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In this paper, a fully divergence-free finite element method is proposed to solve three-
dimensional incompressible magnetohydrodynamic equations. The main merit of the
method is that the spatial discretization ensures that the approximations of the ve-
locity and the magnetic induction are divergence-free exactly. We employ second-order
semi-implicit timestepping, for which we rigorously establish an energy law and, as a
consequence, unconditional stability. We prove unique solvability of the linear system
of equations to be solved in every timestep. To solve them, we propose an efficient pre-
conditioner so that the number of preconditioned GMRES iterations is uniform with
respect to the number of degrees of freedom. Moreover, by several numerical experi-
ments, we confirm the predictions of the theory and demonstrate the efficiency of the
preconditioner.
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1. Introduction

The incompressible magnetohydrodynamic (MHD) equations describe the dynamic
behavior of an electrically conducting fluid under the influence of a strong mag-
netic field. They occur in models for, fusion reactor blankets, liquid metal magnetic
pumps, aluminum electrolysis among others (see Ref. 1 and 23). MHD is a multi-
physics phenomenon: the magnetic field changes the momentum of the fluid through
the Lorenz force, and conversely, the conducting fluid influences the magnetic field
through electric currents. In this way multiple physical fields, such as the velocity,
the pressure, and the electromagnetic fields, are coupled.

In this paper, we study the incompressible MHD equations in a bounded do-
main 2 C R? which consist of the incompressible Navier-Stokes equations and the
magnetoquasistatic Maxwell’s equations

ou

E-F(u-V)u—JxB—FVp—VAu:f in Q, (1.1a)
887? +curlE=0 in Q, (1.1b)

curlH =J in Q, (1.1c)

divu=0, divB=0 in Q (1.1d)

where u is the fluid velocity, p is the hydrodynamic pressure, E is the electric field,
H is the magnetic field, B is the magnetic induction, J is the electric current
density, and f € L*(Q2) stands for the source field. The equations in (1.1) are
complemented with the following constitutive equation and Ohm’s law

B =uH, J=0(E+uxB). (1.2)

The physical parameters are, respectively, the kinematic viscosity v, the magnetic
permeability u, and the electric conductivity o. For the well-posedness of (1.1) and
(1.2), we assume the following initial and boundary conditions

u(0) = ug, B(0) =By in €,

u =0, Exn=0 on I':=00. (1.3)

Numerical methods for incompressible MHD equations has been studied widely.
For the stationary model, we refer to Ref. 9, 13, 14, and 27 for stabilized and
mixed finite element methods. In Ref. 14, the authors proved optimal error esti-
mates for H'(Q)-conforming finite element approximations both to velocity w and
magnetic induction B in either polyhedra or domains with C'''-smooth bound-
aries. Tt is well-known that B may not be in H'(Q) in general Lipschitz domains
which are not convex. In Ref. 27, Schotzau proved the well-posedness of stationary
MHD equations and studied a mixed finite element method which discretizes u
with H'(Q)-conforming finite elements and B with H (curl, Q)-conforming finite
elements. The mixed finite element method yields a discrete magnetic induction
By, which is weakly divergence free, that is, Bj, is orthogonal to all discrete gra-
dient fields. In Ref. 12, Greif, Li, Schotzau, and Wei extended the framework by
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focusing on the conservation of mass, namely, divu = 0. They proposed a mixed
discontinuous Galerkin (DG) finite element method for the stationary MHD model
and discretized w in an H(div,Q)-conforming finite element space. The merit of
the method is that the discrete velocity satisfies div u;, = 0 exactly.

In recent years, exactly divergence-free approximations for B have attracted
more and more interests for the spatial discretization of the time-dependent MHD
equations, particularly, in the development of a simulation code for fusion reactor
blanket (cf. Ref. 1-2). For instance, Ni et al developed current density-conservative
finite volume methods for a simplified MHD model on both structured and unstruc-
tured grids (cf. Ref. 25, 26, 29, 31). Their methods are efficient for high Hartmann
numbers and have been validated by experimental results. In Ref. 18, the authors
proposed a stable finite element method for incompressible MHD equations which
preserves div By, = 0 exactly. In contrast to most existing approaches that eliminate
the electrical field variable E and give a direct discretization of the magnetic field,
they discretizes the electric field E by Nédélec’s edge elements and discretizes the
magnetic induction B by Raviart-Thomas face elements. In this way, div By, = 0
is ensured exactly for the discrete solution. In Ref. 19, they also proposed a robust
preconditioner for solving the discrete problem.

The purpose of this paper is to propose a new mixed DG finite element method
for solving (1.1). Inspired by Ref. 12, we approximate the velocity w by H (div,Q)-
conforming finite elements and the pressure p by fully discontinuous finite elements.
As a result, the conservation of mass is satisfied on the discrete level, that is,
div up = 0 holds exactly. The divergence-free property of B is realized by means of
a magnetic vector potential. Instead of solving for (E, B), we solve for the magnetic
vector potential A under the temporal gauge so that

E:—%, B =curl A.
ot
Approximating the vector magnetic potential by H (curl, Q)-conforming edge ele-
ments and defining By, = curl Ay, we find that div By, = 0 holds naturally and
exactly. We say the mixed finite element method is fully divergence-free in the sense

that both the discrete velocity and the discrete magnetic induction satisfy exactly
divuy, =0, div By, = 0.

The second objective is to propose an efficient solver for the discrete problem.
We propose a linearized discrete problem at ¢,, by using the extrapolation of the
discrete solutions at t,_1 and ¢,_2. We need only solve a linear discrete problem at
each time step. Existence and uniqueness of its solution can be shown and a discrete
energy law holds for the fully discrete scheme. Numerical experiments show that the
extrapolated scheme is second order in time. This means that the proposed method
is stable and efficient for long-time simulation of MHD problems.

We also propose a preconditioner for solving the linear systems of equations in
each timestep. The optimality of the preconditioner is verified numerically with re-
spect to the number of degrees of freedom (DOFs). Extensive numerical experiments



4 R. Hiptmair et al.

are presented to verify the convergence rate of the mixed finite element method and
the optimality of the preconditioner, to demonstrate the competitive performance of
the linear extrapolated scheme, and to validate the A-based MHD formulation for
an engineering benchmark problem. Furthermore, our numerical results well match
the two-dimensional simulations for a driven cavity flow in Ref. 20.

The paper is organized as follows: In Section 2, we introduce the MHD model
which uses the velocity, the pressure, and the vector magnetic potential as un-
knowns. A weak formulation is proposed and the energy law of the solutions is
proved. In Section 3, we propose a fully discrete mixed DG finite element method
for solving the weak MHD formulation using the extrapolation of the solutions at
previous time steps. The energy law of the discrete solutions is also proved under
discrete norms. In Section 4, we introduce the preconditioned GMRES algorithm
for solving the discrete problem. In Section 5, we present four numerical experi-
ments to confirm the prediction of the theory and to demonstrate the competitive
behavior of the MHD solver.

2. A weak formulation of the MHD model

The purpose of this section is to derive a weak formulation of the MHD system
(1.1) based on the vector magnetic potential. An energy law for the solutions is
also proved. Throughout the paper, we assume that  C R3 is a bounded Lipschitz
polyhedral domain with boundary I' = 9. For simplicity, we assume that the
density of fluid p = 1 and the physical parameters p, o, v are positive constants.
Moreover, vector-valued quantities will be denoted by boldface notation, such as
L?(Q) := (L*(Q))3.

Let L?(Q) be the space of square-integrable functions and let its inner product
and norm be denoted by

(u,v) ::/qu, ull L2y = (u, u)/>.

We shall also use the usual Hilbert spaces like H1(€2), H(curl, Q), H(div,) and
their subspaces H}(Q2), Ho(curl,Q), Hy(div,2) with vanishing traces, vanishing
tangential traces, and vanishing normal traces on I' respectively. We refer to Chap-
ter 3 in Ref. 22 for their definitions and inner products. The subsapces of curl-free
functions and divergence-free functions are denoted by

H(div0,Q) := {v € H(div,Q) : dive = 0},
H(curl0,Q) := {v € H(curl,Q) : curlv = 0}.

Since div B = 0, we can introduce a magnetic vector potential A and write
E=-0,A, B=curlA in Q, (2.1)

where the temporal gauge is adopted for convenience. With the abbreviations 0;u =
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%—’t‘ and 0, A = %, (1.1) can be written as follows

du+ (u-Viyu—J xcurl A+Vp —vAu = f in Q,
divu =0 in €,

0 (0tA +curl A x u) +curly ' curl A =0 in €,
—0 (0 A+curlAxu)=J in Q.

Using (1.3) and (2.1), it suffices to set the initial condition for A by solving the
static problem

curl AO = Bo, div AO =0 in Q,
Ao xn=0 on I.

The boundary condition for A can also be obtained by combining (1.3) and (2.1)
t
Axn:onn—/(Exn):O on I
0

For simplicity, let Uy, Bg, Lo be the characteristic quantities for velocity, mag-
netic induction, length of the system respectively. We introduce the following nondi-
mensionalization

x < x/Ly, t< tUy/Lo, A< A/(BoLy), f <« fLo/UZ, p+ p/UZ.

The MHD system can be written in a dimensionless form

du+u-Vu+Vp—R'Au—kJ xcurl A= f in Q, (2.3a)
dive=0 in Q, (2.3b)

OtA+curl A x u+ R, curlcurl A =0 in (2.3¢)

—0tA —curlAxu=J in Q, (2.3d)

u(0) =ug, A(0)=Ay in Q, (2.3¢)

u=0, Axn=0 onlT, (2.3f)

where R, = LoUp/v is the Reynolds number, R,, = poLoUp is the magnetic
Reynolds number, and k = O’B%L() /Uo is the coupling number between the fluid
and the magnetic field.

Now we derive a weak formulation of (2.3). For convenience, we introduce some
notations for the function spaces

V=H)(Q)NH(iv0,Q), C = Hy(curl,Q).

Multiply both sides of (2.3a) with v € V. Using integration by part and noting
v =0 on I', we have

(Oru+u - Vu — kJ x curl A, v) — (p,dive) + R;'(Vu, Vv) = (f,v).
Using div v = 0 and substituting (2.3d) into the above equality, we get
(Opu +u - Vu,v) + £(0; A + curl A x u,curl A x v) + R, *(Vu, Vv) = (f,v).
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Similarly, multiplying both sides of (2.3c) with ¢ € C, using integration by part,
and noting ¢ x n = 0, we have

(04A + curl A x u, ) + R} (curl A, curl p) = 0.

Then we get a weak formulation of (2.3): Find w € V', A € C such that A(0) = A,,
©(0) = uog, and

(Oru, v) + O(u; u,v) + A(u,v) + kK(0:A+ B X u, B xv) = (f,v) Yv eV,
(2.4a)

(1A + B x u, ) + R, (curl A,curlp) =0 Ve € C, (2.4b)
where B = curl A and
O(w;u,v) = ((w - V)u,v), A(v,w) = R, (Vv, Vw).

Using (2.3a), the pressure can be recovered by solving the Poisson equation: Find
p € H'(Q)/R such that

(Vp,Vq) = (f +J x curl A, Vq) — O(u;u, Vq) Vge HY(Q)/R. (2.5)
Theorem 2.1. Let u, A be the solutions of (2.4) and assume
we L=(0,T; L*(Q)) N L*(0,T; V),
Aec HY(0,T;L*(Q)) N L>(0,T;C),
J € L*(0,T; L*(Q)).

Then the energy law holds

T T
E(T)+/O P(t)dt:E(O)—l—/O (f,u),

where
(1) = 5 2oy + 57 IBl3sys PO 1= o [ Vuldaqq + 5113
=9 L) T 9p - L2(Q) > ~ R L2(Q) L2(Q) -
Proof. For any w € V, since divw = 0, direct calculations show that

/Q(w~V)u-v:—/Q(w~V)v~u Vo e Hy(Q).

This means that O(w;u,u) = 0. Since §; A, J € L*(0,T; L*(Q)), we have B x u €
L?(0,T; L*(2)). Taking v = w in (2.4a) shows that

1d 2 1 2
Sdt ||U||L2(Q) —&(J,B xu)+ R ||VUHL2(Q) = (f,u). (2.6)
Furthermore, taking ¢ = 9; A in (2.4b), we also have
1 d 2 2
Sy T B[220y = (J,00A4) = = [[J|[2(0) — (J, B x u) . (2.7)

Substituting (2.7) into (2.6) yields the result. O
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Remark 2.1. The energy law describes the variation of the total energy caused by
energy transformation and the work of external forces. The total energy E consists
of the fluid kinetic energy % ||u||2L2(Q) and the magnetic field energy 5£— ||B||2LQ(Q).

The dissipation of the total energy stems from the friction losses R, ' || V|32 () and

the Ohmic losses & || J ||iz(9). The energy supply from external sources is represented

by (f,u).

3. An interior-penalty finite element method

In this section, we study the fully discrete approximation to the MHD equations.
The velocity w shall be discretized by H (div, Q)-conforming finite elements with
interior penalties in a DG-type approach. We refer to Ref. 12 for the interior-penalty
finite element method for the H-based formulation of stationary MHD model.

3.1. Finite element spaces

Let 75 be a shape-regular tetrahedral triangulation of £ and let Fj, be the set of
all element faces of Tj,. The H{(Q)-conforming finite element space of piecewise
quadratic polynomials is defined by

Up,=1{veH;Q):v|g € P(K), K €T},

where Py (K) is the space of polynomials with degrees no more than k& > 0. We
also use the notation Py(K) = Px(K)3. The linear H(div,)- and Hg(curl, Q)-
conforming finite element spaces are defined respectively as follows (c.f. Ref. 24,
28):

Vi ={v € Ho(div,Q) : v|x € P1(K), K € T},

C), ={v e Hy(curl,Q) :v|g € P1(K), K € Tp}.
For convenience, we denote the divergence-free subspace of V', as follows

Vi(div0) := V), N H(div 0, Q).

Now we introduce the notations associated with traces. We endow each F' € F,
with a unit normal nr which points to the exterior of 2 when F C T'. For any
interior face F' € Fp, let K., K_ be two adjacent elements of 7} such that F' =
0K, NK_ € Fp. We always assume that np points to the exterior of K. Let ¢
be a scalar-, vector-, or matrix-valued function which is piecewise smooth over 7j,.
The mean value and jump of ¢ on F are defined respectively by

{{<P}:=%(<p++s0—), l¢] :==¢4 —@p- on F,

where ¢ denote the traces of ¢ on F' from inside of Ky respectively. For any face
F =0K,;NT with Ky € Ty, the mean value and the jump of ¢ on F' are defined
by

{ed =lel =9+ on F,
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‘We shall use the discrete semi-norm and norms

- 2
lullo,n = (Z hy! uL2(F>> ;

FeFy

1

<Z VUIILz(K)> 7

KeTy

Nl=

1
2 2 2
el = (full, + 1T,

We shall also use the space of piecewise regular functions

H'(Ty) = {veL*(Q): v|x € H(K), K€ Ty},
V(h )‘:V-l-Vh.

Apparently the embedding relationship holds
V(h) c H'(Q)+ V), c H'(T}).

Lemma 3.1. For any 2 < p < 6, there exists a constant C(p) > 0 independent of
the mesh size such that

[0llLr) < C@ vl YoeV(h). (3.1)

Proof. The inequality is proved for two-dimensional case in Lemma 6.2 of Ref. 11.
In fact, a careful inspection of its proof shows that it also applies to three-
dimensional case. We do not elaborate on the details. For p = 2, we also refer
to Ref. 4 and 6. O

The discrete counterparts of the bilinear and trilinear forms are defined by

Ap (v, w) = —Z/Vv Vw+ /[[u]] [v]

KeTh Re Fe]-'

S PWACE REER TR

Op(w;u,v) = Z/u div(w ® v) + Z/ (w-ng) J’~v),

KeTh KeTn

where a > 0 is the penalty parameter independent of the mesh, ny is the unit outer
normal of 0K, np is the unit normal of nz, and u* denotes the upwind convective
flux defined by Ref. 8, 12

ui(:c) = slir(glJr u(x —cw(r)), =€ IK\T,
0, x € 0K NT.

The following lemma states that the discrete bilinear form Ay (-,-) is coercive on
V.
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Lemma 3.2. Suppose « is large enough but independent of hg, Re, and R,,. Then
there exists a constant 01 > 0 independent of hp, R, and R,, such that

0
-Ah ('U}L, vh) > 71

R H’U’L”ih YveVy.
€

Proof. The proof is standard. We present it here for completeness. By the norm
equivalence on finite dimensional space (cf. Lemma A.6 in Ref. 11), there exists a
constant C7 independent of h such that

hp ||V'Uh||iz(p) <G ||V'UhHiZ(KF) VF € Fp,
where Kr € Ty, satisfies ' C 0Kr. Therefore

Reda(o,0) = lolt 4 allolly, -2 5 [ {50} 1o

FeFy

2 2 1 2
> [vly ), + (@ =200) [I[o]llo . — 55 > he IfVolize
L per,
1
>3 [0}, + (= 2C) [I[0] 5, -
We complete the proof by setting o > 20% and 6, := min(1/2, a — 20?). O

Lemma 3.2 states that Ay(-,-) is coercive on H*(Ty). It forms an equivalent
norm

vl 4, = VAn(v,v) Yo e HY(Tp).

We cite Ref. 8 for the following lemma on the positivity and continuity of the
trilinear form O. The proof is omitted here.

Lemma 3.3. Let w,w, € H'(T;,) N H(div0,Q), w € V(h), and v € V},. Then
1
Opwiv.w) =5 3 [ fw-nl[o1]”

Furthermore, there exists a constant Cy independent of the mesh size such that

|O(w; u,v) — O(wi;u,v)| < Co[[w — wy 1,h ”u”lh v 1,h *

3.2. A semi-implicit time-stepping scheme

Now we study the fully discrete approximation to the MHD equations. Let {¢, =
nt: n=0,1,---,N}, 7 = T/N, be an equidistant partition of the time interval
[0, T]. For a sequence of functions {v,,}, we define the finite difference operator and

mean values by
VUp — Un-1 Vp + Un-1

Oy 1= ——, Uy, = ——— (3.2)
T 2

[f(tn) +4f (tno1/2) + f(tn-1)] -
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Let ul, Ag be quasi-interpolations of the initial conditions ug € Hé(ﬂ), Ay €
H (curl, Q) onto the finite element spaces V', and C', respectively (cf. e.g. Ref. 17).
Without causing confusion, we shall drop the superscripts and denote by ug € V',
Ag € C}, the discrete initial values.

The Crank-Nicolson scheme for the fully discrete approximation of (2.4) reads:
Find (un, A,) € V(div0) x Cj, n > 0, such that

(O¢tn, V) + Op(tp; Up, v) + Ap (U, v) + (0 Ap + B, x @, B,, x v) = (f,,v),
(3.3a)

(6:A, + By, X Uy, ) + R, (curl A,,, curl ) = 0, (3.3b)

for all (v,¢) € V;(div0) x Cj, where B,, = curl A,,. It is well-known that the
Crank-Nicolson scheme is of second order with respect to 7. The discrete problem
is nonlinear and expensive to solve at each time step. Thus, inspired by Ref. 3 and
30, we consider the linearly extrapolated solutions

1 1 1
U — 5(3’111“,1—““,2)7 B* = 5(3Bn,1—Bn,2) = 5 curl(SAn,l—An,g). (34)

The truncation errors for the above approximations are of second order. For any
smooth function v, let o, = [v(¢n) + v(tn—1)]/2 and v. = [Bv(tn—1) — v(tn—2)]/2.
Then

vy — Ty = %[v(tn,g) Foltn) — 20(tn1)] = vu(tn )72+ O().  (3.5)

Linearize the nonlinear terms in (3.3) by replacing ,,, B, with u,, B, for n > 2
and with wg, Ag for n = 1. We get the semi-implicit time-stepping scheme for (2.4):

Find (u,, A,) € V,(div0) x Cj, n > 2, such that, for any (v,¢) € V(div0) x
Ch7

(Otp, v) + Op(us; Uy, v) + Ap(tp, v) + K(6:An + By X Uy, B, xv) = (f,,,v),
(3.6a)

1 _
(6:A, + By X Up,p) + R—(curl A, curly) =0. (3.6b)

m




Divergence-free FEM for MHD equations 11

Theorem 3.1. The discrete problem (3.6) has a unique solution in each time

step. The discrete energy law holds

E, —E,_ _
S P = (f@)  Yn (37)
where
1 2 R 2
En = 5 ||u’nHL2(Q) + ﬁ ||CLII'1 A7l||L2(Q) 5
_ 2 1 R 2
Poim laall, +3 3o [ fue -l 0P+ #1504 + B x -

FeFy

Proof. We first prove the discrete energy law. Let J, := —6; A, — B, X u, be the
discrete electric current density. Taking v = @, in (3.6a) yields

(5tuna ﬂ'n) + Oh(u*; ﬂnv ﬁn) + Ah(ﬂ"m ﬂn) =K (Jna B* X ﬂ'n) + (fna ﬁ’n) (38)

Since w,, € V), N H(div 0,2), from Lemma 3.3 we have

o 1 _
Onfuit ) = 5 3 [ fue ol fa]|”

FeFy,

Furthermore, by taking ¢ = d;A,, in (3.6b), we find that

1 _
yon (curlAn,curlétAn) = (Jpn,00A,) = —(Jp, By x @,) — ”JnHiQ(Q) .

m

It follows that

1 _
(T, B X ) = =6 [Tl 72 ) — 7 (curl A, curlgA,) . (3.9)

m

By direct calculations, we obtain the identities

_ 1 2 2
(Orttns ttn) = 3= (a0 = lun-1l32(0 )

—_ 1
(curl A, curléA,) = 5 (||cur1 An||2L2(Q) — |lcurl An_1||i2(ﬂ)) .

o
Inserting (3.9) into (3.8) yields (3.7).
To prove the well-posedness of (3.6), we write ¥,, = (@,, A,,) and consider an

equivalent form of (3.6): Find ¥,, € V,(div0) x C}, such that
a(¥,,®)=f(®) V&cV,(div0) x C},. (3.10)

For any ¥ = (u, A), ® = (v, ¢) with u,v € V,(div0) and A, ¢ € C}, the bilinear
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form and the right-hand side are defined by

2K

2
a(¥,®) := - (u,v) + Op(us; u,v) + Ap(u,v) + (curl A, curl )

Tlim

2 2
+/<;<A+B*><u,<p+B*><v),
T T

2 2 2
f(®) = <-fn + un—17v> + K (An_l, —p+ B, X v) .
T T T

It is easy to see that

1

2 3
L2(Q)>

provides a norm on V' (div0) x C},. From Lemma 3.3, Oy (u*;’v,'u) >0 and

2K
TR,

2
—p+ B, xv
.

2 2 2 2
1@l = (T [vllz2) + V14, + [eurlel|72q) + &

a(®,®) > [|®|]° V& e Viy(divo) x C .

Therefore, the bilinear form a(-,-) is coercive on Vi, (div0) x Cl,.
By Schwarz’s inequality, we find that, for any ¥ = (w, ) and ® = (v, ),

|a(®, @)| < [[Z[[[| @[]+ [On(w.; w,v)].

From Lemma 3.3 and 3.2, we have

[On (s w,v)] < Col[wlly ), lwlly 0]y < Cobf R wlly y, [[wl] g, 0]l 4, -

This implies the continuity of a(-,-), namely,

a(®, ®)| < (1+ CobFR.? ]

o) Il

By the Lax-Milgram lemma, the linear problem (3.10) has a unique solution. O

Remark 3.1. The discrete energy law can be understood similarly as in Re-
mark 2.1. For the discrete scheme, the tangential discontinuity of the velocity also
introduces a dissipative term due to upwinding.

Corollary 3.1. There ezists a constant C' > 0 depending only on physical pa-
rameters such that

1 m m
Ent 5D TPu=Eo+CY 7lfulae. 1<m<N.
n=1 n=1

Proof. From Theorem 3.1 we know that

En* En— _
el P = (f ) Yn> .
-
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Summing the above equality with respect ton =1,--- ,m, we have
m m
Em + > mPu=E1+ > 7(f Un). (3.11)
n=2 n=2

Similarly, by Lemma 3.1 and Lemma 3.2, we have
[(Frs @)l < 1 Fnllpe) [@nllLz) < Clifallzq) llenlla,

2 L, 2
< Cllfnllza) + 5 l8all, -

Summing all the equalities with respect to n = 2,--- ,m yields
m m 1 m
_ 2
Do r(Ftn) SCY T fallza@ + 5 D P (312)
n=2 n=2 n=2
The proof is completed by inserting (3.12) into (3.11). ]

Remark 3.2. In fact, Corollary 3.1 gives the stability of physical quantities
up(t) = 1) Up—1 + [1 — I(t)]tn,
By (t) =1(t)Bp-1 + [1 = I(t)]Bn, Vit € [tn1,tn),
Jnp(t) =1t)T o1+ [1 = U(t)]Tn,

where [(t) = (t, —t)/7 and 1 < n < N. Suppose 25:1 T an||iz(ﬂ) < C. We find
that

T
2 2 2
len | Lo 0,712 () + BRI Lo 0,11 aiv. ) +/0 [HuhHAh + ||Jh||L2(Q):| dt < C.

Therefore, we can extract convergent subsequences of uy, By, and Jj, as 7,h — 0.
The convergence of the discrete solutions and the finite element error analysis will
be our future work.

4. A preconditioner for the discrete problem

The purpose of this section is to propose a preconditioner for solving (3.6). Instead
of solving u,, in the divergence-free finite element space, we introduce a Lagrangian
multiplier p,, and solve u,, in the unconstrained space V. In fact, p, is a piecewise
constant approximation of the pressure and will belong to the space
Qn={qe L) :qlx €R, K €T}
For any ¥ = (u, ), ® = (v, ) with u,v € Vj, and ¢, ¢ € C}, define
a1 (¥, ®) = (P, ®) 4 27 (div u, divv).

The resulting augmented version of (3.6) reads: Find ¥,, € V', x C}, and p,, € Qp,
such that

a1 (P, @) — (dive,p,) = f(P) V® = (v,p) € Vi, x Ch, (4.1a)
(divay,,q) =0 Vq € Qn. (4.1b)
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Since div @, = 0 from (4.1b), it holds actually
al(\iln,'@):a(lIln,@) V® c Vy x Cy.

This yields the equivalence of (3.10) and (4.1). Hence, the term 27! (div @, div v)
does not effect the discrete solutions, but enhances the stability of the mixed for-
mulation.

Clearly the linear problem (4.1) can be written into an algebraic form

FBT JT Xy by
B0 0 x, | ={ b, |, (4.2)
JocC XA by

where x,,X,,x4 are vectors of DOFs belonging to ,, p,, A, respectively and
b,,b,, b4 are the corresponding load vectors. Let A denote the stiffness matrix.
Its sub-matrices F, B, J, C are the Galerkin matrices for the fluid terms, the pres-
sure term, the coupling between i, and A,, and the magnetic potential terms
respectively, namely,

F ~ al((ﬂn,0)7(v,0)), B ~ —(diVU,pn),
- 2
C ~ a1((0,A,),(0,¢)), T ~ 7“(%3* X ).

To construct a preconditioner for A, we drop J and get

FBT JT
A~Ag=|B 0 0
00 C

It suffices to study the preconditioner for the 2 x 2 Navier-Stokes block and the
preconditioner for the Maxwell block C respectively.

Note that C is just the stiffness matrix of the Maxwell equation without ad-
vection. It can be preconditioned by the auxiliary space preconditioning method
proposed in Ref. 17. For the Navier-Stokes block of the stiffness matrix, we consider
the LU-decomposition

FB™ ( 1 0\(F BT
Bo /) \BF'I)\0o-BF'B"/)

Inspired by Ref. 5, we approximate the Schur complement as follows

_ T
BF 1BT ~ @p7 Qp = 5 (/ qlqj> ,
Q

where 2771Q,, is the mass matrix on the pressure finite element space and {g¢;} is
the basis of Q). Therefore, we can choose the right matrix of the LU-decomposition
as a preconditioner of the Navier-Stokes block, namely,

FBT F BT F BT
B 0 0 —BF B’ 0-Q,/"
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To summarize, we propose an iterative solver for (4.2). In each time step, the
initial guess for (x4, X,,X4) is chosen as the solution in the previous time step. Given
an approximation (X, Xp,X4) of (Xy,Xp,X4), let (ey,€,,e4) be the corrections for
(Xu,Xp,%4) and let (ry,rp,,r4) be the corresponding residual vectors. We present
the algorithm for solving the residual equation

F BT JT e, r,
0-Q, 0 e | = rp
0 0 C ea ra

Algorithm 4.1. The residual equation is solved in three steps:

(1) Solve Ces = ra by the CG method with the Hiptmair-Xu preconditioner (cf.
Ref. 17) such that the relative residual is less than 1073.

(2) Solve Qpe, = —r,, by the CG method with diagonal preconditioner such that
the relative residual is less than 1073,

(3) Solve Fe, = r, — IB%Tep — JTe4 by the GMRES method with the additive
Schwarz preconditioner (cf. Ref. 7) such that the relative residual is less than
1073.

5. Numerical experiments

In this section, we confirm the prediction of the theory and demonstrate the robust-
ness of the solver by four numerical experiments. Our implementation is based on
the adaptive finite element package “Parallel Hierarchical Grid” (PHG) (cf. Ref. 32)
and the computations are carried out on the cluster LSSC-III of the State Key Lab-
oratory on Scientific and Engineering Computing, Chinese Academy of Sciences.

The first example is to show the efficiency of the solver for the linearly ex-
trapolated scheme (3.6) compared with the nonlinear solver for the Crank-Nicolson
scheme (3.3). The second example is to show the convergence rate of the fully dis-
crete scheme. The third example is to demonstrate the optimality of the precondi-
tioner with respect to the number of DOF's and the robustness of the preconditioner
for relatively large parameters. The fourth example is the benchmark problem for a
three-dimensional driven cavity flow. With this example, we validate the A-based
MHD formulation and demonstrate the robustness of the preconditioner. In both ex-
amples, we set the penalty parameter to & = 10 and use the computational domain
Q= (0,1)3.

Example 5.1. This example is to confirm the efficiency of the linearly extrapo-
lated scheme (3.6) compared with the nonlinear Crank-Nicolson scheme (3.3). The
physical parameters are given by R, = R,, = k = 1 and the terminal time T = 1.
The right-hand sides and the Dirichlet boundary conditions are chosen so that the
true solutions are given by

u:(ye*ﬂzcost,x), p=0, A= (z07ycost).
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Note that the exact solutions are linear in space. The approximate errors mainly
come from the discretization of the time variable. We fix a tetrahedral mesh with
h = 0.433 and test the convergence rate with respect to the time step size. In each
time step, if we choose the initial guess by @, = u,,_1 and A, = A, _; and use only
one nonlinear iteration, the Crank-Nicolson (C-N) scheme (3.3) will yield a first-
order approximation to the continuous problem, while the linearly extrapolated
scheme (3.6) is second-order. Let the approximation errors at the final time ¢t = T
be denoted by

eu:u(T)—uN, €p Zp(T)—pN, eA:A(T)—AN.

We set the tolerance for solving linear systems of equations to £ = 10710, Table 1
shows that the convergence rate for the C-N scheme with one Picard iteration is
first-order, namely,

lewllyn ~7  leplley ~7 leal geuwo) ~ T
Table 2 shows that the second-order convergence is obtained for the linearly extrap-
olated scheme

Heu”Lh ~ 72 ||€p||L2(Q) ~ 7 ||eAHH(cur1,Q) ~ 7%

Table 1. Convergence rates for the C-N scheme at ¢t = T with m = 1 and ¢ = 10710 (Example 5.1).

7 | leullyn | order | leyll . | order | [leallgeurn | Order | [|divunl| .
0200 | 7.99e4 | - [ 9403 [ - 9.62e-3 — 1.51e-8
0.100 | 3.79¢-4 | 1.08 | 1.71e-2 | -0.86 | 5.03e-3 | 0.94 | 2.84e-9

0.050 | 1.90e-4 | 1.00 | 8.46e-3 | 1.02 2.56e-3 0.97 1.15e-9
0.025 | 9.47e-5 | 1.00 | 4.21e-3 | 1.00 1.29e-3 0.99 1.47e-10

Table 2. Convergence rates for the linearly extrapolated scheme at ¢ = T'. (Example 5.1).

T leully, | order | [leplly | order | [[eallgricuryy | Order | [[divusll .
0.200 | 1.74e-4 - 2.71e-3 - 1.5e-3 - 1.53e-8
0.100 | 2.40e-5 | 2.86 | 1.09e-3 | 1.31 3.97e-4 1.92 3.79e-9

0.050 | 5.14e-6 | 2.22 | 2.70e-4 | 2.01 1.02e-4 1.96 1.83e-9
0.025 | 1.29¢-6 | 1.99 | 6.69e-5 | 2.01 2.58e-5 1.98 2.74e-10

In fact, second-order convergence can be obtained for the C-N scheme by multi-
ple Picard iterations, but with higher computational cost. To save computing time,
we set the tolerance for solving linear systems of equations to ¢ = 10~°. Table 3-5
show the convergence rates for the C-N schemes with m = 2, 3, 4 iterations respec-
tively. Clearly we also get the second-order convergence for m = 3, 4.
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Table 3. Convergence rates for the C-N scheme at the final time with m = 2 (Example 5.1).

7 | leullyn | order | flepllp. | order | [leallp(eurn | Order | [[divun|.
0.200 | 1.47e-4 | — | 8.60-4 | - 8.20¢-4 - 4.60¢-7
0.100 | 5.5de-5 | 1.41 | 4.8le-4 | 0.84 | 2.79e-4 156 | 2.69¢-7
0.050 | 1.86e-5 | 157 | 1.3le-4 | 1.88 9.25¢-5 159 | 2.15¢-8
0.025 | 5.71e-6 | 1.70 | 3.51e-5 | 1.90 3.02¢-5 1.61 | 2.93¢-9

Table 4. Convergence rates for the C-N

scheme at the final time with m = 3 (Example 5.1).

T leully s, | order | [ley|[ . | order | |leallgricueny | Order | ||divusl|pe
0.200 | 7.63e-5 - 7.36e-4 - 7.49e-4 - 1.87e-8
0.100 | 1.78e-5 | 2.10 | 4.43e-4 | 0.78 2.07e-4 1.86 8.22e-9
0.050 | 4.44e-6 | 2.00 | 1.12e-4 | 1.98 5.33e-5 1.96 5.47e-10
0.025 | 1.13e-6 | 1.97 | 2.80e-5 | 2.00 1.35e-5 1.98 3.85e-11

Table 5. Convergence rates for the C-N

scheme at the final time with m = 4 (Example 5.1).

T leully,, | order | [lepll,> | order | |leallg(curn | Order | [|divaunlly.
0.200 | 7.60e-5 - 7.29e-4 - 7.44e-4 - 9.60e-10
0.100 | 1.77e-5 2.10 | 4.40e-4 | 0.73 2.05e-4 1.86 3.35e-10
0.050 | 4.40e-6 2.01 1.11e-4 | 1.99 5.29e-5 1.95 1.26e-11
0.025 | 1.11e-6 1.99 | 2.79e-5 | 1.99 1.34e-5 1.98 1.22¢-11

To test the relative efficiency of the linear scheme to the nonlinear scheme, we
compare both the errors and the computing time for 7' = 10. We choose 7 = 1/80,
e = 107! for the linearly extrapolated scheme and 7 = 1/40, ¢ = 107> for the
Crank-Nicolson scheme. We use m = 2, 3 Picard iterations for the nonlinear solver

respectively. Table 6 shows that the linearly extrapolated scheme is more efficient
for long-time simulations.

Table 6. The extrapolated scheme and the C-N scheme with m Picard iterations (7' = 10).

Schemes T Time (s) |eu|1,h ||epHL2(Q) ||eA||H(Cur17Q)
linear 1/80 2842 1.05e-6 1.92e-5 3.41e-5
C-N (m=2)| 1/40 2877 3.78¢-6 6.44e-4 9.92e-5
CN(m=3)| 1/40 | 4266 | 1.46e6 | 2.62¢5 9.36¢-5

Example 5.2. This example is to test the convergence rate for the linearly ex-

trapolated scheme where both the time step size and the mesh size are refined
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simultaneously. The physical parameters are given by R, = R,, = k = 1 and the
terminal time 7' = 0.2. The right-hand sides and the Dirichlet boundary conditions
are chosen so that the true solutions are given by

u = (sintsiny,0,0), p=z+y+2z—-15 A= (0,sin(t+x),0).

We set the time step size by 79 = 0.05 and the mesh size by hy = 0.866 initially
and then bisect them successively. Table 7 shows the errors at the final time 7.
Asymptotically, we find that

Heuan(Q) ~ 0(7'2 =+ h2)7 HeAHL2(Q) ~ O(T2 + h2),
leuly, ~ O +h),  lleallgieurey ~ O + 1), llepllp2(q) ~ O(72 + h).

Table 7. Optimal convergence in L%(Q) norms (Example 5.2).

(1, h) leulle | leulyn | llepllpe | lleallze | lleallaieurn
(10, ho) 7.6e-4 1.3e-2 1.8e-1 1.0e-2 7.5e-2
(ro.h0)/2 | 1.9e4 | 6203 | 89e2 | 2.7e3 3.7¢-2
(70, ho)/4 4.9e-5 3.0e-3 4.4e-2 6.9e-4 1.8e-2
(t0.h0)/8 | 13¢5 | 1503 | 2202 | 1.704 9.1¢-3

Example 5.3. This example is to test the optimality of the preconditioner given
by Algorithm 4.1 with respect to the number of DOFs. We also show the robustness
of the preconditioner for relatively large physical parameters and for large time step
size. Here we set R, = R,,, = 100, k = 10 and choose 7 = 0.1, T' = 1.

The initial conditions and the right-hand side are given respectively by
wo = (2y — 2yz?, 22 — 229°,0), Ay = (y,0,0), f=0.
This gives the initial magnetic field By = (0,0,1). The boundary conditions are
u=uy, Axn=Ayxn on Q.

Table 8 shows the number of GMRES iterations, N, to reduce the residual of the
algebraic system by a factor ¢ = 1070, Clearly N;; is uniform with respect to h.

Table 8. Optimality of the preconditioned GMRES algorithm (Example 5.3).
h N; DOFs for u,, DOFs for p, | DOFs for A,

0.866 12 3.6e+2 4.8e+1 2.0e+2
0.433 12 2.6e+3 3.8e+2 1.2e+3
0.216 12 2.0e+4 3.1e+3 8.4e+3

0.108 12 1.5e+5 2.5e+4 6.2e+4
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Example 5.4 (Driven Cavity Flow). This example computes the benchmark
problem of driven cavity flow. The right-hand side of the momentum equation is
set by f = 0. The initial values are given by Ay = (0,0,y), ug = (v,0,0) where
v € CHQ) and satisfies

v(z,y,1) =1 and v(z,y,2) =0 Vzel0,1—h]
The boundary conditions are set by
u=1uy, Axn=0 on 0N.
The physical parameters are R, = 100, R,,, = 200 and « = 10.

In this example, we use Nédélec’s second-order edge elements of the second
family to compute A,, which yield a better approximation to the magnetic induction
Ref. 24. Moreover, to capture the boundary layer near the top and the bottom of
the cavity, we refine the mesh locally there (see Fig. 1). The numbers of DOFs are
272,904 for u,,, 44,032 for p,, and 440,781 for A,,. The time step is 7 = 0.01. The
terminal time T is so chosen that the physical fields reach steady state, namely,

[wn — Un—lHLZ(Q) [ An — A’ﬂ—1||L2(Q) lpn — pn—1||L2(Q)

<107%.
||unHL2(Q) ||An||L2(Q) Hpn||L2(Q)

The tolerance for the relative residual of the GMRES method is set by ¢ = 10710,

Fig 2 shows the convergence of the preconditioned GMRES method with respect to

the number of iterations at the final time T = 3.98. It takes only 10 iterations to

reduce the relative residual below ¢.

Fig. 1. A tetrahedral mesh with 44,032 elements.

The left figure of Fig 3 shows the streamlines of fluid projected onto the cross
section y = 0.5 and the right one shows the 2D simulation in Ref. 20 where Maxwell’s
equations are replaced with Poisson’s equation for the electric potential. Our 3D
results show clearly the flow of the fluid from the upper vortex to the lower vertex.



20 R. Hiptmair et al.

Driven Cavity

| \\

log I gD

12 i i I i

0 1 2 3 4 5 6 7 8
Number of GMRES iterations

9 10 1"

Fig. 2. Number of GMRES iterations for reducing the relative residual below 10~10.

02

Fig. 3. Projection of the streamlines on the cross section y = 0.5

Fig. 4 shows the variation of the fluid kinetic energy Ey;,, the magnetic field energy
Emag, and total energy E = Eyiy + Enag with respect to time, where

K
2R,,

When the fluid tends to be steady, the total energy and the two portions of the
total energy become invariant in time.

1 2 2
Ekin = 5 ||un||L2(Q) B Emag = ||Curl An||L2(Q) .

Fig. 5 shows the distribution of the kinetic pressure on three cross sections
x = 0.5, y = 0.5, and z = 0.5 respectively. In the middle figure, since the flow is
driven from left to right, it generates high pressure regions near the left and the
right upper corners. Fig. 6 shows magnetic lines of B,, on the cross section x = 0.5
and the cross section y = 0.5 respectively. Fig. 7 shows the eddy current density J,,
on the cross section x = 0.5 and the cross section z = 0.5 respectively. They tells
us how the fluid influences the electromagnetic fields.
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Fig. 4. Variance of fluid kinetic energy, magnetic field energy, and total energy in time.
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Fig. 5. Pressure contours on three cross sections x = 0.5, y = 0.5, and y = 0.5.
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Fig. 6. Projection of B, onto two cross sections z = 0.5 (left) and y = 0.5 (right).
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