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ENTROPY-STABLE SPACE-TIME DG SCHEMES FOR NON-CONSERVATIVE
HYPERBOLIC SYSTEMS.

A. HILTEBRAND, S. MISHRA, AND C. PARES

ABSTRACT. We propose a space-time discontinuous Galerkin (DG) method to approximate multi-dimensional
non-conservative hyperbolic systems. The scheme is based on a particular choice of interface fluctuations. The
key difference with existing space-time DG methods lies in the fact that our scheme is formulated in entropy
variables, allowing us to prove entropy stability for the method. Additional numerical stabilization in the form
of streamline diffusion and shock-capturing terms are added. The resulting method is entropy stable, arbitrary
high-order accurate, fully discrete, and able to handle complex domain geometries discretized with unstructured
grids. We illustrate the method with representative numerical examples.

1. INTRODUCTION

1.1. The model. We consider multi-dimensional systems of hyperbolic partial differential equations (PDEs)
of the non-conservative form,

d
(1.1) U+ AU, =o.
k=1
Here, the unknown vector U = U(xy,...,24,t) € RN, (z1,...,24) and ¢ take values in a domain  C R? and
[0, T respectively, and A*(U) € RV*N k =1,...,d, are smooth matrix-valued functions.
If there exist d flur functions F!, ... F? satifsying:f
(1.2) AFU)=FY, k=1,....d,

where the subscript U denotes the Jacobian of a vector function or the gradient of a scalar function, then the
system can be written in conservative form

d
(1.3) U, + Y FHU),, =0,
k=1

resulting in the well-known systems of conservation laws [11]. We are specifically interested in the case in which
these flux functions do not exist and one has to consider the general non-conservative form (1.1).

Many problems of interest in physics and engineering are modeled by the non-conservative hyperbolic system
(1.1). Prototypical examples include the multi-layer shallow water equations and the governing equations of
compressible multi-phase flow.

In light of the above prototypical examples, it is reasonable to assume that the system (1.1) is equipped with
an entropy-entropy flur pair (S, Q) where S : RY — R is a strictly convex function and Q = (Q*,...,Q") is a
function from R to RY whose components satisfy the compatibility conditions,

(1.4) Qu(U) = VT 45(U),
where
V = Suy(U)

are the so-called entropy variables.
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On account of the strict convexity of .S, the mapping U — V is one-to-one. Consequently, one can rewrite
the system (1.1) in terms of the entropy variables as

d
(15) UV + Y A VIV, =0,
k=1
where
(1.6) AE(V) = AHU(V)) Uy (V).

For notational simplicity, the tilde in (1.5) is dropped subsequently and the equations in the entropy variables
are written as

d
(1.7) U(V), + Y AH(V)V,, =0,
k=1

We are interested in approximating entropy solutions of (1.1) or (1.7), i.e. weak solutions that satisfy the
entropy inequality

(1.8) SV)i+ > Q¥ (V)s, <0,

in the sense of distributions.

1.2. Mathematical Framework. As is well-known, solutions to the system (1.1) develop discontinuities in
the form of shock waves (and contact discontinuities), even when the initial data is smooth. Hence, one needs to
interpret the solutions of (1.1) in a weak sense. However, the non-conservative products of the form A*(U)U,,
cannot be defined in the sense of distributions at the discontinuities of the solution U. A possible solution to this
difficulty was proposed in [13], where the authors define these non-conservative products as Borel measures. This
theory allows one to define the nonconservative products as bounded measures for functions U with bounded
variation, provided a family of Lipschitz continuous paths @ : [0,1] x RY x RNY — R¥ are prescribed. This
family must satisfy certain regularity and compatibility conditions, in particular

d(0;U_,U,)=U_, &L;U_,U;)=U,, &(sU,U)="U.

Once the nonconservative product has been defined, one can define the weak solutions of (1.1). In particular,
across a discontinuity, a weak solution in the sense of [13], has to satisfy the generalized Rankine-Hugoniot
condition

1 d
(1.9) o(Up -U_) = / > AK@(5,U_,U4))0:®(s; U, Uy )vids,
0 k=1
where o is the speed of propagation of the discontinuity, U_ and U are the left and right limits of the solution
at the discontinuity, along the normal direction to the shock given by the vector 7 = (v!,...,v%). We note
that (1.9) reduces to the usual Rankine-Hugoniot condition when (1.2) is satisfied and the system (1.1) can be
written in the conservation form (1.3).

Unfortunately, the concept of weak solutions as outlined above depends on the chosen family of paths.
Different families of paths lead to different jump conditions, and result in different weak solutions. A priori,
the choice of paths is arbitrary. Thus, a crucial question is how to choose the correct family of paths in order
to recover the physically relevant solution.

In practice, a hyperbolic system such as (1.1) is obtained as the limit of a regularized problem when the
high-order terms (corresponding to small-scale effects) are neglected. For instance, it may be the vanishing
viscosity (e — 0) limit of the following parabolic system,

d d
(1.10) U, + > AHU)U,, =€ > (R*(U)U,,)a,
k=1 k=1
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with an elliptic second-order viscous term. In this case, the correct jump conditions (corresponding to the
physically relevant solutions) should be consistent with the viscous profile, i.e, with the traveling wave solutions
of the regularized problem (1.10): see [24, 25].

1.3. Numerical schemes. A large number of numerical methods have been proposed to approximate the non-
conservative hyperbolic system (1.1), see [25] and references therein. A particularly attractive framework is
provided by the path-conservative schemes, first proposed in [26]. These schemes are designed to be formally
consistent with any particular choice of path for the definition of the non-conservative product and the weak
solution for the system (1.1). This framework allows to extend to nonconservative systems well-known families
of conservative numerical methods. Moreover, they can be easily extended to high-order of accuracy by using
reconstructions operators [5], central schemes [10], discontinuous Galerkin methods [27], ADER methods [14],
[12]. A review of the latest developments on path-conservative schemes is provided in [9].

However, path-conservative numerical schemes for approximating (1.1) may not converge to the physically
relevant weak solution when the mesh is refined. As alluded to in [20] and first demonstrated in [6] (see also
[1]), this lack of convergence can be observed even when a path that corresponds to the small-scale limit of
the regularized problem (1.10) is chosen (via the viscous profiles of (1.10)) and a path-conservative scheme,
consistent with this correct path, is designed. This lack of convergence has been explained in terms of the
equivalent (modified) equation, corresponding to the underlying finite difference scheme [23, 6, 25, 4] and
references therein. Briefly, the second-order terms of this equivalent equation are determined by the numerical
viscosity of the underlying method and do not necessarily match with the physical viscosity in (1.10). Hence,
one observes convergence of the resulting scheme towards a different weak solution.

One promising solution to this vexing problem of lack of convergence of path-conservative schemes was
provided in [8]. In this article, the authors designed path-conservative finite-difference schemes that were also
entropy stable i.e, they satisfied a discrete version of the entropy inequality (1.8). The construction of these
entropy-stable path-conservative schemes was based on the design of path-conservative fluctuations that resulted
in a discrete entropy identity and adding suitable amount of numerical viscosity, for instance modeled on the
physical viscosity of (1.10). In [8], the authors chose a simple path, corresponding to straight line segments of
the form,

(1.11) O(s;U_,U;)=U_+s(Uy —U_).

Numerical experiments showed that this approach was quite successful in providing stability and in approxi-
mating the physically relevant weak solution for several prototypical non-conservative systems.
On the other hand, these entropy stable path-conservative schemes of [8] had several limitations namely,

e They were (formally) first-order accurate.

e They were only defined on Cartesian grids in several space dimensions.

e These schemes were semi-discrete. Using standard SSP Runge-Kutta methods to solve the resulting
ODEs destroyed the entropy stability properties of the scheme.

1.4. Aims and scope of the current paper. Given the above limitations of the entropy-stable path-
conservative schemes for approximating the non-conservative hyperbolic system (1.1), our main aim in this
paper is to develop a fully discrete, arbitrarily high-order, entropy-stable scheme for approximating multi-
dimensional non-conservative hyperbolic systems. We would require that this scheme can also be defined on
unstructured grids in-order to be able to handle problems on domains with complex geometry.

To meet these objectives, we propose a shock-capturing streamline-diffusion space-time discontinuous Galer-
kin (DG) finite element method for approximating (1.1). Such methods were proposed in the context of systems
of conservation laws (and convection-diffusion equations) in [22, 21, 2] and references therein. Recent results on
this discretization framework, in the context of conservation laws, were obtained in [17, 18, 19] and references
therein.

Space-time DG methods for systems of conservation laws (1.3) consisted of the following design ingredients,

e The numerical method is based on the formulation of the system in entropy variables (1.7).

e An entropy-stable numerical flux is used to deal with the discontinuities appearing at the element
boundaries, see for instance [28, 2].
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e Streamline diffusion and shock-capturing terms are added inside each element to prevent the appearance
of unphysical oscillations.

A very similar philosophy is followed in this article. The main difference with the corresponding formulation
for systems of conservation laws lies in replacing numerical fluxes across element boundaries, with suitable
fluctuations, that correspond to entropy-stable path-conservative formulations of [8]. Hence, these schemes
can be considered as generalizations of the entropy-stable path-conservative schemes to arbitrary high-order,
unstructured grids, and temporal discretizations. We will design suitable fluctuations, streamline diffusion, and
shock-capturing operators and prove that the resulting space-time DG method is entropy stable. Numerical
examples, illustrating the stability of the method and its ability to converge towards the physically relevant
weak solution will also be demonstrated.

As mentioned above, space-time DG methods, based on underlying path-conservative schemes to account for
discontinuities of the test functions at spatial element boundaries, have been developed for mon-conservative
hyperbolic systems, see [27], [14], [12]. There are many similarities between these methods and the one pro-
posed here. However, the key novelty in our method lies in its formulation in terms of entropy variables and
the consequent use of entropy stable path-conservative fluctuations. These ingredients are crucial in proving
entropy stability for the method. In contrast and to the best of our knowledge, entropy stability cannot be rig-
orously established for previously developed space-time DG methods, even when entropy-stable path-conservative
fluctuations are chosen to take spatial discontinuities into account.

The outline of the paper is as follows: first, the general form of the space-time entropy stable discontinuous
Galerkin methods for solving (1.1) is described. Next, the discrete entropy inequality is proved. In Section
4 these methods are applied to the 1d and 2d two-layer shallow water equations and the accuracy and the
convergence properties of the scheme are investigated. Finally, some conclusions are drawn.

2. THE SPACE-TIME DG SCHEME
In the following, we specify how the space-time DG formulation of [17, 19] for conservation laws can be

adapted to non-conservative systems. We start with the definition of the space-time mesh.

2.1. The mesh. At the n-th time level t?, we denote the time step as At” = ¢! — ¢ and the update time
interval as I™ = [t",¢"*1). For simplicity, we assume that the spatial domain Q C R? is polyhedral and divide it
into a triangulation 7T, i.e., a set of open convex polyhedra K C R? with plane faces. Furthermore, we assume
mesh regularity [21]. For a generic element (cell) K, we denote

Az = diam(K),
N(K)={K' €T :K # K Ameas;_1(KNK') > 0}.
The mesh width of the triangulation is Az(7) = maxx Az k. A generic space-time element is the prism:
K x I

We also assume that there exists a constant C' > 0 such that (1/C)Ax < At" < CAz for all time levels n.

2.2. Variational formulation. Following [28, 2, 17, 19], we approximate the equivalent representation of the
non-conservative system (1.7) by a DG method. On a given triangulation 7 with mesh width Az, we seek
entropy variables

2.1) VAT eV, = (Py(2 x [0,7]))"
’ ={W e (L' x 0, T}))m : W|gx» is a polynomial of degree p in each component}
such that the following quasilinear variational form is satisfied for each W2? ¢ Vp:

(2.2) B(VAT WA := B (VA WAT) 4 Bep (VAT WAT) 4 By (VAT WAT) = 0.

It consists of three parts, which we will describe in the following.
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2.3. The DG quasilinear form. Following [8], the DG form for non-conservative systems is based on fluctu-
ations rather than on numerical fluxes: a first-order path-conservative method for (1.1) is given by

At"
1+1 - .
(2.3) Urtl = uy - & > 10k | DT (U, Ul vicicr).
K'eN(K)
Here U’ is an approzimation of the average of the solution at the element K at time t*, |K| and |0k k|

represent the Lebesque measures of the element K in R® and of its intersection with K' in R*~1. The so-called
fluctuations D™ satisfy

(2.4) D~ (U, U;v) =0

and the path consistency condition
1 d
(2.5) D (U_,U,;v)+ D (U_,Uy;v) :/ D AR(®(s;U_,UL))0,®(s; U_, U )vids,
0 5 _

where @ : [0,1] x R™ x R™ — R™ is the chosen family of paths, with the definition
(26) D+(U*aU+;V) = D_(U+7U7;_V)'

Notice that (2.5) is a formal consistency condition related to the chosen family of paths.
The fluctuations are assumed to be functions of the entropy variables and to satisfy:

d

(27) <V*7D_(V*7V+; V)> + <V+7D+(V*7V+; V)> = Z(Qk(VJr) - Qk(V*))Vk
k=1
This is the key requirement on the form of the fluctuations that will enable us to prove the entropy stability.
In [8] the existence of fluctuations satisfying (2.7) for any family of paths has been shown.
The condition (2.7) will not lead to a sufficient amount of numerical diffusion. Therefore, the fluctuations
are supplemented with a diffusion operator

(2.8) D(V_,Vii0) = D™ (Vo Viiw) — SR(V_ Vii0)(Vi — Vo),

where the numerical viscosity matrix R(V_, V;v) is assumed to be positive and to satisfy the symmetry
property
(2.9) R(V_,Viiv) = R(V4,V_;—v).

For instance, a Rusanov type diffusion term can be used, which is given by

(2.10) R(V_,V;v) = emax{[Amax(V=;7)|, [ Amax(V4+; )|} Uv (V) ,

where \pax(U;v) is the maximal wave speed in the direction of v, i.e. the largest (in amplitude) eigenvector of

the matrix:
d
= Z l/kAk (U
k=1

The form Bpg is then given by
BDG ('VA.’L'7 WAJ)

d
:Z/ /(—( U(VAT), W) 43~ (AF(var) Vﬁ’”,WM>)dxdt
nk /I K k=1
+3 /K (UOV2E, VAR WA Jdo = 3 [ (UVAT VAT, WA ) do

(2.11) +y > / (D(VR™, VR vkkr), WR) do(z)dt.

n,K K'eN(K) ‘9KK’
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It can be obtained as follows: multiply the non-conservative system (1.1) with a test function, integrate over
space and time, and perform an integration by parts in the temporal direction. The fluxes at the temporal
element boundary are replaced by numerical fluxes U, and at the spatial element boundaries, the fluctuations
D are introduced to take into account the discontinuities of the test functions: notice that, according to (2.4),
they vanish when the functions are continuous at the edge of an element.

Upwind fluxes are used for the temporal numerical fluxes

(2.12) U(V_,V,) =U(V_).

This ensures causality and allows us to march in time.
Inserting the numerical fluxes and the fluctuations into the form Bpg (2.11), we obtain

Bpg(VAT, WAT)

,,Z[;/n /K( <U(VAm),WtA:r> + Zd: <Ak(VA$)V$]:L”WAz>)dxdt

k=1

+Z/ <U(Vﬁf1,7)vwﬁf1ﬁ>dx— Z/ <U<V§,gﬁ),w7ﬁﬁ>daj
n,K K K K

(2.13)
+>) / / ((D—(V%?”,Vﬁg;yﬁl{,),v‘;@f>)da(x)dt
nK K'eN (k) 71"/ Oxxr
1 . ) )
50 D / / (ROVRZ, — VRL), WR ) do(a)d
nK K'eN(K) " Ok
where

R=R(V_,V ).

Remark 2.1. If this method is applied to a system which is actually conservative, i.e. A¥(V) = F%,(V), the
DG form reduces to the one presented in [17, 19] for conservation laws. In this case, the entropy-conservative
fluctuations can be expressed using an entropy-conservative flux F**: see [8].

d d

(2.14) D (V_, Vi)=Y FF*(V_,Vih =Y F(V_ )k

k=1 k=1
Inserting this expression into (2.13) and applying integration by parts once leads to the claimed statement.
2.4. Streamline diffusion operator. The DG formulation so far only adds diffusion across the boundary
of each space-time element. There is yet no stabilizing diffusion inside each element in order to damp down
unphysical intra-element oscilations. Therefore, a streamline diffusion operator is added in [19], which can easily
be adapted to non-conservative systems. The equation residual (or intra-element residual) is now

d
(2.15) Res := U(VA7), + Y AF (VA7) VLT,
k=1
The streamline diffusion operator is then given by

Bsp (VAT WAT)

(2.16) _ Z/M /K <<UV(VAx)WtAw +§:1Ak(VAw)w§kw),DSDRes> dxdt.

n,K

The only difference with the conservative case is that, here, the flux Jacobians are replaced by the matrices A*.
The scaling matrix

(2.17) DSP .= CSPA"UGH (VAY),

with a positive constant CSP remains unchanged.
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2.5. Shock-capturing operator. The experience in the case of equations in the conservation form (1.3) shows
that streamline diffusion does not suffice in controlling intra-cell oscillations: see [19] and references therein.
Therefore, an additional shock capturing operator is employed, which is similar to the one in [2], and can be
easily adapted from the one in [19]. It is given by

BSC (VAI, WAw)

(2.18a) - 2
a :7;(/" /KDrsL,CK <<WtA$7UVVtA3f> + Z At” <WxA:aUVV$f>>dmdt,

k:l

with fJ\\// = Uv(\N/'n, k) for brevity and

~ 1
Vog=—"+-—"+ VA (g, t)dzdt
KT meas(I™ x K) /In/K (=, t)dwdt,

being the cell average. The scaling factor is

5o At"C5CRes, k + (At")2 CS BRes,, k

n,K —
\/ Jin fK VM JUVVAT) + Z dc (VA ,UVVM>> dudt + €

)

(2.18D)

. _ 0
with € := |K\§(At")71 (ﬁ?ﬂ)) and 6 > 1/2 (chosen as 1). It relies on the integrated intra-element residual

(2.18c¢) Res, k = \// / (Res, Uy (VAZ)Res) dxdt
mJK

and on the integrated boundary residual

BRes, x = (/U(vﬁjﬁ) S UV e

(2.18d)

N

n
o f [ A ot vt

I™ Opeger

2

3. ENTROPY STABILITY

We consider the entropy stability of the shock-capturing streamline diffusion space-time DG scheme below.
Although the proof follows the steps of the corresponding results for systems of conservation laws in [17], it is
fully developed here for the sake of completeness.

Theorem 3.1. Consider the non-conservative system (1.1) with a uniformly convex entropy function S and
entropy flur functions QF (1 < k < d). For simplicity, assume that the exact and approvimate solutions have
compact support inside the spatial domain ). Let the final time be denoted by t™. Then, the streamline diffusion

shock-capturing discontinuous Galerkin scheme (2.2) approzimating (1.1) is entropy-stable, i.e. the approximate
solutions UA* = U(VA®) satisfy

(3.1) /Q S(UAT(z,t))dx < /Q S(UAT(z,t° ))dz.

Proof. To prove entropy stability, we proceed to show a series of claims.

Claim 1: The streamline diffusion operator (2.16) is positive, i.e.

(3.2) Bsp (VAT VAT) > (),

Setting WA? = VAT in (2.16) (notice that VA¥ € V, and thus it is an admissible test function) we obtain
By (VA2 o)
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d
=y / / < (UV(VM)VtM + Ak(vﬂw)vg%) : DSDRes> dxdt
ng IR k=1
d
= Z/ / <<U(Vm)t +y Ak(VA””)fo) : DSDRes> dxdt
n kI K k=1

:Z/ /<ReS,DSDRes>da:dt (from (2.15)),
nK /I K

2C’CSDA:UZ/ / |Res||2dzdt
R

(3.3) > 0.
Claim 2: The shock-capturing operator (2.18) is positive, i.e.:
(3.4) Bsc (VA% VAT) > 0.

First, we observe that the uniform convexity of the entropy function .S implies that the matrices Uy and U\_,1
are positive definite. This implies that the term D7SL7CK is real and positive.
We set as test function WA = VA7 in (2.18a) and obtain

Bsc (VAT VAT
d 2
= / | /K DS,CK<<VtAz7fJ;VtAr>+Z (i%z) <VA5;,VA>> ot
n,K "

zZAlpicK/ / |Vt VAT ||2ddt
ik i Jk

> 0.

(3.5)

Here, A\ is the smallest eigenvalue of the positive definite matrix Uy,. If Uy is uniformly positive definite, one
obtains Ay > 0.
Claim 3: Define the spatial part of the DG form Bpg (2.13) as

d
B (VAT WA?) = Z /ln /K Z (AF(VAT)VLRT WAT) dydt

n,K k=1

+ Z // (D™ (VR™, VR vk ), WR™) dodt
nJo

n, KK’ KK
1 .
(3.6) -5 > / / <wfg,, R(VE", — V;‘(iﬁ)> dodt.
n, K, K’ nJ Oy gt

We claim that
(3.7) By o (VAT VALY > 0.
From the compatibility of the entropy flux (1.4), we obtain
(A*(V)V,,, V) =Q"(V)vV,, =QF(V),,, k=1,....d
Therefore,

d d
AF(VATYVET VAT dpdt = QF(VAT),, drdt
> =3 [ 2

k=1

d
= /In /a > QMVRT Vg dodt.,

n, KK’ KK/ k=1
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Using the above identities, we obtain

Bf) (VAx VAz)
— Z/ / Ak VAI)V;CAkzyvAI>dl'dt
K =1
+ Z / / VAJ;7VK+7VKK’) VK >d0dt
n,K,K’ Ok
/ / VRLLR(VRS, = VRL) ) dodt
nKK’ " SOk K
d
- Z / / ( VAT—7VK+7VKK’) Vﬁfﬁ_>+ZQ (VA“” )y}C{K,> dodt
n K, K7™/ Ok K P
/ / V& R(VE® V;‘(f_)>dadt
nKK/ ™ J Ok

= / / ( K—?VK_HVKK/ V?A(ﬂ? >—|—ZQ V )VKK’> dodt
n aKK/

nKK’ k=1

d
Z / / ( (VR V" vk k'), Vﬁf_>+ZQ (V& )VKK’> dodt
" 8KK/

nKK’ k=1

T[] (v RV - Vi) do

nKK/ KK/

(3.8) Z / ) /8 V& R(VRT, ﬁf_)>dadt.

nKK’ KK’

Changing the roles of K and K’ in the second and fourth summands and rewriting the arguments of the sums,
the above expression reduces to

BD (VAI VAm
Z / / < (VR VRS vkr:), VRS ) + (DY (VR VRS vk ), VL)
n,K,K' nJ Ok gt
d
- @ V) - QVRE ke ) o
k=1
(39) =0 from (2.7)
P / / Ry - VRLR(VRL - VRT) ) dodt
n,K,K’ ™ J Ok g

/ / V — VAT R(VET, — V@f_)> dodt
K K’ n SKK/

>0 (as R is positive).
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Claim 4: Define the temporal part of the DG form Bpg (2.13) as

Bha (VA7 WA7)
:_Z/ / U(VA®), W) dadt
+3 [ quvan,) Wi,y [ (oevie) W) ar
n,K K

(3.10)

We claim that

(3.11) Bl (VAT VAT) > / S(UVA (2, £Y)))da — / S(UVA(2,49)))da.
Q Q

Setting WA? = VA7 in (3.10), we obtain

BDG (VAm VAz

= —Z/n/ U(VA?), VAT dadt
*3 - [ qoevan . vin ) > > [ o) Vit
= Z / ) / U(VA?),, VA dadt  (integrating by parts)
- ZL<U(Vﬁf1,_),Vﬁfl,_>dx+Z/}((U(V,ﬁﬁ),vﬁmdm
+ Z/ U(VRE ), Vit ) de — Z/ (U(VE7),VaL ) da
= Z / ) / U(VA?)),dzdt (definition of entropy variables)
-3 [ (wevan) - uev) vas) i
- /K (S(U(VAE, 1)) — S(U(VE®)) do
- Z/ U(VAZ)) = S(U(VAL))) da

*Z/< U(VRT) = U(VR1)), Vi) da.
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Following [28, 2], we define V() = V42 + H(Vﬁfi —VRE)=0VE® + (1 — H)Vﬁﬁ_ and compute

S(U(VRT)) = S(U(VEY)
:/0 d%(S(U(V(G))))dQ

_ / (Su(U(V(6))), Uv(6) Vo(6))db
0 N — ~——

(3.12) e vaz Yves

1 1
- / (VA2 Uy (0)Vy(0))d0 + / B(VAT — VAT) Uy (0)(VA® — VAT ))dg

1
= (VA5 U(VE™) = U(VeL)) +/O O((VET —VE), Uy (0)(VAEZ — VEZ))db.
Thus, we obtain
B]tZ)G (VAZL” VAac)

= [ S(UVA (2, t¥)))dz — [ S(UVA?(x,°)))dz

A1
+) ) /K Ve — VAT |[2dx
n,K

(3.13) > / S(U(VA%(z,t)))dx — / S(U(VAZ(z,t°)))da.
Q Q
The proof is finished by combining the four claims:

BDG (VALE’ VAx) + BSD (VAZ’ VAw) + BSC (VAI, VACD) =0
= Bho(VA", VAT) + By (VA7 VAY) 4+ Bsp (VAY, VAT) + Bso(VAY, VAT) = 0

= /QS(U(VA””(x,tiV)))dx—/QS(U(VM(x,tQ)))dx§0

= /QS(U(VM(;U,tiV)))dxg/QS(U(VM(x,tS)))dx.

11

O

Remark 3.2. Observe that Theorem 3.1 this result implies the stability of the total entropy only for the specific

entropy pair chosen to design the entropy stable fluctuations.

4. NUMERICAL EXPERIMENTS

In this section, the method (2.2) is applied to several test problems. We will approximate the two-layer
shallow water equations as a prototypical example of non-conservative hyperbolic systems. We start with one-
dimensional problems and, for simplicity, the notational reference to the dimension is suppressed, e.g. we will
write A instead of A'. The parameters in the scheme are set to CSP = 10, C5¢ = 1, and CS€ = 0 and a CFL
number of 0.5 is applied. The shock-capturing streamline diffusion space-time DG method leads to a system of
nonlinear algebraic equations at each time step. These equations are solved with a damped Newton method as

described in [17, 19].
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4.1. Two-layer shallow water equations. As a first example, we consider the two-layer shallow water equa-
tions that model the flow of two superposed immiscible fluid layers (see [8]):

(h1): + (hiu)z =0,

(h2)t + (hauz)s =0,
(hiu1): + (%ghf + hl“%)w = —ghi(h2)e,
(housa): + (%gh% + hgug) = —gha(rhi)..

x

(4.1)

Here, hy and hsy represent the thickness of the layers, while u; and us represent their depth-averaged velocities,
g is the gravitational constant, and r is the ratio of the layer densities p; and ps.
In order to write (4.1) in the nonconservative form (1.1), we define

h1 0 0 1 0

_ ho _ 0 0 0 1

(42) U= h1U1 A(U) o ghl — ’U,% gh1 2U1 0
hots rgho gha —u3 0 2uy

An entropy pair for the two-layer shallow water equations is given by

2
S(U) = ij ($hjuf + 59h3) + gprhiha,
(4.3) J?
Q(U) = ij (%hju? + gh?) uj; + gplhlhg(ul + UQ).
j=1

Thus, we reformulate (4.1) for the computation in terms of the entropy variables

p1(=5ui + g(h1 + ha))
p2(—5u3 + gha) + prgha
pP1UL
pP2U2

(4.4) V=

We use fluctuations that are based on the scheme presented in [8]. They are given by
(4.5) D~ (V_,Viiv) = (F(V_,V.) ~F(V_) + B(V_, V),

where v = +1 and

EUT hiuy 0
hotiy hotusg 0
4.6 F* V_,V — J— - , F(V) = s BV_,V - T )
(4.6) ( +) %g}ﬁJrﬁulQ (V) lghz + hluz ( +) %iﬂhg]]
3903 + houz® 292 + hauz 5 hal]
where
. w— +wy
w = T, [[U}H = ’LU+ — Ww_

for any variable w. These fluctuations satisfy the consistency conditions (2.4) and (2.5) for the family of straight
segments (1.11), as well as the entropy conservative condition (2.7). Moreover, the Rusanov-type diffusion (2.10)
is added to the fluctuations.

4.1.1. Smooth solution. We start with a smooth solution to test the high-order accuracy of the schemes. For
this problem, we set ¢ = 1/2 and r = 0.9. The initial data is
) hi =14 0.5exp(—(52)%), w3 =0,

' hy =14 0.5exp(—(5z)%),  wuy =0,

and we compute on the domain [—1,1] up to the time 7' = 0.2 so that the solution remains smooth. The
reference solution was computed on a grid with 320000 cells using centered finite differences and SSP RK2.



ENTROPY-STABLE SPACE-TIME DG SCHEMES FOR NON-CONSERVATIVE HYPERBOLIC SYSTEMS 13

10°

1072} \
1.0
107
20
3.0
N ]

10% 10° 10*
number of cells

relative L'-error

FIGURE 1. Order of convergence of the scheme for the two-layer shallow water model with a
smooth solution.

Figure 1 depicts the convergence for various polynomial degrees p for scheme (2.2). A convergence rate of
almost p 4+ 1 is observed, demonstrating the high order of accuracy of the scheme. Moreover, even on the
coarsest meshes, the amplitude of the error is much smaller for higher polynomial degrees, clearly indicating
the advantage of using high order methods over lower order methods, at least in this smooth test case.

4.1.2. Riemann problem. Next, we investigate the numerical approximation of weak solutions of the two-layer
shallow water equations. As discussed in the introduction, the definition of weak solutions depends explicitly
on the choice of the family of paths that connects the left and right states across a discontinuity. A particularly
good choice of path will correspond to a (reparametrization of) the viscous profile for the underlying parabolic
system.

Following [8] and references therein, we consider (4. 1) as the vanishing-viscosity limit of the system:

(h1)t + (hiuy)z =
(48) (h2)t + (houg)y =
(hau1)s + (29h2 + hl%)gc = _ghl (h2)z + €(h1(u1)z)a,
(houz): + ( gh3 + h2u2) = —gha(rh1)s + €(ha(u2)e)a-
To write (4.8) in the viscous form (1.10) we must define
0 0 00
(4.9) R(U) = _(Ll o
0 —ug 0 1

Let us consider the Riemann problem with initial data given by

1.376 0.37
0.6035 1.593
(4.10) Ur=1 go1019 |° Y= _0.1868
—0.04906 0.1742

As in [8], we consider g = 9.81 and r = 0.98. The spatial domain is the interval [0, 1] with the initial discontinuity
located at x = 0.5. The flow is evolved up to the time 7" = 1. The reference solution was computed by discretising
the equation for the viscous profiles corresponding to the regularisation in (4.8): see the Appendix for details.

Figure 2 shows the numerical approximation of hy (that corresponds to the interface between the two layers)
for different values of p and number of cells. These approximations are compared against the reference solution.
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Notice that, for p = 0 (piecewise constant basis functions), the Rusanov diffusion operator leads to very smeared
profiles. This is due to the fact that, for the chosen values of the constants, the system possess two different
pair of eigenvalues: the so-called external ones that correspond to barotropic waves, and the internal ones, that
correspond to baroclinic waves. The external eigenvalues are much larger in amplitude than the internal ones,
thus the slower baroclinic waves are more smeared by the numerical viscosity. The waves shown in the Figure
are 2 are internal: the external waves have exited the domain before ¢ = 1. We observe that, for p = 1 and
p = 2, the intermediate state is approximated quite well, albeit with some oscillations in the case p = 2. In the
zooms shown in figures (d), (e), and (f) the convergence error can be clearly observed in the intermediate state.
However, this error decreases with the order of the numerical method.

We remark that the oscillations appearing in Figure 2 are small (they are hardly visible on the non-zoomed
image). Similar oscillations appear in the case of systems of conservation laws (see [17]) although they are of
slightly lower amplitude in that case.

4.2. Two-layer shallow water equations in 2-D. The two-layer shallow-water equations in two space di-
mensions are

(h1)¢ + (hiur)g + (Riv1)y =0,

(ha2)t + (houz)z + (hova)y =0

ghi + hl“%)w + (hurvr)y = —ghi(h2).,

gh} + haul)  + (haugva)y = —gha(rhy)a,

huon)s + (3903 + i), = —ghi (ha),y,
(o).

(4.11)

Y
hg’l}g)t + (hQUQ’UQ)z + (%gh% + hg’(}%)y = —ghg ’I’hl)

Here again, h; and ho represent the thicknesses of the upper and lower layer, respectively; u; and v; are the
velocities of the i-th layer in z and y direction, respectively; g is the gravitational constant; and r = p1/ps the
density ratio of the layers.

In order to write (4.11) in the nonconservative form (1.1), we define

(4.12)

U = (h1, ha, hiuy, houg, hyvy, hzvz)T7
0 0 1 0 0 0 0 0 0 O 1 0
0 0 0 1 0 0 0 0 0O 0 O 1
1 | ghi — u% gh1 2u; 0 0 O 9 _ —UiUo 0 vy, 0 w 0
A(U) = rgho gho—u3 0 2uz 0 0|’ AY(U) = 0 — U2 0 vo 0  w
—U1Us 0 U1 0 wu O ghy — vf ghy 0O 0 2v; O
0 —Ug Vs 0 Vg 0 us rghs gho — v% 0 O 0 2uy

An entropy pair for the two-layer shallow water equations is given by
2
S(U) = i p (3hsuf + 3hyvf + 59h3) + gpihaha,
(4.13) Q'(U) = 23:1 p; (3hiu? + $hv} + gh?) uj + gprhiha(uy + us),
2
QQ(U) = Zj:l Pj (%hjujz + %hjv? + gh?) Uy + g[)lhth(’Ul + ’Ug).
Thus, system (4.11) is written in terms of the entropy variables
T
(4.14) V= (p1(—3u? — 3vi+ g(h1 + h2)), p2(—3u3 — 203 + gha) + prghy, prur, pauz, pivi, pavs2)
The entropy-conservative fluctuations are given now by

(4.15) D (V_,Vyv)=> (F*(V_, V) —FHV_ )+ BY(V_, V))rk,
k=1
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FIGURE 2. Approximation of hs for the two-layer shallow water equation with initial conditions
(4.10) at time t = 1 obtained with the DG+SD+SC scheme using different degrees of polynomial
p and number of cells V..
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where
ETI h1U1 0
7h2u72 h2u2 0
Loh? + hup? Loh? + hiu? 91 [ho]
Flr(V_,V,) = |29 ply) = L gy v, = | 2l
( +) %g@—!— hoTiz? (V) §9h% + hou3 ( +) L halhi]
o hiuivr 0
(4 16) 172172172 housvo 0
. E’Uil hl’l)l 0
7]121)72 hQ'UQ 0
hiur oy hiuiv 0
2, _ ny 2 _ 1U1V1 2 _
F&*(V_, V)= @@@ , F2(V)= Byt , B*(V_,V,)= 0
Lgh3 + Byt boh + v 4 [ho]
1gh% + hov3? 59h5 + havs L holhi]

4.3. Vortex advection. We consider the following smooth solution introduced in [14] to study the convergence
properties:

e — v3y82 exp(2s1)(1 — exp(—2s172)) — v3ys1 exp(2s2)(1 — exp(—2s27?)) + 4h19gsisa(l — p)
1= )
49(1 — p)s1s2
351 exp(2s2) (1 — exp(—2s27%)) — pvipsa exp(2s1)(1 — exp(—25177)) + 4hgogsisa(1l — p)

(417) hQ = 49(1 — p)8182 )

ulzﬂ—v?

sinf, vy = 17+vf cosf,
Uy = — v sinf, vy =7+ vYcosb,
where
v? = roggexp(s1(1 —12)), 08 = rvggexp(sa(1 — r?)),
(4.18) r= /(o —at —e) + (y — ot — ye)?,
cosf = (x —at —x.)/r, sinf = (y—vt—y.)/r

The parameters are given by:

y 52:17

[N

(4.19) Te=09, Ye=09, U=5H, vV=05, 8§ =
.19

vio=13, v0=r15 ho=1, hop=1, g¢g=10, p=~2 =009

The solutions represents the advection of a vortex, whose initial position is given by (z., y.), with velocity (u, ).
h1o and hog are the heights of the layer at the vortex, and v1¢ and vyg is the angular velocity around the vortex.
We consider the domain [0,10]? and compute up to the time 7' = 0.5.

We run the DG+SD+SC scheme on a sequence of unstructured grids of the form shown in Figure 3. Figure 4
shows the convergence for various polynomial degrees p for scheme (2.2). We can observe that the schemes
achieve the order of accuracy of p+ 1, even on these unstructured grids. In addition, a higher polynomial degree
p leads also to a lower amplitude of error, even on coarse meshes.

4.4. Radial dam break problem. We consider the following radial dam break problem, which leads only to
small fast external waves, but large amplitude yet slow moving internal waves. The domain is [—1,1]2. The
initial data is as follows

1.376 < 0.6035 <
(420) hl _ , TSTo ’ By — , TSTo ,
037, r>mrg 1.593, r>rg

where r = /22 + 92 and 7y = 0.4. All the initial velocities are zero: u; = us = v; = v9 = 0. We compute up
to the time T = 0.4, by which the external waves have left the domain.
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FIGURE 3. Unstructured mesh used for the vortex advection problem. Left: 828 spatial cells,
Right: 3312 spatial cells.
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Figure 5 and 6 show the approximate heights of both layers for p = 1 and p = 2, respectively, obtained with
the DG+SD+SC scheme using an unstructured triangular mesh, similar in form to the grids shown in Figure
3. In addition, Figure 7 shows slices of these solutions in the z direction. We can observe that the structure of
the solution is nicely approximated even though the discontinuities are slightly smeared as the meshes are not
very fine. In particular, the solutions are radially symmetric, i.e. no distortion due to the unstructured mesh is
visible. Furthermore, we can see the advantage of a higher polynomial degree as the results are very comparable
even though only 13440 cells are used for p = 2, where as the p = 1 results are based on a finer grid with 53760
cells.

(a) b1 (b) h2

FIGURE 5. Approximate solutions for the radial dam break problem with p =1 and N, = 53760.

(a) h1 (b) ho

FIGURE 6. Approximate solutions for the radial dam break problem with p = 2 and N, = 13440.

5. CONCLUSION

This paper deals with the extension to multidimensional nonconservative hyperbolic systems (1.1) of the
space-time discontinuous Galerkin streamline diffusion shock capturing method introduced in [17, 19]. In this
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FIGURE 7. Slices in z direction of the approximate solutions for the radial dam break problem
with p =1 and N, = 53760 as well as p = 2 and N, = 13440.

method, the equation was formulated in entropy variables and an entropy stable numerical flux was used to deal
with the discontinuities of the test functions at the boundaries of the elements: those are the main ingredients to
prove that a discrete entropy inequality is satisfied. In order to adapt the method to nonconservative systems,
the path-conservative entropy-stable fluctuations introduced in [8] are used to replace the role played by the
entropy-stable numerical flux. The discrete entropy inequality stands for the resulting method. Moreover, the
method has order p+ 1 of accuracy for smooth solutions, where p is the polynomial degree of the test functions
in the elements, as it has been shown in the numerical experiments.

The accurate approximation of the physically correct solutions of a nonconservative systems is a challenging
problem. This is due to the fact that their weak solutions depend explicitly on the underlying small-scale
mechanisms like diffusion or dispersion. This dependency affects even to the very definition of weak solution,
which is not unique: in order to fix the concept of weak solution the small-scale effects have to be introduced,
either by means of the choice of a family of paths, as it is done in the theory of [13] or, equivalently, by
considering the hyperbolic system as the vanishing-viscosity limit of a family of regularized problems. In this
latter case, the correct family of paths is given by the viscous profiles of the regularized problems.

Once the notion of weak solution has been set, the design of methods verifying that the limits of the numerical
solutions are weak solutions according to the prescribed definition is difficult, due to the small-scale effects
implicitly introduced at the numerical level which may be in disagreement with the physical ones. Due to this,
numerical methods in which this small-scale effects are not controlled may fail in converging to the correct weak
solutions, even if a formal consistency with their definition is imposed: see [6].

In [8] it has been shown that entropy stable numerical methods reduce in a significant way this lack of conver-
gence phenomenon, even if they are not consistent with the correct family of paths but with an approximated
one (as the straight-segments family) provided that the numerical viscosity is in good agreement with the viscous
terms of the regularized equations. Therefore, the numerical method presented here, which can be considered as
a high-order generalization of entropy-stable path-conservative methods were expected to inherit this property
and, moreover, to reduce the convergence error with the increasing accuracy. The numerical experiments shown
here confirm expectations.

Last but not least, we have proposed and checked an ansatz for computing reference solutions for Riemann
problems related to 1d nonconservative systems by numerically approaching the viscous profiles of the regularized
systems. This ansatz has been applied to the two-layer shallow-water system.
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APPENDIX A. COMPUTATION OF RIEMANN SOLUTIONS FOR NON-CONSERVATIVE SYSTEMS

We describe here the ansatz followed to find reference solutions for Riemann problems related to the one-
dimensional two-layer shallow water system. This ansatz can be applied to any nonconservative hyperbolic
system:

(A1) U; + A(U)U, =0,

with initial conditions

(A.2) U(z,0) = {U“ v<0

U, z>0

The system is supposed to be strictly hyperbolic and the characteristic fields are assumed to be either genuinely
nonlinear or linearly degenerate, so that the solution of the Riemann problems consists of N simple waves
(shocks, rarefactions, or contact discontinuities).

To fix the ideas, let us consider the case N = 2, i.e. U € R?, and a Riemann problem whose solution is
composed by two shocks:

U;, xz<oit
(A3) U(l‘,t) =qU* ot<z<ost,
IJT7 O'Qt S x

where the shock speeds o1 and o2 as well as the intermediate state U* are unknown. If the system was
conservative, the following 4 x 4 nonlinear system would have to be solved to find these unknowns:

01(U* = U;) = F(U*) - F(U)),

o2(U, —U") = F(U,) — F(U").

Now for the non-conservative case, (A.4) needs to be replaced by the generalized Rankine-Hugoniot conditions

(A4)

o1 (U*—=1U)) = /1 A(®P(s; U, U%))0:P(s; Uy, U")ds,
(A.5) o

o2(U, —U") = /0 A(®(s; U, U,))0:P(s; U, U, )ds.

If the family of paths is explicitly known, we have again a nonlinear system to solve. Nevertheless, if the family
of paths is implicitly given by the vanishing-viscosity limit of a regularized problem

(A.6) U, + A(U)U, = «(R(U)U, ).,

they are given by the viscous profiles as follows: recall that a travelling wave is a solution of (A.6) of the form

(A7) Utat) = (227,

€

satisfying the conditions:

(A.8) lim (€ =U_, lim () =U,, lim ¢(€)=0.
E——o0 £—o0 E——to0
The viscous profile ¢ is thus the solution of the ODE system:
(A.9) —0¢' + Alp)¢' — (R(p)¢") =0,
with the boundary conditions (A.8). By integrating (A.9) and taking into account (A.8) we obtain
(A.10) o(Us-U) = [ A©)e O de,

which is the jump condition consistent with the viscous regularization of the problem. In other words, a pair
of states (U_, U, ) can be linked by an admissible shock if there exists a viscous profile satisfying (A.9)-(A.8)
and, in this case, the path connecting them is, after a reperameterization, the viscous profile .
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In most cases, the ODE system (A.9) cannot be explicitly computed and thus its solution has to be numerically
approximated. We consider here the centered second-order finite difference method:

(A.11)
P41 — Pt Al Pj+1 — Pj-1 Rj+1/2(<Pj+1 - @j) - Rj71/2(§0j - %‘—1) -0 -1 N_1
a 2A€ + (gpj) 2A£ A£2 ) .] [}
wo=U_, onv=U4,

with
Rjii2=R(Pj112)-
The computational domain is [-L/2,L/2] and A{ = L/N. ¢; is thus the approximation of the viscous profiles

at & = —L/2 + jAL. Once the viscous profile has been approached, the integral in (A.10) is computed using
the composite trapezodial rule

N-1

Pi+1 — Pj—1
(A.12) > A(@j)%.

J=1

To approximate the solution of the Riemann problem (A.3), we solve the 4N x 4N system given by:

N1 (pl — (pl
1(U = Up) = ) Alg)) =5,
j=1
(A.13) N1 ) )
X Pit1 — Pj—
o2(U, —U") = A(‘P?)%’
j=1

where cp}, j=0,...,N satisfy (A.11) with ¢ = 01, U_ = Uy, and U, = U*, and @?, j =0,...,N satisfy
(A.11) with 0 = 09, U_ = U*, and U, = U,.

This system is solved by an iterative algorithm. A good initial guess can be obtained by computing first an
approximated solution of the Riemann problem using a standard path-conservative method based, for instance,
on the family of straight segments. This solution will provide an initial guess of the shock speeds and the
intermediate states. Moreover, it will also provide relevant information about the structure of the Riemann
solution.

In the general case, a viscous profile per shock needs to be approximated. In addition, the Riemann invariants
are used for rarefactions or contact discontinuities, either exactly of approximately. In the latter case, the
nonlinear system to be solved is much larger but still feasible.

Observe that the approximation of the viscous profiles involves two errors: first the domain is truncated
to a finite length and second, the differential equation is discretised by finite differences. In order to test the
convergence of the procedure, it is necessary to apply it to a nonconservative system for which the exact solutions
of the Riemann problems (once the family of paths has been chosen) can be computed. This is not the case for
the two-layer shallow water system. Hence, we consider the nonconservative coupled Burgers system proposed
in [7]:

up + u(u +v), =0,

A14
( ) ve+v(u+v), =0.

To fix the concept of weak solution, we consider the system as the vanishing-viscosity limit of the regularized
system:
ur +u(u+v), = eu
(A.15) x XTIy
v+ (U4 V), = €Vyy
See [3] for a notion of weak solution based on a different regularization.
Note that adding the two equations leads to the viscous Burgers equation for w = u + v. This fact allows
us to exactly compute the viscous profiles of this system: given a pair of states (u;,v;), (ur,v,) such that
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wy := uy + v > w, = u, + vy, first the viscous profile of the viscous Burgers equations for (wy, w,) is computed
by solving
—0¢' + o' =" =0,

with
Wt wy
-
Next, the equations
(A.16) —0¢l, +oup’ — ¢l =0
and
(A.17) —o¢, + oy’ — @y =0

with initial conditions
Pu(—00) = w, pu(—00) = vy,
respectively, are solved. The pair (u;, v;) can be linked to
(u” = @u(00),v" = py(c0))
by an admissible shock and after a reparameterization, the path connecting them is (¢, ¢y).

Remark A.1. If u; # 0, it can be easily checked that ¢, solves (A.16) with initial condition ¢, (—o00) = u; if,
and only if

Uy
Pv = —Pu
u
solves (A.17) with initial condition ¢, (—00) = v;. Therefore, the following equality holds:
vy
A.18 = —ut.
( ) v “ u

Moreover, the integral appearing at the right-hand side of the first generalized Rankine-Hugoniot condition is
given by

Pu((E)de = Tt = M ),

where (A.18) has been used. Analogously, the integral appearing in the second jump condition is given by

[ suoel@de = "2 — ),

— 00

/Oo , v (u*)? — ulQ v + v*

—0o0

Observe that the jump conditions are identical to the ones obtained if the family of straight segments is used.
Therefore, in this case the family of straight segments also leads to the correct jump conditions.

Let us consider the initial data U; = (7.99,11.01), U, = (0.25,0.75). The solution of the Riemann problem
(A.3) consists of a stationary contact discontinuity (o1 = 0), a shock with speed oo = 10, and the intermediate
state U* = (4.75,14.25). The viscous profiles for the shock are given (up to a translation) by

4.75 14.25
(A.19) ou() = =5~ (10 9tanh2£> Pol8) = =5~ (10 9tanh2§>

We apply now the above described ansatz to approximate this solution. In this case, instead of two shocks,
there is a stationary contact discontinuity (o7 = 0) and a shock. Through the contact discontinuity the Riemann
invariance

(A.20) w v =u" 40T,
is satisfied. Therefore, the nonlinear system to be solved is now
u + v =u" + 0,

A.21 i 2
( ) 02(UT_U* ZA 90j+1 Sﬁg 17
Jj=1
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where cp?, j=0,...,N satisfy (A.11) with 0 = 09, U_ =U*, U, =U,, and R = Id.

In Figure 8, a convergence study is shown. A£ is decreased and L increased at the same time such that both
errors are reduced, while their product remains constant. Observe that both the errors in the intermediate state
and the shock speed are of order of machine precision for L = 10. The approximated viscous profile and the
exact viscous profile are also plotted: they match pretty well up to a shift in £ direction. In summary, the shock
relations and intermediate states are approximated quite well for a sufficiently large L and a sufficiently small
A&, showing that this approach can be used to construct reference solutions to Riemann problems.

Although system (A.15) admits the entropy pair
(u+v)? (u+v)?

T2 9T
the entropy function is not strictly convex and thus the method introduced here cannot be applied to this
system.

S:

10° ‘ 15 .
—_— T ——approx. u
v N\ ——approx. v
—o, ——exactu
& %2 exact v
107 1 10} 1

Error

—
10—157
‘ 0 ' ' '
o e o -1 0.5 0 05 1
L g
(a) Convergence study where LA = 0.1543 (b) L =10, LA = 0.1543

FIGURE 8. Approximate and exact viscous profiles for the coupled Burgers equations
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