < Chz [Olgapy, V0 € H(D).

~ 1 ~
UV — T2V L2(D)

H'(D)
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Following the lines of the proof of this result, we see that the above norms can
be replaced by Bochner-Sobolev norms with values in a Hilbert space. Hence for
every v € Hé,’gl(Q) n H%’l(Q) it holds

v— (ke @1d)v
(v ©14)

v— (W%-x ® Id)v

Q < Chg |1’|2,0,Q7

sy

- Chi o]y -

Denoting

22| 0072

2 _ 1 ’ 1/2
Wl ,, ) = P} ‘ (he) ™" O ()’

L2(I)

we have from (6) and (8) that Ilg; (1) isanormon H'(I) equivalent to ||| g1 py-
tsPt

The result then follows from

v— (wlrm ® Id)v < Ch2 [[v]l g2

ng;,lht-,Pt(Q) @0eope @

Lemma 5 Letv € Hé:gl(Q) N Hé’l(Q) such that for allm € {2,..., My}, there exists
sn € Ng satisfying v € Hé’s"+1(Qn) and v € H>*' Q1) for some s1 € No. Then

2 2

- (Id®7rz77ft )v

My

<|v-— (Id@ﬂ'gft )v

My

1,0,Q:

N ]\z/l: ﬁ 2(sn+1) F(pt P 1) | ‘
— \ 2 pt(pt + 1)(pt + sp + 1) 1 'Lsnt1Qn

hy Zom I'(pt —sn+1)
4C’ 1 —_—
t+ )Z( ) F(pt+8n+ )"Os,ﬁ—lQn

hp,**

where C is defined in (6).

Proof We consider a similar argument to the one used in the proof of the previous
lemma. Following the lines of the proof of Theorem 3.17 in [17], we see that for
j=0,landn=1,..., M;

2 2(sn+1)
hy F(pt — Sn + 1) 2
— (Id® = ) < (= 2 ,
’ ( WT]\Z ’ 7,0,Qn “\2 pe(pe + 1) (pe + sn + 1) |U‘J’S"+1’Q"
2 2s
R \"" I'(pt — sn + 1)
— (Id @ =2 ) < (=t o en b o)
( S )" ilQn ( 2 I(pe+sn+1) Wsr0,
Hence
2 2
vf(Id®7r177ft )v < vf(Id®7rp7ft )v
My 1,0,Q My 1,0,Q1
M, 2(sp+1
Z < ) (8n+1) ]"(pt — Sn + 1) |’U|2
— pe(pe + D) (pr + sn + 1) | BsnT1G@n2
2 M 25
hy "I(pt—sn+1), 2
e | I —snt1) .
( © TTIzIf v g ( > F(pt + sn + 1) ‘ |073n+17Qn
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Turning to the H-||H§§,1ht (@ part of the norm, we have from (8)

2 - hi | 2 p% 2 0,1
v||50. <20 E — |v + —|v , Yve H” ,
” ”Hgb,lht,m ) tn:1 <p% | |0,1,Qn h? | |0,0,Qn> (Q)
so that
2 My n\ 28n+1
I(pt—sn+1), 2
v—(Id@wp‘ )v <A4C g (—t) < .
Tt = 0,5,+1,Qn
i/ et @) N2 Lpr+sn+1)

3.2.1 hp-approzimation in time
Using the previous results, we consider an approximation of the space-time solution
over geometric meshes for the time variable. More precisely, let o¢ € (0,1) be a
grading factor and for M; € N, define

ot __ Tt __ Mi—n —

tot =0, tnt =Toy , n=1,..., My, (12)

and 7—‘7tt7Mt, = {Ip }ﬁ/lz‘l, where I5* = (t7¢ ,,t7") for n = 1,..., M;. Furthermore,

we write Qn' := D x It for n =1,..., M;. Note that for x := (0;1 - 1), it holds
hg, = kTo "0 =1 My (13)
Combining Proposition 1 and Lemma 4.3.3 in [5], we obtain the following result.

Lemma 6 Let f € L? <D;%5(I)) for some § > 1. Then there exists C = C(ot) > 0
such that for alll € N and n € {2,..., M}, it holds

julg. g0 < CT@}™,

21
gz <CT* () T+ 1o be,
21
2 2 (d 25 _2(My—n+1)(1—1)
‘u|1117Q‘7’1t <CT T F(l + 1) o} ,

where u is the solution of (3), d := max(1,dsT) and dy is the constant in the bound
(4) associated to f.

Lemma 7 Let f € L? (D;%‘s([)) for some 6 > 1. Then there exists C > 0 such that

2

u—(Id@ﬂpt )u

<Ct
TJCQ - b

1,0,Q:

where u is the solution of (3).
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Proof By construction of #%*, , it holds [17, Theorem 3.14]

Y
Thz,

Id @ =2 )u §‘u—(1d®7r1 )u’ .
( Tl\t/lt 1,0,Q1 Tﬂtdt 1,0,Q4

Moreover u € H'(D;%%'/?(I)) by Lemma 4.3.3 in [5]. Since the operator 77%—;4
t

maps to S*(I, Tj@t) and using the initial condition, we obtain that for a.e. x € D

t
(Id® ﬂ%—ztjju(x, t) = Eu(x,h), Vit e Ih.
Hence
Id @ Pt i 2 ( |ul? Id® s ’
(o o <o (bhae+|omk ), )

t1 1 t1
gc(/ dt+—2/ tht)SC’tl,
0 1 Jo

where we have used that u € C(Q) since u € H(D;%%'/%(1)) c H(D;c(I)).

Proposition 2 Let us assume that f € L?(D;%9°(I)) for some 8 > 1. For o1 € (0,1)
and My € N, let further 7;tt7Mt be defined through (12). Then there exists pro > 1
such that choosing the vector of temporal polynomial orders to depends polynomially on
the time step, i.e., pt = {MtMt‘SJ for any sufficiently large slope it > pto, there exists
C > 0 satisfying

My

<Co,?

U — (Id®7rgft )u

o, Mg

hp,xx

Proof Let us denote I := |ju — (Id®7r17)ft )u||ip +x- Then, from Lemmas 5, 6 and
o, My ’
7, taking s1 = 0, we have o

2

I<l|u +(4C + 1) [ulg ;oo

(Id@n

u
t
To‘t Mt) 1,0,Q1

4 Z hnﬂt 2entl) F(pt Sn + 1) | ‘
pe(pe + 1) (pt + 55 + 1) 1 L8nF1Qn

ht o Zon F(pt Sn + ]-)
(4c 1 u
t+ )Z( > F(pt+87L+1)‘ |OS"+1Q"

< Ct]t + C’at

M n
‘C Zt dhy 5, \ 2D D(py — s 4 1) (50 + 2) 5= 2(Mi—n+1)s,
pe(pe + 1) (pt +sn+1) *

M

T F(pt+5n+1)
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From (13), we have

2(sp+1
dhﬁat S 0_72(Mt7n+1)s"
2T t

2

i, 25, d 2U(Mt_n+1)(1_2sn): 2 2 d Q(S"H)J(Mt—nﬂ)
2T T t T 2 t ’

Choosing s, =n+ 1 for all n € {1,..., M;}, there exists C' > 0 satisfying
M, 2n _ 26
SCO,fwt 1+Z kd I'(pt —n)I"(n+3)
oy 2\/o¢ I'(pt+n+2)

My
=CoMt 1+ Z QQTLMF(R + 3)25
¢ I(pe+n+2) ’

(nd) Hen+1) 2(My—n+1)
Ut s

2

u—<1d®7rpt )u

t
Tot»Mt

hp,x*

n=1

where a 1= 2\"}‘%. From [5, (A.1.3),(A.1.4)], it holds for p; = {ptMt‘sJ

I'(n+3) < Ccn®/? (%)n < cn®/? (%) ,

I'(pt —n) _ FqutMtéJ —n)
Ipe+n+2)  I(|wM)|+n+2)
it tJ (AN
<e| —— <e <%) s
- e - 2e
5 /MJW:,s
where we have used |u¢M; | > =5+. Hence for every
2«
Mt > pto = o1
it holds
M, pqutéJ e+ 2) M 5N 20
02" . r(n+ 1)25 <c (MtMté) Zazn < 2e 5%;) 50
n=1 F( \JutMtJ +’I’L) n=1 utMt €
AN 2e= s 20 "
<C( M) ,

and it can be shown using for instance a ratio test that the series converges.
Wrapping up everything, we obtain the desired result.

Theorem 1 Let us assume that f € L*(D;%°(I)) for some & > 1. For oy € (0,1)
M,

and My € N, let further Tntt,M,, be defined through (12) and choose hy = 0,2 . Then

there exists ut,o > 1 such that choosing pr = L/itMtéJ for any py > pio, there exists
C > 0 satisfying

S(d+1)+1
d

[ = unpl|,, < Clog(N) @~ N4, (14)

=

where N = dim (Vhp).
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My

Proof Let pt0 > 0 be defined in Proposition 2. From hs ~ 0,2 , (10), (11), Lemma
4 and Proposition 2, there exists C' > 0 such that

My
lu— wnp ], < C (hz (|\u||H2,0(Q) + ha (uuHHél(Q) + ”““Hé;}ht,pt@))) +o,° )

< Chq (max (1, ||uHH%,1(Q)) + b [l gz m(Q)) .

Furthermore
h2 HUH o _ h2 Z ( th/Qaa ‘ 2 +p? Hbfl/anéu’ 2 )
zllelizy @ =he e O
®.b¢,pt 0<lal<2 L*(Q) L2 (Q)
2 (e 7 2 2
2Ot (% (87
< h P2 + Wl Z (Haﬂﬂat“Hm(Q) + ||8w“||L2(Q))
t 1ot ) 0<|al<2
M 1 M 20 2
< Cgt ! <M25 + ) Hu”H2 1( Q) < CMt HUHHél(Q) )
so that
Hu - uhPth < CMtéhl- max (1, HUHHZ,I(Q)) .
. 1 5+1 I\/If
From N := dim (S5(D,7%)) ~ (ha)” %, Nt & M{™" and hy ~ 0, , we have

N := NeNi & (hy) “Nymo, 2 MPH

My S+1

so that N~ ~ 0,2 M, ¢ and log(N) = M;, whence

N‘N
o

1
S41 My 541 log(N)O+H1\ @
MPhy < C’a M) =CM, +§at 2 M, ¢ =~ (%) log(N)°.

N

Remark 1 Following the lines of the proof, we see that a sufficient condition for
(14) to hold is that u € L2 (D; gévl(z)) N HE (D;%‘M/?(I)) nHZLY(Q).

3.3 Generalization to higher order FEM in two space dimensions

Let D c R? be a polygonal domain and denote its vertices by A;, i =1,...,L. In
order to deal with polynomial approximation of order p; > 1 in the spatial variable,
we consider weighted Sobolev spaces. Indeed, solutions of elliptic problems will
typically belong to these spaces. This is a consequence of the polygonal shape of
the domain which might induce corner singularities. We then expect solutions of
parabolic equations to fulfill a similar type of regularity in space. To circumvent
this lack of regularity, it is possible to consider meshes which are graded towards
the corners of the domain. In that particular case, it is not possible to obtain
convergence rates with respect to h; and so from now on we will only work with
Nz, i.e. the number of degrees freedom related to the spatial approximation.
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3.8.1 Approximation of higher order

Let us assume that the solution u of (3) satisfies

L
i=3u, (15)
1=0

where ug € HP*Y(D;H*(I)) and for i = 1,...,L, u; can be written in polar
coordinates as

ui(x) = cir]" 9i(0:) xi,
where ¢; € H' (I) and v; > 0 are constants, r; denotes the distance to the vertex
A;, 0; € [0,27) is the angle of z with respect to A; and a half line starting at
Aiy gi € WH(0,27) is 27-periodic and piecewise WP=T1 and y; is a Coo(D)
cut-off function. Under these assumptions, we have the following result. It can be
obtained using [8, Theorem 2.1] and the same procedure as in the proof of Lemma
4. The factor \/% comes from the mesh-dependent part of the norm ||-|[;,,, .-
Lemma 8 Let u fulfill (15). Then there exists a sequence of meshes {T; }nen and
C > 0 such that

bx
u— (xPe ®1d)uH <oP_NTF 16
- (5, @10}, <O Bmps (16)
where hV" = ming,—1,. p, bt and C depends on ‘“|Hm+1(D) and ¢;, i, Xi, gi for
i=1,....L.

Proposition 3 Let p, € N, f € L2(D;%6(I)) for some 6 > 1 and assume that u
admits the decomposition (15). For oy € (0,1) and My € N, let further 7;'tt71\/1t be

2M;

defined through (12) and choose Ny = o, ** . Then there exists yit,0 > 1 such that,
choosing pt = {th‘SJ for any ut > pt,0, there exists C' > 0 satisfying

Pm(i+1) 48 APz

Hu — uthhp < Clog(N) N1, (17)
where N = dim (Vhp).

Proof Let pt,0 > 0 be as defined in Proposition 2. From N;%m ~ aiM’f, (10), (11),
Proposition 2 and Lemma 8, there exists C' > 0 such that

Huuhp”hpgc( Dty +aj”f>
Ve

My Px My
2

<C (Mfa; > N,

My
2

+0,° ) < CMo,

2My
From N = Ny Ny = o, " Mf“, it holds log(N) ~ M; and

pz(j+l)+6 My 7Pm(z+1) pz(i+1)+§ o % 5

N~ log(N) ~o,° M, M, =02 MY,

and the result follows.
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Remark 2 For p, = 1, (17) yields

5541

[ = unpl|,,, < Clog(N) + N~%,

-

while inserting d = 1 in (14) gives

36+1 1

| = unpll,, < Clog(N) > N2

Hence in the case p; = 1, the result of Proposition 3 is not sharp. This is a
consequence of Lemma 8 and more precisely of Theorem 2.1 from [8]. Indeed, in this
paper an approximation result for continuous piecewise polynomial elements on
graded meshes is obtained in the H!'-norm. However the term of ll[p, 5 containing
the mesh-dependent norm involves only the L?-norm in space. Hence in principle,
(16) could be sharpened to

v — (ﬁ%w ®Id)v

2M;

O] I N T Ve 5
hp,xx - \/W ¢ ¢ ’
T pzt1

allowing us to prove a better bound in Proposition 3. In fact, choosing N, ~ o,
yields for p; > 1

— Pay —
bl x

(P +1)(6+1) = Pz
1=l < € max (log(y) =R sy )

z+1)(5+1 z+1
(» 4)( )+5N_p ol

= C'log(N)

In that case, pr = 1 gives the result from Proposition 3.

3.8.2 hp-approzrimation for the spatial variable

In order to deal with an hp-approximation in the spatial component of u, we
consider the following classes of functions. The reason is that they describe the
regularity of solutions of elliptic equations when the associated right-hand side is
analytic and hence we expect the same kind of behavior for the spatial component
of solutions of parabolic equations. However, to the best of our knowledge, this
result can not be found in the literature. Let 8 = (81,...,81) € [0,1)F and the
weight function @4 defined for z € D as

L

Pp(x) = H(rj(m))'gj, ri(z) ;== min (1, |z — 4;]), i=1,...,L.
j=1

Then for m > 1 > 1 and a Hilbert space H, H;n’l(D; H) is the space of functions
v € L?(D; H) for which

2 2 2
HUHH;"J(D;H) = ||UHH"—1(D;H) + |’U|Hgl'L(D;H) < 00,

where

m
2
|”|§{g”(D;H) = Z Z ||¢/3+k—lagv||L2(D;H)'
k=l |a|=k
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Definition 2 For I > 1, v € Blﬁ(D;H) ifve HET’Z(D;H) for all m > [ and there
exist C > 0 and d > 1 such that for all £ > [ it holds

Y 1 2s1k-1020]| po gy < O™ T (k=14 1).
|| =k

Functions in B%(D; H) are globally continuous, analytic inside D and contain
potential algebraic singularities at the vertices Aj,..., Ar. We then consider an
hp-discretization in D. Given a grading factor o, € (0,1) and M, € N, we consider
a mesh Tfu u, of D which is exponentially graded towards the corners and has
elements of fixed size away from 9D. The idea is similar to the construction of
Tt . .M, Furthermore, given pz > 0, we consider a polynomial distribution ph® over
TF ur, such that phe|,. =
i E {1,..., L} with A; € K. We then suppose that p4® increases linearly with slope
1z away from the corners and is constant and proportional to Mz over the elements
of fixed size of 77 , . A precise description of how to build 77 ), and py_ M,
and a proof of the followmg Lemma can be found in [17, Chapter 4] Again, using
the same procedure as in the proof of Lemma 4, we obtain the following result.

= 1 for an element K € 7 ), such that there exists

Lemma 9 Let o € (0,1) and assume that u € B%(D;H1 (I)). Then there exists
pz,0 > 0 such that for any pe > pe0, there exist C,b > 0 satisfying for Mz € N

[ _phe Dt _ %)
Hu (WTI N ®Id)uth7** < C\/Wexp( bNZ ). (18)
Proposition 4 Let f € L?(D;%°(I)) for some § > 1 and u € Bg(D;Hl(I)). For
ot,0z € (0,1) and My, My € N, let further ﬁt,Mt be defined through (12) and T »f

- PR 1
be as above. Moreover, for a given b > M, assume that c1bN; < bMy < cabNy
for some 0 < c1 < ca < 1, where b is defined in (18). Then there exists put0 > 1 and

ptz,0 > 0 such that choosing py = {/itMtéJ for any pt > pro and poe > pe,o, there
ezists C > 0 satisfying

vl < Coxp (i), (19)

where upy, is the solution of (9) in the space Vi, = Sggz (D, T3 ) @86 (I, ﬁt,Mt)
and N = dim (V).

Proof Let pto and peo be defined in Proposition 2 and Lemma 9, respectively.
1 1
From (10), (11) and clgNg < M < CQ%NQ?, there exists C' > 0 such that

5 — M 1 My
||u—uthhp <cC (Mt o, % exp (—bN;S) +o0,° >
1 ~ My 1
<C (exp (—be + bMt> +o0,° > < Cexp (—cNf) ,

1
for some ¢ > 0. From M; ~ N7 and N; ~ Merl, we then have N = NpN; ~

148 .
N, ' 3 |, yielding the desired result.
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4 Numerical results

In this section, we provide numerical evidence of Theorem 1. Let us consider
I=D=(0,1), A=1 and the exact solution

u(z,t) == t3/42%2(1 - 2). (20)

In that setting, we have that u € H2(D;9"3/*(1)) n H}(D;9"3/*(I)) so that we

can apply Remark 1 with § = 1. Hence for every o, € (0, 1), there exists pz0 > 0
M.

such that defining ps = | ¢ My | for any pi > p4,0 and considering ha ~ O'tTt it holds

S(d+1)+1

Hu - uhPth < Clog(N) 4 N~ = Clog(N)®*N~*.

In Figure 1, we present convergence results for different values of o; and p¢. We see
that in all the cases, the expected rate can be observed. Furthermore, the results
indicate that the error can be decreased by decreasing o+. However, we point out
that the value of p; needs to be increased whenever o+ is decreased to obtain the
desired convergence, yielding a faster increase in the total number of degrees of
freedom.

10!

oo 5=0.7,u=0.4

. —— e 0=0.6,u=0.5
e
e B8 0=0.5,4=0.5
~— \o\.\‘
< el

.
S a4 0=0.4,pu=0.7

A
“\1 \\\.\\ v v 0=0.3,u=0.8
B >

e > 0=0.2,5=1.0

=
o

[N}
<

¥ A o o

v —unlln
<
/
=]
/

—
o
©w
/
/

10° 107
_N
log(N)®

Fig. 1 Convergence of the approximation of (20) in the framework of Theorem 1 for different
pairs of parameters (o¢, put). The expected convergence rate can indeed be observed for all the
pairs.

5 Conclusion

In this paper, we developed a coercive space-time variational formulation for linear,
parabolic evolution equations on finite time intervals. Coercivity was expressed in
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terms of mesh-dependent norms, which involved both, size of time-interval (time-
step) and polynomial order of the time discretization. The formulation generalizes
recent, “h-version” mesh-dependent formulations developed in [20,12]. Quasi opti-
mality of the Galerkin discretization in this setting is established to hold for general
space-discretizations. Ezxponential convergence rates of hp time-semidiscretizations
was established under Gevrey-type parabolic regularity. For full hp discretizations
in both spatial and temporal variables, likewise an exponential convergence rate
bound was proved, under the assumption of analytic regularity of the solution
expressed in countably normed spaces as are typically encountered in elliptic reg-
ularity theory in nonsmooth domains. Numerical experiments for a model problem
with a model singular solution confirmed the exponential convergence estimates.
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