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Abstract
For any Lipschitz domain we construct an arbitrarily small, localized perturbation
which splits the spectrum of the Laplacian into simple eigenvalues. We use for this
purpose a Hadamard’s formula and spectral stability results.

1 Introduction

In the seminal works [8] and [10], respectively Micheletti and Uhlenbeck showed that the
eigenvalues of the Dirichlet Laplacian are generically simple in the space of smooth mani-
folds equipped with the C*-topology (see also the survey papers [3, Section 4.3], [5, Section 1.3]
and references therein for subsequent works). In this paper we prove that a localized version
of this result holds as follows, even for non-smooth domains.

Theorem 1. For any Lipschitz domain €2, € > 0, and x in the closure of ), there exists a
domain Q whose symmetric difference with Q is contained in the ball of radius  centered at x,
and whose (Dirichlet, Neumann, or Robin) Laplacian eigenvalues are all simple. Moreover Q
can be constructed so that the Lipschitz constant of 0Q is arbitrarily near to the one of 6.

More in detail the structure of the paper is the following. In Section 2 we review some pre-
liminary material, in particular regarding spectral stability. In Section 3 we recall a Hadamard’s
formula and study some independence properties of eigenfunctions and their gradients at the
boundary. More in detail, Hadamard’s formula provides us with a first-order estimate on the
shift of an eigenvalue A which depends on the value of

|Vul? — cu? (1)

at the boundary of the domain considered, where u is an eigenfunction associated to A and c is
a constant which depends only on the choice of boundary conditions. By showing that for two
orthogonal eigenfunctions the corresponding values of (1) in any open subset of the boundary
must differ at least at a point, we are able to construct a localized perturbation which splits
any non-simple eigenvalue. However, even when small, this perturbation might cause the
shift and the overlap of other eigenvalues. This possibility is ruled out in Section 4, where
uniform bounds for the whole spectrum are adapted to our case from sharp stability estimates
from [2]. In conclusion, these bounds allow the construction of a localized perturbation, which
consists of a sequence of small “bumps” at the boundary of the domain considered, which proves
Theorem 1.
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2 Notations and preliminary results

In this section we fix the main notation which will be used in the paper and recall some
preliminary results on eigenvalues and eigenfunctions of the Laplacian. Regarding the notation:

e we say that X is a domain if X is an open, bounded, and connected subset of RY;

e we say that A is an eigenvalue of a domain X with associated eigenfunction v (assumed
to be not constant zero) if
Au+ du =0 in X, (2)

and either one of the following homogeneous boundary conditions is satisfied on 0.X:

u=20 (Dirichlet),

ou
£ :g (Neumann), (3)
ou = a—:j (Robin),

where o is a fixed non-zero constant and v indicates the outward unit normal vector;
e we indicate as (2 a fixed domain with Lipschitz boundary.

We actually require (2) and (3) to be satisfied only in a weak sense, that is: A is an eigenvalue
of X with associated eigenfunction w, if u is an element of a function space V(X)) and

Q(u,v) = A/ uv, for every v € V(X),
X

where, depending on the choice of boundary conditions, we have

Boundary conditions ‘ Q(u,v) ‘ V(X)
Dirichlet Jx Vu-Vu {u e HY(X) : trace of u at X is 0} ()
Neumann Jx Vu- Vv H'(X)/R
Robin Jx Vu-Vo— [, ouv H'(X)

where H! is the space of square integrable functions with square integrable distributional gra-
dient. However, from elliptic regularity theory, we know that Laplacian eigenfunctions are
analytic inside any open domain. Thus (2) is satisfied also in the classical sense. Moreover if
¥ is a smooth (that is C°°) part of 0X, u is also smooth on ¥ (see for example [4, Section 6.3]
for proofs of these facts).

Recall from spectral theory that the eigenvalues of €2 have finite multiplicity and can be
arranged in a non-decreasing sequence which tends to infinity, and which we will denote as

A< A<,
where each eigenvalue is repeated as many times as its multiplicity.
For future reference we record the following uniqueness result.

ou _

Theorem 2. Let u be such that Au+ Au =0 in Q. Ifu=0 and 5
v

smooth subset of 082, then u is constant zero in the whole €.

0 on X, an open and

We briefly outline the classic argument to prove this fact from Holmgren’s uniqueness the-
orem. Let B be an open ball such that BN 0Q C . Extending u to 0 in B\ €, it is easy to
check that —Awu = Au in the distributional sense in B. By [7, Theorem 5.3.1], u must be zero
also in an open set inside 2. But then u = 0 on the whole €2 by analytic continuation.
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2.1 Stability of eigenvalues of the Laplacian

We review some results that show that the spectrum of the Laplacian is continuous under
domain perturbations, and give some useful quantitative estimates on the eigenvalues’ shifts.

First we recall a result of analyticity of eigenvalues and eigenfunctions with respect to
a perturbation parameter, which is a consequence of the classic Rellich-Nagy Theorem [9,
Theorem 1 at p. 33| (see also [3, Section 4.2] and references therein).

Theorem 3. Let (¢1)icio] be a family of diffeomorphisms of RY such that ¢, is analytic in t,
¢o 18 the identity, and ¢.(2) D Q for every t. Let \ be an eigenvalue of Q of multiplicity m.
Then there exist \} < -+ < X" and functions u}, ..., u™ such that for j=1,...,m,

o for anyt, )\{ 1s an etgenvalue of €2y with associated eigenfunction u{;
e for anyt, th ugué 1s 1 if 7 =14 and is O otherwise;

o N and ul are analytic in t;

o X =\ and u) is an eigenfunction associated to .

Moreover for any § > 0 small enough, there is a T’ such that for any t <'T the only eigenvalues
of 94(Q2) in (A — 8, X +0) are \},... A"

For our purposes we will also need a finer estimate on the variation of eigenvalues, as
expressed in the following lemma.

Lemma 4. Let ¢ be a diffeomorphism of RY. Let A, be the n-th eigenvalue of Q and \, be the
n-th eigenvalue of ¢(2). Then there exists a constant C, which depends only on the Lipschitz
constants of 02 and of ¢, such that

An — M| < Cmax{A,, A} (|6 — id| o1 @y)-

The proof of this estimate can be obtained by repeating the same argument from the proof
of [2, Lemma 6.1], only substituting appropriately the bilinear form and the function space
with the ones defined in (4), depending on the boundary conditions considered.

3 Hadamard’s formula and boundary properties of eigen-
functions

In this section we study some independence properties of Laplacian eigenfunctions and of their
gradients at the boundary. We first recall a Hadamard’s formula for the variation of eigenvalues
under a deformation of the boundary. The dot superscript will indicate differentiation in t.

Lemma 5. Let (¢)icioz) be a family of diffeomorphisms such that ¢, is analytic in t and ¢g is
the identity. Suppose that the support of ¢; is contained in a fived open set U for everyt, and
that 0Q N U is smooth. Let A\, u; be an eigenvalue-eigenfunction couple of ¢(£2), and suppose
both are differentiable in t. Then

/.\0 = / <|Vuo|2 - )‘OUS + (Ovouo) (Huo — 23:/0“0)>V0 - €0, (5)
Gi9)

where vy indicates the outward unit normal vector, e, the identity on ¢4(0S2), and H is the mean
curvature of 0€).



Hereafter we briefly prove this fact in the case of homogeneous Dirichlet or Neumann bound-
ary conditions. The case of Robin conditions requires a finer analysis of the dependence on t
of the surfaces ¢;(09), for which we refer to [1, Identities (69) and (57)].

Proof. Let (§4)tefo,t,) be a family of domains such that Q; = ¢,(2) for every t. By the divergence
theorem, the distributional gradient of the measure yqo,L£V is given by 1, XY ~! where yq, is
the characteristic function of €, £V is the N-dimensional Lebesgue measure, and ¥ ! is the
surface measure on 0€);. Therefore by the chain rule

d ) _
%(Xﬂt ﬁN) =V € Eiv 17

so we have the following Leibniz’ formula:
d : .
7 </ ft) = / fi + five - €. (6)
t \Ja, Q 09

)\t = —/ UtAUt = |Vut|2. (7)
Qt Qt

Consider now the identity

Differentiating in ¢ the first equality in (7) and using (6) we obtain

2)\{// utU,t = _)\t/ U?Vt : ét. (8)
of} o

In the case of Neumann boundary conditions, differentiating in ¢ the last term in (7), using (6),
integrating by parts, and substituting (8), we have that

- 0
A = / (Va2 = M)y, - & + 2/ il
8Qt th

which gives (5) since 9, ug = 0 on 9. Proceeding in the same way for Dirichlet boundary
conditions, only exchanging the roles of the functions in the integration by parts step, we obtain

i ) ot .
)\t :/ (|vut|2—)\tuf)7/t'€t—‘r2/ uta_Ut“f'Q)\ta
o N

Vt
which gives (5) since ug = 0 on 9. O
We notice that considering
0 if u|pn =0,
c=1< N if O,ulsq =0, (9)

)\0 + 20'2 if O‘U‘aQ = al/u|897

if ¢y is supported on a flat part of 9, the integrand in (5) can be rewritten as |[Vu|? — cu?. In
the following lemma we study such a quantity, in particular the behavior of its zeros.

Lemma 6. Let ¢ be an arbitrary constant and let u,u be two orthonormal eigenfunctions as-
sociated to the same eigenvalue. Let 33 be an arbitrary smooth open subset of 0S). Then:

1. |Vul? — cu® cannot be constant zero on 3;

2. |Vul? — cu® — (|Va|? — ci®) cannot be constant zero on .
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Proof. The thesis for the case ¢ = 0 is given by Theorem 2. Consider ¢ # 0. Our approach is
inspired to the treatment of [6, Chapter 6.

We first prove Point 1. Suppose by contradiction that |Vu|*> = cu? on . We consider

separately the different possible boundary conditions in (3).

i)

i)

iii)

If the Dirichlet condition holds then 0u/dv = u = 0 on ¥. By Theorem 2 then v = 0 on
2, a contradiction.

Suppose the Neumann condition holds. The eigenfunction u cannot be constant 0 on X,
otherwise we would be again in the situation of Case i, so there is a point xy € 3 such that
u(zo) # 0. Let v be a solution in ¥ of the ODE

Yo = Zo,
;Yt = Cvu(%)a
with C' a constant to be determined. Then

du(ve)

) — V()P = Ceu), (10)

if 74 € 3. Therefore by choosing C' large enough, there will be a time 7" at which vy € X
t—=T . . C .
and |u(vy;)| — oo, which is a contradiction.

If the Robin condition holds, then
cu® = |Vu|* = o®u® + [Vsu|> on %,

where Vsu is the surface gradient of u on 9. If ¢ # o2, we can build, as in Case ii, a
curve v on which the eigenfunction u blows up in short time, leading to a contradiction.
If ¢ = 02 then |[Vsu| = 0 on 3, and this leads to the following chain of implications: u is
constant on X, du/dv is constant on X, u is constant in £ by Theorem 2, du/dv is zero
on 0L, u is zero on §2 by Theorem 2, a contradiction.

We now prove Point 2. Suppose by contradiction that |Vu|* — |[Va|* = c¢(u? —@?) on 3. Let

xo € X be a point where u(zy) and u(zo) are different (existence of such a point is guaranteed
by the smoothness of eigenfunctions on ¥ and Theorem 2). Let f, = u(vy;), fi = —a(5;), where
~ and 7 solve

’715 - CVU(’H),
’775 = _Cva(’yt)v
Yo = Yo = To,

and C' is a constant to be determined. Then

fiot+ fi=Ce(f2+ 7).

Therefore f, > Cef? or ft > Cef? for t in a small neighborhood of 0. In conclusion, a choice
of C' large enough would lead to blow up in short time of u or @, which is impossible. O

4

Splitting of the spectrum

With the tools developed so far we can construct a localized boundary deformation which splits

the

eigenvalues perturbed from one eigenvalue as follows.



Proposition 7. Let x € 052, B a ball centered at x, and X = BN, Suppose X is flat, that is
> is contained in a hyperplane. Then, under the same hypotheses and notation of Theorem 3,
we can construct a family of diffeomorphisms (¢1)ic(01) Such that ¢, is the identity outside B,
|p¢ — id|cr is arbitrarily small, and \i # )\{ for any i # j and for all t € (0,1).

Proof. Let ¢ be as in (9). By Point 2 of Lemma 6, there exists y on ¥ such that

(IVugl? = eug)®)(y) # (1Vud|* = e(u)?) (y)- (11)

Then, by choosing a deformation of the boundary ¢; which is the identity outside an appropri-
ately small neighborhood of y, we have

[ 9 = et do # [ (9 = et o (12)
%9) o0

Such a perturbation can be constructed in many ways; for the sake of completeness, we give an
explicit example hereafter.

By eventually reducing to a smaller B and applying an invertible affine transformation, we
can assume that y = 0 and ¥ = {z € By : zy = 0}, where By is the unit ball. Let Z indicate
(z1,...,2n-1) and let

c? exp (;> if 2] < ¢
pe(2) = 2/c]> =1
0 otherwise.

Notice that by construction |p.|c1 < ¢ for any ¢ < 1. Let ¢4(z) be the extension of the map
z +— (2,tp.(2)) from ¥ to a smooth function which is the identity outside B and such that
¢y — id|cn < |pe|cr. By construction, v - ¢y = po(2) on X. Then by choosing ¢ small enough,
by the smoothness of w on ¥ and by (11), we have that (12) holds. Moreover we remark that
it holds

|y —id|cr < c. (13)

In conclusion, by Lemma 5, (12) implies that /\fJ # )\é Since Ai and A/ are both analytic in
t, there exists a small ty such that \! # X/ for ¢t € (0, ). O

Remark 8. The flatness assumption of X, although making the argument simpler, is not really
necessary in the proof of Proposition 7, as one might build a boundary deformation such that
(12) holds even if X is not flat; the idea would be the same, only some care would be required
to manage the mean curvature term which is present in (5). On the other hand, if our aim
is to find a local perturbation as in Theorem 1, the flatness assumption is not restrictive. In
fact, if X is not contained in a hyperplane, by eventually considering a smaller B and changing
basis, we can assume that ¥ is the graph of a Lipschitz function ¢ such that ¢(0) = x = 0.
Let B,, B be two balls centered in 0 such that B, C Bg C B, and let 1 be a smooth function
which is 0 in B, and 1 outside Bg. Then the graph of ¢n will be flat in B,.. Notice also that as
r — 0, n can be chosen so that the Lipschitz constant of ¢n converges to the Lipschitz constant
of ¢. Thus for any § > 0, we can build a Lipschitz domain which differs from €2 only in B, is
flat in B, (for a certain r which depends on 0), and whose Lipschitz constant differs from the
Lipschitz constant of €2 by less than 0.

We further remark that although Proposition 7 shows how to split one eigenvalue, the
perturbation chosen might cause a couple of two other eigenvalues to overlap, creating a new
repeated eigenvalue. To avoid this problem we need a finer control on the behavior of the whole
spectrum; this is what is achieved in the following lemma.



Lemma 9. Consider € > 0, x a point on the boundary 052, and A, the first eigenvalue of ) of
multiplicity m > 2. Then for any M > 0 there exists a Lipschitz domain ), whose eigenvalues
we indicate as \y < Aoy < ..., such that:

1. the symmetric difference Q A Q is contained in the ball of radius € centered at x;

2. foralli <r+m+1, it holds |5\, — X\i| < Md,., where d,. is the minimum positive number
of the set {\jy1 —Aj:j=1,....,r+m};

3. the multiplicity of A is strictly smaller than the multiplicity of \,;
4. for all v > r 4+ m, it holds > A

Proof. Let B. be the ball of radius ¢ centered at x and let ¥ = B, N 0. With the same
construction of Remark 8 and of the proof of Proposition 7, we can build (£2):c(04,) @ family
of perturbations of €2 obtained by a deformation of the boundary of €2 localized in B.. Let
AL AL ... indicate the sequence of eigenvalues of €, with associated eigenfunctions u}, ub, . ...

By Theorem 3 we can assume that \f, u! are analytic in ¢, that \) = \;, and that u?, ... u?,  is

> r+m
an orthonormal basis for the eigenspace of \,.. By Proposition 7, there are two distinct indices

i and j among {r,...,r +m}, such that for ¢, small enough
A # Ny, for t e (0,t). (14)
By the eigenvalue stability estimate of Lemma 4, there is a ¢y, small enough such that
N =N < Md,, Vt<ty,Vie{l,....r+m+1}. (15)

Let C, C" indicate two constants which depend only on the dimension N, the Lipschitz constant
of 90 and the area of Q. By Weyl’s asymptotic law, A, = Cn*" + o(n*") for any n. Then,
from the uniform estimate of Lemma 4, for ¢ > r 4+ m it holds

AL N > (M= X))+ N — A > CN(=Cei®N 2N 2N

where ¢ > 0 is a bound on the deformation magnitude (which we can choose arbitrarily small)
as in (13). Therefore for ty and ¢ small enough,

No— X\ >0, Vt<ty,Vi>r+m. (16)

In conclusion, taking Q := €, for a certain ¢ small enough, Point 1 of the thesis holds by
construction while Points 2-3-4 are consequences of (15)-(14)-(16). O

The construction in the previous proof gives us a method to split the first non-simple
eigenvalue without altering the simplicity of smaller eigenvalues. In fact by taking M < 1/2,
from Points 2 and 4 of Lemma 9 we have that the eigenvalues \; perturbed from \;:

e lie in disjoint neighborhoods of \;, for i < r;
e are not further than d,./2 from \;, for r <i <r+m;
e are larger than \,, for ¢ > r +m.

Therefore Ay, ..., \_; must still be simple. We can iterate this procedure to split the whole
spectrum as in the following proof.



Proof of Theorem 1. Let B, be the ball of radius € centered at x. Consider first the case when
x is on the boundary of 9€). Let X = B. N 0€). As in Remark 8, for any ¢ > 0, we can modify
Y into ¥/ so that an open subset of ¥’ is contained in a hyperplane and the Lipschitz constant
of 3 differs from the Lipschitz constant of ¥ by less than §. Let (B,),en be a sequence of
disjoint balls of radius ¢2™™ with centers on ¥’ and contained in B, with ¢ small enough so
that ¥’ N, B, is flat. In each B,, we deform X' with a diffeomorphism ¢,, built as in the proof
of Proposition 7. We obtain this way a sequence of domains (£2,),en such that the thesis of
Lemma 9 holds with Q,Q, B, M replaced respectively by Q,, Qu.1, Bn, M, for each n, where
for M, we take a positive constant smaller than 1/2"*1. Additionally, we can take ¢, such that
| — id|cr < /n. And thus as n — oo, Q, converges to a domain € with Lipschitz constant
not farther than ¢ from the Lipschitz constant of 2.

Let r, be the index of the first non-simple eigenvalue of €2,,. By Points 2 and 4 of Lemma 9
we have that all eigenvalues with index smaller than r,, are simple for any n. Moreover r, is a
non-decreasing sequence of integers which cannot be definitely constant; in fact by Point 3 of
Lemma 9, 7,4+; can be equal to 7, for at most j € {1,...,7,}. Therefore r, — 0o as n — oo,
and thus Q can have only simple eigenvalues.

Consider now the case when z is in the interior of ). Then by cutting an appropriately
shaped hole inside (2, for example by considering 2\ F' where F is a rescaling and translation
of 2 so that ' C B., we can then build a deformation of the boundary OF exactly as in
the previous steps, so that the spectrum of the perturbed domain is simple and its Lipschitz

constant is arbitrarily near to the one of €. O
References
[1] C. Bandle and A. Wagner. Second domain variation for problems with Robin

boundary conditions. J. Optim. Theory Appl., 167(2):430-463, 2015. doi:10.1007/
s10957-015-0801-1.

[2] V. I. Burenkov and P. D. Lamberti. Spectral stability of Dirichlet second order uniformly
elliptic operators. J. Differential Equations, 244(7):1712-1740, 2008. doi:10.1016/j.
jde.2007.12.009.

(3] V. I. Burenkov, P. D. Lamberti, and M. Lanza de Cristoforis. Spectral stability of non-
negative selfadjoint operators. Sovrem. Mat. Fundam. Napravl., 15:76-111, 2006. English
translation in J. Math. Sci., 149(4):1417-1452, 2008. doi:10.1007/s10958-008-0074-4.

[4] L. C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, second edition, 2010. doi:10.1090/gsm/
019.

[5] J. K. Hale. Eigenvalues and perturbed domains. In Ten mathematical essays on ap-
prozimation in analysis and topology, pages 95-123. Elsevier B. V., Amsterdam, 2005.
doi:10.1016/B978-044451861-3/50003-3.

[6] D. Henry. Perturbation of the boundary in boundary-value problems of partial differential
equations, volume 318 of London Mathematical Society Lecture Note Series. Cambridge
University Press, Cambridge, 2005. doi:10.1017/CB09780511546730.

[7] L. Hormander. Linear partial differential operators. Springer Verlag, Berlin-New York,
1976.


http://dx.doi.org/10.1007/s10957-015-0801-1
http://dx.doi.org/10.1007/s10957-015-0801-1
http://dx.doi.org/10.1016/j.jde.2007.12.009
http://dx.doi.org/10.1016/j.jde.2007.12.009
http://dx.doi.org/10.1007/s10958-008-0074-4
http://dx.doi.org/10.1090/gsm/019
http://dx.doi.org/10.1090/gsm/019
http://dx.doi.org/10.1016/B978-044451861-3/50003-3
http://dx.doi.org/10.1017/CBO9780511546730

[8] A. M. Micheletti. Perturbazione dello spettro dell’operatore di Laplace, in relazione ad
una variazione del campo. Ann. Scuola Norm. Sup. Pisa, 26(3):151-169, 1972.

[9] F. Rellich. Perturbation theory of eigenvalue problems. Gordon and Breach Science Pub-
lishers, New York-London-Paris, 1969.

[10] K. Uhlenbeck. Generic properties of eigenfunctions. Amer. J. Math., 98(4):1059-1078,
1976. doi:10.2307/2374041.


http://dx.doi.org/10.2307/2374041

	Introduction
	Notations and preliminary results
	Stability of eigenvalues of the Laplacian

	Hadamard's formula and boundary properties of eigenfunctions
	Splitting of the spectrum

