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Heat generation with plasmonic nanoparticles

Habib Ammari* Francisco Romerof Matias Ruiz

Abstract

In this paper we use layer potentials and asymptotic analysis techniques to analyze the
heat generation due to nanoparticles when illuminated at their plasmonic resonance. We
consider arbitrary-shaped particles and both single and multiple particles. For close-to-
touching nanoparticles, we show that the temperature field deviates significantly from the
one generated by a single nanoparticle. The results of this paper open a door for solving the
challenging problems of detecting plasmonic nanoparticles in biological media and monitoring
temperature elevation in tissue generated by nanoparticle heating.

Mathematics Subject Classification (MSC2000): 35R30, 35C20.
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1 Introduction

Our aim in this paper is to provide a mathematical and numerical framework for analyzing pho-
tothermal effects using plasmonic nanoparticles. A remarkable feature of plasmonic nanoparti-
cles is that they exhibit quasi-static optical resonances, called plasmonic resonances. At or near
these resonant frequencies, strong enhancement of scattering and absorption occurs [5, 7, 27].
The plasmonic resonances are related to the spectra of the non-self adjoint Neumann-Poincaré
type operators associated with the particle shapes [5, 7, 8, 9, 15, 21]. Plasmonic nanoparticles
efficiently generate heat in the presence of electromagnetic radiation. Their biocompatibility
makes them suitable for use in nanotherapy [10].

Nanotherapy relies on a simple mechanism. First nanoparticles become attached to tumor
cells using selective biomolecular linkers. Then heat generated by optically-simulated plasmonic
nanoparticles destroys the tumor cells [14]. In this nanomedical application, the temperature
increase is the most important parameter [23, 26]. It depends on a highly nontrivial way on
the shape, the number, and organization of the nanoparticles. Moreover, it is challenging to
measure it at the surface of the nanoparticles [14].

In this paper, we derive an asymptotic formula for the temperature at the surface of plas-
monic nanoparticles of arbitrary shape. Our formula holds for clusters of simply connected
nanoparticles. It allows to estimate the collective response of plasmonic nanoparticles.
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The paper is organized as follows. In section 2 we describe the mathematical setting for the
physical phenomena we are modeling. To this end, we use the Helmholtz equation to model
the propagation of light which we couple to the heat equation. Later on, we present our main
results in this paper which consist on original asymptotic formulas for the inner field and the
temperature on the boundaries of the nanoparticles. In section 4 we prove Theorems 2.1 and
2.2. These results clarify the strong dependency of the heat generation on the geometry of the
particles as it depends on the eigenvalues of the Neumann-Poincaré operator. In section 5 we
present numerical examples of the temperature at the boundary of single and multiple particles.
Appendix A is devoted to the asymptotic analysis of layer potentials for the Helmholtz equation
in dimension two. We also include an analysis for the invertibility of the single-layer potential
for the Laplacian for the case of multiple particles.

2 Setting of the problem and the main results

In this paper, we use the Helmholtz equation for modeling the propagation of light. This can be
thought of as a special case of Maxwell’s equations, when the incident wave u’ is a transverse
electric or transverse magnetic (TE or TM) polarized wave. This approximation, also called
paraxial approximation [19], is a good model for a laser beam which are used, in particular,
in full-field optical coherence tomography. We will therefore model the propagation of a laser
beam in a host domain (tissue), hosting a nanoparticle.

Let the nanoparticle occupy a bounded domain D € R? of class C® for some 0 < o < 1.
Furthermore, let D = z + dB, where B is centered at the origin and |B| = O(1).

We denote by e.(x) and u.(x), x € D, the electric permittivity and magnetic permeability
of the particle, respectively, both of which may depend on the frequency w of the incident wave.
Assume that e.(z) = oel,, pe(x) = popl, and that Rel, < 0, e, > 0, Rul, < 0, Syl > 0. Here and
throughout, €y and pg are the permittivity and permeability of vacuum.

Similarly, we denote by e,,(x) = eoe’, and pum(z) = pop,, © € R?\D the permittivity and
permeability of the host medium, both of which do not depend on the frequency w of the incident
wave. Assume that €, and u,, are real and strictly positive.

The index of refraction of the medium (with the nanoparticle) is given by

n(z) = /elulx(D)(x) + /e ph, x (R*\D) (),

where x denotes the indicator function.
The scattering problem for a TE incident wave u! is modeled as follows:
2

V- 5Vu+w?u=0 inR*\9D,
n

uy —u_ =0 ondD,

1 du 1 Ou (2.1)
——| ———=| =0 onadD,
EmOV|, e 0V|_
u® :=u — u' satisfies the Sommerfeld radiation condition at infinity,

1
Zolto

where % denotes the outward normal derivative and ¢ = is the speed of light in vacuum.



We use the notation %‘ indicating
+

ou

%‘i(m) = lim Vu(z +tv(z)) - v(x),

t—0+
with v being the outward unit normal vector to 0D.

The interaction of the electromagnetic waves with the medium produces a heat flow of energy
which translates into a change of temperature governed by the heat equation [11]

(0L Vv = L8E P in (R\OD) x (0,7),
ot 2T
T4 —T— =0 on 8D,
. N (2.2)
’Ym@ +—%$ B =0 ondD,
7(z,0) =0,

where p = pex (D) + pmx(R?\D) is the mass density, C = C.x(D) + Cp, X (R?\D) is the thermal
capacity, 7 = Yex(D) + ¥mx(R?\D) is the thermal conductivity, 7 € R is the final time of
measurements and € = e.x(D) + e, x(R*\D).

We further assume that p., pym, Ce, Cin, Ve, Ym are real positive constants.

Note that 3(g) = 0 in R?\ D and so, outside D, the heat equation is homogeneous.

The coupling of equations (2.1) and (2.2) describes the physics of our problem.

We remark that, in general, the index of refraction varies with temperature; hence, a solu-
tion to the above equations would imply a dependency on time for the electric field u, which
contradicts the time-harmonic assumption leading to model (2.1). Nevertheless, the time-scale
on the dynamics of the index of refraction is much larger than the time-scale on the dynamics of
the interaction of the electromagnetic wave with the medium. Therefore, we will not integrate
a time-varying component into the index of refraction.

Let G(-, k) be the Green function for the Helmholtz operator A+k? satisfying the Sommerfeld
radiation condition. In dimension two, G is given by

Gla k) = = H (k).
where H(()l) is the Hankel function of first kind and order 0. We denote G(z,y, k) := G(z —y, k).
Define the following single-layer potential and Neumann-Poincaré integral operator

Splelx) = | Glz,y.k)p(y)do(y), x€ID orzeR?
oD

and

(KD) [el(z) = / Mtp(y)da(g/), x € 0D.

op Ov(z)

Let I denote the identity operator and let Sp and K7, respectively denote the single-layer
potential and the Neumann-Poincaré operator associated to the Laplacian. Our main results in
this paper are the following.



Theorem 2.1. For an incident wave u' € C*(R?), the solution u to (2.1), inside a plasmonic

particle occupying a domain D = z 4+ 0B, has the following asymptotic expansion as § — 0 in
L*(D),

w=u(z) + (0 - 2) + Sp (AT = Kp) ') - Vui(2) + O (distufi(%»)’

where v is the outward normal to D, o(K7,) denotes the spectrum of K7, in Hfé(aD) and
EcTtEm
2(ec —em)

Theorem 2.2. Let u be the solution to (2.1). The solution T to (2.2) on the boundary 0D of a
plasmonic particle occupying the domain D = z+ 0B has the following asymptotic expansion as
9 — 0, uniformly in (z,t) € 0D x (0,7,

Ae 1=

7(2,t) = Fp(z,t,b.) — V(AT — Kp) 71

8FD('7')bC) (5410g5
o ](x’t)+0(dist()\g,a(lqg))2 !

where v s the outward normal to D and

)\ . 70+7m
K 2(70_'7771)7
- ch(37
Ve
|xz— |2

e T abe(t—th) 9 ,
Bttt = 35 [ [ ST )t

C

|z— |2
Phe H = e et \dydt!
S = [ [ e it

Remark 2.1. We remark that Theorem 2.1 and Theorem 2.2 are independent. A generalization
of Theorem 2.2 to R? is straightforward and the same type of small volume approximation can
be found using the techniques presented in this paper. In fact, in R3, the operators involved in
the first term of the temperature small volume expansion are

o —y|2

e T Abe(t—th) 2 ,
Pt = 5 [ [ By,
”’Yc (4mbe(t — 1)) 2
_lz—y|® yl?
b e T abe(t—t) ,
VE[fl(e.t) = / |ty
oD (4rbe(t —t'))2

Here E is the vectorial electric field as a result of Mazwell equations. A small volume expansion
for E inside the nanoparticle for the plasmonic case can be found using the same techniques as

those of [17].

Throughout this paper, we denote by L(E, F') the set of bounded linear applications from



E to F and let L(E) := L(E,E) and let H*(0D) to be the standard Sobolev space of order s
on 0D.

3 Preliminaries

3.1 Layer potentials for the Helmholtz equation in two dimensions

Let us recall some properties of the single-layer potential and the Neumann-Poincaré integral
operator [2]:

(i) Sk : H2(dD) — H2(dD), H. (R2\&D) is bounded;
(i) (A + k2)SK[p](x) = 0 for 2 € R2\OD, ¢ € H~2(dD);
(iii) (Kk)*: H~2(0D) — H~2(dD) is compact;
(iv) SElpl, p € H 7%(8D), satisfies the Sommerfeld radiation condition at infinity;

OSple]

v) v e (31 + (KpH)")[el.

We have that, for any ¥, ¢ € H~2(dD),

{ ul + Sﬁm [¥], r € R?\D,
U=

. (3.1)
SDC [¢]? TE D7
with by = wy/Empm and k. = w,/eclic, satisfies V - TCL—QQVU + w?u = 01in R2\8D and u — u’
satisfies the Sommerfeld radiation condition. )
To satisfy the boundary transmission conditions, ¥, ¢ € H ™ 2(9D) need to satisfy the fol-
lowing system of integral equations on 9D

Sprlvl = Splel = —u,
e GBI+ () + £ G = (K)o =~
The following result shows the existence of such a representation [4].
Theorem 3.1. The operator
1 2 1 1
T (Hﬁ((‘)D)) . H3(3D) x H™3(9D)
1,1 . 1.1 .
(o) = (Siptvl = Slol, - (G + Kkl + = (57 - (K5)) o))

1s invertible.



4 Heat generation

In this section we consider the coupling of equations (2.1) and (2.2), that is,

(

2
AV %Vu +w?u=0 in RQ\aD,
n
uy —u_ =0 on 9D,
1 1
767“ ——@ =0 ondD,
EmOV|, E.0V|_
u® :=u — u' satisfies the Sommerfeld radiation condition at infinity,
C.or w .
pc’cha TeT = 2’/’1”)/0%(60)|u|2 in D x (OaT)v (4'1)
pmCom OT —A7=0 in (RQ\E) x (0,T),
Ym Ot
or or
2 oA = D
fymay . ’yc@V - 0 on 8 y
7(z,0) = 0.

Under the assumption that the index of refraction n does not depend on the temperature,
we can solve equation (2.1) separately from equation (2.2).

Our goal is to establish a small volume expansion for the resulting temperature at the surface
of the nanoparticule as a function of time. To do so, we first need to compute the electric field
inside the nanoparticule as a result of a plasmonic resonance. We make use of layer potentials
for the Helmholtz equation, described in subsection 3.1.

4.1 Small volume expansion of the inner field

We proceed in this section to prove Theorem 2.1.

4.1.1 Rescaling

Since we are working with nanoparticles, we want to rescale equation (3.2) to study the solution
for a small volume approximation by using representation (3.1).

Recall that D = 2 + 0B. For any x € 0D, ¥ := *5* € 0B and for each function f defined
on 0D, we introduce a corresponding function defined on 9B as follows

n(f) (@) = f(z +01). (4.2)

It follows that
Shlel(x) = 08¥m(e)(@),

(Kb el(@) = (KE)ne)@), 43



so system (3.2) becomes

u'L
S )] - 83tn(o)) =~
. (4.4)
1 ou
o G+ (K ) ()] + 2 (BT = (K@) = = ()
Note that the system is defined on dB.
For § small enough S]‘;km is invertible (see Appendix A). Therefore,
. _q m(ut
n) = (SYm) 7 8n(o)] — (s 1)
Hence, we have the following equation for n(¢):
Ap(O)n(e)] = 1,
where
ARG) = (31 + (Kgm)7) (Sim)~18ie + L (51 — (K3e)7),
1 ou ut (4.5)
o= @ LG gy s

Em OV €m

4.1.2 Proof of Theorem 2.1

To express the solution to (2.1) in D, asymptotically on the size of the nanoparticle ¢, we make
use of the representation (3.1). We derive an asymptotic expansion for 7(¢) on 4 to later compute
58%’“5 [n(¢)] and scale back to D. We divide the proof into three steps.

Step 1. We first compute an asymptotic for AIB (6) and fT.

Let H*(0B) be defined by (A.3) with D replaced by B. In L(H*(0B)), we have the following
asymptotic expansion as 6 — 0 (see Appendix A)

(SHm)TISHe = Pys + Usi,, (S + Tor,) + O(62log ),
1 1
5[1 (K3 = (ililCE) + 0(6%log d).

Let oo be an eigenfunction of KJ}; associated to the eigenvalue 1/2 (see Appendix A) and let
Usr,, be defined by (A.5) with k replaced with dk,,. Then it follows that

1
(51 + K*B)Z/lgkm = Uss

Therefore, in L(H*(0B)),

11 11, 1 .
AIB((S) = <(2€m + 2750)1 + (a — EC)KB> ’PH(’; + ;ngm(SB + Tékc) + 0(52 logd),



and from the definition of Us,, we get

1 1 1 1 1 Sglvo] + Tsk
AL(S) = [ (=— + — )T+ (— — K% | Py + — 2BPU T Toke ~o + 0(6%10g d).
B(9) (2€m 250) (€m €c) B HE em S o] Tékm(acpo)ﬁwo ( 08;))
4.6

In the same manner, in the space H*(0B),

7= (G + (G4 KPS G 4t (5] 4 00 o) )

We can further develop f!. Indeed, for every & € 9B, a Taylor expansion yields

77((?915)(%) = v(&)- VU (5T +2) = v(T)-Vi'(z) + O(9),

)
5

N u' (0% + 2) B u'(z) . i
() = 5 = 5 +z-Vu'(z) + O(9).

The regularity of u’ ensures that the previous formulas hold in H*(9B).
The fact that ¥ - Vu'(z) is harmonic in B and Lemma A.4 imply that

vV (2) = (5T~ K P85 - Vi ()]

in H*(0B).
Thus, in H*(0B),

fI = i (Pysggl[f . Vui(z)] + Us,, |

€m

u'(2)
5

+ ZVu'(2)] + 0(5)> .

From the definition of Uy, we get

1= Pyl vui(e e (S5l Vuile)] el
F = (PHOSB Ve o] + 7o) Spleol + Ton +0(5)).

(4.7)
Step 2. We compute (AL(8))~1fL.
We begin by computing an asymptotic expansion of (AL(5))~.
The operator Aé = ((ﬁ + 2%C)I + (i — ;t)ICE) maps H; into H. Hence, the operator

defined by (which appears in the expansion of AL(6))

1 Sglyo] + Tsk.

AL = AlPy. + — . *(0Q,
B,0 07 HE em S510] +7'<5km( ©0)H*Po
is invertible of inverse
_ _ Seleol + sk
AI L= AI p, . +em—=—"(", «(0Q).
(Apyo) (Ao)™ P "™ S0l er%( $0)#* 0



Therefore, we can write
(AB)71(8) = (I + (Af)'0(5 logd)) ™ (Ap o)™
Since K7 is a compact self-adjoint operator in H*(9B) it follows that [1, 5]

148 e 08) < G o tan) (4.8)

for a constant ¢. Therefore, for § small enough, we obtain

(ALO)IT = (I+ (AL ) 70(8%log ) (Ah o)L f!
u'(2) o (S5'[E - VUi (2)], 00) 3= po

= +
§(Salyo] + Tsk.) Sgleo] + Tsk.

(1 ()0 0g) (

(Aé)l;p%g‘gl[a} -Vu'(2)] + O <d1st(0,j(Afo))) >

— ui(Z)QOO B (5151[55 . Vui<z)]7<p0)7_[*900 I ) o
~ 6(Sgleo) + Tok,) S5lzo] + Ton +(Ap) ! PH Sl E - Vul(2)] +

0
Ol ———+——5+—~ | -
dist(0, o (Alp))
Using the representation formula of K% described in Lemma A.2 we can further develop the
third term in the above expression to obtain

RPN < X €7 R U ) N )
S Py e By
& ((SEE VL) e mare o i
o Z(( +§§:)_(%’"—1)/\j —(SBl[$~VU (Z)LQO])"H*SO])
+Pu;Sp' (7 Vil (2)]

f: A — = ~_1[5j'v“i(z)]790j)?-l*90j
2 Py

(AD)~ 173}{*3

Jj=1

= PH*S [@ - Vu

Using the same arguments as those in the proof of Lemma A.4, we have

(A — %)(3’51[5: VUl (2)] p)ue = v V;l‘(i)a%)w
J 2

and consequently,

(Aé)_l;PHagél[i-Vui(Z)] PusSp'[i - V' (2)] + (AT = K3) '] - V' (2).



Therefore,

I —1gl _ u'(2)po _ (g;l[j -Vt (2)], 00) 2o s Ty
(Ap(d) f = 5Snlo0] - 7o) Splool 1 o + Py Sp'la - Vul(2)] +

(Ael = K)7 V] - Vui(2) + O (dist((),i(Afo))) '

Step 3. Finally, we compute n(u) = (58%’“ (AL(6))~LfL

From Appendix A, the following holds when 8%’% is viewed as an operator from the space

H*(0B) to H(0B):
SFe = Sp + Tsi, + O(6%10g ).
In particular, we have
Sp*lpol = Splwo] + 7o, + O(6° 1og 6).
It can be verified that the same expansion holds when viewed as an operator from H*(0B) into

L?(B).
Note that the following identity holds
(S5'[E - Vu'(2)], ¢o)e 20

— + PuSHE - VUi(2)] =
o 55 [ Vi ()]

Yok, [S5' 1@ Vui(2)]]¢o | sy —
SBlwo] + Tsk. Sy 7 Vuz))

Straightforward calculations and the fact that Sp is harmonic in B yields

2
B (AR(0)1 = ' (2) (54 S50l = K3) ) 902+ O (G ey )

in L?(B). Using Lemma A.3 to scale back the estimate to D leads to the desired result.

4.2 Small volume expansion of the temperature

We proceed in this section to prove Theorem 2.2. To do so, we make use of the Laplace transform
method [13, 16, 22].
Consider equation (4.1) and define the Laplace transform of a function g(t) by

L(g)(s) = /0 ety (t)dr.

Taking the Laplace transform of the equations on 7 in (4.1) we formally obtain the following

10



system:

PR 8) = A7(,3) = Lig)(s) in D.

p”;cmf(., s) = A#(,5) =0 in RA\D,

#(s) —7_(-,s)=0 on dD, (4.9)
'ym% +’yc§j ) =0 ondD,

7(-, s) satisfies the Sommerfeld radiation condition at infinity,
(9

where 7(+, s) and L
and s € C\(—o0,0].

A rigorous justification for the derivation of system (4.9) and the validity of the inverse
transform of the solution can be found in [16].

w)(+, 8) are the Laplace transforms of 7 and gy, : S(ee)|ul?, respectively,

27r'y

Using layer potential techniques we have that, for any p, ¢ € H -3 (0D), 7 defined by

_ IB’Ym A 2\
=g W mERAD, (4.10)
_FD(H%B%) - SD% [q]’ r €D,

satisfies the differential equations in (4.9) together with the Sommerfeld radiation condition.

Pmcm pCCC
Here §3,,, := o s Bre i =14/8 - and

D Br) 1= /D Gy ) Lgu) () dy.

To satisfy the boundary transmission conditions, p and § € H _%(8D) should satisfy the
following system of integral equations on 9D:

=Sy +Speld) = —Fp( ),
(4.11)
You (31 + (K™ [B) + e — 51+ (K5))[a) = _%aFD(guB%)'

4.2.1 Rescaling of the equations

Recall that D = z 4+ 6B, for any « € 9D, T :=
is such that n(f)(z) = f(z 4+ 6Z) and

Shlel(e) = SSET@),
(Kb el) = (KB @)@
We can also verify that
Fo(e,6,) = 0*Fp(s,06,)
O ep) = 628 s8,).

11



Note that in the above identity, in the left-hand side we differentiate with respect to x while in
the right-hand side we differentiate with respect to Z. To simplify the notation, we will use Fg
to refer to Fig(-, 3B.)-

We rescale system (4.11) to arrive at

~Sp ()] + Sp (@) = —oF,
(BT ™)) )] e (— 3+ (K Y (@) = e o2

For § small enough, Sgﬂ e is invertible (see Appendix A). Therefore, it follows that
~ 1 19 ) 1 — 7
n(B) = Sy LSy e (@) + (S )~ [0Fm] .
Hence, we have the following equation for 7(g):

Ap(8)n(a)] = £*,

where
AL©) = = (BT + (KRN (SH ) ISR + e — 3+ (K)"),
h OF 1 5By 5\ ( @Brm\—1 [ 57 (4.12)
M= el E (3T 4 (KE)) (S5 [5FB].

4.2.2 Proof of Theorem 2.2

To express the solution of (2.2) on 0D x (0,T), asymptotically on the size of the nanoparticle
J, we make use of the representation (4.10). We will compute an asymptotic expansion for 7(§)

on ¢ to later compute 68%6 "[n(q)] on OB, scale back to D and take Laplace inverse.

Using the asymptotic expansions of Appendix A the following asymptotic for A}}B(é) holds
in L(H*(0B))

Al (5) = Al+0(62 1og 6),

where

In the same manner, in H*(0B),

oFg
ov

fh = —70

1 lrep 6°log &
Fm (514 K)350F] + 0 (gt oo

dist(Ac, 0(K3,))?

B OFp 1 o\ S lre A ~ 1ies 6°logé
- 705 81/ ’Vm(2l ICB)SB [5FB] + VmSB [5FB] + O (diSt()\E,O'(’C*D))2
Here the remainder comes from the fact that F B =0 (W‘Q(K*))Z).
=) D

12



Note that AFp = n(L(gy)) — 52536}%3 in B and AFg = 0 in R2\D. We can further verify
that F'g satisfies the assumption required in Lemma A.4. Thus we have

A~

1 f\o—lrsi 1 8FB o—1lrs 7 65
(31— K5)S5'5Fs] = 0= + Cutpo + YmS [5FB]+O<dist()\a,o(lCE))2 ’

where (', is a constant such that C,, = O (ij*)g).
€ D

After replacing the above in the expression of f* we find that

n(@ = (Ap(e)~f"

. .0Fp CouYm 6°log & (4.13)
= Ol - K)o w0 +0 (5 ).
gl B ov (Ve = Ym)(Ay — 1) dist(\e, o (K%))2
where
_ Ye + Ym
! 2(Ye — Ym)
Finally, in H*(0B),
X R ., O0Fg CuVm 55 851og é
— 02 Fp—080e (A I—Kp) ™! - 5827 [po]+0 < :
"7(7-) B B ( Y B) [ al/ ] (’Yc . ’Ym)()\,y o %) B [SOO] dlSt()\g,O'(IC*D))Q
(4.14)
It can be shown, from the regularity of the remainders, that the previous identity also holds in

L?(0B).
Using Holder’s inequality we can prove that

1)
1857 (@]l 1o (08 < CllollL20m)s

for some constant C'. Hence, we find that identity (4.14) also holds true uniformly on 9B and
C’uéSgﬁ%f[gao](i) =0 (dist((fl%), uniformly in dB. Scaling back to D gives
£ D

. OFp (- 6*log é
#o5) = ~Fple ) = ST =) PPN 0 (R )

Before we take the inverse Laplace transform to (4.15) we note that (see [22])
L(K(ma * bc)) = _G(xv /B'Yc)?

where b, := p;—(jc and K (z,-,b.) is the fundamental solution of the heat equation. In dimension
two, K is given by

_l=?
e 4bct

Ab.t
We denote K (z,y,t,t',b.) := K(z—y,t—1',b.). By the properties of the Laplace transform, we

K(z,t,y) =

13



have

—Fp(x,B,,) = / G(z,y, By.)L(gu)(y (/ / K(z,y,-t,be) u(y)dydt’>-

We define Fp as follows

(x,t,be) / / K(z,y,t,t',b.)gu(y)dydt’. (4.16)

Similarly, we have that for a function f

- G(x,y,ML(f)(y)dy:L( | 8DK(w7y7',t’,bc)f(y,t’)dydt’>-

oD

We define V]%C as follows

t
VELf](a, ) 22/0 8DK($7y,t,t'7bc)f(y,t')dydt'~ (4.17)

Finally, using Fubini’s theorem and taking Laplace inverse we find that

7(2,t) = Fp(z,t,b.) — V(AT — Kp) 71

OFp(-,-,be) 5*log &
o ](m’t)+0<dist(AE,o(ICB))2 !

uniformly in (z,t) € 0D x (0,T).

4.3 Temperature elevation at the plasmonic resonance
Suppose that the incident wave is u’(z) = ethmd where d is a unit vector. For a nanoparticle
occupying a domain D = z + §B, the inner field u solution to (2.1) is given by Theorem 2.1,

which states that, in L?(D),
~ Sikmd-z . x\—1
ure (1+ ikmSp (I — Kp) ™ [v] - d),
and hence
2

uf? % 14 2R (iSp (AT = Kp) ']+ d) + [knSp (AT = Kp) ' W]) - d| (4.18)

Using Lemma A.2, we can write

-1 = (v d, ) n=Spley]
Sp(\I —Kp) [y]-d_Z; iy :
J:
and therefore, for a given plasmonic frequency w, we have

Sp(A —KD) 1[V]~d% ( /\Lp(zu))i )\JZ[SOJ ]
€ J
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Here j* is such that A\j+ = R(A:(w)) and the eignevalue \;« is assumed to be simple. If this
was not the case, (v - d, ¢j+)y=Splpj+] should be replaced by the corresponding sum over an
orthonormal basis of eigenfunctions for the eigenspace associated to Aj«

Replacing in (4.18) we find

fuf? 2 1+ 2k, w*)”*SDE(pJ'*] 12 (V- di )3 Spley )

|)\€(w)_>‘j* " |>‘s(w)_)‘j*|2

Thus, at a plasmonic resonance w,

Folaulie.tb) = (Folt) + 2o BT syl 4 1, A SO Bl ) o,
ol (g, ot FolSolerl o (v b OFolSoler )
o Ael@) —Afl 0w Do) AP o
Then, the temperature on the boundary of a nanoparticle at the plasmonic resonance can be
estimated by plugging the above approximations of Fp and (WD(;:;t’bc) into
rlot) = ol ) = V01~ K) MRG0y 0 (o T )

4.4 Temperature elevation for two close-to-touching particles

Lemma A.4 implies that

aFD(gytb) ( I-Kp) ~/r)l[]-'*jD](%t)JrO(

54 log §
dist(h, o(K5))2

Therefore, we can write the temperature on the boundary of the nanoparticle as

OFp(-,-,be) §*log §
—— " (x,t)+ O
G dist(h, o (K5)2 )’
(4.19)
where P\, is the projection into H*\FE 1 the complement in H*(9D) of the eigenspace
2

7(z,t) = Fp(x,t,b.) + V(AT — IC}S)_lPH*\E% [

associated to the eigenvalue % of K7,. This implies that, even if )\, is close to %, the quantity

OF; KR bc
(M = Kp) " Py, [Dé)
2 12

the second largest eigenvalue of K7, is not close to %

Even if this is in general the case for smooth boundaries 0D, it turns out that for nanopar-
ticles with two connected close-to-touching subparts with contact of order m, a family of eigen-
values of K7, in H*\E 1 approaches 3 as (see [12])

52

|(z,t) will remain of order O (m
€ D

) , provided that

1 1 1
X~ g el A o(¢h ),

where ( is the distance between connected subparts and ¢, is an increasing sequence of positive
numbers.
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Now, Ay =~ % is the kind of situations encountered for metallic nanoparticles immersed in
water or some biological tissue. As an example, the thermal conductivity of gold is v, = 318%
and that of pure water is v, = O.Gm—v‘;(. This gives A, ~ 0.5019.

In view of this, the second term in (4.19) may increase considerably for some type of close-
to-touching particles.

We stress, nevertheless, that this is not the general case. For a more refined analysis,
asymptotics of the eigenfunctions of K7, should be also studied.

5 Numerical results

The numerical experiments for this work can be divided into two parts. The first one is the
Helmholtz equation solution approximation, which is obtained by using Theorem 2.1. The
second part is the Heat equation solution computation, which is obtained using Theorem 2.2.
The major tasks surrounding the numerical implementation of these formulas are integrating
against a singular kernel. The numerical computations of the operators Fp[-] and 0, Fp[-] can
be achieved by meshing the domain D and integrating semi-analytically inside the triangles that
are close to the singularities. We used the following formula to avoid numerical differentiation:

aFD(x)tabC) 1 _|1“_y|2 <y_l‘aVCC>
= d € 0D. 5.1
ov 27b, /D P 4b.t |z — y|? 9u(y)dy, @ (5:1)
For all the presented simulations, we considered an incident plane wave given by
uz<x) — eikmd-x

where d = (1,1)/v/2 € R? is the illumination direction and k,, = 27/750 - 10 is the frequency
(in the red range). The considered nanoparticles are ellipses with semi-axes 30nm and 20nm,
respectively.

It is worth noticing that the illumination direction d is relevant solely in the asymptotic
formula in Theorem 2.1. Its role is to define the coefficients of a linear combination of both
components of Sp(A — K3)71[v] € R?. We will see from the numerical simulations that this
is fundamental if we wish to maximize the produced electromagnetic field, and therefore the
generated heat inside the nanoparticles.

With respect to the asymptotic formula established in Theorem 2.1, besides the nanopar-
ticle’s shape D, the sole parameter that is left is A.. For all the following simulations we will
consider this as a free parameter that we will use to excite the eigenvalues of the Neumann-
Poincaré operator and hence to generate resonances. The physical justification that allows us to
do this is based on the Drude model [1]. Whenever we mention that we approach a particular
eigenvalue \; of K7, we will adopt A\c = \; + 0.001%.

With respect to the heat equation coefficients, we use realistic values of gold for nanoparticles,
and water for tissues.

5.1 Single-particle simulation

We consider one elliptical nanoparticle D € R? centered at the origin, with its semi-major axis
aligned with the x-axis.
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5.1.1 Single-particle Helmholtz resonance

Resonance is achieved by approaching the eigenvalues of the Neumann-Poincaré operator K7,
with A, and afterwards applying it to each of the components of the normal v to 0D. It turns out
that for some eigenfunctions of K7, the normal of the shape is almost orthogonal, in H*(9D), to
them. Therefore, we cannot observe resonance for their associated eigenvalues; see [6]. In Figure
1 we can see values of the inner product between the eigenfunctions of K7, and the components
v, and vy of v. Figure 1 suggests us which are the available resonant modes with the respective
strength of each coordinate. In Figure 2 we present the absolute value of the inner field for

10
X OVX
8+ *"y
o
6, 4
4, 4
2, 4

o 1 20 30 40 50

Figure 1: Inner product in H*(0D) between the eigenfunctions of £}, and the components v,
and v, of the normal v to 0D.

the first three resonant modes, corresponding to the second, third and sixth eigenvalue of K7,
respectively. In Figure 3 we decompose the inner field into the zeroth-order and the first-order
terms respectively given by u’(z) 4+ 6(z — 2)Vu'(z) and Sp(Ael — IC’]B)_l[Z/] - Vu'(z). Figure 4
shows the components of the vector Sp(AI — Kh) 1 [v].

First resonance mode Second resonance mode Third resonance mode
8 -8 -8
> x10 2 x10 5 x10
1.4
1 1 1
1.3
0 0 0 1.2
1.1

'
=
'
=
'
=

2 0 2 2 0 2 -2 0 2

x1078 x10°8 x10®
Figure 2: Absolute value of the electromagnetic field inside the nanoparticle at the first resonant
modes, being those when A, approaches the second, third and sixth eigenvalue of K7,.

From Figure 3, we can see that when we excite the nanoparticle at its resonant mode, the
largest contribution to the electromagnetic field comes from the first-order term of the small
volume expansion formula established in Theorem 2.1.

Observing the vectorial components of the first-order term in Figure 4 tells us how important
is the illumination direction as the x-component is significantly stronger than the y-component.
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Zeroth-order component First-order component

-8
5 X 108 2 X 10
1.05
1 1.04 1
0 1.03 0
1.02
-1 1.01 -1
2 R
-2 0 2 2 -
%108 «1078

Figure 3: First resonant mode of the nanoparticle decomposed in its first- and second-order
term in the formula given by Theorem 2.1. Both images are absolute values of the respective
component.

The z-component The y-component
-8 -8
, x10 100 2 <10 0.5
1 1 .
0 0 '
1 -1 _
2 -2
-2 0 2 -2 0 2
%1078 %1078

Figure 4: Absolute value of the vectorial components of the first-order term for the first resonant
mode.

If we wish to maximize the electromagnetic field and therefore the generated heat, the recom-
mended illumination direction would be around d = (1,0)! (with ¢ being the transpose), as it
was initially suggested by Figure 1.

5.1.2 Single-particle surface heat generation

Considering the electromagnetic field inside the nanoparticle given by the first resonant mode
presented in Figure 2, following the formula given by Theorem 2.2, we compute the generated
heat on the surface of the nanoparticle. In Figure 5 we plot the generated heat in three di-
mensions and present a two dimensional plot obtained by parameterizing the boundary. In
Figure 6 we decompose the heat in its first- and second-order terms given by formula 2.2, being
Fp(z,t,b.) and =V (AT —K5) ! [M
total heat on the boundary and plot it as a function of time, for each component.

We can observe that the heat is not symmetric, this can be noticed from the total inner
field for the first resonance mode in Figure 2. The reason behind this non symmetry is because
we are illuminating with direction d = (1,1)*/v/2 over an ellipse. From Figure 7 we can notice
that the first-order term converges, while the zeroth-order term increases logarithmically, as it
is expected from the known solution of the heat equation for constant source in two dimensions
that the heat increases logarithmically.

|(z,t) respectively. In Figure 7, we integrate the
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3D plot of generated heat at time T' =1 2D plot of generated heat at time T' =1

%1071
-14
15 1.6 10
1.4 1.4
13 12
1.2
1 n n n n
2 2 ™ -m/2 0 w2 T
<08 O , x10°
-2 -

Figure 5: At the left-hand side, we can see a three-dimensional plot of the nanoparticle heat,
the red shape is a reference value to show where the nanoparticle is located. At the right-
hand side we can see a two-dimensional plot of the generated heat, where the boundary was
parametrized following p(0) = (acos(), bsin(0)), 0 € [—m, 7|, with a and b being the semi-major
and semi-minor axes, respectively.

Two-dimensional plot of the first-order
term at T'=1

Two-dimensional plot of the zeroth-order
term at T'=1

33 107" 142107
3.28 1.2+
3.26 1+
3.24 0.8 . . . .
- -m/2 0 /2 ™ - -7r/2 0 /2 T

Figure 6: Two-dimensional plots of the zeroth- and first-order components of the heat on the
boundary when time is equal to one. As time goes on, each point of the graph increases, but
the general shape is preserved.

Integrated heat over time

Integrated zeroth-order
component of heat over time

Integrated first-order component

of heat over time

%1020 x10 2! 1071
25 5.8 -
— -20 -
1.25 S 10
ol — 42 10725 = _
108 1078 10° 105 1073 100 10°° 1073 10°
time time time

Figure 7: Time-logarithmic plots showing the total heat on the boundary for each component
of the heat. The values were obtained for each fixed time, by integrating over the boundary the
computed heat. From left- to right-hand side: The total heat, the zeroth-order and its first-
order, according to formula given by Theorem 2.2. Notice that the first-order term is plotted in
a log-log scale.

5.2 Two particles simulation

We consider two elliptical nanoparticles Dy, Do, D = D; U Do, with the same shape and
orientation as the nanoparticle considered in the above example. The particle D; is centered
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at the origin and Ds is centered at (0,4.1-107?), resulting in a separation distance of 0.1nm
between the two particles.

5.2.1 Two particles Helmholtz resonance

Following the same analysis as the one for one particle, in Figure 8 we present the inner product
between the eigenvectors of K7, with each component of the normal of D. We can observe that
there are more available resonant modes. In particular we can see that when A, approaches the
36th or 37th eigenvalues, we achieve strong resonant modes.

12

ov,
10 - x XV
8, 4
6 © 1
4 i

Figure 8: inner product in H*9D between the eigenvalues of K}, and each component of the
normal of D, v, and v,.

In Figure 2 we present the absolute value of the inner field for the resonant modes corre-
sponding to the 6th, 37th and 38th eigenvalues of K7},. Similarly to the case with one particle,
the dominant term in the electromagnetic field for each case is the first-order term. In Figure
10 we decompose the first-order term in its x-component and y-component.

As suggested by Figure 8, for the resonant mode associated to the 38th eigenvector of K7, the
stronger component is the one on the y direction, meaning that if we wish to maximize the elec-
tromagnetic field, and therefore the generated heat, it is suggested to consider the illumination
vector d = (0,1)".

5.2.2 Two particles surface heat generation

Similarly to the analysis carried out for one particle, we now compute the generated heat for
these two particles while undergoing resonance for the resonant mode associated to the 38th
eigenvalue of K7,. In Figure 11 we plot generated heat in the boundary of the two nanoparticles.
In Figure 12 we decompose the generated heat in its zeroth and first-order component, explicited
for each of the two nanoparticles.

Similarly to the single nanoparticle case, there is no symmetry on the heat values on the
boundary, which is due to the illumination. We have not provided the plots of the heat integrated
along the boundary, as the conclusions are the same as the ones in the single nanoparticle case:
The total heat on the boundary increases logarithmically, initially on time the dominant term
is the fist-order one, but as time increases the zeroth-order term becomes the predominant one.
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Resonant mode associated to the Resonant mode associated to the Resonant mode associated to the

6th eigenvalue of K7, 37th eigenvalue of K7, 38th eigenvalue of K7,
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Figure 9: Absolute value of the electromagnetic field inside the nanoparticle at the resonant
modes associated to the 6th, 37th and 38th resonant modes, obtained when A\, approaches the
respective eigenvalues of K7,.

The z-component The y-component
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Figure 10: Absolute value of the vectorial components of the first-order term for the 38th
resonant mode.

6 Concluding remarks

In this paper we have derived asymptotic formula for the temperature elevation due to plasmonic
nanoparticles. We have considered thermal coupling within close-to-touching nanoparticles,
where the temperature field deviates significantly from the one generated by a single nanopar-
ticle. Our results can be used for the thermal detection and localization of the nanoparticles
[24]. They can also be used for monitoring temperature elevation due to plasmonic nanoparticles
based on the photoacoustic signal recently analyzed in [28]. Thermoacoustic signals generated
by nanoparticle heating can be computed numerically based on the successive resolution of the
thermal diffusion problem considered in this paper and a thermoelastic problem, taking into
account the size and shape of the nanoparticle, thermoelastic and elastic properties of both
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3D plot of heat on (D1 U D2) at time T = 1. Heat on D1 at time T' =1

«10°12 e %1071

0.5

- -m/2 0 /2 T
Heat on 0D5 at time T =1

11
15 ><10‘

- -m/2 0 /2 T

Figure 11: Generated heat on the boundary of the nanoparticles for time equal to 1. On the
left we can see a three dimensional view of the heat, the red shapes are referential to show the
location of the nanoparticles. On the right-hand side we can see the two dimensional heat plots
corresponding to each nanoparticle. To obtain these plots we parameterized the boundary of
each nanoparticle with p(6) = (acos(0),bsin(0)) + z, 6 € [—, 7], where z € R? corresponds
to the center of each nanoparticle. On the top we can see nanoparticle Dy and on the bottom
nanoparticle D;.

the particle and its environment, and the temperature-dependence of the thermal expansion
coefficient of the environment. For sufficiently high illumination fluences, this temperature de-
pendence yields a nonlinear relationship between the photoacoustic amplitude and the fluence
[25]. The investigation of this nonlinear model will be the subject of a forthcoming publication.

A Asymptotic analysis of the single-layer potential in two di-
mensions

In this section we make an analysis of the single-layer potential Sg for small values of k, i.e
|k| < 1. We use this, in section 4.1 , to make and expansion on ¢ of the operator Ap(d) and its
inverse.

The results in this section were first established in [8] for a connected domain D. Here we
generalize them to non connected domains.
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Figure 12: Two-dimensional plots of the zeroth and first component of the heat at time 1,
for each nanoparticle. On the left column we have the zeroth component of the heat, on the
right-hand side column we have the first component of the heat. On top we show the values for
nanoparticle Do, on the bottom we show the values for nanoparticle D;.

A.1 Layer potentials for the Laplacian in two dimensions

Recall the definition of the single-layer potential and Neumann-Poincaré operators for the Lapla-
cian:

Splel(e) = [ -logle—slewioty). @€ oD,
Kplde) = [ oot oo, oo,

In R? the single-layer potential Sp : H~Y/2(0D) — H'/?(dD) is not, in general, invertible.
Hence, —(u,Sp[v])_1 1 does not define an inner product and the symmetrization technique
272

described in [2, subsection 2.1.4] is no longer valid.
Here and throughout, (-,-)_1 1 denotes the duality pairing between H~1/2(9D) and H/?(9D).
272

To overcome this difficulty, we will introduce a substitute of Sp, in the same way as in [8].
We first need the following lemma.

Lemma A.1. Let C = {9 € H'/2(dD); 3a € C, Splp| = a}. We have dim(C) = 1.
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Proof. 1t is known that
Ap: H 20Dy x C — HY?(OD) x C
(‘707 (I) — (SD[QD] +a, / <,0d0'>,
oD

is invertible [3, Theorem 2.26].
We can see that C = TI;.A5'(0,C), where I1[(¢,a)] = ¢. The invertibility of Ap implies
that Ker(IT;. A5 (0,-)) = {0}. Thus, by the range theorem we have

1 = dim(Im(IT1. A0, -))) + dim(Ker(TI1. A5 (0, ) = dim(Im(TT. A5 (0, -))) = dim(C).

Definition A.1. We call g the unique element of C such that faD podo = 1.

Note that for every ¢ € H~1/2(9D) we have the decomposition

p=p- (/8D90d0>800+(/8D90d0>900 :=1/J+(/8D90d0>s00,

where we can see that (1,1) = 0. This kind of decomposition, ¢ = ¥ + agy, with

N|=

1
-1,
(¢,1)_1 1 = 0 is unique.

272
Note that we can decompose H~'/2 as a direct sum of elements with zero-mean and multiples

of o, H"Y/2(0D) = Hgl/2 (0D) & {upo, p € C}. This allows us to define the following operator.
Definition A.2. Let gD be the linear operator that satisfies

Sp:H'?(0D) — H'Y?*(0D)

Splel i (p1) 11 =0,
v { —1 if po = .

Remark A.1. When Sp is invertible, SN'D 18 similargnough to keep the invertibility. When Sp
is not invertible, then C = ker(Sp) and the operator Sp becomes an invertible alternative to Sp
that images the kernel C to the space {ux(0D),u € C}.

=

Remark A.2. Sp: H Y/2(0D) — HY(D) follows the same definition.

Theorem A.1. §D is invertible, self-adjoint and negative for (-, -) and satisfies the following

Calderon identity: gDICJ*D = legp.

11
2'2

Proof. The invertibility is a direct consequence of Lemma A.1.

Indeed, since Sp is Fredholm of zero index, so is Sp. Therefore, we only need the injectivity.
Suppose that, 3 ¢ # 0 such that Sp[¢] = 0. This mean that, 3 a # 0 € C such that ¢ = aypyp.
Therefore, Splp] = aSp[po] = —a = 0, which is a contradiction. Hence ¢ = 0.

The self-adjointness comes directly form that of Sp. Noticing that g is an eigenfunction of
eigenvalue 1/2 of K}, we get the Calderdn identity from a similar one satisfied by Sp: SpK}, =
KpSp; see [2, Lemma 2.12].
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It is known that [, ¥Sp[ypldo < 0 if (4,1) = 0 and ¥ # 0, see [2, Lemma 2.10].

N|=

1
-1,
Therefore, writing ¢ = ¥ + (faD <pda> o, with ¢ = ¢ — (faD cpda) o, and noticing that
Jop 90Spllda = [ Splpolvdo = — [, ¥do = 0, we have

2

| eSolear = [ uSplitdr+ ([ gdo) Solil
2
= [ wsoildo ([ edr) <o

if v # 0.
]

Definition A.3. We define the space H*(0D) as the Hilbert space resulting from endowing
H=Y2(dD) with the inner product

(u, v)3ge = —(u, Sp[v]) (A1)

_11.
272

Similarly, we let H to be the Hilbert space resulting from endowing HY/? with the inner product

(u,v)y = —(SBl[u], v)_ (A.2)

11.
272
If D is C®, we have the following result.

Lemma A.2. Let D be a C bounded domain of R? and let Sp be the operator introduced in
Definition A.2. Then

(i) The operator K7, is compact self-adjoint in the Hilbert space H*(0D) and H*(0D) is
equivalent to Hfé(aD); Similarly, the Hilbert space H(OD) is equivalent to H%(ﬁD).

(’ii) Let ()\j,QOj
with )\0 =

, 7 =0,1,2,..., be the eigenvalue and normalized eigenfunction pair of K7,
. Then, \j € (—%, %] and Aj = 0 as j — oo,

D=~

(iii) The following representation formula holds: for any p € H=Y/2(dD),
Kplel =D Xi(e, i) ® @5
§=0
The following lemmas are needed in the proof of Theorem 2.1 and Theorem 2.2.

Lemma A.3. Let D = z+6B and n be the function such that, for every ¢ € H*(0D), n(y)(Z) =
©(z 4 0%), for almost all & € OB. Then

lell#+ap) = ln(@)ll2+@)-

Similarly, if for every ¢ € L2(D), n(p)(Z) = p(z + 6%), for almost all & € B, then

HSDHL2(D) = 5”"7(90)HL2(B)~
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Proof. We only prove the scaling in H*(0D). From the proof of Theorem A.1, we have

Il omy == [ vSplvldo+ ([ i)’

where 1) = ¢ — (faD gpda)cpo. Note that (1, 1)_%,% = 0 and so, (n(w),x(ﬁB))_%% =0 as well.
By a rescaling argument we find that
2 2 - N 9 2
lell3eop) = —0 ; log [0(Z — §)|n(v)(Z)n(v)(§)do (Z)do () + 6 ( n(w)da)
0B JoB T 0B

_ _%521°g(5)</33 n(w)dg)2+52 <_ /8B77(¢)SD[17(¢)]d0+ (/()B n(w)da>2>
= &n(@) I3 om)-
H*(8B)

Lemma A.4. Let g € H' (D) be such that Ag = f with f € L?(D). Then, in H*(0D),

1 e dg
(31~ Kp)8p'la) = — 2 47y

For some Ty € H*(0D) and ||T¢|lu+ < CHfHLz y for a constant C.
Moreover, if g € H. (R?), Ag =0 in R? \D 11H1\$|_>oo g(x) =0, then

T; = 00 + Splldl,
with

or= [ e~ [ S5awioty)
D oD

where g is given in Definition A.1. Here, by an abuse of notation, we still denote by g the trace
of g on 0D.

Proof. Let ¢ € H*(0D). Then

(G1-k0)85'lake), . = -

2 =
- g’_aS;VM‘_)_I,l
= [ GESolelio— [ (£Splel - ASplel(a) )ds



We have used the fact that S D is harmomc in D.
Consider the linear application T7[¢] := — | D fS ple]dz. We have

ITrlell < Cllfllz2o) ISl c2(py < CrllSplellla oy < CrllSplelll ;3 o) = Crllell -3 oy
Here we have used Holder S 1nequahty, a standard Sobolev embedding, the trace theorem and
the fact that Sp : _7(8D) — H? (0D) is continuous. By the Riez representation theorem,
there exists v € H*(9D) such that T[] = (v, p)u+ , Ve € H*(OD).

By abuse of notation we still denote 7; := v to make explicit the dependency on f. It follows
that

17113 == [ £SolTslds < Clllaoy IS0 T3l o)
< CHf”L?(D)HgDW}]HHl(D)
< CHfHL2(D)HSDW]HH%@D)
< Cfll2oylI Tgllaer-
We now show that in #%(8D), T; = S5 [g].
Indeed, let ¢ € H;5(0D), then
Sp'lale). = —(Sp'lal, Sply]
( b >H ( D )_é,é
= _<97§0) %%
_ _(g dSply ]‘ aSD[SD]‘ )
oov 4 o 1-/-11
- / agSD 99 & 1 ]da+/ aggp[go]da—/ ,280lel 4
ap 0 ap Ov 8Bo, OV 0B OV

-/, (fSDH ASplel(9) )da

= /fSD

Here we have used the assumption on g, the fact that Sp[e] is harmonic in D and R2\ D and
ISply]
0

that for ¢ € Hg(D) we have Sply](z) = O(<) and

||

() = O(é—‘) for |z| — oo.

Therefore,

T = (T; — Sp*lal, wo)w=o + Sp'lg)-

Finally, recaling the definition of ¢q given in Definition A.1 we obtain that

(77 — 85'1d) po)- = /D fayde — [ 55 lalw)do(y).
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A.2 Asymptotic expansions

Let us now consider the single-layer potential for the Helmholtz equation in R? given by

Splel(z) = - G(x,y, k)p(y)do(y), =€ dD,

where G(z,y, k) = —iHél)(Mac —y|) and H(()l) is the Hankel function of first kind and order 0.
We have, for k < 1,

1

4

1 1 - ;
Hy (ko —y]) = o log|a — y| 47+ Y (b log klar — y| + ;) (klar — y)™,

j=1
where
1 i (-7 1 , it <1
Tk = g(logkz%—% —log2) — 1 bj = o Wa ¢j = —bj (% —log2 - ) —n:1n> )
and 7, is the Euler constant. Thus, we get
Sh=385+Y (k¥ logk) Sy + > k¥sH), (A.3)
j=1 j=1

where

Shlol@) = Splel() + /a o,

Spllel(z) = /8D bilz — y[¥o(y)do(y),

P = [ o=y bzl —sl +)pl)io().
Lemma A.5. The norms ||S,(31)] | 2(2+(9D) (0D)) and ||Sj(:)2,)j||L(H*(8D),H(aD)) are uniformly bounded
with respect to j. Moreover, the series in (A.3) is convergent in L(H*(OD), H(9D)) for k < 1.

Observe that

(SD — §D> [¢] = (SD — S~D> [Pz [0] + (#5 0)2+ ol = (¢, o)+ (Splpol + 1) -

Then it follows that

Shlel = Splel + (¢, vo)u- (Splwo) + 1) + 7 /aD Przle] + (0, v0)ur podo = Sply] + Tkl

where
Trlp] = (¢, ¢0)m= (Splpol + 1+ 7%) - (A4)

Therefore, we arrive at the following result.
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Lemma A.6. For k small enough, SF : H*(0D) — H(OD) is invertible.

Proof. Y}, is clearly a compact operator. Since S, p is invertible, the invertibility of Sf) is equiv-
alent to that of 3}%5’51 =1+ Tkg’]}l. By the Fredholm alternative, we only need to prove the
injectivity of I + T4Spt.

Since ¥V v € HY?(dD), Tkggl[v} € C, for (I + Tkggl) [v] = 0, we need to show that
v =8plagy] = —a € C.

We have

(I + Tkg’gl) g’p[agoo] = a(Splpo] + 1) =0 iff Splpo] = —7 or a = 0.

Since we can always find a small enough k such that Splpg] # —7%, we need a = 0. This yields
the stated result. O

Lemma A.7. For k small enough, the operator S¥ : H*(0D) — H(OD) is invertible.

Proof. The operator S — S’% : H*(0D) — H(OD) is a compact operator. Because 3]’5 is
invertible for k£ small enough, by the Fredholm alternative only the injectivity of S E is necessary.
From the uniqueness of a solution to the Helmholtz equation we get the result. O

Lemma A.8. The following asymptotic expansion holds for k small enough:
(SB)1 = Pu:Spt+ U — k2 log kP SplSH) Prs Spt + O(k?)

with <

Uy = —
F Spleo] + T

Note that U, = O(1/logk).

Proof. We can write (A.3) as )
Sh =85 +6y,

where G, = k?log k‘S(Dl)l + O(k?). From Lemma A.6 and Lemma A.7 we get the identity

A -1
(Sh)™ = (1+(Sh)'a)  (Sh™
Hence, we have
. ~ a1~
($h) = (S518h) S5t
N———
ALt

Here,

A = I —(,v0)u(Splwo] +1+ 11)p0
= Puy — (-, 00)u(Splyo] + 1) vo.
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Then,

1
A =Py —0,
F Hy (s po)ane "Solpo] + 7
and therefore, N
5 s Sp' [ 0w
Sky-l=p *5—1_(13—’
( D) H5CD SD[(PO] + 7

It is clear that ||(S‘§)_1||£(H(3D),H*(3D)) is bounded for k small. Since ||Gk|| 21 (aD)2+(0D)) goes
to zero as k goes to zero, for k small enough, we can write

(Sp) ™ = (SH) ™ = (Sp)T'Gk(SH) ™" + O (k' (log k)?)
which yields the desired result. O

We now consider the expansion for the boundary integral operator (ICIZ“))*. We have

(Kck, /cD+Z (k¥ log k) K3, +Zk2jlcg)], (A.6)
: ,] 1

where
x—yl¥
Kp)lel@) = ADbij(y)da(y),

O (|lz — y|% (bjlog |z — cj
Kpylelx) = /8D 2=y (béi(i)’ WE D) oty doty).

Lemma A.9. The norms ||]Cg,)j||ﬁ(7-t*(aD),H*(aD)) and ||’C(D2,)jHE(H*(8D),H*(8D)) are uniformly
bounded for j > 1. Moreover, the series in (A.6) is convergent in L(H*(0D), H*(0D)).
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